NeurIPS 2023 Workshop on Adaptive Experimental Design and Active Learning in the Real World

DISTRIBUTIONALLY ROBUST MODEL-BASED
REINFORCEMENT LEARNING WITH LARGE STATE

Shyam Sundhar Ramesh
Department of Electrical Engineering
University College London

Pier Giuseppe Sessa
Department of Computer Science

ETH Zurich

Yifan Hu
College of Management of Technology
EPFL

Andreas Krause
Department of Computer Science
ETH Zurich

Ilija Bogunovic
Department of Electrical Engineering
University College London

SPACES

SHYAM.RAMESH.22@UCL.AC.UK

SESSAPQETHZ.CH

YIFAN.HUQEPFL.CH

KRAUSEAQETHZ.CH

I.BOGUNOVICQUCL.AC.UK

Abstract

Three major challenges in reinforcement learning are the complex dynamical systems

with large state spaces, the costly data acquisition processes, and the deviation of real-world
dynamics from the training environment deployment. To overcome these issues, we study
distributionally robust Markov decision processes with continuous state spaces under the
widely used Kullback—Leibler, chi-square, and total variation uncertainty sets. We propose a
model-based approach that utilizes Gaussian Processes and the maximum variance reduction
algorithm to efficiently learn multi-output nominal transition dynamics, leveraging access
to a generative model (i.e., simulator). We further demonstrate the statistical sample
complexity of the proposed method for different uncertainty sets. These complexity bounds
are independent of the number of states and extend beyond linear dynamics, ensuring the
effectiveness of our approach in identifying near-optimal distributionally-robust policies.
The proposed method can be further combined with other model-free distributionally robust
reinforcement learning methods to obtain a near-optimal robust policy. Experimental
results demonstrate the robustness of our algorithm to distributional shifts and its superior
performance in terms of the number of samples needed.
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1. Introduction

The use of reinforcement learning (RL) algorithms is gaining momentum in various complex
domains, including robotics, nuclear fusion, and molecular discovery. Data acquisition in such
environments can be a challenging and resource-intensive process. Safety considerations may
also limit the amount of data that can be collected through interactions with the environment.
To address this issue, a commonly adopted approach is to train RL policies using a simulator
(generative model) enabling RL agents to learn from a simulated environment.



Dealing with complex applications that involve large state spaces requires data-efficient
learning, even when a simulator is available. However, achieving optimal policies using
existing approaches often requires a significant amount of training data, making data-efficient
learning an ongoing challenge. Additionally, when deploying a policy to a real-world system,
it is crucial to ensure its performance remains reliable despite mismatches between the
simulator and the real-world system. Such mismatches can arise from approximation errors,
time-varying system parameters, or even due to adversarial influence. The resulting mismatch,
known as the ’sim-to-real gap’, can diminish the performance or impact the reliability of
RL algorithms trained on a simulator model.

In this work, we examine the use of a generative model in distributionally-robust model-
based reinforcement learning. Our aim is to find a distributionally-robust policy that is
near-optimal by actively querying the simulator with a state-action pair selected by the
learning algorithm. To achieve this, we introduce the kernelized Maximum Variance Re-
duction (MVR) algorithm, which identifies a state-action pair with the highest uncertainty
according to the model to learn the nominal model dynamics. The algorithm produces a
nominal dynamics estimate that is utilized within the robust Markov Decision Process (MDP)
framework, where an uncertainty set that includes all models close to the learned one is
considered. We provide a thorough characterization of statistical sample complexity rates
by utilizing the learned model to generate a near-optimal robust policy.

2. Problem Setting

A discounted Markov Decision Process (MDP) is a tuple (S, A, P,r,7), with S denoting the
state space, the action space A, and the probabilistic transition dynamics P : S x A — A(S).
Here, A(S) denotes the set of all probability distributions over S. The reward function
r: S x A — [0,1] characterizes the reward r(s,a) the learner receives upon playing a € A in
s € S, and 7 € [0,1] denotes the discount factor. The learner uses a policy 7 : S — A(A) to
select a € A upon observing the state s € S. We define the cumulative discounted reward as
2o Y7 (s¢, ar) for known initial state sy and sy ~ P(s;—1,a¢—1) for t > 0 and a¢ ~ 7(s;).
The value function V;; and the state-action value function @, are given as follows:

oo oo
Vr(s) = Epyﬂ[Z’ytr(st, at)‘so = s}, Qr(s,a) =7(s,a) + Epr [Z’ytr(st,at)},
t=0 t=1
where a; ~ m(s¢) and s;41 ~ P(st, at). Finally, we define the optimal policy 7* corresponding
to dynamics P which yields the optimal value function, i.e., Vi«(s) = max, Vi (s) for all
s € S. We assume the standard generative (or random) access model, in which the learner
can query transition data arbitrarily from a simulator, i.e., each query to the simulator (s, a;)
outputs a sample s;41 € RY where St+1 ~ P(st,a). In particular, we consider the following
frequently used transition dynamics model:

si41 = f(st,a8) + wy, (1)

where w; € R? represents independent additive transition noise and follows a Gaussian
distribution with zero mean and covariance o%1.

Regularity assumptions: We assume that f is unknown and continuous for tractability
reasons which is a common assumption when dealing with continuous state spaces (e.g.,
(11; 17; 28)). Considering the multi-output definition of f and in line with the previous



work (e.g., (11; 17)), we define the modified state-action space X as X := S x A x [d], where
the last dimension i € {1,2,...,d} incorporates the index of the output state vector, i.e.,
f,) = (f(, 1), .. ,f(-, -,d)) where f: X — R. In particular, we assume that f belongs
to a space of well-behaved functions (RKHS), denoted by #H. Further details regarding
the assumption on f are detailed in the appendix. We refer to the simulator environment
determined by f as the nominal model Py, while the true environment encountered by the
agent in the real world might not be the same (e.g., due to a sim-to-real gap). Consequently,
we utilize the robust MDP framework to tackle this by considering an uncertainty set
comprising of all models close to the nominal one.

Robust Markov Decision Process (RMDP): We consider the robust MDP setting
that addresses the uncertainty in transition dynamics and considers a set of transition
models called the uncertainty set. We use P/ to denote the uncertainty set that satisfies
the (s, a)-rectangularity condition (27) (as defined in Equation (2)), an assumption that is
commonly used in the related literature (e.g., (41; 42; 62)). Similar to MDPs, we specify
RMDP by a tuple (S,.A, P/, r,~) where the uncertainty set P/ consists of all models close
to a nominal model Py in terms of a distance measure D:

Pl ={p € A(S): D(pl|Ps(s,a)) < p}, and P/ = & Pl (2)
(s,a)eSxA

Here, D denotes some distance measure between probability distributions, and p > 0 defines
the radius of the uncertainty set. In the RMDP setting, the goal is to discover a policy that
maximizes the cumulative discounted reward for the worst-case transition model within the
given uncertainty set. Concretely, the robust value function VﬂRf corresponding to a policy 7
and the optimal robust value are given as follows:
o0
R () — inf E [ t ‘ _ } R _ R

Vs (s) Jof Epn tzlfy r(st,ar)|so = s|, Vii ¢(s) max Vig(s) VseS.  (3)
The goal of the learner is to discover a near-optimal robust policy while minimizing the
total number of samples N, i.e., queries to the nominal model (simulator). Concretely, for

a fixed precision € > 0, the goal is to output a policy 7y after collecting N samples, such
that ||Vﬁfjv’f — Vf:’fﬂoo <e.

3. Sampling Algorithm

In this section, we outline our methodology for addressing the problem described in Section 2.

Maximum variance reduction: With certain assumptions on the loss function and
noise distribution, the function estimation in RKHS is analogous to the Bayesian Gaussian
process framework (47). When used with the same kernel function, this allows the construc-
tion of mean and variance estimates of f € H using Gaussian processes (eq. (8) and eq. (9)).
Based on these, one can construct shrinking statistical confidence bounds that hold with
probability at least 1 — 4, i.e., the following holds | f(z) — ftn—1(z)| < Bn(8)on_1(z) for every
n>1and z € X. Here {f; »_, stands for the sequence of parameters that are suitably set
(see Lemma 5) to ensure the validity of the confidence bounds.We use the maximum variance
reduction (MVR) algorithm (Algorithm 1) to learn about the nominal model f. MVR works
on the principle of reducing the maximum uncertainty measured by the posterior standard
deviation of a GP model calculated by using previously collected data. At each iteration,
MVR queries a state-action pair that has the highest uncertainty according to the model and



Algorithm 1 Maximum Variance Reduction (MVR) for learning model dynamics

: Require: Simulator f, kernel k, domain S x A

: Set po(s,a) =0, op(s,a) =1 for all (s,a) e S x A
:fori=1,...,ndo

(si,a:) = argmax(, g)esx A loi-1(s, a)]|2
Observe s;11 = f(si,a;) + w;

(i.e., sample s;11 from nominal Pf(s;,a;))
Update to p; and o; by using (s;, a;, Si+1)
according to eq. (8) and eq. (9)

7: end for

8: return The dynamics estimate f,(-,) = pn(-, )

2

uses the obtained observation to update the GP posterior. The algorithm outputs nominal
dynamics estimate f, corresponding to the final GP posterior mean pu,. We defer further
details of the Gaussian Process framework to the appendix.

4. Sample Complexity

This section discusses the statistical sample complexity of the proposed MVR algorithm
in distributionally robust MDPs rather than designing algorithms to find 7 as done in
(42; 21; 36). One can easily incorporate the MVR algorithm with the model-free algorithms
from these previous works to find an optimal 7 using fN allowing us to bypass the more
costly simulator f. Given the optimal robust policies 7y and 7* corresponding to the
learned nominal dynamics f ~ by the MVR algorithm with N iterations and the true nominal
dynamics f, respectively, we show the number of samples needed by the MVR algorithm to
ensure that the following holds:

VE (s) = V& ;(s)| <eVs€ES. (4)

™

Theorem 1 (Sample Complexity of MVR under KL uncertainty set) Consider a robust
MDP with nominal transition dynamics f satisfying the reqularity assumptions from Section 2
and with uncertainty set defined as in Fquation (2) w.r.t. KL divergence. For ™ denoting
the robust optimal policy w.r.t. nominal transition dynamics f and 7ty denoting the robust
optimal policy w.r.t. learned nominal transition dynamics fN via MV R (Algorithm 1), and
5 €(0,1), e € (0, ﬁ), it holds that maxs |Vﬁ1fv,f(5) — Vﬁ’f(s)\ < € with probability at least
1—26 for any N such that
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Theorem 1 shows the number of samples required from the nominal transition dynamics f
(simulator) to construct a robust optimal policy reliably with high probability. The complex-
ity bounds depend on the maximum information gain I'y4 (Equation (18) a kernel-dependent
quantity that is frequently used in GP optimization), which is sublinear in N for many
commonly used kernels ((52)). Furthermore, in our analysis, we use the confidence bounds
from (54) with % (6) (see Lemma 6) which only exhibits a logarithmic dependence on N.
An additional d factor that denotes the dimension of the state space S in the obtained bound



comes from utilizing the multi-output (of dimension d) GP framework to model the transition
dynamics, which also appears in the regret bounds of similar works (11; 17; 18). Finally, the
term ay € (0, M) is a problem-dependent parameter that is independent of N, which
similarly appears in the guarantees of (41).

We can compare our guarantees with the existing sample-complexity results in model-based
distributionally robust RL which, however, only consider finite state-action spaces (41; 62; 59).
In particular, when considering KL uncertainty sets, (41) obtain sample complexity of order

ay+2
O(e% %) up to logarithmic factors. Notably, the latter complexity bound
explicitly depends on the cardinality of the state and action spaces |S| and |.A|, thus scaling
badly when S and A are large or continuous. Instead, the guarantee of Theorem 1 depends
on the state-action space only through I'yg which remains bounded even when these are
continuous. This allows us to successfully extend the distributionally robust framework to
continuous state spaces. Other terms in the bound of Theorem 1 such as v (the discount
factor), p (radius of the uncertainty set) have similar dependencies. Crucially, the dependence
on the precision parameter € remains the same when compared to the guarantees provided
for finite state-action setting. We relegate the proof of Theorem 1 and statistical sample
complexities for x? distance and TV distance uncertainty sets to the Appendix.

5. Experiments

The aim of our experiments is to show the effectiveness of the proposed distributionally-robust
model-based approach. In particular, our goal is to evaluate the robustness of our policies
against different perturbations of the environment’s parameters, and compare them with
existing non-robust methods. Moreover, we compare our approach with model-free methods
(robust and non-robust) which typically require a significantly larger number of interactions
with the nominal environment. We consider the OpenAl’s gym (8) environments of swing-up
Pendulum, Cartpole, and Reacher and test our approach against various perturbations.

Module 1: Learning the model. To learn the nominal environment, we utilize a
setup similar to that of (38), but use the proposed Max Variance Reduction (MVR) method
(Algorithm 1) instead. Similar to (38), we use a Gaussian process (GP) prior to model the
transition dynamics f(s,a) (alternate models such as Neural Ensembles or Bayesian neural
networks can be used to model the transition dynamics as done in, e.g., (17; 18)). As in
continuous control problems the subsequent states are fairly close, we use our multi-output
GP to model the difference f(s;, at) — Si41.

Module 2: Computing a robust policy. Given a learned model fn, we compute the
associated robust policy 7, using the Robust Fitted Q-Iteration (RFQI) algorithm from
(42) . RFQI computes a robust policy from offline data by alternated maximization of a
dual-variable function and a Q-function. We generate such offline data by using a e-greedy
non-robust policy (using Soft Actor-Critic (25) or Model Predictive Control (9; 13)) which
we train on the learned model fn from Module 1 and let interact with it for 10°/10° steps.
Note that this is crucially different from the vanilla RFQI (42) where the true nominal
environment was used both for training such policy and for generating offline data. Indeed,
this would require a significantly larger number of environment interactions.

We provide further implementation details regarding training, baselines, evaluation and
hyperparameters in Appendix F and discuss the results below. In Figure 1 we plot the average
performance (over 20 episodes) of the different baselines subject to different perturbation types
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Figure 1: Average performance (over 20 episodes) on the considered environments, as a
function of different perturbations: length perturbation for Pendulum, force magnitude
perturbation for Cartpole, and perturbed joint stiffness for Reacher.

MVR+RFQI (ours) MVR+FQI SAC MPC RFQI  FQI ((23))

Pendulum 60 60 10% - 106 +10* 109 4+ 10%
Cartpole 150 150 - 2250 /step  10° - 2250  10° - 2250
Reacher 2000 2000 106 - 10+ 105 106 + 106

Table 1: Number of interactions with the nominal environment to obtain the results of
Figure 1. For MPC, a total of 2250 interactions are required at each step for planning
multiple rollouts and selecting the best action. Both RFQI and FQI utilize 10°/10° offline
data generated by SAC or MPC.

and magnitudes for each environment. Results for other perturbations are relegated to Ap-
pendix F. In Table 1 we report the total number of interactions with the nominal environment
required to compute the evaluated policies. We remark that MVR+RFQI and MVR+FQI
interact with the environment only to learn a good Gaussian Process model via the MVR
approach. Instead, the other model-free methods utilize the nominal environment throughout
the whole training and, in case of RFQI and FQI, even to generate offline data. Notably, the
policy computed by MVR+RFQI displays comparable performance to its model-free counter-
part RFQI which, as shown in Table 1, requires a significantly larger number of environment
interactions. This illustrates the sample-efficiency of the MVR, approach in acquiring infor-
mative data and yielding good model estimates. Moreover, as the perturbation magnitude
increases, MVR+RFQI generally achieves higher performance compared to MVR+FQI
and the other non-robust methods, demonstrating the robustness of the computed policies.

6. Conclusions

We investigated distributionally robust reinforcement learning in the context of continuous
state spaces and non-linear transition dynamics. Specifically, we proposed a model-based
approach within the generative model setting, utilizing maximum variance reduction to
learn nominal transition dynamics effectively. Our results include novel statistical sample
complexity guarantees for commonly used uncertainty sets, required for identifying near-
optimal distributionally robust policies in large state spaces. Through experiments conducted
in popular RL-testing environments, we demonstrated the sample efficiency and robustness
of our algorithm in the presence of distributional shifts. An important avenue for future
research is the extension of our algorithm to the online and offline reinforcement learning
settings.
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Appendix A. Related Work

Reinforcement learning with a generative model is introduced in (30) wherein one assumes
access to a simulator that outputs the next state given any state-action pair. (29) elucidate
various uses for this generative setting and analyze it in further detail. For the finite
MDP case, such a generative setting has been subsequently studied in various works such
as (29; 24; 33) and, recently, by (2) who provide minimax optimality guarantees for the
naive plug-in estimator based algorithm. For large state spaces, generative RL is typically
combined with function approximation as studied, e.g., by (1; 51; 32; 34). Recently, (38)
consider generative RL in continuous state-action spaces from an experimental perspective
and showcase the relevance of this setting to the nuclear fusion dynamics research. In
addition, (34) present an active exploration strategy that utilizes the least-squares value
iteration. Their approach aims to identify a near-optimal policy across the entire state space,
providing polynomial sample complexity guarantees that remain unaffected by the number
of states. In contrast to these works, we use generative RL to discover distributionally robust
policies through the modeling of unknown transition dynamics.

In model-based reinforcement learning, the model learned from a simulator encounters
two issues well discussed in the literature, namely, the model-bias (19; 14) and the simulation
to reality (sim2real) gap (4; 43; 36; 12; 48; 57). To address this from the perspective of
distributional robustness, previous works (62; 41; 59) have considered distributional robust-
ness aspects in the context of finite Markov decision processes (MDPs) using the robust
MDP framework from (27; 40). Various other works utilize this robust MDP framework such
as (58; 56; 60; 37; 5; 44) for the planning problem, and provide asymptotic guarantees for tabu-
lar and linear function approximators (35; 53; 49; 55). Our work is closely related to the recent
works on distributionally robust RL (62; 41; 59). However, unlike ours, the sample complexity
bounds established in these works rely on the number of states and actions, making them im-
practical for large or infinite state spaces. In the model-free setting, distributionally robust RL
with large state space (though, still assumed to be finite) was considered by (42) in a function
approximation setup. They assume access to offline data from the nominal transition dynam-
ics and provide computational sample complexity bounds in terms of the size of the hypothesis
space that is used to represent the set of state-action value functions (Q-function). Other works
such as (46; 20; 36; 61) consider robustness aspects in deep reinforcement learning, but these
approaches lack theoretical guarantees. To the best of our knowledge, our work is the first one
to address the distributionally robust RL problem in the generative model setting with a model-
based approach and large state spaces. Moreover, we are the first to consider general non-linear
transition dynamics and derive provable sample complexity guarantees for such a setting.

Similar to previous works, we utilize the kernelized MDP framework from (11) to model
transition dynamics with continuous states and actions by assuming that the transition func-
tion belongs to an associated Reproducing Kernel Hilbert Space (RKHS). Such continuous
MDP formulations also appear in (17; 18), however, these works consider finite horizon MDPs
while in our work we consider infinite horizon discounted MDPs. In particular, (18) propose
an adversarially robust upper-confidence algorithm to optimize performance in the worst case.
However, their algorithm provides robustness guarantees against adversarial perturbations
to the transition dynamics. Our work differs from this perspective as we consider robustness
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w.r.t. distributional shifts of the transition dynamics. Finally, in the related kernelized bandit
setting, model-based distributionally robust algorithms are proposed in (31; 7; 39).

Appendix B. Theoretical Guarantees of Maximum Variance Reduction
(MVR)

In this section, we detail the assumptions on f and formally introduce the Gaussian process
model. We describe the confidence bound results from (54) and adapt them to the case of
multi-output GP models. Finally, we provide sample complexity guarantees for the MVR
algorithm.

We recall the introduced notation X = S x A and remark that we use both (s;,a;) and
x; interchangeably in this section.

B.1 Regularity Assumptions

We assume that f is unknown and continuous for tractability reasons which is a common
assumption when dealing with continuous state spaces (e.g., (11; 17; 28)). Further on, we
assume that f resides in the Reproducing Kernel Hilbert Space (RKHS). Considering the
multi-output definition of f and in line with the previous work (e.g., (11; 17)), we define the
modified state-action space X (over which the RKHS is defined) as X := S x A x [d], where the
last dimension i € {1,2,...,d} incorporates the index of the output state vector, i.e., f(-,:) =
(f(, 1), ... ,f(-, -,d)) where f: X — R. In particular, we assume that f belongs to a space
of well-behaved functions, denoted by H, induced by some continuous, positive definite kernel
function k : X x X — R and equipped with an inner product (-, ). All functions belonging
to an RKHS H satisfy the reproducing property defined w.r.t. the inner product (-, ) :
(f,k(z,)) = f(z) for f € H. We also make the following common assumptions: (i) the kernel
function k is bounded k(z,2) < 1 for all x,2" € X and X is a compact set (X C RP), and (ii)
every function f € H has a bounded RKHS norm (induced by the inner product) ||f|x < B.

B.2 Gaussian Process Model

Gaussian process (GP) is a non-parametric model that is often used to express uncertainty over
functions on any set (e.g., RKHS). They allow to tractably construct posterior distribution
over functions in the set to estimate the unknown non-linear function f : X — R given data
containing samples from function f. It follows the Bayesian methodology of calculating
posterior given the prior and assumes that the function values at any finite subset of the
domain X follow the multivariate Gaussian distribution. One specifies a GP by a prior mean
function and a covariance function usually defined using a kernel k(z,2') where z, 2/ € X.
Assuming that the samples of f : X — R are noisy measurements of the underlying true
function f with i.i.d. Gaussian noise N (0, ), the posterior mean and covariance function of
the posterior distribution can be explicitly calculated. In essence, for {z1,...,zx} € X and

Yn = f(xn) + wp, the posterior mean, covariance and variance are given by:

pin(z) = kn () (K + In)‘)_lym (6)
kp(z,2") = k(z,2") — kn(2)(Kn + I,A) kL (2),
02(z) = kn(z, z). (7)
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Here K, denotes the covariance matrix whose entries are [Ky];; = k(x;, ;) with z;,2; €
{z1, - ,zn} and k,(x) = [k(x,21), ..., k(x, zN)] denotes the covariance vector whose entries
are the covariance between = and z; for all z; € {z1,...,2nx}. The n x n identity matrix
is denoted as I,,.

We consider multi-output GPs to model the unknown function f that outputs states
in RY. Similar to Equation (6) and Equation (7), we get analogous expressions for the
multi-output case in Equation (8) and Equation (9).

Multi-output Gaussian process: Under the assumptions of Section 2, modeling
uncertainty and learning the transition model f can be performed via the Gaussian process
framework. A Gaussian process GP(ju(-), k(-,-)) over the input domain X, is a collection of
random variables (f(x)) scx Whose every finite subset ( f(z:)),,n € N, follows multivariate
Gaussian distribution with mean E[f(x;)] = p(z;) and covariance E[(f(z;) — p(2:))(f(x;) —
w(z4))] = k(xs, ;) for every 1 <4,j < n. Standard algorithms implicitly use a zero-mean
GP(0,k(-,-)) as the prior distribution over f, i.e, f ~ GP(0,k(-,-)), and assume that the
noise variables are drawn independently across ¢ from A (0, A) with A > 0. Considering the
multi-output definition of f(-,-) = (f(-,,1),..., f(-,-,d)),we build d copies of the dataset
such that Dy, ; = {(ss, @i, 1), si+1,};—; each with n transitions from a particular state-action
pair (s,a) to component [ of next state. For z; = (s;,a;) and y;; = s;41,, the posterior mean,
covariance and variance for f(z,[) are given by:

pind (2, 1) =kna(2, 1) (Kpd + IndA) ™ Yna, (8)
kna((2,1), (', 1)) =k((2,1), (2, 1))—
nd(-r l)( nd+IndA) lkz;d(x,al/)a
na(,1) =kna((2,1), (,1)). (9)
Here K4 denotes the covariance matrix of dimensions ndxnd whose entries are k((z;, 1), (z;,1'))
with 1 < 4,5 <nand 1 <ULl <d ky(z,1) = [k((z,1), (') 1<i<n1<r<a denotes the

covariance vector and ynq = [yi1]1<i<n,1<i<d denotes the output vector.
Correspondingly, the posterior mean and variance for f would be

MTL(S’G) = (Mnd(37av 1)"" hund(saavd))’ (10)
on(s,a) = (opa(s,a,1), -, ona(s,a,d)). (11)

B.3 Non-adaptive Multi-output Confidence Bounds

Our Algorithm 1 uses the maximum variance reduction rule to learn about the transition
dynamics. As seen in our analysis (see Theorem 10), we are interested in constructing
confidence intervals for f only at the end of n iterations (i.e., after taking n samples), and
hence, we do not require anytime confidence bounds (e.g., as in (52)). Moreover, in our
algorithm, the current decision (s;, a;) does not depend on the previous noise realizations.
By focusing on the single-output case first, the following confidence lemma from (54), can be
used to construct confidence intervals with 5(0) independent of n which holds w.h.p. for a
fixed ¢ € X

Lemma 2 Given n noisy observations of f : X — R with || f||x < B where noise {wi, - ,wn}
is independent of inputs {x1,---xn}, for B(6) = B+ $+/210g(2/6), and pn, on as defined in
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Equation (6) and Equation (7), the following holds for a fized x € X with probability at least
1-96,

[f(2) = pn(2)| < B(0)om ().

To extend this result over the entire input set z € &', the authors in (54) use a discretization
assumption which ensures that there exists a discretization D,, such that f(z)— f([z],) < ﬁ,
where [z], = argming cp |7 — 2/[|2 and [D,| < OB n¥? for C being independent of n and
B (RKHS norm bound). Consequently, they obtain the following lemma providing uniform
confidence bounds:

Lemma 3 ((54, Theorem-3)) Given n noisy observations of f : X — R, X C R satisfying

Hf”k < B where noise {w1,- - ,wy} is independent of inputs {x1, - x,} C X and when
there exists discretization Dy, of X with |D,| < CBnY?, for (5) = B + $v/2log(2/6) and

Bn(6) = 2B + B(3C(B+\/ﬁ,8(625/3n))dnd/2)’ Un, Opn as defined in Equation (6) and Equation (7),

the following holds for all x € D,, with probability at least 1 — §,

|F (@) = pn(@)] < Bu(8)on(2).

To extend this result to multiple dimensions as required in our work, we take the same
discretization assumption as in (54). But considering the multi-output definition of f, we
define the modified state-action space X. This is in line with (11), which also has a similar
multi-output setting. We define the modified state-action space as X := S x Ax {1,2,--- ,d}
where the last dimension ¢ € {1,2,---,d} incorporates the index of the output vector,
in the sense that f(-,-) = (f(-,-, 1), NG -,d)) where f: X — R. We then detail the

discretization assumption as in (54) w.r.t. f (see also Section 2 for more details).

Assumption 4 For everyn € N and f € Hp(S x AXI) there exists a discretization Dy, (S x
A) of SxA such that f(s,a,i)—f([s,a]n,i) < ﬁ, where [s, al, = argmin y oep, (sx.a) (8, @)=
(s',a")||2, i € Z, and |Dn(S x A)| < CBPnP/2 (D, (S x A x I)| < CBPnP/?d) for C being
independent of n and B, and S x A C RP.

Assumption 4 allows us to provide bounds for ||f(s,a) — un(s,a)||2 for all (s,a) € S using
Lemma 3. Note that Assumption 4 does not discretize the modified state-action space
(X =8 x Ax {1,2,--- ,d}) but instead discretizes S x A for each i € Z. Hence, |D, (S x
A x T)| < CBPnP/2d, and B,,(8) will change accordingly. We describe the following lemma
detailing the same.

Lemma 5 Under Assumption 4 with 3,(0) as in Lemma 5 and training a Gaussian pro-
cess model on observations up to iteration n ({s1, -+ ,sn}) and their corresponding inputs
({(s0,a0), -, (Sn—1,an—1)}), it holds with probability at least 1 — ¢,

1f(s,a) = pn(s, )2 < Bu(8)Vdlon([s, al)|2 + j%,

uniformly for all (s,a) € S x A and [s,al,, = argmin gy o)ep, (sx.4) 1(s,a) = (s',a")||2.
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Proof For any (s,a) € S X A,

1f(s,a) = pn(s, a)ll2

i=1

d
= \ Z S,a,1) — fin(s,a,1))? (12)

d
= \ Z ’f(svaa Z) - f([saa]mi) + f([s a]na ) Nn([saa]ny ) +,un([5 a]m ) ,Un(s a Z)‘Q

=1
d
<3 (1F(sv0.) = F(lsvabae )] + 1715 alos) = pia([5,alo )] + (5, alos ) = pra(s. 0.7
=1
(13)
< (S0 ahort) = il | + 22 (14)
- Z:1 ) mn»y n bl mny \/ﬁ

d 2
< Ba®) [ S (on(ls. almi)) | + 2% (15)
(Z ) v

d
< Ba(OWVAy| S (on([s,aln,i))? + 2% (16)
2 7

< OV allon(s.alll + ()

In Equation (13), Equation (16) we use [[z[]2 < |[|lz|[1 < Vd||z|2. And Equation (14) and
Equation (15) follow from Assumption 4 (since f,pu, € Hp(S x A x Z)) and Lemma 3,
respectively.

B.4 Sample Complexity Guarantees

Our objective is to obtain a uniform upper bound on the model precision ||py (s, a) — f(s, a)l|2
for all state-action pairs (s,a) while accounting for the errors induced by discretization. Here,
tn (-, ) is obtained from Algorithm 1. We achieve this by using Lemma 5 to obtain a bound
in terms of maximum information gain (Equation (18)).

To characterize the precision of the learned model, we use the maximum information
gain (52)

[,(X)= max 0.5logdet(l, + \"1K,), (18)
xl,...,xneX

a kernel-dependent quantity that is frequently used in GP optimization. For many commonly
used kernels, I';, is sublinear in n, which implies that the predictive uncertainties are shrinking
sufficiently fast, and thus fn is capable of generalizing well across the entire domain. This
is formalized in the following lemma.
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Lemma 6 For (3,(9) set as in Lemma 3 and Iy denoting {1,2,---,d}, the MVR algorithm
(Algorithm 1) outputs the dynamics estimate fn(-,-) = pn(+,-) such that the following holds
uniformly for all (s,a) € § x A with probability at least 1 — ¢,

lpn(s,a) — f(s,a)ll2 < O(/Bn \F2€d

\/Fnd SXAXId)>

The preceding lemma asserts that we can effectively estimate the unknown dynamics by
utilizing the pure exploration procedure and that the error in the model reduces as we increase
the number of samples. In the subsequent section, we leverage this finding to establish the
minimum number of samples needed to obtain a distributionally robust policy that is close
to optimal.

Proof From Lemma 5, it holds that with probability at least 1 — § uniformly for all
(s,a) € S x A:

2d

(s, @) = f(s, )2 < Ba(8)Vd|lon([s, alu) 2 + W
2d

< 5?1(‘5)@(3;?33}2 lon(s. )l + =7
< Bn(é)ﬁ||0n(5n, an)HQ + \Q/dﬁ

n(0)
< j‘; 4 Bl W&; o7 (5, @)l

< 3% + 7 ”,fé)ﬂ; lorg (s a5 2 19)

(6 n 2d
<%m j;uaj(sj,aﬂu%

f
6n(5)2ed 2d
\/ﬁ

\/ﬁ \/Fnd(S x A x Zd) + — (20)
- (’)(W\/);ed VTna(S x A x zd)). (21)

Here, Equation (19) follows from the decision rule in line-4 of Algorithm 1 and Equation (20)
is obtained using standard bound for the sum of variances in the case of multi-output GPs
from (18, Lemma-7) and (11, Lemma-11). [ |

Appendix C. Proof Outline

We begin by defining the robust Bellman operator (27) in terms of the robust state-action
value function in 7 as follows:

= f(s,a) =r(s,a)+ inf By |[VE(s)]. 22
Q) =rloa)r nf By [VE(S) (22
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Step (i): The first step is to bound the approximation error of policy 7, (i.e., the left-
hand side of Equation (4)) by the sum of two error terms: |V7A5V 7(s) — VﬁR ; (s)| and
’ N>JN

[VR  (s) — VWP; s|- Utilizing the robust Bellman Equation (22), bounding such errors boils

ANy N
down to bounding differences of the form:

max inf Ey., |V - inf By, VR (s’ ’ 23
s T KL(pl| Py (s,7n () <o ”{ s ( )} KL(pl [P}, (7 (5))) <p p{ vt )} (23)

where Pf(s,a) denotes the Gaussian transition distribution with mean f(s, a) and covariance
o’I.

Step (ii): The major challenge of bounding Equation (23) lies in the inner infinite-
dimensional minimization problems over distributions. To overcome this, we can reformulate
such problems into single-dimensional ones using duality (26; 62; 41) according to the
following lemma.

Lemma 7 (Variant of (26)) For random variable X and function V' satisfying that V(X)
has a finite Moment Generating function, it holds for all p > 0:

—V(X)

inf Ex~p[V(X)] = sup{—alog(Ex~p,[e "= |) —ap}. 24
pra B BxplV 0] = sup{-alogExn =)~ ap) (o)

Let H(V,P) := supazo{—alog(EXNp[67V§X)]) — ap}. Thus, applying Lemma 7, we

rewrite Equation (23) as the difference of two single-dimensional convex optimization problems
with expectations over Py and PfN’ respectively:

max [H(VE 1. Py(s,an(s)) = HOVE 1, Py (s, 7n(5))

S

< max max

H(V, Py(s,0)) = H(V. P, (5,0))

V(-)ey s,a

< E =) g vl 25
max max max C ~ e « ~

T V(e sa acoal ‘ s Pf(sm[ |- Ey Piy (sa>[ I (25)

where ¢, a, @ > 0 are constants, }V denotes the value functional space, and the last inequality
holds due to certain structural properties of the single-dimensional optimization problem
in the RHS of Equation (24).

Step (iii): Finally, we bound Equation (25) using the difference between the estimated
model fN and the true f, which is characterized by Lemma 6, in Appendix D. Moreover,
to address the outer maximum over all value functions, states, and actions, we incorporate
a covering number argument.

Other uncertainty sets: We further obtain the statistical sample complexities for y?
distance and TV distance uncertainty sets. We note that the analysis follows similar steps
as the ones of Theorem 1. The major difference lies in incorporating and handling the dual
forms of x?/TV uncertainty sets in our analysis which differ from the one of Lemma 7. For y?
uncertainty set, we utilize the dual formulation that appears in (22), while for TV uncertainty
sets we follow the approach of (59). As before, we can upper bound Lemma 23 via covering
number arguments and the distance between the nominal transition dynamics f and the
learned transition dynamics fN by using Theorem 6. Below, we outline the statistical sample
complexity in the case of x? and TV uncertainty sets in Theorems 8 and 9, respectively.
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Proposition 8 (Sample Complezity of MVR under x* uncertainty set) Under the setup
of Theorem 1 with uncertainty set defined w.r.t. x* distance, it holds that max, |V£V f(s) —

Vﬁvf(s)\ < € with probability at least 1 — § for any N such that

14+2p  \49'83(0)d*T
NZO((M—l) (1N— 7)864Nd)' (26)

Proposition 9 (Sample Complexity of MVR under TV uncertainty set)
Under the setup of Theorem 1 with uncertainty set defined w.r.t. TV distance, it holds
that max ’Vﬁljv 7(s) = VE 7(8)| < € with probability at least 1 — 6 for any N such that

9 2 2032 ) dQF

p (L—7)%e
We relegate the proofs of Theorems 8 and 9 to Appendices E.1 and E.2. In comparison to the
exponential dependence on ﬁ for KL uncertainty set in Theorem 1, we note that for both

x2/TV uncertainty sets, we obtain polynomial dependence on ﬁ In the context of the TV
uncertainty set, the dependency on € in Theorem 9 remains consistent with the finite state
case ((41)). However, in the x? case, the bound presented in Theorem 8 exhibits a worse
dependence on e compared to the result derived in (41). This difference arises because we
refrain from utilizing the same dual reformulation lemmas from (27), as they are applicable
exclusively to finite state-action settings. Improving these rates is an interesting direction
for future work.
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Appendix D. Sample Complexity Bounds for KL. Uncertainty Sets

Theorem 10 (Sample Complexity of MV R under KL uncertainty set) Consider a robust
MDP with nominal transition dynamics f satisfying the reqularity assumptions from Section 2
and with uncertainty set defined as in Fquation (2) w.r.t. KL divergence. For ™ denoting
the robust optimal policy w.r.t. nominal transition dynamics f and Tt denoting the robust
optimal policy w.r.t. learned nominal transition dynamics fN via MVR (Algorithm 1), and
5 €(0,1), e € (0, ﬁ), it holds that maxs |V£V’f(s) — Vﬁ’f(S)‘ < € with probability at least
1—26 for any N such that

A2 2
N — O( E=or M) (28)
7)4p%e
Proof Step (i): As detailed in the proof outline of Section 4, in order to bound Vﬁfi’f(s) —
V7TR7 f( s)|, we begin by adding and subtracting VR ( ) which is the robust value function

w.r.t. the nominal transition dynamics fn and its corresponding optimal policy 7,,. Then, we

split the difference into two terms as follows:
Va5 (8) = Vit p($) = [Vas 1(5) = V¥ 5 ()| +IV,E 5 () = Vit 4(s)] - (29)

@) (i)

In order to not disturb the flow of the proof we bound (i) and (ii) separately Lemma 11
and Lemma 12 respectively. From Lemma 11, we obtain that

(i) < max [VE 1(s) = VE . (5)
< - max‘ inf Egop {Vf (s ')} - inf Egrp {Vf (s')} ‘
L=7v s TKL®IPs(s,n(s))<p " KL(pl|P;, (s:7n(s)))<p v
(30)
And from Lemma 12, we obtain that
(11) < max V:fhfn( s) — Vﬂpi,f(s)‘
’Y ’ . R (. . R /. ’
< —— max inf Egrp|Vex £(87)] — inf Egep|Ves +(8)]]-
L=y s TKL@IIP;, (s 7n(5))<p p[ u )} KL(p|| Py (5.7n(5))) <p p{ s )}
(31)

Note that both these terms in Equations (30) and (31) are of the form mentioned in the
Step (i) of Section 4.

Step (ii): Next, corresponding to Step (ii) of the proof outline in Section 4, we use
Lemma 7 to bound Equations (30) and (31). Denote M := ﬁ > max;, V.R(s) for convenience.
Using Equation (30) and Lemma 14 (internally using Lemma 7), conditioned on the event of
Lemma 14 holding true, it holds that

(i) < max [VE (s) - VR (s)‘
1
< 7max‘ inf Eg VWR s — inf Eg VTrR s’ ‘
L= 5 T KL Py (o))< p[ ot )} T KLGIP; (557510 p[ ot )}
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—-vR () —vR ()
Moo E T —E —u 32
< Hslillx 2’776* ag[lj)&} s'~Pj (s,a)[ @ ] - s'~Pj(s,a) [e InE (32)
= p
M ~V(sh —V(s')
< MQ a / o | — / (¢ ‘ .
< VI??EXV H;%X 2 e ag[lga’}% s'~P; (s,a) [e ] - E, ~Pj(s,a) [e ] ) (33)
We can bound (ii) similarly.
(i) < maX‘V 5 () - vﬂf;f(s)( (34)

2 M V() V()
< max max |2y~ -ee max ESINan(S7a)[e o | = Egopsale @ ]‘ . (35)

V()ev sa aela, 1]

Step (iii): Next, we want to utilize the learning error bound (Equation (21)) that bounds
the difference between the means of true nominal transition dynamics Py and learned nominal
transition dynamics P i, to bound Equations (33) and (35).

—Vv(s) —Vv(s)

We begin by bounding the difference ESINPJE sa)le e |- Eg P (s,a) [e

]|, by the
difference in means of P; and an in Lemma 15. Since Equation (33) has a max over all
value functions, we introduce a covering number argument in Lemma 17 to reform it to a
max over the functions in the (—covering set. We then use Lemma 15 to obtain bounds in
terms of maximum information gain I'y4 (Equation (18)) and ¢. Further details regarding

the covering number argument are deferred to Lemma 17. Then, we apply the result of
Lemma 17 with ¢ =1 (defined in Lemma 17) on Equation (33). Then, it holds that

: R M2 L Bn(0)v/2ed?T'ng
(/L) S m?X Vfl’n,f( Wnyfn ‘ - (2 ki €7kt O‘\/ﬁ ? (36)

where ay; is a problem-dependent constant denoting the minimum value of a defined in
Lemma 14. A similar constant also appears in the sample complexity bounds provided in
(41; 62). Note that f,, which appears in Lemma 2, has a logarithmic dependence on n.
Similarly, from Equation (35) and Lemmas 15,17, we obtain

\/2ed?T

VR s) — VR s)’ = O(Q’yM "‘kle"‘kl 17 Bn(0) v/ 2ed nd) (37)
7Tn7fn P O'f

Note that we want to bound V%J(s) - V:i’f(s) = (i) + (i7) over all s € S. Using

maxs Vfrfi,f(s) = Vﬁj(s)’ < maxg sthfn(s) = Vﬁj(s)) + max, VﬁP;,fn(S) - VWP;,f(s)‘ and

substituting M by 1/(1 — ), we obtain from Equation (36) and Equation (37)

= T=y)ag Tklﬁn( Jdy/2eT'na
Vﬁp:“f(s) —VﬂPi,f(s)‘ = (9(76( ) e 1= paf)

Finally, to ensure that max; ’VﬁP}z, (s) — VR 4(8)] < e, it suffices to have

Bn(é)d\/Qand) _
(L =7)?pov/n

(77) < max

S

max
S

1 1
Vins(5) = VR;,f(S)‘ = 0(76“‘”)“'61 €kl

max
s T
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By inverting the previously obtained result, we arrive at

2122 2
. O<67(1_3>% oo M)
(1 —7)tp%e?

Lemma 11 (Simplification using robust Bellman equation) Denote (i) := Vﬁﬁf(s) -
VﬁR J (s)| for VR o being the robust value function of policy T, w.r.t. true nominal transition

dynamics f and VR . being the robust value function of policy 7, w.r.t. learned nominal
transition dynamzcs f Then the following holds,

(i) =

VA p(5) = VE L (s)

Tns 7Tn7fn
< max [V 1 (s) = VE . (s)]

S ’ Tn, fn

Y ’ . R / . R / ‘
< —— max inf Egrp|Va - inf Egp|Vz .
T 1=v s ID@P(sAn(s)<p p[ ss )} D(pl|P;, (s:7n(s)))<p p[ s 8 )]

(38)

Proof Since both the quantities are w.r.t. the same policy, using the definition of the robust
Q-function and the robust Bellman equation (see Equation (22)), we obtain:

(i) = [V&: 4(s) = V2t & ()] (39)
= |QF, £(5:7n(5)) = QF ; (5,7n(s))|

= [r(s,7n(s)) = 7(s,7n(s))

+ inf Eg Vf N =~ inf Ey,|VE !
D(pl|P¢(s,n(s)))<p p[ w8 )} D(pl|P;, (s,7n(s)))<p p[ ””’f"( )h
= |y inf By |[VE ()] — 7 inf Eg,|VE . (& 40
| D(pl| Py (s,7n(s)))<p p[ (8 )} D(pl| Py, (s,7n(s)))<p p[ ”"’f”( )}‘ 40)
Adding and subtracting inf Eg VﬁR s')| to Equation (40), we obtain
D(pl| P}, (5,7 (s)))<p p[ s )} )
the following two terms:
¥ inf Eyop | VE (5] — 5 inf By | VE ()],
(i) = | D(pl|Ps(s,7n(s)))<p p[ w8 )] D(pl| Py, (s,7n(s)))<p p[ w8 )}’

)=l b B [VR ()] =

Eg, | VR . (s)]].
D(p||P;, (s,7n(s)))<p P[ ( )}’

inf
D(p||P;, (s,7n(5)))<p Fnsfn

Now, we use Lemma 13 to bound (i). We have:

ip) = inf o~ V,rR N = inf Ey,| VR . (&
)= 1 e, B8, B o[ VE £ (5] L o[ VE 5 )]l
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Lemmal3

< ~ymax Vﬁp:“f(s) — VR (s) (Lemmal3). (41)

Tnsfn

Plugging Equation (41) into Equation (39) and using the fact that (i) = (i4) + (ip), we
have

(1) = V& 4(s) = V2 & (s)] (42)

ﬂ'n,fn
< (ia) +ymax [VE 1(5) = VR . (s)]
= |y inf Eg [VwPi ! ] — inf Ey [Vﬂl.j”l s’ }
| Dl|Py(sin(s))<p L™ () D|IP;, (sn())<p L™ Sell
(43)
+ v max V;f“f(s) - VﬁR F (S)‘
Taking maximum over states in Equation (42) and Equation (43) we have
max | VR (s) - V;}hfn(s)‘
< max inf Eg~ [VWR ! } - inf Eg~ [VWR s’ ”
s Dl [Py(s,in(s))<p L™ (&) Dl|P;, (s.m(s))<p L™ (<)

VE f(5) = VR ;)]

+ymax oo

Moving v maxg
that

VAP:“f(s) —- VR ; (s )’ to the LHS and dividing (1 — ) on both sides, it holds

7'( Tn,Jn

(1) < max

VE (s) - vﬁfj“fn(s)‘
inf Egop|VE (5] — VR (]|
L—y s )D<p||Pf<sfrn<s>>>Sp p{ o )} it (8 )H

(44)

inf Eg .
D(pl[P;,, (s,7n(s)))<p p[

Lemma 12 (Simplification using robust Bellman equation) Denote (ii) := VﬁR ; (s) —
Vﬁj(s)’ for Vﬁi,fn

transition dynamics fn and VW}E ¥ being the robust value function of policy ™ w.r.t. true
nominal transition dynamics f. Then the following holds,

being the robust value function of policy 7, w.r.t. learned nominal

‘Vn:fn ) VTFIEJ‘(S)‘

VI (5) = ViE 4(9)

Tn,fn ™

inf Eg V* ! inf Eg V !
11—y s ‘DWlen(s,frn(s)))s/o ) p[ g )} D(pl| Py (s.7n(s))<p ”[ s )”
(45)

< max
S

< Lmax
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Proof We first note that QE*’f(s, n(s)) < QE*’f(s, 7*(s)) as 7* is the robust optimal policy
for the nominal transition dynamics f (see Equation (3)). As a result, we have

(it) = [V,* ; (5) = Var 4(5)] (46)
=[QF ; (s,7n(s )) (8,7 (s))]

7. Q-
<IQE 4 (5:7n(s)) — Q- (5, 7n(5))]
(s 7rn(s)) (smn(s))
inf Eyop|VE ; (5)| - inf By |Va¥ £ (s")] -
DIy, (sn () <0 o[V ) " DlIP (s ()0 o[V )]
:|fy inf 5~p|:VR

/ : R !
-7 inf Egp| Vi ¢(s 47
D(pHPf»n (5,7n(s)))<p Trn’fn( ] D(p||Pys (s,7n(s)))<p p[ ’f( )] | ( )

Adding and subtracting ~ inf Eg [Vﬁ ] to Equation (47), we obtain the
Do, ez Ve ()

following two terms:

iiq) = inf Egp|VE - ()| - inf Egop|VE ()],
(iia) |7D(p\|an(s,ﬁ,L(s)))gp p[ fn( )] ’YD(pHPJ;n(S,an(S)))gp ”[ A )h

ip) = inf Eg~ VT& s)| — inf Eg~ Vﬁ s
(i) WD(pHan(Sffn(S)))SP p{ ’f( >} 7D(}OI\Pf(é’:an(S)))Sp p{ ’f( )}’

Now, we use Lemma 13 to bound (ii,) . We have:

1lg) = ¥ inf ES/N VAR . (s — y inf ES/N Vﬂ% s
= DpllPy, (s:7n())<p p{ ol )} D(pI|Pp, (5,7n () <p p{ o ﬂ'
< |V o) = V3 0] ()

Plugging Equation (48) into Equation (46) and using the fact that (ii) = (ii,) + (i4p), we
have

) ‘ m* f( ) fo:“fn(‘s)‘ (49)
< (i1p) + max V,rpij(s) — Ver ; (5)‘
=Y lnf ES/N Vﬂ.}i 5/ -y lIl Es’w Vﬂ% S/
| DIy, (s.n(s))<e p[ st )} D(p| Py (s.7n ()))<p ”[ S )}‘

(50)

VE () = VE ; (s)].

+ymax s o

Taking maximum over states in Equation (49) and Equation (50) and following similar steps
as in Equation (44), we have

(i1) < max [VE 1(s) = VE . (s)]

7Tn7fn
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< max)y inf Eg VTB s —~ inf Egn Ver s’ ‘
s D(p||Pf(S,frn(8)))§P p|: " ( )i| D(p||PJ;n(s,fr,L(S)))§p p|: " ( ):|
+7m§xx Vﬂ%,f(s) - Vﬁli fn(s)‘
< —— max inf Eyp|VE ()] — inf Egop|VE (s ’
L= s ID@IIP;, (s,7n(s))<p p[ ’f( )} D(p||Ps(s,7n(s)))<p p[ ’f( )]
(51)
|

Lemma 13 (from (41, Lemma 1)) Let Vi and Vo be two value functions from S —
[0,1/(1 —7)]. Let D be any distance measure between probability distributions (e.g., KL-
divergence, x*— divergence, or variation distance defined in Equation (2)). The following
inequality (1-Lipschitz w.r.t. V') holds true

inf Eyp|Vi(s)| — inf Egnp | Va(s ‘ < max|Va(s') — Vi(s)).
D(pl|Pj(s,a))<p p{ 1 )} D(pl|Pj(s,a))<p p[ 2( )} s’ Va(s) 1(s)]

Proof We want to bound

‘ D<P"£ﬁgva>)SpEs'”z’ [Vl(sl)} - D(pHPi;g,a))SpES/Np [VQ(S,)} ‘

Notice that

inf Egp|Vi(s)| — inf Ey | Va(s
D(p||Pf(s,0)<p p[ i )} D(pl|Pr(s.a))<p p[ 2( ﬂ

= inf su Egp|VA(8)| — Egpy | Vo(s
D(p\\Pf(&a))SpD(p'|Pf(E,a))§p p{ 1 )] p{ 2( )}

2 D(p\\;ﬁg,a))SPESINP [VI(S,)} ~ B [V2(S,)}

= inf Egp|Vi(s') — Va(s ],
D(pIPr(s.0)<p o [Vi) = 2]

where the inequality follows from the property of supremum. By the definition of inf, for

any € > 0, there exists some distribution ¢ s.t. D(q|Pf(5, a)) < p satisfying

E/N AN / _ < : f ]ES/N AN / .
o[ Vi() = Vals )] = Dplpsanze p[vl(s) Vals )}

Then, we have

inf Eyp,|Va(s)| —
D(pl|P5(s,0))<p p{ 2( )]

< — inf Eg | Vi(s') = Va(s
= D@IIP;(sa)<e o [i) =12l

inf Ey | Vi(s
D(pl|P5(s,0))<p ”[ i )}

< By Vi(s) — Va(s)] + ¢
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< IEs’~q ‘/2(5/) - ‘/1(5/)] t+e
< max [Va(s') — Vi(s')] +e. (52)

Let € — 0, we obtain one side of the desired bound.

One can similarly bound infD(ppr_(s,a))Sp Egp [Vl (s’)} — infD(ppr(s’a))Sp Egp [Vg(s’)]
by just interchanging V; and Vs everywhere. Combining this argument with Equation (52),
we obtain

inf Egp|Vi(s)] — inf Egp| Va(s < max|Va(s) — Vi(s)].
D(lIP;(s:a)<p o[ D(plIPs(s,0))<p o[ Vel )H g |Va(s) = Vals)l

Lemma 14 (Simplification using Lemma 7 reformulation) For any value function V(-) :
S — [0,1/(1 —~)], define the event E as follows:

max inf Eg [V s’ ] — inf Eg~ [V s’ } <
s |KL@IIP;, (sn()<p " (<) KL||Pr(s.in(s)<p " (s
M % —Vv(s) _ 7va(s’)
II;%XQ € a@@fﬁﬂ Eslwpfms,a) [e ) ES/NPf(&a)[e I|-

Then, for any n > {max;, N'(p, Pf(s,a)),maxsé?w]\f”(p, P¢(s,a))} where N'(p, Pf(s,a)) =
2 2 2.0 32 2 o

0(7@}(5}?2;“) and N"(p, Py(s,a)) = O(2Ce = flRetlos) wigh @ — M py — 1

defined in Equation (68), T defined in Equation (71), and a = o* /2 defined in Equation (57),

the event E holds true with probability at least 1 —§.

Proof (A similar proof as in (62, Lemma-4)). First note that,

<

s

Banp V)] = Egp| V()]

inf inf
KL(pl|P;, (sn(s)))<p (@l Pr(s,7n(s)))<p

inf Eyop [V(s’)} -

f ES/N \%4 S, .
KL(p||P;, (5,0))<p p[ ( )}

in (53)
KL(p||Ps(s,a))<p

max
s,a

Recall (26, Theorem-1) for distributionally robust optimization with a random variable X
and a random function H. One can rewrite an infinite-dimensional optimization problem as
a scalar optimization problem:

. H(X)
sup Ex~p[H(X)] = inf {alog(Exp,[e o |) + ap}. (54)
P:KL(p||Po)<p az0
For now, we focus on boundin inf Egop | V(8] — inf Egop| V(s
&KL (sa))<p ”[ ( )] KL(p|| Py (s.))<p ”[ () ]

for one particular (s,a). For brevity, we write Py(s,a) and an (s,a) as Py and P; | respec-
tively. By Equation (54), we have
V(s

‘ N = - / _T —
pocpilp <, B~ PV (8)] = max{—alog(Eyp e ]) — ap}, (55)
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inf Eyp[V(s")] = max{—alog(Eyp, [eiva(s )]) —ap}. (56)
P:KL(pHan)Sp a>0 fn

For the finite state-action space setting, (62, Lemma-4) characterizes the property of the
optimal a*. Following a similar proof strategy, we denote

—V(s")

o = arg max{—alog(Eyp, e o |) —ap}, (57)
a>0
and
—V(s'
&) = arg max{—alog(Eerpf [e : )]) — ap}. (58)
a>0 "
7V(s’) 7V(s/)

To ensure that maxa>o{—alog(Eg~p,[e o |)—ap}—maxa>o{—a log(ES/prn [eT = ])—
ap} is small enough, we need to show that o* and & are close enough. For this, one considers
two different cases, o* = 0 and o* > 0.

Case-1: In Case-1, we investigate the conditions for &;, = 0 given that a* = 0. According
to (26, Proposition-2), for o* = 0 to occur, the random variable Y := V(s') where s’ ~
N (f(s,a),c%I) must satisfy three conditions namely, (i) Y must be bounded, (ii) Y must
have finite mass at its essential infimum, and (iii) the finite mass at essential infimum should
be greater than e~?. So we want to verify whether these conditions hold true for ¥j, := V(s')
where ' ~ N'(fu(s,a),02]) when Y satisfies these conditions.

We restate definition of the essential infimum for a real-valued random variable Y, denoted
as ESI(Y).

ESI(Y) =sup{t e R: P{Y <t} = 0}. (59)

We first show that ¥ = V(s') where s’ ~ N(f(s,a),0%I) and Y, = V(s') where s ~
N (fn(s,a),0?I) have the same essential infimum. By the definition of ESI(Y), for any € > 0,
it holds that

P{ESI(Y) <Y < ESI(Y) + ¢} >0, P{Y <ESI(Y)} = 0. (60)
It implies for Y = V(s) and s’ ~ N'(f(s,a),0?I) that

Py n(fsa)oznis € RTESI(Y) <Y =V (s') <ESI(Y) + ¢} > 0, (61)
Py n(fsa)oznis ERT Y =V(s) <BESI(Y)} = 0. (62)

It further implies that, the set {s' € R? : ESI(Y) < V(s') < ESI(Y) + ¢} must have a
Lebesgue measure greater than 0 and {s’ € R? : V(s’) < ESI(Y)} must have a Lebesgue
measure equal to 0 since s’ ~ N'(f(s,a),o?I) is a continuous distribution.

Due to this fact that the set {s’ € R? : ESI(Y) < V(s') < ESI(Y) + ¢} has a Lebesgue
measure greater than zero and noting that N (fu(s,a),o2I) is also a continuous distribu-
tion with the same support as of N'(f(s,a),c%I) (i.e., the probability density function
of NV( fn(s, a),0%I) is positive whenever probability density function of N'(f(s,a),c?I) is
positive), it holds that

P {s e R:ESI(Y) <Y, = V(s') < ESI(Y) + ¢} > 0. (63)

s~ N (fu(s,a),021)
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A similar argument follows for
Py n(iasayornls € R Yn = V(s') <ESI(Y)} =0. (64)
In essence, Equations (63) and (64) imply,
P{ESI(Y) <Y, < ESI(Y) + ¢} =0, P{Y, < ESI(Y)} > 0.

Hence, from the definition of ESI(-) in Equations (59) and (60), we have ESI(Y)) = ESI(Y},).
As a result, for a* = 0 to occur and for Y = V(s')(s’ ~ N(f(s,a),c?I)) to have finite
mass at the essential infimum (condition-(ii)), i.e, P{Y = ESI(Y)} > 0, it requires that

Pyn(f(sayoznis € R Y =V(s') = ESI(Y)} > 0.

This will further require that the set {s’ € R?: Y = V(s') = ESI(Y)} must have a Lebesgue
measure greater than 0. Following a similar argument as to have obtained Equation (63)
(the probability density function of N'(f(s,a),o2I) is positive whenever probability density
function of N'(f(s,a),o?I) is positive), the set {s' € RY : Y = V(s') = ESI(Y)} having
Lebesgue measure greater than 0, will imply

PS’NN(fn(s,a),o2I){5/ € Rd : }A/n = V(sl) = ESI(Y)} > 0’ (65)
and )
P{Y, =ESI(Y)} >0 (66)

Since ESI(Y) = ESI(Y,,), Equations (65) and (66) imply
P{Y, = ESI(Y,)} > 0, (67)

Hence, if P{Y = ESI(Y)} > 0 holds true, it also holds that P{Y, = ESI(Y,)} > 0. This
implies that whenever Y has a finite mass at its essential infimum, Y;, also has finite mass at
its essential infimum (condition-(ii) satisfied).

But, recall that according to (26, Proposition-2) for a* = 0 to occur, the finite mass
which Y has at its essential infimum should also be greater than e~ (condition-(iii)). Hence,
one has to check if Y satisfies

Py N (fsayoznis ERT:Y =V(s)) =ESI(Y)} > e 7, (68)
what is the condition that Y, satisfies
PN (asayoen (s € R Yo = V(s') = ESI(Y,)} > e,
so that &;, = 0 whenever a* = 0. Denote r 1= Py n((s,0),02015" € RE:Y = V() =
ESI(Y)}, fin =Py (oo ozn 18T € RE: Yo = V(') = ESI(Y,)}, and Spin = {s' € R? :

V(s') = ESI(Y) = ESI(Y))}. If K > e? and Kk —k,, < 5= then it will hold that x, > e~

_lIs"=f(s,0)||2
2

_ls" = Fn(s,a))?
o — e o2

)dx

1
o= | [ et
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</ 1 e_ns’—f(;a)u2 e ns’—f"zés,a)\@ i
" SSpin /(2m02)d
< 1 o~ HSI—J;(;G)HZ e I\s’—fzés,a)HQ i
~ Jra \/(2m02)d
< ||f(s,a) — fn(s,a)HQ (Lemmalb)
< C)<ﬁ%(5>\/2€d2rnd>
< NG ,
We need O(ﬁn(é)\f/i& dQFnd> < nf2e_p7 which in turn requires n = O(%) =
o

N'(p, P¢(s,a)). Hence, for n > maxs, N'(p, Pf(s,a)) with probability at least 1 — 4, it holds
that

Kp > € P,
for all (s,a) € S x A whenever k > e~ ?, implying o = 0 whenever a* = 0.

Case-2: Consider the case of a* > 0. The idea is to bound both o* and &, by a set [a,d]

—v(s) —V(s)
and bound maxazo{(—ozlog(IEs/pr(sv,r(s))[e o |)—ap) — (—alog(ES/pr(M,(S» ) —
ap)} for o taking values within set [a, @]. We first provide a upper bound for a* as % where

e

M = ﬁ denoting the maximum value of V(s').

LM . —Vv(s)
max{—alog(Ey~p le™ ")) —ap} 2 lim[—alog(Byple™]) — ]

=ESI(V(s')|¢~p;) (Lemmal6)
> 0. (69)

Since max; V' (s) < M, we have

—Vv(s)

-M
—alog(Egp,fe” o ]) —ap < —alog(e™a ) —ap=M — ap.
It implies for a > % that

—V(s)

—alog(Egy~p;fe” o ]) —ap <O. (70)

By Equation (69), since maxq>o{—alog(Ey~p,[e - )])—ap} > 0, argmax,>o{—alog(Eyp;[e - )])—

ap} cannot be greater than % due to Equation (70) holding for all o > %. Hence, we have

o < LA similar argument holds for &}, and it holds that &;, < 1.
Denote a := o* /2, & := %, and
—v(s') —v(s') —V(sh)

T = min{glog(ESINRf[e a tap,alog(Egp[e” = ])+ap}—a*1og (]Es/,vpf[e o })—a*p.
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We first show that,

—Vv(s)

Eg~op, [6 o M —V(s) —V(s)
log( e V(s )| < €E|ES’NPJEH [e™="] - Ey~p; e ]| (71)
]ES,NPf [e” o
—V(s) —Vv(s") —V(s) —V(s)

Consider 2 cases: ES/pr le7a | > Egop e« Jand Egopfe” o | > Es/pr [eTa

—V(s) —V(s')
Case-1: Eyp, [e o ] > Evop e o )

—V(s") —V(s)
| ES/Nan [e o ] 1 ES/Nan [6 a
’ Og( V() )’ - Og( V() )
s'~ Py [e « ] s'~Py [e « ]
—V(s") —V(s)
ES/Nan [6 o ] - Es’NPf [6 o ]
= log(1 + : T )
Egple” o]
—v(s") —V(s")
ES/Nan [6 o ] — Es/pr [6 o ]
- V()
ESINPf [6 a ]
M —V(s') —V(s)
<ea (ES/Nan [6 o ] — Eslwpf [e o
—V(s") —V(s"

Case-2: Eyp, e o | <Egnple o |

—V(s') —V(s")
Evnp, o] Eypyle™o
| log( )| = log( )
ESerf e« ] Esp [6_ o ]
—v(s') —V(s")
]ES/pr[e o ]—ES/prn[e o
:log(1+ V(s/) )
Egop, [e7 o
fn
—Vv(s) —v(s)
ES/NPJ,.[B e ]—ESIprn[e a

EslNan [6 o ]

V(s -v(sh
) By, ).
n

M
<ea (Egnple

Hence, Equation (71) holds. Then, for a € [a, @], we have

—V(s') —V(s)
((@log(Esnp, [e7 = ]) +ap) = (alog(Egwp e 1) + ap)] (72)
—V(s" —V(sh
ES/pr [6 a ] —ES/pr [6 o ]
= aflog(1 + ——1 )

_V(sh)
Es’wPf [6 a ]

@ M —v(s) —v(s)
S aea ’ES’NPJ@” [em o ]| —Egople ]|
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(%) y A
< ae%”f(s,a) — fn(s,a)|] (Lemmalb)

(12) O(Oze o B (0 )\/@) (from Equation (21)). (73)

Here (i) holds from Equation (71), (ii) from Lemma 15 and (iii) from Equation (21).
We further show that &} € [a,@]. The first step in achieving that is to restrict n >

2M

N"(p, P¢(s,a)) = (’)<4M26 = ?ET(;?QM%W). It implies that if (’)(ae%ﬁn(é)\/ M) <71/2
and for n > max, . N”(p, P¢(s,a)) from Equation (73) with probability at least 1 — ¢, for all
(s,a) € S x A, we have

—V(s') —V(s')
mnax [(alog(Bynpy [e7o]) + ap) — (alog(Bynple™ o)) +ap)| <7/2. (74)
It further implies that
—Vv(s)
max {(—alog(Ey.p, [e7o]) —ap)}
a€la,al fn

(@) . —v(s) .

> —« log(ES/prn [e " ]) —ap

() . V(s .

> o' og(Eymry e "5 ) — a'p - 7/2

(id) —V(s") o —-V(s") _

> max{—alog(Eg.p,[e = |) —ap, —alog(Ey.p,fe” = |) —ap}+171/2

) —v(s) B v,

> max{—alog(Ey~p, [e = ]) —ap, —alog(Ey~p, [ = ]) —ap}. (75)

where (i) follows from the fact that o* € [a, @], (ii) follows from Equation (74), (iii) follows

from the definition of 7 in Equation (71) and (iv) again follows from Equation (74).

Thus &;, € [a, @] follows from Equation (75) and concavity of —alog(Ey~p,[e - )}) —ap

—Vv(s)
w.r.t. a. Note that a* also belongs in this set. We bound maxa>o{—alog(Egp,[e™ o ]) —

V(s
ap} — maxazo{—alog(Es/pr [e e 1) — ap} only between « € [a, @] instead of all a > 0.

As a result, it holds that

—v(s) -v(sh
max {—alog(Ey~p;e” o ]) —ap} — max {—alog(Ey~p, [e7="]) —ap}|  (76)
a€la,a] a€la,a] In
V(s —V(s)
< max ({—alog(Ey~p;le™ o ]) —apt — {—alog(Byp, [e7o]) —ap}|.
a€la,a]
V(') V()
Es’wPf [6 o ]—ES/pr[e o }
= max_o|log(1l+ n e )|
a€la,a] ES,NPf[e*T]
—v(s) —v(s)
< max 2aea\ESNp e o | =Egnp e o ]|.
a€a,@] fn
M —V(s" —v(s')
<27tee max |Es~p e o ] =Egnpe” o ]|,

a€la,a)
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where the first inequality follows from Equation (71) and second inequality follows from the
bounds of a. Taking a maximum over all (s, a) gets the desired result.
|

Lemma 15 (Bound by difference between estimated model fn and true f) For any value
function V(s') : § = [0,1/(1 —v)] and any o > 0, it holds that

—V(s)

[Eonp; sale ]~ Evnpysale

S <o s @) — fals ),
where P; (s,a) = N (fuls,a),0%T) and Pf(s,a) = N(f(s,a),0I).

Proof
—v(s) —v(s") 1 V(s _llz—f(s,a))? 2= fn(sa)\l
Egop., sa)le o | —Egop.sa)le o || = —e (e 202 —e 27
fn( ,a) f( ) ) Rd /(27T02)d
1 —v(s) | _llz=f(s,a)|2 _lle—fn(s,0)?
—_— (& 202 — € 202
Rd 4/ (2m02)d
1 ==t a)|? _lle—fn(s.a)]?
_ 202 —e 202
R4 (271'02)d

(i)
< 2-TV(P~ (s,a), Ps(s,a))

2 2\/KL ¢ (s,a),P(s,a))/2

< 2/15(60) = fuls.)2/40°
< |/ (s.a) - fn<s,a>||/a,

where (i) follows from the definition of Total Variation (TV) distance between any two
multivariate Gaussians, (ii) uses the Pinsker’s inequality, (iii) uses the formula for KL-
divergence between multivariate Gaussian distributions.

|

Lemma 16 (Proposition-2 in (26)) For any function V(-) : S — [0,1/(1 —7)] and random
variable Y =V (s') for s’ ~ Py(s,a), we have

—V(s)

iigb[—alog(Eslef(s’a) [6 a ]) — ap] = ]—__QSI(Y')7 (77)

where ESI(Y) = sup{t € R: P{Y <t} =0} (essential infimum).

Proof Consider the case when M > ESI(Y). Let kyy = P(V(s') < M) = |,

S
lIs"~f(s.a)]12
M)e™ <+ . It holds that

~ alog (Eswpf(sm e D
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< —alog (E, ~Pf(s,a (S/) < M)GT])
< —alog </£MeTM]>
=M — alog(kn). (78)

Thus for any M > ESI(Y'), we have

—v(s)

g{%[{_alog(Es’wPf(s,a)[e * ]) - Oép] <M.

—Vv(s)

Combining with the fact that lima—o[{—alog(Ey p;sale™ = ]) —ap] > ESI(Y), we get
the desired result. |

Lemma 17 ((—cover construction) For V denoting the set of value functions from S —
[0,1/(1 —~)], @ = M/p, « as defined in Lemma 14 we have with probability at least 1 — 4,

-v(sh —-v(sh

(s,a)[e o ]_ES/NPJ[(&G)[@ - ”
2

< 02X o oot DOV 2y,
’ a

Proof Let Ny (¢) be the (— cover of the set V. By definition, there exists V' € Ny,(¢) such
that [|[V/ = V| < ( for every V € V.

M
max max 2ae e max |Eygp,
Vey sa a€la,al fn

—V(s")/a —V(s")/a
|Es’~an(s,a)[e =/ ]_Es’NPf(s,a)[e =/ ”
< 1 _V(sf)( _ns/—f<2s,a>||2 _Hs’—fnésmn?
-~ e o e o — e o
Rd /( 27TO'2 d
—V(s ) s = f(s.)? _lIs"=Fn(s.0)|?
e e
R4 271'0
V(v VI s —f(s.a)))? s’ = fn(s.a)]1?
76 @ (& [e3 e o2 — e o2
R 4/ (2m02)d
(@) ¢ _v (s) s’ f(s.a)]? _lIs"=Fn(s.0)]?
< ekl |6 o2 —e 2
R4 27TU
< / v(s)| _ns’—f<2s,a>||2 _Hs’—fngsmn?' (79)
max max max €akl e a — e a .
VieNy(C) s:a aclap,a] Rd 1/ ( 271'0'2

Here (i) is obtained using the fact that ||V’ — V|| < ¢ and «y; is the minimum value of « as
defined in Lemma 14. Using Equation (79), we bound uniformly over all V' € )V, we have
M V(s -v(sh

o B
max max 2ce aelmjf]lEMp sale” e [ —Egopsafe” o |
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oM ¢ 1 V(") s’ =f(s.0))2 _ "= fn(s,0)|?
< max max max 2@e*kl ekl ————e o |e o2 —e o2 |
V'eENV(C) s a€lon,al R ¢/ (2m02)d
M ¢ 1 _ls'=f(s,a))? _ls' = fn(s,0)]2
< max max max 2ae°kl ekl —e o2 —e o2 ‘ (80)
VIENV(C) 50 a€low,a] R +/(27c?)d
i | M < R
< max4daoc eckien | f(s,a) — fn(s,a)l
s,a

N L G Ve

ekl e ¥kl

p ov/n

Here (i) follows from Lemma 15 and by the fact that none of the remaining terms inside max

depend on V' or a. And (ii) follows from @ = % and Equation (21).

—~
=

Appendix E. Other Uncertainty Sets

E.1 x? Uncertainty Set

The f-divergence ((3; 16)) between probability measures P and Py defined over X for a

convex function f:R — Ry = Ry U {oo} satisfying f(1) =0 and f(¢) = oo for any ¢ < 0 is

defined as follows:
dP

Ds(Plr) = [ £(55 )am (81)
Specifically (22) considers the Cressie-Read family of f-divergences ((15), see Appendix E.1)
which includes x? divergence (k = 2), etc. This family of f-divergences can be parametrized
by k € (—00,00)\{0, 1} with fi(t) := % Using this, we state the reformulation result
from (22, Lemma-1).

Lemma 18 For k € (1,00), k« = k/k —1, any p > 0 and c(p) = (1 + k(k — 1)p)% and
X ~ Py where Py is any probability distribution over X with H : X — R, we have

sup  Ep[H(X)] = inf {e(p) B [(H(X) = m)5:])5 + 7). (s2)
P:Dy, (P||Po)<p ne

Theorem 19 (Sample Complexity under x? uncertainty set) Consider a robust MDP (see
Section 2) with nominal transition dynamics f and uncertainty set defined as in Equation (2)
w.r.t. X2 divergence. For m* denoting the robust optimal policy w.r.t. nominal transition
dynamics f and 7y denoting the robust optimal policy w.r.t. learned nominal transition
dynamics fn via Algorithm 1, and § € (0,1), € € (0, ﬁ),it holds that maxs |V7%7f(s) -
Vﬁj(SN < e with probability at least 1 — 0 for any N > N,2, where

Ny =

(9(( 1+2p )474571(5)26127%) (83)

Vi+2zp—1) A7)
Proof Step (i): As detailed in the proof outline of Section 4, in order to bound Vﬁlj“ 7(s) —
Vﬁ7 (), we begin by adding and subtracting V:‘ ; (s) which is the robust value function

n
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w.r.t. the nominal transition dynamics fn and its corresponding optimal policy 7,,. Then, we
split the difference into two terms as follows:

Vit 1(8) = Vi 4(s) = Vi p(s) = VE + (5) + VI 5 (5) = Vi f(s). (84)

(@) (i)

In order to not disturb the flow of the proof we bound (i) and (ii) separately Lemma 11 and
Lemma 12 respectively. From Lemma 11, we obtain that

(i) < max [VE 1(s) = VE . (5)
v : R ./ . R ./ ‘
< —— max inf Egmp| Vi ¢(s)| — inf Egnp|Va ¢(5)]]-
L=y s D@@llPr(s,n(s))<p p[ ws )} X2(pl| Py, (s,7n(s)))<p p[ ws )}
(85)
And from Lemma 12, we obtain that
(17) < max wai,fn( s) — Vr*f( )’
’Y : R (. . R (. ‘
< —— max inf Egap |V £(s)| — inf Egp |Vt #(8)]]
=7 s Ix2lPy, (s,n(s)<p p[ S )} X2 (pl| Py (5,70 (s)))<p p{ S )}
(86)

Note that both these terms in Equations (85) and (86) are of the form mentioned in the
Step (i) of Section 4.

Step (ii): Next, corresponding to Step (ii) of the proof outline in Section 4, we
use Lemma 18 to bound Equations (85) and (86). Denote M := ﬁ > max, V.R(s) and
ca(p) == /T+ 2p for convenience. Using Equation (85) and Lemma 20 (internally using
Lemma 18), it holds that

(i) < max |V ;(5) = VR ; (5)
1
Simax‘*y inf Eg Vf‘ N - inf Eg VﬂR ! ‘
L=y s x2(pl| Py (s,7tn(s)))<p p[ s (8 )} K M<p p{ s (8 )}

X2 (0l Py, (s:in (s

< max | =
7 €l0, Z57)
(87)
W1+2p ‘ / 2 ! 21|2
< WP Ep, (e [(—V () +0)2] —Ep. (sal(—V
Vg}ﬁg\jgﬁX( T { Pr(sa) (V) + 3] = Ep, (s.0)[(=V(s) +n)3]
n€lo, Tea(p)— 1l
(88)
We can bound (ii) similarly.
(i) < max lei,fn( s) — VW%J(S) (89)

35

sup {‘EPf(s,a)[(_Vf&,f(sl) + 77)3—] - Ean(s,a)[(_Vf}:i,f(S/> + 77)3—] ’




sup {’Epf(s,a) [(=V(s") +m)3] = Ep, (sl(=V(s) + )]

()M
€l. &)

< max max

V()eV sa 1-

(vm

(90)

Step (iii): Next, we want to utilize the learning error bound (Equation (21)) that bounds
the difference between the means of true nominal transition dynamics Py and learned nominal
transition dynamics an to bound Equations (88) and (90).

We begin by bounding the difference ‘Epf(s’a) [(=V(s") + 77)3_] — Epfn(sja) [(=V(s")+ 77)3_] ,
by the difference in means of Py and an in Lemma 23. Since Equation (88) has a max over
all value functions, we introduce a covering number argument in Lemma 21 to reform it to a
max over the functions in the (—covering set. We then use Lemma 23 to obtain bounds in
terms of maximum information gain Iy (Equation (18)) and ¢. Further details regarding

the covering number argument are deferred to Lemma 21. Then, we apply the result of
Lemma 21 with ¢ =1 (defined in Lemma 21) on Equation (88). Then, it holds that

v(e2(p))2 M2 [ Bn(0)/2edPna\ 3
022(,0)—1 )( on d) ) (91)

(i) < max [VE (s) - VR fn(s)’ - C’)((

Tn,

Note that (,, which appears in Lemma 2, has a logarithmic dependence on n. Similarly,
from Equation (90), and Lemmas 23, 21, we obtain

VE ()] =0 <( 5))124)(/3,1(5);%@%);)_ )

Note that we want to bound Vfi’f(s) - Vﬂfi’f(s) = (i) + (i7) over all s € S. Using

(1 )<rnax‘men

maxs Vﬁijf(s) - waijf(s)‘ < maxs V::van(s) - Vﬂ%,f(s)‘ + max, Vfi,fn(s) - Vﬂ%f(s) and
substituting M by 1/(1 — v), we obtain from Equation (91) and Equation (92)
R _ v(c2(p))* M\ (Bn(8) v/ 2ed*ypa\ 2
max [Vz" ¢(s) = Vi ¢(s)| = O
x|V, , ealp) — 1 o/
Finally, to ensure that max; ’VﬁP}z, (s) — VR 4(8)] < e, it suffices to have
R R _ Y(e2(p))* MY ( Bu(d)V/ 2ed?ma 2 | _
max |V} f(s)—v,,*f(s)( ~o|( ) )=
s & ’ ca(p) — 1 o\/n
Moving /n and € to opposite sides and squaring both sides twice, we obtain
n= 0(( 1+2p )474Bn(5)2d2%d>
N VI+20—1/ o2e*(1—~v)% /-
|
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Lemma 20 (Simplification using Lemma 18 reformulation) For any value function V' from
S —[0,1/(1 —~)], it holds that

max inf Egp,|V(s| — inf Eyo,| V(s ’S
s IR, (s, () <p p{ ( )} X2l Py (5.0 () <p ”{ ( )}

maxca(p)  sup  {|Ep, (s [(-V() + 3]~ Bp, oal(-V() +n2]E), (93)

(o)1
n€l0. =]

where ca(p) =+/1+2p and M =1/(1 — ).

Proof First note that,

max inf Ey | V()| — inf Eg,| V(s <
’ ’X“p”an(Sv’*"(s)))Sﬂ o[V)] X2 (pl|Py (5,70 (5) p V)]

inf B, |V =  inf  Ego[Vi(s ‘ 94
X2 (Pl Py, (s,0))<p p[ ( )] x2(p||Ps(s,0))<p p[ ( )] (99)

max
s,a

Using Lemma 18 and focusing to bound right side of Equation (94) for one particular (s, a)
state-action pair, we obtain

inf By V() =  inf  Buo,[V(s ‘:
X2 (plIPy, (s,0))<p p{ ( )} X2(p|| Py (5,a))<p p{ ( )}

[ sup{—e2(0) By 0 (- V() = m3DE =} = sup{—2(0) (B, (s [(~V() — )] — )
neR neR

|

sup{—c2(p) (Ep, s [(=V (s')4m)2]) 2 +1} —sup{—c2(p) (Ep, (s [(~V (s)+m)2])2 47}
neR ner

where (i) is obtained by replacing n with —n.

1
Let g2 (0, Py(5,)) i= (= c2(p)(Bpy (s [(=V(s)) + m)2])% + 7). Note that g2(n, Py(s,0))
satisfies the following: For n < 0 (implying (—=V(s') +n) < 0 and (=V(s') +n)+ = 0),

Gx2 (777 Pf(87 a’)) =n<0. (96)

And for n = 522((5))% > 0,

c c 1 c
(282, Py(s,a)) = —cQ<p><Epf<s,a>[<—v<s'> + 28U 3] + 28

(@) '
ol S
1
- @(li e2(0) By (i )
ca(p)M ca(p) M
<z c2(p)—1 022( =1
- (97)
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where (i) follows from the fact that the random variable V(s) is bounded by M = 1/1 —
A similar result can be shown for g,2(n, Py (s,a)) (or for any P). Along with the convex-

ity of n — gy(n, P) ((22)), and inf,2(, p)<, Esrnp [V(s’)} > 0, Equation (96) and Equa-

tion (97) imply that the sup is attained between 0, sj((p))M] for both sup,cg gy (1, Py (s, a))

and sup,cr gy (1, Py (s,a)). Using this in Equation (95) we have,

[sup{gy (n, Pr(s, @)} = sup{gy (1, Py, (s,0))}| (98)
neR neR
=| s A{g(mPrs.a)} = sw g (n. Py (s,a)}} (99)
€0, 5] nel. ]
< sup {’gx(n7pf(5’a)) - gX(na an(S,(I))H (10())
co(p) M
776[0’02(1))—1}
1 1
< s {lea()Eryo[(-V() + 127 — 2(pEp, (o [(=V () +mAD2]} (101)
nel0, 25
<) sw A[Bpwl(-V() + 1]~ Br wl(-V() + 03I} (102)
n€l0, 53 =]

The last step is obtained using the basic inequality |v/a — v/b| < v/]a — b].

Lemma 21 ((—-cover construction) For V denoting the set of value functions from & —
[0,1/(1 — )] it holds with probability at least 1 — 9,

N

2 2
maxmax  sup  AEp; (o0 [(-V() + 03~ Epy 0 [(-V() +m)i)I7} <

n€lo, 62(p)—1]

2 1
O<< 2Oy (520D 2o ) (103)
o\/n
where ca(p) = /14 2p, M =1/(1 — 7).
Proof Let Ny (¢) be the (— cover of the set V. By definition, there exists V' € NMy,(¢) such
that [|[V/ — V| < for every V € V.
Epy 5.0 [(=V () + 3] = Ep, (50)[(=V(s) +m)1]]
< Epys.a) [ (=V () + M3 = Epys.0)[(=V'(s) +m)3]]
+Ep, (s (=V'(s) + M) = Ep, (s.a)[(=V'(s) + 03]
+ |Ean (s,a)[<_vl(8/) + 77)?%] - Ean(s,a)[(_V(3/> + 77)?%”

(104)

(i)
<AV = VP + ]|V = VI + [Ep o) [(=V'(s) + 03] = Ep, (o.0)[(=V'(s) +m3]l,
(105)
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where (i) follows from Lemma 22. Using Equation (105) we bound uniformly over all V' € V,

max max Sup {‘EPf(&a) [(_V(S,> + 77)3—] —Ep, (s,a) [(_V(S/> + 77)3-”5} (106)
VEV S ep, 2oty "
Tea(p

< max max  sup S (V= VIV = V] + [Ep o0 (-V' () + )2
V'eNV(() s.a nelo, @M { | I I I+ Py (s, )[( (s) )3

Tea(p)— )

- ]EP (s a)[(_V,(Sl) + 77)3—”) é}

(i)

< ]E _V/ / _|_ 2 —E i a _V/ / _|_ 2

< | mas max [Osi?%{( P (V) + 03] = B, o [(-V/(5) +m)2])
Teg(p)—1

* \/442 +ACGo—T S0 p) 1

[N

}

M) /207117 (5,0) - fn<8a”} 16 e

(424)
< max max sup (
VIENV(C) 5, [0 cz(p)]\/f}

Y ca(p)
2o () (=005)" ) 4 e s aca o
@O(( ((p)) 1)(@(5);/%)%) (108)

where (ii) follows from ||V — V|| < ¢ and n < c2(p )M, iii) follows from Lemma 23, (iv
= Gl

follows from Equation (21), and (v) follows from substltumg ¢ =1 (or any constant).

Lemma 22 For any two value functions V, V' from S — [0,1/(1 —~)], it holds that

By V() 4 03]~ By (V) + 2] <20V~ VIE + 2V~ V]|, (109)
Proof Let pp,(sq)(-) denote the probability density function of Py(s,a). Then,

Ep;(s.0) [(=V'(s) +1)3] = Epy(s.a)(=V(s)) + )]

< [ () <V 0 = 1) <V 0P oy ()4

s'~Py(s,a)
: / ~Py(s.0) (1) <) = 1V <)) (V) + 1)y s (5
(4)
i /sNPf(s a) V() < n)((_vl(sl) +0)? = (=V(s) + ?7)2>ppf(s7a)(s')ds’.

(110)

(i2)
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where the last inequality is obtained by adding and subtracting 1(V (s') < n)(=V'(s') +n)%.
We begin by bounding (ii). We have,

()= [ W) <o ((VE 0 V) 0y ()dS

s'~Py(s,a)

V() <) (= V() + V() (= V() = VIS) + 20) .0y ()

<

s'~Py(s,a)

V() <m) (1) < m) + 10V () 2 ) (= V() + V()
s'~Py(s,a)

< — V(') = V(s) + 2n>pr(s,a)(S')ds’

< /1(V(8’)> VI(s") <m)(=V'(s") + V(N(=V'(s") = V(s') + 20)ppys,0) (s') s’

(it—a)

+ / LV (s") <n < VI($N(VI(S) + VI(N(VI(S) = V() + 20)ppy (s,0) () ds”

(it—b)
(111)

Bounding (i — a) first, we have,

(ii — a) = / LV (), V(') < )(=V'(s") + V() (=V() = V(S) + 20)ppy (o.0(8 )’

(@
< / LV (), V() < )| = V() + V()

< [ AV <] = VI V) (20) ()l
s'~Pj(s,a)

<[V’ — V], (112)

where (a) and (b) follows from (=V'(s") = V(s') + 2n) > 0 as V(s'),V'(s') <n. And (it — b)

can be bounded as,

(=V'(s") = V(') + 20)pp; 5,0) (s)ds’

(i — ) = /1(V(8’) <y S VI(SNEVI(S) + V(SN (VI(S) = V() + 20)pp (s,0) (') ds'

< / V() <0 < V()
e [ <= vis)

< / LV(s) <n<V'(s)

s'~Py(s,a)
< V' =V|? (113)

— V() + V()

— V() = V() + 20| s.0)(5)ds

V(& + V(|| = V() + V() ppf(w)(s')ds’

2
— V() + V()| Dy (5)ds’
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where (c¢) follows from n < V'(s'). Bounding (i) similarly,

i:/ o) (1(V’(3’) <n)—1(V(s) < n))(—V’(s/) 1) o) ()
~ f S,a
: /SNPf(S a) (1(V/(Sl) <n= V(S/))) (=V'(s") + 77)2PPf(s,a)(S/)ds/

11 / V(s s 2 s’
< /pr(sa) (1(V ()Y <n< V(s )))( V(") + V() *pp;(s.a)(s)d
< V' =V (114)

Using Equations (110) to (114) we get the desired result. |

Lemma 23 (Bound by difference between estimated model fn and true f) For any value
Junction V(s') : § = [0,1/(1 — )] and any o > 0, it holds that

ca(p) M \2

‘EPf(s,a)[(_V(sl) +77)?F] _Effn(s,a)[(_v(sl) +77)?k]| <257! (Cg(p) — 1) | f(s,a)— fn(57 a)ll,

where P} (s,a) = N'(fu(s,a),02) and Py(s,a) = N'(f(s,a),0°T), n € [0, Z{BM], ¢5(p) =
VI4+2pand M =1/(1—7).

Proof

By o=V () + 2] = Bp, (oul(=V(s) + 3]

, DY - (I o Y€
a ‘ Rd W V(s) +n)i(e 207 e 27
9| —la=fGa®  _Jla=in(s.0))?
st
(Z<) / ‘ le=fs ol Dl _Ja=ina)|?
e 202
- 1 R/ (27m02)
11
( 1) : (s,a), Py(s,a))
(111 M
( 1) \/KL < (s,a), P(s,a))/2
( M
<o 2N 1r60) — fulss a2 a0

o
S(é%;ji)ﬂﬂ&a%—hGWMVm

c2(p)— c2(p)—1
definition of Total Variation (TV) distance between any two multivariate Gaussians, (iii) uses

2
where (i) follows from (—V(s') +7)2 < (M) as n < (CQ(’))M), (ii) follows from the
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the Pinsker’s inequality, and (iv) uses the formula for KL-divergence between multivariate
Gaussian distributions.

E.2 Total Variation Distance

Similar to Lemma 18, we want a similar convex reformulation for the variation distance. We
derive such a reformulation starting from the dual reformulation from (50) and (6) stated as
Proposition-1 in (22).

Lemma 24 For X ~ Py where Py is any probability distribution over X with H : X — R |
p >0 and, D¢(P||Py) defined as in Equation (81) , it holds that

P=Df(S;’1|II)Po)§pEP[H(X)] - /\ziOI,lgeR {EPO [)\f* (H(XA)_UH A 77}' (115)

Note that the total variation distance between two probability distributions P and Fp is
attained by substituting frv(t) = [t — 1| in Dy(P||Py) = [ f ( )dPO The corresponding
Fenchel conjugate f} (s) for frv(t) = [t — 1] would be

-1, s< -1
frv(s)=4qs, se[-1,1] (116)
oo, s§>1

As we require inf p.rv(p||py)<, Ep[H (X)], using Equation (115) and replacing n with —n, we
have
H(X)+n

inf Ep[H(X)| = “Ep Ay ——Z2 Ty . 117
perviblin <, p[H(X)] AZS()L%R{ Po[ fTv( 5 )} p+n} (117)

Using Equation (117), we derive a convex reformulation in Lemma 25

Lemma 25 (Reformulation for total variation distance based on (59)) For p > 0 and X ~ P
where Py is any probability distribution over X with H : X — R, for 0 < H(x) < ﬁ and
ESI(Y) =sup{t € R: P{Y <t} =0} (essential infimum), it holds that

) (—ESI(H(z))+n)+
f EplH(X —Ep|—H(X) + — +n;.
p(1—v
(118)

where TV denotes the total variation distance.
Proof

Substituting Equation (116) in Equation (117) to obtain the reformulation for total
variation distance, we have

mf  EplH(X 119
pervisipy <, EPH (X)) (119)
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- “H(X
= sup {-Ep, )\max{M,—l}} —\p+n} (120)
A>0,neR, @t <1 - A
= sup {-Ep, max{ — H(X)+n, —)\}] —Ap+n} (121)
A>0,neR, L@ En <1 -
= sup {—Epo_max{ —H(X)+n—\ —)\H —Ap+n—2A} (122)
A>0,neR, —H @1 <9 -
= sup {-Ep, max{ —H(X)—i—n,O}] —Ap+n} (123)
A>0,neR, —H @1 <o -
— sup  {~Ep, |~ H(X) +1] ~Xo+n). (124)

—H(z)+n
A>0,neR, ~HEn <o

Here Equation (122) is obtained by substituting i with n — A. In order to optimize over A,

we need to choose the minimum A satisfying the constraints. We require A > % which

translates to A > w (as this constraint originates inside the expectation, points

with zero mass, {t € R : P{Y < ¢t} = 0}, will have no effect). Substituting this, we have

: (—ESI(H(z)) +n)+
f  Ep[H(X)] =sup{-Ep, | — H(X - . (125
ey, EPUH O] = sup—Ep, | = HX) 4] ) p+n}. (125)
Denote the inner function in Equation (125), as
—ESI(H(z))+n
gTV(777P0):_EPo[_H(X)+77]+_( ( 2( ) )+p+n- (126)

Note that for n < 0, the first two terms in grv(n, Py) will be 0 if H(x) > 0 for all z. This
implies
grv(n, Po) =n<0 V 7n<0. (127)

Also, as H(z) < ﬁ, we substitute n = % in grv(n, Py), and bound it as follows:

gTv(m,po) —Bp |- HOO + p<(21+_ ;;))L ) (ESI(H(:U;) o) ;f(jf ?)
128
—e 1)) - p((21+_ ;;)) B (—ESI(H(:U;) - ;fl*f;’)>+p . ;)((21+_ /;))
(129)
e [ar)] - <—ESI<H<3:;> + p%*g))np (130
= Ep, [H(X)] - (_ESI(H(Z)) i "((Qltp”)))p (131)
_Ep, :H(X) - i 7} N PESI(QH(QC)) B 2(1p_ - (132)
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= B [H(X) = 1= ] + §s1H @) - =

<0. (134)

) (133)

Here Equation (129), Equation (131) and Equation (134) are obtained from the fact that
that H(x) < & (—H(x) + 325 > 0) and BSI(H(x)) < {1 (-ESI(H(x))+ 22 > 0).

1— p(1=) p(1=7)
Along with the convexity of gry(n, Py), Equation (127) and Equation (134) imply that the
sup,cr{grv(n, Fo)} is attained in the n range [0, p((zl—i’;))}. [ |

Theorem 26 (Sample Complezity under TV uncertainty set) Consider a robust MDP (see
Section 2) with nominal transition dynamics f and uncertainty set defined as in Equation (2)
w.r.t. TV distance. For w* denoting the robust optimal policy w.r.t. nominal transition
dynamics f and )y denoting the robust optimal policy w.r.t. learned nominal transition
dynamics fx via Algorithm 1, and § € (0,1), € € (0, ﬁ),it holds that maxs ]Vﬂ%,f(s) —
Vﬁj(S)\ < € with probability at least 1 — § for any N > Npv, where

(2 + p)*? Bn(5)2d27nd>
PO @ )

Npy = O( (135)
Proof Step (i): As detailed in the proof outline of Section 4, in order to bound V%J(s) —
V%J(s), we begin by adding and subtracting VﬁR i (s) which is the robust value function

™

w.r.t. the nominal transition dynamics fn and its corresponding optimal policy 7,. Then, we
split the difference into two terms as follows:

VE (s) = VR 1(s) = VE () = VE () +VE () = VE 1(s). (136)

Tonsfn nsfn

(4) (i)

In order to not disturb the flow of the proof we bound (i) and (ii) separately Lemma 11 and
Lemma 12 respectively. From Lemma 11, we obtain that

(i) < max |V (s) = VR ; (5)
< 0 maX‘ inf Ey, [vf}* f(sf)} _ inf Ey, [Vfr (3/)} ‘
L=~ s I TV(||Pf(s,7n(5))<p " TV (pl| P}, (5,7n () <p "

(137)

And from Lemma 12, we obtain that

(ii) < max |V  (s5) = VR, f(s)‘
< T max’ inf Egp [Vfl f(s’)} — inf Egp {Vﬁ f(s')} ’
L=y s 1TV(@lIP;, (s,7n(s)<p ’ TV (pl| Py (s7n(s))<p ’

(138)

Note that both these terms in Equations (137) and (138) are of the form mentioned in the
Step (i) of Section 4.
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Step (ii): Next, corresponding to step (ii) of the proof outline in Section 4, we use
Lemma 25 to bound Equations (137) and (138). Denote M := ﬁ > max, VR(s) for
convenience. Using Equation (137) and Lemma 27 (internally using Lemma 25), it holds that

(i) < max|VE () = VE . (s)]
1 ‘ : R / : R !
—— max |y inf Egp|Va - inf Egp| Vi ¢(s ‘
L= s 1 TVl Pr (s, () <p p[ w8 ﬂ TV (p||P;, (5.7 (s))<p p[ ot )}

.
< 1_max( swp | Epy (VR ; () +1)4)) = Ep, (qal(=VE ; (5) +n>+]>}})
”y s,a [07;(2;“))] ’ n )
(139)
g / /
< E ~-V —Ep, (sa[(=V .
<1 qu?gVH;%X( L {|Epy (V) + )] = Ep, (o l(-V() +n>+1>]}>
P
(140)
We can bound (ii) similarly.
(i1) < max [V . (s) - v;i,f(s)( (141)

2 / /

< —' max m Ep, (s.0)[(—V —Ep, (sal(-V .

S T e ng( [Osg}-}p)ﬂ{‘( Pr(sa)[(=V () +1)+]) =Ep, (sa( (8)+n)+])‘}>
p(1—v

(142)

Step (iii): Next, we want to utilize the learning error bound (Equation (21)) that bounds
the difference between the means of true nominal transition dynamics Py and learned nominal
transition dynamics an to bound Equations (140) and (142).

We begin by bounding the difference ‘Epf(&a)[(—V(s’) +n)4] — Epfn(w)[(—V(s’) + )+
by the difference in means of P; and an in Lemma 28. Since Equation (140) has a max over
all value functions, we introduce a covering number argument in Lemma 29 to reform it to a
max over the functions in the (—covering set. We then use Lemma 28 to obtain bounds in
terms of maximum information gain I'yg4 (Equation (18)) and (. Further details regarding
the covering number argument are deferred to Lemma 29. Then, we apply the result of
Lemma 29 with ¢ = 1 (defined in Lemma 29) on Equation (140). Then, it holds that

(i) < max [VE 1(s) = VR . ()| =0 <( T ) (&L ‘”W“’%)> (143)

Tonsfn ( '7)2

Note that (,, which appears in Lemma 2, has a logarithmic dependence on n. Similarly,
from Equation (142), and Lemmas 28, 29, we obtain

() < max |V - ()~ V2 ()] =0 ((mp 2>(6n<é>¢ﬂed2w)>. m

Wn,fn U\/ﬁ
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Note that we want to bound VR 1(s) —

VR ((s) = (i) + (i) over all s € S. Using
maxg VﬁP}hf(s) - Vﬂ%’f(s)‘ < max, VB (s) — VR 5(s )‘ + maxg ‘V})‘ (s) — Véj(s)’ and
substituting M by 1/(1 —7), we obtam from Equatlon (143) and Equatlon (144)

max VFT{“ ’ — (( 2+P)’Y2> (571(5)0\/52612%(1)).

Finally, to ensure that max, ]V;}u (s) — Vﬂpi’f(s)| < e, it suffices to have
max VP}“ ’_ (( 2+p 2>(Bn(5)\0/52d27nd)> —
Moving /n and € to opposite sides and squaring both sides, we obtain
0 ((2 +p)%y 2) (ﬁn( )22€d2'7nd>
p2(1 —~)4 o2e? '
|

Lemma 27 (Simplification using Lemma 25 reformulation) Let V' be a value function from
S —[0,1/(1 —~)]. Then, it holds that

max | inf Egnp

V(sh| — inf Egop |V (]| <
s TV(plIP;, (s,7n(s)))<p [ ( )} TV (pl| Py (s,7n(s)))<p p[ ( )}‘

max  sup  {|(Ep; (o) [(=V () +n)+]) -
$,a nelo, (24p) ]

p(1—7)

Ep, (sa)l(=V(s") +n)+]I}-

Proof First note that,

max inf Eyop|V(s')] — inf Eyop| V(s ‘<
s I TV@||P; (5,7 () <p p[ ( ﬂ TV (pl| Pt (3,70 (5)) <p p{ ( )}

max
s,a

inf E,,|V(s)] - inf  Ego,|V(s ‘ 145
TV (pl|P;, (s,a))<p p[ ( )} TV (p||Ps(s,a))<p p[ ( )] (145)

Using Lemma 25 and focusing to bound right side of Equation (145) for one particular (s, a)
state action pair, we obtain

inf By, |V(s)] - inf  Ego,|V(s ‘
’TV(pIan(sva))Sp p[ ( )] TV (p|| Py (s,a))<p ”[ ( )}

(—=ESIp,(5,0)(V(s)) + 1)+
— _E — V(s - s -
‘ . Slg)ﬁo) ]{ Py (s,a) [ (8 ) + 77] " 2 P+ 77}

Pp(1—7)

146
, (~ESIp, (o(V() + )4 (146)
s {~Ep, (oo~ V() +n| - : p+n)

nefo G2y "

7p(1=7)
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< swp A[Eps0)(=V(s) +0)4]) = Ep, (5.0l(=V(s) + 0D} (147)

(2+p)
nelo, p(l—pv)]

Here, Equation (147) is obtained using ESIp,(54)(V(s')) = ESIpf (s,0)(V (")) as shown in
proof of Lemma 14 (Case-1).
|

Lemma 28 (Bound by difference between estimated model fn and true f) Let V' be a value
function from S — [0,1/(1 —~)]. Then, it holds that

Ery el (V) + 1] Ep, oV + 0]l < (222

where P; (s,a) = N (fa(s,a),0I) and Ps(s,a) = N(f(s,a),02I) and n € [0, ;(21+p))]
Proof

)0_1Hf(8, a) — fu(s,a)|,
(148)

]Epfsa)u—vw')m) ]—Epfn(s,a)u—vw')m) ]

llz—F(s,a)|2 _ e fn(sa>n )‘

= —|—77 e 202 —e 202
‘ Rd 1/ ( 27TU (e

nx—f<s2,a>n2 _lle— fn(s )2 ’

/]Rd V( 271'0'2 +77) ’ * e >

i 2+p / ‘ _ == f(sa)H2 _le=fn(s.a))?
— e 20
R/ (2m02)
<u> (2+p)
<222 TV(P; (s,a), Pi(s,a
STy TV (.0, Pr(s,a)

111 2
+p \/KL ¢ (s,a),Pr(s,a))/2

(iv)

< 2p2+” VIS (s.) — fuls. )| /40?

(2+p)
p(l—

)Hf(s ,a) = fu(s,a)ll/o,

where (i) follows from (=V(s') +n)2 < ((2 t’;)) as n < p((21tp’y))7 (ii) follows from the definition
of Total Variation (TV) distance between any two multivariate Gaussians, (iii) uses the
Pinsker’s inequality, and (iv) uses the formula for KL-divergence between multivariate
Gaussian distributions.

Lemma 29 ((—cover construction) For V denoting the set of value functions from S —
[0,1/(1 — )], with probability at least 1 — & it holds that
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E —V(s —Ep. V(s
max max Osggp) {Ep, (s.0)[(=V () + M+] = Ep; (s0)[(=V(s)) + 1) 411}

n€| P p(1— )]

(2+p) \ ( Bn(8)\/2ed*Yna
< O((p(l—w)( v )) (149)
where Ny, (C) is the (—cover for V.

Proof Let My (¢) be the (— cover of the set V. By definition, there exists V' € My,(¢) such
that [|[V/ — V| < for every V € V.

|EPf(s,a)[(_V(s/) + 77)+] - Ean(s,a)[(_V(s,) + 77)+]|
< |Epi(s,)[(=V () +0)+] = Epps,) [(=V'(s") + 1) +]]

4 [Bpy o) [(—V(5) + 1)4] — Ep, ol(=V'() + 1)) 150
FIEp, (=) +1)4] — Ep, (V) +n)sl].

(4)

oV = VI + B[V () + )]~ Bp, (V) +mall, (151

where (i) follows from Lemma 30. Using Equation (151), we bound uniformly over all V' € V.
Using Equation (151) we bound uniformly over all V' € V,

maxmax  sup  {|Ep,(o[(—V() +1)4] — Ep ul(=V(s) + )41} (152)
VeV sa o, ((21+p))} n
Y

< max max su ’2 V' =V + Ep,(sar[(=V'(5) + “Ep (o [(—V'(s) + ’
VIENV(Q) sa <0 ((%p)]{ I I+ Py (s, )( (s) +m)+] Py (s, y[( () +m)+]|
Tp(1—n

(i1)

< max —Imax su E s,a _V/ 3, + —Ep. s.a _VI 8/ + +2
VIENL(Q) ma (}}p))]{‘ Pr(s.)(=V'(8) +1)+] = Ep, (5.0)[(=V'(s) 77)+]‘ ¢
Tp(l—v

(ii) )

2+p) \,-1

< max max Ssu o s,a) — fu(s,a 19

T VM sa g <§+p>)]{<p(1—v)> 1f(s,a) = ful )H} ¢
Tp(1—ry

<o () () ) o "

Lo (e (o) ) e

where (ii) follows from ||[V/ — V| < ¢, (iil) follows from Lemma 28, (iv) follows from
Equation (21), and (v) follows from substituing ( = 1 (or any constant).

Lemma 30 For any two value functions V,V': S — [0, ﬁ], it holds that
Ep;(s,0)[(=V'(5") + 1) 4] = Ep; (5.0 [(=V (") + 1) 4] < [V = V]| (155)
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Proof Noting that both the distributions are w.r.t. the same distribution Py (s, a) we have,

EPf sa)[( V ( ) ) ] - Epf(s’a)[(—V(S/) + 77)+]

< [ (W) <V + 1) = MV < V) )y ()5 (150)

s'~Py(s,a)

Adding and subtracting 1(V (s") < n)(=V'(s’) +n) to Equation (156), we obtain 2 terms,

= [ (06 <0 1) <) V)
8~ f s,a

i = / o )1(V(s’) < n)((—v'(s’) +n) = (=V(s) +n))ppf<s,a)(s’)ds’-
~Lf(s,a

Bounding i first,

; _/ b (1(\/’(3’) <n)—1(V(s) < n))(—V’(S’) + PP, (s,0)(8))ds
~ f S,a

[ (1) <n S VED) V) b ()5
s'~Py(s,a)
[ (V) << VD)V + )5S
~FPs(s,a)

S/SNPf(S o (1(V’(S/) <n< V(S’))) (_V/(S’) + V(S/))pr(sya)(Sl)dS/

[ (W) << VD) V) + V()
~Py(s,a)

S/pr(s ) (1(\//(5/) <n< V(S’)))(—V’(s’) i V(S/»pr(s,a)(S/)dS/

w0 <n < VD)) = VEr ()
s'~Py(s,a)
<|V'-VI.
Similarly bounding ii,

i = / o )1(V(s’) < n)((—V’(s’) +1) = (=V(s) +n))ppf(s7a>(s’)ds’
s ~Ef(S,a

= [ < (= VE) V) )pry ()
s'~Py(s,a)

< / V() < )| = V!(s)) + V(s)
s'~Py(s,a)

< V' =V

/

(s,a) (s')ds

Using Equations (163) and (167) we get the desired result.
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Appendix F. Additional Experiments and Details

In this section, we report additional experiments and discuss further details of our experi-
mental setup.

Environments: We consider the OpenAI’s gym (8) environments of swing-up Pendulum,
Cartpole and Reacher, respectively. Pendulum has a 2-dimensional state space and scalar
actions ((38)). For Cartpole, we consider a scalar continuous action space as done in (38),
while states are 4-dimensional. Reacher, instead, consists of a 2DOF robot arm with 8-
dimensional states. For each environment we test our approach against various perturbations
as outlined below.

Baselines: We compare our approach, which we denote as MVR+RFQI, with the
following baselines:

e MVR-+FQI: This is a natural non-robust baseline that consists of computing a non-
robust policy via the Fitted Q-Iteration (FQI) algorithm (23) on the same offline data
used by MVR+RFQI,

e Soft Actor-Critic (SAC) (25), or Model Predictive Control (MPC) (9; 13), as model-free
methods which compute non-robust policies interacting with the nominal environment
(in case of MPC, the latter is used for planning),

e RFQI (42), which also requires the nominal environment and uses 10° offline data
collected by SAC or MPC to train a robust policy,

e FQI (23), which trains a non-robust policy from the same data.

Training: Model-free methods are trained directly on the nominal environments. In
particular, for Pendulum and Reacher we train SAC until convergence for 10* and 10°
steps, respectively. On the continuous actions Cartpole, instead, we run MPC following the
implementation of (45; 38) which requires a total of 2250 planning interactions to select the
optimal action at each step. Depending on the environment, we utilize SAC or MPC mixed
with an e-greedy rule to collect 108 offline data. These are used to train the offline methods
RFQI and FQI as done in (42). For the model-based approaches, instead, we first run MVR
for a sufficiently informative number of samples (60 for Pendulum, 150 for Cartpole and 2000
for Reacher) to obtain an estimated model fn. Then, we use SAC (trained against model
fn) or MPC to collect 10 offline data on such estimated environment. These data are then
used to train MVR+RFQI and MVR+FQI.

Evaluation: For each environment, we evaluate the computed policy against different
perturbation types and magnitudes. For Cartpole, we perturb the magnitude of the actuation
force. Its nominal value is 10 and we perturb up to 300%. Also, we consider perturbations to
gravity in the range of (-100%,100%) with the nominal value being 9.82. For the Pendulum,
we consider perturbations to the length of the pendulum and action perturbations (where
a random action is chosen with e probability). Finally, in the case of Reacher we consider
perturbations to the joint’s stiffness (from 0 to 100) coupled with perturbations of the joint’s
equilibrium position. Further details on the chosen perturbations and hyperparameters used
are provided in Appendix F.
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All experiments were run with GPU clusters: 10xNVidia 32Gb Tesla V100 with In-
tel(R) processors (2 cores, 2.50 GHz) and 256Gb RAM. For all the experiments, we use the
environment implementations of (38) as done in https://github.com /fusion-ml/trajectory-
information-rl/tree/main. Also, to learn the environment transition model, we use the same
corresponding GP hyperparameters proposed by (38). For the offline RFQI/FQI algorithms
we follow the implementation of (42; 10) in https://github.com/zaiyan-x/RFQI. We use
the same default hyperparameters as used in their code except for training steps, batch
size and robustness radius p (for RFQI) which we tune depending on the environment as
outlined next. For SAC in Pendulum experiments, we use the implementation and hyperpa-
rameters of https://github.com/DLR-RM /rl-baselines3-zoo. Whereas, for SAC in Reacher
experiments, we use the implementation and hyperparameters of https://github.com/fusion-
ml/bac-baselines, https://github.com/TanChar /rlkit2 (as done in (38)).

Pendulum: In Pendulum experiments, we construct the learned model using 60 samples
from the true environment. Then, we train a SAC policy on such a model for 2 % 10* steps
and use it (with the probability of choosing a random action being 0.3 or 0.5) to generate
10° offline data (these are used both for MVR-+RFQI and MVR+FQI). For training steps
and batch size we consider the following combinations: {2000 — 100", 5000 — 100’," 10000 —
100", 20000 — 100’ 35000 — 100’, 50000 — 100’," 5000 — 500", 5000 — 1000"}. We combine all
these combinations with the following values of p — {0.1,0.2,0.3,0.5,0.6,0.7,0.8,0.9}. For
each algorithm, we pick the best-performing combination in terms of average reward over 20
episodes for all (or most) perturbation values. We do this separately for length perturbations
and action perturbations. In the length perturbation, the pendulum’s length is changed from
its nominal value to a new value depending on the perturbation percentage. In the action
perturbation, a random action is chosen instead of the action chosen by the policy with
various probabilities ranging from [0, 1]. We detail the optimal hyperparameters we realized
for each algorithm in Table 2 for the length and action perturbation, respectively. Moreover,
we plot the average performance (over 20 episodes) of the different baselines w.r.t. length
and action perturbations in Figure 2. We notice that in the case of length perturbation,
the robust algorithms (RFQI and MVR+RFQI) outperform the corresponding non-robust
baselines. In the case of action perturbations, we observe all algorithms except for SAC
achieve similar performance.

Length Perturbation Action Perturbation
0 0 —— MVR+RFQI
200 MVR+FQI
© -500 ° —— RFQI (true env.)
g g 400 — FQl (true env.)
Q []
< _ X 600 —— SAC (true env.)
v 1000 —— MVR+RFQI v
© MVR+FQI © -800
%—1500 —— RFQI (true env.) 5—1000
— FQI (tr nv.
QI (true env.) 1200
—2000 —— SAC (true env.)
-1400
-80 -70 -60 -50 -40 -30 -20 -10 0 0 20 40 60 80 100
Percentage Change in Nominal Value Chance of Picking a Random Action

Figure 2: Pendulum experiments.
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TRAINING STEPS BATCH-SIZE p  RANDOM ACTION PROBABILITY (DATASET)

MVR+RFQI 5000 100 0.3 0.5
MVRA4FQI 2000 100 - 0.5
RFQI 2000 100 0.9 0.5

FQI 5000 500 - 0.5

TRAINING STEPS BATCH-SIZE p  RANDOM ACTION PROBABILITY (DATASET)

MVR+RFQI 20000 100 0.5 0.3
MVR+FQI 50000 100 - 0.3
RFQI 50000 100 0.1 0.5

FQI 5000 500 - 0.5

Table 2: Hyperparameters for Pendulum - length perturbation (top) and action perturbation
(bottom).

Cartpole: In Cartpole experiments, we construct the learned model using 150 samples
from the true environment. Then, we run MPC on such a model following the implemen-
tation and hyperparameters of (38; 45) requiring 2250 samples to calculate the optimal
action at each step and use it (with the probability of choosing a random action being
0.3) to generate 105 offline data for MVR+RFQI and MVR+FQI. For training steps
and batch size, we test the following combinations: {2000 — 100",/ 5000 — 100, 10000 —
100, 20000 — 100, 35000 — 100"," 50000 — 100",” 5000 — 500’,” 5000 — 1000’ }, and consider radii
pin {0.1,0.2,0.3,0.5,0.6,0.7,0.8,0.9}. We consider perturbations of the force magnitude
and the gravity, whereby the actuation force/gravity is changed from its nominal value to
a new value depending on the perturbation percentage. We report the best-performing
(average over 20 episodes) hyperparameters for each algorithm in Table 3. Such parameters
were observed to be a good choice for both perturbation types. Finally, we plot the average
performance (over 20 episodes) of the different baselines w.r.t. force magnitude and gravity
perturbations in Figure 3. We notice that in both perturbations, the robust algorithms
(RFQI and MVR-+RFQI) outperform the corresponding non-robust baselines.

TRAINING STEPS BATCH-SIZE p  RANDOM ACTION PROBABILITY (DATASET)

MVR+RFQI 5000 500 0.5 0.3
MVR+FQI 50000 100 - 0.3
RFQI 5000 100 0.3 0.3

FQI 10000 100 - 0.3

Table 3: Hyperparameters for Cartpole.
Reacher: In Reacher experiments, we construct the learned model using 2000 samples

from the true environment. Then, we train a SAC policy on such a model for 10% steps and use
it (with the probability of choosing a random action being 0.3) to generate 10° offline data for

92



Gravity Perturbation Force Magnitude Perturbation
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Figure 3: Cartpole experiments.

MVR+RFQI and MVR+FQI. For training steps and batch size, we consider the following
combinations: {10000 — 500",’ 20000 — 500", 40000 — 500/, 80000 — 500’,” 160000 — 1000},
while we consider radii p in {0.1,0.3,0.5,0.7,0.9}. We consider perturbations of the joint
stiffness subject to different equilibrium positions, the latter represented by the ’Springref’
parameter which we take to be 50 or 100. In both perturbation types, the joint stiffness is
changed from its nominal value of 0 to a new value depending on the perturbation magnitude.
Best-performing hyperparameters’ configurations are reported in Table 4. We plot the average
performance (over 20 episodes) of the different baselines in Figure 4. Similar to the other
environments, we observe the robust algorithms (RFQI and MVR+RFQI) outperform the
corresponding non-robust baselines.

TRAINING STEPS BATCH-SIZE p  RANDOM ACTION PROBABILITY (DATASET)

MVR+RFQI 10000 500 0.5 0.3
MVR+FQI 20000 500 - 0.3
RFQI 40000 500 0.1 0.3

FQI 20000 500 - 0.3

Table 4: Hyperparameters for Reacher.
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Figure 4: Reacher experiments with ’Springref’ parameter set to 50 (left) or 100 (right).
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