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Abstract001

Auxiliary lines are essential for solving com-002
plex geometric problems but remain challeng-003
ing for large vision-language models (LVLMs).004
Recent attempts construct auxiliary lines via005
code-driven rendering, a strategy that relies006
on accurate and executable code generation007
to produce visual renderings of the auxiliary008
lines for subsequent reasoning. However, in009
complex solid geometry settings, such a strong010
dependence on precise specifications substan-011
tially restricts the robustness of this strategy.012
Alternatively, we turn to a simpler and more013
stable solution, representing auxiliary-line con-014
structions as structured textual descriptions. To015
bridge the gap between textual descriptions and016
spatial structure, we propose a reinforcement017
learning framework that enhances diagram-text018
alignment. The core is a cross-modal reward019
model that evaluates how well the generated020
auxiliary-line description matches the ground-021
truth auxiliary-line diagram. The reward signal022
drives a GRPO-based RL stage to yield infor-023
mative auxiliary-line descriptions for the rea-024
soning. To support the training and evaluation,025
we develop a scalable data pipeline and con-026
struct AuxSolidMath, a dataset of 3,018 real-027
exam geometry problems with paired diagrams028
and aligned textual fields. Based on this frame-029
work, we derive GeoVLMath, an LVLM for030
solving complex solid geometry.031

1 Introduction032

Geometric problems constitute an important cat-033

egory of mathematical tasks, characterized by in-034

tricate spatial structures and multi-step reasoning035

processes (Ma et al., 2024). They are commonly036

divided into plane geometry and solid geometry.037

This study focuses on solid geometry, where rea-038

soning over three-dimensional spatial relations is039

substantially more complex. Such problems rarely040

yield to direct application of standard theorems; in-041

stead, they often require the deliberate introduction042

Figure 1: Pass@1 results for Qwen2.5-VL-72B-Instruct
and Gemini-2.5-Flash. “Aux” indicates the use of
auxiliary-line descriptions.

of auxiliary lines1 to reveal hidden geometric struc- 043

ture and enable further analysis. These auxiliary 044

lines are essential for anchoring visual diagrams to 045

formal symbolic reasoning and for providing the 046

intermediate steps for rigorous problem-solving. 047

To validate the above idea, we conduct a pilot 048

study comprising three experimental settings: In- 049

correct Aux (with incorrect auxiliary lines), No 050

Aux (without auxiliary lines), and Correct Aux 051

(with correct auxiliary lines). As shown in Figure 1, 052

the use of correct auxiliary lines achieves the 053

highest accuracy, whereas incorrect auxiliary 054

lines lead to the poorest performance. One possi- 055

ble explanation is that inaccurate auxiliary lines 056

tend to misdirect reasoning and produce errors, 057

while precise auxiliary lines uncover key spatial 058

relationships, thereby enhancing solution accuracy. 059

Given that accurate auxiliary lines are crucial 060

for the correctness of the solution, the key ques- 061

tion is how to obtain them reliably. A seemingly 062

straightforward solution is to explicitly construct 063

them on the diagram. Indeed, several representa- 064

tive methods, such as Visual Sketchpad (Hu et al., 065

2024), V-Thinker (Qiao et al., 2025), and CodePlot- 066

CoT (Duan et al., 2025), follow a unified paradigm 067

in which the model generates Python-based draw- 068

1In this paper, we use auxiliary lines broadly to include
both additional lines and coordinate systems.
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ing code to render intermediate diagrams that are069

then fed back into the reasoning process. Despite070

its conceptual simplicity, this code-driven visual071

construction paradigm exhibits inherent limitations072

in solid geometry. It critically relies on precise073

coordinate information and highly accurate code074

generation, and becomes particularly fragile when075

auxiliary lines involve cross-plane relations or skew076

structures, where minor rendering inaccuracies can077

distort spatial constraints and mislead reasoning.078

Our empirical results corroborate this limitation,079

showing that explicitly rendered auxiliary-line080

diagrams underperform text-based auxiliary-081

line formulations (See Table 2).082

In light of these observations, we adopt a sim-083

pler and more stable formulation by representing084

auxiliary-line constructions as structured textual085

descriptions. Our main idea is to design a cross-086

modal reward model that measures the consis-087

tency between a generated textual auxiliary-line088

description for the original diagram and a ground-089

truth auxiliary-line diagram. The reward is com-090

puted by jointly encoding the original diagram and091

the generated auxiliary-line description, and then092

comparing this pair with the ground-truth auxiliary-093

line diagram, providing geometry-aware supervi-094

sion without requiring coordinate assumptions or095

image manipulation. Building on this reward sig-096

nal, we train a policy model using Group Relative097

Policy Optimization (GRPO) to obtain geometry-098

consistent, generalizable constructions. Training099

follows a two-stage paradigm inspired by recent100

progress in reinforcement learning (RL) for rea-101

soning (e.g., DeepSeek-R1 (Guo et al., 2025)): su-102

pervised fine-tuning (SFT) for cold start, followed103

by GRPO-based RL to further elicit structured rea-104

soning and strengthen diagram-text alignment. We105

instantiate the framework as GeoVLMath, a vision-106

language model tailored to auxiliary-line-based ge-107

ometric reasoning. Through the cross-modal super-108

vision, GeoVLMath achieves strong alignment be-109

tween text and geometric structure, enabling faith-110

ful reasoning on complex diagrams.111

To effectively train the above model, we require112

a high-quality dataset that captures both visual and113

symbolic aspects of real-world geometry problems.114

However, creating such a dataset is inherently chal-115

lenging due to the need for automation, scalability,116

and semantic precision across diverse and noisy117

educational materials. In response to these chal-118

lenges, we develop a robust and scalable data119

construction pipeline that transforms raw high120

school exam papers into structured multimodal 121

instances suitable for training LVLMs, compris- 122

ing automated problem identification, automated 123

deduplication and diagram extraction, structured 124

data extraction, and manual verification. While 125

the pipeline is largely automated, this lightweight 126

manual verification step is essential for maintaining 127

data quality, particularly when handling complex 128

symbolic expressions and diagrammatic content in 129

real-world settings. Based on this pipeline, we con- 130

struct AuxSolidMath, a curated dataset of 3,018 131

solid geometry problems in a rich multimodal for- 132

mat, comprising the problem description, the final 133

answer, the auxiliary-line description, the origi- 134

nal diagram, and the auxiliary-line diagram. To 135

our knowledge, AuxSolidMath is the first system- 136

atically constructed dataset explicitly tailored to 137

auxiliary-line-based solid geometry reasoning. 138

We empirically evaluate GeoVLMath against 139

a broad range of LVLMs, including represen- 140

tative approaches that construct auxiliary lines 141

via code-driven rendering. Despite its relatively 142

modest parameter scale, GeoVLMath achieves 143

highly competitive performance, consistently out- 144

performing code-driven rendering methods and 145

surpassing larger models such as Qwen2.5-VL- 146

32B-Instruct (Bai et al., 2025) and GPT-4o (Hurst 147

et al., 2024). These results indicate that super- 148

vision grounded in auxiliary-line constructions is 149

more effective for improving geometric reasoning 150

than explicit code-driven diagram rendering or sim- 151

ply scaling model size. Furthermore, our evalua- 152

tion protocol highlights the value of auxiliary-line- 153

augmented datasets for revealing the limitations of 154

LVLMs in visual reasoning. 155

Contributions. (1) Cross-modal reward. We 156

introduce a geometry-aware scalar reward that di- 157

rectly evaluates diagram-text alignment, provid- 158

ing reliable and fine-grained supervision for re- 159

inforcement learning in auxiliary-line construc- 160

tion. (2) AuxSolidMath. We introduce Aux- 161

SolidMath, a curated dataset of 3,018 solid geom- 162

etry problems from real high-school exams, with 163

aligned diagrams, auxiliary-line annotations, and 164

answers, designed to support training and evalua- 165

tion of auxiliary-line reasoning. (3) GeoVLMath. 166

We introduce GeoVLMath, demonstrating that RL 167

with vision-based rewards effectively optimizes 168

auxiliary-line construction, achieving superior per- 169

formance to code-driven rendering approaches and 170

competitive results against larger LVLMs. 171
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Figure 2: Overview of the cross-modal reward-driven RL. We first fine-tune a cross-modal reward model to evaluate
the correctness of auxiliary-line constructions. During the RL phase, the reward model’s consistency score is
combined with the answer accuracy reward to produce a composite signal that updates the policy via GRPO.

2 Methodology172

2.1 Problem Definition173

We study solid geometry problems whose solutions174

require the active construction of auxiliary lines.175

Each instance is defined by a pair ⟨I, q⟩, where I176

denotes the original diagram and q is a question177

grounded in I . The goal is to generate a solution y178

that includes the auxiliary lines aux, a sequence of179

reasoning steps, and the final answer ans. The aux180

is not present in I and must be introduced during181

reasoning to expose implicit spatial relations and182

convert them into explicit geometric constraints.183

2.2 Framework Overview184

We introduce a two-stage training framework for185

LVLMs that integrates the auxiliary-line construc-186

tion into the reasoning process. In the first stage,187

we apply SFT on automatically synthesized chain-188

of-thought (CoT) data with explicit auxiliary-line189

steps, enabling the model to actively construct190

auxiliary lines, thereby establishing a good ini-191

tialization. In the second stage, we further use192

RL to encourage the model to construct auxiliary193

lines that faithfully reflect the geometry of the dia-194

gram, boosting the precision of the solution. At the195

core is a cross-modal reward model that provides196

fine-grained feedback by scoring the agreement197

between the original diagram plus the generated198

auxiliary-line description and a reference diagram199

annotated with the correct auxiliary line. In sum-200

mary, our framework combines direct supervision 201

with structured visual feedback, thereby enhancing 202

the reliability of auxiliary-line constructions and 203

overall geometric problem-solving performance. 204

2.3 Supervised Fine-Tuning 205

We apply SFT on CoT exemplars to initialize the 206

model for RL. Auxiliary-line construction steps 207

are explicitly marked with [AUX] and [/AUX] to 208

provide structured supervision and support later 209

reward modeling, and the model is trained using a 210

standard next-token prediction objective. 211

2.4 Cross-Modal Reward-Driven RL 212

As shown in Figure 1, accurate auxiliary-line con- 213

structions improve reasoning success. The key chal- 214

lenge is how to integrate such constructions into the 215

reasoning process. Recent methods adopt Python- 216

based drawing code to render auxiliary lines for 217

intermediate reasoning, yet their reliance on pre- 218

cise and executable specifications limits robustness 219

in complex solid geometry. Motivated by this limi- 220

tation, and inspired by recent advances in textual 221

CoT supervision (Xu et al., 2024; Zhang et al., 222

2025), we represent auxiliary-line constructions 223

as structured natural language descriptions. To 224

bridge the gap between textual descriptions and 225

spatial structure, we propose a cross-modal re- 226

ward model that scores diagram-text alignment 227

between the original diagram paired with a gen- 228

erated auxiliary-line description and a reference 229
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diagram annotated with the ground-truth auxiliary230

lines. This reward provides geometry-aware super-231

vision without relying on executable drawing code232

or precise geometric specifications, enabling robust233

scaling across diverse diagram styles. We integrate234

this cross-modal reward, alongside a final-answer235

reward, into a GRPO-based RL stage to align in-236

termediate constructions with the diagram while237

maintaining final-answer accuracy. An overview of238

the stage is illustrated in Figure 2.239

2.4.1 Cross-modal Reward Model240

Given an original diagram I , a textual description241

of auxiliary lines d (either the ground-truth de-242

scription daux or a perturbed variant d−aux), and a243

reference diagram I+ annotated with the ground-244

truth auxiliary lines, the reward model evaluates245

the geometric relations implied by applying d to I246

against the additional geometric structures present247

in I+ but absent from I . Rather than relying on248

surface-level similarity, it assesses diagram-text249

relational consistency by verifying whether geo-250

metric relations specified in d, such as parallelism,251

orthogonality, and angle bisection, are satisfied in252

the reference diagram I+. Accordingly, the pro-253

posed reward exhibits three desirable properties:254

(1) Cross-modal relational alignment, which eval-255

uates diagram-text consistency at the level of geo-256

metric relations rather than surface-level or lexical257

similarity; (2) Render-free and coordinate-free,258

as it avoids dependence on executable drawing259

code or pixel-accurate coordinates, relying instead260

on relational correspondence between diagrams261

and textual descriptions; and (3) Fine-grained su-262

pervision, assigning intermediate scores to par-263

tially correct yet geometrically meaningful con-264

structions, thereby enabling precise credit assign-265

ment in multi-step reasoning. In summary, the266

cross-modal reward evaluates diagram-text spatial267

consistency at the level of geometric relations, as-268

sessing whether and to what extent the generated269

auxiliary lines align with the intended geometric270

structure, without relying on executable rendering271

code methods. Next, we describe how to automati-272

cally construct diagram-text supervision at scale273

and use it to train the cross-modal reward model.274

Constructing Diagram-Text Supervision. Each275

training example is represented as ⟨I, d, I+, ŷ⟩,276

where ŷ = (r, s) contains a brief justification r and277

a consistency score s ∈ [0, 1] indicating how well278

d aligns with I+ given I . We construct this super-279

vision dataset via a fully automated pipeline (see280

Figure 2). Starting from high-quality supervision 281

triplets ⟨I, daux, I
+⟩ constructed as described in 282

Section 3, we systematically generate challenging 283

negative descriptions to support robust diagram- 284

text supervision. Specifically, we design a set 285

of rule-based perturbation templates that simulate 286

common auxiliary-line construction errors, includ- 287

ing partial deletion, intersection alteration, incor- 288

rect line connections, adding irrelevant lines, unre- 289

lated auxiliary lines. Building on these templates, 290

we further leverage a large language model to syn- 291

thesize diverse and linguistically varied negative 292

descriptions d−aux. These negatives are lexically 293

fluent and semantically plausible, yet geometri- 294

cally inconsistent with the intended construction 295

encoded in the reference diagram I+, thereby pro- 296

viding hard counterexamples beyond surface-level 297

mismatches. To assess the consistency between 298

each description d ∈ {daux, d
−
aux} and the target 299

construction I+, we adopt an LVLM-as-a-Judge 300

strategy. Concretely, the LVLM is prompted to 301

evaluate diagram-text alignment by comparing the 302

original diagram paired with the description ⟨I, d⟩ 303

against the reference diagram I+, and to produce 304

both a natural-language rationale r and a scalar 305

alignment score s ∈ [0, 1]. This automated eval- 306

uation yields interpretable explanations alongside 307

valued supervision signals, enabling scalable and 308

fine-grained diagram-text supervision that spans 309

faithful auxiliary-line descriptions as well as adver- 310

sarially perturbed constructions. 311

Training Cross-Modal Reward Model. Given 312

the input triplet ⟨I, d, I+⟩, the model outputs a 313

structured prediction ŷ = (r, s). We train the 314

model by maximizing the conditional likelihood of 315

the serialized output: 316

pϕ(ŷ | I, d, I+) =
T∏

i=1

pϕ(ŷi | I, d, I+, ŷ<i) (1) 317

318where T denotes the length of the generated se- 319

quence ŷ, ŷi is the i-th token in the output, and 320

ŷ<i represents the sequence of previously gener- 321

ated tokens. The consistency score is indicated as 322

raux = s = Score(ŷ), where higher values corre- 323

spond to better consistency. 324

Through this training, we obtain a reward model 325

that provides precise feedback on diagram-text 326

alignment between auxiliary-line descriptions and 327

the reference diagram. This model serves as a key 328

component of our framework, guiding the policy 329

toward auxiliary-line constructions that are geomet- 330

rically consistent and diagram-grounded. 331
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Figure 3: Overview of the proposed data creation pipeline.

2.4.2 Optimization332

We adopt GRPO as the policy optimization algo-333

rithm. The overall reward signal combines the334

cross-modal reward with a final-answer reward de-335

fined as a binary score, yielding 1 if the predicted336

final answer matches the ground truth and 0 other-337

wise, i.e., r = αraux + (1− α)rans.338

Given a geometric diagram I and a question339

q, GRPO samples a set of response sequences340

{y1, y2, . . . , yG} from the old policy πθold . The341

policy πθ is then optimized by maximizing the fol-342

lowing objective:343

LGRPO =
1

G

G∑
i=1

(
min

(
πθ(yi | I, q)
πθold (yi | I, q)

Ai, clip
(

πθ(yi | I, q)
πθold (yi | I, q)

,

1 − ϵ, 1 + ϵ

)
Ai

)
− β DKL(πθ ∥ πref)

)
(2)344

Here, G denotes the group size, while ϵ and β are345

hyperparameters for clipping and the KL penalty.346

3 Data Creation347

We curate the AuxSolidMath dataset to support348

training and evaluation of auxiliary-line reason-349

ing in solid geometry. As illustrated in Figure 3,350

our data creation pipeline proceeds through four351

progressive steps: automated problem identifi-352

cation, automated deduplication and diagram353

extraction, structured data extraction, and man-354

ual verification. The pipeline standardizes raw355

exam problems into semantically aligned, high-356

quality multimodal instances that support training357

vision-language models for auxiliary-line geomet-358

ric reasoning (More details in Appendix B). Fig-359

ure 4 shows an example from the dataset. Each360

instance is represented as a five-tuple consisting361

of the problem description, the final answer, the362

auxiliary-line description, the original diagram,363

and the auxiliary-line diagram.364

Automated Problem Identification. We cu-365

rate AuxSolidMath from over 350 authentic high-366

school geometry exam sets using a two-stage filter367

that selects problems explicitly requiring auxiliary- 368

line constructions, based on cue-verb retrieval from 369

reference solutions and verification of paired origi- 370

nal and auxiliary-line–annotated diagrams. 371

Automated Deduplication and Diagram Extrac- 372

tion. We automatically deduplicate the dataset 373

and extract paired diagrams to ensure unique and 374

high-quality instances. Duplicates are detected by 375

textual matching, and only the first occurrence is 376

retained. For each retained problem, we extract 377

the original and auxiliary-line-annotated diagrams 378

and apply OpenCV-based filtering to discard low- 379

resolution or unclear images. 380

Structured Data Extraction. Building on the 381

high-quality diagram pairs obtained in the previous 382

step, we extract three textual fields for each prob- 383

lem: the problem description, the final answer, and 384

the auxiliary-line description. Because the source 385

Word files embed MathType formulas that standard 386

parsers handle poorly, we render pages as images 387

and parse them with a fine-tuned LVLM. All out- 388

puts are packaged in a structured JSON format. 389

Manual Verification. Each instance is indepen- 390

dently reviewed by two AI researchers to ensure 391

accuracy, completeness, uniqueness, semantic con- 392

sistency, and visual quality. Instances flagged by ei- 393

ther reviewer undergo collaborative re-examination, 394

with up to three review rounds to identify and cor- 395

rect subtle or ambiguous errors. This step resolves 396

complex symbolic expressions and diagrammatic 397

ambiguities that automated tools often misinterpret, 398

and remains indispensable for ensuring high data 399

fidelity in model training and evaluation. 400

Dataset Statistics. AuxSolidMath comprises 401

3,018 solid geometry problems collected from 402

real high school examination papers. Within 403

this dataset, we curate a new benchmark, 404

GeoAuxBench, designed specifically to evaluate a 405

model’s ability to construct auxiliary lines, a skill 406
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Auxiliary-line Description: Through point Q, draw QG parallel to B₁C₁
intersecting CC₁at G. Connect PG, GD, DP, and AP.

Final Answer: 1/6

Original Diagram Auxiliary-line Diagram

Question: Given a cube ABCD - A₁B₁C₁D₁ with edge length 1, 
points P and Q are moving points on edges C₁D₁ and B₁C, 
respectively. Determine the maximum volume of the tetrahedron PQAD.

Figure 4: An example from the AuxSolidMath dataset.

essential to solving complex geometry problems.407

GeoAuxBench contains 302 examples and is di-408

vided into two difficulty levels, Easy (150) and409

Hard (152), using the original difficulty annotations410

from the source exam papers rather than post hoc411

labels. Hard problems involve reasoning over im-412

plicit spatial relations (e.g., cross-plane or hidden413

projections), while Easy problems rely on explicit414

relations. By inheriting these exam-defined crite-415

ria, GeoAuxBench supports realistic evaluation of416

auxiliary-line construction in solid geometry.417

4 Experiments418

4.1 Experimental Settings419

Benchmark. We conduct our evaluation on420

GeoAuxBench, a newly introduced benchmark for421

auxiliary-line construction with two difficulty tiers:422

Easy and Hard. We further report results on widely423

used benchmarks, i.e., MathVision (Wang et al.,424

2024a), SolidGeo (Wang et al., 2025a), and the425

OlympiadBench subset of SolidGeo.426

Metrics. We evaluate model performance using427

Pass@k (Chen et al., 2021b), a widely adopted met-428

ric introduced by OpenAI. Specifically, we report429

Pass@1 and Pass@5: Pass@1 measures the accu-430

racy of a single generated solution, while Pass@5431

denotes the proportion of problems for which at432

least one of five generated solutions is correct.433

Models. We assess GeoVLMath at two model434

scales, 3B and 7B, both built upon the Qwen2.5-435

VL backbone. We compare GeoVLMath against436

20 strong LVLM baselines, covering both closed-437

source and open-source models, as well as repre-438

sentative methods following the code-driven visual439

construction paradigm, including V-Thinker (Qiao440

et al., 2025) and CodePlot-CoT (Duan et al., 2025).441

4.2 Main Results442

As shown in Table 1 and Table 2, we443

make three key observations: (1) GeoVL-444

Math achieves strong and robust perfor-445

mance among models of comparable scale446

across benchmarks. On GeoAuxBench, both 447

GeoVLMath-3B and GeoVLMath-7B outperform 448

their corresponding base models, Qwen2.5-VL-3B- 449

Instruct and Qwen2.5-VL-7B-Instruct, on pass@5. 450

GeoVLMath-3B improves by +3.53% (11.59% → 451

15.12%), while GeoVLMath-7B yields a larger 452

gain of +10.16% (15.89% → 26.05%). More- 453

over, GeoVLMath consistently surpasses the repre- 454

sentative code-driven visual construction method 455

V-Thinker on Pass@5, improving by +12.14% 456

(13.91% → 26.05%), despite not relying on ex- 457

ecutable drawing code or intermediate diagram 458

rendering. Beyond this task-aligned benchmark, 459

GeoVLMath also achieves the best performance 460

among the compared models on widely used pub- 461

lic benchmarks. These results demonstrate that 462

the auxiliary-line-aware training signal general- 463

izes beyond GeoAuxBench and improves geo- 464

metric reasoning robustness. (2) GeoAuxBench- 465

Hard is a challenging benchmark that clearly 466

distinguishes LVLM capabilities in geometric 467

reasoning. For example, even strong closed- 468

source models such as Gemini-2.5-Flash and gpt-5- 469

mini achieve Pass@1 scores of 63.16%, whereas 470

Qwen2.5-VL-72B-Instruct attains only 13.16%, 471

highlighting a substantial performance gap. This 472

is primarily because the benchmark demands de- 473

liberate auxiliary-line construction and multi-step 474

spatial reasoning while minimizing shortcut oppor- 475

tunities, and provides reference diagrams for fine- 476

grained error analysis. Together, GeoAuxBench- 477

Hard serves as a concise yet highly discrimina- 478

tive testbed for differentiating LVLM capabili- 479

ties. (3) Model scale alone does not compen- 480

sate for insufficient auxiliary-line awareness. 481

On GeoAuxBench-Easy, GeoVLMath-7B achieves 482

higher pass@5 than Qwen2.5-VL-32B-Instruct 483

(35.56% vs. 23.33%). On GeoAuxBench-Hard, 484

GeoVLMath-7B also outperforms Qwen2.5-VL- 485

32B-Instruct (16.67% vs. 13.16%). Error analysis 486

shows that Qwen2.5-VL-32B-Instruct rarely con- 487

structs auxiliary lines and thus overlooks latent 488

spatial constraints, whereas GeoVLMath-7B proac- 489
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LVLM Easy Hard Average
Pass@1 Pass@5 Pass@1 Pass@5 Pass@1 Pass@5

Closed-source LVLMs
gpt-5-mini 89.33 92.67 63.16 75.00 76.16 83.78

o4-mini-2025-04-16 84.00 93.33 60.53 74.34 72.19 83.77
GPT-4o 8.67 25.33 6.58 15.13 7.62 20.20

Gemini-2.0-Flash 37.33 62.67 25.00 39.47 31.12 50.99
Gemini-2.5-Flash 84.00 91.33 63.16 78.95 73.51 85.10

Claude 3.7 Sonnet 20250219 15.33 41.33 13.16 28.29 14.24 34.77
Claude Sonnet 4 20250514 56.00 77.33 30.92 44.74 43.38 60.93

Open-source LVLMs (3B-14B)
V-Thinker (7B) 8.00 17.33 3.29 10.53 5.63 13.91
InternVL3-8B 9.33 25.33 5.92 15.79 7.61 20.53

Llama-3.2-11B-Vision-Instruct 2.00 12.00 3.29 5.92 2.65 8.94
InternVL3-14B 13.33 28.67 5.92 15.13 9.60 21.86

Qwen2.5-VL-3B-Instruct 2.00 14.89 1.97 8.33 1.98 11.59
GeoVLMath-3B (Ours) 12.89 20.44 5.70 9.87 9.27 15.12
Qwen2.5-VL-7B-Instruct 5.14 20.67 3.95 11.18 4.54 15.89
GeoVLMath-7B (Ours) 14.67 35.56 5.92 16.67 10.27 26.05

Open-source LVLMs (17B-78B)
CodePlot-CoT (32B) 4.00 8.67 2.63 5.26 3.31 6.95

Qwen2-VL-72B-Instruct 6.00 15.33 5.26 8.55 5.63 11.92
Qwen2.5-VL-32B-Instruct 20.67 23.33 11.18 13.16 15.89 18.21

Llama-4-Scout-17B-16E-Instruct 20.67 36.67 7.89 18.42 14.24 27.48
InternVL3-38B 19.33 41.33 10.53 21.71 14.90 31.46

Qwen2.5-VL-72B-Instruct 24.00 40.67 13.16 19.74 18.54 30.14
InternVL3-78B 16.67 36.67 9.21 21.05 12.92 28.81

* Bold indicates the best results for models of similar sizes.

Table 1: Overall evaluation on GeoAuxBench (%).

LVLM MathVision OlympiadBench SolidGeo
Pass@1 Pass@5 Pass@1 Pass@5 Pass@1 Pass@5

V-Thinker (7B) 16.36 31.82 4.60 13.22 10.39 29.38
CodePlot-CoT (32B) 10.00 29.09 2.87 5.17 16.62 30.86

Qwen2.5-VL-3B-Instruct 5.45 16.36 2.30 6.32 5.04 12.17
GeoVLMath-3B (Ours) 5.45 20.91 14.94 25.86 14.54 32.34
Qwen2.5-VL-7B-Instruct 11.82 20.91 2.87 13.22 5.34 14.84
GeoVLMath-7B (Ours) 16.36 36.36 25.86 50.57 17.51 42.34

Table 2: Overall evaluation on widely used benchmarks (%).

tively introduces appropriate auxiliary lines and490

exploits the induced constraints during reasoning.491

This comparison highlights that auxiliary-line su-492

pervision, rather than model scale alone, is critical493

for reliable geometric reasoning.494

4.3 Cross-modal Reward Model495

Leveraging AuxSolidMath triplets ⟨I, daux, I
+⟩,496

we apply rule-based perturbations to simulate typi-497

cal auxiliary-line errors and use the resulting data to498

train a cross-modal reward model on Qwen2.5-VL-499

7B. The dataset comprises 2,970 training examples500

and 330 test examples. We train the model for 3501

epochs with a batch size of 16, using the AdamW502

optimizer with a learning rate of 2e-5 and a cosine503

learning rate scheduler with a 0.1 warm-up ratio.504

During training, the vision tower and projection505

modules are frozen, while the language model re-506

mains trainable. The model achieves a pass@1 ac-507

curacy of 98.18% on the test set, indicating reliable508

alignment between textual auxiliary-line descrip-509

tions and their visually annotated counterparts.510

4.4 Ablation Studies 511

Cross-Modal Reward. We assess the role of 512

cross-modal supervision with two variants, keep- 513

ing all other settings unchanged. (a) w/o cross- 514

modal reward. This variant removes all supervi- 515

sion related to auxiliary lines and trains the model 516

solely for final-answer accuracy, with no super- 517

vision on whether auxiliary lines are introduced. 518

This allows us to assess the effect of training with 519

answer-only supervision, approximating a setting 520

where auxiliary lines are omitted from the train- 521

ing objective. (b) Textual reward. In this vari- 522

ant, cross-modal consistency is replaced with a 523

text-only semantic similarity objective that evalu- 524

ates the similarity between the generated auxiliary- 525

line description and the ground-truth annotation. 526

Concretely, we use EmbeddingGemma (DeepMind, 527

2025c) to encode sentences and compute a simi- 528

larity score for training. This variant favors fluent 529

textual descriptions but does not enforce ground- 530

ing to the input diagram. Findings. As reported 531

in Table 3, removing the cross-modal reward re- 532

7



Easy Hard Average
Pass@1 Pass@5 Pass@1 Pass@5 Pass@1 Pass@5

GeoVLMath-7B 14.67 35.56 5.92 16.67 10.27 26.05
w/o Cross-Modal Reward 10.89↓3.78 32.22↓3.34 4.82↓1.10 13.60↓3.07 7.83↓2.44 22.85↓3.20

Textual Reward 10.67↓4.00 28.44↓7.12 4.39↓1.53 12.50↓4.17 7.51↓2.76 20.42↓5.63

w/o RL 3.33↓11.34 20.44↓15.12 3.95↓1.97 11.18↓5.49 3.64↓6.63 15.78↓10.27

Table 3: Results of ablation studies (%).

sults in performance degradation (Average pass@1:533

10.27 → 7.83, pass@5: 26.05 → 22.85), under-534

scoring the importance of geometry-aware super-535

vision for instances that require introducing aux-536

iliary lines. Substituting it with a purely textual537

similarity objective performs even worse (Aver-538

age pass@1: 10.27 → 7.51, pass@5: 26.05 →539

20.42), consistent with our pilot finding in Sec-540

tion 1 that incorrect auxiliary lines can be worse541

than none. These declines suggest that lexical align-542

ment introduces spurious signals and conflicts with543

precise diagram grounding, favoring surface-level544

paraphrases over geometry-aware reasoning. Error545

analysis reveals distinct failure modes: (a) often546

ignores auxiliary-line construction and overfits to547

answer-only cues; (b) produces fluent but visually548

inconsistent descriptions (e.g., incorrect lines) that549

fail to constrain diagram-based reasoning. Overall,550

text-only alignment fails to faithfully capture geo-551

metric structure, motivating the need for visually552

grounded, structure-preserving diagram-text align-553

ment to support rigorous verification of geometric554

measurements and structural relations.555

Reinforcement Learning. To quantify the con-556

tribution of reinforcement learning, we remove557

the RL stage and train an SFT-only variant. As558

shown in Table 3, GeoVLMath-7B trained with559

SFT+RL consistently outperforms its SFT-only560

counterpart, with clear performance degradation561

when the RL stage is removed. This improvement562

reflects the role of RL in moving beyond strict im-563

itation: reward-aligned optimization encourages564

exploration of more effective strategies and enables565

credit assignment for beneficial intermediate steps,566

rather than relying on surface-level matching alone.567

As a result, RL acts as a post-SFT catalyst that568

consolidates preliminary SFT competence into ro-569

bust multi-step reasoning, particularly in scenarios570

requiring auxiliary-line construction.571

5 Related Work572

Recent LVLMs (Anthropic, 2025b; DeepMind,573

2025a; OpenAI, 2025) have advanced geometric574

problem solving, particularly in plane geometry.575

Prior work mainly follows two lines: direct gen- 576

eration of answers or reasoning paths from multi- 577

modal inputs (Ning et al., 2025; Xia et al., 2025; 578

Gao et al., 2025), which is constrained by intrin- 579

sic reasoning capacity, and tool-augmented rea- 580

soning that generates executable code for sym- 581

bolic computation or geometric operations (Zhao 582

et al., 2025; Sharma et al., 2025; Chen et al., 2024). 583

More recently, a code-driven visual construction 584

paradigm has emerged, where models generate 585

code to construct or modify diagrams during rea- 586

soning, as exemplified by Visual Sketchpad (Hu 587

et al., 2024), V-Thinker (Qiao et al., 2025), and 588

CodePlot-CoT (Duan et al., 2025). While these 589

methods enable interactive visual feedback, they 590

depend on precise code execution and explicit co- 591

ordinate annotations, and tightly couple auxiliary- 592

line construction with the LVLM’s intrinsic reason- 593

ing, thereby limiting robustness in solid geometry. 594

In contrast, our approach incorporates auxiliary- 595

line construction into an RL framework guided 596

by a cross-modal reward model, decoupling con- 597

struction quality from intrinsic reasoning, without 598

explicit geometric specifications, enabling robust 599

auxiliary-line reasoning across model scales. 600

6 Conclusion 601

Auxiliary-line reasoning in solid geometry exposes 602

a key limitation of current LVLMs: the lack of 603

reliable learning signals for structured visual con- 604

struction. We address this challenge by formulat- 605

ing auxiliary-line construction as a vision-language 606

alignment problem and introducing a RL frame- 607

work guided by a cross-modal reward that directly 608

measures diagram-text correspondence. This de- 609

sign enables stable optimization without relying 610

on explicit geometric specifications or executable 611

code. To support learning at scale, we automat- 612

ically construct AuxSolidMath, a high-quality 613

dataset of real-exam solid geometry problems with 614

aligned diagrams and auxiliary-line annotations, 615

providing a reusable resource for the community. 616

Leveraging this framework, GeoVLMath consis- 617

tently improves auxiliary-line reasoning. 618
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Limitations619

While our approach demonstrates strong effective-620

ness for auxiliary-line reasoning in solid geome-621

try, our experiments primarily consider settings622

where auxiliary-line constructions admit concise623

high-level descriptions. Extending the evaluation624

to even broader or more diverse geometric con-625

structions remains an interesting direction for fu-626

ture work. In addition, our cross-modal reward627

model relies on annotated auxiliary-line diagrams628

for supervision during reinforcement learning. Al-629

though we introduce AuxSolidMath to support this630

setting, exploring more scalable forms of weak or631

self-supervised reward signals is a promising direc-632

tion for future research.633
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ing and test-time recipes for open-source multimodal840
models. CoRR, abs/2504.10479.841

A The Use of AI Assistants842

In this paper, ChatGPT was used exclusively for843

language polishing, including grammar correction,844

phrasing, and stylistic refinement. It was not used845

to generate scientific content such as research ideas,846

methods, experiments, or related work. No confi-847

dential, personal, or proprietary information was848

shared with the model. The authors take full re-849

sponsibility for the scientific content, which was850

entirely authored and verified by the authors.851

B Data Creation852

In this section, we detail the four progressive steps853

of our data creation pipeline.854

B.1 Automated Problem Identification855

To construct the AuxSolidMath dataset, we first856

collect over 350 sets of high school geometry prob-857

lems from publicly available online sources. Given858

that the dataset is intended to support constructive859

geometric reasoning, we specifically target prob-860

lems that necessitate auxiliary line constructions as861

integral components of their solutions.862

To efficiently identify such problems, we de-863

sign an automated two-stage filtering pipeline using864

Python scripts. In the first stage, we detect prob-865

lems whose solutions contain explicit mentions of866

auxiliary-line constructions. Specifically, we ap-867

ply regular expression patterns to locate question868

number markers that are explicitly present in the869

exam papers and use these markers to segment the870

content into individual problem units. For each871

problem, we examine the solution for verbs that872

signal the introduction of auxiliary lines (e.g., "con-873

nect," "construct," "draw," "establish"). Problems874

lacking such terms are discarded, while those con-875

taining relevant cues are retained. In the second876

stage, we further refine the selection by ensuring877

that each retained problem contains both the origi-878

nal diagram and an auxiliary-line diagram. To this879

end, we quantify the number of diagrams associ-880

ated with each problem. Problems with fewer than881

two diagrams are excluded, whereas those with at882

least two, which usually represent the original and883

modified diagrams, are preserved. This automated884

pipeline enables scalable and consistent filtering885

of auxiliary-line geometry problems, significantly886

reducing manual annotation effort.887

B.2 Automated Deduplication and Diagram 888

Extraction 889

Upon identifying geometry problems requiring aux- 890

iliary lines, we employ an automated pipeline to 891

deduplicate instances and extract the associated di- 892

agrams. This step guarantees the uniqueness and 893

visual quality of data instances for downstream 894

model training. 895

Problem Deduplication. To eliminate duplicate 896

problems, we retain only the first occurrence of 897

each unique problem based on its textual content. 898

Concretely, we initialize a global problem set as 899

an empty collection. We then sequentially process 900

all Word-formatted exam papers, examining only 901

the problem descriptions while ignoring the associ- 902

ated solutions and diagrams. For each problem, if 903

its description is not already present in the global 904

set, we add the problem; otherwise, we discard it 905

as a duplicate. This procedure ensures that iden- 906

tical problems, which often recur across different 907

examinations, are retained only once. 908

Diagram Extraction. Following deduplication, 909

we extract, filter, and store the geometric diagrams 910

associated with each retained problem. A key chal- 911

lenge lies in reliably distinguishing true geomet- 912

ric figures from image-embedded mathematical 913

expressions (e.g., MathType equations), as both 914

appear in Word exam papers. Existing Python li- 915

braries are unable to make this distinction accu- 916

rately, often misclassifying equations as diagrams 917

and introducing significant noise into the extraction 918

process. To overcome this limitation, we innova- 919

tively integrate the Apache POI library through a 920

custom Java implementation, enabling fine-grained 921

control over the parsing of Word documents. This 922

setup enables reliable identification and extraction 923

of genuine geometric diagrams while effectively fil- 924

tering out formula-rendered images. To further en- 925

sure visual quality, the extracted diagrams are then 926

processed using OpenCV to discard low-resolution 927

or unclear diagrams. The remaining diagrams are 928

subsequently saved using a standardized naming 929

convention that distinguishes between the original 930

and the annotated versions of the auxiliary lines. 931

To be more specific, for each problem indexed by 932

i, we store two images: {i}.png, which contains 933

the original diagram, and {i}_auxiliary.png, which 934

includes the corresponding auxiliary-line diagram. 935

This consistent format facilitates downstream align- 936

ment between textual and visual modalities within 937

the multimodal processing pipeline. 938
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B.3 Structured Data Extraction939

Building on the high-quality geometric diagrams940

obtained in the previous step, we proceed to extract941

the corresponding textual content for each instance,942

including the problem description, the final answer,943

and the auxiliary-line description. This extraction944

process is non-trivial, as the original Word docu-945

ments frequently embed mathematical expressions946

in MathType formats that are not reliably supported947

by standard document parsing tools.948

To address this challenge, we render the pro-949

cessed Word documents as images, thereby en-950

abling LVLMs to leverage their visual reasoning ca-951

pabilities. Although this approach appears straight-952

forward, open-source models such as Qwen2.5-953

VL-7B-Instruct (Bai et al., 2025) often struggle954

to accurately parse complex geometry problems955

involving symbolic notation and mathematical ex-956

pressions. In contrast, closed-source models like957

GPT-4o (Hurst et al., 2024) exhibit significantly958

stronger performance, but their reliance on com-959

mercial APIs introduces substantial costs and limits960

scalability in large-scale applications. To balance961

accuracy with scalability, we adopt a hybrid strat-962

egy2. Specifically, we first utilize an advanced963

closed-source model (i.e., GPT-4o) to generate a964

small, high-quality seed dataset comprising 300965

manually verified instances. This curated dataset is966

then used to fine-tune an LVLM (i.e., Qwen2.5-VL-967

7B-Instruct), resulting in a lightweight, domain-968

adapted model capable of accurate and scalable969

text extraction. The final output consists of the ex-970

tracted problem description, the final answer, and971

the auxiliary-line description, all encapsulated in a972

structured JSON format. This unified representa-973

tion facilitates consistent data handling and serves974

as a foundation for training a robust open-source975

text extraction model. By releasing this model,976

we aim to contribute a practical and reusable re-977

source to the broader research community working978

on geometry-aware vision-language understanding.979

B.4 Manual Verification980

To ensure the quality and reliability of the final981

dataset, we perform a manual verification step that982

assesses each data instance in terms of accuracy,983

completeness, uniqueness, and semantic consis-984

tency, alongside visual quality criteria such as im-985

2DeepSeek-OCR(Wei et al., 2025) was released on Octo-
ber 20, 2025 and was not available during data construction. A
Qwen2.5-VL-based extractor fine-tuned on 300 seed samples
achieved approximately 98% accuracy and was therefore used.

age clarity and resolution. Two AI researchers 986

serve as independent checkers. Each instance is in- 987

dependently reviewed by both researchers. If either 988

checker identifies a potential issue, the instance is 989

collaboratively revised. This process is repeated up 990

to three times per instance, ensuring that all errors, 991

including subtle or ambiguous ones, are systemati- 992

cally identified and corrected. Manual verification 993

plays a critical role in resolving complex symbolic 994

expressions and ambiguous diagrammatic content 995

that automated tools may misinterpret. Despite 996

its relatively low cost and effort, this step remains 997

indispensable for ensuring the high data fidelity 998

necessary for a reliable model. 999

C Experimental Setup 1000

C.1 Models 1001

On the closed-source models, we include lead- 1002

ing models such as gpt-5-mini (OpenAI, 2025), 1003

o4-mini (OpenAI, 2025) and GPT-4o (Hurst 1004

et al., 2024), Gemini-2.0-Flash and Gemini- 1005

2.5-Flash (DeepMind, 2025a), Claude 3.7 Son- 1006

net (Anthropic, 2025a) and Claude Sonnet 4 1007

20250514 (Anthropic, 2025b). These models 1008

represent the forefront of multimodal reason- 1009

ing among closed-source models, although their 1010

internal architectures remain undisclosed. On 1011

the open-source models, we consider several 1012

publicly available high-performance models, in- 1013

cluding the Qwen2 VL (Wang et al., 2024b) 1014

and Qwen2.5 VL series (Bai et al., 2025), In- 1015

ternVL 3 families (Zhu et al., 2025), LLaMA- 1016

3.2-11B-Vision-Instruct (Meta, 2024) and Llama- 1017

4-Scout-17B-16E-Instruct (Meta, 2025). In addi- 1018

tion, we include representative methods follow- 1019

ing the code-driven visual construction paradigm, 1020

namely V-Thinker (Qiao et al., 2025) and CodePlot- 1021

CoT (Duan et al., 2025), which generate executable 1022

code to construct or modify diagrams as part of the 1023

reasoning process. These approaches provide an 1024

important comparison point for evaluating differ- 1025

ent strategies of integrating visual construction into 1026

multimodal reasoning. Together, these models en- 1027

compass a range of design paradigms, parameter 1028

scales, and instruction tuning strategies, forming a 1029

comprehensive and robust foundation for evaluat- 1030

ing auxiliary-line reasoning in multimodal settings. 1031

Note that models such as Gemini-2.5 Pro (Deep- 1032

Mind, 2025b) and OpenAI o3 (OpenAI, 2025) are 1033

excluded from our study due to limited accessibility 1034

and high inference costs. 1035
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C.2 Training Implementation Details1036

We adopt a two-stage training paradigm based on1037

the Qwen2.5-VL series, including Qwen2.5-VL-1038

3B and Qwen2.5-VL-7B, consisting of the SFT1039

stage and the RL stage.1040

SFT Stage. The SFT phase is conducted us-1041

ing the LLaMA-Factory framework (Zheng et al.,1042

2024). For Qwen2.5-VL-7B, we train the model1043

for 5 epochs with a per-device batch size of 2 and1044

a gradient accumulation step of 8 (effective batch1045

size of 16). We use the AdamW optimizer with a1046

learning rate of 2e-5 and apply a cosine learning1047

rate scheduler with a warmup ratio of 0.1. The1048

model is trained in bf16 precision. Vision and1049

projection modules are frozen during this stage,1050

while the language model remains unfrozen. For1051

Qwen2.5-VL-3B, we adopt the same training con-1052

figuration as the 7B variant, except learning rate1053

and training epochs. Specifically, Qwen2.5-VL-3B1054

is trained for 5 epochs with a learning rate of 3e-5.1055

RL Stage. For the Qwen2.5-VL-7B model, both1056

training and validation data are loaded from Par-1057

quet files containing question-diagram pairs. The1058

maximum response length is set to 8,192 tokens,1059

and both the rollout and validation batch sizes are1060

set to 16. The actor is optimized using AdamW1061

(learning rate 2e-6, weight decay 1e-2, no warmup).1062

KL regularization is applied using the low_var_kl1063

penalty with a coefficient of 1e-2. Training runs1064

for 6 epochs using bf16 precision, with gradient1065

checkpointing and partial FSDP offloading enabled1066

for memory efficiency.1067

Rewards. The overall reward is the sum of1068

a cross-modal auxiliary-line consistency reward1069

and a final-answer accuracy reward, where the1070

auxiliary-line component is weighted by α = 0.1.1071

For Qwen2.5-VL-3B, we adopt the same RL con-1072

figuration as the 7B model, with adjustments to1073

the batch size and the number of training epochs.1074

Specifically, Qwen2.5-VL-3B is trained for 41075

epochs with a batch size of 8.1076

All training was conducted on a server equipped1077

with two NVIDIA A100 80GB and two NVIDIA1078

A800 80GB GPUs. The SFT stage was performed1079

on two A100 GPUs, whereas the reinforcement1080

learning stage utilized all four GPUs. For response1081

generation during training and evaluation, we en-1082

abled stochastic sampling with temperature set to1083

0.7 and top-p set to 0.95.1084

D Related Work 1085

In this section, we also review benchmarks and 1086

datasets for geometric reasoning. Most bench- 1087

marks and datasets for geometric problem solving 1088

focus on plane geometry, where diagrams and prob- 1089

lems involve two-dimensional figures. Well-known 1090

resources in this area include Geometry3K (Lu 1091

et al., 2021), GeoQA (Chen et al., 2021a), Uni- 1092

Geo (Chen et al., 2022), and GeomRel (Wang et al., 1093

2025b), which primarily cover plane geometry 1094

problems. A concurrent benchmark, GeoLaux (Fu 1095

et al., 2025), explores the use of auxiliary lines in 1096

plane geometry, but is limited to simple cases and 1097

lacks engagement with the spatial complexity of 1098

solid geometry. Nonetheless, there remains a lack 1099

of dedicated resources for solid geometry, even 1100

though solving such problems often requires inter- 1101

preting three-dimensional relationships and draw- 1102

ing auxiliary lines to uncover hidden spatial struc- 1103

tures. While SolidGeo (Wang et al., 2025a) is a 1104

recent benchmark that focuses exclusively on solid 1105

geometry, it does not explicitly require auxiliary 1106

lines for solving its problems, leaving this impor- 1107

tant aspect of spatial reasoning underexplored. Sim- 1108

ilarly, other benchmarks such as MathVision(Wang 1109

et al., 2024a), MathVista (Lu et al., 2024), and 1110

MathVerse (Zhang et al., 2024) contain only a lim- 1111

ited number of solid geometry problems, and these 1112

also do not require auxiliary lines to reach the so- 1113

lution. As a result, these resources fall short of 1114

evaluating a model’s ability to solve complex solid 1115

geometry problems where auxiliary lines are es- 1116

sential for uncovering implicit spatial relationships. 1117

To address this gap, we present AuxSolidMath, the 1118

first dedicated dataset for solid geometry problems 1119

that require auxiliary lines to solve. It offers com- 1120

prehensive multimodal supervision, including the 1121

original diagram, the problem statement, textual 1122

descriptions of the required auxiliary lines, the fi- 1123

nal answer, and a corresponding diagram annotated 1124

with those lines, enabling models to learn how the 1125

auxiliary lines facilitate solid geometry reasoning. 1126

E Prompts 1127

E.1 Prompts for Supervised Fine-tuning 1128

Figure 5 presents the two-part prompt template 1129

used in our supervised dataset. The system 1130

prompt assigns the solver role and enforces for- 1131

matting: auxiliary lines must be wrapped in 1132

[AUX]...[/AUX] and the final answer must ap- 1133

pear as plain text in Final Answer:.... The user 1134
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SYSTEM_PROMPT_FOR_SUPERVISED_FINE-TUNING

SYSTEM_PROMPT_FOR_SUPERVISED_FINE-TUNING = """
You are a mathematician skilled in solving geometry problems through step-by-step reasoning. Solve the given geometry
problem based on a geometric diagram and a natural language question. Use ‘[AUX]...[/AUX]’ to indicate auxiliary
constructions, such as establishing coordinate systems or constructing auxiliary lines. Finally, provide your final answer
within ‘Final Answer:...’.
"""

USER_PROMPT_FOR_SUPERVISED_FINE-TUNING

USER_PROMPT_FOR_SUPERVISED_FINE-TUNING = """
Image: <image>
Question: {question}
"""

Figure 5: Prompts for supervised fine-tuning.

SYSTEM_PROMPT_FOR_CROSS-MODAL_REWARD_MODEL

SYSTEM_PROMPT_FOR_CROSS-MODAL_REWARD_MODEL = """
You are a professional geometry reasoning evaluator. Your task is to evaluate whether a given textual description of
auxiliary lines accurately explains the visual difference between the original diagram and the auxiliary-line diagram.

Score the description on a scale from 0 to 1:
1. 1 indicates a fully accurate and helpful description.
2. 0 indicates a completely irrelevant or misleading description.
3. Intermediate values (e.g., 0.25/ 0.50/ 0.75) reflect partial relevance or minor issues.

Return exactly one line:
<brief justification>. Score: <s>.
"""

USER_PROMPT_FOR_CROSS-MODAL_REWARD_MODEL

USER_PROMPT_FOR_CROSS-MODAL_REWARD_MODEL = """
Image (original diagram): <image I>
Image (auxiliary-line diagram): <image I+>
Auxiliary-line description: {generated_aux_description}
"""

Figure 6: Prompts for cross-modal reward model.

prompt is multimodal, pairing a diagram referenced1135

by the <image> token with the natural language1136

question {question}, which yields explicit rea-1137

soning steps and a final answer.1138

E.2 Prompts for Cross-Modal Reward Model1139

Using the prompt as shown in Figure 6, the cross-1140

modal reward model compares the description of1141

the auxiliary line generated by the policy model1142

against a pair of diagrams, the original image I1143

and its auxiliary-line counterpart I+, and returns1144

a single line justification and a calibrated score in1145

[0, 1] that measures visual–textual agreement. The1146

instruction emphasizes the correctness of auxiliary- 1147

line constructions and adherence to geometric con- 1148

straints. Higher scores indicate stronger alignment. 1149

F Representative Examples 1150

As illustrad in Figure 7 present qualitative ex- 1151

amples from the AuxSolidMath dataset, includ- 1152

ing the question, the final answer, the auxiliary- 1153

line description, the original diagram, and the 1154

auxiliary-line diagram. The examples showcase 1155

diverse strategies for constructing auxiliary lines 1156

and demonstrate that explicit annotations reveal the 1157

key spatial constraints. 1158
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G Case Study1159

G.1 Successful Cases1160

In this section, we present representative cases pro-1161

duced by GeoVLMath-7B (see Figure 8). The ex-1162

amples illustrate how valid auxiliary-line construc-1163

tions capture essential spatial constraints, which1164

in turn lead to correct final answers. Collectively,1165

these results provide concrete evidence of both the1166

effectiveness of our training framework and the1167

model’s capacity to tackle complex geometric rea-1168

soning requiring robust visual understanding and1169

precise symbolic inference.1170

G.2 Failure Cases1171

In this section, we illustrate typical failure cases1172

generated by GeoVLMath-7B (see Figure 9). The1173

observed failures are exemplified by mis-specified1174

coordinate systems and auxiliary-line descriptions1175

that are irrelevant to the diagram, both of which1176

fail to capture essential spatial constraints and may1177

yield incorrect final answers. To mitigate such1178

errors, we will explore diffusion-based drawing1179

modules that render auxiliary lines directly on the1180

original diagram and support iterative correction as1181

part of future work.1182
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Auxiliary-line Description: Connect A₁C₁, which intersects B₁D₁at O₁, then connect OO₁. Take O as the origin, and let 
the lines along OB, OC, and OO₁be the x-axis, y-axis, and z-axis, respectively, then establish the three-dimensional Cartesian 
coordinate system O-xyz.

Final Answer: √6/3 Original Diagram

Question: As shown in the diagram, consider the regular truncated 
quadrilateral pyramid ABCD - A₁B₁C₁D₁.  Given that ∠B₁BA = 
60°，AB = 2A₁B₁ = 4, and E is the midpoint of segment CD,  
determine the sine of the angle between line ED₁and plane ABB₁A₁.

Auxiliary-line Diagram

Auxiliary-line Description: Through point P, construct PO perpendicular to the base ABCD at point O, intersecting the plane 
A₁B₁C₁D₁at point O₁. Through point B₁, construct B₁E perpendicular to the base ABCD at point E.

Final Answer: 4√6/3 Original Diagram

Question: As shown in the diagram, consider the regular truncated quadrilateral 
pyramid ABCD - A₁B₁C₁D₁. The edge lengths of the upper and lower 
bases are 2 and 3, respectively, and the lateral edge length is √2.  By extending 
AA₁, BB₁, CC₁, DD₁, they intersect at point P.  Determine the volume of 
the quadrilateral pyramid P - A₁B₁C₁D₁. 

Auxiliary-line Diagram

Auxiliary-line Description: Let M be the midpoint of AC and N be the midpoint of A₁C₁. Then connect MN, BM, and NB₁. 
Through point B₁, construct B₁H perpendicular to MN, intersecting MN at point H, then connect DH.

Final Answer: √15 / 5 Original Diagram

Question: Given the geometric solid shown in the diagram, the base ABC is an 
equilateral triangle with a side length of 4.  The lateral face AA₁C₁C is a 
square, and the plane AA₁C₁C is perpendicular to the plane ABC.  Point D 
lies on edge CC₁, with CD = (1/4) * CC₁, and BB₁ = 3CD.  Determine the 
sine of the angle between line B1D and plane AA₁C₁C.

Auxiliary-line Diagram

Auxiliary-line Description: Connect AC, which intersects BD at point O, connect CN, which intersects BM at point G, and then 
connect OG. Construct NH parallel to BM, intersecting PC at point H.

Final Answer: 2 Original Diagram

Question: As shown in the diagram, consider the quadrilateral pyramid P - 
ABCD, where the base ABCD is a parallelogram.  Points M and N are located 
on segments PC and PB, respectively.  Given that PM:MC = 3:1 and AN ∥ 
plane BDM, determine the ratio PN:NB.

Auxiliary-line Diagram

Auxiliary-line Description: Draw BO perpendicular to AD intersecting AD at O, and connect OF. Take point O as the origin, and 
let the lines OB, OD, and OF be the x-axis, y-axis, and z-axis, respectively, to establish the three-dimensional Cartesian coordinate 
system O - xyz.

Final Answer: 4√3/13 Original Diagram

Question: As shown in the diagram, in a pentahedron with vertices A, B, C, D, 
E, F, quadrilaterals ABCD and ADEF are both isosceles trapezoids. It is given 
that EF is parallel to AD, BC is parallel to AD, AD = 4, AB = BC = EF = 2, ED 
= √10, FB =  2√3, and M is the midpoint of AD. Find the sine of the dihedral 
angle F-BM-E.

Auxiliary-line Diagram

Figure 7: Representative examples from the AuxSolidMath dataset.
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Solution: \n[AUX]1. Construct auxiliary lines: Take the midpoint E of BC₁, and connect A₁E and D₁E. [/AUX]\n2. 
Determine parallel lines: Since ABC-A₁B₁C₁ is a regular triangular prism, AB ∥ C₁D₁ and AB = C₁D₁. So 
quadrilateral ABC₁D₁ is a parallelogram.\n3. Identify equal lengths: Given the side length of the base is 2 and the lateral edge 
length is √3, triangle C₁DC is equilateral with side length 2.\n4. Calculate the volume: Since ABC–A₁B₁C₁ is a regular 
triangular prism and triangle ABC is equilateral with side length 2, the height of the pyramid from D to the plane A₁C₁B can be 
calculated as √3. The area of the triangular base A₁C₁B is (√3)/4 * (2)² = √3. Therefore, the volume of the pyramid is (1/3) * 
base area * height = (1/3) * √3 * √3 = 1.\n\nFinal Answer: 1.

Question: As shown in the diagram, in the regular triangular prism ABC – A₁B₁C₁, the side length of 
the base is 2, and the lateral edge length is √3. D is the midpoint of AC. Find the volume of the triangular 
pyramid D - A₁C₁B.

 

Solution: \n [AUX]1. Construct auxiliary lines: Take the midpoint H of AB, and connect DH. [/AUX]\n 2. Since ∠BAD = 
60° and AB = AD = 2, triangle ABD is equilateral.\n 3. Since H is the midpoint of AB, AH = 1. By Pythagoras theorem in right 
triangle ADH, DH = √(AD^2 - AH^2) = √(2^2 - 1^2) = √3.\n 4. Since ABCD is a rhombus with AB = BC = CD = DA = 2 and 
∠ADC = 120°, we can calculate DC. Using cosine rule in triangle ADC, DC^2 = AD^2 + AC^2 - 2*AD*AC*cos(120°) = 2^2 
+ (2*2) - 2*2*2*cos(π/3) = 4 + 4 - 4 = 1. So DC = 1.\n 5. Triangle CDE has vertices: C, D, E. E is the midpoint of SB. Since S is 
the apex and SD ⊥ plane ABCD, plane SAB ⊥ plane ABCD. Therefore, DE ⊥ plane ABCD. Since CH lies in plane ABCD, we 
conclude DE ⊥ CH.\n 6. Since AB = BC = CD = DA = 2, and H is the midpoint of AB, AC ⊥ BH. Similarly, since CD ⊥ DA 
(because AD^2 + CD^2 = 2^2 + 1^2 = 5, AC^2 = 2^2 - 1^2 = 3) and DC = 1, we can deduce CH ⊥ CD. Thus CH ⊥ plane 
CDE.\n  7. The area of triangle CDE is:\n   Area(CDE) = (1/2) * DC * DE = (1/2) * 1 * 2 = 1.\n  8. The height of the pyramid C-
DEF is CH. We need to find CH. In triangle CDB, DB = 2√2 (by Pythagoras theorem). So CH = AC sin(60°) = 2 * (√3 / 2) = 
√3.\n  9. The volume of pyramid C-DEF is:\n   Volume(C-DEF) = (1/3) * Area(CDE) * CH = (1/3) * 1 * √3 = √3 / 3.\n\n
Final Answer: √3/3.

Question: As shown in the diagram, in the quadrilateral pyramid S - ABCD, SD is perpendicular to the 
plane ABCD. The base ABCD is a rhombus, with E and F being the midpoints of SB and AD, respectively. 
If ∠BAD = 60°, SD = 4, and AB = 2, find the volume of the triangular pyramid C - DEF.

 

Solution: \n[AUX]1. Establish coordinate system: Take point D as the origin, and let the lines DA, DC, and DD₁ be the x-
axis, y-axis, and z-axis, respectively, to establish the three-dimensional Cartesian coordinate system D-xyz. [/AUX]\n2. 
Determine coordinates of points: Since the edge length of the cube ABCD – A₁B₁C₁D₁ is 2, we have the coordinates of the 
vertices as follows:\n    D = (0, 0, 0)\n    A = (2, 0, 0)\n    C = (0, 2, 0)\n    B = (2, 2, 0)\n    D₁ = (0, 0, 2)\n    A₁ = (2, 0, 2)\n    
C₁ = (0, 2, 2)\n    B₁ = (2, 2, 2)\n3. Find the coordinates of point E: E is the midpoint of BD. The coordinates of B are (2, 2, 0) 
and D are (0, 0, 0). The midpoint E is the average of the coordinates of B and D:\n    E = ((2+0)/2, (2+0)/2, (0+0)/2) = (1, 1, 0).\n4. 
Find the vector BD: We have point B = (2, 2, 0) and point D = (0, 0, 0).\n    Vector BD = D - B = (0 - 2, 0 - 2, 0 - 0) = (-2, -2, 
0).\n5. Find a normal vector to the plane ACD₁: To find the normal vector, we need two vectors in the plane ACD₁.\n    Vector 
AC = C - A = (0 - 2, 2 - 0, 0 - 0) = (-2, 2, 0).\n    Vector AD₁ = D₁ - A = (0 - 2, 0 - 0, 2 - 0) = (-2, 0, 2).\nNormal vector n to the 
plane ACD₁ is the cross product of AC and AD₁:\n    n = AC × AD₁ = (-2, 2, 0) × (-2, 0, 2) = (2*2 - 0*0, 0*(-2) - (-2)*2, (-
2)*0 - 2*(-2)) = (4, 4, 4).\nWe can take a simpler normal vector by dividing by 4, so we can take n = (1, 1, 1).\n6. Calculate the 
sine of the angle between line BD and plane ACD₁: The sine of the angle θ between line BD and plane ACD₁ is given by the 
absolute value of the cosine of the angle between vector BD and normal vector n.\n    sin(θ) = |cos(angle between BD and n)| = 
|(BD · n) / (|BD| * |n|)|.\n    BD · n = (-2, -2, 0) · (1, 1, 1) = (-2)(1) + (-2)(1) + (0)(1) = -2 - 2 + 0 = -4.\n    |BD| = √((-2)² + (-2)² + 0²) 
= √(4 + 4) = √8 = 2√2.\n    |n| = √(1² + 1² + 1²) = √(1 + 1 + 1) = √3.\n    sin(θ) = |-4 / (2√2 * √3)| = |-4 / (2√6)| = |-2/√6| = 2/√6 = 
2√6 / 6 = √6 / 3.\n\nFinal Answer: √6/3.

Question: As shown in the diagram, the edge length of the cube ABCD – A₁B₁C₁D₁ is 2. Find the 
sine of the angle between line BD and plane ACD₁.
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Solution: \n [AUX]1. Construct auxiliary lines: Take the midpoint M of AB, and connect MD and MC.[/AUX]\n2. 
Determine the base area of the triangular pyramid: Since AB ⊥ CD and AB = CD = 3 (diameter), the area of the triangular base 
ABCD is given by:\n   Area = (1/2) * AB * CD = (1/2) * 3 * 3 = 4.5\n\n3. Determine the height of the pyramid: The height of the 
triangular pyramid A-BCD is the perpendicular distance from A to the plane BDC. Given that AB ⊥ plane BDC, the height is AB 
itself, which is given as 4 (slant height).\n\n4. Calculate the volume of the triangular pyramid A-BCD:\n   Volume = (1/3) * Area 
of base * Height = (1/3) * 4.5 * 4 = 6\n\nFinal Answer: 6.

Question: As shown in the diagram, the diameter of the base of the cylinder is 3, and the slant height is 4. 
AB and CD are the diameters of the upper and lower bases of the cylinder, respectively, and AB ⊥ CD. 
Find the volume of the triangular pyramid A-BCD.

 

Solution: \n[AUX]1. Establish coordinate system: Take point D as the origin, and let the lines DA, DC, and DD₁ be the x-
axis, y-axis, and z-axis, respectively, to establish the three-dimensional Cartesian coordinate system D-xyz. [/AUX]\n2. 
Determine coordinates of points: Since ABCD–A₁B₁C₁D₁ is a regular quadrilateral prism with base side length AB = 2 and 
height AA₁ = 4, we have the coordinates of the vertices as follows:\n    D = (0, 0, 0)\n    A = (2, 0, 0)\n    C = (0, 2, 0)\n    B = (2, 
2, 0)\n    D₁ = (0, 0, 4)\n    C₁ = (0, 2, 4)\n    A₁ = (2, 0, 4)\n    M is the midpoint of AA₁, so M = ((2+2)/2, (0+0)/2, (0+4)/2) 
= (2, 0, 2).\n3. Find normal vectors of planes C₁BD and MBD:\n    For plane C₁BD, we need two vectors in the plane: C₁D 
and C₁B.\n    Vector C₁D = D - C₁ = (0, 0, 0) - (0, 2, 4) = (0, -2, -4).\n    Vector C₁B = B - C₁ = (2, 2, 0) - (0, 2, 4) = (2, 0, -
4).\n    The normal vector n₁ of plane C₁BD is the cross product of C₁D and C₁B:\n    n₁ = C₁D × C₁B = (0, -2, -4) × 
(2, 0, -4) = ((-2)(-4) - (-4)(0), (-4)(2) - 0*(-4), 0(0) - (-2)(2)) = (8, -8, 4).\n    We can take a simpler normal vector by dividing by 4, 
so n₁' = (2, -2, 1).\n    For plane MBD, we need two vectors in the plane: MB and MD.\n    Vector MB = B - M = (2, 2, 0) - (2, 0, 
2) = (0, 2, -2).\n    Vector MD = D - M = (0, 0, 0) - (2, 0, 2) = (-2, 0, -2).\n    The normal vector n₂ of plane MBD is the cross 
product of MB and MD:\n    n₂ = MB × MD = (0, 2, -2) × (-2, 0, -2) = (2(-2) - (-2)(0), (-2)(-2) - 0(-2), 0(0) - 2(-2)) = (-4, 4, 
4).\n    We can take a simpler normal vector by dividing by 4, so n₂' = (-1, 1, 1).\n4. Calculate the cosine of the dihedral angle:\n    
The cosine of the dihedral angle θ is the cosine of the angle between the normal vectors n₁' and n₂':\n    cos(θ) = |(n₁' · n₂') / 
(|n₁'| * |n₂'|)|.\n    n₁' · n₂' = (2, -2, 1) · (-1, 1, 1) = 2(-1) + (-2)(1) + 1(1) = -2 - 2 + 1 = -3.\n    |n₁'| = √(2² + (-2)² + 1²) = √(4 + 
4 + 1) = √9 = 3.\n    |n₂'| = √((-1)² + 1² + 1²) = √(1 + 1 + 1) = √3.\n    cos(θ) = |-3 / (3 * √3)| = |-3 / (3√3)| = |-1/√3| = 1/√3 = 
√3/3.\n\nFinal Answer: √3/3.

Question: As shown in the diagram, in the regular quadrilateral prism ABCD−A₁B₁C₁D₁, M is the 
midpoint of AA₁, AB = 2, AA₁ = 4. Find the cosine value of the dihedral angle C₁-BD-M.

Solution: \n[AUX]1. Establish coordinate system: Take point O as the origin, and let the lines OA, OB, and OP be the x-
axis, y-axis, and z-axis, respectively, to establish the three-dimensional Cartesian coordinate system O-xyz. [/AUX]\n2. 
Determine coordinates of points: Since the rhombus ABCD has side length 2 and ∠BAD = 60°, triangle ABD is equilateral, and 
triangle BCD is also equilateral. The diagonals AC and BD are perpendicular bisectors of each other. Given AB = 2, we have AO 
= OC = 1 and BO = OD = √(2^2 - 1^2) = √3. Thus, the coordinates are:\n    O = (0, 0, 0)\n    A = (1, 0, 0)\n    C = (-1, 0, 0)\n    B = 
(0, √3, 0)\n    Since PA = PC and PA = sqrt((1-0)^2 + (0-h)^2 + k^2), PC = sqrt((-1-0)^2 + (0-h)^2 + k^2).\n    Squaring both PA 
and PC and equating them:\n    (1-h)^2 + k^2 = (-1-h)^2 + k^2\n h = 0\n    Substituting h = 0 into PA^2 = (1-0)^2 + (0-0)^2 + k^2 
= 1 + k^2 = 1^2 = 1 + (h^2 =0) = PB^2.\n    So z coordinate of P = OM = sin(60°) = sqrt(3)/2\n    M is the midpoint of PD, M = 
((0+0)/2, (0+0)/2, sqrt(3)/2 + sqrt(3)/2)/2 = (0, 0, sqrt(3)/2)\n    B = (0, sqrt(3), 0)\n    P = (0, 0, sqrt(3))\n    A = (1, 0, 0), B = (0, √3, 
0), C = (-1, 0, 0), D = (0, -√3, 0), P = (0, 0, √3), M = (0, 0, √3/2)\n3. Find normal vectors of plane PAD and plane PBC:\n    For 
plane PAD, we need vectors PA and PD.\n    PA = A - P = (1, 0, -√3)\n    PD = D - P = (0, -√3, -√3)\n    Normal vector n1 of plane 
PAD is the cross product of PA and PD:\n    n1 = PA x PD = (1, 0, -√3) x (0, -√3, -√3) = (-3, √3, -√3)\n    For plane PBC, we need 
vectors PB and PC.\n    PB = B - P = (0, √3, -√3)\n    PC = C - P = (-1, 0, -√3)\n    Normal vector n2 of plane PBC is the cross 
product of PB and PC:\n    n2 = PB x PC = (0, √3, -√3) x (-1, 0, -√3) = (-3, √3, √3)\n4. Calculate the cosine of the dihedral angle:\n    
The cosine of the dihedral angle θ :\n    cos(θ) = |(n1 · n2) / (|n1| * |n2|)|\n    n1 · n2 = (-3)(-3) + (√3)(√3) + (-√3)(√3)= 9\n    |n1| = 
√((-3)^2 + (√3)^2 + (-√3)^2) = √15\n    |n2| = √((-3)^2 + (√3)^2 + (√3)^2) = √15\n    cos(θ) = |9 / (√15 * √15)| = 9 / 15 = 3 / 5\n5. 
Calculate the sine of the dihedral angle:\n    sin^2(θ) = 1 - cos^2(θ) = 16 / 25\n    sin(θ) = √(16 / 25) = 4/5 \nFinal Answer: 4/5.

Question: In the quadrilateral pyramid P-ABCD, the quadrilateral ABCD is a rhombus, with AC and BD 
intersecting at point O. PA = PC, PB = PD, ∠BAD = 60°, AB = 2, and M is the midpoint of segment PD. 
If the angle between line OM and plane ABCD is 60°, find the sine of the dihedral angle between plane 
PAD and plane PBC.

 

Figure 8: Successful cases generated by GeoVLMath-7B.
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Solution: \n [AUX]1. Establish coordinate system: Take point A as the origin, and let the lines AB, AD, and AP be the x-axis, 
y-axis, and z-axis, respectively, to establish the three-dimensional Cartesian coordinate system A-xyz. [/AUX]\n2. Determine 
the coordinates of the vertices: Let the side length of the square ABCD be 2. Since A is the origin, A = (0, 0, 0). As AB is along 
the x-axis and B is to the right of A with length 2, B = (2, 0, 0). As AD is along the y-axis and D is above A with length 2, D = (0, 
2, 0). Since ABCD is a square, C = (2, 2, 0). As PA is a line from A in the z-direction upwards and triangle PAD is an equilateral 
triangle with side length 2, the height from P to the base ABCD must be √(2^2 - 1^2) = √3. So, P = (0, 0, √3).\n3. Find the vector 
PB: We have P = (0, 0, √3) and B = (2, 0, 0). The vector PB = B - P = (2, 0, 0) - (0, 0, √3) = (2, 0, -√3).\n4. Find the normal vector 
of the plane PCD: We need two vectors in the plane PCD, for example, vector PC and vector PD.\nVector PC = C - P = (2, 2, 0) - 
(0, 0, √3) = (2, 2, -√3).\nVector PD = D - P = (0, 2, 0) - (0, 0, √3) = (0, 2, -√3).\nThe normal vector n of the plane PCD is the cross 
product of PC and PD:\nn = PC × PD = (2, 2, -√3) × (0, 2, -√3) = (2*(-√3) - (-√3)*2, (-√3)*0 - 2*(-√3), 2*2 - 2*0) = (-2√3 + 2√3, 
0 + 2√3, 4 - 0) = (0, 2√3, 4).\nTo take a simpler normal vector, we can use n' = (0, √3, 2).\n5. Calculate the sine of the angle 
between line PB and plane PCD: The sine of the angle θ between line PB and plane PCD is given by the absolute value of the 
cosine of the angle between vector PB and normal vector n':\nsin(θ) = |cos(angle between PB and n')| = |(PB · n') / (|PB| * 
|n'|)|.\nPB · n' = (2, 0, -√3) · (0, √3, 2) = 2*0 + 0*√3 + (-√3)*2 = -2√3.\n|PB| = √(2^2 + 0^2 + (-√3)^2) = √(4 + 0 + 3) = √7.\n|n'| = 
√(0^2 + (√3)^2 + 2^2) = √(0 + 3 + 4) = √7.\nsin(θ) = |-2√3 / (√7 * √7)| = |-2√3 / 7| = 2√3 / 7.\n\nFinal Answer: 2√3/7.

Question: As shown in the diagram, in the quadrilateral pyramid P-ABCD, the base ABCD is a square, 
PAD is an equilateral triangle, and PC = AC. Find the sine of the angle between line PB and plane PCD.

Ground Truth: √6/4
Analysis: The A–xyz coordinate system is incorrectly established—AP is not orthogonal to AB or AD, 
violating the pairwise orthogonality required for a three-dimensional Cartesian system. Consequently, 
the coordinates assigned to points and lines are invalid, leading to an incorrect final answer.

Solution: \n[AUX]1. Construct auxiliary lines: Take the midpoint M of AB, and connect OM. [/AUX]\n2. Identify 
perpendicularity: Since O is the center of the circle, OM ⊥ AB. Also, PO ⊥ OM because PO is the height of the cone and O is on 
the base circle. Since AB ∩ PO = O, and AB and PO are in plane PAB, we conclude OM ⊥ plane PAB.\n3. Determine angle: The 
angle between line PC and plane ABC is the angle between line PC and its projection onto plane ABC. Since OM ⊥ plane PAB, the 
projection of point P onto plane ABC lies on line OM. The projection of line PC onto plane ABC is segment AC.\n4. Calculate 
angle: To find the angle between line PC and plane ABC, we need to find the sine of the angle. Given PO = 2 and OA = 1, we have 
AC = √(PA² - AO²) = √(2² - 1²) = √3.\n\nFinal Answer: arcsin(√3 / 3)

Question: As shown in the diagram, the given solid consists of half of a cone and a triangular pyramid. 
The base of the cone is a circle with center O and radius 1, and the height of the cone satisfies PO = 2. 
The triangular pyramid P-ABC has its base ABC as an isosceles right triangle, where AB is the 
hypotenuse and coincides with the diameter of the cone's base circle. The base ABC lies on the same 
plane as the cone's base. Determine the angle between line PC and plane ABC.

Ground Truth: arctan 2 
Analysis: The generated auxiliary-line description leaves the geometric configuration unchanged. 
Consequently, the subsequent reasoning proceeds from a spurious auxiliary premise rather than from 
added geometric constraints, leading to an incorrect final answer.

Figure 9: Failure cases generated by GeoVLMath-7B.
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