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Abstract

Semantic segmentation typically focuses on
pixel-level classification at the object level.
Yet, objects naturally decompose into parts
and subparts, mirroring human visual per-
ception. In this work, we introduce a hyper-
bolic prototypical segmentation framework
capable of simultaneously representing mul-
tiple granularity levels within a unified em-
bedding space. Leveraging hyperbolic geom-
etry’s unique capacity to model hierarchies
effectively, we propose to embed class pro-
totypes within the Poincaré ball. We in-
troduce a tree-aware prototype initialization
strategy and a distortion-p loss that together
yield improved hierarchical embeddings. Fur-
thermore, we derive an optimized formula-
tion of the hyperbolic distance function, en-
abling tractable inference for dense predic-
tion tasks. A shared transformer encoder
paired with separate hyperbolic heads allows
efficient multi-level segmentation from a sin-
gle model. Experiments on the recently intro-
duced SubPartImageNet show that our ap-
proach (i) improves over the state-of-the-art,
especially at the subpart and part levels, at
a fraction of the number of parameters, (ii)
enables zero-shot generalization, and (iii) al-
lows for transfer from part- to object-level
predictions without object-level supervision.
All code is available at https://github.com/
mikhail-vlasenko/hyp-segmentation.

1 INTRODUCTION

Image segmentation constitutes a central task in com-
puter vision, with the goal to assign a semantic label to
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Figure 1: The Hierarchy of part-whole relations.

each pixel in an image (J. Long et al., 2015). Current
literature in segmentation, from classical fully convo-
lutional approaches (J. Long et al., 2015; Ronneberger
et al., 2015; Badrinarayanan et al., 2017; L.-C. Chen
et al., 2017, 2018) to modern attention-based frame-
works (Xie et al., 2021; Liu et al., 2021; W. Wang et
al., 2021), are commonly trained to perform seman-
tic prediction at one level of granularity, namely the
object-level. However, each pixel not only represents
an object, but also a part or even a subpart. Con-
sider, for example, an image of a biped, which has a
head (part) and an eye (subpart), as shown in Fig-
ure 1. The human visual perception is well-known to
organize scenes as part-whole organizations (Bieder-
man, 1987).

Image segmentation with part-whole hierarchies is,
however, difficult to attain in practice, as current
benchmarks largely focus on object-level understand-
ing only. The recently introduced SubPartImageNet
(SPIN) dataset makes it possible to reason at mul-
tiple levels of the visual hierarchy for common Ima-
geNet classes (Myers-Dean et al., 2024). The dataset
contains dense multi-level annotations (object, part,
subpart), enabling rigorous study of the visual hier-
archy for image segmentation. The state-of-the-art
treats each level of granularity as independent, while
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the multi-level annotations intuitively provide rich re-
lations for predictive performance and generalization.

The goal of this work is to perform part-whole image
segmentation using the inherent hierarchical organi-
zation from subparts to objects. We take inspiration
from recent literature on hyperbolic learning, which
was shown to be superior over Euclidean space for em-
bedding hierarchies (Krioukov et al., 2010; Nickel &
Kiela, 2017; Mettes et al., 2024), with rich applica-
tions in visual understanding (T. Long et al., 2020;
Khrulkov et al., 2020). Specifically, several works have
shown that hyperbolic embeddings benefit image seg-
mentation (Atigh et al., 2022; Weber et al., 2024), im-
proving segmentation accuracy and zero-shot general-
ization when dealing with semantic hierarchies. Part-
whole segmentation introduces a complementary type
of hierarchy: the visual hierarchy, which groups visu-
ally similar parts across different objects. Our frame-
work supports both hierarchical views, and we find
that the choice of hierarchy has a significant impact on
generalization. This setting brings unique challenges
and leads to the following contributions:

1. We introduce a multi-head hyperbolic prototype
network, enabling part-whole image segmentation
where each granularity can make use of a different
preferred hierarchical organization.

2. We outline an improved construction of hyper-
bolic prototypes through tree-aware initialization
and distortion-p fine-tuning.

3. We reformulate distance computations in hyper-
bolic space to scale prototype-based classification
to the pixel-level.

4. Our approach obtains state-of-the-art mIoU per-
formance on SPIN on part and subpart levels at
a fraction of the parameters, while also enabling
zero-shot and cross-granular generalization.

2 RELATED WORK

2.1 Image Segmentation

Semantic image segmentation constitutes a long-
standing problem in computer vision, with deep learn-
ing solutions progressing from FCNs (J. Long et
al., 2015) to encoder-decoder models like U-Net and
SegNet (Ronneberger et al., 2015; Badrinarayanan
et al., 2017) and dilated-convolution variants (L.-C.
Chen et al., 2017, 2018) that expand receptive fields
while preserving resolution. Building on these ad-
vances, transformer-based architectures improved ef-
ficiency and accuracy. For example, SegFormer (Xie
et al., 2021) uses a hierarchical Mix Transformer en-
coder that produces multi-scale features without fixed
positional encodings, and a lightweight all-MLP de-

coder that fuses them effectively. This design achieves
strong performance with comparatively few parame-
ters and provides an efficient encoder for our setting.
Recent foundation models such as SAM and SAM2
(Kirillov et al., 2023; Ravi et al., 2024) further excel
at mask generation, with prompt-based adaptations
extending their applicability to diverse settings (Zhao
& Shen, 2024; Rafaeli et al., 2024). The focus in cur-
rent literature is to reason at the object-level for pixel
classification. This work aims to classify each pixel
not only at the object-level, but also at the part- and
subpart-levels.

2.2 Part-Based Image Segmentation

While general segmentation focuses on entire objects,
part-based segmentation aims for a more granular
decomposition of wholes into components. This in-
creased granularity is crucial for applications requir-
ing detailed object understanding, such as fine-grained
recognition, robotic manipulation, and surgical instru-
ment segmentation (Wah et al., 2011; Krause et al.,
2013; Levine et al., 2016; Florence et al., 2018; Yue
et al., 2023). Progress was enabled by datasets such
as PASCAL-Part and Part-ImageNet (X. Chen et al.,
2014; He et al., 2022), which offer segmentation masks
at two granularity levels. De Geus et al. (2021) take it
further and construct part-level instance-aware anno-
tations for two popular segmentation datasets. While
these provide a great step towards hierarchical segmen-
tation, the two semantic levels do not present a deep
hierarchy. Recently, the SubPartImageNet (SPIN)
dataset (Myers-Dean et al., 2024) uniquely introduced
dense annotations at three granularities on natural
images, providing masks for objects, parts, and sub-
parts. This has enabled benchmarking of powerful
vision-language models on multi-level segmentation,
and has inspired concurrent works on part-level gener-
ation (Zhou et al., 2025) and consistent interactive seg-
mentation (Myers-Dean, Liu, et al., 2025). HALLUMI
(Myers-Dean, Price, et al., 2025) introduces an au-
toregressive language modeling approach that encodes
parent-child relationships through special tokens, per-
forming hierarchical segmentation in a single inference
pass. While HALLUMI relies on an LLM to implicitly
capture class relations, we take a complementary ap-
proach and embed the hierarchy directly into the pro-
jection space via prototypical learning in hyperbolic
space.

2.3 Hyperbolic Deep Learning

To enable hyperbolic part-whole image segmentation,
we take inspiration from recent advances in hyperbolic
learning. Representing hierarchical relations in contin-
uous spaces naturally motivates non-Euclidean geom-
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etry. Hyperbolic spaces with negative curvature em-
bed tree-like structures with low distortion (Krioukov
et al., 2010; Nickel & Kiela, 2017; Sala et al., 2018;
Mettes et al., 2024), with the Poincaré ball as a widely
used model (van Spengler, Berkhout, & Mettes, 2023;
Chami et al., 2019; Mathieu et al., 2019). The pioneer-
ing work of Nickel and Kiela (2017) demonstrated the
effectiveness of learning graph node embeddings in the
Poincaré ball, showing significant improvements over
Euclidean methods for representing complex networks
with latent hierarchies. Since then, hyperbolic meth-
ods have been successfully applied to natural language
processing for learning word hierarchies from text cor-
pora (Tifrea et al., 2018), modeling logical entailment
(Ganea et al., 2018b), and generating sentence repre-
sentations (Le et al., 2019). In other areas, they have
proven effective for recommender systems (Vinh Tran
et al., 2020) and video action recognition (T. Long et
al., 2020). Several works have even shown how image
segmentation can be done in hyperbolic space (Atigh
et al., 2022; Weber et al., 2024). These works, how-
ever, focus on semantic hierarchies: the taxonomic re-
lationship between objects. In this work, we addition-
ally explore visual hierarchies, which group visually
similar parts across different objects and bring new
challenges. To that end, we introduce a multi-head hy-
perbolic segmentation framework, a new hierarchy em-
bedding loss, and show how to scale prototype-based
hyperbolic learning (Mettes et al., 2019; Kasarla et al.,
2022; Ghadimi Atigh et al., 2021; Pal et al., 2024) to
the pixel-level.

3 METHOD

In image segmentation, we are given an image X ∈
Rw×h×3, with w and h the width and height in num-
ber of pixels. For each pixel x ∈ X, our goal is to
assign three labels (yo, yp, ys) ∈ Yo × Yp × Ys, denot-
ing the object, part, and subpart levels. Let ϕ(X) :
Rw×h×3 7→ Rw×h×d denote the backbone, which ob-
tains a d-dimensional feature vector per pixel. We map
each pixel x = ϕ(X)ij to hyperbolic space through an
exponential mapping:

z = tanh
(√

−c∥v∥
) v√

−c∥v∥
. (1)

with c indicating the curvature of the Poincaré ball.
We strive to align each pixel representation with the
part-whole hierarchy. To make this possible, we first
show how to embed the part-whole hierarchy in hy-
perbolic space. We then show how to scale hy-
perbolic prototype-based learning from class-level to
pixel-level. Finally, we outline our overall framework
for hyperbolic part-whole image segmentation.

Figure 2: The Issue of Uniform Initialization. We
Show the Distortion Loss Landscape for the Purple-
Star Embedding. A Narrow High-Loss Ridge Sepa-
rates the Current Position from a Lower-Loss Basin,
Hindering Subtree Swaps, Resulting in Local Minima.

3.1 Embedding Part-Whole Hierarchies

Let V denote the union of all object, part, and sub-
part labels, with E denoting the hierarchical relations
between the three. Our first goal is to embed directed
acyclic graph G = (V,E) in hyperbolic space. We do so
by constructing a learnable embedding for each node
v ∈ V in the d-dimensional Poincaré ball Bd. The pro-
cedure of the embedding consists of three stages: (i)
tree-aware initialization of the embeddings, (ii) pre-
training with a contrastive objective, (iii) tuning with
a higher-order distortion loss.

Tree-Aware Hierarchy Initialization. The con-
vention in hyperbolic tree embedding methods is to
initialize nodes as embeddings with a uniform distribu-
tion U(−0.001, 0.001) (Nickel & Kiela, 2017; Ganea et
al., 2018a). However, we find that this approach is sub-
optimal, particularly in lower-dimensional spaces. In
Figure 2, we visualize the issue by showing the distor-
tion loss landscape for moving the embedding marked
by the purple star. Placing the starred embedding
at (−0.03, 0.84) on the Poincaré disk would achieve a
smaller loss, however, a transition there requires pass-
ing through a ridge around (0.03, 0.84), which is an
implausible trajectory for gradient descent. While in-
creasing the embedding dimension partially mitigates
this issue as the ridge becomes less extreme, it does
not fundamentally address the problem of poor initial
topology.

As a solution, we initialize by depth-first traversal of
the hierarchy from the root, placing nodes in a circular
arrangement in the Poincaré ball, similar in spirit to
van Spengler and Mettes (2025). In higher dimensions,
the first two coordinates follow this circle and the re-
maining dimensions use the uniform initialization.
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Contrastive pre-training. Second, we employ the
stochastic approach of Nickel and Kiela (2017) and
iteratively optimize the embeddings with Riemannian
SGD (Bécigneul & Ganea, 2018) on batches of edges:

LPE = − 1

|B|
∑

(u,v)∈B

log
exp(−dc(yu,yv))∑
v′ exp(−dc(yu,yv′))

, (2)

where u, v are indices of source and target nodes for
an edge; yu,yv are Poincaré ball embeddings of nodes
u and v; B is a batch of positive edges augmented
with sampled negative examples; and dc denotes the
hyperbolic distance:

dc(x, y) =
2√
−c

tanh−1
(√

−c∥ − x⊕c y∥
)
. (3)

Distortion-p loss. Lastly, we fine-tune the embed-
dings using a distortion loss that aligns hyperbolic dis-
tances with target distances dtarget

uv derived from short-
est paths in the hierarchy graph G. Prior works have
shown that directly optimizing for distortion is effec-
tive (Sala et al., 2018), but only optimize for the abso-
lute value of the distortion error. Instead, we propose
the following distortion loss:

Ldist =
1

|B|
∑

(u,v)∈B

∣∣∣∣dB(zu, zv)− dtarget
uv

dtarget
uv

∣∣∣∣p , (4)

where zu and zv are the hyperbolic embeddings of
nodes u and v in the Poincaré ball, and p is the pro-
posed tunable power parameter controlling the em-
phasis on relative error. An absolute-valued term, i.e.
with p = 1, leads to uniform penalization of relative
distortion. However, in large hierarchies most node
pairs are distant, biasing optimization toward global
structure. Setting p > 1 emphasizes large relative er-
rors and rebalances the objective toward local accu-
racy, improving segmentation performance.

3.2 Tractable Prototypical Learning

With the part-whole hierarchy embedded in hyper-
bolic space and each pixel also projected to the same
d-dimensional embedding space, we align each pixel
to the embedded hierarchy. To make this possible,
we view the embedding of each label as a prototype,
which serves as a target to optimize the segmenta-
tion network. However, applying this concept to a
dense prediction task like semantic segmentation intro-
duces a significant computational challenge posed by
the standard formulation of the hyperbolic distance in
the Poincaré ball model, as shown in Equation 3. In
segmentation, this expression must be evaluated for
every pixel representation against a set of class proto-
types in hyperbolic space. This entails computing dis-
tances between 128× 128× batch_size pixel vectors
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Figure 3: Hyperbolic Prototypical Multi-Level
Prediction. The Framework Predicts All Three Lev-
els Despite Supervision on Only One. Components
Used Only at Inference are Shown in Blue. D is Pro-
totype Dimensionality; Nw, Np, Ns are Class Counts
for Whole, Part, Subpart.

and over 200 class prototypes, resulting in prohibitive
memory and compute demands using standard imple-
mentations.

Reformulation of Hyperbolic Distances. We
propose to reformulate hyperbolic prototype-based
segmentation inspired by Atigh et al. (2022). An im-
portant consideration is that the hyperbolic distance
function only requires the norm of the Möbius dif-
ference −x ⊕c y. Instead of explicitly computing the
Möbius addition and only retaining the norm, we want
to bypass needless intermediate computations.

To compactly express repeated terms, we define:

α = 1− 2c⟨x, y⟩ − c∥y∥2 ∈ R (5)

β = (1 + c∥x∥2) ∈ R (6)

γ = 1− 2c⟨x, y⟩+ c2∥x∥2∥y∥2 ∈ R (7)

Then:

∥−x⊕cy∥ =

√√√√∑
i

(
αxi + βyi

γ

)2

=

√∑
i (αxi + βyi)

2

γ

Expanding the sum, we can compute the resulting
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Table 1: Our Compact Hyperbolic Shared Encoder Architecture Achieves a New SOTA on the SPIN Dataset,
Surpassing the Multi-Billion-Parameter GLaMM-FT on the Most Challenging part and subpart Levels. Results
Show Mean ± Standard Deviation Over 4 Seeds. † Reported by Myers-Dean et al. (2024). ‡ Reported by
Myers-Dean, Price, et al. (2025).

Model object mIoU part mIoU subpart mIoU # parameters

HIPIE (X. Wang et al., 2023)† 0.2169 0.0823 0.0092 800M
PixelLLM (Xu et al., 2024)† 0.7996 0.3296 0.1013 13B
LISA (Lai et al., 2024)† 0.8545 0.3136 0.1155 13B
GLaMM (Rasheed et al., 2024)† 0.8631 0.4 0.11 7B
GLaMM-FT (Rasheed et al., 2024)† 0.9108 0.6076 0.2456 3× 7B
HALLUMI (Myers-Dean, Price, et al., 2025)‡ 0.893 0.5815 0.1845 7B
This paper 0.895± 0.001 0.677± 0.005 0.2676± 0.003 64M+ 3× 3M

This paper
GLaMM-FT

HIPIE R-50 HIPIE ViT-H

GLaMM
LISA

PixelLLM

HALLUMI

Figure 4: Subpart mIoU vs. # Parameters. Our
method achieves the best subpart segmentation at a
fraction of the model size.

scalar directly:∑
i

(αxi + βyi)
2
=

∑
i

(
α2x2

i + 2αβxiyi + β2y2i
)

= α2∥x∥2 + 2αβ⟨x, y⟩+ β2∥y∥2 (8)

This representation requires computing only 3 vector
operations: ∥x∥2, ∥y∥2, ⟨x, y⟩. When x and y are large
matrices, this approach avoids instantiating any high-
dimensional intermediate tensors in hyperbolic dis-
tance calculation (Equation 3). Concretely, a naïve
implementation requires a difference tensor of shape
(B,H,W,Nproto, D), resulting in ∼128 GB of memory
for a single forward and backward pass of the distance
function alone. Our reformulation reduces this to ∼2.5
GB, making hyperbolic prototypical learning feasible
for dense, high-resolution tasks like semantic segmen-
tation.

Treating Distances as Logits. We project decoder
features for each pixel into the Poincaré ball via the
exponential map from Equation 10. We then cast
distances to prototypes as logits in a standard cross-

entropy: for pixel (i, j) and class l,

logitsijl = −τ · dc(rij , pl), (9)

where dc is the hyperbolic distance (Equation 3) with
reformulated norm (Equation 8) under curvature c, rij
the pixel embedding, pl the class prototype, and τ a
temperature controlling sharpness.

After training, this decouples encoding from classifi-
cation: the network learns embeddings, while classi-
fication is a fixed comparison to precomputed proto-
types. This separation provides remarkable flexibility,
as the prototypes can be modified, swapped, or ex-
tended post-training without the need for retraining
any part of the model.

3.3 Overall Framework

A key advantage of our prototypical framework is the
explicit encoding of the class hierarchy within the ge-
ometry of the embedding space. This enables capabili-
ties beyond standard segmentation, such as producing
segmentation masks for higher hierarchical levels, en-
tirely without the corresponding labels.

Single head. In the constrained setting, we con-
struct the hierarchical prototypes for all classes (Sec-
tion 3.1) and train the model using only leaf (subpart)
masks. At inference, the same pixel embeddings are
compared to prototypes at any granularity (subpart,
part, whole) to produce all levels in a single forward
pass, as shown in Figure 3. Because all prototypes lie
in the same hyperbolic space, coarser levels require no
additional training or parameters, yielding consistent,
hierarchy-aware outputs and a strong zero-shot prior.

Shared Encoder with Multi-Level Supervision.
To allow for greater flexibility, and leverage all avail-
able ground-truth data, our second approach allows
for level-specific prototype arrangements. It employs
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a shared backbone encoder with separate prediction
heads for each hierarchical level. While the encoder
learns a common feature representation, each head
maintains its own set of hyperbolic prototypes, permit-
ting each granularity to adopt its own optimal struc-
ture. During training, we calculate a loss for each head
against its corresponding ground-truth masks. These
individual losses are then summed to create an ag-
gregated signal for the backward pass. By combining
supervision from different granularities, the shared en-
coder learns a more robust and comprehensive repre-
sentation that is informed by the full label hierarchy.

4 EXPERIMENTS

4.1 Setup

Dataset. Our experiments primarily focus on the
SPIN (Myers-Dean et al., 2024) dataset, taking ad-
vantage of its vast 3-level class hierarchy and object-
centric nature. SPIN annotates a subset of im-
ages from ImageNet (Deng et al., 2009), and spans
11/40/203 objects/parts/subparts with over 102k
masks. It is split into 8,828 training images, 519 val-
idation images, and 1,040 test images. For zero-shot
evaluations, we additionally utilize PASCAL-Part (X.
Chen et al., 2014) to validate the robustness and gen-
eralizability of our proposed method.

Implementation details. The experimental frame-
work is based on SegFormer (Xie et al., 2021) and uses
Geoopt (Kochurov et al., 2020) and HypLL (van Spen-
gler, Wirth, & Mettes, 2023) libraries to handle most
of the hyperbolic geometry operations. All experi-
ments used global seeds 0, 1, 2, and 42, contributing to
reproducibility and enabling comprehensive analysis of
model performance and hyperparameter impact. The
training was performed on one NVIDIA A100 Tensor
Core GPU.

Evaluation metrics. To measure the segmentation
performance, we adopt the mean Intersection over
Union (mIoU) — a standard metric for semantic seg-
mentation (Everingham et al., 2010; J. Long et al.,
2015). The mIoU is calculated by averaging the per-
class IoU, which is the ratio of the intersection to the
union area between the predicted and ground truth
masks of a given class.

4.2 Comparative analysis

In the first experiment, we compare our multi-level
supervision framework to the state-of-the-art on the
SPIN dataset. Table 1 summarizes the performance of
our hyperbolic model in comparison with state-of-the-

Figure 5: Qualitative Results From Our Hyperbolic
Shared Encoder Model on the SPIN Test Set. Pre-
dicted Masks are Overlaid on the Inputs.

art foundation models. LISA and GLaMM are evalu-
ated in a zero-shot manner, while GLaMM-FT is fine-
tuned on the SPIN training set. HALLUMI (Myers-
Dean, Price, et al., 2025) is the only other method that
explicitly models the label hierarchy, doing so through
autoregressive language modeling. Unlike these base-
lines, which treat each granularity level independently,
our approach explicitly models the relational structure
between levels in hyperbolic space — an advantage
that not only improves segmentation accuracy but also
enables the zero-shot generalization explored in Sec-
tion 4.5. We find that our approach is competitive
in object segmentation and obtains the best perfor-
mance in part and subpart segmentation, outperform-
ing both hierarchy-agnostic and hierarchy-aware base-
lines. Specifically, at the subpart level, we achieve an
mIoU of 0.2676, representing a 9% improvement over
GLaMM-FT’s performance of 0.2456 and a 45% im-
provement over HALLUMI. We note that our results
come at a fraction of the computational cost: GLaMM-
FT has approximately 100 times more parameters and
requires significantly more forward passes to create a
complete mask for one input image. These results
show that a hyperbolic prototype-based method is a
natural fit for part-whole image segmentation.

Beyond mIoU, we also report the Spatial Consis-
tency (SC) metric introduced by Myers-Dean et al.
(2024). Our method achieves an SC of 0.9504 ±
0.0011 for subpart-to-part and 0.9600±0.0016 for part-
to-whole consistency, outperforming GLaMM-FT on
subpart-to-part (0.8516) while remaining competitive
on part-to-whole (0.9604). Qualitative examples of our
model’s multi-level output are shown in Figure 5.

4.3 Cross-Level Generalization

To evaluate the cross-level capabilities of the frame-
work, we conduct an experiment where models with a
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Table 2: Hyperbolic Geometry Enables Robust Multi-
Level Generalization from Only Subpart Supervision.

Method object mIoU part mIoU subpart mIoU

Baseline 0.0672 0.1208 0.2100
This paper 0.3874 0.3607 0.2300

Table 3: Segmentation Performance for Different Hi-
erarchies and Prototype Dimensions. Part-first is Ad-
vantageous for Low Dimensionality.

Manifold Hierarchy Dim Part mIoU

Euclidean - 4 0.2517± 0.0581
Hyperbolic Standard 4 0.6261± 0.0055
Hyperbolic Part-first 4 0.6439± 0.0042
Euclidean - 64 0.6778± 0.0006
Hyperbolic Standard 64 0.6793± 0.0050
Hyperbolic Part-first 64 0.6772± 0.0134

single prediction head are trained only on the subpart
annotations and tested on their ability to predict part
and whole masks, without any direct supervision on
these coarser levels. In Table 2, we compare our hy-
perbolic method with its Euclidean counterpart, dif-
fering only in the manifold chosen for the prototype
embeddings.

The hyperbolic model significantly outperforms the
Euclidean one in transferring hierarchical knowledge
upward, demonstrating a strong inductive bias to-
wards hierarchy-aware representation learning. This
crucially enables robust multi-level prediction from
limited granularity annotations.

Finally, we find that thanks to the advantages of the
hyperbolic space, it is possible to embed the proto-
types in d << num_classes (such as 8 dimensions for
256 classes in this case), at negligible cost to segmen-
tation performance. The downstream effect of the em-
bedding dimension of the class prototypes is explored
further in Tables 3 and 6.

4.4 Part-First Hierarchy

We additionally propose a second class hierarchy for
SPIN: one where similar parts across different wholes
are generalized to whole-agnostic pseudo classes, and
the whole-specific part classes are their direct children.
Subtrees of both hierarchies are presented in Figure 6
for visual comparison. Such hierarchy encourages the
model to learn a more abstract, transferable, concept
of a part (e.g. ‘Torso’) that is not strictly tied to being
part of a specific whole (e.g. ‘Bird’ or ‘Reptile’). Since
the part-to-subpart relation in this hierarchy remains

Biped

Biped Torso

Biped Head

Root

Bird

Bird WingBird Torso

Reptile

Reptile Torso
Bird Head

Reptile Tail

Torso

Bird Torso Reptile Torso

Biped Torso

Root

Head

Biped Head

Bird Head

Wing

Bird Wing

Tail

Reptile Tail

Figure 6: Subtrees of Class Hierarchies. Top:
Standard Hierarchy. Bottom: Part-First Hierarchy.
The Part-First Hierarchy Groups Classes of the part
Granularity by Their Kind Instead of the whole That
They Belong To.

unchanged, we benchmark this new hierarchy on the
part level, rather than the subpart level.

As presented in Table 3, we find that the Part-first hi-
erarchy is superior to our Standard hierarchy for classi-
fication at part granularity in low dimensions. In high
dimensions, the difference is statistically insignificant.
This is expected, as such setup positions 41 part-level
class embeddings in a 64-dimensional space, removing
any structural prior.

4.5 Zero-Shot Evaluation

We evaluate zero-shot by holding out one top-level
whole (e.g., Biped). During training, we exclude all
images containing that whole. At evaluation, we test
only on images of the held-out whole and restrict pre-
dictions to its parts or the background. This zero-shot
setup is possible because SPIN is object-centric: each
image contains exactly one whole category, allowing
us to cleanly remove that concept from training while
still evaluating on it.
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Table 4: Zero-shot Part mIoU Averaged Over Held-
out Wholes. Our Hyperbolic Method and Part-first
Hierarchy Vastly Outperform Alternatives.

Manifold Hierarchy Dim Average part mIoU

Euclidean - 4 0.0265± 0.0018
Euclidean - 16 0.0304± 0.0019
Hyperbolic Standard 4 0.1509± 0.0022
Hyperbolic Part-first 4 0.3596± 0.0037
Hyperbolic Part-first 8 0.3438± 0.0129
Hyperbolic Part-first 32 0.3985± 0.0237

Table 5: Zero-shot Evaluation on PASCAL-Part.

Manifold Hierarchy Dim Car part mIoU

Euclidean - 4 0.0070± 0.0064
Hyperbolic Standard 4 0.0709± 0.0002
Hyperbolic Standard 32 0.0710± 0.0003
Hyperbolic Part-first 4 0.0725± 0.0010
Hyperbolic Part-first 32 0.0733± 0.0028

As presented in Table 4, the standard Euclidean
model, lacking any explicit hierarchical structure, ob-
tains near-zero mIoU. Hyperbolic prototypes substan-
tially improve performance, and the Part-first hier-
archy yields the strongest zero-shot transfer. More-
over, we observe that increasing the prototype embed-
ding dimension further boosts the segmentation per-
formance. Notably, the trends and values of mIoU are
highly consistent between the tested held-out wholes.

The model’s zero-shot performance converges quickly,
achieving its best validation mIoU within the first 3
training epochs. This indicates that the model bene-
fits only from the general alignment of its embedding
space, rather than learning the fine-grained details of
segmentation mask boundaries.

To guard against overfitting to SPIN and to check that
trends replicate on a different dataset, we apply the
same protocol to PASCAL-Part (X. Chen et al., 2014),
holding out the Car whole. As shown in Table 5, hy-
perbolic again outperforms Euclidean, and Part-first
hierarchy is also advantageous over the Standard one,
though the difference is smaller than on SPIN. This
demonstrates that our strong zero-shot capability is a
property of the framework rather than an artifact of a
single dataset.

4.6 Tree-Initialized Hyperbolic Prototypes

In this section, we compare tree-aware initialization
against the standard random baseline to assess its ef-

(a) Optimized From Ran-
dom Initialization

(b) Optimized From Tree
Initialization (Ours)

Figure 7: Tree-Aware Initialization Yields a Much
More Coherent Hierarchy.

fect on the learned geometry and downstream segmen-
tation accuracy.

The visualizations in Figure 7 provide a stark contrast
between the two approaches. The optimizer struggles
to correct the initial poor topology of the random ini-
tialization, resulting in a final embedding with higher
distortion and less meaningful geometric relationships
between classes. In contrast, tree-aware initialization
leads to a clear, interpretable structure with roots near
the center and children radiating outward.

This improved geometric arrangement directly bene-
fits segmentation. As shown in Table 6, tree-aware
initialization consistently outperforms random, with
the gains most pronounced in lower dimensions that
are sensitive to poor topology.

4.7 Loss Power

We now ablate the proposed distortion-p loss. Because
large hierarchies contain predominantly distant pairs,
the standard p = 1 biases optimization towards global
structure at the expense of local separation. For a clas-
sification task, however, accurately representing the
small distances between semantically similar classes is
paramount, as these are the most likely to be confused.

Increasing p emphasizes large relative errors, improv-
ing local accuracy. As shown in Table 6, p = 3 yields
the best mIoU, reduces distortion among nearby pairs,
and decreases sibling confusion.

5 CONCLUSION

This work challenges the conventional paradigm in
semantic segmentation, which typically treats classes
as an independent and unstructured set, by develop-
ing a framework that embeds class hierarchies directly
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Table 6: Prototype Construction Methods Signif-
icantly Improve Segmentation Performance. Tree-
aware Initialization and Distortion-p Loss are Both
Beneficial.

Initialization p Dim Subpart mIoU

Random 1 64 0.1544± 0.0007
Random 3 4 0.1628± 0.0010
Random 3 8 0.1992± 0.0028
Random 3 64 0.2166± 0.0022
Random 5 64 0.2163± 0.0023
Tree-aware 1 64 0.1676± 0.0051
Tree-aware 3 4 0.0973± 0.0012
Tree-aware 3 8 0.2300± 0.0036
Tree-aware 3 64 0.1843± 0.0037

into the geometry of a hyperbolic space. We demon-
strate that explicitly modeling hierarchical relation-
ships not only improves segmentation performance,
but also opens the doors to multi-level and zero-shot
generalization.

6 LIMITATIONS

While encoding the class hierarchy generally improves
performance, we note two limitations. First, in some
supervised settings, prototypes positioned in the max-
imal class separation configuration slightly outper-
form those strictly adhering to the hierarchy. Second,
dataset annotation gaps introduce a systematic eval-
uation bias. Subpart masks do not tile the parent
part region: some pixels that belong to a part have
no subpart label and are treated as background dur-
ing subpart-level training. When deriving part-level
predictions from subpart-only supervision, the model
classifies these pixels as background, reducing appar-
ent part-level performance. This mismatch between
label granularity and mask coverage accounts for some
of the gap to directly supervised part-level models.

To address the dataset’s annotation gaps, we propose
training with joint supervision, leveraging part-level
labels for pixels that lack a specific subpart annota-
tion. The strong generalization results also suggest
that this framework is an excellent candidate for few-
shot or weakly-supervised learning, such as predict-
ing fine-grained subparts from only coarse part-level
labels. Exploring methods to learn class hierarchies
directly from data or allowing prototypes to adapt dy-
namically during training could further enhance the
model’s flexibility and performance, moving us closer
to a new generation of segmentation models that build
a truly structured understanding of the visual world.
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A PRELIMINARIES

This appendix introduces the core concepts of hyperbolic geometry and its application in machine learning, which
are useful for understanding our approach.

A.1 Hyperbolic Spaces

Hyperbolic spaces are a type of non-Euclidean geometry characterized by a constant negative curvature. Unlike
Euclidean space, which has zero curvature, the volume of a hyperbolic space grows exponentially with its radius
(Cannon et al., 1997). This exponential growth property makes hyperbolic spaces exceptionally well-suited for
embedding hierarchical or tree-like data structures with significantly lower distortion than in Euclidean spaces
of the same dimension (Nickel & Kiela, 2017; Mettes et al., 2024).

In machine learning, one of the commonly used models for hyperbolic geometry is the Poincaré ball model. We
define the d-dimensional Poincaré ball with curvature c < 0 as the open unit ball in Rd:

Bd = {x ∈ Rd : ∥x∥ < 1}.

The geometry within this ball is distorted such that the distance between points grows rapidly as they approach
the boundary of the ball ∥x∥ = 1. Consequently, the boundary is considered to be “at infinity”. This structure
provides a natural way to represent hierarchies: general, high-level concepts can be placed near the origin (the
center of the ball), while more specific, low-level concepts (or leaf nodes) are positioned closer to the boundary.

A.2 Exponential Map

The exponential map is used to project vectors from a Euclidean space into the hyperbolic manifold. The
exponential map at the origin, expc0(v), maps a vector v from the tangent space at the origin (which is a
Euclidean space) to a point on the manifold (Ganea et al., 2018b):

expc0(v) = tanh
(√

−c∥v∥
) v√

−c∥v∥
. (10)

This operation is crucial for integrating hyperbolic geometry with standard neural network architectures, as it
provides a way to map network outputs onto the Poincaré ball.

A.2.1 Möbius Addition

Möbius addition is a fundamental operation that generalizes the standard vector addition to hyperbolic space,
maintaining consistency with the hyperbolic geometry. The operation, denoted as ⊕c in a manifold with curvature
c is defined as:

x⊕c y =
(1− 2c⟨x, y⟩ − c|y|2)x+ (1 + c|x|2)y

1− 2c⟨x, y⟩+ c2|x|2|y|2
. (11)

This operation is central to the geometry of the Poincaré ball. Unlike Euclidean addition, it is not commutative
(x ⊕c y ̸= y ⊕c x) nor associative (x ⊕c (y ⊕c z) ̸= (x ⊕c y) ⊕c z). Nevertheless, the origin 0 acts as the
identity element (x ⊕c 0 = x), and every point x has a unique inverse −x such that x ⊕c (−x) = 0. Crucially,
Möbius addition ensures that the result of combining two vectors always remains within the ball, preserving the
manifold’s structure.1

A.2.2 Hyperbolic Distances

The distance between two points x,y ∈ Bd is not the standard Euclidean distance but is instead defined by
the geodesic path connecting them on the curved manifold. In the Poincaré ball model, this distance can be
computed using Möbius addition:

dc(x,y) =
2√
−c

tanh−1
(√

−c∥ − x⊕c y∥
)
.

1Euclidean addition can produce vectors outside of the hyperbolic manifold. For example, adding the two vectors
x = (0.99, 0) and y = (0, 0.99) with the standard operation yields x + y = (0.99, 0.99), which lies outside the Poincaré
ball since ∥x+ y∥ =

√
0.992 + 0.992 ≈ 1.4 > 1.
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Here, the term −x⊕c y can be interpreted as the “Möbius difference” or a translation of y by −x. The distance
function scales the Euclidean norm of this resulting vector to account for the curvature of the space. As points
move away from the origin and approach the boundary of the ball, their norms approach 1. The tanh−1 function
maps these values towards infinity, capturing the exponential expansion of the space and the rapidly increasing
distances between points near the boundary. This property is precisely what allows the Poincaré ball to accurately
represent the large distances between far leaves in a tree.

A.3 Hyperbolic MLR

Multinomial Logistic Regression (MLR) is a standard method for multi-class classification. Its generalization
to hyperbolic space, Hyperbolic MLR, provides a way to define decision boundaries on the hyperbolic manifold
(Ganea et al., 2018b).

A hyperbolic hyperplane is the generalization of a Euclidean hyperplane. It can be defined as the set of points
equidistant from two given points or, more formally, as the projection of a linear subspace from a tangent space
back onto the manifold. Hyperbolic MLR then defines classification logits based on the signed hyperbolic distance
of a point to these hyperplanes. This provides a decision boundary that respects the structure of the hyperbolic
space.

However, despite its geometric elegance, the Hyperbolic MLR framework has significant practical drawbacks that
limit its scalability and stability. The core issue stems from its reliance on two learnable parameters for each class.
This approach is inherently parameter-inefficient, especially for tasks with many categories. More critically, the
reliance on on-manifold learnable parameters is the source of significant training instability. During training,
gradient-based updates can push these parameters toward the boundary of the Poincaré ball. As a parameter’s
norm approaches 1, the denominators in the distance and gradient computations approach zero. This leads to
severe floating-point inaccuracies, numerical overflow, and exploding gradients (Chami et al., 2020).

B SENSITIVITY ANALYSIS

We analyze the sensitivity of our method to the curvature c, the temperature τ , and the choice of backbone.

Curvature. We swept the curvature parameter c across values in [0.01, 2]. We found that values between
0.01 and 1 do not significantly affect downstream segmentation performance. Values above 2 led to numerical
instabilities during training, consistent with known challenges of high-curvature Poincaré ball models.

Temperature. Figure 8 shows the effect of the temperature τ on segmentation performance in the single-
head (subpart-supervised) setting. At the subpart level, performance is stable across all tested values (τ ∈
{5, 10, 15, 20, 30}). At coarser levels, however, lower temperatures are preferable: whole-level mIoU drops sharply
from 0.500 at τ=5 to 0.173 at τ=30. We use τ=15 for all experiments.

Figure 8: Temperature Sensitivity in the Single-Head Setting. Subpart mIoU is Stable Across τ Values,
While Coarser Levels Benefit from Lower Temperatures.
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Backbone. Our main experiments use the SegFormer-B4 backbone. To evaluate backbone dependence, we
additionally trained a model with the smaller SegFormer-B0 backbone (∼3.7M parameters). This model achieves
0.830 (object), 0.542 (part), and 0.182 (subpart) mIoU on the test set. Despite using only 6% of the parameters
of our full model and 0.02% of the parameters of GLaMM-FT, it remains competitive, further highlighting the
strength of our hyperbolic prototypical approach.


