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ABSTRACT

We consider the [0, 1]-valued regression problem in the stochastic setting. In
a related problem called cost-sensitive classification, [Foster and Krishnamurthy
(2021)) have shown that the log loss minimizer achieves an improved generalization
bound compared to that of the squared loss minimizer in the sense that the bound
scales with the cost of the best classifier, which can be arbitrarily small depending
on the problem instance. Such a result is often called a first-order bound. For
[0, 1]-valued regression, we first show that the log loss minimizer leads to a similar
first-order bound. We then ask if there exists a loss function that achieves a variance-
dependent bound (also known as a second-order bound), which would be a strict
improvement upon first-order bounds. We answer this question in the affirmative by
proposing a novel loss function called betting loss. Our result is variance-adaptive
in the sense that the bound is attained by an algorithm without any knowledge
about the variance, which is in contrast to weighted least squares with known
variances or those that model label variance or its distribution such as distributional
reinforcement learning.

1 INTRODUCTION

We consider the [0, 1]-valued regression problem: We are given a dataset D,, = {(x¢, )}
where z; € X is the feature of the ¢-th data point and y; € [0, 1] is its label. We assume the data
(x¢,y1) ~ Dxy isii.d., Vt € [n]. The goal is to, given a function class F C {X — [0, 1]}, find a
function f such that the prediction f(x) is as close as possible to y on average where (z,y) ~ Dx y.

While being one of the simplest machine learning tasks, this regression task applies to numerous
practical applications. First, classification is a special case of this problem where the label space is
Y ={0,1}. Second, in Reinforcement Learning (RL), the rewards are typically bounded, and when
the episode length is upperbounded, the cumulative reward per episode is also bounded. Thus, in the
function approximation setting, one can easily scale the cumulative rewards from each state-action
to [0, 1] and perform regression. With this regression, one can construct a policy that choose the
action with the highest predicted value. In goal-oriented RL, regardless of the length of the episode,
the rewards are given only at the end of the episode, so, as long as the reward is bounded in a fixed
interval, [0, 1]-valued regression applies. Finally, human preferences can mostly be expressed as a
value in [0, 1]. For example, 5-star ratings (€ {1, 2, 3,4,5}) for products can be affine-transformed
to [0, 1]. Furthermore, datasets commonly used for aligning Large Language Models (LLMs) such
as HelpSteer2 originally contain scores {0,1,2,3,4} (Wang et al. 2024b). Therefore, despite
being simple and rather elementary, [0, 1]-valued regression is still important, and theoretical and
algorithmic advancements can potentially have a huge impact in practice.

What do we know about the fundamental performance limits of [0, 1]-valued regression? The de
facto standard regression algorithm is to simply minimize the squared loss. However, it is not clear at
all if squared loss is optimal for [0, 1]-valued regression. In a related problem called cost-sensitive
classification, |[Foster and Krishnamurthy| (202 1)) have shown that the squared loss is not optimal for
[0, 1]-valued costs. Instead, they have shown that the log loss achieves a strictly improved performance
bound, a rate that is provably not attained by the squared loss (Foster and Krishnamurthyl, 2021}
Theorem 2). Specifically, their bound is of the first-order type, which means that the performance
bound scales with the magnitude of the cost/reward being accumulated by the optimal policy. Such a
bound is never worse than the standard worst-case bound, yet can be much smaller depending on



the problem instance. This has also been called small-loss bound and can be viewed as a problem-
dependent accelerated rate.

Such a first-order bound appeared in various machine learning problems (Freund and Schapirel [1997;
Foster and Krishnamurthyl, 2021} [Wagenmaker et al.| [2022). In these problems, there is another
concept called second-order bound (Cesa-Bianchi et al.,[2007). While the precise definition can vary
across problems, when making stochastic assumptions about how y is related to x, it means that the
bound scales with the label’s second moment or the variance, which can be much smaller than the
magnitude of the label. We elaborate more on this in Section 5}

Motivated by the fact that Foster and Krishnamurthy|(2021)) simply switched a loss function to obtain
a first-order bound in cost-sensitive classification, we first report that the same is true in [0, 1]-valued
regression (see Theorem|[I]in Section[2). Given this positive answer, we take a step further and ask
the following research question:

Does there exist a loss function whose minimizer leads to a second-order bound?

In this paper, we provide an affirmative answer by proposing a novel loss function inspired by
the betting-based confidence set (Waudby-Smith and Ramdas|, [2023} |Orabona and Jun| [2024)). We
emphasize that our algorithm does not require conditional variances as input and allows them to be
arbitrarily different. This is in stark contrast to some existing work that either requires the variance as
input (Zhao et al.}2023b) or models variance as part of function approximation (Wang et al., [2024a}
Weltz et al., [2023)). In some sense, our result shows that obtaining second-order bounds (i.e., adapting
to unknown variances) is a free lunch, statistically speaking, in the sense that we do not have to model
variance to adapt to it. While there are works that achieve second-order bounds without knowledge
of the conditional variances (Zhao et al., 2024 Jun and Kiml 2024} |Jia et al.l 2024} [Pacchianol [2025]),
the tools therein are specialized for their own contextual bandit problem and do not naturally imply
an estimator for [0, 1]-valued regression. We discuss more related work in Section [5| Moreover, in
Section 4] our experimental results demonstrate that the proposed loss consistently achieves lower
mean absolute error (MAE) than both the log loss and the squared loss.

2 PRELIMINARIES

Notations. We denote f, := f(z) for any function f and any = € X'. We adopt the nonasymptotic
version of <;ie., f(z) < g(z) means that there exists an numerical constant ¢ > 0, s.t. f(z) <
c-g(x), V.

Regression with [0, 1]-valued label. We consider the standard supervised learning setting with

bounded regression targets. Let X' denote the input space. We observe a dataset D,, = {(xt, Yt) }::1

where each pair (, y¢) is drawn i.i.d. from an unknown distribution Dx y over X x [0, 1]. We denote
by Dy x the distribution of the label conditioning on the input, and Dx the marginal distribution of
the input.

Let F C {X — [0, 1]} be a class of prediction functions mapping inputs to the unit interval. We
assume realizability, i.e., there exists a function f* € F such that:

Ey~DY|X[y | z] = f*(x), forallxz € X.

Note that, since we do not have further restrictions on Dy y, the conditional variance Ug =
Ey~py x [(y — f*(2))? | x] can vary across z € X.

Given the observed data D,,, the learning goal is to find a hypothesis f € F that achieves low
expected absolute error with respect to the ground-truth regression function f*:

Evvy |1f(2) = f(@)]].

The goal is to bound such a generalization error of the learned hypothesis in terms of the sample size
n, the function class complexity ln | F|, and the confidence level 4.

The de facto standard algorithm for regression is the squared loss minimizer:

. 1 1
feargmin > S(f@) - ) (1)
(z,y)€D



A classical result on the squared loss minimizer yields the following:

; In(|F1/9)
Eovox [|7(2) = f(@)]] § /=502
While this bound is simple and general, it does not incorporate any notion of conditional variance. It
treats all inputs as equally noisy, making it inherently variance-insensitive and potentially loose in
heterogeneous noise settings.

A recent result on the log loss minimizer (Foster and Krishnamurthy, [2021] Theorem 3) immediately
implies the following first-order generalization bound, which scales with the magnitude of the target
regression function f*(z) and its complement 1 — f*(z) in expectation:
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In the following theorem, we further improve the bound above to scale with E,[f*(x)(1 — f*(x))].
Theorem 1. With probability at least 1 — 6,

E;py [|f*(x) - f(x)@ < \/Ew[f*(x)(l — [*@)]-n(F1/9) | Wn(F/8)

n n

We note that this bound strictly improves upon the immediate implication of |[Foster and Krishnamurthy
(2021) (Eqn. @), as E.[f* () A (1 — f*(x))] < E.[f*(x)] AE.[1 — f*(x)], the gap between these
two quantities can be arbitrarily large as we show in Appendix [F

The bound in Theorem J depends on the variance proxy f*(z)(1 — f*(z)), which upper bounds the
conditional variance o [(y — f*(x))? | «], as indicated by the following Lemma.

Lemma 2. Let Y € [0, 1] be a random variable. Then Var(Y') < E[Y](1 — E[Y]), and the equality
is attained iff Y is Bernoulli-distributed.

However, the variance proxy can be very loose, especially when y | z is not Bernoulli. In many
applications, such as those mentioned in Section I} the label distributions are often heteroscedastic
and non-Bernoulli: some inputs yield lower uncertainty on Y conditioning on X (i.e., low variance),
while others are more uncertain (i.e., high variance), and the outputs can take values other than the
boundary points 0 and 1. In such settings, first-order bounds may fail to capture the true learnability
of the problem.

To address this, our objective in this work is to derive second-order generalization bounds that adapt
to the true conditional variance. Specifically, we aim to obtain bounds of the form:

Eenpy [If*(x) - f(:c)|] < \/Ex[ag] ~In(|F1/9) n ln(U"-|/5)7

~Y
n n

which provides tighter guarantees in settings where Dx places a nontrivial probability on = such
that the conditional variance o2 is much smaller than the worst-case upper bound f*(z)(1 — f*(x)),
without requiring the variances as input to the algorithm.

3 SECOND-ORDER BOUND VIA BETTING LOSS

We propose a novel regression algorithm that adapts to conditional variance by minimizing a worst-
case form of betting loss, a loss function originally motivated by coin-betting frameworks. The goal is
to learn a hypothesis f from a function class F, using a dataset D,, = {(z, ;) }/-, of feature-label
pairs, such that f achieves strong generalization guarantees that adapt to the heteroskedastic noise
structure of the problem.

At the core of our algorithm is a robust min-max optimization that seeks a function f € F whose
performance is stable against perturbations in the direction of any other hypothesis h € F. To this
end, we define:



* A fixed parameter ¢ := 7 that controls the magnitude of perturbation.
* A clipped betting loss function:

Hyolh f)i= > (14 (= ) (00he — 1)) _,.)
(z,y)€Dn

where (x)[a,b} := max{min{z, b}, a} and ¢ € [0, 1] is a clipping threshold.

This formulation ensures that f performs well even under worst-case (clipped) perturbations in the
direction of any other hypothesis h € F, across all allowed magnitudes ¢ and clipping levels c.
Algorithm [I|summarizes the procedure.

Algorithm 1 Variance-Adaptive Regression via Betting Loss Minimization

Require: Dataset D,, = {(zy, y¢) }—;, hypothesis class F
1: Compute

. 1
f=argminmax max max —Hy.(h,f).
fEF heF 4e(0,4] cE[O,i] n gl )

2: return f

The objective minimized by Algorithm [I]- the worst-case clipped betting loss — directly governs the
generalization behavior of the learned hypothesis. To formalize this, define the functional:

L,(f) = max max max 1 Z In (1 +(y— fz)W[—ac])

heF geloglcelal M
which exactly matches the objective minimized by the algorithm. The following theorem provides a
high-probability bound on the expected absolute error of any f € F in terms of this loss.

Theorem 3 (Finite class). There exists numerical constants c1, co and cs, such that with probability
at least 1 — 6,

VieF, Bulfo —fal<ci-,|Eo2- (:zln <|]-'6|n> + max{L,(f) Ln(f*),0}>

“+co - %ln <|]:6|TL) +c3- (Ln(f) - Ln(.f*))

We provide the full proof in Appendix [B]

This result provides a high-probability bound on the prediction error E,, | f,, — f*| of any f € F, in
terms of the difference in empirical betting loss L,,(f) — L, (f*). Crucially, the bound adapts to the
conditional variance o2 in the leading term. The excess betting loss Ly, (f) — L, (f*) directly controls
the mean absolute error. In particular, applying the theorem to the output f = arg min feF Ln(f) of
Algorithm [T} we obtain:

E.|fe — fi]|<e1-y|Eo2- lln Fln +02.11n [Fln
n 0 n 1)

This bound reflects a variance-adaptive fast rate, which improves over convergence bounds that
scale with the worst-case noise f;(1 — f). In particular, when the conditional variance o2 is small
on average, the mean absolute error of f becomes correspondingly small — without requiring prior
knowledge of the noise structure. This establishes Algorithm |l as a variance-adaptive learning
procedure for [0,1]-valued regression.

Theorem 3| provides a general excess risk bound that holds uniformly for all f € F over any finite
hypothesis class F. Moreover, by combining this result with complexity control via covering numbers,



we can derive concrete generalization bounds for a broader family of hypothesis classes characterized
by polynomial covering numbers. Following common terminology (see, e.g., Rakhlin et al.| (2017)),
we will refer to such VC-type classes as parametric classes.

Definition 4 (Parametric class). A class of functions F is a parametric class if there exists positive

constants A and v, such that for every € > 0, the covering number N (e, F, || - ||oo) satisfies the
inequality:
A v

Theorem 5 (Parametric class). Assume the covering number of F satisfies Eqn. (3). Then, there exists

constants c¢1 and ca, such that with probability at least 1 — 0, the output f = argmingecr L, (f)
satisfies:

E, |fs — £ <ec1- Emaggln(g) - %m(g).

This result follows from Theorem 3] by applying polynomial covering numbers of parametric classes.
We present the full proof in the appendix

As our work establishes generalization results for parametric classes, it is desirable to ground our
theory on standard example function classes. We demonstrate that the standard linear function class
fits this definition, confirming that our results have direct implications for standard ML tasks like
linear regression.

Corollary 6 (Linear class). Let F be a linear function class in d-dimensional space: F = {x —
70+ 10|, < 3} and X be the instance space: X = {x € R? : ||z, < 1}. Then, there exist
constants ¢1 and ce, such that with probability at least 1 — ¢, the output f = argminser L, (f)
satisfies:

E, |fz — ¥ <er-y/Ey U%%IH(%) +co - %ln(%)

Ignoring E,. o2, the dominant term in our bound attains the minimax-optimal rate for linear regression
in d-dimensional spaces. This aligns with classical results showing that, even in the well-specified

setting with Gaussian noise, no estimator can achieve a faster worst-case rate than O(\/g ) for the

prediction error of E, | fT — f¥| (Tsybakov, 2004; Wainwright, 2019)), matching our bound up to
logarithmic factors.

This corollary illustrates the generality of the proposed framework. Notably, our bound is adaptive to
the conditional variance of the label while matching the worst-case guarantees of classical approaches
for the linear class.

Does it work for nonparametric classes? It is natural to ask whether our guarantees extend to
nonparametric function classes. However, all our attempts based on standard techniques did not lead
to a valid bound. The key difficulty seems to be that the loss function L,, can be O(n)-Lipschitz
in the input f, unlike squared loss, which is O(1)-Lipschitz in the input f. We conjecture that our
betting loss minimizer is not consistent for nonparametric classes in general. We provide a related
observation that may support our conjecture in the Appendix [E]

4 EXPERIMENTS

In this section, we provide the empirical results that confirm our theoretical findings.

Function class. We consider a d-dimensional regression setting with target function f*. First, we
sample 0* € R from an isotropic Gaussian distribution and normalize it to have Euclidean norm
S =0.5:

0* ~ N(0,1,), 0* ﬁ followed by 6*.



The target function is then defined as
= (z — o(z70%)),
where 0(z) := 1/(1 + exp(—=z)) is the sigmoid function.

To avoid the potential complications from the convergence issues from optimization, we consider a
finite function class. Specifically, we sample 20 0’s independently by drawing 7 from the unit sphere
followed by setting

0=0"+¢-n

where ¢ = 0.2. Let © be the set of these §’s and 6*, which means |©| = 21. Finally, we construct
our function class as

Fi={x—oxT0):0c0}.

Data distribution. Feature vectors are sampled as

T ~ ﬁN(O,Id)

For each x, we generate its label from a Beta distribution with mean f.* and parameter p € (0, 1):
y~Beta(fi - 52, (1= 1) 152),

which satisfies that y € [0, 1] with probability 1.

Let 1 1

For a Beta(c, 3) distribution, the variance is

af
(a+B8)2(a+8+1)

Var(y) =

Plugging in o = f;l;pp and = (1 — f;‘)l;pp gives
2
af=fr1- ) (2)
Also, )
(a+B)2(a+pB+1) = (l;pp) (%Jrl).
Therefore, ,
r0-1(52)

2

1-p 1-p
(552) (52 +1)
By simplifying the expression, we obtain the following result:

Var(y) = f; (1= f)p.

Therefore, the variance is proportional to p.

Var(y) =

Training. Given the candidate set F, we select a function by minimizing either log loss, squared
loss, or betting loss on the training data D, ~ D'y .

The log loss of f is
o 1
LE(f) ==~ Y (ylogfe+(1-y)log(l - f)),
(z,y)€Dy

and the selected function is A
f1® = arg min L¥(f).



Similarly, the squared loss of f is

L) = =Sy )

(z,y)EDx

and the selected function is .
squared __ are min quuared .
f gmin L"(f)

For betting loss, we define

) 1 T )
LPNE(f) — max max max — E ln(l T —Je ha = fz))|- ) ’
(f) heF gelo,p] cel0,1] (z,y)€D (y ! )(¢( ! ))[ e

where @[a p = max{min{z,b},a}, and ¢ = n/4. In our implementation, we discretize ¢ €

{1,2,4,...,3}andc e {%, %, %, ..., 1} to solve the inner maximization, and select

fAbetting = arg ?gg Ll:;:ning(f).

Evaluation. We evaluate the performance of the trained function f using the mean absolute error
(MAE):
MAE(f) = E(zy)~px v [1f(2) = 9]
We perform Monte Carlo estimate of the MLE using a test set of size m = 10,000.
We fix the feature dimension to d = 2, vary the training sample-to-dimension ratio n/d € {2, 4, 8},

and try p € {0.01,0.02,0.04}. For each configuration (n/d, p), we repeat each experiment 200
times, and we report the average MAE and its standard error.

p=0.01 0=0.02 p=0.04
0.0615
—F~ log loss

- log loss

0.0834

—F~ squared loss 3 squared loss
0.0460 —F betting loss - betting loss
0.0610 0.0832

0.0450

0.0605 0.0830

0.0440

MAE

w w
< 0.0600 < 0.0828
= =

0.0430 0.0826

0.0595

0.0824
0.0420 0.0590

0.0822

0.0410 - 0.0585

Figure 1: Comparison of average mean absolute error (MAE) obtained under log loss, squared loss
and betting loss across varying n/d and p. Error bars denote the standard error

Results.  Table[T] and Figure [[| summarize the average MAE with standard error from function
selection with log loss, squared loss and betting loss across different values of n/d and p. The results
show that all three losses decrease as n/d increases, with betting loss consistently achieving the
lowest MAE.

5 RELATED WORK

Regression with heteroscedastic noise. Regression with heteroscedastic noise can be dated back
to (Aitkin, [1935)), and has been further developed into Gaussian processes (Kersting et al., 2007
Goldberg et al.L|1997). However, these works assume knowledge of the variances.

First- and second-order bounds. From the adversarial setting, to our knowledge, the first appearance
of the first-order bound is from the prediction with expert advice setting |Freund and Schapire (1997),



n/d P Log loss MAE Squared loss MAE  Betting loss MAE
0.01 0.04626 £+ 0.00021  0.04630 + 0.00021  0.04571 + 0.00025

2 0.02 0.06126 +0.00013 0.06126 £ 0.00013  0.06087 £ 0.00016
0.04 0.08332 4+ 0.00009 0.08331 & 0.00009 0.08325 + 0.00010

0.01 0.04502 £+ 0.00027 0.04501 4+ 0.00027  0.04364 + 0.00029

4 0.02 0.06080 £ 0.00017 0.06069 £ 0.00017  0.06008 £ 0.00020
0.04 0.08315+£0.00011 0.08315 £ 0.00011 0.08291 £ 0.00013

0.01 0.04324 £0.00029 0.04329 £ 0.00029  0.04144 + 0.00025

8 0.02 0.05969 + 0.00021 0.05972 £ 0.00020  0.05883 +£ 0.00021
0.04 0.08268 £+ 0.00014 0.08270 4+ 0.00014  0.08232 + 0.00015

Table 1: Comparison of average mean absolute error (MAE) obtained under log loss, squared loss
and betting loss across varying n/d and p. For each configuration, the reported value corresponds to
the average MAE over repeated trials, and the value after the &= denotes the standard error.

which is an adversarial (i.e., nonstochastic) setting. In the same setting, Cesa-Bianchi et al.|(2007)
developed a second-order bound with the prod algorithm. Note that the notion of second-order can
be defined in various ways; e.g., [Hazan and Kale|(2010). In K-armed bandits, [Stoltz| (2005) and
Allenberg et al.|(20006) have shown first-order bound. In linear bandits, obtaining a first-order regret
was an open problem (Agarwal et al., [2017), which was later resolved by |Allen-Zhu et al.| (2018]).
Second-order bounds were developed by [Hazan and Kale|(2011) and improved by |Ito et al.| (2020).
We refer to (Neu)) for a review of the first-/second-order bounds in adversarial settings.

Stochastic bandits with function approximation. We now discuss first-/second-order bounds in the
stochastic bandit problem with function approximation (also known as structured bandits). Hereafter,
unless noted otherwise, the noise model is such that the reward (label) is bounded with a known
range, which can be easily translated to [0, 1]-valued reward. The first-order bound was first obtained
by [Foster and Krishnamurthy|(2021) for generic function classes. We classify second-order bounds
as follows:

* With known variance: Based on weighted linear regression, Zhou et al.[(2021)); Zhou and
Gu| (2022)); |[Zhao et al.| (2023b]) have obtained second-order bounds in linear models.

» Unknown variances but with models of variance or distribution: In the pure exploration
setting, Weltz et al.| (2023) have considered modeling the variance explicitly with a specific
function class in order to obtain improved sample complexity. [Wang et al.| (2024a)) have
shown that modeling not just mean or variance but the noise distribution itself leads to a
second-order bound. However, note that modeling variance or distribution has a price to pay
due to the extra modeling.

* Unknown variances: The last set of works do not make any effort in modeling the variance
or distribution, and thus there is no extra price to pay, at least in the statistical sense. For
the linear model, [Zhang et al.| (2022) proposed a second-order regret bound, which was
further improved by Kim et al.|(2022)). The optimal rate in this setting was first obtained by
Zhao et al.|(2023a), and [Jun and Kim)|(2024) obtained the same bound but with improved
numerical performance along with removal of an unnatural technical assumption on the
noise. For generic function class, Jia et al.|(2024) and |Pacchiano| (2025)) both independently
developed a second-order bound where the dependence of the function class appears as the
eluder dimension (Russo and Van Roy}, [2013)).

While the work with unknown variances are the closest to our work, we emphasize that the tools
developed therein do not directly imply any meaningful result for the regression setting, to our
knowledge. Delineating the challenges is left as future work. That said, we believe the estimator
might be useful in obtaining an improved second-order regret bound in bandits with general function
classes, just in the same way that the log loss has played a role in obtaining a first-order bound (Foster
and Krishnamurthy} 2021).

There is another set of work that considers sub-Gaussian noise, which is more general than the
bounded reward. |Kirschner and Krause| (2018)) consider the heteroscedastic noise in linear bandits



for the first time, to our knowledge. Their work assumes that the noise is % (x)-sub-Gaussian when
pulling arm x and that the value of o2 () is known to the algorithm. Jun and Kim|(2024) considered a
further generalized setting where the noise is o2-sub-Gaussian at time step ¢, and o2 can be dependent
on anything that happened up to choosing the arm x; at time ¢. Furthermore, they assume that the
algorithm does not have access to o7 but rather an upper bound o3 and have shown that there exists a
computationally efficient algorithm whose performance provably adapts to max; o2 for the leading
term (though there is a lower order term with a o2 dependence).

6 CONCLUSION

We have introduced a new approach to regression that achieves second-order generalization guaran-
tees by minimizing a novel betting loss function inspired by the betting-based confidence bounds.
Our analysis establishes that minimizing this loss yields estimators whose guarantee adapts to the con-
ditional variance of the data — without requiring any prior knowledge. Our bound is first-of-its-kind,
to our knowledge.

We further demonstrate that our generalization error bounds scale favorably with the local noise level
and apply broadly across both finite and infinite hypothesis classes, with a concrete instantiation for
the linear function class. These results show that, under suitable conditions, variance adaptivity can be
attained “for free” in the statistical sense, through a carefully chosen loss function alone and without
adding extra assumptions. Despite its current computational challenges, the betting loss offers a
principled framework with strong theoretical guarantees, particularly in capturing variance-adaptive
behavior. Its foundational role in advancing our understanding of adaptive learning justifies further
investigation, potentially inspiring new algorithmic approaches or practical surrogates.

Our results demonstrate that variance-aware learning can be achieved through the design of the loss
function itself — without requiring variance estimation or modeling. This insight suggests several
promising directions for extending the betting loss framework to other domains where adapting to
noise is critical, such as active learning and exploration in reinforcement learning.



REFERENCES

Agarwal, A., Krishnamurthy, A., Langford, J., Luo, H., et al. Open problem: First-order regret
bounds for contextual bandits. In Proceedings of the Conference on Learning Theory (COLT),
pages 4-7, 2017.

Aitkin, A. On least squares and linear combination of observations. Proceedings of the Royal Society
of Edinburgh, 55:42-48, 1935.

Allen-Zhu, Z., Bubeck, S., and Li, Y. Make the minority great again: First-order regret bound for
contextual bandits. In Proceedings of the International Conference on Machine Learning (ICML),
pages 186—-194, 2018.

Allenberg, C., Auer, P., Gyorfi, L., and Ottucsdk, G. Hannan Consistency in On-Line Learning in
Case of Unbounded Losses Under Partial Monitoring. In Algorithmic Learning Theory (ALT),
pages 229-243. 2006.

Cesa-Bianchi, N., Mansour, Y., and Stoltz, G. Improved second-order bounds for prediction with
expert advice. Machine Learning, 66:321-352, 2007.

Foster, D. J. and Krishnamurthy, A. Efficient first-order contextual bandits: Prediction, allocation,
and triangular discrimination. Advances in Neural Information Processing Systems (NeurlPS),
pages 18907-18919, 2021.

Freund, Y. and Schapire, R. E. A decision-theoretic generalization of on-line learning and an
application to boosting. Journal of computer and system sciences, 55(1):119-139, 1997.

Goldberg, P., Williams, C., and Bishop, C. Regression with input-dependent noise: A gaussian
process treatment. Advances in Neural Information Processing Systems (NeurIPS), 1997.

Hazan, E. and Kale, S. Extracting certainty from uncertainty: Regret bounded by variation in costs.
Machine learning, 80:165-188, 2010.

Hazan, E. and Kale, S. Better algorithms for benign bandits. Journal of Machine Learning Research,
12(4), 2011.

Ito, S., Hirahara, S., Soma, T., and Yoshida, Y. Tight first- and second-order regret bounds for
adversarial linear bandits. In Advances in Neural Information Processing Systems (NeurlPS),
volume 33, pages 2028-2038, 2020.

Jia, Z., Qian, J., Rakhlin, A., and Wei, C.-Y. How does variance shape the regret in contextual
bandits? In Advances in Neural Information Processing Systems (NeurIPS), 2024.

Jun, K.-S. and Kim, J. Noise-adaptive confidence sets for linear bandits and application to bayesian
optimization. In Proceedings of the International Conference on Machine Learning (ICML), 2024.

Kersting, K., Plagemann, C., Pfaff, P., and Burgard, W. Most likely heteroscedastic gaussian process
regression. In ACM International Conference Proceeding Series, volume 227, 2007.

Kim, Y., Yang, 1., and Jun, K.-S. Improved regret analysis for variance-adaptive linear bandits
and horizon-free linear mixture mdps. In Advances in Neural Information Processing Systems
(NeurlPS), 2022.

Kirschner, J. and Krause, A. Information directed sampling and bandits with heteroscedastic noise.
In Proceedings of the Conference on Learning Theory (COLT), pages 358-384. PMLR, 2018.

Lattimore, T. and Szepesvari, C. Bandit Algorithms. 2018. URL http://downloads,
tor—-lattimore.com/book.pdfl

Neu, G. URL https://cs.bme.hu/~gergo/files/tutorial.pdf.

Orabona, F. and Jun, K.-S. Tight concentrations and confidence sequences from the regret of universal
portfolio. IEEE Transactions on Information Theory, 70(1):436-455, 2024. doi: 10.1109/TIT.
2023.3330187.

10


http://downloads.tor-lattimore.com/book.pdf
http://downloads.tor-lattimore.com/book.pdf
https://cs.bme.hu/~gergo/files/tutorial.pdf

Pacchiano, A. Second order bounds for contextual bandits with function approximation. In Proceed-
ings of the International Conference on Learning Representations (ICLR), 2025.

Rakhlin, A., Sridharan, K., and Tsybakov, A. B. Empirical entropy, minimax regret and minimax
risk. 2017.

Russo, D. and Van Roy, B. Eluder dimension and the sample complexity of optimistic exploration.
In Advances in Neural Information Processing Systems (NeurIPS), pages 2256-2264, 2013.

Stoltz, G. Incomplete information and internal regret in prediction of individual sequences. PhD
thesis, Université Paris Sud-Paris XI, 2005.

Tsybakov, A. B. Introduction to Nonparametric Estimation. Springer Series in Statistics. Springer,
2004.

Wagenmaker, A. J., Chen, Y., Simchowitz, M., Du, S., and Jamieson, K. First-order regret in
reinforcement learning with linear function approximation: A robust estimation approach. In
Proceedings of the International Conference on Machine Learning (ICML), pages 22384-22429,
2022.

Wainwright, M. J. High-dimensional statistics: A non-asymptotic viewpoint, volume 48. Cambridge
university press, 2019.

Wang, K., Oertell, O., Agarwal, A., Kallus, N., and Sun, W. More benefits of being distributional:
Second-order bounds for reinforcement learning. In Proceedings of the International Conference
on Machine Learning (ICML), 2024a.

Wang, Z., Dong, Y., Delalleau, O., Zeng, J., Shen, G., Egert, D., Zhang, J. J., Sreedhar, M. N., and
Kuchaiev, O. Helpsteer2: Open-source dataset for training top-performing reward models. arXiv
preprint arXiv:2406.08673, 2024b.

Waudby-Smith, I. and Ramdas, A. Estimating means of bounded random variables by betting.
Journal of the Royal Statistical Society Series B: Statistical Methodology, 2023.

Weltz, J., Fiez, T., Volfovsky, A., Laber, E., Mason, B., Jain, L., et al. Experimental designs for
heteroskedastic variance. Advances in Neural Information Processing Systems (NeurIPS), 2023.

Zhang, Z., Cutkosky, A., and Paschalidis, Y. Optimal comparator adaptive online learning with
switching cost. Advances in Neural Information Processing Systems (NeurlPS), pages 23936—
23950, 2022.

Zhao, H., He, J., Zhou, D., Zhang, T., and Gu, Q. Variance-dependent regret bounds for linear
bandits and reinforcement learning: Adaptivity and computational efficiency. In Proceedings of
the Conference on Learning Theory (COLT), volume 195 of Proceedings of Machine Learning
Research, pages 4977-5020. PMLR, 12-15 Jul 2023a.

Zhao, H., Zhou, D., He, J., and Gu, Q. Optimal online generalized linear regression with stochastic
noise and its application to heteroscedastic bandits. In Proceedings of the International Conference
on Machine Learning (ICML), pages 42259-42279, 2023b.

Zhao, Y., Jun, K.-S., Fiez, T., and Jain, L. Adaptive experimentation when you can’t experiment. In
Advances in Neural Information Processing Systems (NeurIPS), 2024.

Zhou, D. and Gu, Q. Computationally efficient horizon-free reinforcement learning for linear mixture
mdps. Advances in Neural Information Processing Systems (NeurIPS), pages 36337-36349, 2022.

Zhou, D., Gu, Q., and Szepesvari, C. Nearly minimax optimal reinforcement learning for linear
mixture markov decision processes. In Proceedings of the Conference on Learning Theory (COLT),
pages 4532-4576. PMLR, 2021.

11



Appendix

Table of Contents
(A_Proof of Theorem 1| 12
[B_Proof of Theorem[3| 14
[C_Proof of Theorem|5| 22
[D Proof of Corollary[6] 25
|EOn the Conjecture of Inconsistency| 25
| Comparing the Two First-Order Quantities| 30
(G Proof of Lemmal2| 30

A PROOF OF THEOREM 1]

Theorem 7 (Restatement of Theorem([T). Under log loss, we define:

L) = yln(f) (1 —y)In(

(z,y)€Dn x 1 _fz

).

Let f = arg ming. z L°g(f).
Then, with probability at least 1 — 9,

In(l71/0) | ,n(F1/9)

n

E; |fe = f2] < 8\/ Ef; (1= f)]
Proof. For any f € F, define

1 re) * re) 1 fl l_fa:
I ) = 3 gy ¢ 30—
z,y)€D,

H(f):=

Inspired by [Foster and Krishnamurthy| (2021), for a fixed f € F, consider the martingale of

_exp(H(f))
Elexp(H(f))]
and apply Markov’s inequality to obtain that
1-0 <P (2H() < Do) + 202

Taking a union bound over f € F,

1 | )
1-5<P (Vf v H(f) = In(Elexp(H(f))]) + Il('i“) .
The rest of the proof conditions on the event that
In(|F]/)

V[ € F, CH(J) <~ In(Efexp(H()]) +

n
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By the definition of f, H(f) > 0, which implies that

0< Lin(Elesp((py) + 2 @
Next, we upper bound & In(E[exp(H (f))]).
;mmbmwuwnzim(m I[(ﬁﬁ« _ﬁﬁ“wo
(z,y)€D, % x
= 1n< [(%)% (1 :J{;)é(l_y)o (independence)
fw 1y 1_]?9:%1_3; _ 1 fw 1_fz
E[(f—;)2 (q) ( )] =Eexp ( yln(f*) 7(1 ) 111(1 _ ))

=Eexp (E/ yln(;z) (1_ )ln(i:;z)>

(y" ~ Bernoulli(y))
’ 1 / 1 / 1-
< EE'exp <2y ID(F) + 5(1 -y )lm(1 — f*)>

(Jensen’s inequality)

fa

Combining with Eqn. (@),

ROV s e+ - £ - )
(=B~ £ - (1= £)0 - F2)
> B~ fife— (1 )01~ f2) (n(1+2) < o)
—EWIE VR + (W 1= A7
= E[D*(f, f)] )

where D?(p, q) for scalers p,q € [0,1] denotes the Hellinger distance between two Bernoulli
distributions with parameters p and ¢: i.e., D*(p,q) = (/P — vO)* + (VT —p— VT —¢)*

From the proof of Proposition 3 of |Foster and Krishnamurthy| (2021}, we know that

D*(p,q) = 1\/15 N \/1— —/1=¢)

1
<f+f Vb VI=0)?

\[+\[2/\\/1f+\/1f)>

2 2 2
<p+q 1—p+1_q)) ((a +b)? < 2a? + 2b?)

Let g(p,q) = (p+¢q) A(1 —p+1—q). Then, byEqn@)

13



Using % = max,>o N4 — ”2—23 for A, B > 0, we have, for any n > 0,

P 5 Bmascals; — £l - Totfz. £
> maxnElf; - £l - Blg(f3. £) (Jensen)
. 1 2In(|71/5)
B — £l) < min ] Blg(f2, o)) + 5 2200
Note that
Eg(fi fo) =B + ) A (- £ +1- f2)
<E[(f7 = Lol +2F) A (f7 = fol 420 = 1))
= E[If; ol + (22 A 20 - )]
= B[If — foll + 2B [ A (1 £2)]
SEIf: ~ foll +4ELZ (- £2)]
Then,
B(f: - full < LE0S - full+ 20Elf 0 - )+ - 20
< 3Bl - L+ 2l - )+ 2 e < )

= Ellf; — full <49 [f;(l_f;)Hj;W

We can choose n = 1 A %, which satisfies the assumption above, to arrive at

E[|f; — fl] < 8\/E[f;(1 _ f;)]ln(lle/& ALCTDN

n

B PROOF OF THEOREM [3]

Definition 8. We first provide definitions for new quantities that are used throughout the proof of
Theorem

Aw :f; - fw
Zh,wﬂb,c :(¢(h$ - fm)) [—c,c]

Z LE C Z Z
Uy = max{(—f}) —oB®C (1 - fr) bt
1+ A, Aha:(bc 14+ A, Ah:r:d)c

Lemma 9. Forany x € X, we have:

1 Zf*@'#ﬁac = Sign(f; - faL) (¢|f; - f.L| A C), and Azzf*,w,qﬁ,c > 0.

2. U, <1
Proof. 1. By the definition of Ay 4 ¢, one can see Ape . = (G(fF — fx))[fc,c] =
sign(fr — fz) (gﬁ|f;k — fal A c), and A$Zf*7x,¢£ > 0 for all x.
2. Note that

|Ape wpel =01f5 — fel Ac
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fApage>0,

R N
U, =max{(—f* —_— (1 — g P L L
=m0 e 1 ) A )

_pr D
1+ AAp s

Szf*,:v,dnc (V.’E, Azzf*,z,q&,c > 07 0< f; < 1)
1 _

SZ (|Af*,m,¢,c| § %)

Similarly, we can show that if Ay , 4 . <0, then U, = (1 — f;)ﬁ% <
T f* oz p,c

T

Lemma 10. Let a € (0,1). Then, Vz € [0,a], In(1 — z) > =U=0) . (g,

a

Proof. Given the concavity of In(1 — x), for any = € [0, a], the function lies above the secant line
connecting (0,1n(1 — 0)) and (a,In(1 — a)).

The equation of the secant line is:

By concavity:

Lemma 11. Let § € (0, ‘qu) We have,

1= 1715 < P (Ve F, o€ 0.8 ce 0.4l - Houh ) <+ n(s5n%/0))

) Z}
Proof. The plan is to fix & and show

and then take the union bound over h € F.
Let € > 0 be a small number to be chosen later. Discretize [0, ] x [0, 1] as blocks of length € by e.

The number of such blocks is %. For any (¢*, ¢*), there is block, such that (¢*, ¢*) belongs to this
block. Let U’ be the uniform distribution supported on this block.

We start from the martingale

E(g,c)~vr[exp(Hg c(h, f*))]
E(g,c)~tr {2y} ~Dn [€XP(Hg,c (R, [*))]

Using Markov’s inequality, we have, w.p. at least 1 — §/ (%),

I(E(g,c)nv [exp(Hg.c(h, 7)) Sy, 0)ov {(@y)3~nm [XP(Hg e (B, [7))]) + 1n(%;5)
= (B 0t (ool + (5 = )00 — ) )") + (g 05)
(independence)
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o

- 1n(4525

Taking a union bound over all ;= blocks we have with probability at least 1 — §, for any U thatis a
uniform distribution on any block

) (6)

" o

(B g 0yt [oxD(Hpe(hs £))]) < In(552)

We desire to lower bound the LHS of Equation (€) above as Hy-« . (h, f*) plus some extra terms for
any (¢*, ¢*) that belongs to the support of U".

Note that

E(g,c)~v[exp(Hp,c(h, £7))] = E(g,c)~v H (1 + (y— f7)(o(ha f;c))[ o] )

(z,y)
Note that if |¢* — ¢| < ¢ and |¢* — ¢| < &, then using 1-Lipschitzness of Fi(¢) = 1+ (y —
) (@(hy — f;))[—c,c]’ and 1-Lipschitzness of F»(c) =1+ (y — f2)(¢(he — f;))[_c,c],

1+ (y - f*)m[—c c]

>1+(y—fr (qb* )[ ] €
> 1+ (y— £ (¢ (he — f2)) F2)) e o) — 26
= (4 (= FD(0 e = D) ) (L= (y— f;)(cb*z(z—f))[ o c*})
> (Ut (= (0 e~ 1) e o) (1 39) @<b
Thus,
I (E geyots [exp(Ho o (b, f (Z)ln L+ (= ) (5 (e~ F2)jpe o) + 0001 = 2)
P

(Lemma e < %)
This implies that

1 o
ZHye o (h, f*) < 1
n " (h, £7) E+nn(4525)
Choosing € = ﬁ, the RHS of above inequality can be upper bounded as:
1.6 _ 1. =
concluding the proof. O
Lemma 12. Let § € (0, \fl) Then,
— 1
1= 17 <P (¥ € 7, 0 0.3} c€ 0. g]
1 Ay A 4 2 1 —
“H,(f*, f) <E, [_Mjuf-a?A | S In(248n2 /8
?, (f f) > 1+AggAf*,z,¢,c 3 %= f*.z,0,c n ( @ / )

Proof. The plan is to fix f and show

1

1-0 <P (% € 08¢ € 0,31~ Hor (7. 1)
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Aatzf*,m,c/)*,c*
L+ AgBpe g er
and then take the union bound over f € F.

— xr

4 — 1 —
+ 3 JgAi*7x7¢*7c* + - 111(24¢m2/5))

Let e > 0 be a small number to | be chosen later. Discretize [0, ¢] x [0, 1] as blocks of length € by e.

The number of such blocks is ;= 25 For any (¢*, ¢*), there is block, such that (¢*, ¢*) belongs to this
block. Let U’ be the uniform distribution supported on this block.

We start from the martingale

E(g,cy~v[exp(—=Hg (", f))]
E(4.e)~07 {zy}~D[exXp(—Hp o (f*, f))]

Using Markov’s inequality, we have, w.p. at least 1 — §/( 452)
In(E(g,e)~vr[exp(—Hg,e(f*, f))])

<In(E(g,e)~t {(2,y)}~Dn [€XD(—Hg o (f7, f))]) + In(

Aa;Zf*)IﬂS’C 1
1+ Ame*’m’d,}c (1 + AIZ]&*’I@’CP(]. — Uz)

519)

o‘izfc*}z@,c} + ln(%;/é)
(7

<nEo~v Es [—

where the last inequality is by Lemma([T3]

Taking a union bound over all % blocks, we have with probability at least 1 — §, for any U that is a
uniform distribution on any block,

I(Egy,e)~v [exp(—Hep.o(f*, ))])
Azzf*,w,qﬁ,c 1
14 szf*@,d?,c (1 + Aﬂizf*,wy@c)g(l - Uw)

22 ®
<HE(gn B |- 2R | + (55 /0)

We upper bound the RHS of (7)) as follows:

AIZ * x,p,c 1 ——2
Eg,c)nvr Bo [* Lot N 3 'U-"%Af*,mxc}
L+ ApApewpe L+ AzAp 25.0)3(1 = Uy)
AgApew e

4 —2 _
E CN,EI[—f+f~aiA*m C] By Lemma(9f A,A, .. >0, U, <1
(¢s0)~U Ny rapc| BY g gac = <3

One can see that Ape 4. = (¢(f; — [z ))[_C a is 1-Lipschitz in ¢ and 1-Lipschitz in ¢, i.e.,

Fi(¢) = Ag« 4. is 1-Lipschitz, and F2(c) = Af+ ; 4 is 1-Lipschitz. Further, F7(¢) and FZ(c)
are 1-Lipschitz since A« ; ¢ . < ¢ < 1. In addition, since for z € [0, <1,

YN
A A e e

] |dac 1+a:| = (1+w)
is 1-Lipschitz in ¢ and 1-Lipschitz in c.

Note that if |¢p* — ¢| < e and |¢* — ¢| < ¢, then using Lipchitzness arguments above, as well as
o2 < %, Vx, we have

ALA s 4 .
14+ ApAfezpe 3

Awa* z,0%,c 4 2 A2
LT 4 — ot A e+ 26
1+A1Af*,w,¢*,c 3 = m,h* e

Asz* T, c*
1+ AzAf*,z,d)*,c*

4 52
< — +§'JmAf*,x,¢*,c* +4E

This implies that,

AAf- 4 L2
e +*’U§Af*,m7¢,c}

Esoynvr Ez |— L
(¢,0)~U 1+ MDA nge | 3
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AL A e g or or 4 <2
<E |:7 T L7$»¢ € +7.0-2A " w o | +4e
= By 1+AmAf*,ac,¢*,C* 3 = m,0*

For the LHS of (7)),

1
Ep,e)~vr[exp(—Hep,o(f*, f))] = E,0)~v S
’ ' ’ ' (g) (1+(y_fx)(¢(f; _fx))[,c’c])

Note that if |¢* — ¢| < ¢ and |¢* — ¢| < €, then using 1-Lipschitzness of F3(¢) = 1+ (y —
fz)(¢(f; - fm))[_cjc]’ and l-Lipschithess of F4(C) =1 + (y - fr)(¢(f; - fx))[_

+(y_fa:)( (f*_f»[ ¢,c)

<14 (y—fz) ( ) eq TE
<1+ y fw ( ) c*,c*]+28

S 2

=1+ (y— f)(@*(f5 = f2)) L o) - (1 + — )
- ( ) <l 1+(y_fac)(¢*(f* fx))[_c* c*]
<= )02~ J)e ) (14 59) <
Thus,
|

In (E ,e)~ I[QXP(-H ,C(f*af))} =E ,c)~U’ P —
(B ' ) =eeom | 11 (14 = L) = 1) o)

> Z —In (1 + (y - fw)M%c*,c*]) - nh’l(l + 25)

(z,y)
>3 - (1 (= L) (0 (s = ) e o)) — §
(z,y)
Y (In(l+2) <

Combining the bounds for the LHS and RHS of (]Z]),

T _F ) 8
Z_h’l<1+(y_fw)(¢*(f* f:p)) g C*) _ngff
(z,y)
szf* z,¢*,c* 4 52 5
CO k) ) — . A . e 4 1 s 6
L4 Aphfegger 3 T20 s mere | +ane+ n(;5/9)

<nkK, {_

This implies that

20

1
T Hae ()< = —
SHye oo (£, ) < Te+Es |

sz‘f* $¢* c* 4 272 1 a
J %9 —|—7O'wA * *C*i|+—ln76
14+ ApAfe g goer 3 Fr@0r, - (452/ )

Choosing € = 1o

1 20 ApAge v cr 4 2 1 10}
—ZHye (7 <—+]EI{7 S YN H}+—1 2 s
n o*, (f f) - 3 € 1+AzAf*,.Ty¢*,c* 3 T fz,e*,c n n(4€2/ )

AgApe yoge on 4 o 1 B
SE, [~ SESLOe DGR e o] o (249026
- 1+ A A pgrer 3 0I5 T (24¢n°/9)
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Lemma 13. Recall the definition of the loss function Hy . and U, = max{(—f;)l_kf%, (1-
x h,x,p,c

) 1+7AZ%Z¢;;7}' Let V be a distribution of (¢, c) supported on a subset of [0, ¢] x [0, i] Then for
any h, f‘ € F, we have
I (E (4,¢)~v,{(,9)}~ D [exP(—Ho e (R, f))])
Azzzh,x,qb,c 1 2Z2 :|
N N 028z be
1+ AmAh,x,qﬁ,c (1 + AwAh)%qﬁ’C)g(l — Uw)

<nEgopov B | —

Proof. Letn:=y— f* thenVx € X, E[n | 2] = 0 and E[n? | 2] = o2. We have
1
(Bg.c)v{(@g)}~Dr [eXP(—=Hog,c(h, [))])

1

e Ly
(¢.0)~Vo{(z,y)}~D H(y_fl_)((;s(hw—fx))[,c,c]

1
I Ly
(.~ (29)}~D Lt (fz 40— 1) (0(he — £2)) o

1
1+ Azzh@@@ + T]Zh@,qﬁ,c )
L E—— L
1+ A;cAh,af,qﬁ,c 1+ nAh,:c,qb,c ' (1 + AQ:A}L,$,¢,C)_1

= E(4,0)~V,{(z.)}~Dl(

]

=E,e)~v Ex

Using the fact that 57 = 1 — z + 1”_% with® = 7l z.6c - (1 + AyApzc) "L, we have

92
1 A, 1
o — S [ P Y X — S
L+ nAhege (1+AsApzs.c) (14 AsAnzge)? 1+0Ahege (1+Azlhag.e)
—_ Uzzi,m,¢,c 1 1
If Ay zpe > 0, then the RHS < 1+ R VPR L e ey T . e YRR Else if
N Jizh‘m,d),c 1
Apz.4c <0, thenthe RHS <1+ RN Y FR BTy W T EU . Ve e
Thus, with U, = max{(—f}) TNy o (1—=1fx) NN b
1
H IH(E(¢7C)NV7{(L;/)}~D71 [eXP(—qu,c(ha f))])
1 —2 1
o ($e)~V 1+ AmAh,w,¢,c ( st (1 + AiAh7$«,¢,C)2(l - UI))
<E B, |— 1+ 2A; ! -1
=Y e A A p e TEREOC (1 Ay B g.e)? (1 - U,)
- (Inz <x-—1)

1 —_9 1 _
By By | —— 2R . _ YN,
(¢p,c)~V L 1+ A$Ah7z7¢,c ( z=h,z,p,c (1 + AIAh7z7¢,c)2(1 — U$) r2h,x,p, )

completing the proof. O

Theorem 14 (Restatement of Theorem[3). Recall that
1 -
Lo(f) = max max max — > In (14— f) (0 — f2))_.)

heF geogleclo.zl M o2
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With probability at least 1 — 6, Vf € F,

25 2. [ 48|F|pn? 6., (48|F[pn*\ 5
< |BEo. nln<5|¢m>+(Ln(f)Ln(f*)) +nln('5¢">+2<Ln<f>Ln<f*>>

Proof. Define the events

_ 1. 1 1 16|F|én?
A = {Vh eF, p€][0,9], ce|0, Z]’ 5H¢,C(h,f*) < ﬁln (W)}

1

Ay = {Vf eF, ¢el0,9], celo, 1],

1 AgDie poe 4 52 1 48| F|¢n?
— —Hy (f* <Er[f% — . 02N } —In | ———
~Hy o (f f) S E T4 DB ng, |3 TeSmae] T50 5
A=A NA,

By Lemma P(4;)>1- g; by Lemma P(Ay) >1— g. Taking a union bound, one can see

that
P(A) >1—0.

The subsequent reasoning conditions on A. Vf € F, we have

Ln(f*) - Ln(f)

1 1
= max min —Hy o (h, f*) = —Hg (I, f) (definition of L)
heF,¢'€[0,8].c'€[0,4] W €F,6€[0,8],c€[0,%] T n
< max min —Hgy (b, f*) — —Hp o (f", f) (f*er
heF,¢' €[0,8],c'€[0,1] $€[0,8],c€[0,1] T n
1 16|F|opn?
< max min —In M
heF,¢'€[0,4],c'€[0,1] o€[0,8],c€[0,1] T 5

+EI{— + -0 3

szﬁ,x,@c 4 sz* } n lln 48\]—"|$n2
L+ AApe e 3 f*@,é.c n 5

(definition of Ay, As)

16|F[gn” AyAte oe 4 1 481 FIGn?
T B B R P N (e

o€l celoz] T 0 1+ ApApeppe 3 wde] Ty 5

ApAfe 3oe 4 . 9 S| F (B2

< min E, [—#+7~03Aiw¢c}+*ln M

$€[0,9],¢€0,3] 1+ AmAf*,fc,qb,c 3 o n 1)
That is,

AL A 4 9 48| FlGn2

max o B, [[oSfente 2o < R (B 4 () - L)

$€[0,9] c€[0,1] 1+ A Ap e 3 T, n 5
=: LHS

Recall that A, = fr — frand Ay« ;4.0 = m[fc o BY Lemmaﬂ AuAfe yge> 0 for
allzand U, < 1.

1

Therefore,

A Zf*_ b, 4 22
T T, p,C _ 'o'fAf*yx,qb,c}

LHS =E, It
14+ AgApsppe 3
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>E, {éATZf*T¢7(.7§O'2Z§*x¢C:| (A Af*T¢(>O |Af*7«¢p| < |A |< 1)
=E. [£18] (91"~ f1A0) — 5 02 (81"~ fIn0)]
B e =sign(f* = f) (811" = fI A )
4
B 18 (00 15)

5 c
1—=-a2(oA ]
A
We want to set ¢ and ¢ such that

2 5 2 2 ?
il (0 1ay) 2B 5 180e2 (00 157) ®

which will give us the inequality of

4 1 c 2 48|.7:|$n2 «
31[<;§|AI|2 (¢/\ IAII) <-hn <5> + (Ln(f) = Lau(f7)) (€

We choose ¢ such that ¢ = < for some A* to be chosen later, we can see that ¢ A ﬁ =

c (Ai A ‘ A1,| ) Using this, the above inequality () becomes:

1 1 1 1 1\?
EZ|A e — A — >]Ef ALl?
2| I"’( "a, |> 1Al (A*AAJ

We choose ¢ := ¢y A £, where

Co =

1
E}IA. |2( mx.)
ES.|A,%02

)

o Ifey < i, then ¢ = ¢. Plugging this into (9) along with the fact ¢ A \A%I =c ( LA ),
we have

5) + (Ln(f) - Ln(f*))

We could lower bound the LHS above by picking out the region with |A,| > A* to arrive
at:

25 2 [ 48|F|pn?
127
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« Ifcg > %, thenc = 1. ¢ =1 < ¢y implies that (8) is true.

Plugging ¢ = i into (9 along with the fact ¢ A ﬁ =c ( _

2 o (1 1 gn 48| F|pn? B .
E|A| ( A |>< 1 (5 >+(Ln(f) Ln(f7))

We could lower bound the LHS above by picking out the region with |A,| > A* to arrive
at:

2

= E1{|A.] > A"} |A,] < 5%1n (W) + g(Ln(f) = La(f"))

In either case, we have:

E1{IA.] > A} A, <J§ 2 2m (W) F (La) ~ LalF*)
P

2 (Lalf) = La(f)

48|f|<;§n
1)

.2
We choose A* = % In (M), which gives us,

1 48|.7:|$n2
E1{|A, A VAL < —-In| ———
{| ] < }| L|_n n( B

Altogether, we have,

E. |AL
25 2 48| F|¢pn? 6 48| F|pn? 5
- 2 - i b R _ * e bt O R e _ *
<\ BE02 (S (F555) + (Lalf) = Lalfo)) + ~ I | =55 ) + 2(Lalf) = La(f)
We verify the choice ¢ is valid as follows.
1
_ < 1
0= A* SIA €<y
B 1
it (BZE)
1 oy n
_4% In (12\@”3) @=9
<¢
which validates that ¢ € [0, ¢].
O

C PROOF OF THEOREM

Lemma 15. Recall that

L,(f) == max max max 1 Z In (1+(y—fz)m[,c,c]>

heF gelogleclo.zl M o2

Lis %n-Lipchitz w.rt. [ - || oo
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Proof. For fixed (h, ¢, c), define:
1 -
O(fho,e) = 3 (14— L) (00— L))
(z,y)€Dy
We first show that ®(f, h, ¢, ¢) is Lipschitz in f w.r.t. || - || co-

Let 1 (t) :== (y — t)(¢(hy — t))[fc’c] fort € [0,1] and o (t) := In(1 +¢) for t € [—1/4,1/4]. If

¢(hy —t) € [=c,d], then [0 (8)] = @I(t —y) + (t = ha)| < & + ¢ < mielseif p(he — 1) & [—c, c],
then |} ()| = ¢ < 1. Hence ¢ is n-Lipschitz. |¢}(t)| = 1+t <3 4 Therefore, for any (h, ¢, ¢),

|
®(f, h,$,c) is gn-Lipchitzin f w.rt. | - [|oo:

vafle]:a |q>(f,h,¢,0)_¢(f/,h,¢,c)‘ S %n Hf_f/HOC

Furthermore, Vf, f' € F,

Ln(f) = Lo(f") = max O(f h,¢,c) — max (f', h, ¢, c)
heF,¢€(0,4],c€[0,%] heF,¢€(0,0],c€[0,%]
S max (@(.ﬂhagﬁa C) 7q)(f/ah7¢7c)
heF,$€[0,d],c€[0, 1]
4

By symmetry,

4
Lo(f') = Lu(f) < 3" 1f = flloo-
Therefore, Vf, f’ € F,

1L (f) = L ()] < n I1f = flloe-
O

Theorem 16 (Parametric class. Restatement of Theorem [5). Assume the covering number of F
satisfies Eqn. (3). Then, with probability at least 1 — 6, the output f ofAlgorlthmIsatlsﬁes

12(1 4 A)n’®
— )

5
E, |f, — f7] < %EQ 1(@
n

v

12—1
)+ 12 In(
Proof. Let F. be a minimum-cardinality e-cover of F w.r.t. the metric || - || . Then, we can designate
fe € F. such that — fH <e.

oo

Applying Theorem[T4 with F’ - F. U {f*}, we have

B \f5 - i1 < [Ty Bat (25 + (L7 — L)) + 0% + (L

n 2
1) a2
L:1n<48|fwﬁn>
o)
1

L; (f) :== max max max — Z In (1 +(y— fgc)(qﬁ(hgC — fx))[fc,c]>

heF geloglcel0z] T (T

Km

) = La(),

where

For analysis purposes, we also denote:
1 -
L,(f) := max max max — Z In (1 +(y— fL)(qzﬁ(hL — fw»[fc,c])

heF geogleclo.zl M o2
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Recall that our Algorithm [I{returns f € arg min rer Ln(f). We have,
L5 (f9) = La(r) = (LGP = (D) + (Za(h) = La(D) + (Ealh) = La(r) + (Balr) = Li(F))
<4, |

e[ 2= F|_+ 0+ 0+ (@t Li() (10)
where the first term is by Lemma|[T5] the second term is by the definition of L, and L,,, and the third
term is by the definition of f.

We bound L,,(f*) — L% (f*) as follows. Let h* be such that
* 1 *
Ln(f ) = max max — Z In (1 + (y - fr)((j)(h; - f;))[—c,c]> '

sebgleclodin Lo
Let h} € F. be such that ||h* — h|| < e. Then,
Ln(f7) = Lo(f7)
1 T
< max max — Z In (1 + (y— f2)(o(ht — f;))[fc,c])

g€0.@ c€l0.31 M T

~ max max — > In (1+(y—f;)m_f;)>[—cc]>

¢€[0,¢] c€(0,5] 1 (z,y)€EDy

Note that for any (¢, ¢),
=G =T Loy =~ = (0 (2 = 1) g
=y — 1) -‘(qﬁ (0 =) g — (& (2 =) Lo g

<lty—f)- e @€ 0.5

4 n 1
N _TE(FF)Y < . 2 - _px
La(f) = Lo(f) < 5 qe = > 1y = £
(z,9)
1
S gna’:‘
Plugging back into Eqn. (T0),
A 4 ~ ~
L5 (F) = La(f) < g2 = F|_ + (Lalr) = L5(5) < 2ne an
Therefore,
<E;|fe — fE) +Eo | — f2] (Triangle inequality)

<et ¢ oz (254 (L5(f9) - L) ) + 6 + J(L(F) - L5(7") (Theorem )

25 L L 5
< _ 2., = 4 2 .
_5+\/12]EUI (2n+2n5>+6n+2(2n5) (Eqn. (TT))

(14 (A/e)?)48¢n?
)

1
)+ 2ne) + 65 In( ) + 6ne

25 2 1+ (A/e)v)48¢n?2
S\/uE"%<nln<( {4/ )45

where the last inequagty is because the covering number of F satisfies Eqn. (3), i.e., for every £ > 0,
N(e, Fil - [loo) < (£)".

: 1 givaee
Choosing € = 5 gives:

25
3

12(1 4+ A)nd
)

12(1 + A)nd

B |fo = f3] < Eoggln( )-1-12%111( =)
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D PROOF OF COROLLARY

Corollary 17 (Linear class. Restatement of Corollary [6). Let F be a linear function class in d-
dimensional space: F = {x > 270+ 1 :0||, < 1} and the instance space X = {z € R? :

|z|ly < 1}. Then, with probability at least 1 — 6, the output f ofAlgorithmsatisﬁes:

. 25 d . 36n5 d . 36n°
E,|fe — f¥| <A/ =FEo2=In(—) +12=-1
f le_\/g o2~ In("—) + 12 In(

)

Proof. To make use of Theorem[5] we just need to show that the L, covering number of this class,
N(e, F,| - |loo), grows polynomially in 1 /. The covering number of the linear class is not new (e.g.,
Exercise 20.3 of [Lattimore and Szepesvari| (2018))), we include the proof for completeness.

Denote by W the parameter space: W := {6 :||0]|, < 1}.
Let f, and f, be two functions in F. We have,

| fu = folloo = sup |$Tu - CUTU|

reX

— sup Jo " (u— v)|
reX

< sup ||u — v||2]]z||2 (Cauchy-Schwarz)
reEX

< flu =2 (Jzll; <D

This implies that an e-cover of the parameter space VV induces an e-cover of the function class F.
Therefore, we can bound the covering number of the function class by the covering number of the
parameter space:

N(e Foll - lloo) < N, W, [l - 2) (12)

The problem is now reduced to finding the covering number of the parameter space W, which is a
ball of radius % in a d-dimensional Euclidean space. This is a standard geometric result. The number
of e-balls to cover a ball of radius B is bounded by:

d d d
2B 1 2 1
N(E,W,H'Q)S(‘i‘l) :(+1> g() fore < =
€ € € 2

Combining with Eqn. (I2), we arrive at:

NeF o < (2)

Applying Theorem 5| with v = d and A = 2 concludes the proof. O

E ON THE CONJECTURE OF INCONSISTENCY

Theorem 18. Consider the following problem instance. Let X = [0,1], and F C {X — [0,1]}
be the Lipschitz function class with Lispchitz parameter I, = 101, ie, Vf € F, Vz,2' €
X, |f(a:) — f(x’)| <L- fa: — sc’|. Let Dx, the marginal distribution of X, be the uniform dis-
tribution on X, andVx € X, Dy |x—, be the Bernoulli distribution with parameter .

For this problem instance, the following holds:
there exists fo € F, fo # f*, constants N > 0 and cq,c; > 0, such that Vn > N,

P(Ly(f*) = Ln(fo) > c1) > co -

Proof. In this instance, the true regression function is f = E[Y | X = z] = z. Note that f* is
1-Lipschitz, so f* € F.
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We construct f as follows:

0 x €10,1/4]
fole) =420 —1/2 ze[1/4,3/4]
1 € [3/4,1]

Recall that Vf € F,
Hoolh )= 32 (14 (g = £) (00 = ), )

(z,y)€Dx

1
L, :=max max max —Hy.(h,
f heF ¢e0,¢] c€[0,1] 1 #elhrf)

We may overload the notation L,,(f) to L, (f, h, ¢, ¢), to denote the dependence on h, ¢, c.
Note that on any datapoint (z, y),

— 1
Ihng}é(y - fO,m)(¢(hz - fO,x))[_QC] S |y - fO,:b| - C S |y - fO,gcl . Z
Thus,
1 -
Lo(fo) <+ 30 maxtn (14 (5~ o) (6hs — foo)) )
(z,y)€Dy
1 1
<- > In(1+y— foa 1) =1
(I,y)GDn

As n — o0, by the weak law of large numbers, the sample average converges in probability to its true
expectation:

1
Efozﬁ Z In (1+|y_f0,7;

(z,y)€Dx

1 1
.4) Py EIn (1+ ly — fo| - 4) = 0.0625

By the definition of convergence in probability, for every € > 0,

lim P(|¢7, - 0.0625] <€) =1,

which implies that there exists N1, such that Vn > Ny,
P(|¢y, — 0.0625| < 0.0005) > 0.9

— P(¢;, < 0.0630) > 0.9
— P(Ln(f) < 0.0630) > 0.9 (13)

Next, we turn to lower bounding L, (f*) for large enough n.

Recall that in our problem, X follows a uniform distribution on [0, 1]. In a sample drawn from this
distribution, let a “gap” be the distance between two adjacent samples, i.e., X ;) — X(;_1) for any
J € [1,n] as well as Xy, where X is the increasingly sorted sample.

We call it a “good” gap if it is > 0202 By Lemmal[19] if n > 10*, then with probability at least 0.9,
the number of “good” gaps is at least 0.97n. Suppose the event that “the number of ‘good’ gaps is at
least 0.97n” happens.

We choose (h*, ¢*, ¢*) (not necessarily a maximizer) such that:

o i — f¥=sign(y— fI)- % for only those data points next to a good gap. Indeed, such h*
is (L = 101)-Lipschitz: let ;) be an observed datapoint next to a good gap, ;- be the

immediate previous datapoint that is next to a good gap, then z(j) — ;- > 22292 hence,
* * o * % B * ex * %

3i7) TG=) )
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*

. 1 . 1
= sign(yg) — fay,)) - o —sign(yg-) — fa o)) 26 — 2o

TGy n
(fa =)
2
< - + (25 — () (Triangle inequality; z(jy — x(;—) > 0)
2 0.0202
< (0_0202 + 1)(I(J) 7‘T(j7)) (I(J) —T3Go) z n )
<101 (z() — 2(-))
which means such A* exists in F.
° C* — i
cpr=1
Thus, L, (f*) > Ln(f*, h*, 9%, c").
Let z := |y — f| and sort z; in increasing order as z(;). We can see that
1 0.97n 1 n 1
L, (f*,h*, 6", ¢") > - Z In (1 + 2() - 4> + > I (1 - 23) - 4) =Ly (14)
=1 1=0.97Tn
As n — oo, by the weak law of large numbers,
1 0.97n 1 n 1
i=1 1=0.97Tn
» q0.97 1 1 1
—>/ In(l4z-- fZ(z)dz—i—/ In(l—2z--) fz(2)dz (15)
0 4 qo.97 4

where qq 97 is the 97th percentile of the distribution of Z.
We calculate the CDF and PDF of Z:
First note that
PZ<z|X=2)=P(JY - X|<z|X=2x)
=(1-o)l{z<z}+z1{l—2z<z}

The reasonis: if Z = xthen Z < ziff x < z;if Z =1 —xthen Z < ziff 1 — ¢ < z. Thus for
z €10,1],

Fz(2) =P(Z < 2)
=E[P(Z < z) | X] (law of total probability)

:/01[(1—aj)]l{xgz}—&—xlt{l—xgz}}dx

:/1[(1—:5)]1{30<z}+x]l{1—z<x}}dx
0

z 1
:/(1—x)dx+/ rdx
0 11—z

=2 / (1—z)dz (symmetry)
0

2
z

:2 —_—
(-5
=92z — 22

Hence,

Fz(2) =22 —2% 2¢€[0,1]
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fz(z)=2(1-2), z€[0,1]
Setting Fz(z) = 0.97, the solution that lies within [0, 1] is:

qo.or =1 —+/1—0.97 ~ 0.8268

q0.97 1
/0 1n<1—|—z )fz()dz—l—/qomln(l—z-le)fz(z)dz
q0.97 1 1 1
:/0 ln<1+z~4)2(1—z)dz+/qw7ln(1—z-4)2(1—z)dz

=0.0726 — 0.0075
=0.0651 (16)

‘We have,

Putting together the above calculations (Eqns. (I3)) to (T6)), we have, as n — oo,

0.97n

1
éf*_f Zln( + 235) ) Z 1n< — 20 - 4> 5 0.0651

1=0.97n
By the definition of convergence in probability, for every ¢ > 0,
lim P(|¢z+ —0.0651| < ¢e) =1,
n—oo
which implies that there exists Na, such that Vn > No,

P(|¢s+ — 0.0651] < 0.0005) > 0.9
— P({;. > 0.0646) > 0.9 (17)

Combining L, (f*) > L,(f*, h*, ¢*, c*), Eqns. (I4) (T7) and taking a union bound with the event
“the number of ‘good’ gaps is at least 0. 97n which, as we mentioned and by Lemma|[I9] happens
with probability at least 0.9, we have, Vn > max {104 Ng}

P(Ln(f*) > 0.0646) > 0.8 (18)

Combining Equations (T3)) and (T8) with a union bound, we get Vn > max {10%, N1, N},
P(L,(fo) < 0.0630 < 0.0646 < L, (f*)) > 0.7

O

Lemma 19. Suppose n > 10%. In a sample set drawn i.i.d. from a uniform distribution on [0, 1], let
a “gap” be the distance between two adjacent samples.i.e., X ;) — X(j—1) for any j € [1,n] as well
as X (1) and where X jy is the increasingly sorted sample.

We call a cap “good” if it is > £, where k = —1n0.98 = 0.0202.

- n’

With probability at least 0.9, the number of “good” gaps is at least 0.97n.
Proof. In a sample drawn from the distribution on [0, 1], by symmetry, all gapsi.e., X ;) — X ;1) for
any j € [1,n] as well as X ;) where X|; is the sorted sample, have the same probability distribution.

To study the properties of these gaps, we will find the distribution of the first gap, X1, which is the
simplest to compute.

We compute the CDF:
FX(1)( ) (X(l) )
=1- P(X(l) > :L')
=1-PVi€n|, X; >x)
=1-(1-2)"
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Let the random variable G be a gap, that is, G 4 X(1)-
Recall that from the CDF of G, we have P(G < t) = 1 — (1 — t)*. Hence P(G > E) =

n

(1- ) 27 ek, Since k = —1n0.98 = 0.0202, we have w.p. 0.98, any single gap satisfies
G> 0.0202 0202 ,1.e., w.p. 0.98, any single gap is good.

Let I; be an indicator random variable for the i-th gap, where ¢ € [n]. I; = 1 if the -th gap is “good”,
ie., G; > % and I; = 0 otherwise. Hence, P(I; = 1) = p = 0.98.

Let Y be the total number of good gaps: Y = >, I;. By linearity of expectation,

=E[) L] =0.98n.
=1

Our goal is to find an L such that P(Y > L) > 0.9.
Note that

Var(Y) = Var ZI :iVar(Ii)JrZCov(Ii,Ij)
1=1

i#]

We argue that Cov(I;, I;) < 0 for ¢ # j. The intuitive interpretation is that, since the gaps are not
independent, if one gap is very large, the others must be smaller to compensate, since their total length
is fixed. This means they are negatively correlated, so Cov([;, I;) < 0 for i # j. More formally, one
can verify (by exchangeability) that for i # j,

Cov(1;, I;) = E[L;1;] — E[1;] E[I;]

E[LL;] =P(I; = 1,1, = j) = (1 — 25)"
n

— COV(I,',I]') <0
Thus,

Var(Y) < Z = np(1 — p) = 0.0196n

Applying Chebyshev’s inequality,

Y
P(Y <E[Y]—¢) < Varg )
&€
1-p)  0.0196
= P(Y <0.98n —¢) < np(Qp): 2n
13 e

Solving %2196 — 0.1, we get € = /0.196n. Therefore, with n > 10*, with probability at least 0.9,
Y > 0.98n — v0.196n > 0.97n.

O

The implication: Theorem [I8]shows that, for sufficiently large samples, with constant probability,

there exists a sufficiently large gap between L, (f*) and L, (fo).

This theorem may support our conjecture about the inconsistency of the betting loss ERM estimator for
nonparametric classes. The idea is that, if an ERM estimator is consistent, the true regression function
f* should effectively become the minimizer of the loss for large samples. However, Theorem
shows that this is demonstrably not true.
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In more detail, let L™" = min ¢z L, (f). By definition, L,,(f) = L™".
By Theorem|[T8] for all n > N,
P(Ln(f*) = Lu(fo) > c1) 2 co -
Since L™® < L,,(fo), this implies:
P(Ly(f*) = L™ > e1) 2 P(La(f*) = Ln(fo) > e1) 2 co -

We conjecture that the significant difference of L, (f*) — L ( f ) will effectively translate to a notable
distance between f and f*.

We interpret this negative result as a structural limitation: while betting loss adapts optimally in
parametric regimes, it is misaligned with L risk minimization under Lipschitz constraints. Intuitively,
the multiple max operations that define the betting loss act as a “robustification” step: in sufficiently
rich classes like Lipschitz, this mechanism alters the geometry of the optimization, making betting
loss behave as if it were minimizing an L; criterion. As a result, the predictor is pulled toward the
conditional median rather than the conditional mean f*, leading to inconsistency in nonparametric
settings.

F COMPARING THE TWO FIRST-ORDER QUANTITIES

In this section, we first show that E, [f*(z) A (1 — f*(2))] < E[f*(z)] AEL[1 — f*(x)], then we
give an example where the difference between these two quantities can be arbitrarily large.

Lemma 20. Recall that f* : X — [0, 1]. We have,
Eo[f*(z) A (1= f*(2))] < Eg[f*(@)] A Eg[1 = f7(2)]

Proof. Note that
Eo[f*(z) A (1= f7(2))] < Eo[f* ()],
and
Eo[f* (@) A (1= f*(2))] < Eel — f(2)].

Hence,

Eo[f*(2) A (1= f7(2))] < Eo[f"(2)] ANEL[1 — f*()].

O

Example 21. Let ¢ > 0 be a small number, Y be of the distribution P(Y =¢) =P(Y =1—¢) = 1

§.
Then,
E[Y Al1-Y]=¢,

whereas L
E[Y]AE[l-Y]= 3

G PROOF OF LEMMA 2]

Proof.
Var(Y) = E[(Y — E[Y])?]
= E[Y? - 2Y E[Y] + E*[Y]]
<E[Y —2Y E[Y] + E*[Y]] (Y €[0,1))
=E[Y] - E*[Y]
= E[Y](1 — E[Y))
One can see that the equality in the third line is attained iff Y is Bernoulli distributed. O
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