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Abstract

Users of online platforms based on recommendation systems (RecSys) (e.g., Tik-
Tok, X, YouTube) strategically interact with content to influence future recommen-
dations. On some platforms, users have been documented to form large-scale grass-
roots collectives encouraging others to purposefully interact with algorithmically
suppressed content in order to “boost” its recommendation; we term this behavior
user altruism. We study a game between users and a RecSys, where users provide
(potentially manipulated) ratings of platform content, and the RecSys—Ilimited by
preference learning ability—provides each user her approximately most-preferred
item. We compare users’ social welfare under truthful preference reporting and
under a class of collective strategies capturing user altruism. In our theoretical
analysis, we provide sufficient conditions to ensure strict increases in user social
welfare under user altruism and provide an algorithm to find an effective collective
strategy. Interestingly, for commonly assumed recommender utility functions,
strategies also improve the welfare of the RecSys! Our theoretical analysis is
complemented by simulations of collective strategies on the GoodReads dataset,
and an online survey of real users’ altruistic behaviors. Our findings serve as a
proof-of-concept of the reasons why RecSys may incentivize users to collectivize
and interact with content altruistically. Indeed, the class of actions we present im-
prove a minority group’s welfare while not decreasing the welfare of any other user.
Thus, as long as there exist even minimally altruistic agents, the RecSys implicitly
incentivizes agents to perform algorithmic collective action when possible.

1 Introduction

Social networking and media platforms such as TikTok, Instagram, and YouTube learn about users by
tracking their interactions with content via likes, comments, views, etc. Using these interactions, they
can infer user preferences and provide new content recommendations. While the technical algorithm
is a black box, the basic idea of how it functions is well-known to users [21, 24]. Using heuristics,
some users strategically interact with content to purposefully tailor the recommendations they receive
[14, 45, 65]. Consider, for example, a user who enjoys a type of niche content. Though this content
is not generally popular, the user would like it to feature prominently in their feed. Knowing that
engaging with content will likely cause it to be recommended again in the future, the user purposefully
likes, comments, and watches this type of content more often than they personally would like in the
moment. There are several game theoretic models of self-interested strategic behavior [34, 15].

However, existing theoretical models do not acknowledge that recommendations are informed by both
a user’s own interactions and the interactions of other users. Collaborative filtering, a widely-adopted
recommendation methodology [35, 63], allows the recommender to infer the preferences of one
user from another by embedding users into a shared latent space. When one user engages with
content, the recommender may predict how much engagement others would have with the item based
on the similarity of user embeddings. Real users also have a heuristic understanding of how their
engagements impact others’ recommendations, and use this information to interact strategically to
impact other users’ platform experiences [45, 24]. This behavior has been particularly relevant for
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users who want to combat algorithmic suppression and injustice. Indeed, Karizat et al. [45] document
that users believe certain types of content are suppressed by the algorithm and thus altruistic' users
intentionally engage with such content to “boost” it via algorithmic recommendation to others.

On an individual level, it is unlikely that one altruistic user attempting to boost the popularity of
suppressed content would impact algorithmic recommendations on a large scale. However, as many
marginalized user and creator groups report recommendation inequity or suppression [53, 32, 10],
users have organized large-scale grassroots movements encouraging other users to purposefully like,
comment, interact and follow the content of those who are suppressed by the algorithm [18, 52].

1.1 Our contributions

Model. In Section 2, we present a game-theoretic model of users’ correlated strategies in recommen-
dation systems (RecSys) and we provide a proof-of-concept analysis of the reasons why collaborative
filtering or matrix factorization-based RecSys may incentivize users to collectivize and behave altru-
istically as documented by HCI research and real-world events. To the best of our knowledge, ours is
the first theoretical model capturing strategic behavior of users in RecSys that are not self-interested.

Altruistic behavior. We focus on a large class of settings where the preferences of the population over
different items satisfy a majority-minority relationship, i.e., users are mostly clustered by preferences
with groups being more/less mainstream. In Section 3, we compare the recommendations and social
welfare that users receive when they interact with content according to their personal preferences to
those they receive under a class of simple correlated interaction strategies; we call these strategies
“altruistic”. Under reasonable conditions, our class of correlated strategies improves social welfare
and recommendations beyond the truthful interaction baseline. We construct an algorithm, robust to
misspecification in the information shared by users, to find such a strategy. These results provide the
first theoretical groundwork for the documented collectivist behavior.

RecSys utility. Interestingly, considering two commonly used utility functions for the RecSys
(engagement-based and user-welfare-based), users’ collective action is also good for the recommender
(Section 3.4)! Intuitively, this is because the strategies improve recommendation by increasing the
users’ total engagement with platform content, which in turn enables a platform to sell more ads.

Empirical results. We conduct two empirical studies to supplement our theoretical results. The first
(Section 4.1) is an experiment Goodreads book reviews. Similarly to movements in the prominent
“BookTok” community where TikTok users organize to interact with content from marginalized groups
to battle unfair algorithmic promotion [52], we simulate collectives of readers of the most popular
genre increasing engagement with less popular book genres. This improves minority group welfare
by as much as 15 times! The second (Section 4.2) is a survey given to 100 Prolific participants. We
find that the proportion of users who intentionally attempt to impact other people’s recommended
feeds is relatively large and provide (textual) descriptions of users’ underlying altruistic reasoning.

Finally, Section 5 includes a discussion on our model assumptions and future research directions.

1.2 Related work

Details on connections to Human Computer Interaction (HCI), Algorithmic Collective Action,
Theoretical RecSys Modeling, Strategic Classification, and Matrix Completion are in Appendix B.1.

2 Model and preliminaries

Notation. Matrices are capital, bolded (i.e. X € R™*™), vectors are lower-case, bolded (i.e. z € Rd),
and one-dimensional variables are lower-case (i.e. ¥y € R). Of a matrix, X, the ith column is X; (an
exception to lowercase vectors), the jth row is x;, and the jth row, ith column element is z; ;. Sets
are capital calligraphic letters (i.e. &/). The complement is /€. A table of notation is in Appendix A.

Model summary. We model a setting where a RecSys (aka “learner”) wishes to recommend an item
from a set of n to each user (aka “agent”) from a set of m. R* € R"*" is the ground truth personal
preference matrix for the m users over the n items. R € R™*" is the revealed preference matrix.
Each element, 7, ;, is a numerical representation of a user’s interactions (such as likes, watches, etc)
with an item, ¢, and is called a “rating”. Users may interact with items differently from their true

“Altruism” indicates that a user’s utility function depends positively on the welfare of others as in Becker [5]
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Protocol 1 Learner’s protocol

LEARNING PHASE:

Learner gets R, the k*-truncated SVD of R s.t. k* < rank(R). // ““learned” preferences
RECOMMENDATION PHASE: .

Learner shows agents u € [m] their top item top(u) € [n] according to R.

personal preferences (i.e. R # R*). Using R.a transformatlon of R, the learner gives each agent

an estimated top item. The process R* — R — R abstracts matrix completion (MC) preference
learning and recommendation. MC is discussed briefly in Section 2.1 and at length in Appendix C.1.

2.1 Learner’s protocol

The learner (he) wants to recommend each agent (she, when referred to individually) her top item.
However, access to a complete and perfect preference matrix is unrealistic in practice. Prominent
recommendation methodologies (e.g., matrix completion) query user ratings until a stopping point
and then approximate unknown preferences via rank minimization (see Appendix C.1). We adopt the

tractable abstraction of low-rank approximation on R. The learner sees R, a representation of what
he may have learned from agents’ realized item interactions. The formalization is given in Protocol 1.

Three remarks are in order. First, we leave discussion of the learner’s utility to Section 3.4. Second, if
the RecSys must learn preferences through matrix completion, he queries ratings until his low rank
approximation represents users’ preferences well. Expected exploration length should depend on
information retention of different rank reductions of the unknown complete matrix. We capture this
through the optimization of Definition 2.1. Third, each user u’s recommended item, top(u), comes

from R.. In other words, top(u) may be different than the user’s truthfully most preferred item.

The Social Welfare of the system is a measure of how good recommendations are in sum:

SWR,a) = Zue['m] TZ,‘GOP(U)’

where « is a learner parameter related to exploration length, formally defined below. SW depends on
the true preferences and the recommendation top(u), which depends on revealed preferences and .
2.1.1 Learning phase

The recommender gets ﬁ a reduced information version of the fully realized ratings of R.Risa
k*-truncated SVD, i.e., R = > ek oju;v; . Where R =

~ ALV |
j€rank(R)] 93 Ui Vj

What is £*? In the matrix completion analogy, k* is the rank of the estimated complete preference
matrix after some ratings are queried. k£* should be such that the estimated matrix represents the
variation of preferences well while not requiring too many queries. How matrix completion algorithms
deal with this in practice varies. We will model this process as a learner who has a marginal “budget”
of “variation” he can allow himself to lose. See Appendix C.2 for a formal discussion of variation.

Definition 2.1 (a-loss tolerant learner) An o variance loss tolerant learner gets R where k* is
min, gy Bt or+1(R) <«

Recall from principal component (PC) analysis, that the kth singular value captures the relative
variation retained by the kth PC. An a-loss tolerant learner has the lowest rank R, such that increasing
rank by 1 will not improve the proportion of information retained from R according to budget a.

2.1.2 Recommendation phase
The learner estimates top item(s) for each user, Ziop(u) := arg max;¢ [n] Tu,i- He breaks ties in favor
of the most popular of the top-rated items Zg)’ (u), i.e.,

top(u) ~ Unif(Z2P(u), where Z0P(u) = maxicr, o |Ril:

2.2 Agent preferences

For the main body, we focus on a simple class of ground truth preference matrices.
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Definition 2.2 (Majority-minority matrix) R € RZT*" is a majority-minority matrix if there exists

a partition of users Una; U Uyix = [m] (where Uygay, Unnw € [m]) and a partition of items Tyay U
Tuix = [n] (Where Tyay, Ty C [m]) such that if u € Upyay and i € Ty or v/ € Upyy and i’ € Ty,
then vy, ;, 7y = 0. Further, no user has ratings of all Os (i.e., Yu € [m], Eie[n] Ty, > 0).

These are matrices where each user group has an exclusively preferred set of items. In Appendix G,
we present analogous results under a more complex class of non-exclusive preference matrices.

Remark 2.1 The welfare of each user is invariant under any re-ordering of users and items.

The proof of this remark is in Appendix C.3. We will order the rows and columns of the true
preference matrices such that for some m € [m] and 71 € [n], Uya; = [m] and Zy,; = [71]. Therefore,
R* is a block-diagonal matrix where the blocks are: Rf;,, € R7X™ and Rf,, € R~ (n=m),
We name these matrix blocks “majority” and “minority” because they represent user groups that are
more/less dominant in the system, respectively. To represent dominance mathematically, consider:

Assumption 2.1 (Singular Value Gap) Letr R be a majority-minority matrix, kys; = rank(Ruya;),
and G(R) := (61 (Ryix ) Ok, (Ruar))- IF G(R) # 0, then R has a singular value gap.

The preference matrices of the main body will be majority-majority matrices with a singular value
gap. See Appendix C.4 for an example. Recall that for block-diagonal matrices, SVD is the sum the

blocks’ SVDs. We can use this to compute k* when the learner is c-loss tolerant such that « € g(f{):

Proposition 2.1 For any revealed majority-minority preference matrices R with a singular value
gap and any «-loss tolerant learner where o € G(R) it must be the case that k* = kya,.

Rating. We consider two agent behavioral models: truthful and altruistic. Truthful agents interact
with content according to their true, personal preferences: 7.,; = 1, ;. Alfruistic agents gain utility
from other users having good recommendations. Does the system incentivize truthfulness to personal
preference for altruistic agents? Are there computationally tractable dominating rating strategies?

3 Welfare Analysis

We will see that when there exist (1) a majority class of users who like popular items (2) a minority
class who like niche items (3) limited RecSys exploration, too little information may be learned about
minority preferences. This yields good majority recommendations, but popular item recommendations
to the minority. Fortunately, if altruistic majority users purposefully interact with niche content, they
may force the learner to be sensitive to minority preferences and strictly improve recommendations!

3.1 Social welfare of majority-minority preference matrices under truthfulness
In a majority-minority matrix satisfying Assumption 2.1, the majority is more “important” in the
low-rank approximation. If R = R*, some learners will only recommend accurately to the majority.

Theorem 3.1 (Truthfulness is good for majority, bad for minority) Ler R* be a majority-

minority matrix satisfying Assumption 2.1 and R* = R. If & € G(R*) (the singular value gap), then
majority users get their top item, while minority users get popular items they do not like. Formally:

SW(R*, ) = Zueuw arg max; e ,] T

% o maXle[n] TZJ- u e uMAJ
u,top(u) 0 u € Uniin ’

3.2 Improving social welfare via simple collective rating strategies

Can collaborative rating distortion force the learner to retain minority information? We focus on
aiding “picky” minority users, who are “hard to learn” because in MC, all their preferences may be
estimated as 0 if exploration is insufficient (Assumption C.1 and Thm C.2). In a worst-case sense,
they are particularly in need. Appendix results use a weaker version of pickiness (Assumption G.5).

Definition 3.1 (Picky Users) We say that item i* is a picky item with picky user group U~ if
Tuir >0 <= u€Up,Yue€[m] and 7r,;=0Yu €Uy, Vi#i*

For the following results, we model collectives of majority users uprating a picky minority item by a
collaboratively selected amount, 7. Generalized misreporting strategies are analyzed in Appendix G.
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(1, Uy )-Altruistic uprating. Let R* be a majority-minority matrix, and let s C Uy, be an altruistic
subset of majority users. All u € Uy rate n € R for picky item ¢* > 7, other ratings are truthful.

Thus, R is the same as R* except for elements indexed (u, i*), Vu € Ua.

Next, we derive sufficient conditions on U, and 7 such that if R were reported, the picky users and
all majority users have maximized welfare. To do so, we define another useful singular value gap.

Definition 3.2 ((n, Ux )-Sufficient Singular Value Gap) For a given 1 € Rsq, Uy C Unas, and
majority-minority preference matrix, R, define the following space, G(R,Uy,n):

G(R,Ua,m) = (UI(RMIN)v \/min{akw (Ruwiai)?, m?[Ua| + ASVs } — U\/ﬁAVi%)

where ASV;« = ||R;+||2 is the aggregate square value of item i* and AVir = maXie(n] D yepy, Tuni
is the largest aggregate value of a popular item for altruists.

Now we are ready to formally state when altruistic strategies are effective:

Theorem 3.2 (Social Welfare as a function of Uy and 1) Let R* be a majority-minority matrix
with a picky item i* > @i and some (n,Uy)-altruistic uprating such that R* has (n,Uy)-sufficient
singular value gap. If n < min,ey,,, maX;e(, 7y, ; and o € G(R*, Uy, ), then we have that

arg maxe(y) 1y,; U € Unay U Ui = _ *
¢ : SW(R, o) = max; :
°p() € {[n +1] u € Uiy \ Uy (R, @) = 3 @ty ) MAXiEln] 00

This is a strict improvement (Corollary D.1)! This yields sufficient conditions on n (given Uy ) for
strict SW increase (Corollary D.2), which enables the construction of an effective 7 finder.
3.3 Algorithms to find effective altruism (EA)

Algorithm 1 returns an effective 7 using only arithmetic operations/comparisons, which suggests,
given sufficient info-sharing, it is computationally reasonable that users find effective strategies.

Algorithm 1 Find an effective 7
Require: oy, (R},,), @, 71, ASV;s, AV, K, [Ua|

Nyp < min {(O'k\m (Ri.,)% — a2)/(\/ﬁAVi%), ﬂ} // upper bound on feasible 7
d <+ T_LAVZ-/%2 + 4|UA‘(042 — ASV;.) // find discriminant
if d < 0 then

Ny +— Nup/Q // no real n lower bound exists
else if d > 0 then

Ny (\/7:”LAV1»% +Vd)/(2[Uy]) // lower bound on feasible 7
if Ni, < Ny, then return (Ny, + Nyp)/2 // return if exists feasible 7
Nyp min{(\/ﬁAVi/% - \/ﬁ)/(?UAD,Nup} // new upper bound on feasible 7
if Ny, > 0 then return N, /2 // return an 7 if upper bound > 0
return 0 // sufficient conditions can’t be satisfied

Theorem 3.3 (Algorithm 1 returns an effective ) Let R* be a majority-minority matrix satisfying
Assumption 2.1 with a picky item at index i* > 1 and « € G(R*), then Algorithm 1, using
(Okyn (Rgas)s @ 1, ASVix, AVia, K, [Ual) as parameters, returns either:

o 1 € Ry such that social welfare is improved if all w € Uy uprate i* by ).
o 0 if and only if there is no n correlated strategy that satisfies our feasible conditions.

It may not be reasonable to assume that the shared information is perfect. In Appendix D.3, we prove
that even with incorrect information, the 7 produced by Algorithm 1 may satisfy true conditions.
3.4 Learner’s welfare

Minority group’s welfare improves while not decreasing the welfare of any other user. Thus, given
minimally altruistic agents and the right conditions, algorithmic collective action is incentivized. Is
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this good design? We analyze the learner’s welfare under two utility functions similar to prior work.
Surprisingly, altruistic strategies improve his welfare! Proofs are in Appendix D.4.

Benevolent learner. A benevolent learner is one whose welfare is user social welfare, Uggn 1=
SW(R*, o). We directly get Corollary D.4: a strict increase in benevolent learner utility!

Engagement-based learner. To RecSys, users’ ratings represent watchtimes, views, likes, comments,
etc., on which he can sell ad space. Thus, he gains utility directly from ratings (even those which are
“fake”). Suppose Ugx =), €] Zue[m] |F,i|. EA strategies are uprating schemes: a set of users
submit 7 instead of 0. Thus, because engagement-based utility is simply the sum of ratings, clearly an
EA strategy yields higher utility than truthfulness. The formal proposition is left to Appendix D.4.2

4 Empirical results

We present two empirical contributions. The first is a simulation of altruistic users on a real dataset.
The second is a survey of 100 users asked about their interactions with recommendation algorithms.

4.1 Experiment

We run a simulation similar to movements in online book communities, where due to inequities
[53], users intentionally interact with marginalized authors’ content to correct for algorithms’ lack
of promotion [52]. We construct a matrix of Goodreads users’ interactions with different genres.
The number of books reviewed of a genre is that user’s rating of it. Whether a genre is a majority /
minority item comes from the reviews it has. User groups are defined by a user’s most reviewed genre.
We simulate a subset of romance (the most reviewed genre) readers reviewing additional books of a
less-popular genre. Even though assumptions of the main body are not satisfied, for certain «’s, there
is social welfare improvement! Methodology and additional results are in Appendix E.1.

4.1.1 Results

We present social welfare change when 1/3 or 1/2 of romance users uprate. For each minority genre
uprated, the percent increase in social welfare of minority groups is large, as much as a 15 times
(Figure 3)! In all cases, the total welfare improvement is between 8% and 10% (Table 5). Like in
the theoretical results, o must be in a particular range for each result. These ranges are presented in
Table 4 in Appendix E.2).

4.2 Survey

Both literature and real-world evidence prove in certain contexts users engage with content to affect
others’ recommendations in altruistic ways. Is it realistic to expect that correlated rating strategies are
actually widespread in a recommendation system? We present examples of strategies and preliminary
results on the scale of altruism through a survey of random users. All details are in Appendix E.2.

4.2.1 Results

Of 100 responders, all used algorithm-based platforms. The majority of participants (92) believed
their interactions affect their recommended feed; a smaller majority (57) believed their interactions
affected others (Table 6). A surprisingly high amount of users indicate correlated rating strategies
(Table 7). 32 users had intentionally interacted or avoided to influence other feeds. Those who have
intentionally interacted to affect others were fairly consistent in reasoning; 16/20 discussed promoting
content from specific sources they liked or morally supported and 6/20 mentioned some form of
charity. In Appendix E.2.2 we provide textual examples and reasoning provided by users.

5 Conclusion

We model a RecSys in which users’ preferences influence each other’s recommendations. Construct-
ing a class of simple correlated rating strategies, we find that users are able to strictly improve social
welfare beyond truthful preference reporting. These strategies represent altruistic manipulations:
users in the majority are able to improve the minority group’s recommendations. We provide a
robust algorithm to find an effective strategy and prove that the learner’ utility is also improved under
altruism. We supplement our theoretical results with empirics: (1) a simulation of altruism on the
Goodreads dataset and (2) an online survey of real users. We are the first to lay the groundwork for
the theoretical analysis of recommendations as multi-agent models in which users are not exclusively
self-interested. There are several interesting lines of future work, and we elaborate on them in
Appendix F.
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Supplementary Material
A Table of notation

To assist the reader, we include a table summarizing our paper notation below.

Table 1: Paper notation in the main body

Notation Explanation
R generic preference matrix (elements r, ;)
R~ ground truth preference matrix
R revealed preference matrix
R low-rank approximation of preference matrix
Ruyar, Ruvin submatrices for majority and minority groups
« learner’s loss tolerance parameter
k* learner’s chosen rank
kyvas rank of the majority submatrix
TVR(E*,R) total variation retained after £*-truncated svd on R
top(u) top item recommended to user u
Tiop (1) set of user u’s top items under R
Ty (u) most popular top item(s) for user u
Uu set of users
Uniar, Uniin majority and minority user sets
Taiasy, Iy majority and minority item sets
G(R) singular value gap range for matrix R
i picky item index preferred by minority users
Ui group of users who like only item ¢*
U subset of majority users who are altruists
n positive uprating amount used by altruistic users
i correlated strategy returned by Algorithm 1
ASV,« squared norm of column ¢* in R*
AV max total (true) preference for a popular item among altruists
G(R,Un,n) uprating-aware singular value gap
K smallest top rating among majority users
SW(R, «) social welfare under matrix R and parameter o
Z,2* estimated and true parameter vectors for Algorithm 1

B Supplementary material for Section 1
B.1 Extended related works

Our work is related to four major streams of literature: Human Computer Interaction, RecSys
modeling, strategic classification, and collaborative filtering & matrix completion. We provide
extensive details on each of these below.

Human computer interaction and algorithmic collective action. There is a breadth of human
computer interaction literature that serves as the inspiration for our theoretical modeling of user
strategic behavior. It has long been clear that even “normal” users are aware of social platforms’
recommendation algorithms [24]. HCI researchers study the complex mental models people develop
to understand algorithms as folk theories [56, 27]. How a user forms their algorithmic folk theories
is heavily impacted by the way in which they present themselves to the platform (posts, statuses,
etc) and interact with content (likes, comments, etc.) [23]. Thus, there are many works that conduct
interview studies with users of different intersections about their experiences/theories related to
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curation/recommendation algorithms. These intersections include YouTube creators [70], LGBTQ+
TikTok users [65], transfeminine TikTok creators [22], Queer people targeted by ads [62], participants
of online mental health communities[55], and black content creators [32]. Across the intersections of
these interview studies and in a recent large scale experiment [14], results indicate that people use
their folk theories to strategically interact (e.g. liking, commenting, watching, etc) with platform
content in order to tailor their personal recommendation feeds when possible. However, a user’s
folk theories (including those documented in the interview studies above) are not limited to how the
algorithm impacts them personally. Many users of the online book discussion community known as
“BookTok”, for example, theorize that the recommendation algorithm generally suppresses content
from marginalized creators [53]. Karizat et al. [45] document the relationship between such folk
theories and altruistic actions users take in order to ameliorate bad/harmful recommendation for
other groups. While there are not yet large scale experiments on altruistically strategic interactions,
grassroots movements among communities engaging in this to support BLM [18] and marginalized
authors [52] have been reported. Our theoretical model serves as a proof-of-concept mathematically
for altruistic interaction and our survey indicates that altruistic interaction may be fairly commonplace.
This is relevant to a theoretical line of work called algorithmic collective action (ACA) first presented
by Hardt et al. [31] who study a setting in which agents participate in coordinated strategies
to manipulate a learning algorithm. Further works have considered modifications primarily to
the agent-side such as: multiple and varied collectives [44] and combinatorial actions [64]. And
others complicate the learner’s problem such as: ACA under a differentially-private model [66] or
distributionally robust optimizers [6]. Our model focuses on ACA in recommendation systems, which
are not covered under the existing theoretical works. Empirically, Baumann and Mendler-Diinner [3]
examine a very similar ACA phenomenon by simulating collective playlist reordering to improve
song promotion on platforms like Spotify. Considering playlist order as a form of rating, our work
can be interpreted as a theoretical foundation to their results.

RecSys modeling. There is a large body of work on the modeling of recommender systems through a
game-theoretic or economic lens. Two are most relevant to this work as they model users themselves
behaving strategically. First, Haupt et al. [34] model strategic users and a recommender system as
a two-phase Stackelberg game in which the recommender commits to a policy that maps a user’s
interactions to a content recommendation and then users strategically interact with content during a
learning phase. In our model, we abstract away from the recommender learning preferences over
rounds and allow the interactions of one user to impact the recommendations of another. Second,
Cen et al. [15] also model the interaction as a repeated two-player (Stackelberg) game. At each
round, the learner provides recommendations to the user based on an estimate of user strategies, and
the user responds with a behavior generated by an [evolving] user strategy. Authors conclude that
trustworthy algorithms are those that do not incentivize a user to be strategic and guarantee  payoff
to the naive agent. Our model differs from this one because we consider a multi-agent game, though
their conception of trustworthiness could likely be made applicable to our model if we consider
payoff guarantees across all users.

Other relevant game-theoretic models consider some sort of user or item social welfare (though not
strategic users). Dean et al. [20] find that under certain conditions in top-/N collaborative filtering
methodologies, some items, despite being in the system, would never be recommended to any type
of user. Guo et al. [29] expand upon this problem and find that it can be ameliorated when users
are represented by multiple feature vectors. We take a more user-centered approach in our analysis
of social welfare. Peng et al. [58] analyze the recommender’s accuracy/diversity trade-off when
providing content and conclude that users’ consumption cost constraints should imply more diversity
is utility-maximizing for users. Because our results focus on top-1 recommendation according
to a fixed preference matrix, this is not an issue for the learner we study. Some game-theoretic
recommender system models focus primarily on welfare or mechanisms for the learner. Hébert and
Zhong [39] consider the recommender’s problem as an optimal information design over a sequence of
rounds to keep a user engaged with the platform for as long as possible, Ben-Porat et al. [9] consider
the learner as a multi-armed bandit wanting to avoid user attrition, and Keinan and Ben-Porat [46]
create a model that maximizes engagement to avoid user churn. While not the primary focus of
our work, we consider a version of engagement maximization for the learner’s utility function in
section 3.4. Additionally, there are a handful of modeling works that consider content creators as
strategic. Some of these directions include characterizing/learning equilibria of the content creation
marketplace [41, 8], modeling the incentives creators have to invest in creating quality or clickbait
content [40], designing learning algorithms for the recommender that will incentivize quality content
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generation [38], designing fair and stable recommenders under content creator strategization[7], and .
While content creators are a type of user, creation of new content is not the type of rating interaction
we consider with our preference matrices (see section 5 for discussion of ratings).

Finally, while not explicitly a model of content recommendation, there is also a connection between
our modeling of altruistic agents and ideas of public spirit. Flanigan et al. [26] model a voting
setting in which a public-spirited agent, who may otherwise suffer distortion in social welfare due
to the nature of voting with cardinal preferences [59], accounts for other agents’ utility functions
in the submission of her cardinal preferences to the voting mechanism. Our conception of agents
intentionally manipulating ratings to help others is similar, but because in our model every agent
receives her own recommendation (rather than the election in which one candidate is chosen) and the
strategy space is continuous the public-spirited voting regime is significantly different.

Strategic classification. Given that we focus on strategic individuals in recommender systems, there
is a breadth of relevant work on strategic agents in classification problems. Presented first by Hardt et
al. [30], in this setting there is a learner who publishes a classifier to agents whose utility depends
on their classification. Top-1 recommendation resembles strategic multi-class classification where
the learner takes as input user features and outputs (a type of) content each user would like. There
exists a large thread of learner-centric strategic classification literature, such as algorithms that are
in some way robust to agent strategization such as incentive-awareness [30, 50, 16], truthfulness
[33] or strategyproofness [2]. Although we address learner welfare in Section 3.4, more relevant
to our work is strategic classification literature focusing on user-centric perspectives. Particularly
relevant are works on fairness across user groups. Hu et al. [37] address unequal outcomes in terms
of misclassification and Milli et al. [54] study unequal outcomes in terms of effort to manipulate
one’s features. Both papers, including [25] examine interventions that the learner could take and
how that impacts outcomes for different user groups. By contrast, we present a user intervention,
show that altruistic users are incentivized to act in this manner, and that no user is made worse-off.
We consider the setting where altruistic agents strategize collectively via a coordinating mechanism
which may not know everything about the learner and participating agents. Hence a related thread of
literature analyzes when agents have incomplete information about the classifier, e.g., because it is
purposefully withheld or too complicated for everyday people to understand. Bechavod et al. [4]
study the setting where information is inferred and shared within sub-populations, others assume
agents have knowledge of a distributional prior [19], and look at when transparent or opaque policies
give rise to more accurate classifications [28]. In contrast to these papers, which study incomplete
knowledge of the agents on the classifier, we consider incomplete information of a coordinating
mechanism regarding both the participating strategic agents and the learner.

Collaborative filtering and matrix completion. In this methodology, since users rarely rate or view
all available items estimates of user’s preferences for unseen items depend on their past ratings and
the ratings of other users [63, 49, 67]. Formally, this can be viewed as a matrix completion problem
where the matrix represents user-item ratings (e.g., stars or likes). Without any knowledge of the
matrix properties, this problem is impossible: the remaining entries could be anything. Consequently,
ratings matrices are commonly assumed to be low-rank. A series of papers provide bounds on
the number of random matrix entries required to perfectly recovery low-rank matrices that also
satisfy some coherence conditions (which loosely tell us how informative ratings are about one
another) [13, 12, 60]. Other papers study extensions of this problem: when there is noise [11, 47]
and when recovery is online and sampling is active [1, 42]. Our learner protocol is a tractable
abstraction of matrix completion-based recommendation by directly considering the problem of
low-rank approximations of completed preferences matrices.

Matrix completion in recommendation systems is particularly relevant to our use of rank reduction for
the learner. Matrix factorization [48] approximates ratings as dot products of low-dimensional user
and item embeddings. When the objective is to minimize squared estimation error, it is equivalent to
PCA. Nuclear norm minimization [12], is a convex relaxation of the rank function and in some cases
provably recovers the rank-minimizing solution subject to agreement with known entries [61].

Many of the common techniques such as matrix factorization [48] and nuclear norm minimization
[12] rely on the assumption that the matrix is low-rank. implicitly assuming that preference data
may be represented in a low-dimensional latent space. If he does not receive ratings certain key
user/item pairs (because of extremely disparate user preferences or bad luck, for example) that prove
a user/item (i.e. row or column) is linearly independent from others, he will likely assume users/items
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are more similar than they really are. We point the reader to appendix section C.1 for some technical
results. Studying this problem through an explicitly matrix factorization lens, however, is difficult in
generality. Thus our model represents this by first having a fully completed matrix and then requiring
some level of rank reduction.

C Supplementary Material for Section 2

C.1 Theoretical connections to matrix completion

Realistically, the recommender learns (potentially non-deterministic) user preferences over rounds
in which users are served items and provide ratings (likes, comments, watchtimes, etc). Over these
rounds, he may fill in the preference matrix with estimates how much each user likes the shown
item. Because there are often a large number of missing entries in the full ratings matrix, assuming
a simpler structure for the ratings matrix is necessary to create estimates of the remaining entries.
A common method in collaborative filtering is matrix completion. While there are many methods
and optimization problems used in practice such as matrix factorization [48], here we discuss the
connection of low-rank approximation to a specific method that has been extensively in the literature:
nuclear norm minimization subject to agreement with observed entries [12, 60, 13].

In particular, we assume that R is some unknown low-rank matrix which we want to recover. Define
Q to be the set of (u, ) pairs that have been observed so that (u,i) € € if user u has seen item 4.
Formally,

Q:={(u,?) € [m] x [n] : 7, ; has been observed}.
If we know that R is the only rank-d matrix that agrees with observed entries then the following
rank-minimization problem will return R::

minimizex cgmxn  rank(X)

1
subject to @y ; =1y V(u, 1) € Q. M

However, this problem is NP-hard. Consequently, the aforementioned papers consider the nuclear
norm, || - || which is the sum of the singular values and solve the following problem instead:

minimizex cgmxn || X||«

2
subject to @y ; =1y V(u,i) € Q. 2

The nuclear norm is a proxy for rank in the same way that the L; norm is a proxy for the Ly norm
of a vector and can be minimized via semi-definite programming. And, when singular values are at
most 1, it is the best convex lower approximation of the rank function [61].

In our paper, the « loss tolerant learner picks a rank such that the sum of the remaining singular
values is small (each is at most ). The nuclear norm minimization problem makes this sum as small
as possible. Therefore, it tends to “smooth” out potential discrepancies in observed (or unobserved)
entries. To give an example of this, we will now discuss a similar result to Theorem 3.1 on the
recovery of minority preferences.

The following assumption specifies a specific type of user preferences.

Assumption C.1 (Distinct preferences) Users are in one of two disjoint groups, G 4 and G g, where
the ratings of user u satisfy the following:

_Ja u€ Gy
Ru_{b UEGB,

where a and b are linearly independent and for i’y = argmax; ¢, b;, aix, = 0.

Theorem C.2 (Estimated Minority Item Ratings are Zero) Assume that R satisfies Assumption
C.1, and for alluw € G, (u,ip) ¢ Q. Then the solution R to Problem 1 will satisfy R+, = 0 for
all u € [m].

The proof is very simple and relies on the following lemma:

Lemma C.1 (Lemma 2.3. of [61]) Ler A and B be matrices of the same dimensions. If ABT =0
and ATB = 0 then |A + B||. = |Al|. + || B
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Proof. WLOG let ¢3; = n. Assume for the sake of contradiction that R.,n # 0. Then we can write
R as X + Y where X is equal to R on all columns but the last column where it is zero, and Y is
zero except for the last column where it is equal to R.

By construction, XY " = 0 and XY = 0. Therefore, by Lemma C.1

IRI = X+ Y]] > 11X

The constraint x,, ; = 7, ; for all (u,4) € 2 is satisfied for X since all users who saw item n (if any)
gave it a rating of zero. Therefore, R cannot be the optimal solution. ]

C.2 Further discussion of “variation'' retention

We can consider the following formal definition of “variation retention" that a particular rank reduction
would have:

Definition C.1 The total variation retained when doing a k*-truncated SVD to approximate R is:
Zje[k*] oj(R)
> jcprank(r)) 73 (R)

TVR(k*) =

Our TVR is version of what is commonly referred to as an “explained variance ratio”[57] or
Cummulative Percentage of Total Variation [43] for PCA these are the same function though in terms

of the eigenvalues of R.

This means that an equivalent definition of the a-loss tolerant learner would be:

Definition C.2 (equivalent a-loss tolerant learner) An « variance loss tolerant learner gets R
where k* is the minimum such that TVR(k* + 1) — TVR(k*) < « - (Zje[rank(ﬁ)] o;(R))!

(o3

E_/G[rdnk(R,) T (R)
is increased. This type of learner wants the minimum rank possible such that increasing rank doesn’t
improve the total variance retained very much.

That is, the a-loss tolerant learner just has a budget of on the increase in TVR as k

C.3 Proof of remark 2.1

Proof of Remark 2.1. Let 7wy be a permutation of users (rows) and 7 be a permutation of items
(columns) and P , P the corresponding permutation matrices. Then the permuted ratings matrix is
given by

R = PrRPc.

Claim 1: Let R be the rank-k PCA of R. Then R’ = PrRP is the rank-k PCA of R/.

Recall that R is a rank-k matrix minimizing the sum of squared errors. For any rank-k matrix X:

”R_X”F Z Z Tus — xuz

u€[m] i€[n
2
Z Z Trr(u),mc(i) — xTrR(u),ﬂ'C(i))
uwE[m] i€[n
= ||PRRPC —PrXPc|%
= |R' — PrXPc|%

Thus:

Re argmin |[R—X|r < R € argmin |R —X|r
X:rank(X)=*k X:rank(X)=k

Claim 2: Let x4 and p/ be the recommendations based on R and R/, respectively. Then for all
u € [m]:

0
T, = T (u), “wR(u)
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By construction, 77 (i) = Tu,i forall (u,4) € [m] x [n]. Thus,

u),mc
My € argmax ity ;
i€[n]
/
mr(u),mc (i)

= |, € argmax?
i€[n]

< 7mo(py) € arg max

i€[n] R ()1

Further, [|R. ;|1 = ||R. r.()ll1. Therefore, the recommendation will be the same regardless of
ordering. (]

C.4 Example of a majority-minority matrix with a singular value gap

Example C.1 A very simple majority-minority matrix is a binary matrix where every user likes just
one item and there are 4 items: 2 popular items liked by my,; users and 2 less-popular items liked
by myn < muyay users. Ordering users by which item they like, and listing the popular items first the
we can write R as

j 0 0 0

0 j P 0 0

R= 0 0 Lo 0
0 0 0 Lo

where 1,, € R™ is a vectors of all 1s, one for each of the users who like that item. Likewise:

RMAJ O )
R =
< 0 R
1mMAJ 0

where Ry € RZMwwx2 =
O 1mMAJ

> has the ratings of all users who like the popular items

0
items. The Singular Value Gap space is G(R) = (\/Myiny A/TMaiar)

C.5 Proof of Proposition 2.1

1
and Ry € R2mm*2 — < My L 0 >has the ratings of all users who like the less-popular
mmiN

Proof. Since R is a block matrix, we have that 4, +1(R) = o1 (Rym) < a, which implies that
k* < kyas. Likewise: oy, (R) = o, (Rymar) > a, which implies k* > kya;. Thus £* = kyay. O

D Supplementary Material for Section 3

D.1 Supplementary material for truthful social welfare results
D.1.1 Proof of Theorem 3.1

Proof. By Proposition 2.1, the learner reduces R* to rank ky;,;, meaning R = Zie[k\w] ouv; ',
where this is a sum over the ky,; largest singular values. Let UMAJEMAJVNIU, UM”\,ENHNV;,ITIN be a

SVD for Ry;,, and R}, respectively. Then the following is a SVD for R*:

MIN?

<UMAJ 0 ) <ZMAJ 0 ) <VN—[|;] 0 ) _ (UMAJZMAJVN—[&] 0 )
0 Uun 0 Sun 0 Vi 0 Unin S Vg /-

Note that
EMAJ 0 )
3=
< 0 EMIN

is not necessarily a perfectly ordered diagonal of singular values because even if ¥y, ; and Xy are
ordered, we do not assume full rank of Ry};,;, meaning that some diag elements of ¥;,; may be 0.

However by Assumption 2.1, the first ky,; singular values belong to 3y,;. Also using the definition
of kya; as the rank of R}, ,

ﬁ: UMAJEMAJVM—EU 0 _ R;\(/lAJ 0
0 0 0 0
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Firstly, we will show that for all u € Unay, ;= maXe(y) 7y, ;- Because all ratings for majority
users are preserved, for all u € Uya,:

arg max f, ; = argmaxr, ;.
i€[n] 1€[n]

sk * * — *
Hence, ij, € argmax; ¢, 773, ; and 77, = maX;ec[n] 7, ;-

Secondly, we will show that for all u € Uy, rqj’i* = 0. For all minority users:

arg maxf, ; = [n]
1€[n]

since their ratings are represented by a vector of Os. Therefore, they will be recommended an item
from the arg max of

maximize;ep, || R 1
But clearly (because R is simply the zero-padded majority matrix) this can be rewritten as
maximize;e || Ry, 11

By assumption, Y 7y ;= 0foralli € [n]. Thus for all u € Uy, i}, € [R] and 77, . = 0. O

u€Uyy © uy

D.2 Supplementary material for EA social welfare results
D.2.1 Proof of Theorem 3.2
We will first refer to known lower-bounds on matrix singular values when appending a column:

Lemma D.1 (Corollary 3.5 of Chretien and Darses [17]) Let d be a positive integer and let M €
R%*9 be a positive semi-definite matrix with rank k < d, whose eigenvalues are \y > --- > \q. For
some a € R, and c € R let A be given by

c al
)

Ae1(A) = min(e, Ax) — [a]2.

Then

And bounds on matrix singular values when removing columns:

Lemma D.2 (Corollary 7.3.6 of Horn and Johnson [36]) Let A € C™*™ be a hermitian matrix
and let A € C™*("=1) or € Cm=D*" be g hermitian matrix obtained by deleting any column or

row from A. Define r := rank(A) and 0,.(A) = 0 if m > n and a column is deleted or if m <n
and a row is deleted. Then:

o1(A) > 01(A) > 02(A) > 02(A) > -+ > 0,(A) > 0,(A)

Proof of Theorem 3.2.

WLOG we shall assume that i* = 72 + 1 and Uya; U U+ = [m4] (see Remark 2.1). In order to prove
that social welfare is the sum of majority AND picky item users’ top ratings, we shall go first prove
the following claims:

Claim D.1 Given ﬁ, the learner will pick k* = kya; + 1.
Claim D.2 Let R be the rank k* SVD truncation of R. We have that

T U € Uyar, i € [71]

U,
Tu,i == fuz u e (uMAJ Uul*),l = i* .
0 ow

Proof of Claim D.1.
Recall that the learner picks k* by solving
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min  k
k<min{m,n}

st o1 (R) < a

First, we will show that oy, +1(R) > « which implies that k* > ky,, + 1.

We shall show this by invoking Lemma D.1 to bound the (kya; + 1)th singular value of a matrix
X e R™*("+1) made up of the first 7 + 1 columns of R. We will then show that this is weakly
smaller than oy, +1(R) using lemma D.2.

Let matrix X € R™*™ be a matrix made up of the first 2 columns of R* (or equivalently, f{).

Construct A € R(**TDx(7+1) according to Lemma D.1: with XTX € R™ 7, ¢ = f{;f{p € R,
a = X'R,;. € R™. This satisfies the conditions of Lemma D.1 when k = ky,, and d = 7.
Evaluating for each value in the bound of Lemma D.1:

CcC = ﬁ,—zﬁp = ’FQ
: >

w,*
u€[m]

=P+ D ) Definition 3.1

UEUA UEU;*
= n?[Ua| + |RE |3 By construction of EA strategy

Additionally:

lalf =3 (XTRe) = 30 | 3w

1€[n) ' i€[n] \u€[m]

2
= Z ( Z 7";71'7:%1'*) exclusivity of Zy,; and Ty

i€[n] \u€lyas

= Z (n Z re)’ =0 Z ( Z i)’ By construction of EA strategy

i€[n]  u€lUa i€[n] u€la
< n*nmax( Z )2
i€ln] uEUA ’
= ﬁ(WAVig)Q

Thus ||a||s < n\/ﬁAVZ-%.

To get the bound of Lemma D.1, we also need singular values of X (equivalently, eigenvalues of
M := X T X). Clearly, the non-zero singular values of X and R}, are the same because X is simply
R}, but padded with zeroes, thus:

AkMAJ = O—kMAJ (X)2 = O—kMAJ (RK/IAJ)2

We have then that
T +1(R)? = 011 (X)? Lemma D.2
= Mgyu+1(A) By construction of A
> min(c, Ak, ) — |lall2 Lemma D.1
> min(n*Ua| + IR [13, ok, (Riar)?) — 1VAAV;
> a? Theorem 3.2 assumption
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This implies that o, 41(R) > a and that k* > Ky, + 1.

Now we will show that k* < kya; 4+ 1. Note that forall ¢ > 7+ 1 and u € Uyay U Uyx, 7y i = 0.
Likewise, for all i < 7o + 1 and u & Uyay U U», 7u,s = 0. WLOG and because i* is picky, we can

represent R as a block diagonal matrix:

ﬁ: ﬁMAJ’ NO
0 RMIN’

where ﬁMAJ/ € R X7+l pag reported ratings for users u € Uy U U;+ and items ¢ < 7 + 1 and
Ryyy € ROm=ma)xn=(n+1) hag reported ratings for users u € (Unny \ Us+) and items i > 7 + 1.

Recall that the singular values of a block diagonal matrix are simply a concatenation of the singular

values of the two blocks. Since rank(Ryy) < rank(Rf,,) + 1 = kyas + 1, it has no more than
ku a Tt 1 nonzero singular values. It follows that at least one of the ky,; + 2 largest singular values

of Rarea singular value of R. Therefore:
O-kM/\J+2 (R) S 01 (RMIN’)

< o1(Ryn) Lemma D.2
<o Theorem 3.2 assumption
This implies that £* < kyay + 1. So k* = ky,y + 1 as desired. O

Proof of Claim D.2.

Recall that the k*-truncated SVDis 3 elkr] 7 u;v; | where [k*] are the k* largest singular values. In
the above claims we showed that oy, 1(R) > min{oy,,,, (Ri,)% 7°[Ua| + ASVi- } — nV/RAV
and so by assumption, the ky,; + 1 largest singular values are all strictly greater than o (ﬁMIN/).

In the proof of Theorem 3.1, we showed that the SVD of a block diagonal matrix can be decomposed
into a sum of terms for each block. Therefore, because the kway + 1 largest smgular values are all

strictly greater than al(RMIN/) it must be case that for R > €lonn+1] O quJ , where [k + 1]
are the ky,; + 1 largest singular values, form the following matrix:

ﬁMAJ’ 0
0 0

Of course, from Claim D.1, we have that k* = ky,; + 1, thus this completes Claim D.2. O
Now, we shall use Claims D.1 and D.2 to prove our Theorem result.

For all u € Uy, and all i #£ *, T i =T, i To show that user v will be recommended a top item it
therefore suffices to show that picky item, 7*, will not become a top item. This is true by construction:

Puic <7< min maxr,, <maxr,, Vu &€ Uua
u' €Uy 1€[N] i€[n]
Forall u € U;», 7, ; = 7y, ; for all i € [n]. Thus arg max; ¢, Fu,i = argmax;ep, ry,; = i

Lastly, for all u € Uyx \ U;«:
argmaxy, ; = [n]
1€[n]
Therefore, we will have

top(u) € argmaXHR I = argmaxHR IIh € [n+ 1]

i€[n] i€[n+1]
and recall that r}; ; = 0 Vi € 74 1), u € Upin \ Us»
As such:
W(R,a) = maxry maxr, .+ 0
(R, ) maxr, ZEX WESDY
UEUNAs UEUMIN
= Z maxry ;.
wEUmoe i€[n] s
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D.2.2 Formal statement of strict welfare increases
Corollary D.1 (Altruism Improves SW) When the assumptions of Theorem 3.2 hold, we have that

_ SW(R,a) Zueui* ik

P= SR — LTS
Proof of D.1. Recall that

max;e [n] r;l >1

u€Unay

G(RUs, 1) = (1R, /i, (R 2 s+ ASVi-} — VAV

and
GR) = (Ul(RMIN)ka\w (Riar)) -

Since n\/ﬁAVZ-% is strictly positive, we have that the upper-bound of G(R,Ux, 1) is smaller while
they are both lower-bounded by o1 (R ). Consequently,
a€GR,Ux,m) = a€GR).

Thus, by Theorem 3.1, SW(R*,a) = >, o, maxX;c(n) 7y ;. Additionally, by Theorem 3.2,

SW(R,a) = > wetyn it MaXic[n) 7o ;- Taking the ratio:

~ *
SW(R, @) 2ucthuoiit;: WAXic[n] 77
* - *
SW(R ,Oé) EuEZx{MAJ maxie[n] T’U«,i
*
D uets,. WAKicn) i

. *
ZUEMMAJ maX;e [n] TUJ‘

=1+ > 1.

Where the last inequality follows by our assumption that Z/;« is non-empty, and individuals provide
positive ratings for item 7*. Additionally, note that the denominator is well-defined as Ry ,; has at
least 1 positive entry by the fact that it has a minimum singular of at least «.

D.2.3 Formal statement of sufficient conditions

Corollary D.2 (Sufficient conditions on altruistic uprating to improve social welfare) Let
R* be a majority-minority matrix with a picky item ©* > 7 and o > o1(R}). Then, an
(n,Un)-altruistic uprating improves social welfare if the following hold:

O<n<k a< \/min{akMM (REa)2, 2 |Us) + ASV+ } — n\/ﬁAV,;%

— 3 *
where K := minyey,,, MaX;e[n] Iy, ;-

Proof of Corollary D.2. Suppose we have an altruistic rating (7, U ) for the picky item such that
the conditions above hold. Then we must have that

o € (01 (Rign) . \/min{oky,, (R, 72 Ua| + ASVi-} — VAV, )

The space in this interval is G(R*,Ua, n) by definition. Equivalently, « € G(R*,Ua, ). Since «
clearly exists, G(R*,Ux,n) # 0, which means R* has (1, U )-sufficient singular value gap. Thus by
Theorem 3.2 and Corollary D.1, social welfare is improved by the manipulated matrix. ]

D.2.4 Proof of Theorem 3.3

Proof of thm 3.3. Let 7 be the returned output of Algorithm 1. Note that the index of the picky item
is 7 + 1 without loss of generality to any ¢* > 7, see remark 2.1. Thus we will return to ¢* as if it
were 7 4 1 for the sake of this proof. There are two parts to Theorem 3.3 that we present as claims
and prove sequentially for the cases when 7 returned by Algorithm 1 is positive or zero.

Claim D.3 Ifn > 0 is returned by Algorithm 1, then playing n will improve social welfare.

Proof of Claim D.3. By Corollary D.2, it is sufficient to show that  (when 7 # 0) satisfies the
following:

1. o® <min{o,,,(Ryx,)? 7> Ua| + ASVir} — v/RAV s
2.1>0
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3. <K

We first focus on the inequality:

o® < minf{o,, (Ri)% 1P 1Ua| + ASVie} — VAV,

3

Where 7 > 0, the inequality above is equivalent to both of the following statements holding:

UkMAJ (RIT/IAJ ) 2
N

O[2 < O-kMAJ (:E{‘I)\\V/IAJ)2 - n\/ﬁAVZ%

and

a? < T]2|UA‘ + ASV,;» — n\/ﬁAVi%

= n<

—

2

@

> 7*Usa| —NVRAV,s + ASV —a® >0 (5)

Clearly equation 4 is an upper bound on 1. We shall analyze equation 5 to get explicit bounds on

Let f(n) be the quadratic of equation 5 in terms of 7 with discriminant d := NAV s o+ 4Ua| (02 -
ASV;.). Now we need to understand for which set of € R, f(n) > 0. Notice that, by standard

properties of quadratic functions, if d > 0, f(n) > 0 where n €

VAAV A —Vd VRAV A +Vd c

2|Ua|

i

STl and if

d <0, f(n) >0 ¥neR. Consequently, the set of feasible 7 for equation 3 to hold break into the

following cases:

1. Case 1: d < 0, therefore equation 5 does not constrain 7 and only equation 4 and positivity

is important:

MAJ

77 E <O o-k:MAJ (R*

et

VAV

2. Case 2: d > 0, n must be feasible for both equation 5 and 4 and positive.

ne

VAV —Vd VIAV, +Vd

c

Mal 2l

(o

O-kMAJ (:E"R\V/IAJ)2 —

* 22 . .
Note that M%{% > 0 because oy, (R},,,) > a by setting assumptions.

R

We can further rewrite Case 2. Notice that by setting V f = 0, the minimum of f(n) is atn =

. . . . . \/%Avié +vd
which is greater than O by setting assumptions. Thus, it must be that —52——

VAAV s +Vd
2|Un|
1. Case 1: d <0

2. Case2:d >0,

is the right hand root f(7).

77 c <O O-kMAJ(R:/lAJ)2 — az)
’ VAV ;4

\/ﬁAVZ% B \/a O-kMAJ(R;\(/lAJ)2 —

PIZN

a2
NG

VRAV A
QIMA‘

> 0 because

\/"?LAV'L% + \/a O—kMAI (RK/IAJ)2 —

RS (0, min(

2|U |

NGO

M

2(Un |

VAV

Now we finally add the < & to the sufficient conditions. this becomes a part of both case’s upper

bounds:

1. Case 1: d < O,

(R;\ZAJ)z —

_ o
n € <0,In1n(/<;, P
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2. Case2: d > 0,

€ | 0, min(k, ,min(x
" ( ( N

2|Un | ’ VTIAV VAV

Note that we have shown that these cases are equivalent to the sufficient conditions we must prove
are met.

It is easy to see that in either case, when the relevant space is non-empty, Algorithm | returns an 7 in
the space because the algorithm first checks the discriminant and then constructs the relevant range(s)
(if nonempty). ]

Claim D.4 Algorithm I returns 0 if and only if there is no n correlated strategy that satisfies our
feasible conditions.

Proof of Claim D.4. In our proof of Claim D.3, we showed that an equivalent way to characterize
an 7) that satisfies our sufficient conditions for SW improvement is the following:

1. Case 1: d < O,
n € (0, min(u, x))

2. Case2: d > 0,
1 € (0, min(k,r1,u)) U (ra, min(x, u))
Where
d = nAV % + 4|Up|(a® — ASV,)
u = O-kMAJ (RIT/IAJ)2 B Ol2)
\/ﬁAVi%
VIAVx —Vd
r = —2|Z/{A|
VAAV, +Vd
ro = —2|UA|
and 7, [Up A, ok, (Rmar), &, ASV;+, AV;a are parameters of the algorithm

Suppose there does not exist an 7 that is feasible according to our cases. It must be the case that
d > 0, because otherwise there is clearly always a feasible 1 as «,u > 0 by setting assumptions.
Since there is no feasible 7, it must be the case that

\/ﬁAVZ% B \/a Jk\m] (]RI‘T/IAJ)2 B a2) U \/EAV’L‘% + \/a min(li o—kMAJ (RIT/IAJ)2 — a2)
2Usl 7 VIIAV VN ’ VAV ;5

is an empty space. Algorithm 1 first checks the LHS set. If it is empty, it checks the RHS, and if that
is empty, it returns 0. Therefore if 7 is infeasible, O is returned.

nE <0, min(x,

Suppose 0 is returned by the algorithm. It clearly could not have been the case that d < 0 because
given k,u > 0, d < 0 would never result in a returned 0. Thus we consider d > 0. In this case,
evaluating the If statements, O is clearly returned only if

\/ﬁAVi% -Vd Ol (Ri0,)2 — @2 )> U<\/5Avi’$ +d

, ,min(k,
2|U| VTIAV 2(U| (

UkMAJ (:E{'l‘f/lAJ)2 B OKQ )

is empty. Thus we have that if 0 is returned, there must be no feasible 7 (for our sufficient conditions).
O

n e <O, min(k,

Having proven both Claims, we have shown both parts of Theorem 3.3 hold, so we may conclude the
full proof. O
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Figure 1: Robustness of Algorithm 1 to imperfect knowledge of |Us| and oy, (Ryas). Squares are
green if for estimates (|Ual, ok, (Ruas)) taken as input into Algorithm 1, the outputted value of n
satisfies the sufficient conditions for effective altruism given in Theorem 3.2.

D.3 Supplementary material for robustness

D.3.1 Empirical robustness example

In the following example we illustrate that even slight mis-estimates of the required parameters will
still yield an 7 returned by the algorithm that satisfies the conditions for effective altruism.

Example D.1 (Simple Robustness Example) Let R* be the very simple majority-minority matrix
from example C.1 with myyy = 10 and my,; = 100. Let the learner’s loss-tolerance parameter be
a = /15 and assume half of users who like item 1 and half of users who like item 2 are altruistic.
With perfect information, the output of Algorithm 1 is n* ~ .886.> For n < 1, we have that
n < Minyey,, MaXie[n) Th; = 1, additionally, o > o1(Ry). Therefore, to satisfy the sufficient
conditions of Theorem 3.2, it suffices to check that

f(n) = min{GkMAJ (RMAJ)Qa 772|Z/{A| + ASVZ*} - n\/ﬁAVZ‘% - OéQ > 0.

Solving this analytically (see proof of Theorem 3.3), we get that all ny € [0.78, 1) satisfy f(n) > 0,
that is, there is a significant range of 1 that result provably in effective altruism.

To test how robust Algorithm 1 is to imperfect information, we created a sets of 11 estimates for
Oty (Ruar) and |Uy| centered at true values of 10 and 100, respectively. Estimates of o,,,,(Ryar)
range from 5 to 15 with a granularity of 1. Estimates of |Ua| range from 50 to 150 with a granularity
of 10. For the mesh of 121 parameter pairs, we test if Algorithm 1, using these estimates as input,
returns an 1 such that f(n) > 0. We find that all tested value pairs such that oy,,,,(Ryar) > 10 and
[Ua| > 80 result provably in effective altruism (see Figure ).

D.3.2 Main robustness result

Theorem D.1 (Robustness of Algorithm 1 to misspecifications) Ler R* be a majority-minority
matrix. Under the assumptions of Theorem 3.2, further assume r, n and |R*||1, |R*||2 are public
knowledge. Thus, let z := (0,,,,;(Ruai), @, 71, ASVi, AV, [Ual) be the vector of unknown param-
eters and call z* be the vector of true parameters, z the vector of estimates, and 1) the value returned
by the algorithm. Define

o A function, f, of the unknown parameters and parameterized by a feasible 7,
f(z;m) == min(o?, n?|Us| + ASV;+) — nV/RAV — o?
o A function, L, of preference matrix, R and parameterized by a feasible 1,
L(R;n) := /4[R]3 + ([R[F) /4 + 7?0 + max{4| R[5, 1+ n*}

2Code for this example is submitted as supplementary material.
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When 1) > 0, if ||z — 2*||2 < [(&0)/L(R*;n) then the conclusions of Theorem 3.2 still hold when 1) is
played by altruistic users.

In order to prove this, we will invoke Lipschitz bounds on a function that is a minimum of two
Lipschitz functions, so the following lemma will be helpful:

Lemma D.3 Ler f(z) = min{ f1(z), f2(z)} where f1 and fs are Lipschitz on a convex region D
with constants Ly and Lo, respectively. Then f is Lipschitz on D with constant L = max{Lq, Lo}.

Proof of Theorem D.1. Consider two arbitrary points z;,zs € D. Assume without loss of generality

that f(Zl) > f(ZQ). If fl(zl) > fQ(Zl)I

|f(z1) = f(2z2)| = | f1(z1) — min{f1(22), f2(2z2)}|

= |fi(z1) + max{—fi(z2), — f2(22)}|

= |max{fi(z1) — fi(z2), f1(z1) — f2(z2)}]
| max{ fi(z1) — fi(2z2), f2(z1) — f2(22)}]
max{|f1(z1) — f1(z2)|, | f2(z1) — fa(2z2)[}

max{Li|zy — 22, L2||z1 — 22|2}

IA A IA

= max{Ll, LQ}”Zl - ZQHQ

By making a symmetric argument for f1(z1) < f2(z1) we get the same bound. Thus, f is Lipschitz
on D with constant L = max{L, Ly} as desired.

With this lemma, we will now proceed with the full proof.

Proof of Theorem D.1. For simplicity of notation, we will denote oy, . (R},,,) as o.

ma
Recall from Corollary D.2, it suffices to show that

I.7>0

2. <K

3. 0 < min{(0*)%, [U| + ASVi*} — )V AV, * — (a*)?

for the true parameters, z* and the returned 7). Because 7 > 0, by assumption, clearly the first
condition is satisfied. Also, the 2nd condition must be satisfied because 7 was returned by Algorithm
1, and Theorem 3.3 asserts that any nonzero 7 returned by the algorithm satisfies ) < k.

Thus all we must prove is that f(z*;7) > 0. Given that f(2z;7) > 0 by Theorem 3.3

Note that we can equivalently write f(z;n) = min{ f1(z;n), f2(z;n)} where
fi(zn) = 0® = VRAV s — o

fi(z;n) = *[Ua| + ASVie — VRAV; — o
Because 77, AV , 7, o > 0 by setting assumptions.

We note that for the remainder of this proof, we are exclusively interested in f(-;7)) (i.e. f with the
the returned 7 as the parameter), so for notational simplicity, we often drop parameter, 7).

Assume that f is L-Lipschitz on some region D (we will prove later that this is true for a suitably
defined D). Then, given ||z — z|js < 2% and 2,7 € D:

f(z) = [(2) + (f(2) - f(2))
> [(2) = |f(z) - f(2)|
> f(z) — L||z — z||2 [ is L-Lipschitz
> f(z) — f(z) by assumption
=0

Therefore, to show the desired f(z;7) > 0, it suffices to show that f is L-Lipschitz on D. We will
do this by finding a bound on the maximum gradient norm of f; and f5. First we will compute the
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954 gradient of both functions:

0 0 0 0 0 0
VA = (2 a), Z2 ), @), gl (a), <z>,a|uf1A|<z>>T|
HAV s AV

= ||(207 720‘7 i 707 77?\/%? 0) HZ - 40 + 40{ +

+7%n Definition of f;(z

VG

955

_ 9Lz, Of2, | Of2 df2 Of2 Of2 T
IV f2(2)l2 = I(5~(2), 5 ~(2), 5~ (2), GASV,. (), DAV, (), D] (2) |
AV o AV a2

= |(0, —2¢, n o1, -V, 72) T2 = 4a® + +1+7*n 47 Definition of f5(z)

PN 4/n

956 To bound the gradient norms we will use bounds on the parameters in terms of the primitives
957 of the matrix. Recall that 1) is fixed parameter (it is what Algorithm 1 recommends). Thus, the
o8 gradient norm depend on «, 1, AV, ﬁ Since all variables are positive, it suffices to find an

959 upper-bound i in terms of the known values of n, ||[R*||; and |[R*||2. As 1 < 2 < n we have that
90 7 < n and ﬁ < 1. By assumption, we have that o < oy, (R},,) = 0. Additionally, that

R}.) < o1(R*) = ||[R*||2. Hence o < o < ||R*||2. Lastly,

AV —max Z Ty, < max Z Tui = [|R*1

%1 Ok, (

962 Hence we can define D to be the space where each of these bounds hold:
D={z:0<a<o<|R"21<a< n, AV < IIR*|l1}
963 Since it is defined by a set of linear inequalities, D is convex.

964 Further we can bound the norms of the gradients for all z € D:

NAV? a2 IR
IVA@)3 = 40" + do® + =2 + "0 < SIRYF + 7= + 0%
965 )
AV oL . il RA 17 oL
IVA1(@)[3 = 40® + Z 2 + 1+ i'n 4+ < 4R + AR 4y 1 o 4 gt
96 Consequently, for Iy = \/ 8|R*|3 + ﬁHRT*”% +7%n  and Lo =

967 \/ 4| R*||3 + M +1+79?n+1n* we have that, by the Mean Value Theorem, for any
68 2,2 € Dandi € {1,2}:

|fi(2) = fi(2)] < sup IVfi(2)|2llz — 2||2 < Lil|lz — 2|2
4SS

969 Thatis, f; is L;-Lipschitz on D.

970 Applying Lemma D.3, we can conclude that f = min{f, fo} is Lipschitz with L = max{L;, La}.
o1

972 D.3.3 Additional Corollary to bound EA group misestimation

973 We now have a bound for how perturbed a vector of parameters for the correlating mechanism may
974 be such that the resulting 7} still works. There are certain parameters that we imagine are more/less
975 likely to be incorrect. In particular, it is likely the case that estimating who is altruistic, i.e. cares
976 about the minorities and intends to participate in a grassroots uprating movement, will be difficult.
977 Thus we would be particularly interested in robustness to estimations on the EA user group. From
976 Theorem D.1, we directly can derive a corollary on just incorrect estimations of how many and which
979 agents participate in the movement.
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Corollary D.3 (Robustness of Algorithm 1 to estimation of EA group) Under the assumptions
and definitions of Theorem D.1, let it be the case that the algorithm must estimate which ma-
Jority users care about minorities, but all other required parameters about true preferences and the
learner are correct. Then if

Ul — [Ual)2 + (AV; — AV, )2 < L&D
(|UA| |UA| ) +( 2y 2y ) < L(R*,ﬁ)

and 1) > 0, then the conclusions of Theorem 3.2 will still hold even when the true group of altruists
uprate by 1.
Proof. Recall that
z = (o-kmaj (RMAJ) a, 'fL, ASVZ* B AVl%’ |UAD
The first 4 elements of z do not depend on the group of EA users, therefore those are estimated

correctly. Thus (z — z*); = 0V € [4]. The inequality then follows directly from Theorem D.1. O

D.4 Supplementary material for Section 3.4

D.4.1 Supplementary material for benevolent learner

Corollary D.4 (EA increases utility for the benevolent learner) Under the assumptions for Theo-
rem 3.2, an a-loss tolerant learner with a benevolent utility function would achieve

TRUE __ * A *
Ugen' = Zueum maXien] Ty,i» Ugen = Zue(uwuui*) maXien] Ty,

when agents are truthful or follow an effective altruist strategy, respectively, and Ufjry > UgRQE.

Proof of Corollary D.4. This follows directly from Theorems 3.1 and 3.2 because by definition of
benevolence, U, := SW(R*, ) and USS, v := SW(R, ). O

D.4.2 Supplementary material for engagement-based learner

Proposition D.1 (EA increases utility for the engagement-based learner) Under assumptions
for Theorem 3.2, and «a-loss tolerant learner with engagement-based utility would achieve

Uek %" = Y icin) oueim) ITails Ui = Zicin) Souepm 7ol + 11Ul
when agents are truthful or follow an effective altruist strategy, respectively, and U, éN > UEI%UE.
Proof of Proposition D.1. When agents report truthfully, 3 ; = 7., ;.

Under the 17 EA correlated strategy, recall that the reported preference matrix is:

MAJ* MAJ*
4 R n ... O
- MAJ* MAJ*
R— Tul Ty 0 0
MAJ* MAJ*
TEad o Twam .. 0
*
0 . 0 Ry

Which is just the true matrix, but with Os swapped to be 7 for the EA users.

A feasible 7 is such that n > 0 and |Us| > 0 by assumptions of Theorem 3.2 hence the strict
inequality. ]

E Supplementary material for Section 4

E.1 Experiment
Code is available in the Github codebase.
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Table 2: Popularity of genres. For each genre, this table depicts the number of users in that genre
group (the set of users who review that genre more than any other genre) and the total number of
book reviews for that genre.

Genre Users in genre group  Total reviews (in thousands)
romance 7627 1044
young-adult 5061 869
fantasy, paranormal 4427 823
mystery, thriller, crime 1087 650
history, historical fiction, biography 668 320
children 3 114
comics, graphic 12 71
non-fiction 7 47
poetry 0 14

E.1.1 Data information

Dataset. We use Goodreads Datasets collected in 2017 by a UCSD lab [69, 68] to gather information
about how much different readers (users) engage with books from different genres (items). We
get user engagement data over genres by merging “English review subset for spoiler detection"*
and “Extracted fuzzy book genres"*. The review dataset contains 1.3 million total book reviews

"o

about 25,000 books from 19,000 users. The genre dataset labels books as “romance”, “young-adult",

noce "o

“fantasy", “paranormal”, “mystery, thriller, crime", “historical, historical fiction, biography", “comics,
graphic”, “children", “non-fiction", “poetry". Because of genre overlap (i.e. a novel may be romance
and fiction) the extracted genres are not perfectly exclusive and we choose to exclude the fiction

genre which is a super-set of most of the genres.

Ratings matrix. For all the reviews, we create an indicator for each of the genres. We get the number
of reviews a user submits for each genre.® This enabled us to construct a ratings matrix containing
data on n ~ 19k users and their ratings of m = 9 genres. A user’s rating for a genre describes their
level of engagement with books of that genre, as measured by the number of reviews they provide.
We also define each user’s favorite genre as that which she has reviewed the most, and genre groups
as a partition of users according to their favorite genre. So the set of users in the Romance group, for
instance, are those who review books labeled as Romance more than any other genre.

Table 2 presents values of genres, ordered by popularity (i.e. total number of reviews), and the number
of users in the corresponding genre group.

Majority and minority users. To create groups of majority and minority users and majority and
minority items, we order the genres by popularity. Majority genres are the 7 = 5 most popular
(romance’, ’young-adult’, *fantasy, paranormal’, *mystery, thriller, crime’, *history, historical fiction,
biography’) and minority genres are the 4 least popular ("comics, graphic’, ’children’, 'non-fiction’,
"poetry’). A reader is a majority (minority) user if their favorite genre is a majority (minority) genre.
In total, we have m = 18, 870 majority users which constitute 99.88% of all users, and 22 minority
users which constitute 0.12% of all users (implications of this very large gap are discussed in section
4.1.1).

Singular values. The singular values of the ratings matrix are presented in Figure 2. Notice that
the first singular value is significantly larger than all others. Thus an « learner within the large
range of (02(R), o1 (R)] (which is about 4, 950 to 22, 450) would conclude that the he optimally
approximates the full ratings matrix with only the first principle component. For all baseline social
welfare calculations (i.e. before altruistic behavior) we will assume that the learner’s « is within this
range. Equivalently, under the true ratings matrix, we assume that the learner picks an « such that
k*=1.

3Because some books are labeled under multiple genres, this means if user, u reviews a romance poetry book
she has done a review of the romance genre and a review of the poetry genre.
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Figure 2: Singular values for Goodreads ratings matrix. The sharp decline from the first to second
singular values supports a rank-1 approximation strategy for the learner.

E.1.2 Methodology

EA behavior. Altruistic behavior is modeled as a subset of majority users uprating (i.e writing a
review) one of the minority genres. We example different fractions of users whose favorite genre is
romance (the most popular), uprating one of three minority genres with a value equal to % of their
rating for romance. While this is a slight departure from collective uprating of a fixed value 7, it is
more realistic in this setting given that users have very different levels of engagement on Goodreads
and therefore are likely to be altruistic in different capacities. We test % or % of romance readers for
three minority genres—children, comics-graphic, or non-fiction. We exclude uprating of poetry since

it is not the favorite genre for any user.

Learner’s protocol. Following our theoretical model, the learner is an a-loss tolerant learner. The
learner picks a k* based on the size of the singular values of the reported ratings matrix. He then
does a rank k* approximation of the reported ratings matrix, and top-1 genre recommendation based
on the low-rank approximation. For each altruistic behavior tested, we report the o range necessary
to induce the increases in social welfare.

Social welfare. The utility of a user is their true rating for the genre that they are recommended.
The social welfare is the sum of utilities for all users. We can use this to calculate social welfare
improvement: p, the social welfare with EA behavior divided by the social welfare without EA
behavior.

Table 3: Genres, index, and majority-minority classification. This table shows the genres, it’s
corresponding index, and whether it is classified as a “majority” or “minority” genre. Poetry is
excluded since no users have poetry as their favorite genre.

Genre index Genre Majority-minority classification
1 romance majority
2 young-adult majority
3 fantasy, paranormal majority
4 mystery, thriller, crime majority
5 history, historical fiction, biography majority
6 children minority
7 comics, graphic minority
8 non-fiction minority
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E.1.3 Additional results

For completeness, we will present the full results for both 1/2 and 1/3 users uprating. For both
sizes of EA user groups, we see significant welfare improvements, particularly for the minority user
groups.

Interestingly, it is not always the uprated group that is helped the most. When 1/2 of romance users
uprate minority genres, there is little change in the welfare for that genre, however, EA behavior still
positively impacts the other minority groups. Conversely, when 1/3 of romance users uprate the
minority items, we see significant welfare improvements across all minority genre groups (including
the one uprated).

Children books uprated Comics and Graphic books uprated Non-fiction books uprated
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< 1000

B3 Majority Groups

3 7504 1 Minority Groups

<
500 4
250+
oA
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(a) 1/2 Romance users uprating
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<
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(b) 1/3 Romance users uprating

Figure 3: Welfare improvements by user group. See Table 3 for the favorite genre groups indices
correspond to.

In Table 4, we detail the range that o must in be for each EA social welfare improvement result we
get on the dataset. The row denotes the fraction of romance users who uprate a minority genre and
the column denotes which minority genre is uprated.

Table 4: (n,U,)-Singular value gaps. These are the ranges that o must be in for each EA strategy.

Fraction of Romance Users ‘ Children Comics & Graphic ~ Non-fiction
1/2 (4948, 5447) (4948, 5609) (4948, 5797)
1/3 (4948, 4976) (4948, 5039) (4948, 5185)

Table 4 represents the ranges of learner’s information loss tolerances that would induce the SW results
we present. Recall that information loss tolerance is a constraint on singular values (Definition 2.1).
4948 is oo (R*) (Data information in Appendix E.1.1 and Figure 2) and the second value of each

range is o2 (R). Thus, were the learner in each range: (1) under truthful reporting he would have
provided recommendations using a rank-1 approximation matrix, (2) under altruism there’s enough
variation in the 2nd principal component such that he instead is "convinced" to use a rank-2 matrix.
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Table 5: Percent total social welfare improvement for different EA strategies. This table shows the
percent increase in welfare for all users under different fractions of Romance users uprating (rows)
and different genres being uprated (columns). In all cases, the total welfare improvement is between
8% and 10%, corresponding to p > 1.

Fraction of romance users ‘ Children Comics & Graphic Non-fiction

1/2 9.4% 7.9% 9.3%
1/3 9.5% 9.5% 9.8%

E.1.4 Limitations

While we are able to see welfare improvements, there are a some limitations to this empirical study.
Firstly, there are very few minority users. It would be more interesting and meaningful if minority
users constituted a greater fraction of total readers, as this would translate to greater social welfare
improvements and hence greater incentives to participate in EA. A counter to this is that the benefits
are essentially for free (no groups are meaningfully hurt by EA behavior), and that helping even a
small number of users is important. Secondly, the singular value gap is rather small given the size of
the singular values. Hence, it may be unrealistic to assume that the learner follows this truncation
protocol. This is potentially a limitation of the particular dataset that we have chosen. Thirdly,
while this altruistic behavior is similar to the real-world movement we model, the groupings we
have defined are not the same. On BookTok, groups of users have been documented to intentionally
increase engagement with books from with marginalized author groups such as black or indigenous
authors[52] rather than genres. We did not have the data to test this behavior perfectly.

E.2 Survey
E.2.1 Additional results
Survey time took participants an average of 8 minutes and 33 seconds.

Table 6: Number of participants (out of 100) and response to algorithmic impact questions.

Do your interactions affect... Yes No Unsure
your own future recommendations? 92 6 2
other people’s recommendations? 57 15 28

Table 7: Number of participants (out of 100) and response to strategic interaction questions.

Have you intentionally... Yes No Unsure
interacted to affect your recommendations? 68 27 5
avoided interacting to affect your recommendations? 62 30 8
interacted to affect others’ recommendations? 20 79 1
avoided interacting to affect others’ recommendations? 20 75 5

E.2.2 Additional example quotes

Intentionally interacted w/ boosting purpose. “I just do this to support creators and help them
grow"

Intentionally interacted w/ charity purpose.

1. “I remember seeing a woman on TikTok who was raising money for a personal cause through
GoFundMe, and she asked for support in getting her video on more people’s For You pages.
[ intentionally interacted with her post by liking, sharing, and leaving supportive comments.
I also saved the video to my collection to boost its visibility.”
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2.“I saw a woman who was fighting for custody of her daughter so I purposely liked it,
commented, and shared the video to hopefully get the Tiktok algorithm to push that video
out.”

Avoided interaction w/ political purpose. “Anything political, I 100% REFUSE to interact with
anything political other than to ad it to my filters or block because engaging in politics is just too
dangerous."

Avoided interaction w/ misinformation/harm purpose. “I once avoided liking or commenting
on a sensational news post on Facebook because I didn’t want to boost its visibility or contribute
to spreading misinformation. I knew that interacting with it would make it more likely to appear in
others’ feeds. By ignoring it, I hoped the platform’s algorithm would deprioritize it for others as
well.”

Avoided interaction w/ privacy purpose. “I do not want people to see what I am interested in in my
mental health feeds"

E.2.3 Methodology
Our survey was IRB-exempt as an online survey to adults in the US.

We ran our survey to 100 US-based Prolific users on May 7th, 2025. Prior to the finalized version,
we ran two pilot studies each of 5 users (all of whom excluded from the final study) to ensure
questions and format was understandable. Each participant was compensated $2.70. Participants
were pre-screened to ensure residence in the United States, a Prolific approval rate > 95, and a
Prolific join date no later than Sept. 1st 2024.

Survey questions were divided into 5 sections: 1. Demographics, 2. Recommender System Use, 3.
Self-interested Strategization, 4. Altruistic Strategization, and 5. Fairness Beliefs about Recommender
Systems. The order in which participants received sections 3 and 4 were randomized. A full list of
questions can be found in the appendix (E.2.5). To understand users’ knowledge and theories about
concepts such as collaborative filtering, we asked participants whether they believed their interactions
with content affect their own and others’ recommendations and how much. To understand whether
users use this knowledge in order to interact strategically, we asked participants whether they ever
intentionally interact(avoid) content with the purpose of increasing(decreasing) its recommendation
to themselves/others. To understand whether any strategic behavior may be driven by altruistic beliefs,
we ask participants whether they believe accuracy of recommendations and promotion of content is
fair across different user groups. We manually add theme/topic codes to textual responses. Authors
manually added {0, 1} codes to indicate textual responses that mention boosting/promoting specific
creators, charity, politics, harmful/misinformative content, and privacy.

E.2.4 Prolific details

Study label: Survey

Study name: Users’ Interactions with Content Recommendation Algorithms

Study Description: This MIT research survey is a part of an experiment to understand people’s
interactions with algorithms on social media, streaming, and music platforms. You will be asked
about your behavior and underlying reasoning when engaging with content recommended to you by
these platforms’ algorithms.

E.2.5 Online survey questions
The survey consists of five blocks of questions:

1. The first block elicited demographic characteristics: age, employment status, education
level, race, state of residence, ethnicity, and gender.

2. The second block asks questions about recommendation system use. We broke down
recommender systems into three types: social media (e.g., Twitter, Instagram), streaming
(e.g., Netflix, Hulu), and music platforms (e.g., Spotify, Sound Cloud). For each type, we
asked (1) what specific platforms respondents used in the last week, and (2) how often they
currently use those platforms.

3. The third block pertains to self-interested strategization on recommender systems. First,
we elicit information about awareness: do respondents believe that their interactions with
platform contents impact their future recommendations both in general and for specific types
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of interactions (e.g., likes, comments, or subscriptions). Second, we ask about strategic
behavior: have respondents have ever intentionally interacted (or avoided interacting) with
content in order to impact their future recommendations. If they answer yes, we ask for
frequency of this behavior and for them to provide an example.

4. The fourth block mirrors the previous block but asks about altruistic strategization. We

first ask about awareness: do respondents believe that their interactions with platform
contents impact other people’s future recommendations both in general and for specific
types of interactions. Second, we ask about strategic behavior: have respondents have
ever intentionally interacted (or avoided interacting) with content in order to impact future
recommendations for other people. If they answer yes, we ask for frequency of this behavior
and for them to provide an example.

5. The last block asks about people’s beliefs on the accuracy and fairness of recommender

systems. We ask if they think (a) the accuracy of content recommendations and (b) the
amount of content promotion is fair or not fair for different types of users, and if they think
that companies should undertake efforts to increase fairness across users.

Below are the exact questions on the survey including survey logic.
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Recommendation Survey

Q32 This MIT research survey is a part of an experiment to understand people's interactions
with algorithms on social media, streaming, and music platforms. You will be asked about your
behavior and underlying reasoning when interacting with the content recommended to you by
these platforms' algorithms.  You understand that no personally identifiable information
provided by you during the research will be disclosed to others without your written permission,
except if necessary to protect your rights or welfare, or if required by law. You understand that
your answers should be honest and original descriptions of your experience with using online
platforms.

yes (1)

no (2)

Q36 What is your Prolific ID?

Q34 What is your age?
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Q35 Which of the following best describes your employment status?
student (1)
employed (part-time) (2)
employed (full-time) (3)
retired (4)
unemployed (5)

other (6)

Q36 What is the highest level of education you have completed?
less then high-school (1)
high-school (2)
some college (3)
college (4)

graduate degree (5)
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Q42 Choose one or more races that you consider yourself to be

White or Caucasian (1)

Black or African American (2)

American Indian/Native American or Alaska Native (3)

Asian (4)

Native Hawaiian or Other Pacific Islander (5)

Other (6)

Prefer not to say (7)

Q43 In which state do you currently reside?

¥ Alabama (1) ... | do not reside in the United States (53)
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Q47 What is your ethnicity? (select all that apply)

German (1)

British (2)

French (3)

Mexican (4)

Puerto Rican (5)

Cuban (6)

African American (7)

Haitian (8)

Nigerian (9)

Chinese (10)

Indian (11)

Filipino (12)

Lebanese (13)

Iranian (14)

Egyptian (15)

Native Hawaiian (16)
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Samoan (17)

Fijian (18)

Something Else (please specify) (19)

Prefer not to say (20)

Q31 How do you describe yourself?
Male (1)
Female (2)
Non-binary / third gender (3)

Prefer to self-describe (4)

Prefer not to say (5)
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Q28 Which of the following social media platforms did you use in the last week? (select all that
apply)

Facebook (1)

Instagram (2)

TikTok (3)

X/Twitter (4)

Tumblr (5)

Threads (7)

Truth Social (8)

other (6)

None of the above (9)

Q26 How often do you currently use social media platforms?
never (1)
once a week (2)
many times a week (3)
once aday (4)

many times a day (5)
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Q1 Which of the following streaming platforms did you use in the last week? (select all that
apply)

Youtube (1)

Disney+ (2)

Twitch (3)

Netflix (4)

Hulu (5)

Paramount+ (6)

Amazon Prime Video (7)

other (8)

None of the above (9)

Q30 How often do you currently use streaming platforms?
never (1)
once a week (2)
many times a week (3)
once aday (4)

many times a day (5)
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Q29 Which of the following music platforms did you use in the last week? (select all that apply)

Spotify (1)

Apple Music (2)

Sound Cloud (3)

other (4)

None of the above (5)

Q31 How often do you currently use music platforms?
never (1)
once a week (2)
many times a week (3)
once a day (4)

many times a day (5)

Q39 The following questions are about your interactions with content (posts, videos, songs, etc)
on social media, streaming, and music platforms. An interaction with an item is a general term to
include any action. Interactions include, but are not limited to, watching/listening, liking,
subscribing, commenting, favoriting, sharing, reviewing, etc.
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Q38 Recommendations made to you In this section, we will ask about the recommendations
you get from the platform and your interactions with content.
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Q2 Do you think that your interactions with a platform's content (i.e. likes, comments,
subscriptions, watch times) affect which items are recommended to you in the future?

yes (1)
no (2)
unsure (3)

Display this question:

If Do you think that your interactions with a platform's content (i.e. likes, comments, subscription... =
yes

Or Do you think that your interactions with a platform's content (i.e. likes, comments, subscription... =
unsure

Q5 When you interact with platform content in the following ways, how much do you think it
impacts what is recommended to you in the future?

unsure (1) not at all (2) somewhat (4) significantly (5)

You like an item

M

You comment on
an item (2)

You share an
item (5)

You watch a
video or listen to
a song all the
way through (3)

You watch a
video or listen to
a song multiple
times (4)

You subscribe to
an item or
creator (6)
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Q40 We will now ask about your intentions when interacting with platform content. When you
intentionally interact with a piece of content this means that you have interacted in this way with
a specific reason or purpose in mind.
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Q33 Have you ever intentionally interacted with (i.e. liked, commented on, subscribed to,
watched, etc) an item with the purpose to make it show up in your future recommendations?

yes (1)
no (2)

unsure (3)

Display this question:

If Have you ever intentionally interacted with (i.e. liked, commented on, subscribed to, watched, et...

Q35 How often do you intentionally interact with an item so that it will be recommended to you?
less than once a week (1)
once a week (2)
many times a week (3)
once a day (4)

many times a day (5)

Display this question:

If Have you ever intentionally interacted with (i.e. liked, commented on, subscribed to, watched, et...

Q33 Please briefly describe a time when you intentionally interacted with an item so that it
would be recommended to you.
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Q37 Have you ever intentionally avoided interacting with (i.e. liking, commenting on, subscribing
to, watching, etc) an item with the purpose to make the platform recommend it less frequently to
you in the future?

yes (1)
no (2)

unsure (3)

Display this question:

If Have you ever intentionally avoided interacting with (i.e. liking, commenting on, subscribing to,... =
es

Q36 How often do you intentionally avoid interacting with an item so that it will be
recommended /ess frequently to you?

less than once a week (1)
once a week (2)

many times a week (3)
once a day (4)

many times a day (5)

Display this question:

If Have you ever intentionally avoided interacting with (i.e. liking, commenting on, subscribing to,... =
es

Q34 Please briefly describe a time when you intentionally avoided interacting with an item so
that that it would be recommended /ess frequently to you.
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Q46 This question is an attention check to ensure data quality. Please select "once a week" and

thank you for your attention.
less than once a week (1)
once a week (2)
many times a week (3)
once a day (4)

many times a day (5)

Q37 Recommendations made to other people In this section, we will ask about the
recommendations other people get from the platform and your interactions with content.
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Q17 Do you think that your interactions with a platform's content (i.e. likes, comments,
subscriptions, watch times, etc.) affect which items are recommended to other people in the
future?

yes (1)
no (2)

unsure (3)

Display this question:

If Do you think that your interactions with a platform's content (i.e. likes, comments, subscription... =
yes

Or Do you think that your interactions with a platform's content (i.e. likes, comments, subscription... =
unsure

Q33 When you interact with platform content in the following ways, how much do you think it
impacts what is recommended to other people in the future?

unsure (1) not at all (2) somewhat (3) significantly (4)

You like an item

M

You comment on
an item (2)

You share an
item (5)

You watch a
video or listen to
a song all the
way through (3)

You watch a
video or listen to
a song multiple
times (4)

You subscribe to
an item or
creator (6)
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Q41 We will now ask about your intentions when interacting with platform content. When you
intentionally interact with a piece of content this means that you have interacted in this way with
a specific reason or purpose in mind.
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Q34 Have you ever intentionally interacted with (i.e. liked, commented on, subscribed to,
watched, etc) an item with the purpose to make it show up in other people's future
recommendations?

yes (1)
no (2)

unsure (3)

Display this question:

If Have you ever intentionally interacted with (i.e. liked, commented on, subscribed to, watched, et...

Q39 How often do you intentionally interact with an item so that it will be recommended other
people?

less than once a week (1)
once a week (2)

many times a week (3)
once aday (4)

many times a day (5)

Display this question:

If Have you ever intentionally interacted with (i.e. liked, commented on, subscribed to, watched, et...

Q35 Please briefly describe a time when you intentionally interacted with an item so that it
would be recommended to other people.
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Q38 Have you ever intentionally avoided interacting with (i.e. liking, commenting on, subscribing
to, watching, etc) an item with the purpose to make the platform recommend it /ess frequently to
other people in the future?

yes (1)
no (2)

unsure (3)

Display this question:

If Have you ever intentionally avoided interacting with (i.e. liking, commenting on, subscribing to,... =
es

Q40 How often do you intentionally avoid interacting with an item so that it will be recommended
less frequently to other people?

less than once a week (1)
once a week (2)

many times a week (3)
once a day (4)

many times a day (5)

Display this question:

If Have you ever intentionally avoided interacting with (i.e. liking, commenting on, subscribing to,... =
es

Q36 Please briefly describe a time when you intentionally avoided interacting with an item so
that it would be recommended /ess frequently to other people.
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Q47 This question is an attention check to ensure data quality. Please select "many times a
day" and thank you for your attention.

less than once a week (1)
once a week (2)

many times a week (3)
once a day (4)

many times a day (5)

Q23 The following question asks about how accurate platforms' content recommendations
are. When a platform recommends an item to someone, the accuracy is how well the item
matches what the person actually wants to see. Do you believe the accuracy of content
recommendations for different types of users (gender, ethnicity, age, etc.) is equal or unequal?

very unequal (1)

somewhat unequal (2)

neutral (3)

somewhat equal (4)

very equal (5)
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Q41 The following question asks about content promotion. The amount of promotion an item
gets is how often a platform recommends it to others. Do you believe the amount platforms
promote different types of users' (gender, ethnicity, age, etc.) content is fair or not fair?

very unfair (1)

unfair (2)

neutral (3)

fair (4)

very fair (5)

Q25 Do you support or oppose the idea that social media and streaming companies should
undertake efforts to increase the fairness of their platforms?

support (1)
oppose (2)

unsure (3)

Page 22 of 22



1194

1195
1196

1197
1198
1199
1200
1201
1202
1203
1204
1205

1206
1207
1208
1209
1210
1211
1212
1213
1214
1215

1216
1217
1218
1219
1220
1221
1222
1228
1224
1225

1226

1227
1228
1229
1230
1231
1232
1233

1234

1235
1236
1237
1238
1239

1240

1241

F Supplementary material for Section 5

There are several interesting lines of future work that may loosen assumptions we have made or
expand upon our study.

“Evil” Altruism Following the classic economics lens[5], our altruistic agents care about the welfare
of other agent(s). However, we intentionally consider only altruistic strategies that also do not
decrease the welfare any agent would have received otherwise. This is to emphasize that as long
as users are even minimally altruistic, the recommender system naturally incentivizes them to do
this algorithmic collective action. There are many other directions in which future work could study
collective altruistic rating strategies. In particular, altruism does not have to improve social welfare.
Altruistic users could desire to improve the recommendation of a small group and not care about al/
others. One could model collectives purposefully promoting content that appeals to the small group
of users, but is offensive (and would cause negative utility if recommended) to others.

Cost to Altruistic Actions Our survey and other literature [18, 52, 45] indicate that real-world
participation in the collective action we study theoretically often consists of intentional likes, shares,
or supportive comments. Supportive comments are often simple or generic, such as “Oh no, it looks
like I’ve accidentally commented for the algorithm."[45], not including a direct reference to the
information in the content itself. Unlike traditional protests where physical presence is required, this
action requires less overt effort. As such, we model uprating with the implicit assumption that it
comes at no effort cost. That said, future work may reconsider this modeling decision. Sophisticated
recommender systems may be trained to ignore overly simple strategies such as bot-like comments,
thus requiring higher effort from altruistic users. Additionally, uprating via comment is a public
display of support, so there may be interesting reputational costs to account for.

Alternative Learner Utilities While we also show user EA strategies yield the learner higher welfare
when he follows the protocol and evaluates his welfare according to engagement or benevolent utility,
two remarks are in order: (1) the learner welfare achieved is not necessarily optimal, and (2) there
are many other possible learner utility functions to consider. For the first point, further work could
analyze this setting as a multi-agent Stackelberg game in which some agents have altruistic utilities
and the principal explicitly maximizes benevolent, engagement, or an alternative utility. For the
second point, a natural alternative in which altruism hurts the learner is one that explicitly penalizes
dimensionality. Recall that altruism causes the optimal rank reduction for our a-loss tolerant learner
to increase from n to 77 4+ 1. On a large scale, it would thus be bad for a dimensionality-sensitive
learner to incentivize altruism for many different groups and items.

G Generalized classes of matrices and rating strategies

In this subsection, we will derive analogous social welfare results for a more complicated class of
preference matrices and altruistic strategies than those which are in the main body of this manuscript.
This preference matrix class will not be limited to majority minority groups with exclusive preferences
and strategic altruism is not limited to uprating. Because of these complexities, the proof techniques
necessary will be significantly different than in the main body, but the majority of results will have
analogies. Additionally, we have not been able to provide a simple algorithm for the computation of
an altruistic strategy as we do in the simpler case.

G.1 M: A class of popularity gap matrices

Consider a tuple: (R, 72) where: R € [0, 1]™*™ is a [normalized] preference matrix and 7 is some
integer value 0 < n < n. Call the first n items (columns) of R the popular items and the remaining,
the unpopular items. Define k(g 7) € R>0 to be maxyc(7+1),...,n} [|[Ri||1, the greatest L-1 norm
for any unpopular item. The R matrix but with the preferences for unpopular items zeroed out will
be important for the remainder of our analysis, so we define this as follows.

Definition G.1 (Popular Preferences Matrix, R'(72)) Let R'(7) € [0, 1]™*"™ be a matrix s.t.:
, ':{Tu,i, ifi <n
wt 0, otherwise
Thus R’ (n) is a block matrix where A(n) € [0,1]™*™ is the popular item block of R.:
R'(n) = (A(n) 0mx(n—m) (6)
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Because the learner is interested in recovering a best item for each user, we shall define a set of top
item(s) for a user u with respect to the matrix, R:

Definition G.2 (User u’s Top Item(s)) Define Z,,,(R,u) to be a set of top items for a user u ac-
cording to preference matrix R.:

Liop(R,u) := arg mfﬁ( Tu,i
1€[n

Note that |L,,,(R,u)| > 1.
We shall define user groups based on whether a user’s top item(s) is(are) popular or unpopular:

Definition G.3 (Majority User) A majority user for a particular R preference matrix and n is one
who has top rated item i € I,,,(R,w), such that i < 7, meaning i is one of the popular items.
Formally, we define the set of majority users for a particular R preference matrix:

Z/[MAJ = {u cdi e Itop(Ra u) st. 1€ ['FL]}

Definition G.4 (Minority User) A minority user for a particular R preference matrix and n is one
who has item i € L,,,(R, ), such that i > 7, meaning i is one of the unpopular items. Formally, we
define the set of minority users for a particular R preference matrix:

Z/[MIN = {'LL :di € I[OP(R7 u) st. 1€ {('FL + 1), .. .,n}}

For some results, it will be useful to make assumptions that a tuple, (R, 72) is such that there exist
nonempty user majority/minority groups and they are exclusive.

Assumption G.1 (Minority/Majority User assumptions) Preference matrix R and n is such that
the following is true of majority and minority user groups:

1. Majority and Minority user sets are exclusive:

UMIN mZ/{MAJ = @

2. There is at least one minority user:
Ym : [Uyin| > 0

Remark G.1 Note that the majority/minority exclusivity of assumption G.1 is a weaker assumption
than the exclusivity assumption in the main body of the paper as assumption G.I exclusivity does not
imply that majority and minority users’ preferences are entirely exclusive, only that their top items
are exclusive. Formally:

Yu € Uyas, Vi € {n+1,...,n}, ¢ Ly(R,u)
Vu/ € UMIN,ViI € [ﬁ,}, 7:/ ¢ Imp(R, ul)

We will now construct a class of preference matrix, R and popular item index 7 tuples. In order to do
this, we define the assumptions that tuples belonging to this class must satisfy. These assumptions will
be about the difference between particular ratings of the preference matrix, so before proceeding we
define A(R, 7). This will have a similar function to the singular value gaps of the class of matrices
used in the main body in that we will use A to impose a gap in popularity between items.

Definition G.5 (Sufficient Ratings Gap, A(R, 7)) The sufficient ratings gap is a function of the
ratings of R and which items are popular, n

2% H(Rﬁ)n%
[ow (R ()]

Assumption G.2 (Majority users’ top item(s) are sufficiently highly rated) Majority users don’t
care about all items equally: [n] \ Z,,,(R,w) # 0 and there is a sufficient gap between a majority
user’s top rating (which may appear on multiple items) and her other ratings:

i < m?}]c Tui — AR, 7)) Yu € Uyay ®)
i€[n '

AR, 7) = ©

max Tu
1€[n\Lp (R,u)

)
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Assumption G.3 (Minority users have sufficient preference for a popular item) Each minority
user likes at least one popular item by a sufficient amount:

EI'L 6 'FL S.t. Tu’i > A(]Rl7 7_74) VU E Z/[MIN (9)

Note that because assumption G.3 states that each minority user likes at least one popular item by
some small amount, the majority-minority matrices discussed in the main body cannot satisfy this
assumption as they are block matrices that impose complete exclusivity in preference. Thus, while
the class we will construct here does not technically include matrices analyzed in the main body, the
appendix class can be viewed as “more general" because it handles the settings in which preferences
matrices do not have the Ry, Rya; block structure that creates exclusivity between all items a
majority user likes and all items a minority user likes.

One may consider assumption G.3 as reminiscent of a non-zero support assumption for minority
users’ preference over popular items while the main body imposes zero-support over the same space.

We can now define the key class of preference matrix and popular item index tuples that we will use
for the remainder of the results in this section.

Definition G.6 (Popularity Gap Class, M) The following is an important class of tuples where the
popular items (whose indices lies in [n]) are sufficiently more highly rated by a variety of users than
the unpopular items:

M = {(R,7) : Assumption G.2, G.3 hold.} (10)

Remark G.2 (The Meaning of Popularity) We note that for any valid R € [0,1]™*™ and 7 where
assumptions G.2 and G.3 are true, it must be the case that the following is true:

2int, [Rmn < on(R (7)) (11)

Intuitively, equation 11 means that popular items (those in [71]) are sufficiently well-liked by enough
users such that their associated singular values are big relative to the magnitude of minority items’
ratings (whose l1-norms are upper bounded by k(R g))-

We call M the “Popularity Gap Class" following the intuition detailed in remark G.2. That is, in
order for the assumptions to be potentially satisfied, it must be the case that the singular value of
the associated Popular Preferences Matrix, R’(72), dominates over the a function of the unpopular
ratings. Much like the singular value gap assumption of the main body, ensuring that equation 11
holds essentially insures that the items labeled as popular by » are actually mathematically popular.

G.2 Learner’s selection of optimal truncation rank

In the section above, we present a class of (R,7). However, the a-loss tolerant learner must

approximate the received preference matrix, R, to an optimal rank less than or equal to rank(R).

Given that the tuple (f{, 1) € M, in this section we will show that k* = 7 for learners whose « total
variance loss budget is within a particular range.

G.3 Preliminary: useful singular value bounds on R if (R, ) € M

Recall that a-loss tolerant learners are defined in terms of how large the next singular value after
truncation would be. Thus, it will be useful to have bounds on the singular values of R and R/(7).

Corollary G.1 (Corollary of Lemma D.2) Let matrix A € C™*("=9) where j < n. Define

o(A) = 0 for singular values lost to column deletion. Then the following relation of singular values
holds:

0i(A) = 0i(A) > 0115(A)
Proof. This is easily seen by induction on j using the Horn and Johnson lemma as a j = 1 base case.
0
Proposition G.1 (72 and 72 + 1 singular value bounds) If a tuple (R,7) € M then the singular
values of R satisfy the following relations:

on(R) > 2int K(R,n)

IN

(Tﬁﬁ¥]r(I{) (71 — 71)fi(}{7ﬁ)
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Proof. The first inequality comes from the fact that assumptions G.2 and G.3 hold. Clearly
2% K(R,7)T %
[0 (R (7))]?
a top items and next ratings is greater than what R € [0, 1]™*" allows. This yields o7 (R’ (7)) >
2ini /F(®n) Because R’(7n) is the same as R with the unpopular columns removed (and replaced
with zeros, which does not affect singular values) we can invoke Corollary G.1 to get the desired
inequality in terms of R.

Now we will show the second inequality. Define matrix B € [0, 1]™*("~™) to be matrix R but where
popular item columns have been removed. We have the following:

c1+(R) < 01(B) Corollary G.1
= ||B||2 Def of spectral norm

< 1 if assumption G.2 is true because otherwise the minimum difference between

< ||B||r Matrix Norm Equivalences

<,4/(n-— fL)KJ(R_ﬂ)

To get the last inequality, recall that || X]||r = 1/tr(X T X) and note that

(B'B);; < max B;' 1= max

i€[n—n) i€[n—"n

| IBil|l1 = kr.a)

where B; is the ith column vector of B. tr(X T X) must thus be upper bounded by (n — 1)K (g
because there are n — 72 diagonal elements of B " B each upper bounded by K(R,n)-

mE!

G.3.1 A learner whose k* =7

Intuitively, we have shown in the above preliminaries that if (R,7) € M, then the 7i-th singular
value of R must be relatively big while the next singular values must be quite small. This should
mean that retaining singular values 1 through 7 is “important" while the remainder of the singular
values do not contribute very much.

Definition G.7 (72, R-Singular Value Gap) For any R € [0,1]™*" and 7 € [n] s.t. (R,7) € M,
define the space

Gn,R)={yeR:ye ( (n— ﬁ)m(R’ﬁ)ﬂ%n%,M(Rﬁ))}

Much like in the main body of the paper, a learner whose o parameter falls into this gap will select to
truncate exactly to dimension . Formally:

Proposition G.2 (k* = 7 for the a-loss tolerant learner) For all R € [0,1]™*" such that
(R,n) € M, If the « loss tolerant learner is such that o € G(i,R), then it must be the case
that k* = 7.

Proof. By proposition G.1, o5 > « while 0511 < a. By properties of singular values, o; > 05Vj <
7, thus 7 is the minimum k such that 041 < O

Remark G.3 (G(7, R) is nonempty) Note that forany i > 1, 23n% > \/n — i therefore the space

G(n, R) is not empty for any reasonable tuple.

Obviously, this range will limit the type of learners we discuss, however it is important to note that it
is always nonempty (see remark G.3) and for large n, this range for « is also very big, therefore this
is a non negligible space of general a-loss tolerant learners.

G.4 Recommendations and top-1 social welfare when Rs.t. (f{, n) e M

We will derive the recommendations made and resulting social welfare when the received preference
matrix is such that (R, 7) € M and the «-loss tolerant learner is parametrized such that k* = 7.

G.4.1 Preliminary: SVD truncation error bounds

First we will remind the reader of an equivalent representation of truncated SVD and derive a useful
lemma to upper bound the approximation error.
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1352 Recall that for a preference matrix, R € [0, 1]™*™, a k*-truncated SVD approximation is equivalent
1353 to solving the following optimization problem:

minimizepycgnxn  ||R — RII||%
subjectto IT=TUUT
U e R
U'U=1,.

(12)

1354 Where I} is a k*-dimensional identity and clearly IT is a projection matrix.

1355 We can define R = RIT* where IT* is the minimizer and this R is equivalent to the k*-truncated
1356 SVD. We can derive a bound on how close the optimal projection matrix, IT*, is to I, 5, a “partial”
1357 identity matrix where only the first 7 diagonal elements are 1s. Functionally, because R = RII*, this

1358 will be an upper bound on how close Risto just being the first 7 columns of R with the remaining
1359 columns zeroed out. We note that this bound (and its proof) is a version of Theorem 1 from [51].

1360 Proposition G.3 Ler IT: € R"*™ be the optimal projection operator of R to its n-truncated SVD.
1361 Assume that o5 (R’(7)) > 0. We have the following:

|[TI5 — Luallr < 13)

1362 where L, 5 is a n X n matrix where the first i diagonal entries are 1 and all other entries are 0.

1363 In order to show this, we will invoke a well-known matrix theory result that we define as a lemma
1364 and prove for completeness below. As a preliminary, recall from matrix analysis that between
1365 two matrices, we may compare their subspaces using principal angles. In particular, between

1366 two matrices, U, U’ € R™*™ made up of orthonormal columns, the vector of principal angles

1367 is d := (cosloy,...cos710y) where o; is the ith singular value of UTU’. We will denote

1368 sin ©O(U, U’) := diag(d).

1360 Lemma G.1 Let U, U’ € R™*™ be matrices with orthonormal columns.

: 1
[sin®(U, U")||F = EIIUUT U p

1370 Proof. Let IT := UU T and IT’ := U’U’T notice that these are projection matrices.
[UUT - UUT = - TR
=Tr (IT-IT') " (IT - IT')) def of Frobenius norm
=Tr (I'I+I' I -’17 - I I)
= Tr(I1?) + Tr(I1"?) — Tr(III') — Tr(IT'TI)  projection symmetric, trace linear

= Tr(I1?) + Tr(IT'?) — 2Tr(TIIT) trace cyclic
= Tr(II) + Tr(IT’) — 2Tr(TIIT) projection idempotent
= 2n — 2Ty (IIIT) trace of projection = rank
=2n—2Tr (U'U)T(UTU))
=2n—2 Z cos?(d;) o;(UTU") = cos(d;)
i€[n]
=2 Z 1 — cos?(d;)
1€[n]
=2 ) sin’(dy) trig identity
i€[n]

=2||sinO(U, U)| %
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Taking square root and dividing by 1/2 on both sides gives the desired identity. ]

Proof of Proposition G.3. Let C = R'R and C’' = R/(72) "R/(n), thus C,C’ € R™*™. Let
U, U’ € R™*™ be matrices whose columns correspond to the 7 normalized eigenvectors of the 7
largest eigenvalues of C, C’.

We will complete this proof by going through the following claims:

1. UUT =1,,

2. Z|[UUT —Lyallr = [[sin®(U, U")|
3. UUT =L a|lp < —2%2ns

[on(R/(n))]?

For some notational cleanliness, for this proof, we will refer to xR 7) as simply .

Claim G.1
UuT =1, ;

where 1, 5 is a n x n matrix where the first i diagonal entries are 1 and all other entries are 0.
Proof of Claim G.1.

Notice that because

R/(7) = (A(n) 0mx(=m) (14)
‘We have that:
CcC 0 ... 0
0O 0 0 O
c=1. . . . (15)
0 O 0

Where C € R? %™,

Notice that C is a symmetric 7 X 7 matrix, thus it has an orthonormal eigenbasis. Consider
orthonormal matrix V' € R™*™ g.t. that it’s columns are eigenvectors of C. By orthonormality,

V'V'T =1,,. Define V' € R"*™ such that it is V' padded with zeros. Clearly, V' is a normalized
matrix of the 72 eigenvectors corresponding to the 72 largest eigenvectors of C’, therefore U’ is simply

V'. Thus we can see that U'U’"T =1, ;. O
Claim G.2
1 .
EHUUT ~Luallr = sin®(U,U)||F

Proof of Claim G.2. By Claim G.1,
UuU' -1,,=UU"T —UU".
Further, since U, U’ are composed of normalized orthogonal columns, by Lemma G.1, we have that
1
V2

Put together, we have the desired equality:

[UUT —U'UT||p = | sin®(U,U")| .

1 1 i
EHUUT ~Loallr = EHUUT —U'U T ||p = ||sin®(U,U")| £

Claim G.3

W2k
HUUT - In.ﬁHF < m
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Proof of Claim G.3.
From Yu et al [71] Theorem 2 using » = 1 and s = n, we have:

. 2min(v/n||C — C'l|op, [|C — C'lIr)
O(U,U)||r < L
s &0, Ul < S R = M (C), Aa(C) — )
where A\g = oo and A\ +1 = 0 by construction. Note that by assumption, o (R/(72)) > 0, so the
denominator is well-defined.

Thus we have:
2v2min(va||C — C'||op, [|C — C'[| )
min(Ag — A1 (C), An(C') — Any1)
= 2v2min(vn||C — C'llop, |IC — C'l| ) by construction
min(co — A1 (C’), Az (C'))
2V2||C - C'|r
~ min(oo — A1 (C’), Az (C))
_ 2V2|C - C'||r
N A (C)
_2V2|C-C|r
(o (R/(7)))?
< 2\/§7m
= (oa(R/(R)))?
Where the last inequality is as follows. Notice that
|IC-C'lr=|R"R-R'(7) 'R'(i)||r

_||[[A@)A@®R) AR)B@) _ (A@R)TAR) 0
~|\B(R)TA(R) B(n) B(n) 0 0
_ 0 A(n) " B(n)
B(n)"A(R) B(R)' B(n) /||,
Where A(n) € [0,1]™*" are the popular columns of the preference matrix and B(n) €
[0, 1]™ (n=7) are the unpopular columns of the matrix. Thus we can upper bound every element of
/.

uUu’ ~1,., Claim 2

lF <

Def of singular value

3 3
3 3

F

(C-C');; < IgaficRiTl = max |Ri|l1 = &.
There are n? elements in (C — C’) Therefore
|C—C'|lr < Vn2k? < nk.
O

To reach the final statement of the theorem, notice that UU T creates the projection matrix, IT* that

minimizes the optimization problem 12 and recall that A(R, 72) := % O

G.4.2 Recommendations and social welfare bounds
Now that we have some idea of what R will be from proposition G.3, we can make statements about
recommendations and resulting social welfare particular «v learners will give when (R, ) € M.

Theorem G.4 (Recommendations are good for majority, bad for minority) Let Rbea reported
preference matrix such that, for some 7 € [n], (R,7) € M. Let there also be an « loss tolerant
learner s.t. k* = n, or sufficiently, a € G(n, R).

After learner protocol, all majority users are accurately given one of their top popular items, while
minority users are given a popular item. Formally, top-1 item recommendation on R satisfies the
following two properties:

argmaxry, ; C I,op(ﬁ, w)N[A] YVu € Uya, (16)

i€[n]
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and

arg mz[u]( Fui C (7] Yu € Unin 17
1€

Proof. For notational cleanliness in this proof, we will write « to refer to « (R.7) and R/ to refer to
R/ (7).

Note that if we consider a € G (7, f{) by proposition G.2, k* = 7 thus, R:= ﬁl’[;% By Proposition
G.3,if 2*@:/’; = 0 then IT} =1, ». When this is the case, R = R’ and the optimal solution for our
top-1 item selection problem is such that properties 17 and 16 hold. We want to show that when the
Frobenius norm difference of Proposition G.3 is small, under assumptions G.2 and G.3, the top-1
item selection problem’s solution is as if the Frobenius norm difference were 0, so properties 17 and
16 still hold. Let the rows of R be ¥, € [0,1]" for u € [m] and the columns of IT% be v; € R" for
i € [n]. We shall the consider the problem as follows:

1+€1’1 0+€172 0-1—61’,3 0-}-617”
O+€271 1+5272 0"—52,7’1 O—&-Egm

P11, ... Tim : : : : : ¥ vy

: 0+Ei’1 O—l—&‘i’g 1—&-52*’,—1 O"‘Ei,n = :

fm,l, . fmm 0+5i+1,1 O—|—€i+1,2 O+€i+17ﬁ 0+5i+1,n f.';zvl
0+enn O+ep2 ... O+enm ... O+4enn

(18)

Where IT? is some perturbed I,, 7 matrix such that \/ Dieln) ireln) € ]* < (f\{;{f;“)Q. To show

the properties 17 and 16 hold for an R that satisfies our M assumptions, it is useful to define some
bounds on how far off f‘Zvi may be from 7, ; with respect to a bound on the norm of the perturbation.

Claim G.4 Fix any u € [m| and any i € [0 and define an upper bound x > ||¢;||2 where €; € R™ is
the ith column of perturbations. The estimate of 7, ;, f'z v, is lower bounded: 7, ; — \/nx < f‘Ivi.
Proof of Claim G.4. We can rewrite f‘Ivi = Ty, + Tui€ii + Zi,e[n]\i Tu,ir€i ;. Construct a
vector a € R"™ such that when €,/ ; < 0, a;y = —ey; otherwise a;; = 0. Because R e [0, 1)mxn
we have that f‘Ivi > Ty — Tui®ii — Ei’e[n]\i Ty,ir0y 4. Invoking the upper bound of 1 on
Furirs ToVi > Fuyi — Zi,e[n] ay ;. By construction, ay > 0 Vi’ € [n]. Thus equivalently:
¥/ v; > Fui — ||al|1. Because a;s are equal to —e;s ; or 0, ||al|; < ||e;]|1 where &; € R™ is the
ith column of perturbations and we can replace a: r—'—v2 > Fyui — ||€il|1. From the 11-12 norm

inequality and the 12 norm bound on the perturbation column: Hel| l1 < v/nlleillz < v/nz. We have:

Ty vy > Ty —/na.
Additionally, we use an analogous proof to show the following claim as well:

Claim G.5 Fixany u € [m] and any i € [i] and define an upper bound x > ||e;||2 where ¢; € R™ is
T

the ith column of perturbations. The estimate of T, ;, T} vy, is upper bounded: Tui + /e > T, v;.

Claim G.6 Fixany u € [m] and any i € {n + 1,...,n} and define an upper bound x > ||;||2

where €; € R™ is the ith column of perturbations. The estimate of T, ;, f‘IV,’, is upper bounded:

Vnx >t v;
Proof of Claim G.6. We can rewrite f“;rvi = Zi, en] Tu,ir€i ;.Construct a vector a € R”
such that when €;; > 0, a;y = &y ; otherwise a; = 0. Because R ¢ [0, 1]™*™ we have that

Flv; < > ire[n] Tu,i*@ir ;- Invoking the upper bound of 1 on 7y ;: rlv, < > irein Giri- BY
construction, a; > 0 Vi’ € [n]. Thus equivalently: ¥ v; < [|a||;. Because a; are equal to

=T
r,vi<

lleillr < vnlleillz < v/nx. We have: F v; < /nz. O

64

; € R™ is the ith column of perturbations and we can replace a:
lei]|1. From the 11-12 norm inequality and the 12 norm bound on the perturbation column:
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T
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Now using the above claims we shall show that given any reported preference matrix R that satisfies
assumption G.2 and G.3, if learner does n-truncated SVD, properties 16 and 17 hold.

We shall first show that property 16 holds. By property G.3, the Frobenius norm for the whole
perturbation is upper bounded. Thus, the Lo norm for any individual perturbation vector is also upper
bounded by the same value. Thus we invoke Claims G.4, G.5, and G.6 with the Frobenius norm

AQ(%) . For a given majority user u € Uy, we want lower bounds on estimates for the

popular top items and upper bounds on estimates for other items:

bound: x :=

1. Vi € (Zop(Ryu) N[71]) , 7o — 2B < §Ty,

2. Vi € (Ziop(R, w)C N [A]), Fupir + 281 > 71y,

3. Vi S {’ﬁ + 1, ce n}, A(I;J) > f‘IVi//

(u)
(top)
that f';rvi < i‘Ivi/ or f'l—vz- < f';rviu for any u € Uy,;. It must be the case that arg maX;e|n] Pui C

(iggp) N [n]) Yu € Uya, and property 16 holds.
Now we shall show that property 17 holds. Invoking Claims G.4 and G.6 using property G.3 for the
Ls bound, for a given u € Uy;y we want the lower bound on estimates of popular items to compare

to the upper bound on estimates for unpopular items:

By definition of a majority user, (4 N [72]) is not empty. But by assumption G.2, #i, i, i" such

LVien], - 280 <5l
2.V e {n+1,...n}, 2EM >y,

But by Assumption G.3, there exists at least one i such that ¥, v; > v, Vi'. Therefore
arg max;epn] *u,i € [2] Yu € Unny and property 17 holds. a
Corollary G.2 (Upper Bound on Social Welfare with Truthful Users) Additionally, if assump-
tion G.1 holds, and users are truthful (i.e. R* = R), we have:

SWR*, o) < |Unin|R + g mz{u}c r ;. < Max SW Possible (19)
i€[n ’
uEUAs

*
w,i’

Where R := max,ecy,, MaX;c[p) T

Proof. Let top* (u) € Ziop(R*, u) be some (truthfully) top item for a user u. Recall from the notation
in the main body of our paper that top(u) represents the recommended item to user u

SW(R*,OZ) = Z T;,top(u)

u€[m]

= D Thsepw) T D Tasorw) (property 16)
wEUIN UEUA

= Z T:,arg max;e(a] Tu,i + Z Tz,top" (u) (property 17)
UEUMN UEUpas

< |uMlN|E+ Z Tz,top*(u)

UEUAs
By Assumption G.1, the strict inequality holds as well. ]

Intuitively, Theorem G.4 and Corollary G.2 highlight something concerning: when users are truthful
to this type of « learner, majority users get their best recommendations, while minority users do not,
instead they get recommended some popular item which does not reflect their greatest preferences.

G.5 Improving top-1 social welfare via altruism

We are interested in whether and how agents who are in the majority defined by (R*,7) could
improve top-1 social welfare given the learner is a-loss tolerant such that « € G(R*, 1) by falsifying
ratings on just one minority item.
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We consider altruistic misreporting on a truthful preference matrix, R*. Much like altruism in
the main body of the paper, this altruism transforms R* into R, which is the same matrix except
the i + 1th vector has been changed. However, to generalize the “uprating” in that section, we
now no longer limit altruistic agents to only increasing their rating. Rather, r* is changed to any
r € [0,1]™, though still with the constraint that minority users’ ratings remain constant to model
altruism specifically.

Remark G.4 (Minority item reordering) Like the main body of the paper, we focus, WLOG, on
item 1 4+ 1 when it comes to altruism. Minority items can be reordered with no consequence.

Definition G.8 (General Altruistic Rating) Consider a ground truth preference matrix R* such
that for some i, (R*,n) € M. WLOG, we consider a [general] altruistic rating strategy to be one
in which the n + 1th column vector, R}, 1, is replaced with T under the constraints:

Fu =Tyny1 VU EUny, TE[0,1]™

Such uprating will result in the learner receiving a strategically manipulated preference matrix,
R € [0, 1]™*™ instead of the true matrix R*.

Naturally, because the goal of manipulating ratings of item 72 + 1 is to help minority users who like it,
it will be important to establish that there exists enough [true] preference for item 7 + 1 such that it
is “worthwhile" manipulating.

Assumption G.5 (Manipulated item is sufficiently liked) For a given (R*,n) € M, define
Uswiren = {u 1 ©u € Uuiv, (M + 1) € Zpp(R*, 1)} C Unnn o be the set of minority users who
have a top item which is item 7. + 1 and assume |Uswrcu| # 0. Assume the following is true of ground
truth preferences:

30 € Ry such that:

1. For minority users whose top item is not n + 1, the variation of popular item ratings is not
too large:

g max ru i < E min ru ;0 (20)
i€[n+1] i€[n+1]
UEMMIN\USWITCH uEUMIN \MSWITLH

2. The switch users like item n + 1 sufficiently more than popular items:

Z TZ,(FLH) Z m?xru ,+0 (21)

UEUswircn wEUswircn

Just like the main body of the paper, we shall now derive sufficient conditions on T in order to improve
social welfare beyond the truthful baseline. Intuitively, these sufficient conditions will represent the

following: altruistic rating increases the 7 + 1 singular value and thus ensures that (ﬁ, n+1)emM
now allowing some minority users to become a part of the majority, giving these “switch" users all
the benefits of being majority from Theorem G.4.

Because we want conditions for (R, 7 + 1) € M while assuming that (R*,7) € M we will need
A(R, 7 + 1) based on the given R*, . By extension, we need 07,1 (R/(7 + 1)). Rather than use
this singular value directly, we use a lower bound, which may be calculated without taking the SVD
of R/(7i + 1).

Definition G.9 (65,1 (R/ (R + 1)) For a given (R*,7) € M, we can estimate the altruistic matrix’s
n + 1th singular value:

G (R -+ 1)) o= \/min(ETE, [on (R (0))]°) — [[FT A )]
Where A (1) € [0,1]™*™ are the first i columns of R*

With this estimate in hand, we can proceed with our estimate of A(f{, n+1).
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Definition G.10 (Altruistic Sufficient Ratings Gap, A(t; R*, 7)) For a given (R*,71) € M, we
define the sufficient ratings gap needed for a particular altruistic strategy, T, to be:

5 3
22n2 KR*,a+1)

A(T; R, 1) =

[&;LH(R’(ﬁ +1)]°

Where k := max;’e{(i+2),...,n} ||R1*/H1

.....

Our sufficient conditions for  will ensure that the altruistic strategy is such that (ﬁ, n+1)eM
and that learner will select k* = n 4 1. The sufficient conditions can be evaluated without actually

calculating any resulting singular values of R, which may be expensive to do over the entire space of
feasible r

Proposition G.4 (Sufficient Conditions for Effective Altruism) Let there be some ground truth
preference matrix, R*, such that for some 7 € [n], (R*,7) € M and assumptions G.I and G.5 hold.
Also let there be an a-loss tolerant learner such that o € G(R*, 7).

The following are sufficient conditions on ¥ (definition G.8) to ensure SW(R., a) > SW(R*, a):
I o< ér(R(41))
2. Vu € Uyar s Tu < maXigpy T — A(T; R, 1)
3 VU € Unar : MAXie[u\ T, (R*u) Toi < MAXig[n) 70 — A(T; R, 1)
4. Yu € Uswiren @ MAXi e[\ Z,,,(R*u) Ti < Tanr1 — A(F; R*, 1)
5. Vu € Uiy \ Uswiren © 0 < max;efpg o~ A(T;R*,n)
Proof. We shall break this proof into the following claims:
Claim G.7 SW(R*, «) is upper bounded by:
2. T 2 s
uEUMN UEUAS

Claim G.8 The altruistically transformed matrix and n + 1 index falls into the popularity gap class,
M. Formally:

(R, +1) € M
Claim G.9 SW(R, o) is bounded from below by:
Z min_ 7+ Z maxr, ;
UGZ/{MIN\US\NITCH le[n+1] UEZ/{MAJUZ/[SW]TCH Ze[n]
and thus yields desired (strict) inequality.
Proof of Claim G.7.

By assumption, (R*,7) € M and o € G(R*, n) thus by proposition G.2, if the users were to submit
preferences truthfully, the learner will reduce to rank 7. Thus, by proposition G.4:

arg mz[u]c Tui © Ziop(R*,u) N [7]  Vu € Unay
1€|n
argmaxfy,; C [A] Yu € Uy
i€[n]

Which directly yields the desired social welfare upper bound because majority users get their actual
maximum value, while minority users cannot do any better than their maximum value amongst the
popular items, which is strictly less than the actual maximum value over all items by assumption G.1.
(]

Proof of Claim G.8. Recall that a preference matrix R such that (R, ) € M looks like this:

R=(P U) (22)
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Where P € [0,1]*™ and U € [0, 1]™*(*~™) are the matrices of popular and unpopular item ratings
respectively. Construct the following:

X= (¢ P) (23)

Where T € [0, 1]™*! is the 72+ 1 modified column vector of R* (ie. the 1st column of U) to represent
majority users’ altruism. Thus X € [0, l]mx(ﬁ“). Let A := X" X. Thus we clearly have

al
Y
Where:
I. M=P'P ¢ R™*"
2.a :=¢"Pejo, 1"
3.c:=7F'TER

Note that the eigenvalues of A would be the same as the squared nonzero singular values of R/ (n+1).
Thus we can use the lower bound given by Lemma D.1 to get a lower bound on 7 + 1th singular

value of R/ (72 + 1). From Lemma D.1:
~ 2 , 2 ~ 2

[on st R0+ 1) = minETF, [oa(RY ()] ) = [FTPIl2 = [50.41 (R (0 + 1)

Note that this means that our estimate of delta:
A(F; R, 7) > AR, 7+ 1)

So now that we’ve established that our estimate is an upper bound on the true A our sufficient
conditions clearly ensure that assumptions G.2, G.3 would hold on (R,7n + 1) using the real
A(R,n 4+ 1). We write this out explicitly below:
Assumption G.2: This holds because the users who will be the new majority under (R, 7 + 1) are
now u € Uyay U Uswiren-

Lo Vu € Uyay 0 Tu < maXiepy 7y — AT RS 1) < maxepn ry; — A(ﬁ,ﬁ +1)

*
u,b

2. Yu € Uya - MaX; e n)\ Ty (R*,u) T
AR, 7+ 1)

< maxiep T ; — A(FRY 1) < maxiep, rh; —

3. Vu € Uswiren @ MAXi[)\Zup(Re ) Tt < Tomar —AF R, ) < rf g — AR, +1)

Assumption G.3: Minority users is slightly more subtle because on (f{, fi + 1) the new minority
group is C Uy U Uswiren (recall that majority and minority groups are not necessarily exclusive
unless stated). However, once again by construction, the properties T satisfies ensure that assumption
G.3 is satisfied on all u € Uy U Uswircn- Because Vu € Uswiren :

max rh < — AR, A) <1l — AR+ 1
1€[n]\Lop (R*,u) Ut u,n+1 ( ) = Tu,n+1 ( )

Which automatically implies
0<7hme — AFERSA) <7y — AR, A+ 1)
And then satisfaction of assumption G.3 for u € Uy \ Uswiren follows directly from the the ¥
properties again because A(R, 72 + 1) is upper bounded by A(f; R*, 71)
Of course it is also the case that R € [0, 1]™*™ Thus we have (ﬁ, .+ 1) € M as desired. g

Proof of Claim G.9. We shall now leverage the fact that (f{7 n+ 1) € M to get a lower bound on

social welfare. First, we prove that if this « learner sees R, he will reduce to rank 7 + 1. We have

from assumptions that o € (\/(n — n)KR+ 7). \/min(f'Tf‘, [0 (R (7)) — |[FTP|2). We need
to prove that this guarantees we also have:

a € (0nr2(R), 071 1(R))
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1588 We shall start with the LHS:

V/min(ETE, [on (R (7)]?) — [[F7P||> < o1 (R (7 + 1)) (Claim G.8)
< opt1 (f{) (Corollary G.1)
1589 Now the RHS:
1590
\/(n — N)K(R*7) > \/(n - ﬁ)n(ﬁﬁﬂ) (Definition of k)
> 0ni2(R) (Proposition G.1)

1591 Thus the learner will reduce to rank n + 1. Because (f{, 7.+ 1) € M and the learner will rank reduce
1592 to 1, we can now invoke proposition G.4:
arg Helf[i)]( fu,i - Itop(ﬁ7 u) N [ﬁ + 1] Yu € Uniar U Uswiren
K2 n
1593

argmaxty,; C [+ 1] Yu € U
i€[n]

1594 From this we get the lower bound we want because users € Uy, U Uswiren Will receive their top
1595 item since we ensure Uy, top items are unchanged by the sufficient conditions that guarantee
1596 VU € Uyar @ Ty < MaXjgy TZ,Z» and ratings for users € Uswrcy are unchanged.

1597 Users u € Uyy \ Uswiten might receive something as bad as their worst i € |7 + 1] item:

o . * *
SWR,a) > E min_ 7y + g maxry ;
i€[n+1] i€[n]
w€Uyin \Uswiren UEUA UUswircn

1598 Thus we have the following p bound by invoking the assumption that the switch users sufficiently
1599  like their top item (Assumption G.5) (colored for clarity):

. LB(SW(R, a))
P = UB(SW(R",a)
_ ZUEMMIN\MSWITCH minie[ﬁ""l] T:ﬂ; + ZUEZ/{MAJUUSWITCH maxie[”] T’Z,i

- * . *
Dty DAXiE (7] Tri T+ 2 uctsy,, MAXic[n] T i

3 * *
ZueumlN\MSWlTCH mlnie[ﬁ+1] T“»i + + ZUEMMM maxle[n] Tu’i
- A, o1 ¥ X ] *
ZHEZ/{\M\US\HT(‘H Hlaxle["’] 4 U, + Zueuswm‘u maxle[n] TU-,i + Z’U.EZ/[MAI maXze[n] ruvi
. * *
ZUEMMIN\MS\WI'CH mlnze[ﬁ+1] ru»i + + ZUEZ/{MAJ maxle[n] T‘u7i 21
% ¥ . *
ZUEZ/{MI\I\L{SWITCH Inaxie[ﬁ'] 771,’i + ZUEZ/{swrrcH maxle[n] ru,i + ZUGZ/{MAI ma’X'Le[n] Tuai
. * *
ZUEZ/IMIN\Z/{SWITCH mlnie[ﬁ""l] TUﬂ; + + ZUEZ/IMAJ maxie[n] Tu’i .
25 — — - " equation 20
+ ZUEM\III\\Z/{S\\[TCH nnnie[ﬁﬁ'l] 7u-,i + ZueuSWITCH maXie[ﬁ] T'qu + ZUEUMAJ maxie[n] ruvi
=1
1600 Which yields the desired p > 1 |
1601 ([l

1602 G.6 Extra results on M

1603 While we have explained how the M class of tuples represents matrices with a popularity gap, it
1604 1S not intuitively clear exactly what combinations of R and i may work. Can one R have multiple
1605 values of 7 such that (R, 7), (R, 7/) € M? We can show conditions that, given (R, %) € M, for
106 7' > 7, (R,n’) ¢ M. There are perhaps other interesting propositions about this class we leave to
1607 future work.

1608 Proposition G.5 (Greater 7. does not satisfy assumptions for M) Define

KR i= min Ry
~(R.7) i'e{(A+1),...,n} IR l[s

1609 If a tuple (R,n) € M and kg ) > % then fn’ € {n +1,...,n} s.t. (R,7') satisfies

1610  the assumptions of the previous subsection.

69



1611
1612

1613

1614
1615

1616

1617
1618

1619

Proof. Define 7’ € {4+ 1,...,n}, R/(7/) € [0,1]™*™ to be the matrix R, but with all columns
i > 7' set to be 0 vectors, and K(R,n) ‘= MaXjyef(n'+1),...n} ||Rir|[1. We want to show that

o (R/(7')) < 1/4V2n\/nkg q. If this is the case, it definitely cannot be true that (R, 7)

satisfies the assumptions of the previous subsection because it would require the difference between
top and next rating to be greater than 1.

By corollary G.1 and proposition G.1, o541 (R%,) < /K (n — n). Note that this is in terms of
4
K(R,n) and not in terms of k(R /). Using the asssumption, we have that: w > K(R,n)-

Thus we can write:

onr1(RL)) < \/I{(R ay(n —n) \/4\[nfm(R 2y < \/4\fn\/ﬁ/{(R 2

Where the last inequality follows because kg ) is minimum. |
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