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Abstract
Users of online platforms based on recommendation systems (RecSys) (e.g., Tik-1

Tok, X, YouTube) strategically interact with content to influence future recommen-2

dations. On some platforms, users have been documented to form large-scale grass-3

roots collectives encouraging others to purposefully interact with algorithmically4

suppressed content in order to “boost” its recommendation; we term this behavior5

user altruism. We study a game between users and a RecSys, where users provide6

(potentially manipulated) ratings of platform content, and the RecSys—limited by7

preference learning ability—provides each user her approximately most-preferred8

item. We compare users’ social welfare under truthful preference reporting and9

under a class of collective strategies capturing user altruism. In our theoretical10

analysis, we provide sufficient conditions to ensure strict increases in user social11

welfare under user altruism and provide an algorithm to find an effective collective12

strategy. Interestingly, for commonly assumed recommender utility functions,13

strategies also improve the welfare of the RecSys! Our theoretical analysis is14

complemented by simulations of collective strategies on the GoodReads dataset,15

and an online survey of real users’ altruistic behaviors. Our findings serve as a16

proof-of-concept of the reasons why RecSys may incentivize users to collectivize17

and interact with content altruistically. Indeed, the class of actions we present im-18

prove a minority group’s welfare while not decreasing the welfare of any other user.19

Thus, as long as there exist even minimally altruistic agents, the RecSys implicitly20

incentivizes agents to perform algorithmic collective action when possible.21

1 Introduction22

Social networking and media platforms such as TikTok, Instagram, and YouTube learn about users by23

tracking their interactions with content via likes, comments, views, etc. Using these interactions, they24

can infer user preferences and provide new content recommendations. While the technical algorithm25

is a black box, the basic idea of how it functions is well-known to users [21, 24]. Using heuristics,26

some users strategically interact with content to purposefully tailor the recommendations they receive27

[14, 45, 65]. Consider, for example, a user who enjoys a type of niche content. Though this content28

is not generally popular, the user would like it to feature prominently in their feed. Knowing that29

engaging with content will likely cause it to be recommended again in the future, the user purposefully30

likes, comments, and watches this type of content more often than they personally would like in the31

moment. There are several game theoretic models of self-interested strategic behavior [34, 15].32

However, existing theoretical models do not acknowledge that recommendations are informed by both33

a user’s own interactions and the interactions of other users. Collaborative filtering, a widely-adopted34

recommendation methodology [35, 63], allows the recommender to infer the preferences of one35

user from another by embedding users into a shared latent space. When one user engages with36

content, the recommender may predict how much engagement others would have with the item based37

on the similarity of user embeddings. Real users also have a heuristic understanding of how their38

engagements impact others’ recommendations, and use this information to interact strategically to39

impact other users’ platform experiences [45, 24]. This behavior has been particularly relevant for40
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users who want to combat algorithmic suppression and injustice. Indeed, Karizat et al. [45] document41

that users believe certain types of content are suppressed by the algorithm and thus altruistic1 users42

intentionally engage with such content to “boost” it via algorithmic recommendation to others.43

On an individual level, it is unlikely that one altruistic user attempting to boost the popularity of44

suppressed content would impact algorithmic recommendations on a large scale. However, as many45

marginalized user and creator groups report recommendation inequity or suppression [53, 32, 10],46

users have organized large-scale grassroots movements encouraging other users to purposefully like,47

comment, interact and follow the content of those who are suppressed by the algorithm [18, 52].48

1.1 Our contributions49

Model. In Section 2, we present a game-theoretic model of users’ correlated strategies in recommen-50

dation systems (RecSys) and we provide a proof-of-concept analysis of the reasons why collaborative51

filtering or matrix factorization-based RecSys may incentivize users to collectivize and behave altru-52

istically as documented by HCI research and real-world events. To the best of our knowledge, ours is53

the first theoretical model capturing strategic behavior of users in RecSys that are not self-interested.54

Altruistic behavior. We focus on a large class of settings where the preferences of the population over55

different items satisfy a majority-minority relationship, i.e., users are mostly clustered by preferences56

with groups being more/less mainstream. In Section 3, we compare the recommendations and social57

welfare that users receive when they interact with content according to their personal preferences to58

those they receive under a class of simple correlated interaction strategies; we call these strategies59

“altruistic”. Under reasonable conditions, our class of correlated strategies improves social welfare60

and recommendations beyond the truthful interaction baseline. We construct an algorithm, robust to61

misspecification in the information shared by users, to find such a strategy. These results provide the62

first theoretical groundwork for the documented collectivist behavior.63

RecSys utility. Interestingly, considering two commonly used utility functions for the RecSys64

(engagement-based and user-welfare-based), users’ collective action is also good for the recommender65

(Section 3.4)! Intuitively, this is because the strategies improve recommendation by increasing the66

users’ total engagement with platform content, which in turn enables a platform to sell more ads.67

Empirical results. We conduct two empirical studies to supplement our theoretical results. The first68

(Section 4.1) is an experiment Goodreads book reviews. Similarly to movements in the prominent69

“BookTok” community where TikTok users organize to interact with content from marginalized groups70

to battle unfair algorithmic promotion [52], we simulate collectives of readers of the most popular71

genre increasing engagement with less popular book genres. This improves minority group welfare72

by as much as 15 times! The second (Section 4.2) is a survey given to 100 Prolific participants. We73

find that the proportion of users who intentionally attempt to impact other people’s recommended74

feeds is relatively large and provide (textual) descriptions of users’ underlying altruistic reasoning.75

Finally, Section 5 includes a discussion on our model assumptions and future research directions.76

1.2 Related work77

Details on connections to Human Computer Interaction (HCI), Algorithmic Collective Action,78

Theoretical RecSys Modeling, Strategic Classification, and Matrix Completion are in Appendix B.1.79

2 Model and preliminaries80

Notation. Matrices are capital, bolded (i.e. X ∈ Rm×n), vectors are lower-case, bolded (i.e. z ∈ Rd),81

and one-dimensional variables are lower-case (i.e. y ∈ R). Of a matrix, X, the ith column is Xi (an82

exception to lowercase vectors), the jth row is xj , and the jth row, ith column element is xj,i. Sets83

are capital calligraphic letters (i.e. U ). The complement is UC . A table of notation is in Appendix A.84

Model summary. We model a setting where a RecSys (aka “learner”) wishes to recommend an item85

from a set of n to each user (aka “agent”) from a set of m. R⋆ ∈ Rm×n is the ground truth personal86

preference matrix for the m users over the n items. R̃ ∈ Rm×n is the revealed preference matrix.87

Each element, r̃u,i, is a numerical representation of a user’s interactions (such as likes, watches, etc)88

with an item, i, and is called a “rating”. Users may interact with items differently from their true89

1“Altruism” indicates that a user’s utility function depends positively on the welfare of others as in Becker [5]
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Protocol 1 Learner’s protocol

LEARNING PHASE:
Learner gets R̂, the k⋆-truncated SVD of R̃ s.t. k⋆ < rank(R̃). // “learned” preferences

RECOMMENDATION PHASE:
Learner shows agents u ∈ [m] their top item top(u) ∈ [n] according to R̂.

personal preferences (i.e. R̃ ̸= R⋆). Using R̂, a transformation of R̃, the learner gives each agent90

an estimated top item. The process R⋆ → R̃ → R̂ abstracts matrix completion (MC) preference91

learning and recommendation. MC is discussed briefly in Section 2.1 and at length in Appendix C.1.92

2.1 Learner’s protocol93

The learner (he) wants to recommend each agent (she, when referred to individually) her top item.94

However, access to a complete and perfect preference matrix is unrealistic in practice. Prominent95

recommendation methodologies (e.g., matrix completion) query user ratings until a stopping point96

and then approximate unknown preferences via rank minimization (see Appendix C.1). We adopt the97

tractable abstraction of low-rank approximation on R̃. The learner sees R̂, a representation of what98

he may have learned from agents’ realized item interactions. The formalization is given in Protocol 1.99

Three remarks are in order. First, we leave discussion of the learner’s utility to Section 3.4. Second, if100

the RecSys must learn preferences through matrix completion, he queries ratings until his low rank101

approximation represents users’ preferences well. Expected exploration length should depend on102

information retention of different rank reductions of the unknown complete matrix. We capture this103

through the optimization of Definition 2.1. Third, each user u’s recommended item, top(u), comes104

from R̂. In other words, top(u) may be different than the user’s truthfully most preferred item.105

The Social Welfare of the system is a measure of how good recommendations are in sum:106

SW(R̃, α) =
∑

u∈[m] r
⋆
u,top(u),107

where α is a learner parameter related to exploration length, formally defined below. SW depends on108

the true preferences and the recommendation top(u), which depends on revealed preferences and α.109

2.1.1 Learning phase110

The recommender gets R̂, a reduced information version of the fully realized ratings of R̃. R̂ is a111

k⋆-truncated SVD, i.e., R̂ =
∑

j∈[k⋆] σjujvj
⊤. Where R̃ =

∑
j∈[rank(R̃)] σjujvj

⊤.112

What is k⋆? In the matrix completion analogy, k⋆ is the rank of the estimated complete preference113

matrix after some ratings are queried. k⋆ should be such that the estimated matrix represents the114

variation of preferences well while not requiring too many queries. How matrix completion algorithms115

deal with this in practice varies. We will model this process as a learner who has a marginal “budget”116

of “variation” he can allow himself to lose. See Appendix C.2 for a formal discussion of variation.117

Definition 2.1 (α-loss tolerant learner) An α variance loss tolerant learner gets R̂ where k⋆ is:118

mink∈[rank(R̃)] k s.t., σk+1(R̃) ≤ α119

Recall from principal component (PC) analysis, that the kth singular value captures the relative120

variation retained by the kth PC. An α-loss tolerant learner has the lowest rank R̂, such that increasing121

rank by 1 will not improve the proportion of information retained from R̃ according to budget α.122

2.1.2 Recommendation phase123

The learner estimates top item(s) for each user, Itop(u) := argmaxi∈[n] r̂u,i. He breaks ties in favor124

of the most popular of the top-rated items Ipop
top (u), i.e.,125

top(u) ∼ Unif(Ipop
top (u)), where Ipop

top (u) := maxi∈Itop(u) ∥R̂i∥1126

2.2 Agent preferences127

For the main body, we focus on a simple class of ground truth preference matrices.128

3



Definition 2.2 (Majority-minority matrix) R ∈ Rm×n
≥0 is a majority-minority matrix if there exists129

a partition of users UMAJ ∪ UMIN = [m] (where UMAJ,UMIN ⊆ [m]) and a partition of items IMAJ ∪130

IMIN = [n] (where IMAJ, IMIN ⊆ [m]) such that if u ∈ UMAJ and i ∈ IMIN or u′ ∈ UMIN and i′ ∈ IMAJ,131

then ru,i, ru′i′ = 0. Further, no user has ratings of all 0s (i.e., ∀u ∈ [m],
∑

i∈[n] ru,i > 0).132

These are matrices where each user group has an exclusively preferred set of items. In Appendix G,133

we present analogous results under a more complex class of non-exclusive preference matrices.134

Remark 2.1 The welfare of each user is invariant under any re-ordering of users and items.135

The proof of this remark is in Appendix C.3. We will order the rows and columns of the true136

preference matrices such that for some m̄ ∈ [m] and n̄ ∈ [n], UMAJ = [m̄] and IMAJ = [n̄]. Therefore,137

R⋆ is a block-diagonal matrix where the blocks are: R⋆
MAJ ∈ Rm̄×n̄

≥0 and R⋆
MIN ∈ R(m−m̄)×(n−n̄)

≥0 .138

We name these matrix blocks “majority” and “minority” because they represent user groups that are139

more/less dominant in the system, respectively. To represent dominance mathematically, consider:140

Assumption 2.1 (Singular Value Gap) Let R be a majority-minority matrix, kMAJ = rank(RMAJ),141

and G(R) := (σ1(RMIN), σkMAJ
(RMAJ)). If G(R) ̸= ∅, then R has a singular value gap.142

The preference matrices of the main body will be majority-majority matrices with a singular value143

gap. See Appendix C.4 for an example. Recall that for block-diagonal matrices, SVD is the sum the144

blocks’ SVDs. We can use this to compute k⋆ when the learner is α-loss tolerant such that α ∈ G(R̃):145

Proposition 2.1 For any revealed majority-minority preference matrices R̃ with a singular value146

gap and any α-loss tolerant learner where α ∈ G(R̃) it must be the case that k⋆ = kMAJ.147

Rating. We consider two agent behavioral models: truthful and altruistic. Truthful agents interact148

with content according to their true, personal preferences: r̃u,i = r⋆u,i. Altruistic agents gain utility149

from other users having good recommendations. Does the system incentivize truthfulness to personal150

preference for altruistic agents? Are there computationally tractable dominating rating strategies?151

3 Welfare Analysis152

We will see that when there exist (1) a majority class of users who like popular items (2) a minority153

class who like niche items (3) limited RecSys exploration, too little information may be learned about154

minority preferences. This yields good majority recommendations, but popular item recommendations155

to the minority. Fortunately, if altruistic majority users purposefully interact with niche content, they156

may force the learner to be sensitive to minority preferences and strictly improve recommendations!157

3.1 Social welfare of majority-minority preference matrices under truthfulness158

In a majority-minority matrix satisfying Assumption 2.1, the majority is more “important” in the159

low-rank approximation. If R̃ = R⋆, some learners will only recommend accurately to the majority.160

Theorem 3.1 (Truthfulness is good for majority, bad for minority) Let R⋆ be a majority-161

minority matrix satisfying Assumption 2.1 and R⋆ = R̃. If α ∈ G(R⋆) (the singular value gap), then162

majority users get their top item, while minority users get popular items they do not like. Formally:163

r⋆u,top(u) =

{
maxi∈[n] r

⋆
u,i u ∈ UMAJ

0 u ∈ UMIN
, SW(R⋆, α) =

∑
u∈UMAJ

argmaxi∈[n] r
⋆
u,i164

3.2 Improving social welfare via simple collective rating strategies165

Can collaborative rating distortion force the learner to retain minority information? We focus on166

aiding “picky” minority users, who are “hard to learn” because in MC, all their preferences may be167

estimated as 0 if exploration is insufficient (Assumption C.1 and Thm C.2). In a worst-case sense,168

they are particularly in need. Appendix results use a weaker version of pickiness (Assumption G.5).169

Definition 3.1 (Picky Users) We say that item i⋆ is a picky item with picky user group Ui⋆ if170

ru,i⋆ > 0 ⇐⇒ u ∈ Ui⋆ ,∀u ∈ [m] and ru,i = 0 ∀u ∈ Ui⋆ , ∀i ̸= i⋆171

For the following results, we model collectives of majority users uprating a picky minority item by a172

collaboratively selected amount, η. Generalized misreporting strategies are analyzed in Appendix G.173
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(η,UA)-Altruistic uprating. Let R⋆ be a majority-minority matrix, and let UA ⊆ UMAJ be an altruistic174

subset of majority users. All u ∈ UA rate η ∈ R>0 for picky item i⋆ > n̄, other ratings are truthful.175

Thus, R̃ is the same as R⋆ except for elements indexed (u, i⋆),∀u ∈ UA.176

Next, we derive sufficient conditions on UA and η such that if R̃ were reported, the picky users and177

all majority users have maximized welfare. To do so, we define another useful singular value gap.178

Definition 3.2 ((η,UA)-Sufficient Singular Value Gap) For a given η ∈ R>0, UA ⊆ UMAJ, and179

majority-minority preference matrix, R, define the following space, G(R,UA, η):180

G(R,UA, η) :=
(
σ1(RMIN),

√
min{σkMAJ

(RMAJ)2, η2|UA|+ ASVi⋆} − η
√
n̄AViA

n̄

)
181

where ASVi⋆ = ∥Ri⋆∥22 is the aggregate square value of item i⋆ and AViA
n̄
= maxi∈[n̄]

∑
u∈UA

ru,i182

is the largest aggregate value of a popular item for altruists.183

Now we are ready to formally state when altruistic strategies are effective:184

Theorem 3.2 (Social Welfare as a function of UA and η) Let R⋆ be a majority-minority matrix185

with a picky item i⋆ > n̄ and some (η,UA)-altruistic uprating such that R⋆ has (η,UA)-sufficient186

singular value gap. If η < minu∈UMAJ
maxi∈[n] r

⋆
u,i and α ∈ G(R⋆,UA, η), then we have that187

top(u) ∈
{

argmaxi∈[n] r
⋆
u,i u ∈ UMAJ ∪ Ui⋆

[n̄+ 1] u ∈ UMIN \ Ui⋆
, SW(R̃, α) =

∑
u∈(UMAJ∪Ui⋆ )

maxi∈[n] r
⋆
u,i188

This is a strict improvement (Corollary D.1)! This yields sufficient conditions on η (given UA) for189

strict SW increase (Corollary D.2), which enables the construction of an effective η finder.190

3.3 Algorithms to find effective altruism (EA)191

Algorithm 1 returns an effective η using only arithmetic operations/comparisons, which suggests,192

given sufficient info-sharing, it is computationally reasonable that users find effective strategies.193

Algorithm 1 Find an effective η

Require: σkMAJ
(R⋆

MAJ), α, n̄, ASVi⋆ , AViA
n̄

, κ, |UA|

Nup ← min

{
(σkMAJ

(R⋆
MAJ)

2 − α2)/(
√
n̄AViA

n̄
), κ

}
// upper bound on feasible η

d← n̄AViA
n̄

2 + 4|UA|(α2 − ASVi⋆) // find discriminant
if d < 0 then

Nlo ← Nup/2 // no real η lower bound exists
else if d ≥ 0 then

Nlo ← (
√
n̄AViA

n̄
+
√
d)/(2|UA|) // lower bound on feasible η

if Nlo < Nup then return (Nlo +Nup)/2 // return if exists feasible η

Nup ← min

{
(
√
n̄AViA

n̄
−
√
d)/(2|UA|), Nup

}
// new upper bound on feasible η

if Nup > 0 then return Nup/2 // return an η if upper bound > 0
return 0 // sufficient conditions can’t be satisfied

Theorem 3.3 (Algorithm 1 returns an effective η) Let R⋆ be a majority-minority matrix satisfying194

Assumption 2.1 with a picky item at index i⋆ > n̄ and α ∈ G(R⋆), then Algorithm 1, using195

(σkMAJ
(R⋆

MAJ), α, n̄, ASVi⋆ , AViA
n̄

, κ, |UA|) as parameters, returns either:196

• η ∈ R>0 such that social welfare is improved if all u ∈ UA uprate i⋆ by η.197

• 0 if and only if there is no η correlated strategy that satisfies our feasible conditions.198

It may not be reasonable to assume that the shared information is perfect. In Appendix D.3, we prove199

that even with incorrect information, the η̂ produced by Algorithm 1 may satisfy true conditions.200

3.4 Learner’s welfare201

Minority group’s welfare improves while not decreasing the welfare of any other user. Thus, given202

minimally altruistic agents and the right conditions, algorithmic collective action is incentivized. Is203

5



this good design? We analyze the learner’s welfare under two utility functions similar to prior work.204

Surprisingly, altruistic strategies improve his welfare! Proofs are in Appendix D.4.205

Benevolent learner. A benevolent learner is one whose welfare is user social welfare, UBEN :=206

SW(R⋆, α). We directly get Corollary D.4: a strict increase in benevolent learner utility!207

Engagement-based learner. To RecSys, users’ ratings represent watchtimes, views, likes, comments,208

etc., on which he can sell ad space. Thus, he gains utility directly from ratings (even those which are209

“fake”). Suppose UEN :=
∑

i∈[n]

∑
u∈[m] |r̃u,i|. EA strategies are uprating schemes: a set of users210

submit η instead of 0. Thus, because engagement-based utility is simply the sum of ratings, clearly an211

EA strategy yields higher utility than truthfulness. The formal proposition is left to Appendix D.4.2212

4 Empirical results213

We present two empirical contributions. The first is a simulation of altruistic users on a real dataset.214

The second is a survey of 100 users asked about their interactions with recommendation algorithms.215

4.1 Experiment216

We run a simulation similar to movements in online book communities, where due to inequities217

[53], users intentionally interact with marginalized authors’ content to correct for algorithms’ lack218

of promotion [52]. We construct a matrix of Goodreads users’ interactions with different genres.219

The number of books reviewed of a genre is that user’s rating of it. Whether a genre is a majority /220

minority item comes from the reviews it has. User groups are defined by a user’s most reviewed genre.221

We simulate a subset of romance (the most reviewed genre) readers reviewing additional books of a222

less-popular genre. Even though assumptions of the main body are not satisfied, for certain α’s, there223

is social welfare improvement! Methodology and additional results are in Appendix E.1.224

4.1.1 Results225

We present social welfare change when 1/3 or 1/2 of romance users uprate. For each minority genre226

uprated, the percent increase in social welfare of minority groups is large, as much as a 15 times227

(Figure 3)! In all cases, the total welfare improvement is between 8% and 10% (Table 5). Like in228

the theoretical results, α must be in a particular range for each result. These ranges are presented in229

Table 4 in Appendix E.2).230

4.2 Survey231

Both literature and real-world evidence prove in certain contexts users engage with content to affect232

others’ recommendations in altruistic ways. Is it realistic to expect that correlated rating strategies are233

actually widespread in a recommendation system? We present examples of strategies and preliminary234

results on the scale of altruism through a survey of random users. All details are in Appendix E.2.235

4.2.1 Results236

Of 100 responders, all used algorithm-based platforms. The majority of participants (92) believed237

their interactions affect their recommended feed; a smaller majority (57) believed their interactions238

affected others (Table 6). A surprisingly high amount of users indicate correlated rating strategies239

(Table 7). 32 users had intentionally interacted or avoided to influence other feeds. Those who have240

intentionally interacted to affect others were fairly consistent in reasoning; 16/20 discussed promoting241

content from specific sources they liked or morally supported and 6/20 mentioned some form of242

charity. In Appendix E.2.2 we provide textual examples and reasoning provided by users.243

5 Conclusion244

We model a RecSys in which users’ preferences influence each other’s recommendations. Construct-245

ing a class of simple correlated rating strategies, we find that users are able to strictly improve social246

welfare beyond truthful preference reporting. These strategies represent altruistic manipulations:247

users in the majority are able to improve the minority group’s recommendations. We provide a248

robust algorithm to find an effective strategy and prove that the learner’ utility is also improved under249

altruism. We supplement our theoretical results with empirics: (1) a simulation of altruism on the250

Goodreads dataset and (2) an online survey of real users. We are the first to lay the groundwork for251

the theoretical analysis of recommendations as multi-agent models in which users are not exclusively252

self-interested. There are several interesting lines of future work, and we elaborate on them in253

Appendix F.254
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Supplementary Material518

A Table of notation519

To assist the reader, we include a table summarizing our paper notation below.520

Table 1: Paper notation in the main body
Notation Explanation

R generic preference matrix (elements ru,i)
R⋆ ground truth preference matrix
R̃ revealed preference matrix
R̂ low-rank approximation of preference matrix

RMAJ,RMIN submatrices for majority and minority groups
α learner’s loss tolerance parameter
k⋆ learner’s chosen rank
kMAJ rank of the majority submatrix

TVR(k⋆,R) total variation retained after k⋆-truncated svd on R

top(u) top item recommended to user u
Itop(u) set of user u’s top items under R̂
Ipop

top (u) most popular top item(s) for user u
U set of users

UMAJ,UMIN majority and minority user sets
IMAJ, IMIN majority and minority item sets
G(R) singular value gap range for matrix R

i⋆ picky item index preferred by minority users
Ui⋆ group of users who like only item i⋆

UA subset of majority users who are altruists
η positive uprating amount used by altruistic users
η̂ correlated strategy returned by Algorithm 1

ASVi⋆ squared norm of column i⋆ in R⋆

AViA
n̄

max total (true) preference for a popular item among altruists
G(R,UA, η) uprating-aware singular value gap

κ smallest top rating among majority users
SW(R, α) social welfare under matrix R and parameter α

ẑ, z⋆ estimated and true parameter vectors for Algorithm 1

B Supplementary material for Section 1521

B.1 Extended related works522

Our work is related to four major streams of literature: Human Computer Interaction, RecSys523

modeling, strategic classification, and collaborative filtering & matrix completion. We provide524

extensive details on each of these below.525

Human computer interaction and algorithmic collective action. There is a breadth of human526

computer interaction literature that serves as the inspiration for our theoretical modeling of user527

strategic behavior. It has long been clear that even “normal” users are aware of social platforms’528

recommendation algorithms [24]. HCI researchers study the complex mental models people develop529

to understand algorithms as folk theories [56, 27]. How a user forms their algorithmic folk theories530

is heavily impacted by the way in which they present themselves to the platform (posts, statuses,531

etc) and interact with content (likes, comments, etc.) [23]. Thus, there are many works that conduct532

interview studies with users of different intersections about their experiences/theories related to533
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curation/recommendation algorithms. These intersections include YouTube creators [70], LGBTQ+534

TikTok users [65], transfeminine TikTok creators [22], Queer people targeted by ads [62], participants535

of online mental health communities[55], and black content creators [32]. Across the intersections of536

these interview studies and in a recent large scale experiment [14], results indicate that people use537

their folk theories to strategically interact (e.g. liking, commenting, watching, etc) with platform538

content in order to tailor their personal recommendation feeds when possible. However, a user’s539

folk theories (including those documented in the interview studies above) are not limited to how the540

algorithm impacts them personally. Many users of the online book discussion community known as541

“BookTok”, for example, theorize that the recommendation algorithm generally suppresses content542

from marginalized creators [53]. Karizat et al. [45] document the relationship between such folk543

theories and altruistic actions users take in order to ameliorate bad/harmful recommendation for544

other groups. While there are not yet large scale experiments on altruistically strategic interactions,545

grassroots movements among communities engaging in this to support BLM [18] and marginalized546

authors [52] have been reported. Our theoretical model serves as a proof-of-concept mathematically547

for altruistic interaction and our survey indicates that altruistic interaction may be fairly commonplace.548

This is relevant to a theoretical line of work called algorithmic collective action (ACA) first presented549

by Hardt et al. [31] who study a setting in which agents participate in coordinated strategies550

to manipulate a learning algorithm. Further works have considered modifications primarily to551

the agent-side such as: multiple and varied collectives [44] and combinatorial actions [64]. And552

others complicate the learner’s problem such as: ACA under a differentially-private model [66] or553

distributionally robust optimizers [6]. Our model focuses on ACA in recommendation systems, which554

are not covered under the existing theoretical works. Empirically, Baumann and Mendler-Dünner [3]555

examine a very similar ACA phenomenon by simulating collective playlist reordering to improve556

song promotion on platforms like Spotify. Considering playlist order as a form of rating, our work557

can be interpreted as a theoretical foundation to their results.558

RecSys modeling. There is a large body of work on the modeling of recommender systems through a559

game-theoretic or economic lens. Two are most relevant to this work as they model users themselves560

behaving strategically. First, Haupt et al. [34] model strategic users and a recommender system as561

a two-phase Stackelberg game in which the recommender commits to a policy that maps a user’s562

interactions to a content recommendation and then users strategically interact with content during a563

learning phase. In our model, we abstract away from the recommender learning preferences over564

rounds and allow the interactions of one user to impact the recommendations of another. Second,565

Cen et al. [15] also model the interaction as a repeated two-player (Stackelberg) game. At each566

round, the learner provides recommendations to the user based on an estimate of user strategies, and567

the user responds with a behavior generated by an [evolving] user strategy. Authors conclude that568

trustworthy algorithms are those that do not incentivize a user to be strategic and guarantee κ payoff569

to the naive agent. Our model differs from this one because we consider a multi-agent game, though570

their conception of trustworthiness could likely be made applicable to our model if we consider571

payoff guarantees across all users.572

Other relevant game-theoretic models consider some sort of user or item social welfare (though not573

strategic users). Dean et al. [20] find that under certain conditions in top-N collaborative filtering574

methodologies, some items, despite being in the system, would never be recommended to any type575

of user. Guo et al. [29] expand upon this problem and find that it can be ameliorated when users576

are represented by multiple feature vectors. We take a more user-centered approach in our analysis577

of social welfare. Peng et al. [58] analyze the recommender’s accuracy/diversity trade-off when578

providing content and conclude that users’ consumption cost constraints should imply more diversity579

is utility-maximizing for users. Because our results focus on top-1 recommendation according580

to a fixed preference matrix, this is not an issue for the learner we study. Some game-theoretic581

recommender system models focus primarily on welfare or mechanisms for the learner. Hébert and582

Zhong [39] consider the recommender’s problem as an optimal information design over a sequence of583

rounds to keep a user engaged with the platform for as long as possible, Ben-Porat et al. [9] consider584

the learner as a multi-armed bandit wanting to avoid user attrition, and Keinan and Ben-Porat [46]585

create a model that maximizes engagement to avoid user churn. While not the primary focus of586

our work, we consider a version of engagement maximization for the learner’s utility function in587

section 3.4. Additionally, there are a handful of modeling works that consider content creators as588

strategic. Some of these directions include characterizing/learning equilibria of the content creation589

marketplace [41, 8], modeling the incentives creators have to invest in creating quality or clickbait590

content [40], designing learning algorithms for the recommender that will incentivize quality content591
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generation [38], designing fair and stable recommenders under content creator strategization[7], and .592

While content creators are a type of user, creation of new content is not the type of rating interaction593

we consider with our preference matrices (see section 5 for discussion of ratings).594

Finally, while not explicitly a model of content recommendation, there is also a connection between595

our modeling of altruistic agents and ideas of public spirit. Flanigan et al. [26] model a voting596

setting in which a public-spirited agent, who may otherwise suffer distortion in social welfare due597

to the nature of voting with cardinal preferences [59], accounts for other agents’ utility functions598

in the submission of her cardinal preferences to the voting mechanism. Our conception of agents599

intentionally manipulating ratings to help others is similar, but because in our model every agent600

receives her own recommendation (rather than the election in which one candidate is chosen) and the601

strategy space is continuous the public-spirited voting regime is significantly different.602

Strategic classification. Given that we focus on strategic individuals in recommender systems, there603

is a breadth of relevant work on strategic agents in classification problems. Presented first by Hardt et604

al. [30], in this setting there is a learner who publishes a classifier to agents whose utility depends605

on their classification. Top-1 recommendation resembles strategic multi-class classification where606

the learner takes as input user features and outputs (a type of) content each user would like. There607

exists a large thread of learner-centric strategic classification literature, such as algorithms that are608

in some way robust to agent strategization such as incentive-awareness [30, 50, 16], truthfulness609

[33] or strategyproofness [2]. Although we address learner welfare in Section 3.4, more relevant610

to our work is strategic classification literature focusing on user-centric perspectives. Particularly611

relevant are works on fairness across user groups. Hu et al. [37] address unequal outcomes in terms612

of misclassification and Milli et al. [54] study unequal outcomes in terms of effort to manipulate613

one’s features. Both papers, including [25] examine interventions that the learner could take and614

how that impacts outcomes for different user groups. By contrast, we present a user intervention,615

show that altruistic users are incentivized to act in this manner, and that no user is made worse-off.616

We consider the setting where altruistic agents strategize collectively via a coordinating mechanism617

which may not know everything about the learner and participating agents. Hence a related thread of618

literature analyzes when agents have incomplete information about the classifier, e.g., because it is619

purposefully withheld or too complicated for everyday people to understand. Bechavod et al. [4]620

study the setting where information is inferred and shared within sub-populations, others assume621

agents have knowledge of a distributional prior [19], and look at when transparent or opaque policies622

give rise to more accurate classifications [28]. In contrast to these papers, which study incomplete623

knowledge of the agents on the classifier, we consider incomplete information of a coordinating624

mechanism regarding both the participating strategic agents and the learner.625

Collaborative filtering and matrix completion. In this methodology, since users rarely rate or view626

all available items estimates of user’s preferences for unseen items depend on their past ratings and627

the ratings of other users [63, 49, 67]. Formally, this can be viewed as a matrix completion problem628

where the matrix represents user-item ratings (e.g., stars or likes). Without any knowledge of the629

matrix properties, this problem is impossible: the remaining entries could be anything. Consequently,630

ratings matrices are commonly assumed to be low-rank. A series of papers provide bounds on631

the number of random matrix entries required to perfectly recovery low-rank matrices that also632

satisfy some coherence conditions (which loosely tell us how informative ratings are about one633

another) [13, 12, 60]. Other papers study extensions of this problem: when there is noise [11, 47]634

and when recovery is online and sampling is active [1, 42]. Our learner protocol is a tractable635

abstraction of matrix completion-based recommendation by directly considering the problem of636

low-rank approximations of completed preferences matrices.637

Matrix completion in recommendation systems is particularly relevant to our use of rank reduction for638

the learner. Matrix factorization [48] approximates ratings as dot products of low-dimensional user639

and item embeddings. When the objective is to minimize squared estimation error, it is equivalent to640

PCA. Nuclear norm minimization [12], is a convex relaxation of the rank function and in some cases641

provably recovers the rank-minimizing solution subject to agreement with known entries [61].642

Many of the common techniques such as matrix factorization [48] and nuclear norm minimization643

[12] rely on the assumption that the matrix is low-rank. implicitly assuming that preference data644

may be represented in a low-dimensional latent space. If he does not receive ratings certain key645

user/item pairs (because of extremely disparate user preferences or bad luck, for example) that prove646

a user/item (i.e. row or column) is linearly independent from others, he will likely assume users/items647
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are more similar than they really are. We point the reader to appendix section C.1 for some technical648

results. Studying this problem through an explicitly matrix factorization lens, however, is difficult in649

generality. Thus our model represents this by first having a fully completed matrix and then requiring650

some level of rank reduction.651

C Supplementary Material for Section 2652

C.1 Theoretical connections to matrix completion653

Realistically, the recommender learns (potentially non-deterministic) user preferences over rounds654

in which users are served items and provide ratings (likes, comments, watchtimes, etc). Over these655

rounds, he may fill in the preference matrix with estimates how much each user likes the shown656

item. Because there are often a large number of missing entries in the full ratings matrix, assuming657

a simpler structure for the ratings matrix is necessary to create estimates of the remaining entries.658

A common method in collaborative filtering is matrix completion. While there are many methods659

and optimization problems used in practice such as matrix factorization [48], here we discuss the660

connection of low-rank approximation to a specific method that has been extensively in the literature:661

nuclear norm minimization subject to agreement with observed entries [12, 60, 13].662

In particular, we assume that R is some unknown low-rank matrix which we want to recover. Define663

Ω to be the set of (u, i) pairs that have been observed so that (u, i) ∈ Ω if user u has seen item i.664

Formally,665

Ω := {(u, i) ∈ [m]× [n] : ru,i has been observed}.
If we know that R is the only rank-d matrix that agrees with observed entries then the following666

rank-minimization problem will return R:667

minimizeX∈Rm×n rank(X)

subject to xu,i = ru,i ∀(u, i) ∈ Ω.
(1)

However, this problem is NP-hard. Consequently, the aforementioned papers consider the nuclear668

norm, ∥ · ∥∗ which is the sum of the singular values and solve the following problem instead:669

minimizeX∈Rm×n ∥X∥∗
subject to xu,i = ru,i ∀(u, i) ∈ Ω.

(2)

The nuclear norm is a proxy for rank in the same way that the L1 norm is a proxy for the L0 norm670

of a vector and can be minimized via semi-definite programming. And, when singular values are at671

most 1, it is the best convex lower approximation of the rank function [61].672

In our paper, the α loss tolerant learner picks a rank such that the sum of the remaining singular673

values is small (each is at most α). The nuclear norm minimization problem makes this sum as small674

as possible. Therefore, it tends to “smooth” out potential discrepancies in observed (or unobserved)675

entries. To give an example of this, we will now discuss a similar result to Theorem 3.1 on the676

recovery of minority preferences.677

The following assumption specifies a specific type of user preferences.678

Assumption C.1 (Distinct preferences) Users are in one of two disjoint groups, GA and GB , where679

the ratings of user u satisfy the following:680

Ru. =

{
a u ∈ GA

b u ∈ GB
,

where a and b are linearly independent and for i∗B = argmaxi∈[n]bi, ai∗B = 0.681

Theorem C.2 (Estimated Minority Item Ratings are Zero) Assume that R satisfies Assumption682

C.1, and for all u ∈ GB , (u, i∗B) /∈ Ω. Then the solution R̂ to Problem 1 will satisfy R̂ui∗B
= 0 for683

all u ∈ [m].684

The proof is very simple and relies on the following lemma:685

Lemma C.1 (Lemma 2.3. of [61]) Let A and B be matrices of the same dimensions. If AB⊤ = 0686

and A⊤B = 0 then ∥A+B∥∗ = ∥A∥∗ + ∥B∥∗.687
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Proof. WLOG let i∗B = n. Assume for the sake of contradiction that R̂.,n ̸= 0. Then we can write688

R̂ as X+Y where X is equal to R̂ on all columns but the last column where it is zero, and Y is689

zero except for the last column where it is equal to R̂.690

By construction, XY⊤ = 0 and X⊤Y = 0. Therefore, by Lemma C.1691

|R̂∥∗ = ∥X∥∗ + ∥Y∥∗ > ∥X∥∗.

The constraint xu,i = ru,i for all (u, i) ∈ Ω is satisfied for X since all users who saw item n (if any)692

gave it a rating of zero. Therefore, R̂ cannot be the optimal solution. □693

C.2 Further discussion of “variation" retention694

We can consider the following formal definition of “variation retention" that a particular rank reduction695

would have:696

Definition C.1 The total variation retained when doing a k⋆-truncated SVD to approximate R̃ is:697

TVR(k⋆) :=

∑
j∈[k⋆] σj(R̃)∑

j∈[rank(R)] σj(R̃)

Our TVR is version of what is commonly referred to as an “explained variance ratio”[57] or698

Cummulative Percentage of Total Variation [43] for PCA these are the same function though in terms699

of the eigenvalues of R̃.700

This means that an equivalent definition of the α-loss tolerant learner would be:701

Definition C.2 (equivalent α-loss tolerant learner) An α variance loss tolerant learner gets R̂702

where k⋆ is the minimum such that TVR(k⋆ + 1)− TVR(k⋆) ≤ α · (
∑

j∈[rank(R̃)] σj(R̃))−1.703

That is, the α-loss tolerant learner just has a budget of α∑
j∈[rank(R̃)] σj(R̃)

on the increase in TVR as k704

is increased. This type of learner wants the minimum rank possible such that increasing rank doesn’t705

improve the total variance retained very much.706

C.3 Proof of remark 2.1707

Proof of Remark 2.1. Let πR be a permutation of users (rows) and πC be a permutation of items708

(columns) and PR, PC the corresponding permutation matrices. Then the permuted ratings matrix is709

given by710

R′ = PRRPC .

Claim 1: Let R̂ be the rank-k PCA of R. Then R̂′ = PRRPC is the rank-k PCA of R′.711

Recall that R̂ is a rank-k matrix minimizing the sum of squared errors. For any rank-k matrix X:712

∥R−X∥2F =
∑

u∈[m]

∑
i∈[n]

(rui − xui)
2

=
∑

u∈[m]

∑
i∈[n]

(rπR(u),πC(i) − xπR(u),πC(i))
2

= ∥PRRPC −PRXPC∥2F
= ∥R′ −PRXPC∥2F

Thus:713

R̂ ∈ argmin
X:rank(X)=k

∥R−X∥F ⇐⇒ R̂′ ∈ argmin
X:rank(X)=k

∥R′ −X∥F

Claim 2: Let µ and µ′ be the recommendations based on R̂ and R̂′, respectively. Then for all714

u ∈ [m]:715

ru,µu = r′πR(u),µ′
πR(u)

.
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By construction, r̂′πR(u),πC(i) = r̂u,i for all (u, i) ∈ [m]× [n]. Thus,716

µu ∈ argmax
i∈[n]

r̂u,i

⇐⇒ µu ∈ argmax
i∈[n]

r̂′πR(u),πC(i)

⇐⇒ πC(µu) ∈ argmax
i∈[n]

r̂′πR(u),i

Further, ∥R:,i∥1 = ∥R:,πC(i)∥1. Therefore, the recommendation will be the same regardless of717

ordering. □718

C.4 Example of a majority-minority matrix with a singular value gap719

Example C.1 A very simple majority-minority matrix is a binary matrix where every user likes just720

one item and there are 4 items: 2 popular items liked by mMAJ users and 2 less-popular items liked721

by mMIN < mMAJ users. Ordering users by which item they like, and listing the popular items first the722

we can write R as723

R =


1mMAJ

0 0 0

0 1mMAJ
0 0

0 0 1mMIN
0

0 0 0 1mMIN


where 1m ∈ Rm is a vectors of all 1s, one for each of the users who like that item. Likewise:724

R =

(
RMAJ 0

0 RMIN

)

where RMAJ ∈ R2mMAJ×2 =

(
1mMAJ

0

0 1mMAJ

)
has the ratings of all users who like the popular items725

and RMIN ∈ R2mMIN×2 =

(
1mMIN

0

0 1mMIN

)
has the ratings of all users who like the less-popular726

items. The Singular Value Gap space is G(R) = (
√
mMIN,

√
mMAJ)727

C.5 Proof of Proposition 2.1728

Proof. Since R̃ is a block matrix, we have that σkMAJ+1(R̃) = σ1(R̃MIN) ≤ α, which implies that729

k⋆ ≤ kMAJ. Likewise: σkMAJ
(R̃) = σkMAJ

(R̃MAJ) > α, which implies k⋆ ≥ kMAJ. Thus k⋆ = kMAJ. □730

D Supplementary Material for Section 3731

D.1 Supplementary material for truthful social welfare results732

D.1.1 Proof of Theorem 3.1733

Proof. By Proposition 2.1, the learner reduces R⋆ to rank kMAJ, meaning R̂ =
∑

i∈[kMAJ]
σiuivi

⊤,734

where this is a sum over the kMAJ largest singular values. Let UMAJΣMAJV
⊤

MAJ, UMINΣMINV
⊤

MIN be a735

SVD for R⋆
MAJ and R⋆

MIN, respectively. Then the following is a SVD for R⋆:736 (
UMAJ 0

0 UMIN

)(
ΣMAJ 0

0 ΣMIN

)(
V ⊤

MAJ 0

0 V ⊤
MIN

)
=

(
UMAJΣMAJV

⊤
MAJ 0

0 UMINΣMINV
⊤

MIN

)
.

Note that737

Σ :=

(
ΣMAJ 0

0 ΣMIN

)
is not necessarily a perfectly ordered diagonal of singular values because even if ΣMAJ and ΣMIN are738

ordered, we do not assume full rank of R⋆
MAJ, meaning that some diag elements of ΣMAJ may be 0.739

However by Assumption 2.1, the first kMAJ singular values belong to ΣMAJ. Also using the definition740

of kMAJ as the rank of R⋆
MAJ,741

R̂ =

(
UMAJΣMAJV

⊤
MAJ 0

0 0

)
=

(
R⋆

MAJ 0

0 0

)
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Firstly, we will show that for all u ∈ UMAJ, r
⋆
ui⋆u

= maxi∈[n] r
⋆
u,i. Because all ratings for majority742

users are preserved, for all u ∈ UMAJ:743

argmax
i∈[n]

r̂u,i = argmax
i∈[n]

r⋆u,i.

Hence, i⋆u ∈ argmaxi∈[n] r
⋆
u,i and r⋆ui⋆u = maxi∈[n] r

⋆
u,i.744

Secondly, we will show that for all u ∈ UMIN, r
⋆
u,i⋆u

= 0. For all minority users:745

argmax
i∈[n]

r̂u,i = [n]

since their ratings are represented by a vector of 0s. Therefore, they will be recommended an item746

from the arg max of747

maximizei∈[n]∥R̂i∥1

But clearly (because R̂ is simply the zero-padded majority matrix) this can be rewritten as748

maximizei∈[n̄]∥R⋆
MAJi
∥1

By assumption,
∑

u∈UMIN
r⋆u,i = 0 for all i ∈ [n̄]. Thus for all u ∈ UMIN, i⋆u ∈ [n̄] and r⋆u,i⋆u = 0. □749

D.2 Supplementary material for EA social welfare results750

D.2.1 Proof of Theorem 3.2751

We will first refer to known lower-bounds on matrix singular values when appending a column:752

Lemma D.1 (Corollary 3.5 of Chretien and Darses [17]) Let d be a positive integer and let M ∈753

Rd×d be a positive semi-definite matrix with rank k ≤ d, whose eigenvalues are λ1 ≥ · · · ≥ λd. For754

some a ∈ Rd, and c ∈ R let A be given by755

A =

(
c a⊤

a M

)
Then756

λk+1(A) ≥ min(c, λk)− ∥a∥2.

And bounds on matrix singular values when removing columns:757

Lemma D.2 (Corollary 7.3.6 of Horn and Johnson [36]) Let A ∈ Cm×n be a hermitian matrix758

and let Â ∈ Cm×(n−1) or ∈ C(m−1)×n be a hermitian matrix obtained by deleting any column or759

row from A. Define r := rank(A) and σr(Â) = 0 if m ≥ n and a column is deleted or if m ≤ n760

and a row is deleted. Then:761

σ1(A) ≥ σ1(Â) ≥ σ2(A) ≥ σ2(Â) ≥ · · · ≥ σr(A) ≥ σr(Â)

Proof of Theorem 3.2.762

WLOG we shall assume that i⋆ = n̄+ 1 and UMAJ ∪ Ui⋆ = [m1] (see Remark 2.1). In order to prove763

that social welfare is the sum of majority AND picky item users’ top ratings, we shall go first prove764

the following claims:765

Claim D.1 Given R̃, the learner will pick k⋆ = kMAJ + 1.766

Claim D.2 Let R̂ be the rank k⋆ SVD truncation of R̃. We have that767

r̂u,i =


r⋆u,i u ∈ UMAJ, i ∈ [n̄]

r̃u,i u ∈ (UMAJ ∪ Ui⋆), i = i⋆

0 ow

.

Proof of Claim D.1.768

Recall that the learner picks k⋆ by solving769
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min
k≤min{m,n}

k

s.t. σk+1(R̃) ≤ α

First, we will show that σkMAJ+1(R̃) > α which implies that k⋆ ≥ kMAJ + 1.770

We shall show this by invoking Lemma D.1 to bound the (kMAJ + 1)th singular value of a matrix771

X̃ ∈ Rm×(n̄+1) made up of the first n̄ + 1 columns of R̃. We will then show that this is weakly772

smaller than σkMAJ+1(R̃) using lemma D.2.773

Let matrix X ∈ Rm×n̄ be a matrix made up of the first n̄ columns of R⋆ (or equivalently, R̃).774

Construct A ∈ R(n̄+1)×(n̄+1) according to Lemma D.1: with X⊤X ∈ Rn̄×n̄, c = R̃⊤
i⋆R̃i⋆ ∈ R,775

a = X⊤R̃i⋆ ∈ Rm. This satisfies the conditions of Lemma D.1 when k = kMAJ and d = n̄.776

Evaluating for each value in the bound of Lemma D.1:777

c = R̃⊤
i⋆R̃i⋆ =

∑
u∈[m]

r̃2u,i⋆

=
∑
u∈UA

η2 +
∑

u∈Ui⋆

(r⋆u,i⋆)
2 Definition 3.1

= η2|UA|+ ∥R⋆
i⋆∥22 By construction of EA strategy

Additionally:778

∥a∥22 =
∑
i∈[n̄]

(
X⊤R̃i⋆

)2
i
=
∑
i∈[n̄]

 ∑
u∈[m]

r⋆u,ir̃u,i⋆

2

=
∑
i∈[n̄]

( ∑
u∈UMAJ

r⋆u,ir̃u,i⋆

)2

exclusivity of IMAJ and IMIN

=
∑
i∈[n̄]

(η
∑
u∈UA

r⋆u,i)
2 = η2

∑
i∈[n̄]

(
∑
u∈UA

r⋆u,i)
2 By construction of EA strategy

≤ η2n̄max
i∈[n̄]

(
∑
u∈UA

r⋆u,i)
2

= n̄(ηAViA
n̄
)2

Thus ∥a∥2 ≤ η
√
n̄AViA

n̄
.779

To get the bound of Lemma D.1, we also need singular values of X (equivalently, eigenvalues of780

M := X⊤X). Clearly, the non-zero singular values of X and R⋆
MAJ are the same because X is simply781

R⋆
MAJ but padded with zeroes, thus:782

λkMAJ
= σkMAJ

(X)2 = σkMAJ
(R⋆

MAJ)
2

We have then that783

σkMAJ+1(R̃)2 ≥ σkMAJ+1(X̃)2 Lemma D.2
= λkMAJ+1(A) By construction of A
≥ min(c, λkMAJ

)− ∥a∥2 Lemma D.1

≥ min(η2|UA|+ ∥R⋆
i⋆∥22, σkMAJ

(R⋆
MAJ)

2)− η
√
n̄AViA

n̄

> α2 Theorem 3.2 assumption
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This implies that σkMAJ+1(R̃) > α and that k⋆ ≥ kMAJ + 1.784

Now we will show that k⋆ ≤ kMAJ + 1. Note that for all i > n̄ + 1 and u ∈ UMAJ ∪ Ui⋆ , r̃u,i = 0.785

Likewise, for all i ≤ n̄+ 1 and u /∈ UMAJ ∪ Ui⋆ , r̃u,i = 0. WLOG and because i⋆ is picky, we can786

represent R̃ as a block diagonal matrix:787

R̃ =

(
R̃MAJ′ 0

0 R̃MIN′

)
where R̃MAJ′ ∈ Rm1×n̄+1 has reported ratings for users u ∈ UMAJ ∪ Ui⋆ and items i ≤ n̄ + 1 and788

R̃MIN′ ∈ R(m−m1)×n−(n̄+1) has reported ratings for users u ∈ (UMIN \ Ui⋆) and items i > n̄+ 1.789

Recall that the singular values of a block diagonal matrix are simply a concatenation of the singular790

values of the two blocks. Since rank(R̃MAJ′) ≤ rank(R⋆
MAJ) + 1 = kMAJ + 1, it has no more than791

kMAJ + 1 nonzero singular values. It follows that at least one of the kMAJ + 2 largest singular values792

of R̃ are a singular value of R̃2. Therefore:793

σkMAJ+2(R̃) ≤ σ1(R̃MIN′)

≤ σ1(R
⋆
MIN) Lemma D.2

< α Theorem 3.2 assumption

This implies that k⋆ ≤ kMAJ + 1. So k⋆ = kMAJ + 1 as desired. □794

Proof of Claim D.2.795

Recall that the k⋆-truncated SVD is
∑

j∈[k⋆] σjujvj
⊤ where [k⋆] are the k⋆ largest singular values. In796

the above claims we showed that σkMAJ+1(R̃) ≥ min{σkMAJ
(R⋆

MAJ)
2, η2|UA|+ ASVi⋆} − η

√
n̄AViA

n̄
797

and so by assumption, the kMAJ + 1 largest singular values are all strictly greater than σ1(R̃MIN′).798

In the proof of Theorem 3.1, we showed that the SVD of a block diagonal matrix can be decomposed799

into a sum of terms for each block. Therefore, because the kMAJ + 1 largest singular values are all800

strictly greater than σ1(R̃MIN′), it must be case that for R̃,
∑

j∈[kMAJ+1] σjujvj
⊤, where [kMAJ + 1]801

are the kMAJ + 1 largest singular values, form the following matrix:802 (
R̃MAJ′ 0

0 0

)
Of course, from Claim D.1, we have that k⋆ = kMAJ + 1, thus this completes Claim D.2. □803

Now, we shall use Claims D.1 and D.2 to prove our Theorem result.804

For all u ∈ UMAJ and all i ̸= i⋆, r⋆u,i = r̂u,i. To show that user u will be recommended a top item it805

therefore suffices to show that picky item, i⋆, will not become a top item. This is true by construction:806

r̂u,i⋆ ≤ η < min
u′∈UMAJ

max
i∈[n]

r⋆u′i ≤ max
i∈[n]

r⋆u,i ∀u ∈ UMAJ

For all u ∈ Ui⋆ , r⋆u,i = r̂u,i for all i ∈ [n]. Thus argmaxi∈[n] r̂u,i = argmaxi∈[n] r
⋆
u,i = i⋆.807

Lastly, for all u ∈ UMIN \ Ui⋆ :808

argmax
i∈[n]

r̂u,i = [n]

Therefore, we will have809

top(u) ∈ argmax
i∈[n]

∥R̂i∥1 = argmax
i∈[n̄+1]

∥R̂i∥1 ⊆ [n̄+ 1]

and recall that r⋆u,i = 0 ∀i ∈ [n̄+ 1], u ∈ UMIN \ Ui⋆810

As such:811

SW(R̃, α) =
∑

u∈UMAJ

max
i∈[n]

r⋆u,i +
∑

u∈Ui⋆

max
i∈[n]

r⋆u,i +
∑

u∈UMIN

0

=
∑

u∈UMAJ∪Ui⋆

max
i∈[n]

r⋆u,i.

□812
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D.2.2 Formal statement of strict welfare increases813

Corollary D.1 (Altruism Improves SW) When the assumptions of Theorem 3.2 hold, we have that814

ρ := SW(R̃,α)
SW(R⋆,α) = 1 +

∑
u∈Ui⋆

r⋆u,i⋆∑
u∈UMAJ

maxi∈[n] r
⋆
u,i

> 1815

Proof of D.1. Recall that816

G(R,UA, η) =

(
σ1(RMIN),

√
min{σkMAJ

(RMAJ)2, η2|UA|+ ASVi⋆} − η
√
n̄AViA

n̄

)
and817

G(R) = (σ1(RMIN), σkMAJ
(RMAJ)) .

Since η
√
n̄AViA

n̄
is strictly positive, we have that the upper-bound of G(R,UA, η) is smaller while818

they are both lower-bounded by σ1(RMIN). Consequently,819

α ∈ G(R,UA, η) =⇒ α ∈ G(R).

Thus, by Theorem 3.1, SW(R⋆, α) =
∑

u∈UMAJ
maxi∈[n] r

⋆
u,i. Additionally, by Theorem 3.2,820

SW(R̃, α) =
∑

u∈UMAJ∪Ui⋆
maxi∈[n] r

⋆
u,i. Taking the ratio:821

SW(R̃, α)

SW(R⋆, α)
=

∑
u∈UMAJ∪Ui⋆

maxi∈[n] r
⋆
u,i∑

u∈UMAJ
maxi∈[n] r

⋆
u,i

= 1 +

∑
u∈Ui⋆

maxi∈[n] r
⋆
u,i∑

u∈UMAJ
maxi∈[n] r

⋆
u,i

> 1.

Where the last inequality follows by our assumption that Ui⋆ is non-empty, and individuals provide822

positive ratings for item i⋆. Additionally, note that the denominator is well-defined as RMAJ has at823

least 1 positive entry by the fact that it has a minimum singular of at least α. □824

D.2.3 Formal statement of sufficient conditions825

Corollary D.2 (Sufficient conditions on altruistic uprating to improve social welfare) Let826

R⋆ be a majority-minority matrix with a picky item i⋆ > n̄ and α > σ1(R
⋆
MIN). Then, an827

(η,UA)-altruistic uprating improves social welfare if the following hold:828

0 < η < κ, α <
√
min{σkMAJ

(R⋆
MAJ)

2, η2|UA|+ ASVi⋆} − η
√
n̄AViA

n̄
829

where κ := minu∈UMAJ
maxi∈[n] r

⋆
u,i.830

Proof of Corollary D.2. Suppose we have an altruistic rating (η,UA) for the picky item such that831

the conditions above hold. Then we must have that832

α ∈ (σ1(R
⋆
MIN),

√
min{σkMAJ

(R⋆
MAJ)

2, η2|UA|+ ASVi⋆} − η
√
n̄AViA

n̄
)

The space in this interval is G(R⋆,UA, η) by definition. Equivalently, α ∈ G(R⋆,UA, η). Since α833

clearly exists, G(R⋆,UA, η) ̸= ∅, which means R⋆ has (η,UA)-sufficient singular value gap. Thus by834

Theorem 3.2 and Corollary D.1, social welfare is improved by the manipulated matrix. □835

D.2.4 Proof of Theorem 3.3836

Proof of thm 3.3. Let η be the returned output of Algorithm 1. Note that the index of the picky item837

is n̄+ 1 without loss of generality to any i⋆ > n̄, see remark 2.1. Thus we will return to i⋆ as if it838

were n̄+ 1 for the sake of this proof. There are two parts to Theorem 3.3 that we present as claims839

and prove sequentially for the cases when η returned by Algorithm 1 is positive or zero.840

Claim D.3 If η > 0 is returned by Algorithm 1, then playing η will improve social welfare.841

Proof of Claim D.3. By Corollary D.2, it is sufficient to show that η (when η ̸= 0) satisfies the842

following:843

1. α2 < min{σkMAJ
(R⋆

MAJ)
2, η2|UA|+ ASVi⋆} − η

√
n̄AViA

n̄
844

2. η > 0845
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3. η < κ846

We first focus on the inequality:847

α2 < min{σkMAJ
(R⋆

MAJ)
2, η2|UA|+ ASVi⋆} − η

√
n̄AViA

n̄
(3)

Where η > 0, the inequality above is equivalent to both of the following statements holding:848

α2 < σkMAJ
(R⋆

MAJ)
2 − η

√
n̄AViA

n̄
⇐⇒ η <

σkMAJ
(R⋆

MAJ)
2 − α2

√
n̄AViA

n̄

(4)

and849

α2 < η2|UA|+ ASVi⋆ − η
√
n̄AViA

n̄
⇐⇒ η2|UA| − η

√
n̄AViA

n̄
+ ASVi⋆ − α2 > 0 (5)

Clearly equation 4 is an upper bound on η. We shall analyze equation 5 to get explicit bounds on η850

Let f(η) be the quadratic of equation 5 in terms of η with discriminant d := n̄AViA
n̄

2 + 4|UA|(α2 −851

ASVi⋆). Now we need to understand for which set of η ∈ R, f(η) > 0. Notice that, by standard852

properties of quadratic functions, if d ≥ 0, f(η) > 0 where η ∈
[√

n̄AV
iA
n̄
−
√
d

2|UA| ,

√
n̄AV

iA
n̄
+
√
d

2|UA|

]C
and if853

d < 0, f(η) > 0 ∀η ∈ R. Consequently, the set of feasible η for equation 3 to hold break into the854

following cases:855

1. Case 1: d < 0, therefore equation 5 does not constrain η and only equation 4 and positivity856

is important:857

η ∈
(
0,

σkMAJ
(R⋆

MAJ)
2 − α2

√
n̄AViA

n̄

)
2. Case 2: d ≥ 0, η must be feasible for both equation 5 and 4 and positive.858

η ∈

[√
n̄AViA

n̄
−
√
d

2|UA|
,

√
n̄AViA

n̄
+
√
d

2|UA|

]C
∩
(
0,

σkMAJ
(R⋆

MAJ)
2 − α2

√
n̄AViA

n̄

)

Note that σkMAJ (R
⋆
MAJ)

2−α2

√
n̄AV

iA
n̄

> 0 because σkMAJ
(R⋆

MAJ) > α by setting assumptions.859

We can further rewrite Case 2. Notice that by setting∇f = 0, the minimum of f(η) is at η =

√
n̄AV

iA
n̄

2|UA|860

which is greater than 0 by setting assumptions. Thus, it must be that
√
n̄AV

iA
n̄
+
√
d

2|UA| > 0 because861
√
n̄AV

iA
n̄
+
√
d

2|UA| is the right hand root f(η).862

1. Case 1: d < 0863

η ∈
(
0,

σkMAJ
(R⋆

MAJ)
2 − α2

√
n̄AViA

n̄

)
2. Case 2: d ≥ 0,864

η ∈

(
0,min(

√
n̄AViA

n̄
−
√
d

2|UA|
,
σkMAJ

(R⋆
MAJ)

2 − α2

√
n̄AViA

n̄

)

)
∪

(√
n̄AViA

n̄
+
√
d

2|UA|
,
σkMAJ

(R⋆
MAJ)

2 − α2

√
n̄AViA

n̄

)

Now we finally add the η < κ to the sufficient conditions. this becomes a part of both case’s upper865

bounds:866

1. Case 1: d < 0,867

η ∈
(
0,min(κ,

σkMAJ
(R⋆

MAJ)
2 − α2

√
n̄AViA

n̄

)

)
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2. Case 2: d ≥ 0,868

η ∈

(
0,min(κ,

√
n̄AViA

n̄
−
√
d

2|UA|
,
σkMAJ

(R⋆
MAJ)

2 − α2

√
n̄AViA

n̄

)

)
∪

(√
n̄AViA

n̄
+
√
d

2|UA|
,min(κ,

σkMAJ
(R⋆

MAJ)
2 − α2

√
n̄AViA

n̄

)

)

Note that we have shown that these cases are equivalent to the sufficient conditions we must prove869

are met.870

It is easy to see that in either case, when the relevant space is non-empty, Algorithm 1 returns an η in871

the space because the algorithm first checks the discriminant and then constructs the relevant range(s)872

(if nonempty). □873

Claim D.4 Algorithm 1 returns 0 if and only if there is no η correlated strategy that satisfies our874

feasible conditions.875

Proof of Claim D.4. In our proof of Claim D.3, we showed that an equivalent way to characterize876

an η that satisfies our sufficient conditions for SW improvement is the following:877

1. Case 1: d < 0,878

η ∈ (0,min(u, κ))

2. Case 2: d ≥ 0,879

η ∈ (0,min(κ, r1, u)) ∪ (r2,min(κ, u))

Where880

d := n̄AViA
n̄

2 + 4|UA|(α2 − ASVi⋆)
881

u :=
σkMAJ

(R⋆
MAJ)

2 − α2

√
n̄AViA

n̄

)

882

r1 :=

√
n̄AViA

n̄
−
√
d

2|UA|
883

r2 :=

√
n̄AViA

n̄
+
√
d

2|UA|
and n̄, |UEA|, σkMAJ

(RMAJ), κ,ASVi⋆ ,AViA
n̄

are parameters of the algorithm884

Suppose there does not exist an η that is feasible according to our cases. It must be the case that885

d ≥ 0, because otherwise there is clearly always a feasible η as κ, u > 0 by setting assumptions.886

Since there is no feasible η, it must be the case that887

η ∈

(
0,min(κ,

√
n̄AViA

n̄
−
√
d

2|UA|
,
σkMAJ

(R⋆
MAJ)

2 − α2

√
n̄AViA

n̄

)

)
∪

(√
n̄AViA

n̄
+
√
d

2|UA|
,min(κ,

σkMAJ
(R⋆

MAJ)
2 − α2

√
n̄AViA

n̄

)

)
is an empty space. Algorithm 1 first checks the LHS set. If it is empty, it checks the RHS, and if that888

is empty, it returns 0. Therefore if η is infeasible, 0 is returned.889

Suppose 0 is returned by the algorithm. It clearly could not have been the case that d < 0 because890

given κ, u > 0, d < 0 would never result in a returned 0. Thus we consider d ≥ 0. In this case,891

evaluating the If statements, 0 is clearly returned only if892

η ∈

(
0,min(κ,

√
n̄AViA

n̄
−
√
d

2|UA|
,
σkMAJ

(R⋆
MAJ)

2 − α2

√
n̄AViA

n̄

)

)
∪

(√
n̄AViA

n̄
+
√
d

2|UA|
,min(κ,

σkMAJ
(R⋆

MAJ)
2 − α2

√
n̄AViA

n̄

)

)
is empty. Thus we have that if 0 is returned, there must be no feasible η (for our sufficient conditions).893

□894

Having proven both Claims, we have shown both parts of Theorem 3.3 hold, so we may conclude the895

full proof. □896
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Figure 1: Robustness of Algorithm 1 to imperfect knowledge of |UA| and σkMAJ
(RMAJ). Squares are

green if for estimates (|UA|, σkMAJ
(RMAJ)) taken as input into Algorithm 1, the outputted value of η

satisfies the sufficient conditions for effective altruism given in Theorem 3.2.

D.3 Supplementary material for robustness897

D.3.1 Empirical robustness example898

In the following example we illustrate that even slight mis-estimates of the required parameters will899

still yield an η returned by the algorithm that satisfies the conditions for effective altruism.900

Example D.1 (Simple Robustness Example) Let R⋆ be the very simple majority-minority matrix901

from example C.1 with mMIN = 10 and mMAJ = 100. Let the learner’s loss-tolerance parameter be902

α =
√
15 and assume half of users who like item 1 and half of users who like item 2 are altruistic.903

With perfect information, the output of Algorithm 1 is η⋆ ≈ .886.2 For η < 1, we have that904

η < minu∈UMAJ
maxi∈[n] r

∗
u,i = 1, additionally, α > σ1(RMIN). Therefore, to satisfy the sufficient905

conditions of Theorem 3.2, it suffices to check that906

f(η) = min{σkMAJ
(RMAJ)

2, η2|UA|+ ASVi⋆} − η
√
n̄AViA

n̄
− α2 > 0.

Solving this analytically (see proof of Theorem 3.3), we get that all η ∈ [0.78, 1) satisfy f(η) > 0,907

that is, there is a significant range of η that result provably in effective altruism.908

To test how robust Algorithm 1 is to imperfect information, we created a sets of 11 estimates for909

σkMAJ
(RMAJ) and |UA| centered at true values of 10 and 100, respectively. Estimates of σkMAJ

(RMAJ)910

range from 5 to 15 with a granularity of 1. Estimates of |UA| range from 50 to 150 with a granularity911

of 10. For the mesh of 121 parameter pairs, we test if Algorithm 1, using these estimates as input,912

returns an η such that f(η) > 0. We find that all tested value pairs such that σkMAJ
(RMAJ) ≥ 10 and913

|UA| > 80 result provably in effective altruism (see Figure 1).914

D.3.2 Main robustness result915

Theorem D.1 (Robustness of Algorithm 1 to misspecifications) Let R⋆ be a majority-minority916

matrix. Under the assumptions of Theorem 3.2, further assume κ, n and ∥R⋆∥1, ∥R⋆∥2 are public917

knowledge. Thus, let z := (σkmaj
(RMAJ), α, n̄,ASVi⋆ ,AViA

n̄
, |UA|) be the vector of unknown param-918

eters and call z⋆ be the vector of true parameters, ẑ the vector of estimates, and η̂ the value returned919

by the algorithm. Define920

• A function, f , of the unknown parameters and parameterized by a feasible η,921

f(z; η) := min(σ2, η2|UA|+ ASVi⋆)− η
√
n̄AV − α2922

• A function, L, of preference matrix, R and parameterized by a feasible η,923

L(R; η) :=
√
4∥R∥22 + (η∥R∥21)/4 + η2n+max{4∥R∥22, 1 + η4}924

2Code for this example is submitted as supplementary material.
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When η̂ > 0, if ∥ẑ− z⋆∥2 < f(ẑ;η̂)/L(R⋆;η̂) then the conclusions of Theorem 3.2 still hold when η̂ is925

played by altruistic users.926

In order to prove this, we will invoke Lipschitz bounds on a function that is a minimum of two927

Lipschitz functions, so the following lemma will be helpful:928

Lemma D.3 Let f(z) = min{f1(z), f2(z)} where f1 and f2 are Lipschitz on a convex region D929

with constants L1 and L2, respectively. Then f is Lipschitz on D with constant L = max{L1, L2}.930

Proof of Theorem D.1. Consider two arbitrary points z1, z2 ∈ D. Assume without loss of generality931

that f(z1) ≥ f(z2). If f1(z1) ≥ f2(z1):932

|f(z1)− f(z2)| = |f1(z1)−min{f1(z2), f2(z2)}|
= |f1(z1) + max{−f1(z2),−f2(z2)}|
= |max{f1(z1)− f1(z2), f1(z1)− f2(z2)}|
≤ |max{f1(z1)− f1(z2), f2(z1)− f2(z2)}|
≤ max{|f1(z1)− f1(z2)|, |f2(z1)− f2(z2)|}
≤ max{L1∥z1 − z2∥, L2∥z1 − z2∥2}
= max{L1, L2}∥z1 − z2∥2

By making a symmetric argument for f1(z1) < f2(z1) we get the same bound. Thus, f is Lipschitz933

on D with constant L = max{L1, L2} as desired. □934

With this lemma, we will now proceed with the full proof.935

Proof of Theorem D.1. For simplicity of notation, we will denote σkmaj (R
⋆
MAJ) as σ.936

Recall from Corollary D.2, it suffices to show that937

1. η̂ > 0938

2. η̂ < κ939

3. 0 < min{(σ⋆)2, η̂2|U⋆
A|+ ASVi⋆

⋆} − η̂
√
n̄⋆AViA

n̄

⋆ − (α⋆)2940

for the true parameters, z⋆ and the returned η̂. Because η̂ > 0, by assumption, clearly the first941

condition is satisfied. Also, the 2nd condition must be satisfied because η̂ was returned by Algorithm942

1, and Theorem 3.3 asserts that any nonzero η returned by the algorithm satisfies η̂ < κ.943

Thus all we must prove is that f(z⋆; η̂) > 0. Given that f(ẑ; η̂) > 0 by Theorem 3.3944

Note that we can equivalently write f(z; η) = min{f1(z; η), f2(z; η)} where945

f1(z; η) = σ2 − η
√
n̄AViA

n̄
− α2

946

f1(z; η) = η2|UA|+ ASVi⋆ − η
√
n̄AViA

n̄
− α2

Because η,AViA
n̄
, n̄, α > 0 by setting assumptions.947

We note that for the remainder of this proof, we are exclusively interested in f(·; η̂) (i.e. f with the948

the returned η̂ as the parameter), so for notational simplicity, we often drop parameter, η̂.949

Assume that f is L-Lipschitz on some region D (we will prove later that this is true for a suitably950

defined D). Then, given ∥z− ẑ∥2 < ∆(ẑ)
L and ẑ, z ∈ D:951

f(z) = f(ẑ) + (f(z)− f(ẑ))

≥ f(ẑ)− |f(z)− f(ẑ)|
≥ f(ẑ)− L∥z− ẑ∥2 f is L-Lipschitz
> f(ẑ)− f(ẑ) by assumption
= 0

Therefore, to show the desired f(ẑ; η̂) > 0, it suffices to show that f is L-Lipschitz on D. We will952

do this by finding a bound on the maximum gradient norm of f1 and f2. First we will compute the953
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gradient of both functions:954

∥∇f1(z)∥22 = ∥(∂f1
∂σ

(z),
∂f1
∂α

(z),
∂f1
∂n̄

(z),
∂f1

∂ASVi⋆
(z),

∂f1
∂AViA

n̄

(z),
∂f1

∂|UEA|
(z))⊤∥

= ∥(2σ,−2α,
η̂AViA

n̄

2
√
n̄

, 0,−η̂
√
n̄, 0)⊤∥22 = 4σ2 + 4α2 +

η̂AViA
n̄

2

4
√
n̄

+ η̂2n̄ Definition of f1(z)

955

∥∇f2(z)∥22 = ∥(∂f2
∂σ

(z),
∂f2
∂α

(z),
∂f2
∂n̄

(z),
∂f2

∂ASVi⋆
(z),

∂f2
∂AViA

n̄

(z),
∂f2

∂|UEA|
(z))⊤∥

= ∥(0,−2α,
η̂AViA

n̄

2
√
n̄

, 1,−η̂
√
n̄, η̂2)⊤∥22 = 4α2 +

η̂AViA
n̄

2

4
√
n̄

+ 1 + η̂2n̄+ η̂4 Definition of f2(z)

To bound the gradient norms we will use bounds on the parameters in terms of the primitives956

of the matrix. Recall that η̂ is fixed parameter (it is what Algorithm 1 recommends). Thus, the957

gradient norm depend on α, n̄,AViA
n̄
, 1√

n
. Since all variables are positive, it suffices to find an958

upper-bound in terms of the known values of n, ∥R⋆∥1 and ∥R⋆∥2. As 1 ≤ n̄ ≤ n we have that959

n̄ ≤ n and 1√
n
≤ 1. By assumption, we have that α < σkmaj (R

⋆
MAJ) = σ. Additionally, that960

σkmaj (R
⋆
MAJ) ≤ σ1(R

⋆) = ∥R⋆∥2. Hence α < σ < ∥R⋆∥2. Lastly,961

AViA
n̄
= max

i∈[n̄]

∑
u∈UA

ru,i ≤ max
i∈[n]

∑
u∈[m]

ru,i = ∥R⋆∥1

Hence we can define D to be the space where each of these bounds hold:962

D = {z : 0 < α < σ ≤ ∥R⋆∥2, 1 ≤ n̄ ≤ n,AViA
n̄
≤ ∥R⋆∥1}

Since it is defined by a set of linear inequalities, D is convex.963

Further we can bound the norms of the gradients for all z ∈ D:964

∥∇f1(z)∥22 = 4σ2 + 4α2 +
η̂AViA

n̄

2

4
√
n̄

+ η̂2n̄ ≤ 8∥R⋆∥22 +
η̂∥R⋆∥21

4
+ η̂2n

965

∥∇f1(z)∥22 = 4α2 +
η̂AViA

n̄

2

4
√
n̄

+ 1 + η̂2n̄+ η̂4 ≤ 4∥R⋆∥22 +
η̂∥R⋆∥21

4
+ 1 + η̂2n+ η̂4

Consequently, for L1 =

√
8∥R⋆∥22 +

η̂∥R⋆∥2
1

4 + η̂2n and L2 =966 √
4∥R⋆∥22 +

η̂∥R⋆∥2
1

4 + 1 + η̂2n+ η̂4 we have that, by the Mean Value Theorem, for any967

z, z′ ∈ D and i ∈ {1, 2}:968

|fi(z)− fi(z
′
)| ≤ sup

z∈D
∥∇fi(z)∥2∥z− z′∥2 ≤ Li∥z− z′∥2

That is, fi is Li-Lipschitz on D.969

Applying Lemma D.3, we can conclude that f = min{f1, f2} is Lipschitz with L = max{L1, L2}.970

□971

D.3.3 Additional Corollary to bound EA group misestimation972

We now have a bound for how perturbed a vector of parameters for the correlating mechanism may973

be such that the resulting η̂ still works. There are certain parameters that we imagine are more/less974

likely to be incorrect. In particular, it is likely the case that estimating who is altruistic, i.e. cares975

about the minorities and intends to participate in a grassroots uprating movement, will be difficult.976

Thus we would be particularly interested in robustness to estimations on the EA user group. From977

Theorem D.1, we directly can derive a corollary on just incorrect estimations of how many and which978

agents participate in the movement.979
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Corollary D.3 (Robustness of Algorithm 1 to estimation of EA group) Under the assumptions980

and definitions of Theorem D.1, let it be the case that the algorithm must estimate which ma-981

jority users care about minorities, but all other required parameters about true preferences and the982

learner are correct. Then if983

(|̂UA| − |UA|⋆)2 + (ÂViA
n̄
− AViA

n̄

⋆)2 <
f(ẑ; η̂)

L(R⋆; η̂)

and η̂ > 0, then the conclusions of Theorem 3.2 will still hold even when the true group of altruists984

uprate by η̂.985

Proof. Recall that986

z := (σkmaj
(RMAJ)α, n̄,ASVi⋆ ,AViA

n̄
, |UA|)

The first 4 elements of z do not depend on the group of EA users, therefore those are estimated987

correctly. Thus (ẑ− z⋆)j = 0 ∀j ∈ [4]. The inequality then follows directly from Theorem D.1. □988

D.4 Supplementary material for Section 3.4989

D.4.1 Supplementary material for benevolent learner990

Corollary D.4 (EA increases utility for the benevolent learner) Under the assumptions for Theo-991

rem 3.2, an α-loss tolerant learner with a benevolent utility function would achieve992

UTRUE
BEN =

∑
u∈UMAJ

maxi∈[n] r
⋆
u,i, UA

BEN =
∑

u∈(UMAJ∪Ui⋆ )
maxi∈[n] r

⋆
u,i993

when agents are truthful or follow an effective altruist strategy, respectively, and UA
BEN > UTRUE

BEN .994

Proof of Corollary D.4. This follows directly from Theorems 3.1 and 3.2 because by definition of995

benevolence, UTRUEBEN := SW(R⋆, α) and UEABEN := SW(R̃, α). □996

D.4.2 Supplementary material for engagement-based learner997

Proposition D.1 (EA increases utility for the engagement-based learner) Under assumptions998

for Theorem 3.2, and α-loss tolerant learner with engagement-based utility would achieve999

UTRUE
EN =

∑
i∈[n]

∑
u∈[m] |r⋆u,i|, UA

EN =
∑

i∈[n]

∑
u∈[m] |r⋆u,i|+ η|UA|1000

when agents are truthful or follow an effective altruist strategy, respectively, and UA
EN > UTRUE

EN .1001

Proof of Proposition D.1. When agents report truthfully, r⋆u,i = r̃u,i.1002

Under the η EA correlated strategy, recall that the reported preference matrix is:1003

R̃ =



rMAJ⋆

11 . . . rMAJ⋆

1,n̄ η . . . 0
...

...
...

...
...

...
rMAJ⋆

u,1 . . . rMAJ⋆

u,n̄ 0 . . . 0
...

...
...

...
...

...
rMAJ⋆

m̄,1 . . . rMAJ⋆

m̄,n̄ η . . . 0

0 . . . 0 R⋆
MIN


Which is just the true matrix, but with 0s swapped to be η for the EA users.1004

A feasible η is such that η > 0 and |UA| > 0 by assumptions of Theorem 3.2 hence the strict1005

inequality. □1006

E Supplementary material for Section 41007

E.1 Experiment1008

Code is available in the Github codebase.1009

28

https://github.com/mckitch24/recsys


Table 2: Popularity of genres. For each genre, this table depicts the number of users in that genre
group (the set of users who review that genre more than any other genre) and the total number of
book reviews for that genre.

Genre Users in genre group Total reviews (in thousands)

romance 7627 1044
young-adult 5061 869
fantasy, paranormal 4427 823
mystery, thriller, crime 1087 650
history, historical fiction, biography 668 320
children 3 114
comics, graphic 12 71
non-fiction 7 47
poetry 0 14

E.1.1 Data information1010

Dataset. We use Goodreads Datasets collected in 2017 by a UCSD lab [69, 68] to gather information1011

about how much different readers (users) engage with books from different genres (items). We1012

get user engagement data over genres by merging “English review subset for spoiler detection"*1013

and “Extracted fuzzy book genres"*. The review dataset contains 1.3 million total book reviews1014

about 25,000 books from 19,000 users. The genre dataset labels books as “romance", “young-adult",1015

“fantasy", “paranormal", “mystery, thriller, crime", “historical, historical fiction, biography", “comics,1016

graphic", “children", “non-fiction", “poetry". Because of genre overlap (i.e. a novel may be romance1017

and fiction) the extracted genres are not perfectly exclusive and we choose to exclude the fiction1018

genre which is a super-set of most of the genres.1019

Ratings matrix. For all the reviews, we create an indicator for each of the genres. We get the number1020

of reviews a user submits for each genre.3 This enabled us to construct a ratings matrix containing1021

data on n ∼ 19k users and their ratings of m = 9 genres. A user’s rating for a genre describes their1022

level of engagement with books of that genre, as measured by the number of reviews they provide.1023

We also define each user’s favorite genre as that which she has reviewed the most, and genre groups1024

as a partition of users according to their favorite genre. So the set of users in the Romance group, for1025

instance, are those who review books labeled as Romance more than any other genre.1026

Table 2 presents values of genres, ordered by popularity (i.e. total number of reviews), and the number1027

of users in the corresponding genre group.1028

Majority and minority users. To create groups of majority and minority users and majority and1029

minority items, we order the genres by popularity. Majority genres are the n̄ = 5 most popular1030

(’romance’, ’young-adult’, ’fantasy, paranormal’, ’mystery, thriller, crime’, ’history, historical fiction,1031

biography’) and minority genres are the 4 least popular (’comics, graphic’, ’children’, ’non-fiction’,1032

’poetry’). A reader is a majority (minority) user if their favorite genre is a majority (minority) genre.1033

In total, we have m̄ = 18, 870 majority users which constitute 99.88% of all users, and 22 minority1034

users which constitute 0.12% of all users (implications of this very large gap are discussed in section1035

4.1.1).1036

Singular values. The singular values of the ratings matrix are presented in Figure 2. Notice that1037

the first singular value is significantly larger than all others. Thus an α learner within the large1038

range of (σ2(R), σ1(R)] (which is about 4, 950 to 22, 450) would conclude that the he optimally1039

approximates the full ratings matrix with only the first principle component. For all baseline social1040

welfare calculations (i.e. before altruistic behavior) we will assume that the learner’s α is within this1041

range. Equivalently, under the true ratings matrix, we assume that the learner picks an α such that1042

k⋆ = 1.1043

3Because some books are labeled under multiple genres, this means if user, u reviews a romance poetry book
she has done a review of the romance genre and a review of the poetry genre.
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Figure 2: Singular values for Goodreads ratings matrix. The sharp decline from the first to second
singular values supports a rank-1 approximation strategy for the learner.

E.1.2 Methodology1044

EA behavior. Altruistic behavior is modeled as a subset of majority users uprating (i.e writing a1045

review) one of the minority genres. We example different fractions of users whose favorite genre is1046

romance (the most popular), uprating one of three minority genres with a value equal to 2
3 of their1047

rating for romance. While this is a slight departure from collective uprating of a fixed value η, it is1048

more realistic in this setting given that users have very different levels of engagement on Goodreads1049

and therefore are likely to be altruistic in different capacities. We test 1
2 or 1

3 of romance readers for1050

three minority genres–children, comics-graphic, or non-fiction. We exclude uprating of poetry since1051

it is not the favorite genre for any user.1052

Learner’s protocol. Following our theoretical model, the learner is an α-loss tolerant learner. The1053

learner picks a k⋆ based on the size of the singular values of the reported ratings matrix. He then1054

does a rank k⋆ approximation of the reported ratings matrix, and top-1 genre recommendation based1055

on the low-rank approximation. For each altruistic behavior tested, we report the α range necessary1056

to induce the increases in social welfare.1057

Social welfare. The utility of a user is their true rating for the genre that they are recommended.1058

The social welfare is the sum of utilities for all users. We can use this to calculate social welfare1059

improvement: ρ, the social welfare with EA behavior divided by the social welfare without EA1060

behavior.1061

Table 3: Genres, index, and majority-minority classification. This table shows the genres, it’s
corresponding index, and whether it is classified as a “majority” or “minority” genre. Poetry is
excluded since no users have poetry as their favorite genre.

Genre index Genre Majority-minority classification

1 romance majority
2 young-adult majority
3 fantasy, paranormal majority
4 mystery, thriller, crime majority
5 history, historical fiction, biography majority
6 children minority
7 comics, graphic minority
8 non-fiction minority
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E.1.3 Additional results1062

For completeness, we will present the full results for both 1/2 and 1/3 users uprating. For both1063

sizes of EA user groups, we see significant welfare improvements, particularly for the minority user1064

groups.1065

Interestingly, it is not always the uprated group that is helped the most. When 1/2 of romance users1066

uprate minority genres, there is little change in the welfare for that genre, however, EA behavior still1067

positively impacts the other minority groups. Conversely, when 1/3 of romance users uprate the1068

minority items, we see significant welfare improvements across all minority genre groups (including1069

the one uprated).1070

(a) 1/2 Romance users uprating

(b) 1/3 Romance users uprating

Figure 3: Welfare improvements by user group. See Table 3 for the favorite genre groups indices
correspond to.

In Table 4, we detail the range that α must in be for each EA social welfare improvement result we1071

get on the dataset. The row denotes the fraction of romance users who uprate a minority genre and1072

the column denotes which minority genre is uprated.1073

Table 4: (η,UA)-Singular value gaps. These are the ranges that α must be in for each EA strategy.

Fraction of Romance Users Children Comics & Graphic Non-fiction

1/2 (4948, 5447) (4948, 5609) (4948, 5797)

1/3 (4948, 4976) (4948, 5039) (4948, 5185)

Table 4 represents the ranges of learner’s information loss tolerances that would induce the SW results1074

we present. Recall that information loss tolerance is a constraint on singular values (Definition 2.1).1075

4948 is σ2(R
⋆) (Data information in Appendix E.1.1 and Figure 2) and the second value of each1076

range is σ2(R̃). Thus, were the learner in each range: (1) under truthful reporting he would have1077

provided recommendations using a rank-1 approximation matrix, (2) under altruism there’s enough1078

variation in the 2nd principal component such that he instead is "convinced" to use a rank-2 matrix.1079
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Table 5: Percent total social welfare improvement for different EA strategies. This table shows the
percent increase in welfare for all users under different fractions of Romance users uprating (rows)
and different genres being uprated (columns). In all cases, the total welfare improvement is between
8% and 10%, corresponding to ρ > 1.

Fraction of romance users Children Comics & Graphic Non-fiction

1/2 9.4% 7.9% 9.3%

1/3 9.5% 9.5% 9.8%

E.1.4 Limitations1080

While we are able to see welfare improvements, there are a some limitations to this empirical study.1081

Firstly, there are very few minority users. It would be more interesting and meaningful if minority1082

users constituted a greater fraction of total readers, as this would translate to greater social welfare1083

improvements and hence greater incentives to participate in EA. A counter to this is that the benefits1084

are essentially for free (no groups are meaningfully hurt by EA behavior), and that helping even a1085

small number of users is important. Secondly, the singular value gap is rather small given the size of1086

the singular values. Hence, it may be unrealistic to assume that the learner follows this truncation1087

protocol. This is potentially a limitation of the particular dataset that we have chosen. Thirdly,1088

while this altruistic behavior is similar to the real-world movement we model, the groupings we1089

have defined are not the same. On BookTok, groups of users have been documented to intentionally1090

increase engagement with books from with marginalized author groups such as black or indigenous1091

authors[52] rather than genres. We did not have the data to test this behavior perfectly.1092

E.2 Survey1093

E.2.1 Additional results1094

Survey time took participants an average of 8 minutes and 33 seconds.

Table 6: Number of participants (out of 100) and response to algorithmic impact questions.

Do your interactions affect... Yes No Unsure

your own future recommendations? 92 6 2
other people’s recommendations? 57 15 28

1095

Table 7: Number of participants (out of 100) and response to strategic interaction questions.

Have you intentionally... Yes No Unsure

interacted to affect your recommendations? 68 27 5
avoided interacting to affect your recommendations? 62 30 8
interacted to affect others’ recommendations? 20 79 1
avoided interacting to affect others’ recommendations? 20 75 5

E.2.2 Additional example quotes1096

Intentionally interacted w/ boosting purpose. “I just do this to support creators and help them1097

grow"1098

Intentionally interacted w/ charity purpose.1099

1.“I remember seeing a woman on TikTok who was raising money for a personal cause through1100

GoFundMe, and she asked for support in getting her video on more people’s For You pages.1101

I intentionally interacted with her post by liking, sharing, and leaving supportive comments.1102

I also saved the video to my collection to boost its visibility.”1103
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2.“I saw a woman who was fighting for custody of her daughter so I purposely liked it,1104

commented, and shared the video to hopefully get the Tiktok algorithm to push that video1105

out.”1106

Avoided interaction w/ political purpose. “Anything political, I 100% REFUSE to interact with1107

anything political other than to ad it to my filters or block because engaging in politics is just too1108

dangerous."1109

Avoided interaction w/ misinformation/harm purpose. “I once avoided liking or commenting1110

on a sensational news post on Facebook because I didn’t want to boost its visibility or contribute1111

to spreading misinformation. I knew that interacting with it would make it more likely to appear in1112

others’ feeds. By ignoring it, I hoped the platform’s algorithm would deprioritize it for others as1113

well."1114

Avoided interaction w/ privacy purpose. “I do not want people to see what I am interested in in my1115

mental health feeds"1116

E.2.3 Methodology1117

Our survey was IRB-exempt as an online survey to adults in the US.1118

We ran our survey to 100 US-based Prolific users on May 7th, 2025. Prior to the finalized version,1119

we ran two pilot studies each of 5 users (all of whom excluded from the final study) to ensure1120

questions and format was understandable. Each participant was compensated $2.70. Participants1121

were pre-screened to ensure residence in the United States, a Prolific approval rate ≥ 95, and a1122

Prolific join date no later than Sept. 1st 2024.1123

Survey questions were divided into 5 sections: 1. Demographics, 2. Recommender System Use, 3.1124

Self-interested Strategization, 4. Altruistic Strategization, and 5. Fairness Beliefs about Recommender1125

Systems. The order in which participants received sections 3 and 4 were randomized. A full list of1126

questions can be found in the appendix (E.2.5). To understand users’ knowledge and theories about1127

concepts such as collaborative filtering, we asked participants whether they believed their interactions1128

with content affect their own and others’ recommendations and how much. To understand whether1129

users use this knowledge in order to interact strategically, we asked participants whether they ever1130

intentionally interact(avoid) content with the purpose of increasing(decreasing) its recommendation1131

to themselves/others. To understand whether any strategic behavior may be driven by altruistic beliefs,1132

we ask participants whether they believe accuracy of recommendations and promotion of content is1133

fair across different user groups. We manually add theme/topic codes to textual responses. Authors1134

manually added {0, 1} codes to indicate textual responses that mention boosting/promoting specific1135

creators, charity, politics, harmful/misinformative content, and privacy.1136

E.2.4 Prolific details1137

Study label: Survey1138

Study name: Users’ Interactions with Content Recommendation Algorithms1139

Study Description: This MIT research survey is a part of an experiment to understand people’s1140

interactions with algorithms on social media, streaming, and music platforms. You will be asked1141

about your behavior and underlying reasoning when engaging with content recommended to you by1142

these platforms’ algorithms.1143

E.2.5 Online survey questions1144

The survey consists of five blocks of questions:1145

1. The first block elicited demographic characteristics: age, employment status, education1146

level, race, state of residence, ethnicity, and gender.1147

2. The second block asks questions about recommendation system use. We broke down1148

recommender systems into three types: social media (e.g., Twitter, Instagram), streaming1149

(e.g., Netflix, Hulu), and music platforms (e.g., Spotify, Sound Cloud). For each type, we1150

asked (1) what specific platforms respondents used in the last week, and (2) how often they1151

currently use those platforms.1152

3. The third block pertains to self-interested strategization on recommender systems. First,1153

we elicit information about awareness: do respondents believe that their interactions with1154

platform contents impact their future recommendations both in general and for specific types1155
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of interactions (e.g., likes, comments, or subscriptions). Second, we ask about strategic1156

behavior: have respondents have ever intentionally interacted (or avoided interacting) with1157

content in order to impact their future recommendations. If they answer yes, we ask for1158

frequency of this behavior and for them to provide an example.1159

4. The fourth block mirrors the previous block but asks about altruistic strategization. We1160

first ask about awareness: do respondents believe that their interactions with platform1161

contents impact other people’s future recommendations both in general and for specific1162

types of interactions. Second, we ask about strategic behavior: have respondents have1163

ever intentionally interacted (or avoided interacting) with content in order to impact future1164

recommendations for other people. If they answer yes, we ask for frequency of this behavior1165

and for them to provide an example.1166

5. The last block asks about people’s beliefs on the accuracy and fairness of recommender1167

systems. We ask if they think (a) the accuracy of content recommendations and (b) the1168

amount of content promotion is fair or not fair for different types of users, and if they think1169

that companies should undertake efforts to increase fairness across users.1170

Below are the exact questions on the survey including survey logic.1171
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 Page 1 of 22 

Recommendation Survey 
 

 
Start of Block: Intro 
 
Q32 This MIT research survey is a part of an experiment to understand people's interactions 
with algorithms on social media, streaming, and music platforms. You will be asked about your 
behavior and underlying reasoning when interacting with the content recommended to you by 
these platforms' algorithms.     You understand that no personally identifiable information 
provided by you during the research will be disclosed to others without your written permission, 
except if necessary to protect your rights or welfare, or if required by law.    You understand that 
your answers should be honest and original descriptions of your experience with using online 
platforms. 

o yes  (1)  

o no  (2)  
 

End of Block: Intro  
Start of Block: Demographics 
 
Q36 What is your Prolific ID?  

________________________________________________________________ 
 
 

 
 
Q34 What is your age? 

________________________________________________________________ 
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Q35 Which of the following best describes your employment status? 

o student  (1)  

o employed (part-time)  (2)  

o employed (full-time)  (3)  

o retired  (4)  

o unemployed  (5)  

o other  (6) __________________________________________________ 
 
 
 
Q36 What is the highest level of education you have completed? 

o less then high-school  (1)  

o high-school  (2)  

o some college  (3)  

o college  (4)  

o graduate degree  (5)  
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Q42 Choose one or more races that you consider yourself to be 

▢ White or Caucasian  (1)  

▢ Black or African American  (2)  

▢ American Indian/Native American or Alaska Native  (3)  

▢ Asian  (4)  

▢ Native Hawaiian or Other Pacific Islander  (5)  

▢ Other  (6)  

▢ Prefer not to say  (7)  
 
 
 
Q43 In which state do you currently reside? 

▼ Alabama (1) ... I do not reside in the United States (53) 
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Q47 What is your ethnicity? (select all that apply) 

▢ German  (1)  

▢ British  (2)  

▢ French  (3)  

▢ Mexican  (4)  

▢ Puerto Rican  (5)  

▢ Cuban  (6)  

▢ African American  (7)  

▢ Haitian  (8)  

▢ Nigerian  (9)  

▢ Chinese  (10)  

▢ Indian  (11)  

▢ Filipino  (12)  

▢ Lebanese  (13)  

▢ Iranian  (14)  

▢ Egyptian  (15)  

▢ Native Hawaiian  (16)  
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▢ Samoan  (17)  

▢ Fijian  (18)  

▢ Something Else (please specify)  (19) 
__________________________________________________ 

▢ Prefer not to say  (20)  
 
 
 
Q31 How do you describe yourself? 

o Male  (1)  

o Female  (2)  

o Non-binary / third gender  (3)  

o Prefer to self-describe  (4) 
__________________________________________________ 

o Prefer not to say  (5)  
 

End of Block: Demographics  
Start of Block: Data-gathering on recommendation system use 
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Q28 Which of the following social media platforms did you use in the last week? (select all that 
apply) 

▢ Facebook  (1)  

▢ Instagram  (2)  

▢ TikTok  (3)  

▢ X/Twitter  (4)  

▢ Tumblr  (5)  

▢ Threads  (7)  

▢ Truth Social  (8)  

▢ other  (6) __________________________________________________ 

▢ None of the above  (9)  
 
 
 
Q26 How often do you currently use social media platforms? 

o never  (1)  

o once a week  (2)  

o many times a week  (3)  

o once a day  (4)  

o many times a day  (5)  
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Q1 Which of the following streaming platforms did you use in the last week? (select all that 
apply) 

▢ Youtube  (1)  

▢ Disney+  (2)  

▢ Twitch  (3)  

▢ Netflix  (4)  

▢ Hulu  (5)  

▢ Paramount+  (6)  

▢ Amazon Prime Video  (7)  

▢ other  (8) __________________________________________________ 

▢ None of the above  (9)  
 
 
 
Q30 How often do you currently use streaming platforms? 

o never  (1)  

o once a week  (2)  

o many times a week  (3)  

o once a day  (4)  

o many times a day  (5)  
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Q29 Which of the following music platforms did you use in the last week? (select all that apply) 

▢ Spotify  (1)  

▢ Apple Music  (2)  

▢ Sound Cloud  (3)  

▢ other  (4) __________________________________________________ 

▢ None of the above  (5)  
 
 
 
Q31 How often do you currently use music platforms? 

o never  (1)  

o once a week  (2)  

o many times a week  (3)  

o once a day  (4)  

o many times a day  (5)  
 

End of Block: Data-gathering on recommendation system use  
Start of Block: Intro to interactions 
 
Q39 The following questions are about your interactions with content (posts, videos, songs, etc) 
on social media, streaming, and music platforms. An interaction with an item is a general term to 
include any action. Interactions include, but are not limited to, watching/listening, liking, 
subscribing, commenting, favoriting, sharing, reviewing, etc. 
 

End of Block: Intro to interactions  
Start of Block: Self-Interested Strategization 
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Q38 Recommendations made to you   In this section, we will ask about the recommendations 
you get from the platform and your interactions with content. 
 
 
Page Break  
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Q2 Do you think that your interactions with a platform's content (i.e. likes, comments, 
subscriptions, watch times) affect which items are recommended to you in the future? 

o yes  (1)  

o no  (2)  

o unsure  (3)  
 
 
Display this question: 

If Do you think that your interactions with a platform's content (i.e. likes, comments, subscription... = 
yes 

Or Do you think that your interactions with a platform's content (i.e. likes, comments, subscription... = 
unsure 

 
Q5 When you interact with platform content in the following ways, how much do you think it 
impacts what is recommended to you in the future? 

 unsure (1) not at all (2) somewhat (4) significantly (5) 

You like an item 
(1)  o  o  o  o  

You comment on 
an item (2)  o  o  o  o  

You share an 
item (5)  o  o  o  o  

You watch a 
video or listen to 

a song all the 
way through (3)  

o  o  o  o  
You watch a 

video or listen to 
a song multiple 

times (4)  
o  o  o  o  

You subscribe to 
an item or 
creator (6)  o  o  o  o  
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Page Break  
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Q40 We will now ask about your intentions when interacting with platform content. When you 
intentionally interact with a piece of content this means that you have interacted in this way with 
a specific reason or purpose in mind. 
 
 
Page Break  
  

1183



 

 Page 13 of 22 

 
Q33 Have you ever intentionally interacted with (i.e. liked, commented on, subscribed to, 
watched, etc) an item with the purpose to make it show up in your future recommendations? 

o yes  (1)  

o no  (2)  

o unsure  (3)  
 
 
Display this question: 

If Have you ever intentionally interacted with (i.e. liked, commented on, subscribed to, watched, et... 
= yes 

 
Q35 How often do you intentionally interact with an item so that it will be recommended to you? 

o less than once a week  (1)  

o once a week  (2)  

o many times a week  (3)  

o once a day  (4)  

o many times a day  (5)  
 
 
Display this question: 

If Have you ever intentionally interacted with (i.e. liked, commented on, subscribed to, watched, et... 
= yes 

 
Q33 Please briefly describe a time when you intentionally interacted with an item so that it 
would be recommended to you. 

________________________________________________________________ 

________________________________________________________________ 

________________________________________________________________ 

________________________________________________________________ 

________________________________________________________________ 
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Q37 Have you ever intentionally avoided interacting with (i.e. liking, commenting on, subscribing 
to, watching, etc) an item with the purpose to make the platform recommend it less frequently to 
you in the future? 

o yes  (1)  

o no  (2)  

o unsure  (3)  
 
 
Display this question: 

If Have you ever intentionally avoided interacting with (i.e. liking, commenting on, subscribing to,... = 
yes 

 
Q36 How often do you intentionally avoid interacting with an item so that it will be 
recommended less frequently to you? 

o less than once a week  (1)  

o once a week  (2)  

o many times a week  (3)  

o once a day  (4)  

o many times a day  (5)  
 
 
Display this question: 

If Have you ever intentionally avoided interacting with (i.e. liking, commenting on, subscribing to,... = 
yes 

 
Q34 Please briefly describe a time when you intentionally avoided interacting with an item so 
that that it would be recommended less frequently to you. 

________________________________________________________________ 

________________________________________________________________ 
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________________________________________________________________ 

________________________________________________________________ 

________________________________________________________________ 
 
 
 
Q46 This question is an attention check to ensure data quality. Please select "once a week" and 
thank you for your attention.  

o less than once a week  (1)  

o once a week  (2)  

o many times a week  (3)  

o once a day  (4)  

o many times a day  (5)  
 

End of Block: Self-Interested Strategization  
Start of Block: EA Strategization 
 
Q37 Recommendations made to other people  In this section, we will ask about the 
recommendations other people get from the platform and your interactions with content. 
 
 
Page Break  
  

1186



 

 Page 16 of 22 

 
Q17 Do you think that your interactions with a platform's content (i.e. likes, comments, 
subscriptions, watch times, etc.) affect which items are recommended to other people in the 
future? 

o yes  (1)  

o no  (2)  

o unsure  (3)  
 
 
Display this question: 

If Do you think that your interactions with a platform's content (i.e. likes, comments, subscription... = 
yes 

Or Do you think that your interactions with a platform's content (i.e. likes, comments, subscription... = 
unsure 

 
Q33 When you interact with platform content in the following ways, how much do you think it 
impacts what is recommended to other people in the future? 

 unsure (1) not at all (2) somewhat (3) significantly (4) 

You like an item 
(1)  o  o  o  o  

You comment on 
an item (2)  o  o  o  o  

You share an 
item (5)  o  o  o  o  

You watch a 
video or listen to 

a song all the 
way through (3)  

o  o  o  o  
You watch a 

video or listen to 
a song multiple 

times (4)  
o  o  o  o  

You subscribe to 
an item or 
creator (6)  o  o  o  o  
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Q41 We will now ask about your intentions when interacting with platform content. When you 
intentionally interact with a piece of content this means that you have interacted in this way with 
a specific reason or purpose in mind. 
 
 
Page Break  
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Q34 Have you ever intentionally interacted with (i.e. liked, commented on, subscribed to, 
watched, etc) an item with the purpose to make it show up in other people's future 
recommendations? 

o yes  (1)  

o no  (2)  

o unsure  (3)  
 
 
Display this question: 

If Have you ever intentionally interacted with (i.e. liked, commented on, subscribed to, watched, et... 
= yes 

 
Q39 How often do you intentionally interact with an item so that it will be recommended other 
people? 

o less than once a week  (1)  

o once a week  (2)  

o many times a week  (3)  

o once a day  (4)  

o many times a day  (5)  
 
 
Display this question: 

If Have you ever intentionally interacted with (i.e. liked, commented on, subscribed to, watched, et... 
= yes 

 
Q35 Please briefly describe a time when you intentionally interacted with an item so that it 
would be recommended to other people. 

________________________________________________________________ 

________________________________________________________________ 

________________________________________________________________ 

________________________________________________________________ 
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________________________________________________________________ 
 
 
 
Q38 Have you ever intentionally avoided interacting with (i.e. liking, commenting on, subscribing 
to, watching, etc) an item with the purpose to make the platform recommend it less frequently to 
other people in the future? 

o yes  (1)  

o no  (2)  

o unsure  (3)  
 
 
Display this question: 

If Have you ever intentionally avoided interacting with (i.e. liking, commenting on, subscribing to,... = 
yes 

 
Q40 How often do you intentionally avoid interacting with an item so that it will be recommended 
less frequently to other people? 

o less than once a week  (1)  

o once a week  (2)  

o many times a week  (3)  

o once a day  (4)  

o many times a day  (5)  
 
 
Display this question: 

If Have you ever intentionally avoided interacting with (i.e. liking, commenting on, subscribing to,... = 
yes 

 
Q36 Please briefly describe a time when you intentionally avoided interacting with an item so 
that it would be recommended less frequently to other people. 

________________________________________________________________ 

________________________________________________________________ 
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________________________________________________________________ 

________________________________________________________________ 

________________________________________________________________ 
 
 
 
Q47 This question is an attention check to ensure data quality. Please select "many times a 
day" and thank you for your attention.  

o less than once a week  (1)  

o once a week  (2)  

o many times a week  (3)  

o once a day  (4)  

o many times a day  (5)  
 

End of Block: EA Strategization  
Start of Block: Care for other users 
 
Q23 The following question asks about how accurate platforms' content recommendations 
are. When a platform recommends an item to someone, the accuracy is how well the item 
matches what the person actually wants to see.  Do you believe the accuracy of content 
recommendations for different types of users (gender, ethnicity, age, etc.) is equal or unequal?   

o very unequal  (1)  

o somewhat unequal  (2)  

o neutral  (3)  

o somewhat equal  (4)  

o very equal  (5)  
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Q41 The following question asks about content promotion. The amount of promotion an item 
gets is how often a platform recommends it to others.  Do you believe the amount platforms 
promote different types of users' (gender, ethnicity, age, etc.) content is fair or not fair? 

o very unfair  (1)  

o unfair  (2)  

o neutral  (3)  

o fair  (4)  

o very fair  (5)  
 
 
 
Q25 Do you support or oppose the idea that social media and streaming companies should 
undertake efforts to increase the fairness of their platforms? 

o support  (1)  

o oppose  (2)  

o unsure  (3)  
 

End of Block: Care for other users  
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F Supplementary material for Section 51194

There are several interesting lines of future work that may loosen assumptions we have made or1195

expand upon our study.1196

“Evil” Altruism Following the classic economics lens[5], our altruistic agents care about the welfare1197

of other agent(s). However, we intentionally consider only altruistic strategies that also do not1198

decrease the welfare any agent would have received otherwise. This is to emphasize that as long1199

as users are even minimally altruistic, the recommender system naturally incentivizes them to do1200

this algorithmic collective action. There are many other directions in which future work could study1201

collective altruistic rating strategies. In particular, altruism does not have to improve social welfare.1202

Altruistic users could desire to improve the recommendation of a small group and not care about all1203

others. One could model collectives purposefully promoting content that appeals to the small group1204

of users, but is offensive (and would cause negative utility if recommended) to others.1205

Cost to Altruistic Actions Our survey and other literature [18, 52, 45] indicate that real-world1206

participation in the collective action we study theoretically often consists of intentional likes, shares,1207

or supportive comments. Supportive comments are often simple or generic, such as “Oh no, it looks1208

like I’ve accidentally commented for the algorithm."[45], not including a direct reference to the1209

information in the content itself. Unlike traditional protests where physical presence is required, this1210

action requires less overt effort. As such, we model uprating with the implicit assumption that it1211

comes at no effort cost. That said, future work may reconsider this modeling decision. Sophisticated1212

recommender systems may be trained to ignore overly simple strategies such as bot-like comments,1213

thus requiring higher effort from altruistic users. Additionally, uprating via comment is a public1214

display of support, so there may be interesting reputational costs to account for.1215

Alternative Learner Utilities While we also show user EA strategies yield the learner higher welfare1216

when he follows the protocol and evaluates his welfare according to engagement or benevolent utility,1217

two remarks are in order: (1) the learner welfare achieved is not necessarily optimal, and (2) there1218

are many other possible learner utility functions to consider. For the first point, further work could1219

analyze this setting as a multi-agent Stackelberg game in which some agents have altruistic utilities1220

and the principal explicitly maximizes benevolent, engagement, or an alternative utility. For the1221

second point, a natural alternative in which altruism hurts the learner is one that explicitly penalizes1222

dimensionality. Recall that altruism causes the optimal rank reduction for our α-loss tolerant learner1223

to increase from n̄ to n̄ + 1. On a large scale, it would thus be bad for a dimensionality-sensitive1224

learner to incentivize altruism for many different groups and items.1225

G Generalized classes of matrices and rating strategies1226

In this subsection, we will derive analogous social welfare results for a more complicated class of1227

preference matrices and altruistic strategies than those which are in the main body of this manuscript.1228

This preference matrix class will not be limited to majority minority groups with exclusive preferences1229

and strategic altruism is not limited to uprating. Because of these complexities, the proof techniques1230

necessary will be significantly different than in the main body, but the majority of results will have1231

analogies. Additionally, we have not been able to provide a simple algorithm for the computation of1232

an altruistic strategy as we do in the simpler case.1233

G.1 M: A class of popularity gap matrices1234

Consider a tuple: (R, n̄) where: R ∈ [0, 1]m×n is a [normalized] preference matrix and n̄ is some1235

integer value 0 < n̄ < n. Call the first n̄ items (columns) of R the popular items and the remaining,1236

the unpopular items. Define κ(R,n̄) ∈ R≥0 to be maxi′∈{(n̄+1),...,n} ∥Ri′∥1, the greatest L-1 norm1237

for any unpopular item. The R matrix but with the preferences for unpopular items zeroed out will1238

be important for the remainder of our analysis, so we define this as follows.1239

Definition G.1 (Popular Preferences Matrix, R′(n̄)) Let R′(n̄) ∈ [0, 1]m×n be a matrix s.t.:1240

r′u,i =

{
ru,i, if i ≤ n̄

0, otherwise

Thus R′(n̄) is a block matrix where A(n̄) ∈ [0, 1]m×n̄ is the popular item block of R.:1241

R′(n̄) =
(
A(n̄) 0m×(n−n̄)

)
(6)

57



Because the learner is interested in recovering a best item for each user, we shall define a set of top1242

item(s) for a user u with respect to the matrix, R:1243

Definition G.2 (User u’s Top Item(s)) Define Itop(R, u) to be a set of top items for a user u ac-1244

cording to preference matrix R:1245

Itop(R, u) := argmax
i∈[n]

ru,i

Note that |Itop(R, u)| ≥ 1.1246

We shall define user groups based on whether a user’s top item(s) is(are) popular or unpopular:1247

Definition G.3 (Majority User) A majority user for a particular R preference matrix and n̄ is one1248

who has top rated item i ∈ Itop(R, u), such that i ≤ n̄, meaning i is one of the popular items.1249

Formally, we define the set of majority users for a particular R preference matrix:1250

UMAJ := {u : ∃i ∈ Itop(R, u) s.t. i ∈ [n̄]}

Definition G.4 (Minority User) A minority user for a particular R preference matrix and n̄ is one1251

who has item i ∈ Itop(R, u), such that i > n̄, meaning i is one of the unpopular items. Formally, we1252

define the set of minority users for a particular R preference matrix:1253

UMIN := {u : ∃i ∈ Itop(R, u) s.t. i ∈ {(n̄+ 1), . . . , n}}

For some results, it will be useful to make assumptions that a tuple, (R, n̄) is such that there exist1254

nonempty user majority/minority groups and they are exclusive.1255

Assumption G.1 (Minority/Majority User assumptions) Preference matrix R and n̄ is such that1256

the following is true of majority and minority user groups:1257

1. Majority and Minority user sets are exclusive:1258

UMIN ∩ UMAJ = ∅

2. There is at least one minority user:1259

∀m : |UMIN| > 0

Remark G.1 Note that the majority/minority exclusivity of assumption G.1 is a weaker assumption1260

than the exclusivity assumption in the main body of the paper as assumption G.1 exclusivity does not1261

imply that majority and minority users’ preferences are entirely exclusive, only that their top items1262

are exclusive. Formally:1263

∀u ∈ UMAJ,∀i ∈ {n̄+ 1, . . . , n}, i /∈ Itop(R, u)

∀u′ ∈ UMIN,∀i′ ∈ [n̄], i′ /∈ Itop(R, u′)

We will now construct a class of preference matrix, R and popular item index n̄ tuples. In order to do1264

this, we define the assumptions that tuples belonging to this class must satisfy. These assumptions will1265

be about the difference between particular ratings of the preference matrix, so before proceeding we1266

define ∆(R, n̄). This will have a similar function to the singular value gaps of the class of matrices1267

used in the main body in that we will use ∆ to impose a gap in popularity between items.1268

Definition G.5 (Sufficient Ratings Gap, ∆(R, n̄)) The sufficient ratings gap is a function of the1269

ratings of R and which items are popular, n̄1270

∆(R, n̄) :=
2

5
2κ(R,n̄)n

3
2

[σn̄(R′(n̄))]
2 (7)

Assumption G.2 (Majority users’ top item(s) are sufficiently highly rated) Majority users don’t1271

care about all items equally: [n] \ Itop(R, u) ̸= ∅ and there is a sufficient gap between a majority1272

user’s top rating (which may appear on multiple items) and her other ratings:1273

max
i∈[n]\Itop(R,u)

ru,i < max
i∈[n]

ru,i −∆(R, n̄) ∀u ∈ UMAJ (8)
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Assumption G.3 (Minority users have sufficient preference for a popular item) Each minority1274

user likes at least one popular item by a sufficient amount:1275

∃i ∈ n̄ s.t. ru,i > ∆(R, n̄) ∀u ∈ UMIN (9)

Note that because assumption G.3 states that each minority user likes at least one popular item by1276

some small amount, the majority-minority matrices discussed in the main body cannot satisfy this1277

assumption as they are block matrices that impose complete exclusivity in preference. Thus, while1278

the class we will construct here does not technically include matrices analyzed in the main body, the1279

appendix class can be viewed as “more general" because it handles the settings in which preferences1280

matrices do not have the RMIN,RMAJ block structure that creates exclusivity between all items a1281

majority user likes and all items a minority user likes.1282

One may consider assumption G.3 as reminiscent of a non-zero support assumption for minority1283

users’ preference over popular items while the main body imposes zero-support over the same space.1284

We can now define the key class of preference matrix and popular item index tuples that we will use1285

for the remainder of the results in this section.1286

Definition G.6 (Popularity Gap Class,M) The following is an important class of tuples where the1287

popular items (whose indices lies in [n̄]) are sufficiently more highly rated by a variety of users than1288

the unpopular items:1289

M := {(R, n̄) : Assumption G.2, G.3 hold.} (10)

Remark G.2 (The Meaning of Popularity) We note that for any valid R ∈ [0, 1]m×n and n̄ where1290

assumptions G.2 and G.3 are true, it must be the case that the following is true:1291

2
5
4n

3
4
√
κ(R,n̄) < σn̄(R

′(n̄)) (11)

Intuitively, equation 11 means that popular items (those in [n̄]) are sufficiently well-liked by enough1292

users such that their associated singular values are big relative to the magnitude of minority items’1293

ratings (whose l1-norms are upper bounded by κ(R,n̄)).1294

We callM the “Popularity Gap Class" following the intuition detailed in remark G.2. That is, in1295

order for the assumptions to be potentially satisfied, it must be the case that the singular value of1296

the associated Popular Preferences Matrix, R′(n̄), dominates over the a function of the unpopular1297

ratings. Much like the singular value gap assumption of the main body, ensuring that equation 111298

holds essentially insures that the items labeled as popular by n̄ are actually mathematically popular.1299

G.2 Learner’s selection of optimal truncation rank1300

In the section above, we present a class of (R, n̄). However, the α-loss tolerant learner must1301

approximate the received preference matrix, R̃, to an optimal rank less than or equal to rank(R̃).1302

Given that the tuple (R̃, n̄) ∈M, in this section we will show that k∗ = n̄ for learners whose α total1303

variance loss budget is within a particular range.1304

G.3 Preliminary: useful singular value bounds on R if (R, n̄) ∈M1305

Recall that α-loss tolerant learners are defined in terms of how large the next singular value after1306

truncation would be. Thus, it will be useful to have bounds on the singular values of R and R′(n̄).1307

Corollary G.1 (Corollary of Lemma D.2) Let matrix Ã ∈ Cm×(n−j) where j < n. Define1308

σr(Â) = 0 for singular values lost to column deletion. Then the following relation of singular values1309

holds:1310

σi(A) ≥ σi(Ã) ≥ σi+j(A)

Proof. This is easily seen by induction on j using the Horn and Johnson lemma as a j = 1 base case.1311

□1312

Proposition G.1 (n̄ and n̄+ 1 singular value bounds) If a tuple (R, n̄) ∈ M then the singular1313

values of R satisfy the following relations:1314

σn̄(R) ≥ 2
5
4n

3
4
√
κ(R,n̄)

1315

σn̄+1(R) ≤
√

(n− n̄)κ(R,n̄)
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Proof. The first inequality comes from the fact that assumptions G.2 and G.3 hold. Clearly1316

2
5
2 κ(R,n̄)n

3
2

[σn̄(R′(n̄))]2
≤ 1 if assumption G.2 is true because otherwise the minimum difference between1317

a top items and next ratings is greater than what R ∈ [0, 1]m×n allows. This yields σn̄(R
′(n̄)) ≥1318

2
5
4n

3
4
√
κ(R,n̄) Because R′(n̄) is the same as R with the unpopular columns removed (and replaced1319

with zeros, which does not affect singular values) we can invoke Corollary G.1 to get the desired1320

inequality in terms of R.1321

Now we will show the second inequality. Define matrix B ∈ [0, 1]m×(n−n̄) to be matrix R but where1322

popular item columns have been removed. We have the following:1323

σ1+n̄(R) ≤ σ1(B) Corollary G.1
= ||B||2 Def of spectral norm
≤ ||B||F Matrix Norm Equivalences

≤
√

(n− n̄)κ(R,n̄)

To get the last inequality, recall that ||X||F =
√

tr(X⊤X) and note that1324

(B⊤B)i,j ≤ max
i∈[n−n̄]

Bi
⊤1 = max

i∈[n−n̄]
||Bi||1 = κ(R,n̄)

where Bi is the ith column vector of B. tr(X⊤X) must thus be upper bounded by (n − n̄)κ(R,n̄)1325

because there are n− n̄ diagonal elements of B⊤B each upper bounded by κ(R,n̄). □1326

G.3.1 A learner whose k∗ = n̄1327

Intuitively, we have shown in the above preliminaries that if (R, n̄) ∈ M, then the n̄-th singular1328

value of R must be relatively big while the next singular values must be quite small. This should1329

mean that retaining singular values 1 through n̄ is “important" while the remainder of the singular1330

values do not contribute very much.1331

Definition G.7 (n̄,R-Singular Value Gap) For any R ∈ [0, 1]m×n and n̄ ∈ [n] s.t. (R, n̄) ∈ M,1332

define the space1333

G(n̄,R) := {y ∈ R : y ∈
(√

(n− n̄)κ(R,n̄), 2
5
4n

3
4
√
κ(R,n̄)

)
}

Much like in the main body of the paper, a learner whose α parameter falls into this gap will select to1334

truncate exactly to dimension n̄. Formally:1335

Proposition G.2 (k⋆ = n̄ for the α-loss tolerant learner) For all R̃ ∈ [0, 1]m×n such that1336

(R̃, n̄) ∈ M, If the α loss tolerant learner is such that α ∈ G(n̄, R̃), then it must be the case1337

that k∗ = n̄.1338

Proof. By proposition G.1, σn̄ > α while σn̄+1 < α. By properties of singular values, σj ≥ σn̄∀j ≤1339

n̄, thus n̄ is the minimum k such that σk+1 < α □1340

Remark G.3 (G(n̄,R) is nonempty) Note that for any n̄ ≥ 1, 2
5
4n

3
4 >
√
n− n̄ therefore the space1341

G(n̄, R̃) is not empty for any reasonable tuple.1342

Obviously, this range will limit the type of learners we discuss, however it is important to note that it1343

is always nonempty (see remark G.3) and for large n, this range for α is also very big, therefore this1344

is a non negligible space of general α-loss tolerant learners.1345

G.4 Recommendations and top-1 social welfare when R̃ s.t. (R̃, n̄) ∈M1346

We will derive the recommendations made and resulting social welfare when the received preference1347

matrix is such that (R̃, n̄) ∈M and the α-loss tolerant learner is parametrized such that k⋆ = n̄.1348

G.4.1 Preliminary: SVD truncation error bounds1349

First we will remind the reader of an equivalent representation of truncated SVD and derive a useful1350

lemma to upper bound the approximation error.1351
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Recall that for a preference matrix, R ∈ [0, 1]m×n, a k⋆-truncated SVD approximation is equivalent1352

to solving the following optimization problem:1353

minimizeΠ∈Rn×n ∥R−RΠ∥2F
subject to Π = UU⊤

U ∈ Rn×k⋆

U⊤U = Ik⋆

(12)

Where Ik⋆ is a k⋆-dimensional identity and clearly Π is a projection matrix.1354

We can define R̂ = RΠ⋆ where Π⋆ is the minimizer and this R̂ is equivalent to the k⋆-truncated1355

SVD. We can derive a bound on how close the optimal projection matrix, Π⋆, is to In,n̄, a “partial"1356

identity matrix where only the first n̄ diagonal elements are 1s. Functionally, because R̂ = RΠ⋆, this1357

will be an upper bound on how close R̂ is to just being the first n̄ columns of R with the remaining1358

columns zeroed out. We note that this bound (and its proof) is a version of Theorem 1 from [51].1359

Proposition G.3 Let Π∗
n̄ ∈ Rn×n be the optimal projection operator of R to its n̄-truncated SVD.1360

Assume that σn̄(R
′(n̄)) > 0. We have the following:1361

||Π∗
n̄ − In,n̄||F ≤

∆(R, n̄)

2
√
n

, (13)

where In,n̄ is a n× n matrix where the first n̄ diagonal entries are 1 and all other entries are 0.1362

In order to show this, we will invoke a well-known matrix theory result that we define as a lemma1363

and prove for completeness below. As a preliminary, recall from matrix analysis that between1364

two matrices, we may compare their subspaces using principal angles. In particular, between1365

two matrices, U,U′ ∈ Rm×n̄ made up of orthonormal columns, the vector of principal angles1366

is d := (cos−1 σ1, . . . cos
−1 σn̄) where σi is the ith singular value of U⊤U′. We will denote1367

sinΘ(U,U′) := diag(d).1368

Lemma G.1 Let U,U′ ∈ Rm×n̄ be matrices with orthonormal columns.1369

∥ sinΘ(U,U′)∥F =
1√
2
∥UU⊤ −U′U′⊤∥F .

Proof. Let Π := UU⊤ and Π′ := U′U′⊤ notice that these are projection matrices.1370

∥UU⊤ −U′U′⊤∥2F = ∥Π−Π′∥2F
= Tr

(
(Π−Π′)⊤(Π−Π′)

)
def of Frobenius norm

= Tr
(
Π⊤Π+Π′⊤Π′ −Π⊤Π′ −Π′⊤Π

)
= Tr(Π2) + Tr(Π′2)− Tr(ΠΠ′)− Tr(Π′Π) projection symmetric, trace linear

= Tr(Π2) + Tr(Π′2)− 2Tr(ΠΠ′) trace cyclic

= Tr(Π) + Tr(Π′)− 2Tr(ΠΠ′) projection idempotent

= 2n̄− 2Tr(ΠΠ′) trace of projection = rank

= 2n̄− 2Tr
(
(U⊤U′)⊤(U⊤U′)

)
= 2n̄− 2

∑
i∈[n̄]

cos2(di) σi(U
⊤U′) = cos(di)

= 2

∑
i∈[n̄]

1− cos2(di)


= 2

∑
i∈[n̄]

sin2(di)

 trig identity

= 2∥ sinΘ(U,U′)∥2F

61



Taking square root and dividing by
√
2 on both sides gives the desired identity. □1371

Proof of Proposition G.3. Let C = R⊤R and C′ = R′(n̄)⊤R′(n̄), thus C,C′ ∈ Rn×n. Let1372

U,U′ ∈ Rn×n̄ be matrices whose columns correspond to the n̄ normalized eigenvectors of the n̄1373

largest eigenvalues of C,C′.1374

We will complete this proof by going through the following claims:1375

1. U′U′⊤ = In,n̄1376

2. 1√
2
∥UU⊤ − In,n̄∥F = ∥ sinΘ(U,U′)∥F1377

3. ∥UU⊤ − In,n̄∥F ≤ 2
√
2nκ

[σn̄(R′(n̄))]21378

For some notational cleanliness, for this proof, we will refer to κ(R,n̄) as simply κ.1379

1380

Claim G.1
U′U′⊤ = In,n̄

where In,n̄ is a n× n matrix where the first n̄ diagonal entries are 1 and all other entries are 0.1381

Proof of Claim G.1.1382

Notice that because1383

R′(n̄) =
(
A(n̄) 0m×(n−n̄)

)
(14)

We have that:1384

C′ =


C̃ 0 . . . 0

0 0 0 0
...

...
...

...
0 0 . . . 0

 (15)

Where C̃ ∈ Rn̄×n̄.1385

Notice that C̃ is a symmetric n̄ × n̄ matrix, thus it has an orthonormal eigenbasis. Consider1386

orthonormal matrix V′ ∈ Rn̄×n̄ s.t. that it’s columns are eigenvectors of C̃. By orthonormality,1387

V′V′⊤ = In̄. Define Ṽ′ ∈ Rn×n̄ such that it is V′ padded with zeros. Clearly, Ṽ′ is a normalized1388

matrix of the n̄ eigenvectors corresponding to the n̄ largest eigenvectors of C′, therefore U′ is simply1389

Ṽ′. Thus we can see that U′U′⊤ = In,n̄. □1390

Claim G.2
1√
2
∥UU⊤ − In,n̄∥F = ∥ sinΘ(U,U′)∥F

Proof of Claim G.2. By Claim G.1,1391

UU⊤ − In,n̄ = UU⊤ −U′U′⊤.

Further, since U,U′ are composed of normalized orthogonal columns, by Lemma G.1, we have that1392

1√
2
∥UU⊤ −U′U′⊤∥F = ∥ sinΘ(U,U′)∥F .

Put together, we have the desired equality:1393

1√
2
∥UU⊤ − In,n̄∥F =

1√
2
∥UU⊤ −U′U′⊤∥F = ∥ sinΘ(U,U′)∥F .

□1394

Claim G.3

∥UU⊤ − In,n̄∥F ≤
2
√
2nκ

(σn̄(R′(n̄)))2
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Proof of Claim G.3.1395

From Yu et al [71] Theorem 2 using r = 1 and s = n̄, we have:1396

|| sinΘ(U,U′)||F ≤
2min(

√
n̄||C−C′||op, ||C−C′||F )

min(λ0 − λ1(C′), λn̄(C′)− λn̄+1)

where λ0 = ∞ and λn̄+1 = 0 by construction. Note that by assumption, σn̄(R
′(n̄)) > 0, so the1397

denominator is well-defined.1398

Thus we have:1399

∥UU⊤ − In,n̄∥F ≤
2
√
2min(

√
n̄||C−C′||op, ||C−C′||F )

min(λ0 − λ1(C′), λn̄(C′)− λn̄+1)
Claim 2

=
2
√
2min(

√
n̄||C−C′||op, ||C−C′||F )

min(∞− λ1(C′), λn̄(C′))
by construction

≤ 2
√
2∥C−C′∥F

min(∞− λ1(C′), λn̄(C′))

=
2
√
2∥C−C′∥F
λn̄(C′)

=
2
√
2∥C−C′∥F

(σn̄(R′(n̄)))2
Def of singular value

≤ 2
√
2nκ

(σn̄(R′(n̄)))2

Where the last inequality is as follows. Notice that1400

∥C−C′∥F = ∥R⊤R−R′(n̄)⊤R′(n̄)∥F

=

∥∥∥∥(A(n̄)⊤A(n̄) A(n̄)⊤B(n̄)

B(n̄)⊤A(n̄) B(n̄)⊤B(n̄)

)
−
(
A(n̄)⊤A(n̄) 0

0 0

)∥∥∥∥
F

=

∥∥∥∥( 0 A(n̄)⊤B(n̄)

B(n̄)⊤A(n̄) B(n̄)⊤B(n̄)

)∥∥∥∥
F

Where A(n̄) ∈ [0, 1]m×n̄ are the popular columns of the preference matrix and B(n̄) ∈1401

[0, 1]m×(n−n̄) are the unpopular columns of the matrix. Thus we can upper bound every element of1402

C−C′:1403

(C−C′)ij ≤ max
i>n̄

Ri
⊤1 = max

i>n̄
∥Ri∥1 = κ.

There are n2 elements in (C−C′) Therefore1404

∥C−C′∥F ≤
√
n2κ2 ≤ nκ.

□1405

To reach the final statement of the theorem, notice that UU⊤ creates the projection matrix, Π⋆ that1406

minimizes the optimization problem 12 and recall that ∆(R, n̄) :=
4
√
2κ(R,n̄)n

√
n

[σn̄(R′(n̄))]2 □1407

G.4.2 Recommendations and social welfare bounds1408

Now that we have some idea of what R̂ will be from proposition G.3, we can make statements about1409

recommendations and resulting social welfare particular α learners will give when (R̃, n̄) ∈M.1410

Theorem G.4 (Recommendations are good for majority, bad for minority) Let R̃ be a reported1411

preference matrix such that, for some n̄ ∈ [n], (R̃, n̄) ∈ M. Let there also be an α loss tolerant1412

learner s.t. k⋆ = n̄, or sufficiently, α ∈ G(n̄, R̃).1413

After learner protocol, all majority users are accurately given one of their top popular items, while1414

minority users are given a popular item. Formally, top-1 item recommendation on R̂ satisfies the1415

following two properties:1416

argmax
i∈[n]

r̂u,i ⊆ Itop(R̃, u) ∩ [n̄] ∀u ∈ UMAJ (16)
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and1417

argmax
i∈[n]

r̂u,i ⊆ [n̄] ∀u ∈ UMIN (17)

Proof. For notational cleanliness in this proof, we will write κ to refer to κ(R̃,n̄) and R̃′ to refer to1418

R̃′(n̄).1419

Note that if we consider α ∈ G(n̄, R̃), by proposition G.2, k⋆ = n̄ thus, R̂ := R̃Π∗
n̄. By Proposition1420

G.3, if 2
√
2κn

σn̄(R̃′)
= 0 then Π∗

n̄ = In,n̄. When this is the case, R̂ = R̃′ and the optimal solution for our1421

top-1 item selection problem is such that properties 17 and 16 hold. We want to show that when the1422

Frobenius norm difference of Proposition G.3 is small, under assumptions G.2 and G.3, the top-11423

item selection problem’s solution is as if the Frobenius norm difference were 0, so properties 17 and1424

16 still hold. Let the rows of R̃ be r̃⊤u ∈ [0, 1]n for u ∈ [m] and the columns of Π∗
n̄ be vi ∈ Rn for1425

i ∈ [n]. We shall the consider the problem as follows:1426

 r̃1,1, . . . r̃1,n
... . . .

...
r̃m,1, . . . r̃m,n





1 + ε1,1 0 + ε1,2 . . . 0 + ε1,n̄ . . . 0 + ε1,n
0 + ε2,1 1 + ε2,2 . . . 0 + ε2,n̄ . . . 0 + ε2,n

...
...

. . .
...

...
...

0 + εi,1 0 + εi,2 . . . 1 + εi,n̄ . . . 0 + εi,n
0 + εi+1,1 0 + εi+1,2 . . . 0 + εi+1,n̄ . . . 0 + εi+1,n

...
...

...
...

...
...

0 + εn,1 0 + εn,2 . . . 0 + εn,n̄ . . . 0 + εn,n


=

r̃⊤1 v1 . . . r̃⊤1 vn

... . . .
...

r̃⊤mv1 . . . r̃⊤mvn



(18)
Where Π∗

n̄ is some perturbed In,n̄ matrix such that
√∑

i∈[n]

∑
i′∈[n] |εi,i′ |2 ≤

2
√
2nκ

(σn̄(R̃′))2
. To show1427

the properties 17 and 16 hold for an R̃ that satisfies ourM assumptions, it is useful to define some1428

bounds on how far off r̃⊤u vi may be from r̃u,i with respect to a bound on the norm of the perturbation.1429

1430

Claim G.4 Fix any u ∈ [m] and any i ∈ [n̄] and define an upper bound x ≥ ||εi||2 where εi ∈ Rn is1431

the ith column of perturbations. The estimate of r̃u,i, r̃⊤u vi, is lower bounded: r̃u,i −
√
nx ≤ r̃⊤u vi.1432

Proof of Claim G.4. We can rewrite r̃⊤u vi = r̃u,i + r̃u,iεi,i +
∑

i′∈[n]\i r̃u,i′εi′,i. Construct a1433

vector a ∈ Rn such that when εi′,i ≤ 0, ai′ = −εi′,i otherwise ai′ = 0. Because R̃ ∈ [0, 1]m×n1434

we have that r̃⊤u vi ≥ r̃u,i − r̃u,iai,i −
∑

i′∈[n]\i r̃u,i′ai′,i. Invoking the upper bound of 1 on1435

r̃u′,i′ : r̃⊤u vi ≥ r̃u,i −
∑

i′∈[n] ai′,i. By construction, ai′ ≥ 0 ∀i′ ∈ [n]. Thus equivalently:1436

r̃⊤u vi ≥ r̃u,i − ||a||1. Because ai′ are equal to −εi′,i or 0, ||a||1 ≤ ||εi||1 where εi ∈ Rn is the1437

ith column of perturbations and we can replace a: r̃⊤u vi ≥ r̃u,i − ||εi||1. From the l1-l2 norm1438

inequality and the l2 norm bound on the perturbation column: ||εi||1 ≤
√
n||εi||2 ≤

√
nx. We have:1439

r̃⊤u vi ≥ r̃u,i −
√
nx. □1440

Additionally, we use an analogous proof to show the following claim as well:1441

Claim G.5 Fix any u ∈ [m] and any i ∈ [n̄] and define an upper bound x ≥ ||εi||2 where εi ∈ Rn is1442

the ith column of perturbations. The estimate of r̃u,i, r̃⊤u vi, is upper bounded: r̃u,i +
√
nx ≥ r̃⊤u vi.1443

Claim G.6 Fix any u ∈ [m] and any i ∈ {n̄ + 1, . . . , n} and define an upper bound x ≥ ||εi||21444

where εi ∈ Rn is the ith column of perturbations. The estimate of r̃u,i, r̃⊤u vi, is upper bounded:1445 √
nx ≥ r̃⊤u vi.1446

Proof of Claim G.6. We can rewrite r̃⊤u vi =
∑

i′∈[n] r̃u,i′εi′,i.Construct a vector a ∈ Rn1447

such that when εi′,i ≥ 0, ai′ = εi′,i otherwise ai′ = 0. Because R̃ ∈ [0, 1]m×n we have that1448

r̃⊤u vi ≤
∑

i′∈[n] r̃u,i′ai′,i. Invoking the upper bound of 1 on r̃u′,i′ : r̃⊤u vi ≤
∑

i′∈[n] ai′,i. By1449

construction, ai′ ≥ 0 ∀i′ ∈ [n]. Thus equivalently: r̃⊤u vi ≤ ||a||1. Because ai′ are equal to1450

εi′,i or 0, ||a||1 ≤ ||εi||1 where εi ∈ Rn is the ith column of perturbations and we can replace a:1451

r̃⊤u vi ≤ ||εi||1. From the l1-l2 norm inequality and the l2 norm bound on the perturbation column:1452

||εi||1 ≤
√
n||εi||2 ≤

√
nx. We have: r̃⊤u vi ≤

√
nx. □1453
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Now using the above claims we shall show that given any reported preference matrix R̃ that satisfies1454

assumption G.2 and G.3, if learner does n̄-truncated SVD, properties 16 and 17 hold.1455

We shall first show that property 16 holds. By property G.3, the Frobenius norm for the whole1456

perturbation is upper bounded. Thus, the L2 norm for any individual perturbation vector is also upper1457

bounded by the same value. Thus we invoke Claims G.4, G.5, and G.6 with the Frobenius norm1458

bound: x := ∆(R̃,n̄)
2
√
n

. For a given majority user u ∈ UMAJ, we want lower bounds on estimates for the1459

popular top items and upper bounds on estimates for other items:1460

1. ∀i ∈ (Itop(R̃, u) ∩ [n̄]) , r̃u,i − ∆(R̃,n̄)
2 ≤ r̃⊤u vi1461

2. ∀i′ ∈ (Itop(R̃, u)C ∩ [n̄]), r̃u,i′ +
∆(R̃,n̄)

2 ≥ r̃⊤u vi′1462

3. ∀i′′ ∈ {n̄+ 1, . . . n}, ∆(R̃,n̄)
2 ≥ r̃⊤u vi′′1463

By definition of a majority user, (i(u)(top) ∩ [n̄]) is not empty. But by assumption G.2, ∄i, i′, i′′ such1464

that r̃⊤u vi ≤ r̃⊤u vi′ or r̃⊤u vi ≤ r̃⊤u vi′′ for any u ∈ UMAJ. It must be the case that argmaxi∈[n] r̂u,i ⊆1465

(i
(u)
(top) ∩ [n̄]) ∀u ∈ UMAJ and property 16 holds.1466

Now we shall show that property 17 holds. Invoking Claims G.4 and G.6 using property G.3 for the1467

L2 bound, for a given u ∈ UMIN we want the lower bound on estimates of popular items to compare1468

to the upper bound on estimates for unpopular items:1469

1. ∀i ∈ [n̄], r̃u,i − ∆(R̃,n̄)
2 ≤ r̃⊤u vi1470

2. ∀i′ ∈ {n̄+ 1, . . . n}, ∆(R̃,n̄)
2 ≥ r̃⊤u vi′1471

But by Assumption G.3, there exists at least one i such that r̃⊤u vi > r̃⊤u vi′ ∀i′. Therefore1472

argmaxi∈[n] r̂u,i ⊆ [n̄] ∀u ∈ UMIN and property 17 holds. □1473

Corollary G.2 (Upper Bound on Social Welfare with Truthful Users) Additionally, if assump-1474

tion G.1 holds, and users are truthful (i.e. R⋆ = R̃), we have:1475

SW(R⋆, α) ≤ |UMIN|R+
∑

u∈UMAJ

max
i∈[n]

r⋆u,i < Max SW Possible (19)

Where R := maxu∈UMIN
maxi′∈[n̄] r

⋆
u,i′1476

Proof. Let top⋆(u) ∈ Itop(R
⋆, u) be some (truthfully) top item for a user u. Recall from the notation1477

in the main body of our paper that top(u) represents the recommended item to user u1478

SW(R⋆, α) =
∑

u∈[m]

r⋆u,top(u)

=
∑

u∈UMIN

r⋆u,top(u) +
∑

u∈UMAJ

r⋆u,top⋆(u) (property 16)

=
∑

u∈UMIN

r⋆u,argmaxi∈[n̄] r̂u,i
+
∑

u∈UMAJ

r⋆u,top⋆(u) (property 17)

≤ |UMIN|R+
∑

u∈UMAJ

r⋆u,top⋆(u)

By Assumption G.1, the strict inequality holds as well. □1479

Intuitively, Theorem G.4 and Corollary G.2 highlight something concerning: when users are truthful1480

to this type of α learner, majority users get their best recommendations, while minority users do not,1481

instead they get recommended some popular item which does not reflect their greatest preferences.1482

G.5 Improving top-1 social welfare via altruism1483

We are interested in whether and how agents who are in the majority defined by (R⋆, n̄) could1484

improve top-1 social welfare given the learner is α-loss tolerant such that α ∈ G(R⋆, n̄) by falsifying1485

ratings on just one minority item.1486
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We consider altruistic misreporting on a truthful preference matrix, R⋆. Much like altruism in1487

the main body of the paper, this altruism transforms R⋆ into R̃, which is the same matrix except1488

the n̄ + 1th vector has been changed. However, to generalize the “uprating" in that section, we1489

now no longer limit altruistic agents to only increasing their rating. Rather, r⋆ is changed to any1490

r̃ ∈ [0, 1]m, though still with the constraint that minority users’ ratings remain constant to model1491

altruism specifically.1492

Remark G.4 (Minority item reordering) Like the main body of the paper, we focus, WLOG, on1493

item n̄+ 1 when it comes to altruism. Minority items can be reordered with no consequence.1494

Definition G.8 (General Altruistic Rating) Consider a ground truth preference matrix R⋆ such1495

that for some n̄, (R⋆, n̄) ∈M. WLOG, we consider a [general] altruistic rating strategy to be one1496

in which the n̄+ 1th column vector, R⋆
n̄+1, is replaced with r̃ under the constraints:1497

r̃u = r∗u,n̄+1 ∀u ∈ UMIN, r̃ ∈ [0, 1]m

Such uprating will result in the learner receiving a strategically manipulated preference matrix,1498

R̃ ∈ [0, 1]m×n instead of the true matrix R⋆.1499

Naturally, because the goal of manipulating ratings of item n̄+1 is to help minority users who like it,1500

it will be important to establish that there exists enough [true] preference for item n̄+ 1 such that it1501

is “worthwhile" manipulating.1502

Assumption G.5 (Manipulated item is sufficiently liked) For a given (R̃⋆, n̄) ∈ M, define1503

USWITCH := {u : u ∈ UMIN, (n̄ + 1) ∈ Itop(R
⋆, u)} ⊆ UMIN to be the set of minority users who1504

have a top item which is item n̄+1 and assume |USWITCH| ≠ 0. Assume the following is true of ground1505

truth preferences:1506

∃δ ∈ R>0 such that:1507

1. For minority users whose top item is not n̄+ 1, the variation of popular item ratings is not1508

too large:1509 ∑
u∈UMIN\USWITCH

max
i∈[n̄+1]

r⋆u,i ≤
∑

u∈UMIN\USWITCH

min
i∈[n̄+1]

r⋆u,i + δ (20)

2. The switch users like item n̄+ 1 sufficiently more than popular items:1510 ∑
u∈USWITCH

r⋆u,(n̄+1) >
∑

u∈USWITCH

max
i∈[n̄]

r⋆u,i + δ (21)

Just like the main body of the paper, we shall now derive sufficient conditions on r̃ in order to improve1511

social welfare beyond the truthful baseline. Intuitively, these sufficient conditions will represent the1512

following: altruistic rating increases the n̄+ 1 singular value and thus ensures that (R̃, n̄+ 1) ∈M1513

now allowing some minority users to become a part of the majority, giving these “switch" users all1514

the benefits of being majority from Theorem G.4.1515

Because we want conditions for (R̃, n̄+ 1) ∈M while assuming that (R⋆, n̄) ∈M we will need1516

∆(R̃, n̄+ 1) based on the given R⋆, n̄. By extension, we need σn̄+1(R̃
′(n̄+ 1)). Rather than use1517

this singular value directly, we use a lower bound, which may be calculated without taking the SVD1518

of R̃′(n̄+ 1).1519

Definition G.9 (σ̂n̄+1(R̃
′(n̄+ 1)) For a given (R⋆, n̄) ∈M, we can estimate the altruistic matrix’s1520

n̄+ 1th singular value:1521

σ̂n̄+1(R̃
′(n̄+ 1)) :=

√
min(r̃⊤r̃, [σn̄(R⋆′(n̄))]

2
)− ||r̃⊤A(n̄)||2

Where A(n̄) ∈ [0, 1]m×n̄ are the first n̄ columns of R⋆1522

With this estimate in hand, we can proceed with our estimate of ∆(R̃, n̄+ 1).1523
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Definition G.10 (Altruistic Sufficient Ratings Gap, ∆(r̃;R⋆, n̄)) For a given (R⋆, n̄) ∈ M, we1524

define the sufficient ratings gap needed for a particular altruistic strategy, r̃, to be:1525

∆(r̃;R⋆, n̄) :=
2

5
2n

3
2κ(R⋆,n̄+1)[

σ̂n̄+1(R̃′(n̄+ 1))
]2

Where κ := maxi′∈{(n̄+2),...,n} ∥R⋆
i′∥11526

Our sufficient conditions for r̃ will ensure that the altruistic strategy is such that (R̃, n̄+ 1) ∈ M1527

and that learner will select k⋆ = n̄+ 1. The sufficient conditions can be evaluated without actually1528

calculating any resulting singular values of R̃, which may be expensive to do over the entire space of1529

feasible r̃1530

Proposition G.4 (Sufficient Conditions for Effective Altruism) Let there be some ground truth1531

preference matrix, R⋆, such that for some n̄ ∈ [n], (R⋆, n̄) ∈M and assumptions G.1 and G.5 hold.1532

Also let there be an α-loss tolerant learner such that α ∈ G(R⋆, n̄).1533

The following are sufficient conditions on r̃ (definition G.8) to ensure SW(R̃, α) > SW(R⋆, α):1534

1. α < σ̂n̄+1(R̃
′(n̄+ 1))1535

2. ∀u ∈ UMAJ : r̃u < maxi∈[n] r
⋆
u,i −∆(r̃;R⋆, n̄)1536

3. ∀u ∈ UMAJ : maxi∈[n]\Itop(R⋆,u) r
⋆
u,i < maxi∈[n] r

⋆
u,i −∆(r̃;R⋆, n̄)1537

4. ∀u ∈ USWITCH : maxi∈[n]\Itop(R⋆,u) r
⋆
u,i < r⋆u,n̄+1 −∆(r̃;R⋆, n̄)1538

5. ∀u ∈ UMIN \ USWITCH : 0 < maxi∈[n̄+1] r
⋆
u,i −∆(r̃;R⋆, n̄)1539

Proof. We shall break this proof into the following claims:1540

Claim G.7 SW(R⋆, α) is upper bounded by:1541 ∑
u∈UMIN

max
i∈[n̄]

r⋆u,i +
∑

u∈UMAJ

max
i∈[n]

r⋆u,i

Claim G.8 The altruistically transformed matrix and n̄+ 1 index falls into the popularity gap class,1542

M. Formally:1543

(R̃, n̄+ 1) ∈M

Claim G.9 SW(R̃, α) is bounded from below by:1544 ∑
u∈UMIN\USWITCH

min
i∈[n̄+1]

r∗u,i +
∑

u∈UMAJ∪USWITCH

max
i∈[n]

r∗u,i

and thus yields desired (strict) inequality.1545

Proof of Claim G.7.1546

By assumption, (R⋆, n̄) ∈M and α ∈ G(R⋆, n̄) thus by proposition G.2, if the users were to submit1547

preferences truthfully, the learner will reduce to rank n̄. Thus, by proposition G.4:1548

argmax
i∈[n]

r̂u,i ⊆ Itop(R
⋆, u) ∩ [n̄] ∀u ∈ UMAJ

1549

argmax
i∈[n]

r̂u,i ⊆ [n̄] ∀u ∈ UMIN

Which directly yields the desired social welfare upper bound because majority users get their actual1550

maximum value, while minority users cannot do any better than their maximum value amongst the1551

popular items, which is strictly less than the actual maximum value over all items by assumption G.1.1552

□1553

Proof of Claim G.8. Recall that a preference matrix R such that (R, n̄) ∈M looks like this:1554

R =
(
P U

)
(22)
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Where P ∈ [0, 1]m×n̄ and U ∈ [0, 1]m×(n−n̄) are the matrices of popular and unpopular item ratings1555

respectively. Construct the following:1556

X =
(
r̃ P

)
(23)

Where r̃ ∈ [0, 1]m×1 is the n̄+1 modified column vector of R⋆ (ie. the 1st column of U) to represent1557

majority users’ altruism. Thus X ∈ [0, 1]m×(n̄+1). Let A := X⊤X. Thus we clearly have1558

A =

(
c a⊤

a M

)
Where:1559

1. M = P⊤P ∈ Rn̄×n̄1560

2. a⊤ := r̃⊤P ∈ [0, 1]1×n̄1561

3. c := r̃⊤r̃ ∈ R1562

Note that the eigenvalues of A would be the same as the squared nonzero singular values of R̃′(n̄+ 1).1563

Thus we can use the lower bound given by Lemma D.1 to get a lower bound on n̄ + 1th singular1564

value of R̃′(n̄+ 1). From Lemma D.1:1565 [
σn̄+1(R̃

′(n̄+ 1)
]2
≥ min(r̃⊤r̃,

[
σn̄(R

⋆′
(n̄))

]2
)− ||r̃⊤P||2 =

[
σ̂n̄+1(R̃

′(n̄+ 1))
]2

Note that this means that our estimate of delta:1566

∆(r̃;R⋆, n̄) ≥ ∆(R̃, n̄+ 1)

So now that we’ve established that our estimate is an upper bound on the true ∆ our sufficient1567

conditions clearly ensure that assumptions G.2, G.3 would hold on (R̃, n̄ + 1) using the real1568

∆(R̃, n̄+ 1). We write this out explicitly below:1569

Assumption G.2: This holds because the users who will be the new majority under (R̃, n̄+ 1) are1570

now u ∈ UMAJ ∪ USWITCH.1571

1. ∀u ∈ UMAJ : r̃u < maxi∈[n] r
⋆
u,i −∆(r̃;R⋆, n̄) ≤ maxi∈[n] r

⋆
u,i −∆(R̃, n̄+ 1)1572

2. ∀u ∈ UMAJ : maxi∈[n]\Itop(R⋆,u) r
⋆
u,i < maxi∈[n] r

⋆
u,i −∆(r̃;R⋆, n̄) ≤ maxi∈[n] r

⋆
u,i −1573

∆(R̃, n̄+ 1)1574

3. ∀u ∈ USWITCH : maxi∈[n]\Itop(R⋆,u) r
⋆
u,i < r⋆u,n̄+1−∆(r̃;R⋆, n̄) ≤ r⋆u,n̄+1−∆(R̃, n̄+1)1575

Assumption G.3: Minority users is slightly more subtle because on (R̃, n̄ + 1) the new minority1576

group is ⊆ UMIN ∪ USWITCH (recall that majority and minority groups are not necessarily exclusive1577

unless stated). However, once again by construction, the properties r̃ satisfies ensure that assumption1578

G.3 is satisfied on all u ∈ UMIN ∪ USWITCH. Because ∀u ∈ USWITCH :1579

max
i∈[n]\Itop(R⋆,u)

r⋆u,i < r⋆u,n̄+1 −∆(r̃;R⋆, n̄) ≤ r⋆u,n̄+1 −∆(R̃, n̄+ 1)

Which automatically implies1580

0 < r⋆u,n̄+1 −∆(r̃;R⋆, n̄) ≤ r⋆u,n̄+1 −∆(R̃, n̄+ 1)

And then satisfaction of assumption G.3 for u ∈ UMIN \ USWITCH follows directly from the the r̃1581

properties again because ∆(R̃, n̄+ 1) is upper bounded by ∆(r̃;R⋆, n̄)1582

Of course it is also the case that R̃ ∈ [0, 1]m×n Thus we have (R̃, n̄+ 1) ∈M as desired. □1583

Proof of Claim G.9. We shall now leverage the fact that (R̃, n̄+ 1) ∈M to get a lower bound on1584

social welfare. First, we prove that if this α learner sees R̃, he will reduce to rank n̄+ 1. We have1585

from assumptions that α ∈ (
√
(n− n̄)κ(R⋆,n̄),

√
min(r̃⊤r̃, [σn̄(R⋆′(n̄))]

2
)− ||r̃⊤P||2). We need1586

to prove that this guarantees we also have:1587

α ∈ (σn̄+2(R̃), σn̄+1(R̃))
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We shall start with the LHS:1588 √
min(r̃⊤r̃, [σn̄(R⋆′(n̄))]

2
)− ||r̃⊤P||2 ≤ σn̄+1(R̃

′(n̄+ 1)) (Claim G.8)

≤ σn̄+1(R̃) (Corollary G.1)

Now the RHS:1589

1590 √
(n− n̄)κ(R⋆,n̄) ≥

√
(n− n̄)κ(R̃,n̄+1) (Definition of κ)

≥ σn̄+2(R̃) (Proposition G.1)

Thus the learner will reduce to rank n̄+1. Because (R̃, n̄+1) ∈M and the learner will rank reduce1591

to n̄, we can now invoke proposition G.4:1592

argmax
i∈[n]

r̂u,i ⊆ Itop(R̃, u) ∩ [n̄+ 1] ∀u ∈ UMAJ ∪ USWITCH

1593
argmax

i∈[n]
r̂u,i ⊆ [n̄+ 1] ∀u ∈ UMIN

From this we get the lower bound we want because users ∈ UMAJ ∪ USWITCH will receive their top1594

item since we ensure UMAJ top items are unchanged by the sufficient conditions that guarantee1595

∀u ∈ UMAJ : r̃u < maxi∈[n] r
⋆
u,i and ratings for users ∈ USWITCH are unchanged.1596

Users u ∈ UMIN \ USWITCH might receive something as bad as their worst i ∈ [n̄+ 1] item:1597

SW(R̃, α) ≥
∑

u∈UMIN\USWITCH

min
i∈[n̄+1]

r⋆u,i +
∑

u∈UMAJ∪USWITCH

max
i∈[n]

r⋆u,i

Thus we have the following ρ bound by invoking the assumption that the switch users sufficiently1598

like their top item (Assumption G.5) (colored for clarity):1599

ρ ≥ LB(SW(R̃, α))

UB(SW(R⋆, α)

=

∑
u∈UMIN\USWITCH

mini∈[n̄+1] r
∗
u,i +

∑
u∈UMAJ∪USWITCH

maxi∈[n] r
∗
u,i∑

u∈UMIN
maxi∈[n̄] r

∗
u,i +

∑
u∈UMAJ

maxi∈[n] r
∗
u,i

=

∑
u∈UMIN\USWITCH

mini∈[n̄+1] r
∗
u,i +

∑
u∈USWITCH

maxi∈[n] r
∗
u,i +

∑
u∈UMAJ

maxi∈[n] r
∗
u,i∑

u∈UMIN\USWITCH
maxi∈[n̄] r

∗
u,i +

∑
u∈USWITCH

maxi∈[n̄] r
∗
u,i +

∑
u∈UMAJ

maxi∈[n] r
∗
u,i

>

∑
u∈UMIN\USWITCH

mini∈[n̄+1] r
∗
u,i + δ +

∑
u∈USWITCH

maxi∈[n̄] r
∗
u,i +

∑
u∈UMAJ

maxi∈[n] r
∗
u,i∑

u∈UMIN\USWITCH
maxi∈[n̄] r

∗
u,i +

∑
u∈USWITCH

maxi∈[n̄] r
∗
u,i +

∑
u∈UMAJ

maxi∈[n] r
∗
u,i

equation 21

≥
∑

u∈UMIN\USWITCH
mini∈[n̄+1] r

∗
u,i + δ +

∑
u∈USWITCH

maxi∈[n̄] r
∗
u,i +

∑
u∈UMAJ

maxi∈[n] r
∗
u,i

δ +
∑

u∈UMIN\USWITCH
mini∈[n̄+1] r

∗
u,i +

∑
u∈USWITCH

maxi∈[n̄] r
∗
u,i +

∑
u∈UMAJ

maxi∈[n] r
∗
u,i

equation 20

= 1

Which yields the desired ρ > 1 □1600

□1601

G.6 Extra results onM1602

While we have explained how theM class of tuples represents matrices with a popularity gap, it1603

is not intuitively clear exactly what combinations of R and n̄ may work. Can one R have multiple1604

values of n̄ such that (R, n̄), (R, n̄′) ∈ M? We can show conditions that, given (R, n̄) ∈ M, for1605

n̄′ > n̄, (R, n̄′) /∈M. There are perhaps other interesting propositions about this class we leave to1606

future work.1607

Proposition G.5 (Greater n̄ does not satisfy assumptions forM) Define1608

κ(R,n̄) := min
i′∈{(n̄+1),...,n}

||Ri′ ||1

If a tuple (R, n̄) ∈ M and κ(R,n̄) >
(n−n̄)κ(R,n̄)

4
√
2n

√
n

then ∄n̄′ ∈ {n̄ + 1, . . . , n} s.t. (R, n̄′) satisfies1609

the assumptions of the previous subsection.1610
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Proof. Define n̄′ ∈ {n̄+ 1, . . . , n}, R′(n̄′) ∈ [0, 1]m×n̄′
to be the matrix R, but with all columns1611

i > n̄′ set to be 0 vectors, and κ(R,n̄′) := maxi′∈{(n̄′+1),...,n} ||Ri′ ||1. We want to show that1612

σn̄′(R′(n̄′)) <
√

4
√
2n
√
nκ(R,n̄′). If this is the case, it definitely cannot be true that (R, n̄′)1613

satisfies the assumptions of the previous subsection because it would require the difference between1614

top and next rating to be greater than 1.1615

By corollary G.1 and proposition G.1, σn̄+1(R
′
n̄′) ≤

√
κ(R,n̄)(n− n̄). Note that this is in terms of1616

κ(R,n̄) and not in terms of κ(R,n̄′). Using the asssumption, we have that:
κ(R,n̄)(4

√
2n

√
n)

n−n̄ > κ(R,n̄).1617

Thus we can write:1618

σn̄+1(R
′
n̄′) ≤

√
κ(R,n̄)(n− n̄) <

√
4
√
2n
√
nκ(R,n̄) ≤

√
4
√
2n
√
nκ(R,n̄′)

Where the last inequality follows because κ(R,n̄) is minimum. □1619
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