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Abstract

Open-weight large language model (LLM) zoos provide access to numerous high-
quality models, but selecting the appropriate model for specific tasks remains
challenging and requires technical expertise. Most users simply want factually
correct, safe, and satisfying responses without concerning themselves with model
technicalities, while inference service providers prioritize minimizing operating
costs. These competing interests are typically mediated through service level
agreements (SLAs) that guarantee minimum service quality. We introduce MESS+,
a stochastic optimization algorithm for cost-optimal LLM request routing while
providing rigorous SLA compliance guarantees. MESS+ learns request satisfaction
probabilities of LLMs in real-time as users interact with the system, based on
which model selection decisions are made by solving a per-request optimization
problem. Our algorithm includes a novel combination of virtual queues and request
satisfaction prediction, along with a theoretical analysis of cost optimality and
constraint satisfaction. Across a wide range of state-of-the-art LLM benchmarks,
MESS+ achieves an average of 2x cost savings compared to existing LLM routing
techniques.

1 Introduction

As the number of open-weight large language models (LLMs), such as Llama [8], Granite [[L1] or
Qwen [[19], increases rapidly, deep learning infrastructure providers and end users are confronted
with an abundance of models (model zoo) for their language processing tasks. Typically, each LLM
family comes with at least three models, each with different capabilities and resource requirements
(Figure[T)). Sometimes, there is an update to the model weights that is released as a minor checkpoint
(e.g., Llama 3.1 70B and Llama 3.3 70B). This leaves many users questioning what is the best model
to use and whether common benchmark results apply to their specific needs [[16]. Currently, the best
way to approach model selection is educated guessing, using LLM benchmarks as a proxy to estimate
model performance, or spending significant efforts to curate human-preference datasets for request
routing [18]]. Since working with LLMs can be expensive [22]], minimizing costs is an equally high
priority for end users and inference endpoint operators. This leaves us with the following tri-fold
problem.

End-users primarily care about a factually correct and safe model output. When inquiring about
text information, e.g., by asking questions or requesting language translation, end users are mostly
interested in obtaining factually correct and sufficiently clear language output [26]]. Additionally,
many users are unfamiliar with the technical details of LLMs, making it challenging for them to
select the right model for the job, i.e., their primary references are domain-specific benchmark
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rankings [9, [10]. However, there is no intuitive method to compare the complexity of individual
requests with benchmark tasks. Thus, we require a method that learns over time whether a model can
satisfy an incoming request as users interact with LLMs.

Inference endpoint providers prioritize low operating 50 708 models
costs, and emerging Al legislation requires sustainable
computing best practices. Operating infrastructure that
can run state-of-the-art LLMs can be costly. Microsoft
has announced it will acquire a stake in the Three Mile
Island nuclear power plant in the United States to satisfy
the energy demand of its planned data center in Pennsylva-
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of many inference service providers where only a single Figure 1: OpenLLM-Leaderboard per-
model is served per dedicated endpoint does not offer the 000 comparison of popular LLM
necessary flexibility to keep cost in check. When aiming £, ias Each family typically consists
to provide cost optimal inference endpoints, we need a ¢ 2 hinimum of three models with dis-
method that can choose the most efficient model that is capabilities and cost characteristics.
likely to satisfy an incoming request.

Enterprise use-cases require a consistently high-quality model inference output while keeping
costs in check. This unites the requirement for high-quality model outputs and price sensitivity.
Thus, commercial players typically rely on service-level agreements (SLAs) when sourcing services
for their own products. An example of an SLA is one that specifies a percentage of requests to
be automated by LLM-powered Al agents, while the remaining requests need to be handled by
human experts. Typically, different SLA levels offer different quality standards at different prices.
However, to date, it is usually up to end users to decide which models to use for their requests without
any lower bounds on request satisfaction guarantees. As such, this is neither cost effective for the
inference endpoint provider nor for the end user as both tend to overpay on operating costs and
inference response costs, respectively. Thus, we require a method that minimizes operating costs
while guaranteeing SLA compliance, i.e., a minimum request satisfaction rate over time.

In summary, we ask the fundamental question:

How can we design an algorithm for selecting LLMs from a model zoo that mini-
mizes the operating cost while providing rigorous SLA compliance guarantees?

This problem is challenging in several aspects. First, we need to find a way to learn whether an
LLM can satisfy an incoming request as users interact with an inference endpoint over time. Second,
we require a method to guarantee SLA compliance over time, while allowing the inference service
provider to minimize their operating costs. Taken together, we have to guarantee that our per-request
routing decisions rigorously satisfy an SLA requirement while ensuring cost optimality.

Contributions. Our paper introduces MESS+ (Model SElection with Cost-optimal Service-level
GuaranteeS), a new stochastic optimization framework for minimizing operating costs and rigorously
guaranteeing SLA compliance. Compared to existing LLM request routing techniques, we offer a
solution to cost optimal request routing and provide a lower bound request satisfaction guarantee.
Our approach dynamically learns request satisfaction probabilities in an online fashion as users
interact with the system and makes routing decisions based on operating cost and request satisfaction
over time. We provide theoretical guarantees for cost-optimal SLA compliance with model zoos.

Related Work. While prior works in LLM request routing have made significant contributions in
various directions (Table[2), MESS+ distinguishes itself through its formal optimization approach to
cost efficiency with rigorous SLA guarantees. Specifically, RouteLLM [18]], Zooter [[15]], and Rou-
terDC [3]] focus on optimizing routing decisions based on model capabilities and query characteristics
without formal SLA guarantees. LLM-Blender [[12] and AutoMix [[1] emphasize quality improvement
through ensembling and self-verification approaches, respectively, without providing guarantees for a



Table 1: Related work overview. We are the first to introduce a cost-optimal stochastic optimization
framework for LLM request routing with SLA guarantees.

#0of LLMs Cost-  Service-Level

Approach Technique in Zoo aware Guarantee Source
LLM-Blender LLM Ensemble > 2 - - Jiang et al. [12]
AutoMix Self Verification 2 - - Aggarwal et al. [1]
Hybrid-LLM Preference Data 2 - - Ding et al. [[7]
Zooter Reward-Model Labels > 2 - - Lu et al. [15]
RouterDC Contrastive Learning > 2 - - Chen et al. [3]
TensorOpera Router ~ BertSim Scores > 2 v’ - Stripelis et al. [24]
RouteLLM Preference Data 2 v’ - Ong et al. [18]
MESS+ (ours) Satisfaction Scores & Online Optimization > 2 v’ v’ This paper

lower bound request satisfaction rate over time. Similarly, Hybrid-LLM [[7] introduces quality-aware
routing between models of different sizes, and TensorOpera Router [24] balances performance metrics
empirically. In contrast, MESS+ uniquely formulates request routing as a stochastic optimization
problem that minimizes operating costs while providing a minimum request satisfaction guarantee
over time, adapting dynamically through online learning as users interact with the system. This
optimization-driven approach with provable guarantees positions MESS+ as the first framework to
deliver cost-optimal SLA compliance in LLM zoos.

2 MESS+: Model Selection with Cost-Optimal Service Level Guarantees

The overall goal of MESS+ is to find the most suitable LLM for each inference request ¢ &
{1,2,...,T} to minimize the operating cost E,,, ;, while conforming to model performance con-
straints defined by an SLA over time to ensure contractual compliance.

2.1 Problem Formulation

Consider a language model zoo with M different LLMs. For every request ¢, each model is associated
with a user satisfaction s, ¢+ € {0, 1} indicating whether model m can satisfy the ¢-th request, where
m € {1,2,..., M}. The value of s,, ; is unknown before request ¢ arrives.

Inference Cost (Objective). Each model in a zoo incurs a certain amount of cost E,, ; (e.g., cost for
an API call, energy consumption of an inference request), which can vary greatly based on the model
and inference request size. For instance, a zoo can include models with 1B, 8B, and 70B parameters.
These differences in size make costs volatile. In a scenario where users can choose the model and are
unsure which model fits their request, they are likely to always choose the largest model, making
model serving expensive, rendering costs even more volatile and overall hard to predict.

Service-Level Agreement (Constraint). Typically, contracts related to a service contain a list of
requirements, including an SLA defining a minimum service quality. The SLA functions as a
measurable control system with defined input variables, output metrics, and acceptable tolerance
ranges. We define « to be the target request satisfaction rate over timeﬂ i.e., the relative share of
requests that need to be served with a satisfactory LLM response over time.

Control Problem. Taking the objective and constraint together, we can formalize the following
problem of minimizing the average operating cost per request under a minimum performance
requirement defined via an SLA over time:

min{ym7t:Vt,m} % Z?:l Z%:l E [ym,tEmJ} 3 (13-)
st A SM B [ymesme] > @, (1b)

SM ymi=1, Vte{l,...,T}, (1c)

Yme € {0,1}, Vte{l,....T},me{l,..., M}, (1d)

where y,,, = 1 if model m is chosen and y,,, ; = 0 otherwise.

'In practice, o should be chosen with a certain safety margin from the SLA requirement such that we do not
violate the SLA even if the average request satisfaction is slightly below a.



Challenges. Our optimization problem involves an inherent trade-off between request satisfaction and
operating cost, since larger LLMs, and thus more capable ones, typically yield higher satisfaction rates
while consuming more resources at the same time. As such, we see a correlation over time between
the objective and constraints. Further, optimizing the operating cost involves a time average that is
hard to predict a priori as the properties of future requests are generally unknown and heterogeneous.

2.2 Online Decision Making Algorithm 1: Model SElection with

. . .. . Cost-optimal Service-level GuaranteeS
We introduce an online decision making process (MESS+)

that addresses the aforementioned challenges.

Input: T, V, «, c, learning rate n; > 0, Vt

The quantities Emvt and Sm,t are captured fOf Output: {y,, +:Vm,t}, outputs of chosen models for all ¢
every request without knowledge of future statis- 1 Initialize Q1 + 0, random vector z1;
tics. The full procedure of MESS+ is described =~ 2 fort < 1toTdo .
in Aleorithm T 3 Compute p¢ + min (1, ¢/¥7);
mn gort m 4 Sample X; ~ Bernoulli(p;);
.. . 5 if X; = 1ort = 1 then
Methodology. Our approach is inspired by // Explore model zoo
the Lyapunov drift-plus-penalty framework [17]], Ym,¢ < 1,¥Ym;// all models queried
with novel extensions to support a request sat- 7 foreach 1 € {1,2, ..., M} do
. . . . . . 8 L Obtain true request satisfaction s, (t);
isfaction predictor that is learned in an online . T /7 SeD
: . Zt41 S Zt — Mt Z¢,at);
manner and used in per-request model selection using request {’s content ay
decisions. 10 m* < arg max,, Sm.;
11 else

Request Satisfaction Prediction. Since s,,, ; is // Online decision making with user
only known after invoking model m, we need satisfaction predictor

hani that dict heth del 12 Predict request satisfaction probability 5, ¢, Vm;
a mechanism that predicts whether a model m 3 m* arg mity VEm ¢ + Q¢ (- Sint):
will meet the request satisfaction requirements, // Solve Problem (3)
so that we can select an appropriate LLM for 1 Ym*t 4 LYy < 0,¥m/ #m™;
every incoming request before the request is sent ~ '* L Zt+1 < 20
to any LLM. We learn a predictor «§m,t c [0’ 1] 16 Get output from model m™ and its accuracy s+ 3
online that predicts the probability that model .~ 7 | 9t 4 max{0 9 + o = sk

predicts the probabuiity that model 1m | // Virtual queue update

can satisfy an incoming request ¢ for all request-
model combinations. The predictor takes the request as input and extracts useful information of the
request using a lightweight model to make the prediction. For different requests, the prediction 5, ;
is usually different. The detailed procedure of this prediction is described in Section[2.3]

Virtual Queues. We capture SLA violations, i.e., accumulated undershooting of «, in a virtual
queue () with the following update procedure after receiving and processing request ¢:

Q¢+1 = max {0, Qi+ a— 2%21 ym,tSm,t} , ()

where for t = 1, we initialize (J; = 0. Intuitively, this captures the cumulative constraint violations,
which can be seen by comparing and (2). Hence, we aim to collectively minimize our objective
(Ta) and the queue lengtl'Ef

Decision Problem for Each Request. We aim to minimize the operating cost of every inference
request ¢ while complying with our SLA requirement «. This trade-off is formulated as follows:

min{y"m:Vm} V. Z%Zlym,tEm,t + Q¢ (a - Z%:l ym,tém,t) ) (3a)
s.t.  Constraints (Id), (Id) . (3b)

As SLAs come in various configurations, we introduce the parameter V' > 0 in (@) that controls
the speed at which we reach « and the trade-off between operating cost and time at which we can
guarantee constraint (SLA) satisfaction. The effect of V' will be further discussed in both theory
and experiments in later sections. In particular, constraint satisfaction is theoretically guaranteed for
large enough 7' (see Section[3). When V' is small, the constraint violation decreases faster in 7', i.e.,
we achieve the SLA requirement « more quickly, but the cost is higher, and vice versa. In practice,
we see that a fixed V' obtained from coarse tuning works reasonably well across a wide range of
benchmarks (see Section ).

We note that the average satisfaction rate over requests needs to be greater than or equal to « in the constraint,
so the direction of inequalities in the constraint is opposite to [[17], thus our queue update equation in () is
slightly different from that in [17].



Note that we assume that the user satisfaction is captured immediately after the LLM response is
generated. In practice, users would be shown a feedback prompt to assess the response quality or
request human assistance if the response is unsatisfactory. Therefore, in (), we use s, ; to update
the virtual queue length to capture the actual constraint satisfaction, but we use 3,, ¢, Vm, to solve the
per-request optimization problem (3). We consider the operating cost per request E,,, ;, ¥m, ¢, to be
knownﬂ once we receive the request and obtain some of its basic information, e.g., number of tokens
in the prompt.

2.3 Request Satisfaction Prediction

We now describe how to obtain the predicted request satisfaction probability 3,, ¢, Ym,t, which is
required to solve (3). To facilitate the description, let z; denote the parameter vector of the lightweight
request satisfaction predictor used for request ¢, and a; ~ A denote the ¢-th input request sampled
from some distribution .A. The predictor provides an M -dimensional output §(z;, a; ), which includes
{8m.t, Vm}. We write the m-th component of the output vector as §(z, a; )., = 8, ¢. We omit the
subscript ¢ in z; in the following when it is unnecessary to specify the request index t.

We define the regularized cross entropy objective of request satisfaction predictions for over all
possible incoming requests and for all models:

F(z) == —FEa,~n [ﬁ Z%Zl (sm,t log §(z,at)m + (1 —Sm.t) log(l—é(z,at))m)} +£ HZH2 , @
where the last term is a regularization term when g > 0.

We learn z through a probabilistic exploration and update procedure. To explore the model zoo,
we query all modelsﬂ with the same input request to obtain their actual request satisfaction s, ¢,
allowing us to learn z. More specifically, as shown in Algorithm[I] we sample from a distribution
X ~ Bernoulli(p;), where the exploration probability p; = min(1, %) and ¢ > 0 is a parameter
that adjusts this probability. The probability p; decays over time as the estimation $,, ; improves
with each exploration and update step. The larger ¢, the more likely it is to perform an exploration
step over time. When exploring, we always use the output from the largest model as the final model
output as we have already incurred operating cost to query the largest model, i.e., we do not use
the solution from (3) in this case and return the output of the largest model. Especially for the first
few arriving requests, when we do not know how to choose the optimal LLM for request ¢, we must
explore each m in the model zoo for the best-performing model for each request. In this way, we

capture the actual user preference s,, ; of each m, which we use to learn z.

We note that the predictor we train here only predicts whether each model m can produce a satisfactory
response to an incoming request. Different from related works such as [3,[18], we do not use this
trained predictor as a router directly. Instead, the output of the predictor is fed into the per-request
optimization problem (3], and the model selection decision is obtained by solving (3)).

Key Insight. The key idea behind exploration and predictor update with a probability p; that decreases
in ? is to strike a balance between obtaining an accurate predictor and limiting the additional cost
incurred due to exploration. If p; decreases too fast in ¢, it will take a long time to obtain an accurate
predictor although the cost overhead due to exploration is low. In contrast, if p; decreases too slowly
in ¢, we obtain an accurate predictor quickly, but the cost overhead is also high since we do many
more exploration steps than it is actually needed. By choosing p; = min(1, %), we have a good

balance between the predictor accuracy and exploration cost overhead, as also confirmed by our
theoretical analysis in the next section.

3 Performance Analysis

In this section, we provide a theoretical performance analysis of our proposed MESS+ algorithm.
We focus on showing constraint satisfaction and optimality of our solution. Since SLAs are often
volume-based, service quality guarantees are typically given for a specific number of requests or

3Practically, this can be done by profiling the cost of inference calls before adding a model to the zoo.

“In Line E] of Algorithm |1} we set y.,,,+ = 1 for all m to reflect that all the models are queried during
exploration. This is with a slight abuse of notation, since this choice of {ym,+} does not satisfy (Ic). However,
we use this configuration to indicate that cost has been incurred for querying all the LLMs.



transactions. Thus, we focus on obtaining results that hold for any 7" > 1 in our analysis, instead of
only considering 7" — oo as in [17]. As commonly done in the literature, our analysis relies on some
reasonable assumptions to make the problem mathematically tractable. The full proofs for all the
following theorems are provided in the appendix.

3.1 Constraint Satisfaction

Assumption 1. Let 7 := arg max,, 5,,+ and ¢ > 0 be some constant independent of the total
number of requests 7" and ¢ < T. We assume that, when ¢ > 1), there exist 5 > 0 and ¢ € (0, 1],
such that for any m (inclusive of ) with 85, 4 — 8¢ < B, we have Pr{s,, s =1} > ¢ > a.

This assumption states that, after a finite number of requests 1, our request satisfaction predictor
becomes accurate enough, so that models within a certain range § of the maximum predicted
satisfaction guarantees that the minimum probability of actual satisfaction is at least ¢ > «.

Theorem 1. For any t > 1, we have the following upper bounds on the virtual queue length:

E[Q:] < max {aw; VéE} ++/t and %ZizlE Q] < max{az/J; VTAE} + ﬁ7 (5)

where A := Eyax — Ewnin, in which Ey .y and Eyyy, are the maximum and minimum operating
costs of any model, respectively.

The proof for Theorem|l|is based on a umque observation that, when Q; > max {aw VAR /,6} the
solution to (E]) is guaranteed to satisfy 35, 1 — 8= ¢ < 3, where m™* denotes the solution to (E]) such
that y,,~ = 1. The final result is then obtained by boundmg the Lyapunov drift of an auxiliary queue

capturing how much @; exceeds max {cm/); VAE /,8} Based on the queue update in (2)), it is easy to
obtain the following corollary.

Corollary 1. We have the following upper bound of constraint violation (averaged over time):

a— TZt 12 [ymtsmt]— [QT]<max{0#),vﬁATE}+%=O(¥+ﬁ>. 6)

We observe that the constraint violation is guaranteed to be arbitrarily small when T is sufficiently
large. If full SLA compliance (denoted by o) needs to be guaranteed after a finite number T} of

: / ap, VA 1 /
requests, we can choose « to be slightly larger than o', so that max { T ﬁTf } + T <a-dao,

: 0 VA 1 a) VA . . .
Yvhlch Illolds fora =o' + BT(f + e when T < ﬂ;rf. In I?faCUCG, as we see .m our experiments
in Section[d] our MESS+ algorithm satisfies the constraint empirically after a relatively small number
(e.g., slightly more than a thousand) of requests even if we use « as the SLA requirement directly.

3.2 Cost Optimality

Assumption 2. We assume that both the input request content a; and cost E,, ;, Vm are i.i.d. across
t, while for the same ¢, F,,, ; may be dependent on a;.

Assumption 3. The predictor training loss F'(z) is L-smooth. It also satisfies the Polyak—t.ojasiewicz
(PL) condition with parameter 4 > 0 (and p < L), i.e., 3|VF(z)||> > p(F(z) — mm) Yz,
where Fi,i, = min, F'(z). Its stochastic gradient is unbiased and has a bounded variance of o2, i.e.,
E[VF(z,a)|z] = VF(z) and E[|VF(z,a) || |z] < 02, Vz, where VF(z,a) denotes
the stochastic gradient of F'(z) on sample a ~ .A.

Assumption[2)is commonly used in the Lyapunov drift-plus-penalty framework [17]] and Assumption[3]
is common in stochastic gradient descent (SGD) convergence analysis. In our experiments, we
empirically show that MESS+ also works well in non-i.i.d. settings (Appendix [C.4.2)).

Theorem 2. For {y,,; : Vm,t} obtained from the MESS+ algorithm (Algonthml) there exists a
learning rate schedule {n; : Vt} such that we have

B[4 S0 Sty tmiBme] < BT +0 (4 + &+ MPuia) ™

where EFT is the optimal solution to (I)) that is obtained from an idealized stationary policy which
assumes full statistical knowledge of requests int € {1,...,T}.



The proof of Theorem 2]includes key novel steps to capture the joint effect of per-request optimization
in (3)), the error of the request satisfaction predictor, and the additional cost incurred due to exploration
for training the predictor. The latter two aspects do not exist in the framework in [17]]. In particular,
we first bound the drift-plus-penalty expression and obtain a term E [@Q,] - E [ max,, { |.§m7t — Sm.t | }]

in the bound. Then, we further bound the prediction error E [ max,,{ |.§m_¢ — St | }] using SGD
convergence analysis while considering properties of the cross-entropy loss (@), where the number
of SGD steps for predictor training (Line 0] of Algorithm [T is related to the exploration probability
p: = O(1/¥). We also incorporate the cost overhead for exploration that is O(M/¥/T). Combining
these and using the average queue length bound in Theorem [I] we obtain the result.

We have several important observations from Theorem [2] First, combining with Theorem|[I] we can
confirm that V' controls the trade-off between cost optimality and constraint satisfaction, where a
larger V' boosts cost optimality but slows down constraint satisfaction, and vice versa. Second, the
cost optimality gap depends on M Fy,;,,, where we recall that M is the number of LLMs in the zoo
and Fy,;, is the minimum loss that can be obtained for training the request satisfaction predictor.
When the predictor is capable, Fy,;, is small, which is what we also observe in the experiments
in Section Finally, when we choose V' = VT, we can observe from Theorems [1|and [2| that, as
T — oo, MESS+ guarantees full SLA satisfaction and approximate cost optimality up to M Fiip,
i.e., the minimum loss of the predictor times the number of LLMs in the zoo.

4 Experiments

We demonstrate the effectiveness of MESS+ across a set of experiments with state-of-the-art LLM
benchmarks. Our code is publicly availableE] and we provide full experimental details in the appendix.

4.1 Setup

Language Model Zoo & Benchmarks. Our model zoo is comprised of three models: Llama 3.2 1B
(L1B), Llama 3.1 8B (L8B), and Llama 3.3 70B model (L70B). We use the LM-Eval Harness [[10]]
and deploy three reasoning benchmarks (ARC Easy, ARC Challenge, and Winogrande) [5} 21]] as
well as five Q&A benchmarks (BoolQ, LogiQA, PiQA, SciQ, and SociallQA) [2} 4, [13} 14} 23]]. All
benchmarks are evaluated zero-shot. On a per-sample basis, the benchmarks generate binary feedback
signals that indicate whether a request has been satisfied. These binary signals are used as labels for
training our request satisfaction predictor.

Request Satisfaction Predictor. In line with related work [18]], we choose ModernBERT [25]] as a
transformer backbone and implement a multi-label classifier on top of it, where each label corresponds
to whether a model can satisfy a user request. We freeze the transformer parameters and only train
the classifier with SGD. The classifier is trained online while running each benchmark as described
in our algorithm. We set ¢ = 0.1, if not specified otherwise.

User & Service Provider Requirements. For each benchmark, we consider a pre-defined « stating
the minimum request satisfaction rate over time. In practice, this is specified in the SLA between the
user and service provider. The value of « in our experiments is set individually for every benchmark,
based on the capabilities of the models in our zoo. To complete the SLA, a user and service provider
need to agree on the cost of an inference service, i.e., they need to negotiate how many SLA violations
are acceptable in the beginning. The service provider sets V' accordingly, to minimize operating costs
over time. Regardless of V', MESS+ will eventually converge towards «, as our theory has shown; V
only defines how long it may take. We set V' = 0.0001 by default. Since SLA metrics are usually
measured over a period of time instead of instantaneously, it is sufficient to satisfy SLA requirements
after a pre-defined number of requests.

Objective. We measure the effectiveness of MESS+ by its ability to meet o at minimal operating cost.
In our experiments, we use the per-request energy consumption when querying an LLM (measured in
megajoule, MJ) as the cost metric. We also present the model call ratio, i.e., the share of benchmark
requests routed to each model.

Baselines. We first look at each individual LLM with regard to their operating cost and request
satisfaction capabilities. Then, we compare MESS+ with three adaptive routing baselines, namely

SMESS+ code repository: https://github.com/laminair/mess-plus



Table 2: Main results. Performance across three reasoning and five Q&A benchmarks. Green
highlights all methods that satisfy the service level requirement « and red all violations. The most
cost efficient single model satisfying « is underlined and the most efficient adaptive method is
highlighted in bold. We report operating costs in megajoule (MJ) energy consumption. For a full
overview with more « variations please see the appendix.

Benchmark ARC Challenge (a = 50%)

Operating Request. Model Call Ratio

ARC Easy (a = 75%)
Operating Request. Model Call Ratio

BoolQ (a = 80%)

Method Operating Request. Model Call Ratio

Cost (in MJ) Satisfaction (in %) (L70B/L8B/L1B)

Cost (in MJ) Satisfaction (in %) (L70B/L8B/L1B)

Cost (in MJ) Satisfaction (in %) (L70B/L8B/L1B)

Llama 3.2 1B only  0.09+0.00 37.88+5.30 0% /0% / 100% 0.20-+0.00 62.76:+5.57 0% /0% / 100% 0.14-0.00 69.17+5.15 0% / 0% / 100%
Llama 3.1 8B only  0.46+0.00 54.44:5.50 0% /100% / 0% 0.97-+0.00 79.72+a.a7 0% 1100% /0% 0.43=0.00 84.16:+4.00 0% 1 100% / 0%
Llama 3.3 70B only 2.35:0.01 60.84:5.43 100% /0% / 0% 4.05+0.01 83.12:+4.16 100% /0% / 0% 3.40:0.00 88.78.+3.51 100% / 0% 1 0%
Educated Guessing  1.00+0.00 51.65:208  35%/31%/34% 2.00+0.08 74.00+450  31%/32%/36% 1.31:0.04 80.47+1.0s  33%/34% /33%
RouteLLM [18 1.2450.00 51171203 50% /0% / 50% 4.05+0.01 82.5412.12 100% /0% / 0% 2.96+0.04 86.83+1.27 87% 10% 1 13%
RouterDC [3 2.09-0.06 60.94 52 02 88% /12% /0% 3.61+0.06 82.30:+2.60 85% 1 15% /0% 2.14:0.05 87.06+2.70 58% 1 42% 1 0%
MESS+ (ours) 0.83:+0.07 53.64:505  41%/41% 1 18% 1.74+0.06 77.06+176  22%/61%/18% 0.90:0.04 82.16+10s  31%/45% /24%
Benchmark LogiQA (a = 40%) PiQA (a = 78%) SciQ (o = 96%)
Method Operating Request. Model Call Ratio ~ Operating Request. Model Call Ratio  Operating Request. Model Call Ratio
Cost (in MJ) Satisfaction (in %) (L70B/L8B/LI1B) Cost (in MJ) Satisfaction (in %) (L70B/L8B/L1B) Cost (in MJ) Satisfaction (in %) (L70B/L8B/L1B)
Llama 3.2 1Bonly  0.17:0.00 27.19:4.04 0% /0% / 100% 0.07-+0.00 74.05+4.87 0% /0% / 100% 0.10:0.00 93.80+2.08 0% /0% / 100%
Llama 3.1 8B only ~ 0.81+0.00 29.03+5.04 0% /100% / 0% 0.36+0.00 79.33+4.50 0% /100% / 0% 0.44-+0.00 97.00+1.90 0% / 100% / 0%
Llama 3.3 70B only 4.11+0.02 49.3145.50 100% /0% / 0% 1.84+0.01 82.70+4.20 100% /0% / 0% 2.23+0.02 97.10+1.87 100% / 0% / 0%
Educated Guessing  2.51+0.00 39.88:a57  56%/21% /22% 0.76+0.04 78.89+152  34%132%/34% 0.92:0.00 96.51 4140 31%/36% /32%
RouteLLM [18 3.97+0.04 4771 238 98% /0% /2% 1.25+0.05 78.35+1.42 66% /0% /34% 2.16:0.04 97.76+0.73 95% 1 0% I 5%
RouterDC [3 2.67x0.08 47132508 70% 129% /2% 1.85+0.01 82344153 100% /0% / 0% 1.90:0.07 97.95+0.51 82% 1 18% 1 0%
MESS+ (ours) 2.50=0.00 41.02:550  59% /1 17% 123% 0.67+0.01 79.20+255  35%/45%/19% 0.83:0.04 96.01+2.05  27% /39% / 34%
Benchmark SociallQA (o = 44%) Winogrande (o« = 70%) Avg. across all Benchmarks (o = 66%)
Method Operating Request. Model Call Ratio  Operating Request. Model Call Ratio  Operating Request. Model Call Ratio

Cost (in MJ) Satisfaction (in %) (L70B/L8B/L1B)

Cost (in MJ) Satisfaction (in %) (L70B/L8B/L1B)

Cost (in MJ) Satisfaction (in %) (L70B/L8B/L1B)

Llama 3.2 1B only  0.13+0.00 41.7145.48 0% /0% /100% 0.06:0.00 59.67+5.45 0% /0% / 100% 0.12:0.00 58.2844.02 0% /0% / 100%
Llama 3.1 8B only  0.59+0.00 48.3145.55 0% /100% / 0% 0.25+0.00 73.64+4.00 0% /100% / 0% 0.54:0.00 68.20-+4.49 0% /100% / 0%
Llama 3.3 70B only  3.00:0.00 48.67+5.50 100% /0% / 0% 1.29+0.00 79.08+4.52 100% /0% / 0% 2.91:0.01 73.70+4.35 100% 1 0% I 0%
Educated Guessing  1.22x+0.06 47712250 33%132% 135% 0.54+0.04 70.67+s55  35%/30% /35% 1.28+0.07 6747275 36%/31%/33%
RouteLLM [18 2.02x0.07 44.32:42.40 65% /0% /35% 1.27+0.02 80.82:2.53 97% /0% /3% 2.04:0.05 71.19+2.10 82% 1 0% / 18%
RouterDC [3] 2.89+0.03 46.76:+2.62 95% 1 5% 1 0% 1.30+0.00 80.86+2.40 100% /0% / 0% 2.11:0.04 73.17+2.32 85% 1 15% 1 0%
MESS+ (ours) 0.67+0.04 45882500 22%/38% /41% 0.52+0.04 73.57+505  43%140% 1 17% 1.08:0.05 68.44:205  34% /40% / 26%

RouteLLM [18]], RouterDC [3]], and “educated guessing”. We configure RouteLLM with their
BERT-based router model configuration. Note that RouteLLM only supports routing between two
models, so we set the small and large model to L1B and L70B, respectively. RouterDC supports
routing between multiple LLMs, i.e., can route our entire model zoo. We adopt the configuration from
the RouterDC paper [3]. Additionally, we employ an “educated guessing” baseline that randomly
chooses an LLM by assuming the availability of prior knowledge on the probability that each LLM
satisfies the request, while conforming to our SLA requirements over time. For all the baselines, we
tune available hyperparameters so that the baselines satisfy the SLA requirement while being the
most cost efficient. We provide further details on all the baselines in the appendix.

4.2 Results

We divide our evaluations into four main segments and an addendum focused on practical aspects.
First, we evaluate at the overall cost optimality objective. Second, we look at the request satisfaction
rate. Third, we explore the control dynamics of V. Fourth, we explore the routing overhead and how
to train the predictor. We then evaluate the characteristics of MESS+ by looking into sparse user
feedback and increasing the number of models in a zoo.

Cost Optimality. The main results are shown in Table 2] where we set individual SLA constraints «
per benchmark. Our key observation is that, among all the adaptive methods, MESS+ is consistently
the cost optimal solution for achieving a target request satisfaction rate, which is due to its effective
model choice. While the baselines prefer choosing larger and more expensive LLMs from our zoo,
our approach tends to rely more on cost effective and smaller models, while providing satisfactory
responses at the rate specified by a. By selecting larger models, the baselines overshoot our SLA
requirement at the expense of a notable cost overhead. Overall, MESS+ is about 2x more cost
efficient than existing model routing techniques and 20% more efficient than our random baseline
that knows average benchmark statistics when routing a request.

Request Satisfaction. For users, it is key that their requests are getting responses with a guaranteed
minimum satisfaction rate, so that they can reliably offload tasks to an Al co-pilot. When looking
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Figure 2: We run several experiments on the Winogrande benchmark with varying o and V' configura-
tions to show the request satisfaction and cost dynamics over time. With MESS+, the average request
satisfaction rate always converges toward «. We further report the first step at which the highest V'
value satisfies our SLA requirement. Other benchmarks are in the appendix.

Avg. Cost

Table 3: Routing overhead compared to the average per inference call cost per benchmark. The
routing overhead remains well below 10% of the average inference call cost and depend largely on the
sequence length of incoming requests. The average inference call costs per benchmark are computed
across all LLMs in a zoo.

Metric ARC Challenge  ARC Easy BoolQ LogiQA PiQA SciQ SociallQA  Winogrande Avg.
Avg. Predictor Cost (J) 5.75+0.96 5.69+0.56 16.80+0.62 41134058 15.38+0.70 15.12+0.585 26.67=0.60 4.89+0.72 16.43+0.74
Avg. LLM Call Cost (J) 589.97+1001s  516.0705.20  236.17430.03 83321414035 2734444030 263.641as56 3044555505 3005615507 414.69+72.63
Prediction Overhead (%) 1.0140.28 1.1540.28 7354156 5124110 5.82+1.67 5.95+1.26 9.08x+1.96 1.69+0.47 4.6541.0

at how precisely an adaptive routing technique approaches the SLA requirement ov, MESS+ usually
shows the smallest margin, i.e., with MESS+ routing the LLM zoo provides responses that are closely
matching the SLA requirement and therefore cost optimal. All other dynamic routing techniques tend
to overshoot « and prefer the strongest model in the zoo to satisfy responses. Our “educated guessing”
baseline also undershoots « in some cases, which renders it impractical for minimum service level
guarantees, in addition to its requirement of prior statistical knowledge that is usually impractical
to obtain. In general, overshooting « naturally means higher per-request operating cost. Practically,
MESS+ needs a pre-defined number of steps to converge towards «, which is acceptable from an
SLA perspective as discussed earlier.

Effect of V. As discussed in previous sections, V' controls the
trade-off between the speed of convergence to constraint satis-
faction and cost efficiency. Figure[2]shows that choosing a large
V leads to longer convergence times for constraint satisfaction,
regardless of the value of .. Conversely, a small value of V' yields
constraint satisfaction within a short amount of time at the expense
of increased operating costs. This manifests in the varying operat- 0 1000 2000

Training Loss
[\

ing costs per request over time. When comparing to our baselines, — ~ Request

we observe that MESS+ offers the lowest per-request operating =

cost among the dynamic routing approaches by a large margin. £ 04 035
Routing Overhead. Adaptive routing incurs a cost overhead for $

routing an incoming request to an LLM within a zoo. We measure ~ § ©-2

the cost to make this decision with MESS+ across benchmarks ‘gv 001 004
(Table3). For an incoming request, obtaining satisfaction prob- = 0.0 ool T o

abilities from our predictor incurs a minimal cost overhead of
4.65% on average, compared to the cost for making an inference ) o
call to an LLM. Overall, the cost for making a request satisfaction ~Figure 3: Predictor training per-

prediction depends on the length of the incoming request. formance, averaged across all 8
. . . . ) ) benchmarks. We control the ex-
Predictor Training. As MESS+ requires online learning of a ploration probability of MESS+

predictor that predicts the request satisfaction for every LLM in  (ith ¢. Our predictor learns ef-
the zoo, we study how the rate of exploration that is parameterized fectively with a small c already.
with ¢ affects both the predictor training convergence and cost

overhead incurred by exploration and training. Our study shows that a relatively small value of c
already leads to a strong predictor within a short amount of time (Figure 3, as shown by the training
loss. The lower we choose c the faster we move from exploring the model zoo in the beginning
towards using the MESS+ objective (3)) for model selection decision making.



Table 4: MESS+ provides strong performance even when users provide sparse feedback (i.e., only
when a user sends a feedback signal).

Benchmark ARC C. (o = 50%) ARCE. (o = 75%) BoolQ (a = 20%) LogiQA (a = 40%)
Feedback Density 20% 100% 20% 100% 20% 100% 20% 100%
Request Satisfaction (in %) 50.20+5.30  50.64+2.28  75.1041.12  75.66+034  20.66+3.17  20.34417s  40.22+086  40.4610.00
Cost (in MJ) 0.79+0.01 0.83+0.01 1.69+0.01 1.74 0.0 0.87+0.01 0.90+0.01 2.47 +0.02 2.50+0.01
Benchmark PiQA (a = 78%) SciQ (o = 96%) SociallQA (« = 44%)  Winogrande (o« = 70%)
Feedback Density 20% 100% 20% 100% 20% 100% 20% 100%
Request Satisfaction (il‘l %) 78.48+1.1s  7891x0s3  96.08+1.13 96.11x062 44244142 44.5310.01 70.97+1.71 70.36+1.03
Cost (1n MJ) 0.64+0.01 0.67+0.01 0.81+0.01 0.8310.01 0.66+0.01 0.67x0.01 0.50+0.01 0.52+0.01

Sparse User Feedback. MESS+ relies on online user feedback. We evaluate how the
performance of MESS+ varies when only a fraction of users actually provides feedback
for requests that would normally be used to train our predictor. We compare perfect
conditions (full feedback) to sparse feedback with 20% of requests receiving user feed-
back. Our approach maintains strong performance when introducing sparsity (Table H).
Over time, both the dense feedback and sparse

scenario provide strict SLA compliance and in- Table 5: Main results with a larger model zoo
cur similar operating cost. The operating cost containing models from the Qwen 2/2.5 family.
for the sparse feedback are Shghtly lower than MESS+ scales well as the number of models grows
with dense feedback. This is because of () re- and shows effective routing capabilities. Detailed
ceiving fewer updates and a prolonged time to  results can be found in the appendix.

stabilize, which leads to a higher favorability of  Category Mean (a = 67%)
: : Operating Request. Model Call Ratio
ls)ma'ller' and chealper nl\l/[odels 11n thelzvl zoo in the  Subcategory oo S Shuiahaction (Q32BIOTBIOL SHIO0.SB)
eginning (avg. 1.05 MJ vs. 1.08 MJ across 8 =m0 0120000 54120000 0%/ 0%710%/ 100%
benchmarks). Qwen2 1.5B 0162000 61135570 0%/ 0%/ 100% / 0%
Qwen2 7B 0.4040.00  67.07 4461 0% /100% / 0% / 0%
. - Qwen2.5 32B 1.60+0.00 7091445 100% / 0% / 0% / 0%
IJ,a,rger Model Zoo. To demonstrate the scala Educated Guessing  0.99+0.00  67.024232  53%/26% / 11% / 10%
bility of MESS+, we deploy a larger model zoo  RrouteLLM 1370000 69.014ss  83%/0% /0% /17%
s . RouterDC 1132000 6917200 63%/17% /9% /1%
contalnlng fOllI' models. QWGH 2.532B (Q32B)’ MESS+ (ours) 0.8410.00 67.55:325  48% /26% 1 10% / 16%

Qwen 2 7B (Q7B), Qwen 2 1.5B (Q1.5B), and
Qwen 2 0.5B (Q0.5B). The zoo not only is larger but also contains models that have more similar
cost characteristics than our LLama3 model zoo. This makes routing in our case more difficult.
Our approach exhibits strong performance and strictly maintains SLA compliance under these more
challenging conditions (Table[3)). Specifically, our routing approach outperforms existing baselines
in terms of cost efficiency by a factor of up to 1.6, demonstrating the suitability of MESS+ for
providing the most appropriate models for any incoming user request even in larger model zoos.

5 Conclusion

We have presented MESS+, which is a novel theoretically grounded method for automatic model
selection in language model zoos. On average, our approach reduces operating costs by 2x compared
to well-established adaptive routing baselines in the literature, while still satisfying SLA requirements.
Overall, MESS+ shows strong generalization across various state-of-the-art benchmarks and is the
first approach to optimizing operating costs while providing rigorous service level guarantees, when
serving user requests with a model zoo. Further, our online-learning based approach to model
selection removes the need for curating routing preference datasets. Our technique can be particularly
useful for cost-aware systems that serve quality-sensitive workloads and require a lower-bound on
user satisfaction rate.

While our work shows strong performance across a wide range of tasks, we observe some practical
limitations that can be addressed in future work. Our approach expects readily available user
satisfaction labels for any request. In reality, user feedback may be only sparingly available. This
would require a modified strategy for virtual queue update and zoo exploration based on feedback
availability. In addition, our predictor training approach expects complete request satisfaction labels
for each model during exploration. Practically, this can be challenging as showing multiple outputs to
users and requesting feedback may be confusing. Nevertheless, it is worth pointing out that our work
serves as an important foundation for these extensions in the future.
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Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: We provide formal proofs for all our theorems in the supplementary material.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Our codebase will be made public (for now: anonymized for review) and
is based on the widely used LM-Eval harness for better usability by others. We describe
our algorithm in detail in the main paper and provide extensive details on the technical
implementation in the appendix.

. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: All code repositories and benchmarks we use are open-source. Our code (incl.
that to reproduce our data) will be made public, if accepted.

. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: We provide a high-level overview of the experimental setup in the main paper
and discuss all remaining details in the appendix.

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: Our experiments have been repeated multiple times and all reported results are
based on the mean observations.

. Experiments compute resources
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10.

11.

12.

13.

14.

15.

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: We provide full details of our hardware setup in the appendix.

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]
Justification: Our work adheres to the NeurIPS ethical guidelines.
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: Our work focuses on cost efficiency. In case of language models, this can have
substantial positive effects on the energy consumption, which reduces the environmental
burden of Al In all other regards, our work bears the same risks and safeguards as the
underlying models used in the language model zoo.

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: Our work provides the same safeguards as those implemented in the models in
our language model zoo.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: We have credited the authors of all code libraries, datasets, and models used in
our paper.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]
Justification: Our code repository will be made openly available once the paper is accepted.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justification: —

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?
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16.

Answer: [NA]
Justification: —
Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: We have only used LLMs to improve writing on a sentence level.
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A  Proofs

A.1 Proof of Theorem [T

Let v := max {ouj;; VSE } For any given ¢, let m* denote the selected model obtained from the
solution to (3)), i.e., Y~ ¢ = 1 and y,,y » = 0 for m’ # m*.

We first prove that, when Q)¢ > ~y, we have 8y, ¢ — §,,- + < B, where M := arg max,, ., ; as defined
in Assumptionm The proof is by contradiction. Suppose 53, + — 8+ + > 3, then choosing m instead

of m*, i.e., letting y;7 ¢ = 1 and y,,,~ » = 0, will reduce the second term of the objective (3a) by Q0.

The increase in the first term of @) due to this change is at most V Ag. Since Q¢ > v > VgE , we

know that this alternative model choice decreases the objective (3a)), which contradicts that m* is the
optimal model choice from (3).

From Assumption we then have Pr{sm*,t =1} > g > « when Q; > ~. We also note that the
queue arrival at step ¢ is & — sy, € (0,1).
Let Z; := max{0, Q; — v}. We have
1
E [ZEH — 7?2 Zt}

= %]E {(max{(),Zt +a— Sm*,t})2 - Zf2’ Zt:|
1 2 2
< §E |:(Zt +a—Smet) — Z; ‘ Zt]
1 2
<E|Z (Ot — Sm*,t) + 5 (Oé - Sm*,t) ‘ Zy
1
<]E|:Zt (a—sm*,t) Zt:| +§

1
<Zi(a—q)+ 3
where the last inequality is because, as shown above, Pr{sm*,t = 1} > g when Q; > ~ which is
equivalent to Z; > 0.

Taking total expectation gives

E |:Zt2+1 - Zﬂ <2E[Z](g—a)+1< 1
Since Z; = 0, telescoping gives

E[zﬂ < —Q;E[ZT] (g—a)+ (t—1), (A1)

fort > 1.
Then, noting that ¢ > o and Z, > 0, by Jensen’s inequality, we have

E[Z] <\E[Z2] <Vi—-1< V4, (A2)
fort > 1.
In addition, from (A1), we also have

t—1
2ZE[ZT](q—a)§(t—1)—IE[Zt2} <t-1.

Therefore, after replacing ¢ — 1 with ¢,

t
1
; E[Z] < 50— (A3)

S
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fort > 1.

The final result then follows by combining Q; < v + Z; with (A2) and (AJ3), giving the two
bounds. O

A.2  Proof of Theorem
We prove Theorem [2]by first introducing a few lemmas.
Lemma A.1. Choosing n; = min { MGV } after k > 1 steps of predictor training using SGD

with the loss function defined in @), we have

E [F(zk)] — Fuin < O (}C) . (A4)

Proof. Let k denote the index of exploration steps. The SGD update of predictor training is
Zi1 < 2z — MV F (21, ) (A.5)
Let gy := VF(zg, ai) for convenience.

By L-smoothness, we have
L 2
B[ Floiin)| ) < Plas) e (VF(ny) B [gk| zk]> + 25 |
< Flax) — mi |V F ()| + 2k (||vp )* +0?)

Ln? Lnio?
= F(zy) — (nk - g’“) HVF(Zk)HZ + %, (A.6)

From PL condition, we have HVF H >2u (F (z) — mm) Vz. When n,, < + subtracting Frin
on both sides of (A.6) and plugging in the PL inequality gives

Ln? Ln?o?
E [F(ZkJrl) — Frin| Zk} < (F(zk) — Fin) — 2 (nk - gk> (F(2zk) — Finin) + 77;
L Ln?o?
_ (1 — oum, (1 - ;”“)> (F(2) — Funin) + ”’2“ . (A7)
Let 7, < 1. We have
Ln?o?
E | F(2k41) = Fuin| 2] < (1= pime) (F(21) = Fin) + =% (A8)
Taking total expectation gives
Lno?
E [F(2k41)] = Funin < (1 = i) (E [F(2)] = Fain) + =% (A9)
Let 7, :=E [F(z)] — Fuin. We have
Lnio?
Fo < (1 —pmu)F1+ 77;
Lo2((1 — 2 4 2
Fy < (1= ) (1 — ) 7y + 220 “2772)771 12)
Lo?((1 — pns) (1 — pe)ni + (1 — p)n3 + )

Fa < (L= pm)(1 = pn2) (1 = pmz) Fr + 5
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Therefore,

k—1 2 —1
Lo ch n K’:K (1 - /“7:1’)
Fie < Fu [T 00— ) + L e : (A.10)
k=1

Recall that n;, = min{ ML L} We note that, due to L-smoothness, we have ;1 < L, because

otherwise the L-smoothness contradicts with the PL condition. Therefore, 2 > 2. We have 1, = +
when k£ < k= {% — 1J. For k& > k, we have n;, = m, and in this case, 1 — un; = Tﬁ
We first consider the second term of (A.10). For k < k + 1,
k—1 k—1 k—1 k—1 k=2
1 m 1 1-(1-%) 1
o 2 _ _ L
6=yt [T a-mo=3 £ (1-4) - — <o
k=1 k' =Kk+1 r=1 L
Let kg := k + 1. From the above, we have G(ko) < % For k > kg, we note that
G(k+1) = (1 — pm)G(k) + ni
2 4
1- Gk)+ ———
- (1-757) 00+ s
k- 4
AR
T k+1 G( )+ p2(k+1)2
Thus,
Glko+1) < k + 1
0 Li(ko+ 1) p2(ko + 1)
kko 4kg 4
Gk + 2 + +
Fo 42 S T+ D(ko+2) | 120 + 10200 +2) | (00 + 22
kko 4ko 4(ko + 1)
G(ko+3 +
o 48) < o ¥ 2) (ko 13) | 720k + (ko + 2) (ko +3) | 12(ko + 2%(ko + 3)
4
+ -
12 (ko + 3)?
ko 4k 4(ko + 1)
G(ko +4 + +
(ho+d) < Lp(ko +3)(ko +4) ~ p?(ko + 1)(ko + 3)(ko +4) ~ p?(ko + 2)(ko + 3)(ko +4)
4(ko +2) 4

w2 (ko +3)%(ko +4)  p?(ko + 4)?

For general k£ > kg, after upper bounding some terms, we have

/%ko 1 «— 4
Gk) < — 0 4 &
()_Lu(kz 220 /-@Jrl —1)k+u2k2
lék —2 4
P
/%ko 4

~ Lu(k—1)k + w2k

1
=0 (k) , (A.11)

where the last equality is because k and kq are constants as they only depend on L and p.
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Next, consider the first term of (A:10). When k < ko,

H@wzifu—um)z(l—g)h3

k=1

For k > kg, we have

H (ko +1) = H(ko) kolj‘ 1

H%+m=m%%mﬁgaﬁ%

H (ko +3) = H (ko) m
kko

H (ko +4) = H(ko) - T ey

For general k£ > ko,

H(k) = (1—g>km€=0<;> (A.12)

because k and kq are constants as they only depend on L and p.

Combining (A-TT)) and (A12) with (A10), we obtain

1
Fr =E [F(zp)] — Fuin < O (k> . (A.13)
O
Lemma A.2. Choosing ni, = min {ﬁ, %} forany t > 1, assume that after t requests, k steps
of predictor training has occurred. We have

E [max |Sm.t — sm,t@ < MFum+ 0O (A]j) . (A.14)

Proof. For the ease of discussion, let € denote the upper bound of E [F(zy,) | — Finin so thate = O (1)
according to Lemmal[AT]

When E [F (z k)] — Fin < ¢, from (EI) and noting that the cross entropy is non-negative, we have

E [max {—sm’t log §m.t — (1 — Sy 1) log(1l — §m,t)}]

M
<E Z (fsmyt log 8.t — (1 — 1) log(1l — §mt))

m=1
< ME [F(zk)}
< M Fpin + eM. (A.15)

For arbitrary sample a; and model m, let

= —spmlogédms — (1 — sme)log(l — 8pme)-
‘We consider two cases as follows.

When s,, ; = 0, we have

I'=—log(1—35m,.)
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= §m,t =1 —e_F

= 8mt — Sme| =1— e T,
When s, ; = 1, we have
I'=—log s
=1—8p=1—¢"
r

= |§7n,t - 57n,t| =1l-e .

Noting the elementary inequality e~" > 1 — I, we obtain
|§m,t - 5m,t| S F
Because this relation holds for any sample and the corresponding I' defined on the sample, the

expectation of the cross-entropy loss cannot be smaller than the expectation of the absolute difference.
Combining with (A:T3), we have

M
E [max [, — sm,t@ < MFpin + €M = MFpin + O <k> . (A.16)
O

Lemma A.3. Let k denote the random variable of the number of predictor training steps after
processing t requests. We have

E[k] <O (t%) and E [H <0 <1> . (A.17)

t3

Proof. Recall that X; ~ Bernoulli(p;) is an indicator denoting whether an SGD step for predictor
training occurs when processing request ¢. In the following, we assume that & is the total number of
SGD steps after processing ¢ requests. We have

t t t
A=E[K=E|Y X,| = p, = i (1,f)=@ 1), (A.18)
; Tz::lp ;mln 7 ( )

This proves the first result.
Considering 1, we note that
1 1 1 2 1
E [k} =E {k ']lsz/2] +E {k '1k</\/2] <3 +E {k ']1k<)\/2] ; (A.19)
where ¢ is an indicator function of whether the condition C holds.

We now consider the last term in (A:19). The multiplicative Chernoff bound shows that

522

Pr{k<(1-0)A}<e 7,
for 0 < 6 < 1. Choosing 6 = % gives

Pr{k < )\} < e_g.
2
Because k > 1,
1 DY 1 1
E|: hay| SE[Lap|<ed =5 <— (A.20)
k es  1+2%
where the last inequality is due to the elementary relation that e > 1 + z for any x.
Combining (A.18), (A-19), and (A.20), we obtain
1 1
E|l-|<O0|=5]). A21
il=o () w2
O
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Based on these lemmas, we are now ready to prove Theorem 2}

Proof of Theorem 2] We first consider any ¢ such that X; = 0, i.e., no exploration or predictor
training. For the ease of presentation, let m* denote the optimal solution to (3) for some given ¢,
ie., Yym+ = 1 and y,,» ¢ = 0 for m’ # m*, where ¢ is inferred from the context. We consider the
following Lyapunov drift of the queue length:

B | @ - Q2| = 5B | (max0.Qu @ = s ) - Q2] 1
< %E (Qi+a— Sm*,t)2 - Q?’ Qt]
< %E :2Qt(05 - Sm*,t) + 1| Qt:|

. R 1
=K [Qt(a — Sm*t + Smrt — Sm*,t)| Qt:| + 5
1

=E[Qua— 80| Q] + B [Qupe s — 5m-)] Q] + 5

1
<E[Qula— $m-1)| Qi) + QuE [mgx St = sm,t@ +5 (A2

where the second inequality follows from expanding the square and (o — 8, ;)2 < 1.

Let {yoy1,Vm} denote the result of an optimal stationary policy to (I). For our online decision-
making problem (3)), we get

E |:VEm*)t + Qt (CY — §m*,t) Qt:|

M M
O [e) ~
<E|V. Z ymE:{Em,t + Q¢ Z ymfj (a - Sm,t) Q1
m=1 m=1

=E|V- Z Yot Bt + Q1 Z Yt (= Bt + St — smt) | | Qu

=VE Zyo"TEmt +QE Zyo"T Smit — Sm.t) | + QiE Zyo"T ~ Sm.t)

m=1

< VET + Q,E |:mwal'X{‘§m,t - Sm,t’}:| ) (A.23)

where the last inequality is because the optimal stationary policy satisfies the constraint (Ib) and the
cost is minimized when the constraint holds with equality, thus E {Zm LYt (@ = s, t)} =0.

Combining (A22)) and (A:23)), we obtain

M
Qt] +VE Z Ym,t Em | Qt
m=1

lg [@fﬂ e

M
. . 1
S E [Qt(a - 5m*,t)| Qt] + QtE |:m7%X |5m,t - 5m,t|:| + 5 + V]E Z ym,tEm,t Qt
m=1
R R 1
=E | VE,+Q (Oé - Sm*,t) ’ Q| +QE max 18m,t — Smt|| + 3

<VE®T + Q,E {mgX{lém,t - Sm,t’}:| + Q:E {Hﬁg}x |8m.t — sml} + =
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1
— VEOPT | 20Q:E {mﬁx{ﬁmt — sm,t’}] + 3

Taking total expectation, we obtain
M

|:Qt+1 Qt} +VE Z Ym ¢ Eom ¢

m=1

1
< VET +2E[Q,] - E {mﬁx{‘ém’t - Sm,t’}:| + 3

Therefore,
M
Zym,tEm,t
m=1
<EOPT+2JE[Qt].]E{maX{‘§ = t;}] : [Qt o
= v mo LTTRE w +

+ MFin | + W + 5 [Qt Q?+1]

M
o=
1
S EOPT + V (('}/ + \[) ( > + ]\4}7‘1'11111IE [Qt}) + W + 17 |:Qt Qt2+1:| ’
where the second inequality uses Lemma [A.2] and the last inequality uses Theorem [I]and v :=

max {aw; VgE }

For any ¢t with X; = 1, we note that the maximum cost due to exploration when processing such

2
< EOPT VE Q- | E

requests is M Epax.
‘We now include all £ where either X; = 0 or X; = 1. Then,

1 T M
T Z Z ym,tEm,t

t=1 m=1

d MPFpin 1
<EOPT min L L |: 2 2 i|

;wxf ( >+ T ;E[Qt] +2V+2VT1E Qf - Q7

+]E[I(]]\lEmax
T

d 1 M
< EOPT O T Mlen 1
e ngﬂ AR

M 1
:EOPT O ! in -
+ IT V)

where the second inequality uses Theorem [I[Jand Lemma|[A.3]
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B Experimental Details

In this section we provide full details for our experimental design.

Datasets & Benchmarks. We use the LM-Eval Harness as a basis for all of our evaluations. We
use a zero-shot setting for each benchmark. Our evaluations are based on the default configurations
provided by LM Eval. We use vLLM v0.8.4 as the inference backend for LM Eval.

LLM Zoo. Our zoo coniststs of three Llama models, namely Llama 3.2 1B,
Llama 3.1 8B, and Llama 3.3 70B. We use publicly available model checkpoints
available on the HuggingFace Hub, specifically, meta-llama/Llama-3.2-1B-Instruct,
unsloth/Meta-Llama-3.1-8B-Instruct-bnb-4bit,
and unsloth/Llama-3.3-70B-Instruct-bnb-4bit.

Request Satisfaction Predictor. We design a predictor model based on the ModernBert transformer
and implement a classification head on top of it. Before we pass the final-BERT-layer outputs into the
classification layer, we pool the outputs and use a dropout (= 0.1) for better training effectiveness. We
first have a linear layer, followed by a layer norm operation, followed by a ReLU activation, another
dropout (= 0.1), and then a final linear layer. We use a sigmoid function to compute the classifier
logits. For each benchmark in our main paper, we ran a hyperparameter sweep to identify the most
effective hyperparameter combinations. They are listed in Table[6]

Table 6: Predictor model hyperparameter configurations across benchmarks.

Benchmark Learning Rate  Weight Decay Momentum Max. Seq. Len. Dropout
ARC Challenge 0.0606 0.01 0.90 256 0.1
ARC Easy 0.0826 0.01 0.90 256 0.1
BoolQ 0.0767 0.01 0.95 128 0.1
LogiQA 0.0272 0.01 0.90 256 0.1
PiQA 0.0367 0.01 0.90 64 0.1
SciQ 0.0596 0.01 0.95 64 0.1
SociallIQA 0.0542 0.01 0.95 64 0.1
Winogrande 0.0660 0.01 0.90 64 0.1

Random Baseline with Constraint Satisfaction. We implement a random baseline that follows
constraint satisfaction, or in other words, SLA compliance. We use the following implementation to
facilitate the baseline.

def calculate_probabilities (model_accuracies: list, alpha: float):

"o

Function to compute a priori probabilities for a baseline
model selection process that provides SLA compliance over time.

"o

accuracies = np.array (model_accuracies)
n = len(accuracies)

# Check if possible
if alpha > max(accuracies):
raise ValueError("Alpha_too_high")

p = np.ones(n) / n

for _ in range(5000):

current_acc = np.dot(p, accuracies)
if current_acc >= alpha - le-6:
return p

# Simple update
for i in range(n):
if accuracies[i] > current_acc:
pli] #= 1.01 # Increase good models
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else:
pli] == 0.99 # Decrease bad models

# Normalize
p =p / np.sum(p)

idx_sorted = np.argsort(accuracies)[::—1]

# Calculate minimum probability for best model
best_acc = accuracies[idx_sorted [0]]
worst_acc = accuracies[idx_sorted[—1]]

# Start with minimum probabilities for all
min_prob = le-10

p = np. full(n, min_prob)

remaining = 1.0 — n % min_prob

# Distribute remaining probability
for i in range(n):
idx = idx_sorted[1i]

if i == n - 1:
plidx] += remaining
else:
# Give more to better models
weight = (accuracies[idx] — worst_acc) / (best_acc — worst_acc)
allocation = remaining % weight % 0.8
plidx] += allocation
remaining —= allocation

p =p / np.sum(p)

return p

RouteLLM. To reproduce the RouteLL.M results, we integrated the RouteLLM controller into our
existing evaluation pipeline. RouteLLM supports only two models: a weak and a strong model. We
configured these as the Llama 3.2 1B (weak) and 70B (strong) models, respectively. We chose to use
the BERT-based router of RouteLLM. We swept the routing threshold from 0.1 to 0.9 in increments
of 0.1. As shown in Table[7] RouteLLM requires careful tuning of the routing threshold to achieve
desired performance, which lacks a direct mapping to user-specified service level requirements.

Table 7: Mapping from MESS+ « to RouteLLM decision threshold.

Dataset «; Threshy «y Thresh, «3 Threshy
ARC Challenge 0.7 0.5 0.6 0.6 0.7 0.4
ARC Easy 0.6 0.8 0.7 0.65 0.6 0.75
BoolQ 0.5 0.8 0.5 0.85 0.6 0.7
LogiQA 0.7 0.3 0.5 0.45 0.5 0.4
PiQA 0.6 0.75 0.5 0.81 0.6 0.78
SciQ 0.5 0.97 0.6 0.95 0.5 0.96
SociallQA 0.7 0.44 0.7 0.46 0.7 0.42

Winogrande 0.5 0.75 0.6 0.65 0.5 0.7

RouterDC. To reproduce RouterDC, we trained its routing module on our benchmark tasks. The
router encodes each query using the pretrained encoder microsoft/deberta-v3-base and com-
pares its representation to a set of trainable expert embeddings, one for each model in the ensemble.
Cosine similarity is used to produce a logit vector over the experts, and the router is optimized to
prefer more accurate models via contrastive losses. In our setup, the candidate experts were Llama 3
Instruct models with 1B, 8B, and 70B parameters. Training was performed for 1,000 steps using the
AdamW optimizer, with a batch size of 64 and a learning rate of 5 x 10~°. The training set consisted
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of 100 queries from each of ten benchmarks, totaling 1,000 samples. For evaluation, we load the
trained checkpoint and integrate the router into our existing evaluation pipeline.

Code. Our code base is made fully public on GitHub. It can be found here:
https://github.com/laminair/mess-plus

Evaluation Setup. While our experiments can be run on a single GPU (with 80GB VRAM),
we conducted our experiments using 2 H100 GPUs. We distribute the LLMs and the predictor as
follows: The small and medium sized LLMs along with the predictor are located on 1 GPU and the
large model is placed on the other GPU. We repeat each experiment with three different random
seeds ([42, 43, 44]). Since we query the LLMs sequentially, we can capture their individual energy
consumption. When doing parallel calls, it is necessary to place each LLM on a separate GPU and
configure the Zeus monitor to properly return the energy statistics for each model.

C Additional Evaluations

C.1 Additional Results Related to Our Main Findings

Our experimental results demonstrate that the parameter V, which controls the priority given to cost
efficiency in the MESS+ routing algorithm, exhibits significant influence on both energy consumption
and performance metrics across multiple benchmarks (Tables [§and [9). In the main results with
the standard V value, MESS+ achieves remarkable energy efficiency with an average operating
cost of 1.08 MJ while maintaining satisfactory performance (68.44% request satisfaction) across all
benchmarks. When reducing V to 0.0001, thereby decreasing the emphasis on energy efficiency,
we observe a 65.7% increase in operating costs to 1.79 MJ with only a marginal improvement in
performance to 69.16%. Further reducing V to 0.00001 yields an additional cost increase to 1.88 MJ
(74.1% higher than the standard configuration) while performance improves only slightly to 69.41%.
These diminishing returns highlight the effectiveness of our approach in balancing the performance-
efficiency trade-off. Notably, the distribution of model calls shifts substantially as V decreases—the
utilization of the 70B model increases from 34% with standard V to 54% with V=0.00001, while
mid-sized 8B model usage decreases from 40% to 23%, indicating a clear preference for higher-
capacity models when efficiency constraints are relaxed. Individual benchmarks exhibit varying
sensitivities to the V parameter; LogiQA shows the most substantial performance gain (41.02% to
43.89%) with decreased V values, while SciQ maintains relatively stable performance (~ 96%)
despite significant variations in model call distribution. The ARC Easy benchmark demonstrates one
of the most dramatic cost increases, from 1.74 MJ to 5.39 MJ at the lowest V value, emphasizing how
routing decisions can substantially impact energy consumption for specific task types. Even with
reduced emphasis on efficiency, MESS+ maintains competitive or superior performance compared to
alternative methods like RouteLLLM and RouterDC while consuming less energy on average. These
findings underscore the flexibility of our approach in accommodating different deployment scenarios
where either performance or energy efficiency might be prioritized, while consistently outperforming
baseline single-model approaches for the same levels of request satisfaction.

C.2 The relationship between o and V'

Our experimental evaluation across multiple reasoning benchmarks (ARC Challenge, ARC Easy,
BoolQ, LogiQA, PiQA, SciQ, and SociallQA) exhibits the exact relationship between o and V' that
we show in our theoretical analysis. The results demonstrate that lower V' values (V' = 0.0001)
consistently achieve higher request satisfaction rates while incurring greater computational costs,
exhibiting a slower convergence to stability but ultimately reaching higher performance plateaus
that can satisfy more demanding Service Level Agreement (SLA) thresholds. Conversely, higher
V values (V' = 0.01) prioritize cost efficiency, resulting in significantly lower average costs, faster
initial convergence, but ultimately lower satisfaction plateaus that are very close to a. Medium V
values (V' = 0.001) strike a compelling balance, offering reasonable satisfaction rates with moderate
computational investment. Notably, our Winogrande analysis illuminates the explicit relationship be-
tween SLA satisfaction timing and both « thresholds and V' values, with higher « requirements (0.65,
0.7, and 0.75) correspondingly satisfied at later request points (steps 740, 803, and 994, respectively).
When compared against baseline methods, our approach approaches provides similar satisfaction
levels like RouterDC while maintaining substantially lower computational costs, demonstrating
superior efficiency in the satisfaction-cost frontier. These findings underpin that V' provides an
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Figure C.1: Full overview of predictor training cost across all benchmarks used in our paper.

intuitive and flexible mechanism for system operators to deliberately navigate performance-cost trade-
offs according to application-specific requirements, enabling precise calibration between resource
efficiency and quality of service in large-scale LLM deployment environments.

C.3 Predictor Training Evaluation

Our analysis of exploration-exploitation dynamics across eight reasoning benchmarks reveals critical
insights for efficient predictive modeling (Figure[C.I). We observe that the exploration parameter
(c) exhibits predictable effects across benchmarks, with higher values (c = 1.0) maintaining robust
exploration but at approximately ten-fold increased energy costs compared to conservative settings
(c =0.01). Notably, task complexity correlates with resource requirements, as evidenced by the
significantly higher exploration costs. The predictor training loss patterns indicate that higher
exploration parameters facilitate faster convergence and lower overall loss values, suggesting more
robust optimization, though with diminishing returns relative to energy expenditure. These findings
highlight the importance of context-aware parameter selection in balancing performance gains
against computational costs, particularly relevant as Al systems scale and energy efficiency becomes
increasingly critical. Generally, we find that choosing ¢ = 0.1 provides a strong basis for MESS+
across benchmarks.

Table 8: Additional results for our main results with a smaller value for V' = 0.0001, which reduces
the priority for cost efficiency.

Benchmark ARC Challenge (a = 50%) ARC Easy (o = 75%) BoolQ (a = 80%)

Method Operating Request Model Call Ratio (in %) ~ Operating Request Model Call Ratio (in %)~ Operating Request Model Call Ratio (in %)
Cost(inMJ) Satisfaction (in%) ~ (L70B/LSB/LIB) ~ Cost(inMJ) Satisfaction (in%)  (L70B/LSB/LIB) ~  Cost(inMJ) Satisfaction (in %)  (L70B/LSB/LIB)

Llama 1B 0.09:0.00 37.8845.50 0%/0%/100%  0.20:000 62.76.5.57 0%/0%/100%  0.14+000 69.17 5515 0% /0% / 100%

Llama 8B 0.46-0.00 5444455 0% /100% / 0% 0.97:0.00 79.7244.47 0% / 100% / 0% 0.43:0.00 84.16:4.06 0% / 100% / 0%

Llama 70B 2.35:0.01 60.84 100% 1 0% 1 0% 5.05:0.01 83.12:4.16 100% / 0% / 0% 3.40z0.00 88.78+a.51 100% 1 0% / 0%
Educated Guessing 1.000.00 35%131% / 34% 2.00-0.05 74.00+4 30 31% /32% 1 36% 1.31:0.04 80.47 108 33% /34%/ 33%
RouteLLM 1.2410.00 50% 1 0% 1 50% 4.05:0.01 82541212 100% / 0% / 0% 2.96:0.01 86.83 87% 1 0% 1 13%
RouterDC 2.09=0.06 88% 1 12% 1 0% 3.61z0.06 82.30+2.6 85% /15% 1 0% 2.14x0.05 87.06= 58% 1 42% | 0%
MESS+ (ours) 1.51000 70% 1 9% 1 21% 4.87:0.00 78.20=1.7c 54% 1 28% 1 19% 1.38:0.05 81.12 38% /30% 1 32%
Benchmark LogiQA (a = 40%) PiQA (o = 78%) SciQ (a = 96%)

Method Opcr‘aling X chucsl» Model Call Ratio (in %) Opc(uling chucsl‘ Model Call Ratio (in %) Opcr?tillg . chucs( Model Call Ratio (in %)

Cost (inMJ)  Satisfaction (in %) (L70B/L8B/L1B) Cost (in MJ)  Satisfaction (in %) (L70B/LSB/L1B) Cost (inMJ)  Satisfaction (in %) (L70B/LSB/L1B)
Llama 1B 0.17+0.00 2719404 0% 1 0% / 100% 0.070.00 74.05x4.87 0% / 0% / 100% 0.100.00 93.80-:2.65 0% / 0% / 100%
Llama 8B 0.81+0.00 29.03+5.04 0% 1 100% / 0% 0.36:0.00 79.3324.5¢ 0% 1 100% / 0% 0.44:0.00 97.00+1.90 0% / 100% / 0%
Llama 70B 4.11+0.02 49.31 4556 100% 1 0% / 0% 1.8420.01 82.70+4.2 100% 1 0% / 0% 2.23x0.02 97.10=1.87 100% / 0% / 0%
Educated Guessing 2.51z0.00 39.88+4.57 56% 1 21% / 22% 0.76:0.04 78.89:1.52 34% / 32% / 34% 0.92:0.00 96.51:1.40 31% /36% 1 32%
RouteLLM 1332004 4771 555 98% /0% I 2% 1.25:0.05 78.35+1.42 66% 1 0% | 34% 2.160.04 97.76:0.75 95% 1 0% | 5%
RouterDC 1.09::0.05 47132508 70% 1 29% I 2% 1.85:0.01 82341135 100% / 0% / 0% 1.90:0.07 97.95:0.51 82% / 18% / 0%
MESS+ (ours) 2.97+0.00 43.89x4.52 3% 13% 1 24% 0.84=0.04 79.2322.84 45% 135% 1 21% 0.41:0.05 96.12:2.53 22% 133% 1 45%
Category SociallQA (o = 44%) Winogrande (o = 70%) Avg. across all Benchmarks (a = 66%)
Subcategory Operating Request Model Call Ratio (in %) Operating Request Model Call Ratio (in %) Operating Request Model Call Ratio (in %)
Cost (in MJ)  Satisfaction (in %) (L70B/L8B/L1B) Cost (inMJ)  Satisfaction (in %) (L70B/L8B/L1B) Cost (inMJ)  Satisfaction (in %) (L70B/L8B/L1B)

Llama 1B 0.130.00 41712545 0% 1 0% / 100% 0.06:0.00 59.67+5.45 0% 1 0% / 100% 0.12:0.00 58285402 0% / 0% / 100%
Llama 8B 0.59:0.00 48.31+5.55 0% 1 100% / 0% .. 73.644.0 0% 1 100% / 0% 0.54+0.00 68.20+4.40 0% /100% / 0%
Llama 70B 3.00=0.00 48.67 1550 100% 1 0% 1 0% 79.08=4.52 100% / 0% / 0% 2.91z0.01 73701435 100% 1 0% / 0%
Educated Guessing 1.22:0.06 47712250 33%132% 1 35% 70.675.35 35% /30% / 35% 1.280.07 67475275 36%/31%133%
RouteLLM 2.02z0.07 44324240 65% 1 0% 1 35% 80.8212.53 97% 1 0% 1 3% 2.04x0.05 71.19:2.10 82% /0% 1 18%
RouterDC 2.89:0.08 46.762.62 95% 1 5% 1 0% 80.86+2.40 100% 1 0% 1 0% 2.11%0.04 73172252 85% 1 15% 1 0%
MESS+ (ours) 1.46:0.07 46.2112.55 43% 124% 1 33% 74.93:2.52 73% 1 8% 1 19% 1.79:0.06 69.16:3.12 52%121% 1 27%

C.4 Additional Experiments on Larger Model Zoos
To demonstrate the performance of MESS+ even in larger zoos, we conduct addi-

tional experiments on a zoo containing four models: Qwen 2.5 32B (Q32B), Qwen
2 7B (Q7B), Qwen 2 1.5B (Q1.5B), and Qwen 2 0.5B (QO0.5B) with the check-
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Table 9: Additional results for our main results with a smaller value for V' = 0.00001, which reduces
the priority for cost efficiency even further.

Category ARC Challenge (a = 50%) ARC Easy (o = 75%) BoolQ (a = 80%)
Subcate Operating Request Model Call Ratio (in %) ~ Operating Request Model Call Ratio (in %)~ Operating o Model Call Ratio (in %)
ubcategory Cost (inMJ) ~ Satisfaction (in %) (L70B/LSB/L1B) Cost (in MJ)  Satisfaction (in %) (L70B/LSB/L1B) Cost (inMJ)  Satisfaction (in %) (L70B/LSB/L1B)
Llama 1B 0.09:0.00 37.88 4550 0% /0% 1 100% 6276557 0%/0%/100%  0.14+000 69.17 5515 0% /0% 1 100%
Llama 8B 0464000 54444550 0% / 100% / 0% 79724047 0%/100% /0% 0431000 84.1641.00 0% / 100% / 0%
Llama 70B 23551001 60.84.45.45 100% / 0% / 0% 83.12: 100% /0% /0%  3.40+000 88.78 5.1 100% / 0% / 0%
Educated Guessing ~ 1.0010.00 51.6542.08 35%/31% 1 34% 74.00-4 31%/32%/36%  13lioos 80.47 4108 33%/34% 1 33%
RouteLLM 1.244010 51174205 50% / 0% / 50% 82.54.2.1 100% /0% /0%  2.96x0.04 86.8351.27 87% 1 0% / 13%
RouterDC 2.09+0.0 60.94 88% /12% 1 0% 82.3042.0 85%/15% /0% 2141005 87.064270 58% 1 42% 1 0%
MESS+ (ours) 1614000 54314257 68%/11%/21%  5.39:0.00 7828165 65%/16%/19% 1381005 82255511 40% /33% / 27%
Category LogiQA (o = 40%) PiQA (a = 78%) SciQ (a = 96%)
Subcat Operating Request Model Call Ratio (in %) ~ Operating Request Model Call Ratio (in %) ~ Operating ~ Request (in %)  Model Call Ratio (in %)
ubcategory Cost (in MJ) ~ Satisfaction (in %) (L70B/LSB/L1B) Cost (in MJ) ~ Satisfaction (in %) (L70B/LSB/L1B) Cost (inMJ)  Satisfaction (L70B/LSB/L1B)
Llama 1B 0.17:0.00 2719540 0%/0%/100%  0.07+000 74.051457 0%/0%/100%  0.101000 93.80.2.08 0% / 0% / 100%
Llama 8B 0.81+0.00 2! 5.0 0% /100% / 0% 0.36+0.00 79.33 0% /100% / 0% 0.4440.00 97.0041.90 0% /100% / 0%
Llama 70B 4115002 49.3145.56 100% / 0% 1 0% 1.84+0.01 82.704.20 100% 1 0% / 0% 2.23+10.02 97.10+1.57 100% / 0% / 0%
Educated Guessing ~ 2.51+0.00 39.88.457 56%/21%/22%  0.76x00s 78.89 34%/32%/34%  0.9240.00 96.511.40 31% /36% / 32%
RouteLLM 1.332000 47711555 98% /0% /2%  1.25+005 78355102 66% /0% /34%  2.16+0.0s 97.76.10.73 95% /0% / 5%
RouterDC 1.09:0.05 47131508 70%/29% /2% 18500 82341153 100% /0% /0% 1.90x0.07 97.9510.5: 82% / 18% / 0%
MESS+ (ours) 2.86:000 43.891055 72%12%126%  1.01:0.04 79.94 122 51%/38%/12%  0.561007 96.17 212 20% /37% 1 43%
Category SociallQA (v = 44%) Winogrande (o = 70%) Avg. across all Benchmarks (o = 66%)
Subcats Operating Request Model Call Ratio (in %) ~ Operating Request Model Call Ratio (in %) ~ Operating Request Model Call Ratio (in %)
ubcategory Cost (inMJ)  Satisfaction (in %) (L70B/LSB/L1B) Cost (in MJ)  Satisfaction (in %) (L70B/LSB/L1B) Cost (inMJ)  Satisfaction (in %) (L70B/LSB/L1B)
Llama 1B 0.13 4000 4171158 0%/0%/100%  0.06+0.00 59.67 5.5 0%/0%/100%  0.12+000 58284102 0% /0% / 100%
Llama 8B 0.59:40.00 48314555 0%/ 100% /0%  0.25:0.00 73,6410 0%/ 100% /0%  0.54+000 68.204.40 0% / 100% / 0%
Llama 70B 3.0010.00 48.67 5.5 100% /0% /0%  1.29+000 79.08:15 100% /0% /0% 291+00 73.70 100% / 0% / 0%
Educated Guessing 122006 47711250 33%/32%/35%  0.54:00 70.67 5.5 35%/30%/35%  1.28:00r 67.47 5275 36% /31% / 33%
RouteLLM 2.0240.07 44324210 65% /0% /35%  1.27+00 80.82 97% /0% /3%  2.041005 71194210 82% /0% / 18%
RouterDC 2.8910.05 46.76.2.02 95%/5%10%  1.30:000 80.86. 100% /0% /0%  2.114004 73.17 85% 115% 1 0%
MESS+ (ours) 1344008 46751201 45%135%/20%  0.87+00: 74.69 T1%/10%/18%  1.881007 69.41 427 54% /23% / 23%

Table 10: Main results with the Qwen 2 model family. Specifically, we use Qwen 2.5 32B, Qwen 2
7B, Qwen 2 1.5B, and Qwen 2 0.5B. MESS+ also outperforms our Educated Guessing baseline in
larger model zoos. V' = 0.0001.

Category ARC Challenge (o = 55%) ARC Easy (o = 77%) BoolQ (o = 80%)
Subcategor Operating Request. Model Call Ratio Operating Request. Model Call Ratio Operating Request. Model Call Ratio
gory Cost  Satisfaction  (Q32B/Q7B/QL.5B/Q0.5B)  Cost  Satisfaction  (Q32B/Q7B/QL.SB/QV.5B)  Cost  Satisfaction  (Q32B/Q7B/QI.SB/QU.5B)
Qwen2 0.5B 0.1020.00  30.03+45.56 0% 1 0% / 0% / 100% 0.21:0.00  54.88+40.77 0% 1 0% / 0% / 100% 0.11+0.00  63.09+45.26 0% /0% / 0% / 100%
Qwen2 1.5B 0.14:0.00  40.1045.45 0% / 0% / 100% / 0% 0.28+0.00  66.62:5.24 0% /0% / 100% / 0% 0124000 76271473 0% /0% / 100% / 0%
Qwen2 7B 0.31x0.00 5 0% 1 100% / 0% / 0% 0.70x0.00 7542478 0% 1 100% 1 0% / 0% 0.25:0.00  84.13:4.06 0% /100% 1 0% / 0%
Qwen2.5 32B 1. 0.00 100% / 0% / 0% / 0% 2731000  78.20+4.50 100% / 0% 1 0% / 0% 1.63+0.00  89.60+5.30 100% / 0% 1 0% | 0%
Educated Guessing  1.26=0.00 82% 1 15% 1 2% I 1% 2222000 76% 1 20% | 2% I 2% 081000 82401105 41%/34% /1 14% / 11%
RouteLLM 1.3320.01 100% / 0% / 0% / 0% 2.73x0.01 99% / 0% 1 0% / 1% 14341000 8731106 87% 10% 1 0% I/ 13%
RouterDC 1262000  58.65:2.03 89% /2% 1 9% I 0% 2.0320.00 70% 1 19% 1 3% I 8% 1451000  89.41:152 87% 8% | 4% 1 1%
MESS+ (ours) 1182000  56.21+426 83% /7% 12% | 8% 1.69-000  77.06+2.17 53% 1 42% 1 2% | 3% 0.78:0.00 82481316 40%/32%/11% /17%
Category LogiQA (o = 33%) PiQA (a = 79%) SciQ (o = 93%)
Subcateg: Operating Request. Model Call Ratio Operating Request. Model Call Ratio Operating Request. Model Call Ratio
ubcategory Cost  Satisfaction  (Q32B/Q7B/Q1.5B/QU.5B) ~ Cost Satisfaction (Q32B/Q7B/Q1.SB/Q0.5B) ~ Cost  Satisfaction (Q32B/Q7B/Q1.5B/Q0.5B)
Qwen2 0.5B 0.06+0.00  25.3514553 0% /0% / 0% / 100% 0.09£0.00  69.15146.20 0% /0% / 0% / 100% 0.09+0.00  91.20:25.50 0% /0% / 0% / 100%
Qwen2 1.5B 0.08:0.00 24274 0% 1 0% / 100% / 0% 0.11x000  76.06+4.74 0% 1 0% / 100% / 0% 0121000  94.40+2.56 0% 1 0% / 100% / 0%
Qwen2 7B 0.06:0.00  31.18+ 0% /100% / 0% / 0% 0254000  79.49:4.40 0% / 100% / 0% / 0% 0.341000 9550230 0% /1 100% / 0% / 0%
Qwen2.5 32B 0.80:000  40.86= 100% / 0% / 0% 1 0% 1.06£0.00  80.41+4.41 100% / 0% / 0% / 0% 1192000 96.70+1.90 100% / 0% / 0% / 0%
Educated Guessing  0.39:0.00  33.08:+s 50% 122% /1 18% / 10%  0.71+0.00  79.02:2.16 55% 131% 1 6% | 8% 0441000 94351105 25%/24% 1 25% 1 27%
RouteLLM 0.5320.00  33.62:5.75 64% 1 0% | 0% / 36% 1.01+0.00  79.2841.58 95% 1 0% 1 0% / 5% 0.68+0.00  94.72:1.34 53% 1 0% 1 0% | 471%
RouterDC 0.3820.00  33.16+3.20 50%131%112% /7%  0.74+000  79.86+1.67 63%117%117% /3%  0.46+0.00  94.97 107 30% 1 16% 1 12% | 42%
MESS+ (ours) 0.34:000 33164502 49% 133% /1% 1 17%  0.66:0.00  79.30:2.54 56% 125%113%16% 0211000 93.91:17s 18% /3% 1 22% I 57%
Category SociallQA (o = 47%) Winogrande (o = 71%) Mean (« = 0.67)
Subcategor Operating Request. Model Call Ratio Operating Request. Model Call Ratio Operating Request. Model Call Ratio
ubcategory Cost Satisfaction  (Q32B/Q7B/Q1.5B/Q0.5B)  Cost Satisfaction  (Q32B/Q7B/Q1.5B/Q0.5B)  Cost Satisfaction  (Q32B/Q7B/Q1.5B/Q0.5B)
Qwen2 0.5B 0.26:0.00  43.35+40.56 0% 1 0% / 0% 1 100% 0.06+0.00 55881067 0% 1 0% / 0% / 100% 0.12+000  54.12:45.15 0% 1 0% / 0% / 100%
Qwen2 1.5B 0.36:0.00  46.37 5.5 0% / 0% / 100% / 0% 0.08-0.00 4.965 0% /0% / 100% / 0% 0.16+000  61.131470 0% /0% / 100% / 0%
Qwen2 7B 1.05:000  48.21+ 0% 1 100% / 0% / 0% 0.23+0.00 0% 1 100% 1 0% / 0% 0.40:0.00  67.07:46 0% /100% 1 0% / 0%
Qwen2.5 32B 3342000 50924 100% / 0% / 0% / 0% 0.731000  72.30+4.07 100% / 0% 1 0% / 0% 1.60+0.00  70.91 4445 100% / 0% 1 0% / 0%
Educated Guessing  1.47x000 47314185 32%/29%/23% /1 16%  0.64:000  71.59:5.67 64% /28% 1 3% | 5% 099000  67.02:252  53%/26%/11% /10%
RouteLLM 2.58+000 47475174 65% /0% / 0% / 35% 071000  73.85+2.53 97% 1 0% 1 0% / 3% 1.37+000  69.01+2 83% 10% /0% I 17%
RouterDC 194000  48.09:271  47%/25%/10% /18%  0.57+0.00  71.76:15.10 68% /20% | 3% | 9% 1.134000  69.1742.47 63% /17% 1 9% 1 11%
MESS+ (ours) 1352000 47.82:200  28%/30%/25% 1 17% 0511000  71.0445.4 59% 133% 1 1% | 1% 0.84:000 67.55:325  48%/26% / 10% / 16%
points, unsloth/Qwen2.5-32B-Instruct-bnb-4bit, unsloth/Qwen2-7B-bnb-4bit,

Qwen/Qwen2-1.5B-Instruct, and Qwen/Qwen2-0.5B-Instruct, respectively. All check-
points are readily available on the HuggingFace Hub. We leave all other hyperparameters unchanged
and follow the setup we use in our Llama3 model-only zoo. Aside from the Llama 3-only and
Qwen 2-only model zoos, we also provide results for a mixed model zoo and an evaluation of varied
operating cost characteristics.

C.4.1 Supplementary Results in Support of the Main Findings with Four Qwen 2 Models

The results on the Qwen 2 only model zoo (Table [3) suggest that zoo expansion can improve
cost-performance trade-offs. Increasing the number of models in a zoo has a beneficial effect on
overall cost effectiveness, even the cost characteristics of models are more homogeneous than in
the Llama3-only model zoo. Notably, the lightweight 0.5B model in the Qwen configuration is
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Figure C.2: The dynamics between o and V' manifest further across all benchmarks in addition to
Winogrande in the main paper. Part 1.

utilized 16% of the time on average, with particularly high usage on simpler tasks like SciQ (57% of
calls), demonstrating that there is substantial demand for extremely efficient inference even when
larger models are available. This shows that the optimal model zoo size depends on the specific
task distribution and performance requirements of the application. Furthermore, the fact that all
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Figure C.3: The dynamics between o and V' manifest further across all benchmarks in addition to
Winogrande in the main paper. Part 2.

methods maintain similar relative performance rankings across both configurations indicates that
routing algorithm effectiveness may be more important than model zoo size for achieving consistent
performance improvements. The scalability benefits appear most pronounced for tasks with high
computational variance, where the additional routing granularity can better match query complexity
to model capability.

C.4.2 Results on Non-Stationary Concatenated Benchmarks

To evaluate the robustness of adaptive routing methods under more realistic conditions, we also
analyze performance on a non-stationary benchmark created by concatenating three distinct datasets:
ARC Challenge, PiQA, and Winogrande. This configuration simulates real-world scenarios where
query distributions shift dynamically, as the combined benchmark exhibits non-IID characteristics
with varying difficulty levels and task types throughout the evaluation sequence (Table [T T).

The non-stationary benchmark results demonstrate that MESS+ maintains its cost efficiency advantage
even under distributional shifts and under strict SLA compliance, achieving 1.40 MJ operating cost
compared to RouterDC’s 2.29 MJ and RouteLLM’s 2.92 MJ - representing 39% and 52% cost
reductions respectively. The non-stationary results are particularly highlight the importance of an
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Table 11: Results when concatenating ARC Challenge, PiQA, and Winogrande. Even though the
three benchmarks exhibit distinct characteristics, MESS+ shows strong performance compared to our
Educated Guessing baseline

Category Non-stationary Benchmark (o = 67%)
Subcategory Operating R_eques}. Model Call Ratio
Cost Satisfaction  (Q32B/Q7B/Q1.5B/Q0.5B)
Qwen2 0.5B 0.26:0.01  54.50:1050 0% /0% /0% / 100%
Qwen2 1.5B 0352001 62.92:550 0% /0% / 100% / 0%
Qwen2 7B 0931001 69.35:502 0%/ 100% / 0% / 0%
Qwen2.5 32B 31220010 71.94:400  100% /0% / 0% / 0%
Educated Guessing  1.64x0.00 68292572 45% /41% /6% / 8%
RouteLLM 2921001 72.38:320  97% /0% 10% /3%
RouterDC 2.29:001 72362246 68%/15% /4% 1 13%
MESS+ (ours) 140001 68.57:228  43% /1 41% /9% | 7%

Table 12: Qwen 2 model zoo with a varied cost spread around the mean cost per request among
models in the zoo.

Category ARC Challenge (o = 55%) ARC Easy (a = T7%) BoolQ (o = 80%)
Subcat Operating ~ Request. Model Call Ratio Operating  Request. Model Call Ratio Operating ~ Request. Model Call Ratio
ubcategory Cost Satisfaction  (Q32B/Q7B/Q1.5B/Q0.5B)  Cost Satisfaction  (Q32B/Q7B/Q1.5B/Q0.5B)  Cost Satisfaction  (Q32B/Q7B/Q1.5B/Q0.5B)
Qwen2 0.5B 0.20+0.01 0% /0% / 0% / 100% 0.21+0.01 0% / 0% / 0% / 100% 0.11+001  63.09+4s.26 0% 1 0% 1 0% / 100%
Qwen2 1.5B 0.27 0. 0% / 0% / 100% / 0% 0.2820.m 0% /0% / 100% / 0% 0122001 7627473 0% /0% / 100% / 0%
Qwen2 7B 0.61x0.01 0% /100% / 0% / 0% 0.70+0.01 0% / 100% / 0% / 0% 0.25+001  84.13+4.06 0% /1 100% / 0% / 0%
Qwen2.5 32B 2.67:0.01 100% / 0% 1 0% / 0% 273400 100% / 0% 1 0% 1 0% 1.6340.01  89.6043.50 100% / 0% 1 0% 1 0%
Educated Guessing ~ 0.58+0.01 2 75% 1 20% 1 2% | 3% 1.22:0.00 2 76% 120% 1 2% | 2% 049+001  80.621136  31%/30% /20% / 20%
RouteLLM 2.67+0.01 2.56 100% / 0% / 0% / 0% 27341001 78.05:+2.79 100% / 0% 1 0% ! 0% 1454001 87314106 87% /0% /0% 1 13%
RouterDC 0.7920.00 S 55% 133% 1 12% | 0% 1.87+0.01  81.43:1.05 63% 126% 1 11% 1 0% 1494001 88.9711ss 89% 1 6% | 5% 1 0%
MESS+ (ours) 0.49:001  55.69:1m 65% 121% 1 7% | 7% 0312001 77955407 T7% 1 10% 1 8% | 5% 0271001 80.02:505  25%/34% 1 19% 1 22%
Category LogiQA (a = 33%) PiQA (a = 79%) SciQ (o = 93%)
P Operating ~ Request. Model Call Ratio Operating ~ Request. Model Call Ratio Operating ~ Request. Model Call Ratio
eory Cost  Satisfaction ~ (Q32B/Q7B/QI.5B/Q0.5B)  Cost  Satisfaction  (Q32B/Q7B/QI.5B/QO.5SB)  Cost  Satisfaction  (Q32B/Q7B/Q1.5B/QU.5B)
Qwen2 0.5B 0.06x0.01 25351555 0% /0% /0% / 100% 0.172000 69.15:56.00 0% /0% / 0% / 100% 0.09+0.00 0% /0% / 0% / 100%
Qwen2 1.5B 0.08+0.01 24271477 0% /0% / 100% / 0% 0.22+0.01  76.06+4.7 0% 1 0% / 100% / 0% 0.1240.01 0% / 0% / 100% / 0%
Qwen2 7B 0.06+0.01  31.1845 0% 1 100% / 0% / 0% 0.50+0.00  79.49:000 0%/ 100% / 0% / 0% 0.34+0.01 0% / 100% / 0% | 0%
Qwen2.5 32B 0.80+0.01  40.86+5.47 100% / 0% 1 0% | 0% 211001 80.41+44 100% / 0% 1 0% / 0% 1.19+0.01 100% / 0% 1 0% 1 0%
Educated Guessing  0.25+0.01  33.264350  42%/21%/18%/19%  0.40+0.01  79.05:50s  44% /44% | 6% | 6% 0.38+0.01 23% 123% 127% | 27%
RouteLLM 0532001 33.62:575  64% /0% /0% / 36% 2.01t001  79.28:15s  95% /0% /0% / 5% 0.64+000 94722150 53% /0% /0% 1 47%
RouterDC 0.351001  33.014s.60 43% 123% 1 30% | 4% 1.0640.01  79.98+1156  49%/22% 1 12% 1 17% 0914000 94.75:00s  80% /17% /1% / 2%
MESS+ (ours) 0291001 33.02:500  43%/25% 1 5% 1 28% 0312000 79.08:2. 39% /128% 120% /1 13%  0.31:0.00  93.1725.27 16% 1 8% 1 14% | 62%
Category SociallQA (o = 47%) Winogrande (o = 71%) Mean
Subcate Operating ~ Request. Model Call Ratio Operating  Request. Model Call Ratio Operating  Request. Model Call Ratio
ubcategory Cost  Satisfaction  (Q32B/Q7B/Q1.5B/Q0.5B)  Cost  Satisfaction  (Q32B/Q7B/QI.5B/Q0.5SB)  Cost  Satisfaction  (Q32B/Q7B/Q1.5B/QU.5B)
Qwen2 0.5B 0.261001 433514056 0% /0% / 0% / 100% 0.1240.00 5588110066 0% /0% / 0% / 100% 0.1540.01 0% / 0% / 0% / 100%
Qwen2 1.5B 0362001 46371550 0% /0% / 100% / 0% 0.1620.01  64.96:550 0% /0% / 100% / 0% 0.200.00 0% /0% / 100% / 0%
Qwen2 7B 1.0540.01 48214555 0%/ 100% /0% / 0% 047410010 71.67:50 0% 1 100% / 0% 1 0% 0.50+0.01 0% / 100% / 0% / 0%
Qwen2.5 32B 3341000 50924556 100% / 0% / 0% / 0% 1464001 72.30+a.97 100% / 0% 1 0% / 0% 1.990.01 100% / 0% 1 0% | 0%
Educated Guessing  1.16x0.01  48.21:2.00 25% 126% 125% 124%  0.30:0.00  71.02:56 47% | 44% 1 4% | 5% 0.59+0.01 45% 129% 1 13% 1 13%
RouteLLM 22lc0m 474741070 65% 1 0% /0% / 35% 1424001 73854288 97% /0% /0% /3% 1.7140.01 83% /0% 1 0% 1 17%
RouterDC 1264001 48.70:275  37%/32%/19% /1 12%  0.7310.00  74.08:27 61% 132% 1 2% | 5% 1.05+0.01 1% 117% 1 11% 1 0%
MESS+ (ours) 1135001 47.6842.20 34% /19% 138% 1 10%  0.29:0.00  71.05:418  45%142% 1 10% / 3% 0331000 66.36:50s  33%/29% 1 15% 1 24%

adaptive routing approach that learns from online feedback since that enables adaptation to query
characteristics without requiring explicit knowledge of task boundaries or distribution shifts. This
robustness under non-stationary conditions validates the practical applicability of adaptive routing
methods in production environments where query distributions naturally shift over time due to
changing user behaviors, seasonal patterns, or evolving application requirements.

C.4.3 Experiments on Narrow Cost Spreads

The narrowed cost ratio configuration presents a more challenging routing scenario by reducing
the cost differences between models, which tests the robustness of MESS+ when cost-performance
trade-offs become less pronounced (Table [I2)). In this configuration, the cost spread between the
largest and smallest models is compressed from the original wide range to a much narrower band,
making routing decisions more nuanced.

Under these constrained conditions, MESS+ demonstrates strong results, achieving an average oper-
ating cost of 0.33 MJ - a notable 68% improvement over RouterDC (1.05 MJ) and 81% improvement
over RouteLLM (1.71 MJ). The narrowed cost spread reveals interesting behavioral adaptations
in routing patterns. MESS+ maintains a balanced distribution (33%/29%/15%/24%) that heavily
utilizes the smallest models, with the 0.5B model receiving 24% of calls compared to only 10-16% in
previous configurations. This increased reliance on ultra-lightweight models indicates that MESS+
successfully identifies queries that can be handled efficiently even when cost differences are minimal.

Yet, the overall results validate the theoretical expectation that routing becomes more challenging
when cost differentials decrease. Interestingly, the Educated Guessing baseline performs comparably
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Table 13: Results on the Qwen 2 Model Zoo with sparse Q updates. We randomly sample whether
we do a @) update from a uniform distribution with a threshold of 0.2.

Category ARC Challenge (o = 55%) ARC Easy (o = 77%) BoolQ (o = 80%)
Subcate. Operating  Request. Model Call Ratio Operating  Request. Model Call Ratio Operating ~ Request. Model Call Ratio
ubcategory Cost Satisfaction  (Q32B/Q7B/Q1.5B/Q0.5B) Cost Satisfaction  (Q32B/Q7B/Q1.5B/Q0.5B) Cost Satisfaction  (Q32B/Q7B/Q1.5B/Q0.5B)
Qwen2 0.5B 0.10+0.01  30.03:4556 0% /0% / 0% / 100% 021001 54.88:1077 0% /0% /0% / 100% 0.11+0.00  63.09:4526 0% /0% / 0% / 100%
Qwen2 1.5B 0.142001  40.1045.45 0% /0% / 100% / 0% 0.28+0.01  66.62:520 0% /0% /100% / 0% 0.12:001 76272475 0% /0% /100% / 0%
Qwen2 7B 031001 50944556 0%/ 100% / 0% / 0% 0.700.01 0% / 100% / 0% / 0% 0254001 84.13:4.06 0% /100% / 0% / 0%
Qwen2.5 32B 1.3300.01  5828:50x 100% /0% / 0% / 0% 273100 100% / 0% 1 0% / 0% 1.6310.01  89.60:3350  100% /0% / 0% / 0%
Educated Guessing  1.26:0.01  56.764506  82%/15% /2% 1 1% 2.22:0.01 76% / 20% /2% 1 2% 1471001 82402105 87% /9% 2% | 2%
RouteLLM 1330000 58.164256  100% /0% / 0% / 0% 2734001 99% 1 0% 1 0% / 1% 1431001 873le10s 87% /0% /0% /13%
RouterDC 1.26+0.01  58.65:205  89% /2% /9% / 0% 2.030.01 70% /19% / 3% | 8% 1455000 8941:150  87% /8% /4% /1%
MESS+ (ours) 141000 553644000  44%/28% 1/ 16% / 12%  1.94+0.01 67% 1 10% / 16% | 1% 127001 812813540 83%/12% /1% /4%
Category LogiQA (a = 33%) PiQA (a = 79%) SciQ (a = 93%)
Subcategor Operating  Request. Model Call Ratio Operating  Request. Model Call Ratio Operating ~ Request. Model Call Ratio
> gory Cost  Satisfaction  (Q32B/Q7B/Q1.5B/Q0.5B)  Cost  Satisfaction  (Q32B/Q7B/QL.SB/QV.5B)  Cost  Satisfaction  (Q32B/Q7B/QI.SB/QU.5B)
Qwen2 0.5B 0.06:+0.01 0% /0% 1 0% / 100% 0.09+0.01  69.15+46.20 0% /0% / 0% / 100% 0.09+0.01  91.20:25 0% 1 0% / 0% / 100%
Qwen2 1.5B 0.08+0.01 24, 7 0%/0%/100% / 0% 0.11t001  76.06:44.7 0% /0% / 100% / 0% 0124000 94.40 0% /0% / 100% / 0%
Qwen2 7B 0.06+0.01  31.18+5:5 0%/ 100% / 0% / 0% 0251000 79.49:000 0%/ 100% / 0% / 0% 0341000 95.50 0% 1 100% / 0% / 0%
Qwen2.5 32B 0.80+0.01  40.86+5.47  100% / 0% / 0% / 0% 1.06+0.01 100% / 0% / 0% / 0% 1194001 96.70:100  100% / 0% / 0% / 0%
Educated Guessing  0.39+0.01  33.08.:.7 50% 122% 1 18% /10%  0.71+0.01 55% 131% | 6% | 8% 0441000 94350005 25%124% 125% 1 27%
RouteLLM 0.53+001  33.62:575  64% /0% /0% / 36% 1.01+0.01 95% / 0% 1 0% / 5% 0.68+0.01  94.72:13:  53% /0% /0% / 47%
RouterDC 0.38+0.01  33.16:3.20 50% 131% 1 12% 1 1% 0.74+0.01 63% /17% 1 17% | 3% 0461000 94972070 30%/16% / 12% | 42%
MESS+ (ours) 0.11:001  34.072420  34%/31%/10%/24%  0.70-0.01 59% /19% 1 13% 1 9% 0062001 93.15:102 2% /4% /23%/71%
Category SociallQA (o = 47%) Winogrande (o = 71%) Mean (a = 66%)
Subcates Operating ~ Request. Model Call Ratio Operating ~ Request. Model Call Ratio Operating ~ Request. Model Call Ratio
ubcategory Cost Satisfaction  (Q32B/Q7B/Q1.5B/Q0.5B) Cost Satisfaction  (Q32B/Q7B/Q1.5B/Q0.5B) Cost Satisfaction  (Q32B/Q7B/Q1.5B/Q0.5B)
Qwen2 0.5B 0261001 43.35:0056 0% /0% /0% / 100% 0.06+0.01  55.8811067 0% /0% /0% / 100% 0.12+000 541244505 0% /0% / 0% / 100%
Qwen2 1.5B 0.36x001 46371550 0% /0% /100% / 0% 0.08+40.00  64.96:550 0% /0% /100% / 0% 0.16+0.00  61.132270 0% /0% / 100% / 0%
Qwen2 7B 1.05+001  4821:555 0% /100% / 0% / 0% 0231001 71.67:50 0% /1 100% / 0% / 0% 040+001  67.07:261 0%/ 100% / 0% / 0%
Qwen2.5 32B 3341001 50.92:556  100% /0% /0% / 0% 0.732001 72302407 100% /0% / 0% / 0% 1.60x001 709154 100% /0% / 0% / 0%
Educated Guessing 147001 47314155 32%/29%/23%/16%  0.64+001  71.59+s567  64% /28% /3% 1 5% 0.99:+0.01  67.02:252  53%/26% / 11% 1 10%
RouteLLM 2584001 47471100 65% /0% /0% /35% 0.71t000  73.85:255  97% /0% /0% /3% 1372001 69.01:250  83% /0% /0% /17%
RouterDC 1.941001  48.09:270  47%/25%/10%/18%  0.57+00r 71761310  68% /20% /3% | 9% 1132001 69.172247  63%/17% /9% / 11%
MESS+ (ours) 0.54:001  47.661250  45%/15%/22% 1 18%  0.53+001  T141iams  67%/23% /2% 1 8% 0821000 67472555 49%/ 18% 1 14% 1 19%

to MESS+ in satisfaction (67.36% vs 66.36%) while requiring significantly higher costs (0.59 MJ
vs 0.33 MJ), indicating that MESS+ maintains its core advantage of intelligent cost-performance
optimization even under adverse conditions.

C.4.4 Experiments on Sparse () updates

The sparse Q-update configuration, where feedback is provided only 20% of the time (an 80%
reduction compared to perfect conditions), tests the robustness of MESS+ under severely limited
feedback signals (Table [I3).

This scenario simulates realistic deployment conditions where user feedback is scarce or expensive to
obtain. Under these constrained learning conditions, MESS+ demonstrates remarkable resilience,
maintaining an average operating cost of 0.82 MJ while achieving 67.47% request satisfaction.
Compared to the full-feedback Qwen configuration (0.84 MJ, 67.55% satisfaction), the performance
degradation is minimal - only 2% cost increase and 0.08 percentage point satisfaction decrease on
average. This suggests that MESS+ can operate effectively even with severely limited feedback
signals. The sparse feedback results reveal that MESS+ maintains its cost leadership over competing
methods, achieving 27% cost savings over RouterDC (1.13 MJ) and 40% over RouteLLM (1.37 MJ).
The routing pattern shifts toward increased reliance on smaller models (19% usage of 0.5B model
vs 16% in full feedback), indicating that the algorithm becomes more conservative when learning
signals are limited, defaulting to cost-efficient choices when confidence is low.

The results demonstrate that adaptive routing methods can maintain practical effectiveness under
more realistic feedback constraints, with MESS+ showing particular robustness to sparse learning
signals. This finding has important implications for production deployments where continuous user
feedback may be limited or costly to collect.

C.4.5 Results with Models from the Llama 3 and Qwen 2 Model Families

The mixed model zoo configuration, combining models from both Llama and Qwen families (Ta-
ble [T4), provides additional insights into the robustness of adaptive routing approaches across
heterogeneous model architectures. This configuration demonstrates that MESS+ maintains strong
performance even when operating across different LLM families, achieving an average operating cost
of 0.98 MJ with 67.47% request satisfaction, which strictly meets our SLA requirement (o = 0.67).
Comparing the mixed configuration to the homogeneous Qwen setup reveals interesting trade-offs.
While the pure Qwen configuration achieves slightly better cost efficiency (0.84 MJ vs 0.98 MJ), the
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Table 14: The performance of MESS+ remains strong even when mixing models from different LLM
families. Our approach works independently from any model internals since we only require user
requests as input and a feedback signal.

Category ARC Challenge (o = 55%) ARC Easy (a = T7%) BoolQ (o = 80%)
Subcategor Operating  Request. Model Call Ratio Operating ~ Request. Model Call Ratio Operating ~ Request. Model Call Ratio
eory Cost  Satisfaction  (Q32B/Q7B/QI.5B/Q0.5B)  Cost  Satisfaction  (Q32B/Q7B/QI.5B/Q0.5SB)  Cost  Satisfaction  (Q32B/Q7B/Q1.5B/QU.5B)
Qwen2 0.5B 0.20x0.01  30.03:4555 0% /0% /0% / 100% 021x001  54.88:0077 0% /0% /0% / 100% 0.1120.00  63.09:0526 0% /0% / 0% / 100%
Llama 3.2 IB 0.27+001  40.1045 0% 1 0% 1 100% / 0% 0.28+0.00  66.62 0% /0% / 100% / 0% 0.124+0.00  76.27 0% / 0% / 100% / 0%
Llama 3.1 8B 0.61t001 50941556 0%/ 100% / 0% / 0% 0.70x0.00 75421075 0%/ 100% / 0% / 0% 0251000 84132006 0%/ 100% / 0% / 0%
Qwen2.5 32B 2.67+0.01 100% 1 0% 1 0% / 0% 2731001 78204150 100% / 0% / 0% / 0% 1.63+0.01  89.60+5.30 100% / 0% 1 0% 1 0%
Educated Guessing  1.19+0.01 64% | 4% 1 28% | 4% 1984001 77.30+ 46% | 5% | 45% | 4% 1.334001  80.67:242  80%/16% /3% /1%
RouteLLM 2.67+0.m 100% / 0% 1 0% / 0% 2.73x001  77.06:270  100% /0% / 0% / 0% 1442000 87312105 87% /0% /0% /13%
RouterDC 1.64+0.01 60% / 19% 1 17% | 4% 1.994001  77.87+150  49%123% 1 19% | 9% 1.3840.01  89.53:14s  85%/10% /3% /2%
MESS+ (ours) 1.16+000 55441050 58%/32% /3% 1 7% 194000 77245000 45%122% 1 26% | 1% 1.200.00 81752210 T1% 1 18% 1 9% I 2%
Category LogiQA (o = 33%) PiQA (a = 79%) SciQ (a = 93%)
Subcate Operating  Request. Model Call Ratio Operating  Request. Model Call Ratio Operating  Request. Model Call Ratio
ubcategory Cost Satisfaction ~ (Q32B/Q7B/Q1.5B/Q0.5B)  Cost Satisfaction  (Q32B/Q7B/QI.5B/Q0.5B)  Cost Satisfaction  (Q32B/Q7B/Q1.5B/Q0.5B)
Qwen2 0.5B 0.06+0.01 253514555 0% /0% / 0% / 100% 0.17+1000 69.1544600 0% /0% / 0% / 100% 0.09+0.00 912022535 0% /0% / 0% / 100%
Llama 3.2 1B 0.08x0.01 24271097 0% /0% /100% / 0% 0221000 76.06:07: 0% /0% /100% / 0% 0.12+0.01 o 0% /0% /100% / 0%
Llama 3.1 8B 0.16+001  31.18+505 0% /100% / 0% / 0% 0.50+0.00  79.49:500 0% /100% / 0% / 0% 0.3410.01 0% /100% / 0% / 0%
Qwen2.5 32B 0.80+0.01  40.8645.47 100% / 0% / 0% / 0% 2.11x000 804144 100% / 0% / 0% / 0% 1.19+0.01 100% / 0% 1 0% | 0%
Educated Guessing 035001 35364250 42%/20%/17%/21%  0.85:0.01 s 45% 1 4% 1 46% | 5% 0472000 95765108 26%125% 127% 1 21%
RouteLLM 0.541001  33.62:575  64% /0% /0% / 36% 2.0310.01 95% 1 0% 1 0% | 5% 0.66+0.01 53% 1 0% 1 0% | 47%
RouterDC 0342001 344300068 40%/18%/20% /22%  0.80+0.01  79.05:130  100% /0% / 0% / 0% 0.95+0.01 88% 5% 1 3% | 4%
MESS+ (ours) 0341001 34265000 39%/17%/121%/23% 0741001 79.49:25 41% 129% 1 22% | 8% 0.33:0.01 17% 1 12% 1 36% I 35%
Category SociallQA (a = 47%) Winogrande (o = 71%) Mean
Subcategor Operating ~ Request. Model Call Ratio Operating ~ Request. Model Call Ratio Operating ~ Request. Model Call Ratio
eory Cost  Satisfaction  (Q32B/Q7B/Q1.5B/Q0.5B)  Cost  Satisfaction  (Q32B/Q7B/QL.5SB/QO.SB)  Cost  Satisfaction  (Q32B/Q7B/Q1.5B/QU.5B)
Qwen2 0.5B 0262001 43350056 0% /0% /0% / 100% 0.122001  55.88:1066 0% /0% /0% / 100% 0.152000 541220505 0% /0% /0% / 100%
Llama 3.2 IB 0.361001 463745 0% 1 0% /1 100% / 0% 0.161001 64961550 0% /0% /100% / 0% 0.2040.00  61.13 0% / 0% / 100% / 0%

Llama 3.1 8B 1.05+001 48214555 0% /100% /0% / 0% 0.47+0.01 0% /100% / 0% / 0% 0501001 67.072000 0%/ 100% / 0% / 0%
Qwen2.5 32B 3341001 50924556 100% /0% / 0% / 0% 1.46:0.01 100% / 0% 1 0% / 0% 1.99:001 70912545 100% /0% / 0% / 0%
Educated Guessing  1.77x001  47.071250  51%/14%/21%/14%  0.54+0.01 40% 1 19% 1 35% 1 6% 1.06+0.01  67.69:250  46%/14%/29% / 11%
RouteLLM 2.81x001 4747170 65% /0% /0% /35% 1.43:0.01 97% 10% 1 0% / 3% 1.79+0.01 > 83% /0% /0% /17%
RouterDC 1.89+001  48.11s27  54%/10% /16% /20%  1.46+0.01 100% / 0% 1 0% / 0% 1.31x0.01 72% 1 11% 1 10% 1 1%
MESS+ (ours) 1.642000 47814250 47%124% 1 12%/ 16%  0.52+0.00 39% / 47% / 8% | 6% 0982000 0747028 42%127% 1 17% 1 14%

mixed setup shows comparable performance satisfaction levels. The mixed configuration exhibits
a more balanced model call distribution (42%/27%/17%/14%) compared to the pure Qwen setup
(48%/26%/10%/16%), suggesting that the Llama 3.1 8B model provides a valuable intermediate capa-
bility tier that complements the Qwen models effectively. Notably, the mixed configuration maintains
MESS+’s cost benefits over other adaptive methods, with a 25% cost advantage over RouterDC (0.98
MJ vs 1.31 MJ) and a 45% advantage over RouteLLM (0.98 MJ vs 1.79 MJ). This demonstrates that
our routing algorithm’s effectiveness is not dependent on model family homogeneity, as the method
successfully leverages diverse model capabilities based solely on user request inputs and response
feedback signals rather than model internals. The cross-family results also highlight the importance
of model selection within heterogeneous zoos. The mixed configuration shows that Llama 3.1 8B
receives 27% of routing decisions on average, significantly higher than its Qwen 2 7B counterpart in
the pure configuration (26%), suggesting that architectural differences between families can create
complementary strengths that adaptive routing can exploit.
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