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ABSTRACT

In this work, we theoretically investigate the generalization properties of neural
networks (NN) trained by stochastic gradient descent (SGD) with large learning
rates. Under such a training regime, our finding is that, the oscillation of the NN
weights caused by SGD with large learning rates turns out to be beneficial to the
generalization of the NN, potentially improving over the same NN trained by SGD
with small learning rates that converges more smoothly. In view of this finding, we
call such a phenomenon “benign oscillation”. Our theory towards demystifying
such a phenomenon builds upon the feature learning perspective of deep learning.
Specifically, we consider a feature-noise data generation model that consists of
(i) weak features which have a small /2-norm and appear in each data point; (ii)
strong features which have a large />-norm but appear only in a certain fraction
of all data points; and (iii) noise. We prove that NN trained by oscillating SGD
with a large learning rate can effectively learn the weak features in the presence
of those strong features. In contrast, NNs trained by SGD with a small learning
rate can only learn the strong features but make little progress in learning the weak
features. Consequently, when it comes to the new testing data points that consist
of only weak features, the NN trained by oscillating SGD with a large learning
rate can still make correct predictions, while the NN trained by SGD with a small
learning rate could not. Our theory sheds light on how large learning rate training
benefits the generalization of NNs. Experimental results demonstrate our findings
on the phenomenon of “benign oscillation”.

1 INTRODUCTION

While deep neural networks (NNs) have achieved tremendous empirical success in various domains
including images, language processing, decision-making, etc, the theoretical understanding of deep
learning is still far behind satisfactory, especially the relationships between optimization of the NN
and its generalization. From the viewpoint of optimization, using large learning rates in NN training
has been empirically shown to be of vital importance for generalization (He et al.,[2016; Xing et al.,
2018; [Damian et al., [2022; [Kaur et al.| [2023)). Nevertheless, a principled theoretical understanding
of the mechanism behind the benefits of large learning rate training still remains limited.

To better capture the key ingredients in the training dynamics of stochastic gradient descent (SGD)
with large learning rates, we train a ResNet (He et al.,[2016)) using SGD with small and large learning
rates and present the training and testing results in Figure [l When using a large learning rate SGD,
we can observe an “oscillating” training curve, i.e., the training loss fluctuates at different iterations
(generally this happens only when the learning rate exceeds the inverse of the objective smoothness),
while for small learning rate SGD, the training curve is smooth and converges rapidly. On the other
hand, the smooth convergence in training loss cannot bring any benefit for the test accuracy — SGD
with large learning rates achieves a significantly higher test accuracy than SGD with small learning
rates. These empirical observations suggest that the oscillation during training can be closely tied to
the better generalization performance achieved by SGD with large learning rates.

In this paper, we study the learning dynamics of SGD with large learning rates by investigating the
oscillation happening during the optimization process, and explain its benefit to the generalization
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Figure 1: Training and test performance of ResNet-18 on CIFAR-10 dataset, when trained via SGD with small
and large learning rates (n = 0.01 vs. n = 0.75). We adopt the same configuration as in|/Andriushchenko et al.
(2023): using weight decay but no momentum and no data augmentation. A clear difference between the large
learning rate training and small learning rate training can be observed: SGD with a large learning rate leads
to an “oscillating” training curve with higher testing accuracy; SGD with a small learning rate has a rapid and
smooth convergence but gives lower testing accuracy.

performance. The key message is that compared to the smooth convergence achieved by SGD with
small learning rates, the oscillation prevents the over-greedy convergence and serves as the engine
that drives the learning of less-prominent data patterns. These data patterns would be beneficial for
the NN to generalize well on unseen testing data. Thus we explain from the theoretical side why
large learning rate training can help NN to generalize better in practice.

Our investigation of SGD with large learning rates for NN training builds on the feature learning per-
spective of deep learning theory (Allen-Zhu and Lil [2022), which explicitly considers data models
consisting of different types of features and noise. For the sake of our goal, we devise a feature-noise
data model consisting of two types of features that have different strengths and different distribu-
tions. Based upon the new data model, by carefully tracking the process of feature learning of a
NN trained by SGD with large or small learning rates, we prove that only when trained with large
learning rates can the NN effectively learn the key features for generalizing to each new data point.
The NN trained by small learning rate SGD fails to generalize to certain testing data because of the
limited learning of the features which are crucial to the generalization to those new data points.

To explain such a phenomenon, our theory identifies the core incentives for the superior performance
of learning the key features with large learning rate SGD as the oscillation during NN training, which
is also related to the regime of “edge of stability” (Cohen et al.,|2020). Intuitively, the oscillation can
prevent over-greedy convergence which could only leverage the most prominent components of the
data, thus allowing for all the useful components to be discovered and learned by gradient descent. In
view of our finding that indicates oscillating NN training with large learning rates possibly resulting
in better generalization, we refer to such a phenomenon as “benign oscillation”.

1.1 OUR CONTRIBUTIONS

Dynamic analysis framework for SGD with large learning rates. We provide a theoretical frame-
work to understand and explain the oscillation in NN training via SGD with a large learning rate.
Specifically, we consider a feature-noise data generation model consisting of two types of features —
the strong features and the weak features — that have different strengths and distributions to capture
our core ideas towards explaining the relationships between large learning rate SGD training and
generalization. Then, our theoretical framework establishes a sharp characterization of the training
dynamics of these features and noises, based on which we can precisely analyze the generalization
of NN trained by SGD with small or large learning rates. We remark that in general studying the
NN optimization dynamics when the learning rate is greater than twice inversed smoothness is quite
challenging, and our theoretical analysis framework based upon the feature-noise model potentially
provides useful guidance which can be leveraged to study other nonconvex optimization problems.

A new theoretical argument for feature learning driven by oscillation. The key to explaining the
large learning rate training regime is a new theory on learning the weak features driven by oscillation.
As we illustrate in Section [3] the oscillation of the NN values (predictions) around the target (label)
does not cancel with each other. Instead, the fluctuations accumulate linearly over time. This further
serves as the engine driving the learning of the weak features, resulting in better generalization. This
characterizes the distinctive training dynamics of SGD under the large learning rate training regime,
revealing the benefits of the oscillation in learning useful data patterns.
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Division for generalization by different learning rates. In contrast to effectively learning the
weak features by large learning rate oscillating training, we also show that the smooth and rapid
convergence achieved by SGD with small learning rates would not help NN learn the weak features,
thus being unable to generalize to the new data without strong features. This gives a division of the
generalization property of NNs trained by large and small learning rates.

2 PROBLEM SETTING

In this section, we introduce the theoretical setting for our investigation of generalization properties
of SGD through the task of binary classification. We first introduce the multi-view data generation
model and then define the two-layer convolutional neural network and the SGD algorithm.

Data generation model. We let v | u € R be two fixed vectors, denoting the signal (or feature)
part shared by each data point. Then each data point, denoted by (x, i) where x = (x(1), x(?) x(3))
contains 3 patches, is generated as following: let y € {1, —1} be independently generated according
toP(y=1)=P(y =-1) =1/2, and

* Weak signal patch. one patch of x is taken by the weak signal y - v;

¢ Strong signal patch. with probability 1 — p, one patch of x that is different from y - v, is taken
by the strong signal y - u, where p € (0, 1/2) is the probability.

* Noise patch. all remaining patches are taken by independent Gaussian noise & ~ N (0, UZ (Iy—
vv ' /|[v]|3 —uu'/||u||3)) for some variance o}, > 0.

For simplicity, we refer to the data with strong signal as the strong data, denoted by ((yu, yv, £),y),

and we refer to the data with only weak signal as the weak data, denoted by ((&,yv, €),y). Here by
“strong”, we mean a vector with a larger /5-norm, as we would specify in the theory part. Intuitively,
the weak signal y-v can be interpreted as the invariant and common signals across data like the shape
of key objects in an image. The strong signal y-u can be understood as the background or the domain
information which is stronger but only appears in a certain fraction of all data points. This indicates
that in order for a classifier to generalize to new data, it must effectively learn the weak signal.

Our proposed data generation model is adapted from the feature-learning-based line of research on
deep learning (Allen-Zhu and Li,[2022}|Cao et al., 2022} Zou et al.|[2023)), and it can serve as a good
theoretical platform to explain the relationships between oscillating NN training with large learning
rates and NN generalization. Finally, we remark that this data model can be extended for generality,
e.g., multiple features, more patches, multi-class data. In fact, as long as the signal and noise patches
have properly different strength and fractions, our theoretical analysis can be directly applied.

Two-layer CNN. We consider a two-layer convolutional neural network (CNN) with filters applied
to the three patches separately. We assign the parameters of the second layer of the CNN to a fixed
+1 and —1, respectively. Formally, the CNN f(; W) : R3¢ — R is defined as

3
FesW) = Y jFi(x W), Fi(x W) :% 0> al(wye,x)), (1)
€[m] p=1

je{£1}

where m € N, is the number of filters (i.e., neurons), o(z) = (max{z,0})? is the ReLU? activation
function, and w; . € R denotes the weights of the r-th neuron of F;. We use W = {W},c(113
and W = {w; ; },.c[m] to denote the collection of the weights.

Loss function and stochastic gradient descent (SGD). Having access to n i.i.d. samples from the
data generation model, S = {(X;, ¥:) }ic[n]> We solve a binary classification task by minimizing the
following mean squared loss,

LOW) = = 7 07 W),w) = 5= 3 (£ W) = ) @
i€[n] i€[n]

where ¢(f(x;; W), y;) = (f(xi; W) —y;)?/2 s the loss on a single data point. Inspired by “edge of

stability” (Cohen et al.| 2020)), adopting mean squared error is believed to make it easier to identify

the effects of large learning rates. Besides, mean squared loss has also been demonstrated to be

comparable or even better than cross-entropy loss in many classification tasks (Huil [2020)).
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We optimize the loss function ) via multi-pass stochastic gradient descent (SGD), initializing from

some Gaussian weights, where each entry of W(O) and W ) is sampled from NV (O o3). The SGD
goes for several epochs. In each epoch we use each data (x“ y;) for exactly once, in the exact order
of (x1,91) = (X2,92) = -+ = (Xn, Yn) [ﬂ Thus, the weights of the CNN are updated obeying the
following rule,

wltHD) — Wl v (WD, x,), )

7T

. 3
I
=wi) I WO ) =) - o () x ) X, 3)

m
p=1

for each j € {£1} and r € [m], where i, = (¢t + 1) mod n and i > 0 is the learning rate.

Generalization via signal (feature) learning. Our goal is to study the generalization property of the
CNN trained by SGD (@)). Given a new testing data point (x°, y®) sampled from the data generation
model, we measure the generalization of the CNN by the correctness of the classification,

E[1{y® - f(x°; Wega) > 0}] = P(y° - f(x°; Waga) > 0),
where W g4 denotes the weights trained by SGD, [Zhang et al.| (2021).

We investigate the generalization property via looking through the process of signal (feature) learn-

ing. Specifically, by the SGD updates (3), the weights W( ) of the CNN is a linear combination of

the initialization w§ r) , the strong signal j - u, the weak s1gna1 y - v, and the noise vectors &;, EZ—. This

motivates us to consider the following representation of the weights, for j € {£1}, r € [m],

t) .
(Wi dw) L W dY)
IV

The relative scales of these combination coefficients actually imply how the weights learn the strong
signal u, the weak signal v, or memorizing the noise which determines how the CNN can generalize.

) ~wl® 4

) - JV + noise parts.
” ' [[ull3

As is shown by |Cao et al.|(2022)), the CNN tends to fit the training dataset using patches with higher
strength when trained by small learning rate gradient descents. Therefore, in such a training regime,
the CNN tends to fit the training data using the strong signal y - u, making less progress in learning
the weak signal y - v, thus resulting in misclassification when the testing data lacks the strong signal
component. On the contrary, our paper investigates the large learning rate regime, and suggests that
the oscillation of SGD is beneficial for learning the weak signal, giving better generalization results.
Thus, our main focus in the sequel would be studying the dynamics of the inner products (w § 2, Jju),

(w ( 7) ,Jv), and (w (t),£> We will show that under large learning rate SGD training (w § ), jv) can

be effectlvely learned to a relatively large scale compared to its initialization. This is further provably
useful for generalizing to all new data points.

3 UNDERSTAND THE OSCILLATION: SINGLE TRAINING DATA CASE

Before giving our main theory on large learning rate SGD training, let’s first study a simplified setup
where we consider only a single training data point consisting only of a weak signal patch y - v and
a strong signal patch y - u, without any noise patch. Such a setting helps to illustrate the key insights
behind our main theory regarding the understanding of oscillation. Without loss of generality, we
denote the single training data as (x,y) with x = (y - v,y - u), and we can also simplify the CNN
expression (T)) and the SGD updates (3) to

1
FsW) = > jFj(x;W;), with F; (W) =— > o((Wj, yu) + o (W), yv)), (4)
je{£1} re[m]

nj
witt = Wﬁ-fﬁ—g-(f(xaw(”)—y)-( "((w §t27yu>)-yU+U’(<W§?«,yV>)~yV)- 5)

"We consider the same order for all epoch for the simplicity of analysis. Our analysis can be easily extended
to multi-pass SGD with shuffling.
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Figure 2: The progress of signal learning and the values of y f (x; W) and L(W ®)) under different learning
rate . The CNN in the first two figures is trained by SGD with n = 0.5 (large LR), while the CNN in the
last two figures is trained by SGD with 7 = 0.1 (small LR). For signal learning (first and third figures), the

gray lines depict the strong signal learning <w§t20, yu) by all neurons r € [m], and the light blue lines depict

the weak signal learning (wét)r, yv) by all neurons r € [m]. As we can see, with large LR, the value of CNN
oscillates around y, and 3, (1 —y f(x; W*)) is going to increase, which, as our theory indicates, incentivizes
(Wét,),«, yv) to increase. In contrast, with small LR, (w')., yv) would stay at the same scale as its initialization.
In such a simplified setup, we aim to explain that, when SGD training belongs to certain oscillation
regime, which typically occurs under large learning rate 7, the CNN is guaranteed to make progress
in learning the weak signal 3y-v. Here by oscillation, we mean that the values of the CNN f(x; W)
keep oscillating around the label y during training. This phenomenon greatly contrasts with known
results for feature learning when gradient descent training converges smoothly under relatively small
learning rates (Allen-Zhu and Li, [2022; |Cao et al., [2022).

Review: small learning rate training regime. Firstly, we make a review of what may happen when
using SGD with a small learning rate 1. The following proposition proves that in this case the CNN
can not make much progress in learning the weak signal y - v.

Proposition 1 (Small learning rate training: single training data (informal)). Under mild conditions
on (d,m, oo, |[ullz, |v]|2), if we choose learning rate n < m/(6|u||3) small enough, then with high
probability, the training loss can smoothly converge with

je(1}melm] {|<Wﬂ("t’)”’jv>|} < O(oollvlle).

Please refer to Appendix [D]for more details about the proposition. It shows that in the small learning
rate training regime, the CNN only learns the weak signal ¢ - v to the same scale as its initialization.
CNN trained in this manner may fail to generalize to testing data without strong features (substituted
by a noise patch &), because it would make predictions relying mainly on the random noise. On the
contrary, in the following we intuitively explain that under certain large learning rate training regime,
the CNN can learn the weak signal up y - v to a constant level higher than its initialization. Such a
phenomenon is depicted in Figure 2]on an 8-neuron CNN trained by SGD with np = 0.1.

Theoretical motivations: large learning rate regime and oscillation. When using a large enough
learning rate n that exceeds the twice inversed smoothness, the weights of the CNN would keep
oscillating, which makes the value of f(x; W®)) fluctuate around y. The key finding towards our
theory is that the fluctuations of f(x; W(t)) around y would not cancel with each other. Instead,
the oscillation accumulates over time, which serves as the engine driving the learning of the weak
signal y - v. In the sequel, we explain why the cancellation does not happen.

The core idea is that, with a reasonably large learning rate, the CNN weights will be quickly enlarged
from the learning of strong feature u and then keep oscillating, but still stay well bounded. As a
result of the SGD updates (E]), the summation of the gradient terms is also well bounded. More
specifically, let’s look carefully into the dynamics of learning the strong signal 4 - u. For some time
steps to, t1 and certain neuron r € [m], it holds from (3) that

ty
O(1) = [(wiiH) yu) — <W§f,2),yu>’ ~ @< > (1 -yfx W) <W§,‘fl,yU>>- 6)

s=to

Now we split the summation on the right hand side of (6)) into two parts: one part is ST containing s
such that 3/ f (x; W(*)) > 1 and the other part is S~ containing s such that 3/ f (x; W(*)) < 1. It turns
out that if the weak signal component of the CNN is relatively small compared with the strong signal
component, the whole behavior will be dominated by the dynamics of the strong signal component.

In other words, when y f(x; W(*)) > 1, the inner products (wész, yu) would also take a relatively
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large value. Conversely, when yf(x; W(*)) < 1, the inner products (Wg(f,)a, yu) would also take a

relatively small value. Consequently, in view of (6], we can see that the total increase of (Wés,)», yu)

and decrease of (wf,s,)«7 yu) during the oscillation period are approximately balanced, i.e.,
ST W WE) —1) (whlyu) ~ D (1-yf W) (wl) yu) .
—— S——

+ _
s€S yf (W) >1 relatively large s€S yf(xWE)<1 relatively small

Consequently, the summation of 1 — yf(x; W(*)) over s € S~ would take a larger value than the
summation of y f(x; W(*)) — 1 over s € S*. This means that the whole summation

Yo W) —1) =3 1-yfesWY) = > (1 W —1)) Zo0.

seStuS— sES— seSt

That is, the oscillation of f(x; W(*)) around the label 3/ over time does not tend to cancel with each
other. Instead, the summation of the fluctuations would have a determined sign. Furthermore, if the
CNN values are bounded away from the label by a uniform constant § (i.e., the magnitude of the
oscillation), we can further prove that

> W W) —1) 2 Q6 max{|ST[,[S7[}) £ Q5 (1 —to)). (7

seSTUS—

This is the key motivation behind our theory for studying the oscillating SGD. With (7)) in hand, we
can further show that once the weak signal component of the CNN is still small, which means that
the weak signal hasn’t been well learned, the linear accumulation of the oscillation would incentivize
the learning of the weak signal (wét)r, yv) by a careful analysis of its updates (3).

Outcome of oscillation. Based on previous discussions, we can arrive at our result for the simplified
setup of this explanatory section: the oscillating SGD can indeed make progress in learning the weak
signal y - v, which helps the CNN to generalize to new data points which possibly lacks strong signal
y - u. This is summarized in the following (informal) theorem and corollary.

Theorem 2 (Large LR training, single data case (informal)). Under mild conditions on dimension
d, width m, initialization o, and learning rate n > m/(4||u||3), if the SGD training () oscillates
in the sense that |y f(x; W) — 1| > 6 for some constant § > 0 and each t > 0, then with high
probability there exists a t* < TImx with Toax € poly(d,m,n=, 61 |Jull5 %, ||v]l5 1) such that

- Z (Wi yv)) > 6, vt>t*

re[m

Please refer to Appendix|C]for formal and detailed statement of Theorem[2)and its proofs. Theorem|2]
shows that via oscillating SGD training, the CNN learns the weak signal y - v up to a constant scale
of 9, which is typically much larger than the scale of its initialization, since

1 ~ 1 .
— o((wi),yv)) S Ol - IVII3) < 6 < - > ol(wit)yv)),

re[m] r€[m]

whenever the initializations of the CNN is small. We remark that here we mainly consider neurons
with 7 = y and testing data with label y since the CNN is trained only on a single data with label y.

Implications to the simple signal-noise model. Our findings could also be adapted to explain the
setting with data model considered by (Cao et al.| (2022). In that case, one data point x = (y - p, &)
consists of a single signal patch y - i and a single Gaussian noise patch £. Therefore a trained neural
network can generalize to new data points only when it learns the common signal vector p.

As is shown by |Cao et al.|(2022)), under small learning rate training regime, if the data model has a
low signal-to-noise ratio (SNR), that is, the strength of the noise patch is relatively stronger than the
the strength of the signal patch, then overfitting the training data would result in poor generalization
(harmful overfitting). That is because the neural network would memorize the noise patch quickly
so as to fit the data, and consequently the signal patch is not well learned. In contrast, we can show
that under the oscillating SGD training regime, the signal can also be well learned even with a low
SNR. The mechanism behind this is still that the oscillation during training would accumulate and
incentivize the neural network towards signal learning.
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4 MAIN THEORY

In this section, we present our main theory on benign oscillation of SGD training with large learning
rates for the setup introduced in Section[2] We will first introduce the key conditions and assumptions
required by our theory in Section[d.1] Then we present our theoretical results in Section4.2] Finally
in Section[4.2] we also compare large learning rate oscillating training to small learning rate training.

4.1 KEY CONDITIONS AND ASSUMPTIONS

Before presenting our theoretical results, we first outline the key conditions and assumptions needed
on the model and the training dynamics. Firstly, our results are based upon the following conditions
on the initialization scale o, dimension d, number of data n, and neural network width m.

Assumption 3 (Conditions on hyperparameters). Suppose that the following conditions hold: (i) the
CNN weight initialization scale oo = O (max{||ul|z, ||v||2, opVd} Y - d=Y2); (ii) the dimension
d = Q(n?, polylog(m)); (iii) the signal strength: |[v|2 < 0.1][ull2, [[u]3> + [[v[5? < n(o2d) .
(iv) the learning rate m/(4|[ul|3) < n < 2m/(5||ul|3). (v) the weak data fraction p < c for some
small constant c.

We explain the conditions in Assumption[3]one by one. The conditions on the initialization scale o
and the learning rate 7 are to ensure that the whole training process is well bounded while oscillates
(rather than converging smoothly). The condition on the dimension d puts us in the regime of high
dimensions for which independent Gaussian noise has small correlations. Finally, the conditions on
the signal strength separate the strong signal from the weak signal by £5-norm. Also, we ensure that
the data are not too noisy by restricting the variance of the Gaussian noise.

The next assumption is on the training process, which requires that the SGD oscillates. For simplic-
ity, we denote the index of weak training data points lacking the strong feature patch as V.

Assumption 4 (Oscillating SGD). We assume that there exists a constant 6 € (0.2,0.8), such that
|y, f(x5,; W) — 1| > 6 holds for any t > 0 such that i; ¢ W.

Through Assumption@ we require that the value of 3/ f (x; W(*)) on data points with strong features
oscillates around the desired value, 1, by a scale of 6 € (0.2,0.8), i.e., the magnitude of the oscilla-
tion is at least d. Here the range for 4 is only for technical considerations to simplify the theoretical
analyses.

It is notable that Assumption [d]implicitly requires that the learning rate 7 should be scaled properly.
A large 7 forces the training trajectories to escape from the regular region, while a small 7 shall result
in smooth convergence. In both cases the phenomenon described in Assumption ] does not happen.
We also remind readers that the 7 condition in Assumption [3]is only sufficient for the regularities
such as boundedness and sign stability. Readers can refer to Appendix [C.7] for a discussion of the
necessary conditions of Assumption 4]

We remark that in general the dynamics of the training process could be quite subtle when oscillation
happens, and there exist other more complicated patterns of oscillations if one deliberately chooses
a specific learning rate 7. Our work focuses on a relatively simple but common pattern of oscillation.
It turns out that under the oscillation pattern in Assumption[d] we can show the benefits of oscillation
on the generalization properties of the CNN. Actually, we can also extend our theoretical analysis to
a weakened version of Assumptionthat the time average of |y;, f(x;,; W(®) — 1] is larger than 6.

Finally, we remark that we only assume the oscillation on strong data, since intuitively on weak data
the CNN fits the label via the weak features and the noise (both have smaller strength than strong
features) and may converge slower and more smoothly. See Section 4.5\ for experimental evidence.

4.2 MAIN THEORETICAL RESULTS

Our main results are that, under previous conditions and assumptions on the hyperparameters and
the training dynamics, the CNN can make enough progress in learning the weak signal v thanks to
the oscillation happening during training. We refer to Appendix [E|for a detailed proof of the results.

Theorem 5 (Weak signal learning: oscillating training with large learning rate). Under Assumptions
and w.p. at least 1 — 1/poly(d), there exists t* < poly(d,m,n,6*,n~ o, alz vz
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Figure 3: The dynamics of signal learning under a large learning rate niarge = 1.2 and a small learning rate
Nsmall = 0.1. The values of signal learning are obtained by characterizing the inner products (w(t) u) and

3,
<W;7ti, v). It can be seen that when using the large LR, strong signal learning as well as the NN outputs will

oscillate, during which weak signal will be gradually learned. When using the small LR, strong signal learning
will converge quickly, and the weak signal learning will stay at the same scale as its initialization.

such that
1

m

max
Jje{+1}

)= ol ) o

re[m]

> allwy,

re[m]

In contrast, under the small learning rate regime, the CNN would not learn the weak features, which
is the following proposition with proofs in Appendix [F

Proposition 6 (Small LR training). Under Assumption |35\ on (d,m,n, oo, ||ull2, [|[V]|2,0p), if we
choose learning rate n < m/(6/|u||3) small enough, then with high probability, the training loss
can smoothly converge with

max
je{£1},re(m]

{Iw. )l < Oloo|vil2):

Division of generalization. Suppose we are given a new testing data point (x°, y°) with an input
x°® = (y°v, £°,£°) only consisting of the weak signal v. Then a reliable prediction can only count
on utilizing the weak signal v. In the regime specified by Theorem there holds y° - f(x%; W) >
d/4 — o(1) > 0 corresponding to correct prediction almost certainly. In contrast, when applying the
small learning rate, as specified by Proposition[f] the trained NN fails to take advantage of the weak
signal v from the data x°. Therefore, it will be likely to make the prediction based on a random guess
(the randomness stems from the random initialization and the noise patches £°,£¢ ). Consequently,
note that the weak data takes up p fraction of the dataset (see our data model in Section [2), SGD
with large LR will achieve a ©(p) higher test accuracy than SGD with small LR, demonstrating the
benefit of oscillation and large learning training in terms of the generalization ability.

4.3 NUMERICAL EXPERIMENTS

In this part, we conduct numerical experiments to demonstrate our findings on “benign oscillation”.
We follow the same data generation model and optimization algorithm as we described as Section[2]
Specifically, we consider a dataset with n = 16 and |W| = 2, that is, p ~ 0.125. The dimension is
d = 64, and the number of neurons for each direction j is m = 8. We generate the data with strong
signal |[ul| = 2, weak signal ||v||2 = 0.4, and noise ||£||2 =~ 0,d'/? = 0.8.

Weak signal learning. We run the SGD to train the CNN with two different scale of learning rates:
a large learning rate 7jarge = 1.2, a small learning rate nsman = 0.1. We plot the dynamics of signal
learning for each neuron r € [m] from these two training regimes in Figure The first two figures
plot the large learning rate training, and the last two figures plot the small learning rate training.

As we can see from Figure 3] with large learning rate SGD training, the CNN can effectively learn
the weak signal to a scale much larger than the initialization. On the contrary, by small learning rate
SGD training, the CNN does not learn the weak signal since it just remains at the same level as the
initialization. This demonstrates our main theory in Section 4]

Furthermore, in Figure we plot the values of y; f(x;; W) on certain data points i € [n] and the
value of L(W®)) for the two training regimes. In specific, we plot the values of y; f (x;; W) on a
strong data i ¢ W (randomly sampled) and the value of y; f (x;; W (")) on the weak datai € W. As
we can see from the large learning rate training case, the value of f on the strong data oscillates while
the values of f on the weak data do not. This matches our theoretical assumption in Assumption 4]
that the oscillation in f value only happens for strong data. Also, for the small learning rate training
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case, the values of f on the weak data converge slower than those on the strong data. This is because
on the weak data the CNN mainly uses the noise to fit the target which is of lower strength than the
strong signals on strong data. But still, the noise out weights the weak signals and consequently the
CNN makes no progress in learning the weak signal if trained smoothly.

Generalization properties. Finally, we test the CNN trained by two different learning rates on new
testing data generated in the same way as the training data, The testing data size 32 with 4 weak data
points. We repeat the testing evaluation over 5 random seeds and take the average. The result is that
for the CNN trained by 71, the test accuracy is 99.38%, and for the CNN trained by 7gpan the
test accuracy is 93.75%, matching our theoretical insights that large learning rate training benefits
NN generalization. For the CNN trained by nsmail, it misclassifies certain weak data points. As we
previously discussed, on data without strong signal, the CNN approximately uses a random guess.

5 RELATED WORKS

Large learning rate NN training. Gradient descent training coped with large learning rates for
deep learning is receiving an ever increasing attention for recent years (Cohen et al. [2020; Jas-
trzebski et al.l [2021; |Andriushchenko et al., |2023). For GD training, the phenomenon of “edge of
stability” (Cohen et al., [2020; 2022) showed that the sharpness of the loss Hessian would finally
hover just above 2/7 and thus a larger learning rate would prefer a flatter minimum and possibly
better generalization, and have received great attention in recent years (Arora et al., [2022} [Chen and!
Brunal 2022} Damian et al., |2022; [Wang et al., 2022} Zhu et al., 2022b). Besides, |Li et al.| (2019)
studied the regularization effect of large learning rates of SGD at initialization which results in better
generalization than using a small initial learning rate training. Wu et al.| (2021)) studied the implicit
bias of SGD with a moderate large learning rate for overparametrized linear regression. Wu et al.
(2023) then studied the implicit bias of large learning rate GD training in logistic regression. In
addition, |Andriushchenko et al.|(2023)) showed that SGD with a large learning rate can help NN to
learn sparse features from data, but did not provide rigorous theoretical justifications. We highlight
that our theoretical work on large learning rate SGD builds upon a multi-pass fashion of SGD and a
feature-noise data generation model (see Section , which is different from previous works (L1 et al.}
2019; Wu et al.| [2021}; |Andriushchenko et al., [2023)) where noise-approximated-SGD is adopted for
analysis. Also, we study the behavior of large LR SGD by focusing on the role of oscillation, which
is also largely different from the prior works.

Feature learning in deep learning theory. There has been a long line of research in deep learning
theory from the perspective of feature learning during training of neural network (Allen-Zhu and
L1, 12022; [Wen and Li, [2021}; [Zou et al., 2022} |Cao et al., |2022; |Chen et al., [2022; [Zou et al., 2023}
Huang et al.,|2023; |Yang et al., |2023)). The idea is that, by explicitly characterizing the dynamics of
feature learning during training, one can figure out how different algorithms and data structures can
influence the learning of features by the neural network, further uncovering the properties of interest
in deep learning, e.g., ensemble (Allen-Zhu and Lil 2022), adaptive gradients (Zou et al.| [2022),
the phenomenon of benign overfitting (Cao et al.| |2022), data augmentation via mixup (Zou et al.,
2023)), etc. Specifically, the work of|(Cao et al.[(2022) showed that under small learning rate regimes,
training on data with low signal-to-noise ratio (SNR) would result in harmful overfitting, leading to
poor generalization abilities of the neural network. Our work extends this line of research to the less
theoretically understood regime of large learning rates by characterizing the feature learning process
when oscillation happens during gradient descent and explaining its benefits to generalization.

Further related works. Please see Appendix [A]for more related works.

6 CONCLUSIONS

This work theoretically investigated NN training with large learning rates and established a theoret-
ical framework to understand the oscillation phenomenon. We revealed the benefit of oscillation to
the NN generalization, which we summarize as the phenomenon of “benign oscillation”. Our theory
demystified the phenomenon based on a feature learning perspective and showed that the oscillation
can drive the learning of weak but important patterns from data that are crucial to generalization.
Our theory shed light on the understanding of large learning rate NN training and provided useful
guidance towards the optimization analysis when smooth convergence is guaranteed.
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A  FURTHER RELATED WORKS

Additional related works on large LR NN Training. [Ziyin et al| (2021);[Zhu et al| (20224); [Ziyin
let al.| (2023); [Even et al.| (2023) also study neural network training with large learning rates. More
specifically, the work of Ziyin et al.| (2021} [2023)) is from the perspective of loss landscape of neural
network optimization under large learning rates and different signal-to-noise ratios. In contrast, we
explain the better generalization properties given by large learning rate training through the lens of
feature learning, which has a different target and provides a different viewpoint.
explain the “catapult phase” exhibited by large learning rate NN training on neural quadratic models.
investigate the impact of large learning rate on the implicit regularisation of (S)GD
over 2-layer diagonal linear networks.

Diagonal linear neural networks. There is a line of theoretical works on the training of diagonal
linear neural networks (Pesme et al.| 2020; 2021} [Andriushchenko et all, 2023}, [Even et al.} [2023),
where the impact of large learning rate is also investigated (Andriushchenko et al.,[2023; [Even et al.}
[2023). As is shown (Andriushchenko et al., 2023} [Even et al., 2023), for the diagonal linear neural
networks, large learning rate training can lead to sparse features, which is somehow related to our
dynamic analysis. More specifically, it turns out that our theoretical analysis not only indicates that
the weak signal is properly learned (i.e., for (w, ,, yv) > 0, it increases), but can also be leveraged
to prove that all the negative parts (i.e., (W_, »,yv) > 0and (w_, ., yu) > 0) are “unlearned”, that
is, they are pushed towards zero (we did not explicitly prove it since an upper bound of these negative
parts are sufficient for our analysis, see Lemma [I6]or Lemma [31)). Therefore, once we prove this,
we can actually conclude that the model not only learns the weak signal, but also implicitly learns a
“sparse” solution to some extent. Also, learning more useful features, which is the outcome of large
learning rate SGD, can sortly suppress the noise memorization, since the more noisy model could
lead to higher sharpness than the model that largely learns features to fit the training data. This may
also connect to the sparsity of the learned model.

B PRELIMINARY LEMMAS ON CONCENTRATION
In this section, we give finite-sample concentration results to characterize the high-probability con-

centration properties of the random elements involved in our problem. Throughout this paper, we
fix a small constant failure probability p = 1/poly(d).

Lemma 7. Suppose that n > 8log(4/p), then with probability at least 1 — p, we have that

i€l iy =1} A€ )y = -1} > 7.

13
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Proof of Lemma [Z] See Lemma B.1 in|Cao et al.[(2022)) for a proof. O
Lemma 8. Suppose that n > 8log(4/p), then with probability at least 1 — p, we have that
2
wi < 2.
n
Proof of Lemmal(8] This follows from the same proof as Lemmal[7] O

Lemma 9. Suppose that d = Q(log(4n/p)), then with probability 1 — p, we have that
opd/2 < ||€]3 < 30pd/2, (&, &) < 207 - \/dlog(2n/p)
hold for all i,i' € [n].

Proof of Lemma[9) See Lemma B.2 in|Cao et al.| (2022) for a proof. O
Lemma 10. Suppose that d > Q(log(mn/p)). Then with probability at least 1 — p, we have that

oollul2/2 < max  (wi%, ju) < \/2log(16m/p) - oollullz,

je{£1},re[m]

min <w§?27ju> > —+/2log(16m/p) - oo||ul|2,

je{£1},r€[lm]

oollvlz/2 < max  (w%, jv) < /2log(16m/p) - oo v]l2,

je{£1},re(m]

. 0) .
min w. ., jv) > —+/2log(16m/p) - vi|a.
je{ﬂ}m[m]( G JV) > g(16m/p) - ool|v||2

Uoffp\/g/ﬁl < mflx]j . <W§07)_, i) < 24/log(16mn/p) - aoap\/g, Vi € [n],
relm ’

Proof of Lemmal[I0] See Lemma B.3 in|Cao et al.|(2022) for a proof. O

C PROOFS FOR SINGLE TRAINING DATA CASE (SECTION

In this section, we give a formal statement and a detailed proof for our main results on the single
noiseless training data setup, Theorem [2}

We begin with the formal statement on the conditions and assumptions required for Theorem
Firstly, we put requirements on the data model, initialization, and learning rates.

Assumption 11 (Conditions on hyperparameters). Suppose that the following holds:
1. The learning rate m/(4||ul|3) < n < 2m/(5|ul3);
2. The weight initialization scale oo = © (max{||u|2, ||v]j2} " - d~1/2);

3. The signal strength ||v]|2 < 0.01 - |ju

o
4. The dimension d satisfies d = Q(polylog(m)).

These conditions are the simplified version of conditions of Assumption[3|for the multiple data setup.
The first condition on the learning rate guarantees the regularity of the training trajectories, including
the boundedness and the sign stability. The second condition on the weight initialization scale makes
sure that the CNN is not initialized too large, which is common in practice and also helps regularize
the training trajectory. The third condition on the signal strength separates the strong signal from the
weak signal by their /5-norm. Finally, the last condition on the dimension d puts us in the regime of
high dimensions for which independent Gaussian noise has small correlations.

We make some additional remarks on the choice of the weight initialization scale og. It is to ensure
that the scale of initialization is smaller than the oscillation magnitude (at least in the high dimen-
sional region). A direct benefit of this is that by Theorem 2] one can immediately conclude that the
weak signal is guaranteed to be learned to the scale much higher than its initialization, improving

14
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over the small learning rate training regime (Proposition[I)). Also, small weight initialization is also
assumed in the original edge-of stability paper (Cohen et al., 2020), as they need to guarantee “pro-
gressive sharpening”, where the sharpness at the initialization should be smaller than the sharpness
at the oscillation phase. So the whole thing we want is a weight initialization that is not too large so
that it is smaller than the scale of oscillation. Any other conditions on initialization would also work

if this is guaranteed, e.g., it can be relaxed to oo = O (max{||ul|, [|v|2} ! - d~*) for some o > 0.
The next assumption is on the training process, which requires that the SGD oscillates.

Assumption 12 (Oscillations SGD: single training data case). We assume that there exists some
constant § € (0.2,0.8), such that |yf(x; W) — 1| > § for any t > 0, where (x,y) denotes the
single data point, W) denotes the weights found by SGD ().

Again, we refer the readers to Section [A.1] for an explanation of Assumption [I2] With Assump-
tions[TT]and [I2] our formal statement of Theorem 2]is the following theorem.

Theorem 13 (Restatement of Theorem [2). Under Assumptions[I1]and|[I2} with probability at least
1 — 1/poly(d), there exists a step Ty such that for j = y and any t > T(y,, it holds that

1 . 1)
— Z (Wi ) = — 3 oWl jv) = 7.

re[m]

where 6 > 0 is specified in Assumptionand Ty < O(m-n~t-|v|I32-0 - log(mdoy | vI|31)).
Proof of Theorem[I3] Please refer to Appendix [C.3|for a detailed proof. O

The following of this section is organized as following. Appendix [C.I]presents important properties
of the whole training dynamics and the CNN, which serve as the basis for all the following proofs.
Appendix [C.2] presents the fundamental step that allows for proving weak signal learning. Based
on that, we prove the main theorem in Appendix [C.3] Finally, the remaining subsections collect the
proof for all the lemmas and technical results involved in Appendix [C|

C.1 BASIC PROPERTIES OF TRAINING DYNAMICS AND THE TWO-LAYER CNN

Properties of training dynamics. We first define some neuron subsets. For j € {£1}, we define
that

Ul ={refml: whpm >0, Ul ={repm): (w),ym <o}

and
V= {rebml: wihow) > o), V= {reml: (wiyv) <o},
By the update formula (3)), we know that the gradient descent iterates the inner products

{(ng,)),ju)}tzo as follows:

2
witt g = (i) + T2 (1o W) o (i) ), ®

2
u
(W), —yu) = (W) . yuH%'(l—yf(X;W“)))'J/( (W) —y)). )

Analogously, we have that

2
v
w0 vy = (i) + Y2 (1 W) o (). (10)

2
v
<W7y,r ,—yV> = <W(jg)/,r> —yV> + nHmHQ . (1 - yf(x7w(t))) Y ( < (j)y T —yV>)

Then we invite readers to some facts that helps to understand the behavior of the inner products
. . . (0)
during the training processes. First, we note that by (8), for any r € u,”,

{<W(t”y >}t20
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stays fixed at its initialization, thus automatically keeps a fixed sign. The same phenomenon that the
inner products are fixed can be verified on following neuron sets,

{<w9;7T, 7yu>}t>o, vreu® {<w<t2,yv>}t> e Vi {<w(—t)y,w *yV>}t>07 vre VL.

The benefit of this phenomenon is when looking at the prediction f(-; W(t)) on the single data with
label v,

FoWO) = L 37 o ((wil) yw) + o (Wi yv) — o (Wl yw)) — o ((w'h) . —yv)).

Y

By splitting the summation over r € [m] according to our defined neuron sets, we can simplify (TT)
as

FosWO) = LS o((wlf)pw) + LS a(wll) yv)

reu,”, revl®,
_ % Z o( <W(_752, " —yu)) % Z 0'( <w(_tzj . —yv)), (12)
reut) rep®

—y,— —y,—

which only involves wy7r withr € U ti U V /. and w(t)y » With r € u) U V(t) . Combined

with previous observations, we only need to track the training dynamics of the neurons appearing in
Thanks to these facts and the signal strength regime in Assumption[I2] we can then retreat to tracking
the movements of

(t) (0) @ (0)

{( W, T,yu>}t20, vrel,; and {(ny . yu)}tZ Vreuz, _

whenever the weak signal part is not yet effectively learned and the strong signal part still dominates.
Ideally, only the inner products (wz(, ), yu),r € Z/lﬁr take the lead.

Then a natural and crucial question is the boundedness of these inner products, which turns out to
be the cornerstone for the subsequent analysis. A straightforward but helpful lemma indicates that
the inner products that are initialized to be the maximal (resp. minimal) among all inner products
continue to be the maximal (resp. minimal) throughout the training process. To put formally, we
have the following.

Lemma 14 (Maximum and minimum neurons). Suppose that the signs of all the related inner prod-

ucts do not change throughout [t1,t], i.e., Z/{étl = M?Sfi) and Uﬁt; Ug;), forallt € [t1,ta].
Then we have that
argmax(wé@%yu) = argmax(w §t17yu>
re[m] re[m]
argmin(w (_y)r, —yu) = argmm(w(_; - —yu)
re[m] re[m]

hold for all t € [t1,1s].
Proof of Lemma See Appendix for a detailed proof. O

A direct profit of this lemma is that when the signs keep invariant, it suffices to track two specific
indices in u;’fi and ")

~y,—» the maximum and the minimum, to analyze upper and lower bounds for
all neurons.
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Single neuron behaves similarly to CNN. The proof of boundedness utilizes another property of
two-layer CNN defined in Equation (1) that exhibits the connections between the behavior of inner
products (w, ., yu) and the outcome of the model f(-; W). We state it as follows.

Lemma 15 (Single neuron imitates entire CNN). Define the major part of y - f(x; W) as

Q(vaEW) = % Z U(<Wy,rvyu>)~

re[m]

Suppose that there is t1 < to such that L{;tzr = Z/I;i) forall t € [t1,ts]. Then, for any ¢ > 0,
g(x,y; W) > ¢ implies that for all t € [ty,ts],

ma (wil), yu) > (5 me)' /2
rem ?

On the other hand, g(x; W) < c implies that for all t € [t1, 3],

max (Wi} yu) < (B me) /2,
relm ’

Here ,Bfl(t) is defined as

e _ M%) oWy, yu)
S ety (Wi y0))
Proof of Lemma See Appendix for a detailed proof. For multiple training data setting, the
proof is in Appendix [E.6.2] O

Being a subtle condition required in the previous two lemmas, whether the signs of these inner
products are invariant throughout the process remains unknown, making the behaviors of these inner
products complicated. The answer to this question is affirmative, as we are able to prove that,
under proper conditions, the signs of these inner products are fixed throughout the process. Using
Lemmas [T4] and [I5] we prove the boundedness and the sign stability simultaneously through a
sophisticated inductive argument. The formal statement of this result is as follows.

We first define a stopping time. Let

1
— i . (t)
Ty =min g t: > o((wiyv)) >d 0. (13)
re[m]
Such a stopping time helps to control the non-dominating terms in the CNN. Moreover, once the
process reaches 7|+, the conclusion in Theorem [13|is nearly achieved. Our results are summarized
as follows.

Lemma 16 (Boundedness and sign stability: single training data case). Suppose that Assump-
tions and hold. With probability at least 1 — p = 1 — 1/poly(d), we have the following
bounds:

max(w{f), yu) < 1.5+ (1.0585m) "/, Yt < Tiy, (14)
min(—w(_t?)“,, —yu) > —/2log(16m/p) - oollull2, Vt <T(y), (15)
m}n(—w&t;,r, —yv) > —/2log(16m/p) - oo||vll2, Yt <T(y), (16)

0<yfWW) <3, vt <T,).

Here 3}, = 53(0) is defined in Lemma Besides, the sign stability holds before T(y), i.e. Mg;i

and Vz(lfg);,:t remain invariant in t, and the superscript (t) can be dropped.

Proof of Lemma See Appendix for a detailed proof. O
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Thanks to the stopping time defined in (I3) which puts controls on the scale of (w(-t?n, jv), the

major part function g defined in the previous lemma dominates the entire CNN, as the negative parts
<w(f;,r, —yu), (ngm, —yv) can be lower bounded in Lemmathrough a delicate analysis of the

training dynamics.

Lemmas [T4] [T3] and [T6]reveal the key properties of the training dynamics and the two-layer CNN.
Several remarks are put here again. Lemmas [T4] and [I3] are temporarily local, with the condition
on the local sign stability. They are not informative until we are able to extend the sign stability
to a wider sense, which is achieved by Lemma @ Nevertheless, these two local lemmas are used
frequently throughout the subsequent analysis, so we single them out here to make the proof more
readable.

C.2 FUNDAMENTAL REASONING TOWARDS THE WEAK SIGNAL LEARNING

The previous section presents several basic properties of the training dynamics and the CNN. How-
ever, they are insufficient in interpreting the driving force of the weak signal learning during os-
cillation. In the lemma below, we discover a quantitative interpretation towards the increasing on
<WFt,)T, yv), which formalizes the illustration of the function of oscillation in Section

Lemma 17 (Weak signal learning: single training data case). Under Assumptions[I1]and[I2] sup-
pose that there exists ty < t1, such that:

1. The sign stability holds on [to, 1], i.e., i.e. Uit;’i and Vﬂ(tt;’i remain invariant in t;

2. maX,g[m] <W7(j2«, yu) < B - (Bim)Y?, Vt € [to, t1] for some B > 0;

3. min,¢ppy) (w(f?)w, —yu) > —0.1 and min, ¢}, (W(fz”, —yv) > —0.1, Vt € [to, 1],

4 LS (Wi yv)) <6, VE € [to, 1]

m
5 =2<1—yf(x;WW) <1, Vit € [to, 1],

Then we have that
ti—1

mB
1—yf(x; WE)) > 2 (4 —tg) — —————e.
s:z;o ( ) n||ul|3v/1.05 — 6
Consequently, we further have that for any r € V,, = {r € [m] : <w§,€‘}), yv) > 0}, it holds that
2 2
(1) > (w(to) ) 77||V||25_ bo—t0) — VI3 ) B
<Wy,r ,yV> — <Wy,7‘ 7yv> exp{ m ( 1 0) Hu”% (105 _ 6)1/2 N

Here e = (6 — §(1.05 — 6)'/2) /4 with § specified in Assumption
Proof of Lemma See Appendix [C.5]for a detailed proof. O

This lemma asserts that, stable oscillation in a bounded and favorable training area leads to a linear
increasing lower bound for )=, (1 — ;). This is the first part of Lemmal[17] The second part of this

lemma relates the increasing speed of (Wg(f)r, yv) to the summation of 1 — y f;. The derivation of this

part relies on the fact that o = || v||3/|lul|5 € (0,1) and is close to 0. This observation motivates us
to approximate the ratio with a first-order Taylor expansion,

(wyr yv) @)
= H {1 +a77(1 —yf(x; Wt ))}
(Wy2', yv) t'=to
t1—1
~1+an Z (1-— yf(x; W )))
t'=tg
The proof of the second part of this lemma justifies this intuition formally with more delicate anal-
ysis. With all these collected results, we are ready to present the proof of the main theorem.
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C.3 PROOF OF THEOREM

Proof of Theorem[I3] We prove Theorem [I3| by contradiction. Recall that in the previous section
we have defined that

1 ¢
Ty = m>1(r)1 t: - z[:]a«wé’%yv}) >0
relm

With this definition, our first goal is to prove that 7|, is bounded by a finite time with explicit
expression. To put it precisely, we are going to prove by contradiction that

m 2vmo v]3 1.05
Tvy <Tp:= - < log +15- =%,
™) nlvIi3e { <00||V||2> a3 V1-0

where € is specified in Lemma [T7] and § is specified in Assumption [I2] Suppose otherwise that
Tvy > To. By Lemma [16( we can see that for ¢ € [0,7p] all the conditions of Lemma [17| are
satisfied. Then Lemma [I7/[implies that,

2 2
(To) > (w(©® nlivilze . _15'||v2.\/w
<Wy7 V) > <Wy7 Y- eXp{ m 0 i3 1.05 -4
1 2vVm
> goolivle: o, > Vind

where r* = argmax,.c(,, (wg(fzn, yv) are fixed throughout ¢ € [0,Tp] (see Lemma D and in the
second inequality we apply Lemma[I0[to lower bound the initialization. This leads to the following,

1
- Z y7;0)7yv>) > Ea(<wg(/q;o)vyv>) > 65

re[m]
which contradicts the definition of (), and therefore 7\ < Tp.

The rest part of the proof is to show that the sequence

1 t

— > o(wihov) (17)
re[m] t>Tey)

does not fall below ¢/2. Intuitively, as long as the sequence above falls below ¢, the sequence

would have the incentive to increase, as the results in Lemmalﬂl are revived again based on another

boundedness argument. The analysis resembles the proof of Lemma 16| with slight differences. We

provide the following proposition with the proofs delayed to Append%

Proposition 18 (Weak signal memorization). It holds that

)
t
— Z (Wil yv)) > 5, vt > Ty,
re[m]
Proof of Proposition[I8 See Appendix [C.6.1]for a detailed proof. O
This proposition finalizes the proof of Theorem[I3] and we are done. O

C.4 PROOF OF LEMMAS IN APPENDIX
C.4.1 PROOF OF LEMMA

Proof of Lemma By our assumption that the signs of the inner products does not change through-
out [ty, ta], it is straightforward that Z/{lgti =U, (tl) for every t € [t1,t2]. The same is true for I (t)

Therefore, we are able to drop the superscript ( ) temporarily, as the attention is restricted to a local
interval [t1, to].
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Regarding the maximal index, introducing 7" # r € U, ., we have following relation

argmax(w?(fl, yu) = argmax(wl(f)r, yu),
re[m] ’ €y
t
= argmax(wé’fz,, yu>/<W;72«/, yu)
TEUy, 4

— u 2
) T, (122288 (1 0 W)
= argmax
T I (W)
(t1)

= argmax(wl(f}), yu>/<wy,r’7 yu)
rely, ¢

= argmax(w(f1) yu).
TEUY + .

The same relation can be verified for (w(_tyﬂ_7 yu) with € U_,, _, finishing the proof. O

C.4.2 PROOF OF LEMMA

Proof of Lemma Again, the local sign stability assumption ensures that each inner product grows
proportionally and the superscript (¢) in the neuron index sets can be dropped, with

1
ol W) = L 5 () )
re[m]
t—1 2 2
=L o(twlm) - ] (1 v 2l yf(X;W(t'))))
m reUy, + t'=t1 i
(t1) t—1 9 2
 maxpepm) o ((Wyi, yu)) 2n|allz W)
B mﬁn*x’(tl) tgl 1+ m (1 yf s W ))
o (max,epm) <Wz(;t,)m?/u>)
- mp™ ‘

Here the second line and the last equality is true because () implies that all the positive (wy(fzu, yu)

iterates by sequentially multiplying the same factor
2n|la 2 ’
1+ L‘Jﬂ I2. (1—yfs WD),

The third equality comes from the definition of ﬁ{i’(tl) in Lemma Thus, g(x,y; W(t)) >c
implies that

o (max (wl(f)r, yu)) > Bt me

re[m]

and the desired lower bound follows. The upper bound can be proved analogously and is omitted
here. O

C.4.3 PROOF OF LEMMA

Proof of LemmalI6] A roadmap is provided to help understand how every single step is achieved so
that the readers can skip the details without leaving the key ideas behind.

Recap on notations. Recall that, Z/{J(t}r is the set of indices r € [m] such that <W§t7)n, ju) > 0 and
u}? is the set of indices € [m] such that (w](-’tz,ju) < 0. Specially, letU,, = L{y(OJ)r andU_, _ =

") _. With probability one, it holds that U;,_ Ul 4 = [m]. Let 7* = argmax, ,, (Wi r, yu)
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and 7, = argmin, ¢, <W(*O;ﬂ“7 —yu), i.e., r* (resp. r,) denote the index of the maximum (resp.
minimum) throughout the process as we are able to extend the results in Lemma|[T4] globally.

We also introduce several supplemental notations here to facilitate the proof. Recursively, we define
Ty = m>1%)1 {t t>Tho1, yf(W®) > 1and yf(x; WD) < 1} , (18)
t=>
with T, o = 0. Similarly, we define that

Ty, = rtn>1(r)1 {t 6> Tho1, yf(x W) < Tand yf(x; WED) > 1} )
and 7y = 0. Intuitively, T, captures the times that y f (x; W(t)) just exceeds 1, and similarly for 7.

Roadmap. From a high level, three steps are required to establish the full proof:

1. We verify that the lower bound in Inequality in Lemma |16/ holds for all ¢ € [0, 7] with
a direct monotonicity argument. Additionally, we can prove that the upper bound in Inequal-
ity (T4) holds for ¢t € [0,7}) by using Lemma |15/ and the definition of 7. The signs do not
change in this stage, as shown in the details below.

2. We extend the results in Lemmato t € [11,Tz) with repeated use of Lemma The sign
stability is guaranteed from an intermediate upper bound on |1 — 3 f(x; W(®))|.

3. Note that the condition on [0, 77 ) (which is proved in the first step) required for the proof of the
second step is again true for ¢ € [0, T3), which is a consequence of the second step. Therefore
we can repeat the second step to extend the results in Lernma tot € [Ty, T53), and so on. So
the results are true for all ¢t < T(V).

The first and the last step above are relatively straightforward. However, the second step requires a
delicate break-down analysis. Here we provide a more detailed roadmap for the second step. The
goal is to prove the results in Lemma [16] restricted to ¢ € [T, T3). This would be achieved in four
split steps:

2.1 Firstly, we prove the upper bound in Inequality for t = T} by tracking one-step gradient
(Ti—-1)

descent and the upper bound for <Wy,r* ,yu). Then with a monotonicity argument,

(Wi gy < (Wi gy, i e [Ty, T,

Besides, fort € [T, T}) we can give a lower bound on <W;t2« , yu) with the help of Lemma

2.2 Based on the previous lower and upper bounds on (W(iﬂ), yu), we can derive a lower bound

on <wf,32 ,yu) by tracking one-step gradient descent. We apply this worst-case tight lower

bound to conclude the sign stability. We note that this step is free of the lower bound on
(*)

—Y,Ts?

(w —yu) for t € (T}, T»], which we have not yet proved to be true.

2.3 Now we give lower bounds on <W(};j)r, —yu) and (W(};)m,—yv>. We achieve this by a

delicate usage of the lower bound on (wgﬂ) ,yu) (which we have proved in Step 2.2) plus
an inequality that connects the relative increment of (Wﬁ,yu) and (W(f;’,,*, —yu) (or
<w(_tg,,7.* ,—yv)). Thus we prove Inequalities and for t = T, and this can be fur-
ther extended to the entire [T7,T»] by another monotonicity argument since T} is the local
minima.

2.4 The remaining to is upper bound (w?(f)T ,yu) for t € (T1,Ty). This is again a consequence of

Lemma , as exactly what has been done to upper bound (wff)r ,yu),t < T} in Step 1.

Now with the roadmap in mind, we are ready to dive into the details of every step.
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Step 1: Pre-T; Analysis. Lemma [10|indicates that the lower bound in Inequality (T3) holds at
initialization ¢ = 0 under Assumption Moreover, the upper bounds on the maximal initial inner

products in Lemma [I0] with Assumption |IT]indicate that
[y (e W) < 2 max (wlf) yu)® v max (w'®) | —yu)?
refm] ¥ refm Y

= 0(o¢ul?) < 1.
From this we know that 7} > 1 and the upper bound in Inequality (T4) is true at ¢ = 0.

Then the first step to do is to extend the lower on (w(f)yw —yu) to [1, Ty]. Definition of T} implies

that i f (x; W®) < 1 for t € [0, Ty). Therefore for r € Z/lioy)’_, Equation (9) gives that

2
77 u
(WD gy = (W) ) + % (1 -y fes WD) o' (= (wl) )
2n|lul|?
= (w") . —yu) - % (- yfs W) (wl) | —yu) (19)

-y,

2 <W(_tr)y7r7 7yu>
And furthermore
T 0
(wly o —yu) > (W' —yu) > —/21og(16m/p) - oo [ull..
Taking minimum with respect to r € [m] gives the result. Same argument can be applied to

<W(};1’)T, —yv). So the lower bounds in Inequalities (T5) and (T6) hold for t € [1,T}].

Also, (8) and (T0) imply that (w?(f)r, yu),r € Uzs?l and <wg(,t)r, yv),r € V;?i increase for all t < Tj.
A natural consequence is that i f (x; W(*)) is non-decreasing in ¢ in this stage, since every summand
(possibly with the negative sign before) in the summation is non-decreasing.

Now we can prove the sign stability. For r & L{ZS(L)_, we know from (§) that (wéﬂ,yu) >
(Wg(f?q)«, yu) > 0, hence r € Z/{y(tzr is non-vanishing in ¢ by induction. Additionally, for r € ué?l,
<Wg(,t,)r,yu> stays fixed in ¢, as mentioned in Appendix Two points together ensure that

Z/l;tl_ = L{é?j_ fort € [1,Ty].

Forr € U(fogﬁ, let’s take a closer look at Equation (19) with ¢ = 0:

@
2n|ul|2
= (w'% . —yu) - <1 - Lﬂn Iz (1-yf(x; Wm)))) :

>0ifn<(1—o(1))/2:m|ull5*

2n||ul|3
<W(—13);,7-’ —yu) = <W(0) —yu) — % . (1 - yf(x;W(O))) . <w(_0;’7., —yu)

Assumptionensures that n < 0.4m|lul|;? < (1—o0(1))/2-m|ul|5* so the sign change does not

happen at t = 0. As mentioned before, y f(x; W) < 1 is non-decreasing in ¢ at this stage, and
putting them together we know that

1— (1—yf W) >0, vte[l,T).

(t)

—y,r

and V(j;ﬁ is ensured for ¢ € [0, T;] and the lower bound in Inequality (T3] holds for ¢ € [1, T}].

2n|[ull3
m

The same sign stability can be verified for (w —yv), and therefore, the sign stability for U(_t;_

Now we turn to prove the upper bound (T4). Note that yf(x; W®) < 1 for t < Ty, and the
definition of (., then implies that

g(x,y: W) <1+ 2(1/210g(16m/p) - ooull2)” < 1.05.
Now that the sign stability holds for t € [0,7}), Lemma gives that
max (Wz(fl, yu) < (1.0585m) vz,

re[m

Here f3, is defined in[15] with the superscript (0) dropped.

(20)
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Step 2.1: Bounding max, (wg(fz, yu) for ¢t € [Ty, T1). Inorder for the upper bound to be tight, we
need a lower bound on g f (3x; W(T1=1)_ Let 7 = 2n||u||2/m > 1/2, we have the following result.
Proposition 19. For every k > 1, suppose that

1 P 7 )
Epo_1 = m Z U( - <W£T;jc7r1)a —yu>) + U( - <W(}q},r1)7 —?JV>) < 9
re[m]
Then we have that
_ 2 N ~2 4~
yf (e WD) > ST = VRS @)

20
Moreover, it holds that

VFE WD) < (s WD) (1 (1 - yf s W) 128y, @)

Also, it is notable that the result here still holds for T, > Tv)-
Proof of Proposition See Appendix [C.6.2]for a detailed proof. O

Clearly, the conditions required for Proposition [19]is true for before 77. So consider a one-step
gradient descent at ¢ = 77 — 1, by Proposition|19|and Equation (§)),

_ 2 _ _
<Wg];}*),yll> <W(T1_1)7yu> + 77“?:”2 . (1 _ yf(X;W(Tl_l))) . O’l(<W(T1_1),yu>)

y,r* y,r*

- ) 42— /72t 47
(105 12 )
<15 (1.0585m) "> (23)

Here the first inequality above comes from Inequality (ZI), and the second inequality is derived
from taking the suprema 7 = 1/2 and Inequality (20). Additionally, we can further deliver an upper

bound on ¥ f(x; W), Inequality (73) and Inequality (74) that have been proved to be true on
[0, T3] indicate that Ef, = O(o3||ul|3) < 1. Combining with Inequality (22), it holds that

uf s W) <y WD) (147 (1 - yfa W) +o(1)
(147 (1 uf e W 1>>>)2+o<1>

( —1-7/2+ \/Z/T))

= (7/2 + \/Q/T) (24)

Since 77 < 1, we know that yf(x; W(T)) < 3 and |yf(x;W(T1)) — 1] < 2. (We keep 7 in the
upper bound above for deriving a sufficient condition on 7} for the sign stability later.)

IN

Now we look to the lower bound. The definition of 77, T(v) and Assumption implies that

yf(x; W) > 146, hence g(x,y; W) > 148§ —§ = 1fort € [Ty, Ty). Thus Lemma
implies that

(Wi yu) > (Bem)V2, e [T, Th).

Step 2.2: Lower bounding <W@(/,%;1-), yu). Note that yf(x; W®) < yf(x; WD) from the local
monotonicity. Consider doing one-step gradient descent with Equation (8):

(wittd ) = (w7 g - (1= 7+ (f s WD) < 1))
i g (1= 7 (s s WD) — 1))

> () (1=i((2+ ViR/A+a) =1) o). @)

>0 with 77<4/5

v
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Here the last inequality is a consequence of Inequality (24)) and the deterministic estimation that
 min {1—ﬁ((ﬁ/2+\/ﬁ2/4+f))2—1>} > 1/4. (26)
f€(1/2,4/5]

We note that every step above is free of the lower bound in Inequality (I3). Therefore, the sign
stability is true on [T, 1], because all the inner products are non-decreasing in ¢t € [T}, T3]

Step 2.3: Lower bounding <w(_*Ty1)r, —yu) and (w(_*Tyl)T,

stability on [0, T} ] guarantees that for every t < Tj — 1,

—yv). The key is to notice that the sign

2
7 _ v
Ve (- u W) =0, 10 Iy rw ) s o
2
From Equation (9)), we have that
T1—-1
T ~
<W(;;’)r7 —yu> = (WEO;’7 —yu> . H <1 _ 77(1 _ yf(X;W(t))))
t=0
T:—1
> <W(_0217, —yu) - exp § —7] Z (1 — yf(x;W(t))) ) @7
t=0
On the other hand,
r 11 T:—1

T (i (- wf s W) expd i (1 pf (6 W) b 08)
t=0

<Wy,r* ,yu) t=0
However, (wé?%,yu} < (Bxm)'/2 . \/210g(16m/p) - o¢||ul|2 and Inequality [Z3) imply that
Wy oym) _ (Bam)Y? - (1/4 - o(1)
(w0 gy~ (Bam)V/2 - /2log(16m/p) - oollullz

Combining Inequalities and (29), we can obtain that Z,{;al (1 —yf(x; WB)) > 0. Together
with Inequality (27)), this in turns leads to

(29)

T -1
0> Trg[i}nl]<w(_{j}, —yu) = min (w' . —yu) - exp{ —ij ; (1 - yf(x; WD)
> m{in}(w(f); L —yu) > —/2log(16m/p) - oo||ulfs.
re(m ’
Analogously we have that
VB 5~
. T _
0> rél[m]<w(_’yl,)m —yv) = <Wg),7r» —yv) -expg —17 - ||11||§ . Z (1- yf(x;W(t)))
T m 2 =0
> min (W' | —yv) > —\/210g(16m/p) - oo v]):.
re[m] ’

In conclusion, we have that
max (wi') yu) > 0.2(8;3m)"/2, t € [T, Ty,

re[m]
min (wl, ., —yw) = —v/2log(16m/p) - oollulz, ¢ € [T1, Te),
min (wl, . —yv) = —/210g(16m/p) - ool vz, ¢ € [T1, Ta]

Additionally, the lower bound on max;,¢[,) (wf,f)r, yu) indicates that the sign stability holds on

[Ty, T5), since the last drop step does not change the sign of <w7(f)r, yu). Furthermore, once the

u-sign stability holds, the v-sign stability can be easily derived. To see this, we note that the u-sign
stability implies that, for any ¢ € [0, T{y,], it holds that 1 & 29||u|3 - (1 — yf(x; W®))/m > 0.
Now that |||z > ||v||2, one clearly sees that 1+ 27||v||3- (1 —yf(x; W®))/m > 0 and the v-sign
stability holds.
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Step 2.4: Upper bounding (Wg(fzn, yu) for t € (Ty,T5). This is exactly the same as the proof of

Inequality (20) in Step 1, and is thus omitted.

Step 3. Finalizing proofs. At this point, all the results in Lemma [I6] have been proved to be true
ont € [Ty, T»). It is important to note that the only inductive hypothesis used for the local extension

on [T}, T5) is the lower bound on <w(_f?)J ., —yu) for t < Ty. The rest part merely comes from the

definition of T} and T and Assumption So repeating the same argument extends previous steps
toall t < T(v). O

Remark 20. In the proof, we implicitly utilize the fact that Ty, T, < +oo, Vk > 0. One may
conjecture that there could be cases that for some k, yf(x; W) > 1 (resp. < 1) forall t > T},
(resp. Ty). However, Assumption[I2| (guaranteed by tuning a proper n) indicates that this cannot
happen. One can argue that once yf(x; W(t)) > 1, the Assumption (12| enables the dynamic to
bounce back towards 1 with at least exponential rate. Therefore, yf(x; W(t)) falls below 1 + §
within a few steps and Assumption orces yf(x; W(t)) < 1—19, and T}, < 4+o00. Same argument
can be used to prove that Ty, < +o0.

C.5 PROOF OF FUNDAMENTAL REASONING (LEMMA [17))

)

Proof of Lemma([l7} Letr* := argmax,.c(,, (w?(,f‘; ,yu). For the step tg < t1, () implies that

1 2 u 2 S <
i) = (w2 gy 2B S W) - wl g
s€lto,t1—1]:
yf (W) >1
2n|[ul13 s s
FEEL S (- yfes W) - (wyl yu), (30)
s€[to,t1—1]:

yf (W ))<1

By Condition 4 in Lemma (17} for all s € [to,t1], & 2 orelm] a((wg(jfl, yv)) < d. Therefore by
Assumption for s such that y f (x; W(*)) > 1 (and thus > 1 + §), it holds from (T2) that
1

gy W) = = 37 o((wlyw) 21456 = 1.
re[m]
Hence by Lemma|[T5] we have that
(Wi yu) > (Bam)2. 31

On the other hand, by Conditions 3 in Lemma for all s € [tg,t1], it holds that
(s)

—Y,r?

min, [, (W —yu) > —0.1 and min, ¢ (w(_s;m, —yv) > —0.1, which lead to

1 S S
— Z o - (W(,Z)”, —yu)) +o( — <w(7;7r7 —yv)) <2 x 0.1* < 0.05.
re[m]
Therefore by Assumption for s such that y f(x; W(S)) < 1 (and thus < 1 — 4), it holds from

(T2) that

1
. t)) —
g y; W) = — 37 o((wii),yu)) <16+ 0.05.

re[m]

Hence by Lemma T3] we know that

(Wi yu) < (1.05 - 8)Y/2 - (Bim)V/2. (32)
Meanwhile, Condition 1 (u-sign stability) and Condition 2 (boundedness) in Lemma [I7imply that
[wiadyu) — witsd yw| < [wiisd yw | v vl )| < B (i) 2 G33)
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Putting Inequality (31), (32), (33) and Equation (30) together, we have that

. 2n|lull3 s s
B (gem) 2 > P S (e W) - ()
SE[to,tlfl]Z
yfs W) >1

2n||ulf3 s (s)
+= e Y (s WE) - (wy yu)

27| |ul|3 s (s)
>= =2y (e W) 1) (wy yu)
s€[to,t1—1]:
yf(WE)H)>1
2n]|ul|3 s (s)
- S (L—yfs W) - (wyi,yu)
s€[to,t1—1]:
yf (W) <1
277”“”% 1/2
> e (3 . WY g
> === (Bum) > (W) —1)

s€[to,t1—1]:
yf (W) >1

SBEm)P (05— 8)2 e Y (1 yf W),
s€[to,t1—1]:
yfWE)<1

_ 2n][uli3

m

This is also equivalent to

Yo @y W) Wl gy > Y (105 8) V2 (yf (W) — 1)

Se[to,tl—l]: SE[to,tl—l]:
yf (W) <1 yf W) >1
B
_ mn . (34)
2n|lu||3+v/1.05 — 6
=A(B)

Now we are ready to lower bound the summation that we are interested in. Since
{5 € [to,tr = 1] : yf (s W) < 1} + [{s € [to, t1 — 1] : yf (x5 W) > 1} = 11 — 1o,
we have either |{s € [to,t — 1] : yf(3x; W) > 1} > (t; — t9)/2, which by (34) implies that

t1—1

Yo (—yfsWE)) = > (1—yfeWE) = Y (yf W) —1)

s=to s€[to,t1—1]: s€[to,t1—1]:
yf (W< yf (s W)>1
> (105 —6)"2=1)- Y (ufx W) —1) — A(B)
Se[to,tlfl]:
yf(xW)>1
1
> 5 (8105 = 8)"12 = ) - (tr — to) = A(B), 35)

or |{s € [to,t1 — 1] : yf(x; W) < 1} > (t — t9)/2, which by (34) implies that

t1—1

D -yfsWE)) = Y (W) —1) - Y (1-yf(xx W)

s=to s€[to,t1—1]: s€[to,t1—1]:
yf (W )<1 yf (W ))>1
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> (1= (L5 =02 Y (1-yfxW®)) = (1.05-6)"/2 - A(B)

s€[to,t1—1]:
yf (W) <1

> 1(5 — §(1.05 — 8)M2) - (t1 — to) — (1.05 — 6)/% - A(B). (36)

In both two cases we have used Assumptlon. to bound y f (x; W(*)) from 1. Combining (33 and
(36), we have that

t1—1

> (1-yfsW®)) >

s=to

(6 = 6(1.05 — 8)1/2) - (t1 — to) — A(B). (37)

w\»—*

Now plugging in the definition of A(B) in (34), we have proved the linear increasing lower bound
for the summation, which is the first conclusion of Lemma [I7]

Then we turn to prove the second conclusion of Lemma For simplicity, we denote o :=
[vl2/llul|2 and € = (§ — 6(1.05 — §)1/2)/4. Note that from the v-sign stability (Condition 1)
and (I0), we have that

2 2
1+ HEZHQ S(1=yfes W) >0, Vi€ [to,tr —1].

(t)

Therefore, we can lower bound the logarithmic ratio (wy 7, yv)/ (wy(f,)y),, yv) forr € V, 4 as (recall

that 7) = 2n[|ul|3/m)

t1—1

> tog (14 ai(1 - yf(xs W)

t1—1
B < 1—yfo(t)))
Z/ 1+ 72(1 - yf(x; W® ))dz

nd e (- yfs W) 42) 0 o
:tzt/o L+72(1 = yf(x W) dz_tzzto/o 1+ﬁz(1—yf(x;W<t>))dz(38)

Note that by Condition 5 in Lemma (37, —2 < 1 — yf(x; W®)) < 1, which further lower bounds

(38) as
@5121/ 1_yf(x W+ >dz—t§/0a g,

= 1+17z = 1-2nz

o i (0, (1—yfs W®)) 4+2(8 — ¢ 24t —
:/ i+ (S (w6 W) +2(n °)>dz_/ 2ith —t) g, (39)
0 0

1+ 7z 1— 272
Now applying @ to the summation in (39), we can arrive at
€(tr —to) — A(B) + (tl—to)) @2ty —t
39 > / — dz —/ Mdz
1+72 o 1-—2nz
> (2e<t1 ~ o) = A(B) +2(t ~ to)) - log(1 + a7) + (t1 — to) - log(1 ~ 20])

> (2e(ts — to) — A(B)) -log(1 + af) + (b — to) - log (1 + a)? - (1 = 2a7)) ). (40)

To further lower bound @0), we note that af; > log(l + an) > %aﬁ since by Assumption
0 < afj < 1. Furthermore, Assumption [1 1] guarantees that o < ¢/2 = (6 — - (1.05 — §)'/?) /8 and
20373 + 3a27? < 402 < 1/5 A 2¢/5, so we have that

log ((1 +af)?-(1- 2aﬁ)) = log (1 — 3a%i% — 20%7%)
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3 252 2 353
= — log 1 + an ~+ en =
1 —3a27? — 20373

73042772 — 2a3ﬁ3

— 1—-3a?i? - 2a373

> —5a”. (41)
Putting and together, we have that
t1—1
Z log (1 +af(1 - yf(x;W(t)))> > (afje — 5a?) - (t1 — to) — A(B) - log(1 + aij)
t=to
1
Z iaﬁe . (tl — to) — A(B)af] (42)

And consequently we have the following result, forall» € V, .,

t1—1

(witd)oyv) = (Wi yv) - TT (14 an(1 =y W)

t=to
t1—1
= (w{) yv) - exp { > log (1 + aij(1 — yf(x; W(”))) }
t=to

1 B ~
2 (v ) - { e (1~ o)~ ABJa .

where in the last inequality we use (@2). Plugging in the expression of €, «, 7, and A(B), we have
proved the second conclusion of Lemma([I7} This concludes the proof of Lemma 7] O

C.6 PROOF OF TECHNICAL RESULTS

C.6.1 PROOF OF PROPOSITION

Proof of Proposition We want to track the sequence after it falls below . To this end, we
define two stopping times

. 1
Tivy,s, =min g t > T(yy : - Z ((w(tr,yv>) <4,
re[m]

1
T(J‘F,)2 =mint>Tyys1: - Z (< ?(Jt)r,yv» >6
re[m]

If T(vy,5,;, = 00, then the proof is over. Otherwise we prove that, before T(J; ’)2 < 400 (possibly
equal), the sequence never falls below §/2.

Let’s take a closer look at the controls over the negative parts while the weak signal remain learned.
Note that for t € [T(y,T(v),5,z] and r € V, 1, we have that

t—1

<W(tr7yv> < 757)«, yV> H (1 + 2n’r|r|lVH (1 - yf(x;W(S)))>

s=0

t—1
< (w ézij {277||V||2 Z —yf(x; W(s)))}

S=

Meanwhile, for ¢ € [T(vy, T(+),s,.], We have that (wét)r, yv) > (BEmd)/? > <W3(,(7)7)«, yv). Hence

t—1
2n||v
{ nlvl3 Z x; W) ))}>17 vt € [Tiv), Tivy 6L — 11,

S=
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and in consequence we have that

t—1

(1-yf( W) >0, Vte [Ty, Lo — 1) (43)

I
=)

S

On the other hand, for r € V_,, _, it holds that (w_y - —yv) < 0 and thus by @3] we have that

t—

1
<W9;7r,—yv> = < fyra — (1 2’1’}||V||2 . (1 _ yf(X,W(S)))>
0

s=

t—1
> (w') . —yv) - exp {—27”1'7:”2 Do (1- yf(x;W(s)))}

s=0
> (w0 —yv) > —\/21og(16m/p) - 70| V]2, (44)
forall t € [T(y), T(v),s,z]. Analogously, we also have that
(w) . —yu) > (W) —yu) > —\/2log(16m/p) - oo ull3 (45)
forall t € [T{(y), T(v),s,z]. Therefore, we have that for all ¢t € [Ty, T(v),s,1]s
1
E, = — a( (w(f?)/ r, —yu>) + O'( — (w(f; s —yv>)
re[m]
. B¢ ) B¢ )
<2-max <o (W2 yu)) Vo (Wi yv))
re[m] ’ ’
2
< 2(/2log(16m/p) - oo [ull2)
0
9 46
<3 (46)

This allows us to leverage Proposition [19]to upper bound yf(x; W) for t € (T(v), Tiv),s5,L)-
Specifically, we locate the last step before 71{y) s 7, when y f just bounces up over 1, which is,

Tk* ‘= max {Tk : Tk < T(v),é,L} 5
where T, is defined in (T8)). Then Proposition [L9|with Inequality (#6) implies that

_ _ _ 2
yf(x WI)) <y f (x; Wk =) (1 +i(1 - yf(X;W(T’“’l)))) +2E5,
< (11 = 565 W)+ o(1)

- 1, ~ —\ ) 2
§(1+n(1—2—ﬁ(77+2—\/172+477))) +0(1)
<3, (47)
where we have applied the fact that 7 < 1. On the other hand, we have that
— Z w(Tis =1 yu)) < 1.05,

’I”G [m]

for which Lemma |15 indicates that MAaX;¢[m] (wg(’,TT )7 yu) < (1.0585m)'/2. As in Inequal-
ity (23), one step gradient descent then gives that

_ 2 =
o) < T+ (10 2 1 e w0 ) < 15 (05

Y,

Now we consider the scale of these inner products right at T{ 5,1, From the definitions of (v, 5,1,
and T}~ we know that yf; > 1 between these steps (otherwise the sequence wouldn’t fall below &).

Thus by @7),

1< yfa W) < yf(x; W) <3 Vit € [T, Twy 5.0).
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We first state that - > relm] O’(<W7(f;£v) aL) yv)) is not far away from §. Note that by [@3),

1 (T(v),5,1) _ 1 (Tv),5,.— 1) ) 2n||v|3 (1 _ W (T ,5.—1)
m Tez[;n]auwyw ,yv)) ~m Z ‘7(<Wy7 >) 1+ m (1 yf(x; WL ))

re[m]
2 2
m

2
i (1-2. 1)
Jull

8. (48)

Y

Y
= w

Last inequality uses the fact that ||v||3/|[ul|3 < 1/4. This shows that the sequence does not fall
below 36/4 at the step Ty s . In the sequel, we study the behavior of the sequence after step
Tiv),0,L-

Firstly, by Inequalities (@#4) and @3)) with ¢ = T\ s, 1., we obtain that the negative parts satisfy

min (w0, —yw) > /2108 (16m/p) - o ull2
. (T(vy,s5,1)
rrg[lgnl]<w_y,,- ;—yv) = —y/2log(16m/p) - oo || v|l2-

which by definition of E; in (#6) implies that

2
Br,,,, < 2( 2 log(16m/p) ~ao||u|\2) < 1. (49)
For the positive part, we have that
max (w@(h(") “),yu> < max (Wé?{“*%yu) < 1.5-(1.058%m)/2, (50)
re[m] re[m] ’

and by the same argument as Inequality (23) we can obtain the lower bound of

ma, e (W2 yu),

_ 2 2
m?X]<W3(Jj,;§V)Y6YL)a yll> > m?X]<W$;£v),6,L 1)’yu> (1 + 77”11”2 (1 _ yf(X;W(T“’)"S’Ll))))
rem relm m

> 0.2 (8im)"?, (51)
and finally for ¢ € [T(vy 5,1, T(t’)2}, we have that

1
ot <6 (52

With all these initial conditions (@9), (30), (5I), and (52), one can then consider all the steps T},
Ty > T(v),s, and apply an inductive argument exactly the same as in the proof of Lemmaﬁ to

conclude that for all ¢ € [T(yy 5.1, T(t) ] it holds that

2. (Brm)Y? < mrax< (t)wyu} < 1.5-(1.0585m)'/?,

min(—w', ., —yu) > —/210g(16m/p) - oo [ull.,

min(—w'), ., —yv) > —/21og(16m/p) - o[V,

0<yflx W) <3,

and the sign stability is also true throughout ¢t € [Ty s 1, T( 3 %], Therefore, Lemma |17|and (Z83)
implies that for any ¢ € [T(vy 5,1, T( ) ] it holds that

1 (T, ) Ivl3 1.5v1.05 1
— L, YV) >— o((wy 7 yv)) cexp{ —2- . > —0.
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In conclusion, we have obtained that

1
E Z G(<Wy,T7yv>) Z 5/27 vt € [T(v),6,L7T(—i_,7)2]'

re[m]

If T(J‘r, ’)2 # 400, repeat the above argument and we can finish the proof of Proposition O

C.6.2 PROOF OF PROPOSITION|19]
Proof of Proposition We continue with the notation 7 = 2n||u||3/m. Define the function

_ 2
hi(z) = (1+7(1—2))" - 2.
Note that ||v||3 < [lul|2 and that
2 2 _ 2 2
nllull3 . (1 _ yf(X;W(Trl))) < nllull3 <1,
m m

from the definition of T — 1. Thus we have the following,

yf(x,y; W)

2
:% o (w1 yu)) - <1+277u||§ : (1—yf(X;W(T’“_1)))>
— Vv 2 T 2
+ % 3 o (WD yv)) - (1 + %7”2 (1 yf(X;W(T"'_”)))

. . 2
- % o= (w TV —yu)) - (1 =2l gy W”""W))

m
re[m]
1 = 2 2 _ 2
T m < ]U( - <W(_:2€,r 1)7—ZUV>) : (1 — % . (1 — yf(x;W(Tk_l)))>
<y (o (w1, yu)) + o (wiTe ) (e 2wy
= m y,r Y g Wy,7‘ ,yV>) + m ( yf(X, ))

LS (= T ) o~ T —v)))

9 ) 2
) (1 _ 277&:;”2 . (1 _ yf(X;W(Tk_l)))>
= yf(; WD), (1 +i(l - yf(X;VV(T’“_”)))2

+ % > (U( —(w B ) o (— (wE Y, —yV>)) : (277(1 - yf(X;W(T*"”)))2

re[m]

<27<2

<y WD) (14 (1 -y f e WD) 42y, . (53)

Thus by (53) we have proved the second conclusion of Proposition[I9} In the following, we prove
the first conclusion of Proposition

By Assumption |12 we know that 5 f(x; W(T%)) > 1 + . The definition of T\v) along with with
Inequality (53) imply that

(£ G WD) =y e WD) - (11— 76 W)Y 2146 -5 = 159
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Now it suffices to consider the equation hz — 1 = 0, and one can easily verify that it has three roots

21:1,

. 77+2—\/17 + 4n

2 = ’

. 77—&—2—1—\/77 + 47 277+2 51
3 .

21 2n

And the second root z2 < 1 if and only if 77 > 1/2.

Now if 0 < 77 < 1/2, then z; < 23 < z3, and then h(z) < 1for z < z3 = 1. Therefore
Inequality implies that y f (x; W(Zk=1) > 2, = 1, and recursively implies that 3 f (x; W(®)) >
1, which contradicts with the fact that i f (x; W(®)) < 2,/21og(16m/p) - oo||ul|2. So in order for

T, < +0o0, we must have 71 > 1/2. In conclusion, one necessary condition for the stable oscillation
Assumptionis that 77 > 1/2, and therefore

(s WD) > ) — n+2— /02 +47
) el 277 .
This finishes the proof of Proposition[T9] O

C.7 DISCUSSION: NECESSARY CONDITION FOR §-OSCILLATION

Inequality (24) provides an upper bound involving 7, which should be compatible with Assump-
tion[12] hence

2+ VR/A+7) >146 & 7>1+5 ) (V1+s-1).

One can verify with software that RHS is monotonically increasing in § € [0, 1] with minimal value
0.5, when 77 = 0, which is in line with the weakest oscillation condition discovered in the last part.
And the maximal value taken at § = 1 is less than 0.83.

On the other hand, Inequality (ZI)) should also be compatible with the Assumptiond] which indicates
, O f— L A7
1—0>yf(x; Wk-1)) > al 2~77 il
n
The readers can see that it is equivalent to 7j > 6~ *((1 — §)~'/2 — 1). Furthermore, we have that
SH(1—=6)"2 = 1) > (146 1) (/1 + 6 — 1) thus it is a stronger requirement on 7.

D SINGLE TRAINING DATA CASE: SMALL LEARNING RATE REGIME

This section focuses on training our model with single noiseless data point (x,y), where x =
(yu, yv) contains two signal patches with u much stronger than v. Therefore, the whole objec-
tive can be rearranged by

Lw) = (W) —o)’ =5 [ L Z (W) + (W, 0%)) —

JG{:tl} relm
In this simplified setting, each weight vector is updated by
t41 t _Jyn ¢
wi = wil) = 2 (7 W) — ) - (o (il )+ o' (wiv))v )

Then we can directly obtain the following updating rules of the inner products,

Jyn
(witr u) = (wihow) = 20 (fea W) —y) - o (W), yw) - [ull3,

(WD vy = (w u) — 22T (WD) =) - o (Wl ) - I

)
VIS J T m
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since u and v are assumed to be orthogonal in our data generation model. In this section, we also
denote the fitting residual at iteration ¢ as /() = f(x; W()) — 4 for convenience.

To better prepare for the analysis of this section, we single out the following concentration results
from Appendix B|which provides a high-probability bound on the initialization W (?).

Lemma 21 (Initialization). Suppose that d = Q(log(m/p)) and m = Q(log(1/p)). Then with
probability at least 1 — p, there holds

all /2 < mmax (w7, ju) < v/2log(16m/p)oo |ul,
oollvl/2 < max (wil), jv) < /2log(16m/p)ovl V]

00

forall j € {£1}.

The result of this section relies on the following conditions on the data model and the initialization.
Assumption 22 (Conditions on hyperparameters). Suppose that the following holds:

1. The weight initialization scale oy = é(HuHQ_l)

2. The signal strength |[ul|a > Q(m?2) - ||v]|2s

3. The dimension d satisfies d = Q(polylog(m)).

Theorem 23 (Restatement of Proposition [T). Under Assumption choosing the learning rate
n < m/6||u||% small enough and ¢ = 0.01, then with probability at least 1 — p = 1 — 1/poly(d),

there exist 5
2 C
TT: m 2log( : ), T:TT—F\‘Tan,
n(1—7)|ul3 ool[ul|2 2ne||ul|

with 7,  defined in (53), (56), such that: (i) the average loss over iterations [T, T| decreased to 2e,
ie.

T
1 S
o1 2 LW <2
s=TTt

(ii) the model does not learn weak signal v well enough, compared to initialization, i.e.

(t)
o [(wi )| < 2y/210g(16m/p) - vl

In the small learning rate regime, the dynamics go through two stages, in which the strong signal
u will be firstly learned exponentially fast, and subsequently fully fit the given data point (x,y)
therefore stabilizing the training process. The following lemma plays an important role in the expo-
nentially increasing stage, for which we single it out here.

Lemma 24 (Derivative lower bound). For any 0 < 7 < 1 to be tuned later, suppose at some time t
there holds

2l w0} =
re[mr]rvljaé({il}{’<wj7r’u> ? <WJ’T,V> < 27

then we can lower bound the fitting residual by —yt®) > 1 — 7.

Proof of Lemma Plug into the CNN model definition (@), we have that
—yl =1 - F,(x; W) + F_ (x; WD) > 1 — F, (x; Wh),
We can upper bound F,(x; W®)) further by

1
Fyl6 W) = 37 o(wil) yw) + o((wit), yv)

v,
re[m]
< max { (wil), yw)? + (wif), yv)?}
re[m] ’ ’
<.
Then it follows that —y¢®) > 1 — 7. O
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D.1 STAGE 1. EXPONENTIAL GROWTH

We will mainly track the maximal inner product between w and the signal vectors v and u, i.e.,

¥ = max <W(t),V> , &M = max <W(-t),u>)
g, 7T g, 7,7
In the following, we would take
T = max { 20¢||ul2 (210g(16m/10))1/2 IvI13/4lullz ,1— 5 6v2|lvijz (55)
[[al|31og(2/+/210g(16m/p))

1—7 T/2
= . 1 .
=t v ) "

By the conditions in Assumptionon [l v]|3/]|ul|3, we find 7, both constants in (0, 1).

Lemma 25 (First stage: one training data case). Under the same conditions as Theorem 23] there
exists time

m 2t
The oy () ,
n(1 —7)]ul3 oollull2

such that: (i) the model learns the strong signal to a constant level, i.e.,

e (w2 ) >
re(m ’

(ii) compared to the random initialization, the model does not learn weak signal that much, i.e.,

max ‘(ng),w’ < 24/2log(16m/p) - opl/v]|2-

je{£1},re[m)]

Proof of Lemma[23] Firstly, we would find {\I'(t), o) }>0 having an exponentially growing upper
bound. Recursively, we would have that

) < g0 4 YT (Fe WY = ) - o' (WD) - ]2
- Sl T O WE) =) o (Cwiyv)) - VIl

VB max  o'((wll),yv))

_p 1 ‘g(t)
m je{x1},re[m]

< g 4 20, ‘g(t) 2 w®
m

2
< exp <677||V|2) Ly

m

Therefore, we have that

6n||v||5t 67| v]3t
T < exp (772;”2) WO < exp <n”n\;|2) - /2log(16m/p) - ool|v||2. (57)

It follows by the same argument that that

6 2t 6 3t
3® < exp (’7”“|2) 3 < exp (77”11”2) -\/2log(16m/p) - oo||ul2. (58)
m m

Note that the growing rates of these two bounds differ a lot due to the different magnitudes of ||ul|2

and ||v||2. Our subsequent analysis illustrates that ®(*) can grow into a constant-level magnitude
since the strong signal u is significant enough. Now we can track how well our model learns u by

AW = mfxx] (Wét)r,yu>.
re[m, ’
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By the definition, A®) < &) also admits an exponentially growing upper bound. For a certain
7 € (0,1), due to the previous upper bounds and (B8), max{®® WM < /7/2 remains true
at least until

m T/2
T = 1 . 59
" Gnflul? Og<00||u2 2log<16m/p>> >

Consequently, until at least T}, we can use Lemma to conclude that —yﬁ(t) > 1 — 7, which
enables lower bounding A(*). Specifically, start with the updating rule

(Wit D ya) = (Wil yw) + L (=) - o (wlf) ) - ull3
2n(1 — 2
> (wify o)+ 2D ) g o}

and take maximum over r € [m] to see that

A(t+1) > A(t) + M . A(t) > exp <7](1T)HU%) . A(t)
= m - m ’

where the last equality is by 1 + z > exp(z/2) for any 0 < z < 2. Consequently, we would have
1- 5t 1- 5t
4> o (ML) 0 oy (=B i e
m m
at least until ¢ < T defined in (39). Then we define another time

m 20
T = log ( ) <7,
n(1—7)ul3 oollufl2

where the inequality is due to the scaling of ¢ upon 7. Plugging 75 into the exponential lower bound
(60), we can conclude that

d(T2) > AT2) >,

which already grows up to a constant level magnitude by the time 75. Lastly, we plug the definition
of T to upper bound W(72) as

T 6||V||2 20
U(T2) < ex ( 2 lo -/ 2log(16m/p)-oo||v|le < 24/2log(16m -0ol||V]|2.

In conclusion, by taking T'T = T, this lemma is completely proved. O

D.2 STAGE 2. STABILIZED CONVERGENCE

In the second stage, our lemmas would suggest that before the model really learns the weak signal v
(i.e. before max; |(w§t2, v)| breaks the O(0y||v]|2) upper bound), the model already fits the given
data point by exploiting the strong signal u and decreasing the loss to e.

Lemma 26 (Second stage: one training data case). Under the same conditions as Theorem[23] for
any € = 0.01, there exists time

C 3
T=T%4+ Lsz
2ne(|ul3
such that: (i) the average loss over iterations within this stage has decreased to 2¢, i.e.,
1 T
- L(W®) <2
T—TT+1;T ( )<

(ii) throughout the training dynamics 0 < t < T, there holds

max_|(wi), v)| < 2v/2log(16m/p)oo||v]|.-

je{£1},re[m]
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The proof of Lemma[26]relies on the following three lemmas (Lemmas [27] 28] and [29). We present
these lemmas with proofs and then combine them to give the proof of Lemma 26

Firstly, we identify when the upper bound on <w§t2,
Lemma 23] still holds before that time. ’

Lemma 27. Under the same conditions in Theorem|23| take n < m/6||u||3. There exists a time

v) breaks and find that the conclusions of

=™ t
= g(2)>T
6nllv|l5
such that
) yud > 1/2 ‘ ) ‘<2 210g(16 : :
gﬁ(wy,my ) = 1/2, je e (Wi V)| < og(16m/p) - oo||v||2

hold for any T <t <TH

Proof of Lemma[27] Firstly, we need to adopt the exponential upper bound derived in proving
Lemmal[23]

2 2
T < exp (677|mv||2t> WO < exp <677||mV|2t) -v/2log(16m/p) - oo||v||2-

Then we naturally find that before 7%, it would always hold that

max

je{£1},r€[m] »r

i) v)| < 2v/210g(16m/p) - 70| V]2

Due to the conditions on ||u||2/||v||3, T* is found to be much larger than T'f. Then we proceed

by induction to prove the other assertion. At time ¢ = T'f, the lower bound max, <w1(,t)r, yu) > /2
holds as a consequence of the previous lemma. Suppose it holds until time ¢. We restate the updating
rule by

n
(Wit yu) = (wil) ya) + (1= yf s WD) - o' ((wil),ya)) - [[ull3,
from which we find max, ¢, <wg(,t,jf1), Yu) > MaX,gm] (wétzu, yu) must hold when y f (x; W(®) <
1. Otherwise, once y f (x; W(t)) > 1, it immediately follows that
1<yfx W) =F,(x; W) - F_ (x; W)

< Fs W) = = 5 o(wllhyw) + o((wi), yv)

Y,
re[m]
< ylel[a><]<W§,fl,yu>2 +2log(16m/p) - op||v|3-

Consequently, for the specific neuron 7* = argmax, ¢ ] (wétzs, yu), there holds
t+1 t 31 t
(wiyw) 2wy ) = 5wy yu) - a3

3n
> (1 - 2log(16m/p) - o3| v|3) - (1 - uII%)

>

)

N~

where the last inequality is enabled by taking n < m/6ul]3 and oy <
V1 —1/(2log(16m/p)||v]|2). Thus by induction, we have finished the proof of Lemma O

Our subsequently analysis confirms that even before 7%, the model can already fit the given data
point by exploiting u. For the given 0 < € < 1, define a reference point W* as

. _4m(l+e) ju

o ¢l

j € {£1},r € [m]. (61)
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Lemma 28. Under the same condition as the previous lemma, for all Tt < t < T4, there holds that

YV W) W*) > 2. (1+e).

Proof of Lemma[28 Recall the definition of the CNN in @) and that u L v, so we have
1

y(VIWO), W)=~ 37 o((w) ) (w] . ym)
je{£1},re[m]
41+¢€)
= > (W)
je{+1},rem]
4(1+¢€)
t
> g% <Wy,)ra yu> ’ .
>2-(1+e€),
where the last inequality is by max;.¢ [ (wffl, yu) > ¢/2 as shown by the previous lemma. O

Lemma 29. Continued from the previous setting, we know that for TY < t < T*%, it holds that

W — W[5 — WD — W |[F > 2pL(WO) — 21¢?.

Proof of Lemma[29 Firstly we expand the difference by
W — W[5 — [WED - We[F = 25 - (VL(W), WO - W) —? - [VL(W ) 562)

With one data point, VL(W®) = ¢V f(x; W) admits a simplified expression, where /() =
F(W® x) — y denotes the fitting residual. Since the neural network f(W,x) is 2-homogeneous
in W due to the activation function o(2) = max{z,0}2, we can have

(VI W), W) =20 W),
Stack these observations into the first term of previous difference expansion to obtain that
(VLW WO —W*) = (&) (T f(x; W) WO — W)
=00 (2 W) = (VF(x W), W)
=200 (fo W) —y) + 00y (2= y(V (WD), W),
Note that the first term is exactly 4L(W ")), As for the second term, we need to plug in Lemma
to see 2 — y(V f(3x; W), W*) < —2¢ < 0, so that

(D .y (2— y(Vf(X;W(t)),W*»‘ < %(K(t))Z + 262 = L(WW®) 4 262,

As a result, we would know (VL(W®) W) — W*) > 3L(W®)) — 2¢2. Next, an upper bound
on the second order term 72 - || VL(W®)||% is given by

2 ¢
P VLW =n? - ((O)7 ulE DT o wiya) +IVIE YD o (wil )
Jje{£1},re[m] je{x1},re[m]
< O(max{|[ul3, |vI3}) - n* - L(W),
since the dynamics of the inner products <W§t7), yu), (wﬁ, yv) are well bounded by O(1) through-
out the time we are considering. By scaling nO(max{||u||?, ||v]?}) < 1, we would know that

P?|[VL(W®)|2 < nL(W®). Eventually, continued from (62), we can completely prove this
lemma. O

Equipped with Lemmas and29] we are ready to prove the main lemma for the second stage.
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Proof of Lemma @ Continued from Lemma forany t > T, it holds that
t

L WD — W3
LW < F 2
t—TT+1Z (W) < =T+ 1) ©°

s=T

Before proceeding to scale time ¢, it would be helpful to decompose ||W(TT) — W*||% and to have
an upper bound on this term,

1 *
W™ — W3

- ¥

je{£1},rem]

(TJF) * 2
(Wi —wj,u 4 W g

[[ull3 IvIZ i3

Tt % 77
§ Z 2<Wj(',r ),u>2 +2<Wj,r’u>2 <W§',r ),V>2 N ‘( . vv ' B uuT) o)
R [ I ME TE) ™
(63)

where we exploit the fact that w* is parallel to u by Lemma (61), and the gradient steps only updates
w along the directions of u, v. Recall that by Lemma[27]

(T ) = Q1 ‘ (7 ‘ -0
jeﬁl’gé[mﬁwj,r ,ju) = Q(1), jethax (w;,. ", v) (ool[vll2),
and also that ||Wj(02|| = O(0ovd), the leading term in (63) would be

Y iera1).reim) (Wi w)?/[[ul3. Therefore, we conclude that WD —W*||2, < Cm3/||ul|3 for

some constant C' > 0. As a result, the average loss after iterations 7" can be bounded by
t

1 Cm?
S LWO) < 20 vt <t <1t
t—TT—f—l;T ( )_277Hu||§(t—TT+1)+€’ - -
Then we choose time 7 = T + [C'm?/(2ne|[u||3)] as stated in Lemma 26| Since ||u||3/|v(} >
Q(m2) by Assumption we can verify that T' < T*. In conclusion, the final output would be

T

1
S w) 2
T—TT—HZTL( ) <e+e < 2.
This finishes the proof of Lemma[26] O

Combine Lemmas 23] and 2@l to obtain the full version of Theorem 23]

E PROOFS FOR MAIN THEORETICAL RESULTS (SECTION

In this section, we give a detailed proof for our main theoretical results for the multiple training data
case, i.e., Theorem[5] The proofs follow the similar idea as the proofs for single training data case
(Appendix [C). The readers interested in the proofs are encouraged to first go through Appendix[C|to
get the idea of the core steps. In Appendix we give a preliminary analysis of the SGD training
dynamics. In Appendix [E2] we give an overview of the proofs with our fundamental reasoning
towards weak signal learning. In Appendix we give the proof of Theorem [5] We prove other
lemmas in subsequent sections.

E.1 PRELIMINARY ANALYSIS

Recall that W is the index set of training data points which lack the strong feature patch. By Equa-
tion (3)), the CNN weights are updated according to

in .
with = wll) = 2 (£, s W) =y, - (0 (W), i) - iu 14 € W

+ 0 (Wi VD) v+ o (W) €6)) - &+ 0 (W) €)) - &, - 1{in € W),

(64)
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Also, recall that the correct index sets for the strong and weak signal patches are defined as
t t t
Ul = {reml: (wl)jw =0}, W= {reml: ) jv) =0},
By the CNN expression (I)), for each j € {£1}, the inner products that matter are

1. positive neurons: { 53,]u> forr € Uj(tj_, (w ;ti,]v> forr € V](t_)F,
) ()

2. negative neurons: (w_; ., ju) forr ¢ Z/LJ o (W2 gv) forr ¢ ij 4

By (64), the update formula of these inner products of interests are given by
2
. . nja oy .
it ) = o)+ Ry e W) o (w1 ) - 10 € BS)

2
Wit ) = (il v+ IV 1y e, W) - o (w2 )i, (66)

Also by (64), the update formula of the inner products with noise vectors are given by
(Wit &) = (wil) &) + T2 (1=, fOa s W) - (o' (Wil €0)) - (60,060

+ (W& (€ &) Wi e W)), i€, G
(W, &) = (W E) + T (1, £ W) - (o (w0 6) - (6, 6

+ o (WLED) - (€ &) Ui e W)), iew.

At first glance, the update formulas given above seem intangible. The following proposition in-

dicates that we can separate the neurons into two parts, with each individual part learning one
kind of sample independently. For simplicity, we let 7 := 2n||ul|3/m and o = ||v||3/||u]|3 and

fe = i, f(x5,; WD), Forany j € {£1} and s > 0, we define effective running time for learning
label-j-samples as

ti(s)=min{t e N: ¢t > t;(s — 1), y;, = j}, (68)
with ¢;(0) = min{t € N: y;, = j}.
Proposition 30. Suppose that the sign stability condition holds before some Ty, i.e., L{j([t]) L=

u lils th;tuiﬂ + and V:I:J + = V:I:J 4 = Vij 1 fort < Tgn. Then for s such that tj(s) < Tgign, it
(wid T ) = (wi ) (11— fiy ) Ui € WD), Vr€llss (69)
(W, =) = (wl =) (U= 0= ) Uiy €W, el
(Wi vy = (w5 vy - (14 @l = foyw), 7€ Vi
(w(_?j(fﬂ))’ —jv) = <w(_tj(r>>7 —jv) - (1= afi(l - fi,(s), VreVvo,_.
Moreover, for every t € (t;(s),t;(s + 1)), it holds that

<W] r?]u> < S)+1) >, Vr € Z/[j7+;
<W(,t§,«,—]u> <W7j :)Jrl) ju), Vr EL{,]‘7,;
(Wi, jv) = (Wl ) v e vy
<W(_t;77'7 V> <W(_tj :)+1) jV>, V?“ S V*j,*o
Proof of Proposition[30} See Appendix [E-6.1]for a detailed proof. 0

This proposition helps to break down the dynamics of multiple data training into two folds. To see
this, it suffices to note that the following components

i ) ) ; ) ) ;
i) {< r,]u>}reuj,+’ {<W—]7’_] >}T€u7j’7v {<wj,m]">}revj’+a {<W—j,r’_=7v

are independent with { f; };,— ;j and the rest inner products associated with —j.
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E.2 OVERVIEW OF ANALYSIS

The roadmap towards proving our main theorem shares nearly the same logic with the proof of single
data setup (Appendix [C). Basically, as long as the weak signal component and the noise component
are not learned in the sense that these inner products remain negligible, we can prove that the inner
products associated with the strong signal would dominate and the oscillation would accumulate
at a linear rate. This further gives Lemma [32] which shows the CNN would learn effectively learn

®) jv). Meanwhile, we can prove that the influences from the negative part of

Jsr?
weak signal learning <w(t)- jv) and the noise memorization <w$>17,.7 i)s <w(f17,., &;) can be well

-
controlled (Propositions . Putting all together, we can prove the main result Theorem [5]

the weak signal (w

To be formal, we define two important stopping times as follows:

j . 1 ‘
T(jv) =min< t: . Z O’(<W§?_,]V>) >46/2 5, (70)

>0
re[m]
} > 6/4} . 71

We recap that VW denotes the index set of weak data, and El denotes the Gaussian noise appearing
on the lacking strong signal patch for those weak data. Also we note that T(JV), Ti¢y < +o00, where
the equal sign is attainable. We then define

T = min {7, T }

max (v) )

(wi'). &)

— i . ) &
T —?élzs{t - re[mﬁf}fgzﬂ}{?g?,ﬁ g ()1 )

In the first place, following the same arguments as in the single data setup (Appendix [C)), we can
derive the boundedness and sign stability results before time 77 .

Lemma 31 (Boundedness and sign stability). Under Assumptions[3|and[] for fixed j € {£1}, the
Sollowings hold with probability at least 1 — p =1 — 1/poly(d):

1. it holds that L{j(tJ)r = Z/IJ(’OJZ # 0 and Vj(tl = VJ(-’O+) # 0 for any t € [0,T2,,]. Hence the
superscript (t) can be dropped;
2. foranyt € [0,T7,.], we have that
max (w'"), ju) < 1.5 (1.0585 ;m)"/2, (72)

re[m] Jr

where (37, ; is defined in Lemma '

3. foranyt € [0,T3,.] it holds that

min <W(_t;-’r, —ju) > —+/2log(16m/p) - opllu|2, (73)

r€[m)]
rrg[ivgﬁw(_t},r, —jv) > —/2log(16m/p) - oo|v|2; (74)

4. foranyt € [0,T7,.] such that y;, = j, it holds that

Proof of Lemma[31] See Appendix [E.4]for a detailed proof. O

This boundedness and sign stability result further implies weak signal learning with an exponential
rate, which is formally presented as follows.
Lemma 32 (Weak signal learning). Under Assumptions 3| and |} with probability at least 1 —
1/poly(d), it holds that for any j € {£1} and 0 < t; <ty < T3 . that
to
)
> (1w f(xi s WE)) > o (1—(1.05—6/4)%) - (to — t1 + 1) —

S:tl‘
Yis=J

m(1.05)2
2n||u3(1.05 — 5/4)*

?
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where § is specified in Assumplion Moreover, for r € VJ 4> we have that

1
(t241) (t1) nllvli3 1 [v3(1.05)
L gv) 2> . JV)-ex 0—6(1.05—-4/4)2 —t1+1) - .
(40 v = (Wl ) p{ (0= 80105 = 5/)2) 1y + 1) = L GHEEEE
(75)
Proof of Lemma[32] See Appendix [E.5|for a detailed proof. O

The last component to complete our proof of main theorem is controlling noise memorization dur-
ing the training process. For simplicity, we define the maximum absolute value of the noise inner
products over data as

Proposition 33 (Noise memorization). Under Assumptions 3] and @} then with probability at least
1 — 1/poly(d), it holds for any 0 < t; < minje 413 {17} — T(¢) and j € {*1} that

(wi), &)

| w00.€)

T® = max {max
re[m],je{£1} (i€[n]

We have the following proposition to control the growth of Y(*).

T(t) S T(tl) . (]. + 6), Vr e [mL th S t S tl + T(g)

where T(g) =O(mn-ntoe-(1+e) L. (o2d)~") for any € > 0.
Proof of Proposition[33] See Appendix [E.6.3|for a detailed proof. O

E.3 PROOF OF THEOREM

With Lemma [3T] and [32] and Proposition [33] we are ready to prove Theorem 3}

Proof of Theorem[} For the j = argming c g1y {lenlax} we are going to prove that 77, is
bounded by a polynomial time by using contradiction. Specifically, we prove that

32m

j 1,1 2vVmd | v]3 1.05
1) x <Tj0=——5 (0 —6(1.05—-49/4)2 ‘S log| —— | +1.5- . .
0= g (00005 =8/4)%) { <a0||v|2> Jul3 "\ 105 —6/4

max —

Suppose that the result fails, then by definition we have that

Thax = Tl N Tie) > Tio-

(v

Then Lemma [31]and Lemma([32]hold on [0, T} o]. By applying the lower bound in Inequality as
well as Lemmal(l0], we have that

2
(Tjo) o\ > 0) nllvl3 5—8(1 5405 o Vi3 1.05
ey V) 2 e V) exp{ gm0~ 0005 = 0/2) L0 =15 e - [T 57

1 2vVmd
> soo|vle - ——
2 ool[vl2
= vVmd.
This leads to the following,
1 w0 > (Ti0) - oV\2 > 5
Z gV 2 - max((w; 7, 5v))* 2 6,

which clearly contradicts the definition of T]  in (70D, hence it must be that T3, < Tj,0 < +o0.

max —
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In the following, we prove that T

Jax = T(jv) < Tg), for which our conclusion directly follows due

max

6/4 for time less than T} o due to definition of T{¢) in (7I). But by Proposition (33| with ¢ = 1, we

know T®) takes at least
~ ~ [ mno2d 1)
KT = P log| ——
(&) ( Ui ( (o)) O'p \/(3

steps to reach /4, where T(g) is defined in Proposition Then due to the scaling of the signal
strength in Assumption 3} we can also find that KT{¢y > T} o, which is a contradiction with the
', which means that at t* = T

max?

to (70). Again we prove by contradiction. Suppose that 77, = T(¢) < T(jv), then Y*) would reach

definition of T( £)- Therefore we must have that 79 = T7

max (v)’

1 Wt iy > 8

Z G dV)) 2 5
TE[m]

In the meanwhile, Propositionm guarantees that at time t* = T

0
_ Z 7j T,]V>) < i
TG [m]
Thus, we conclude that at time ¢t*,
1 t* . 5
LS oW ) - S el v 2
re[m] re[m]

This finishes the proof of Theorem 3 O

E.4 PROOF OF LEMMA

Proof of Lemma[31] Recall that T7,,, = ij) A T(¢), where

max (

1 .
T/ =min{ ¢: — Z 0(<W§-TZ,]V>) >0/2,

™) 7 ¥>0
re[m]
Tiey = ¢ , ‘ ’ ® ) > 5/4
& = rtn>1(r)l{ ]E{il}rﬁgﬁn],ie[n] < Wi £> ]E{il}r,r'rl'gﬁn],iew <W]T > /
We now define some notations to simplify our presentation. Recall that f =y, f (xit;W(t)),

7 = 2n|lu||2/m and a = ||v||3/||ul|3. For fixed j, we define
S'j)k ‘= min {S eN:s> S'j)k,1 such that ftj(s) > 1 and ftj(max{5l<81it,(sl)¢w}) < 1} , (76)
with 5']'70 =0, and

Sk = min {s € N: s> Sj ;1 such that iy () ¢w, ftj(s) < 1and ﬁj(max{slqzius,#w}) > 1} ,

(77)
with §j0 = 0. From the definition of T,,, we know that i, (g ) ¢ W for k such that ti(S;k) <
TJ....» since otherwise ft,_( 50 < 0 < 1. Moreover we define

Uj 4 = {r € [m] : (w; (t (0)),]u> > O}, Uj = {r € [m]: <Wj(-’tf,(0)),ju> < O},

and V; 1 are defined analogously.

max ?

The following analysis is nearly the same as the proof of one data case in the sense that each step of
the proof is organized exactly the same to the proof of one data case. Therefore we suggest readers
to refer to the roadmap provided in Appendix frequently for better understanding.
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‘We note that for ¢t < T(jv) A T(g), which is the time scale we are mainly focusing on, it holds that

)
S — Z (tz,jv < 7

re[m

‘(Wﬂ, i)

v [(wil), &)

max
jE{£1},r€[m],i€[n], i’ eW

Now we start presenting the proof of boundedness and sign stability with step-by-step analysis.
The j is arbitrary but fixed throughout analysis. In view of the effective running time for learning
label-j-samples defined in (68)), (76)), and (77), the proofs for a certain j directly do induction over
s.

Step 1: Pre-S; ; analysis. Clearly at s = 0, the lower bounds in Inequalities (73) and (74) are

both guaranteed by Lemma . Also we know that ft 0y < 1 and so S;1 > 1. The initialization
also guarantees that the upper bound in Inequality . [72)) holds at s = 0.

For s € [0,5.1), the definition of S;; indicates that ft (s) < 1. Therefore, from Proposition

we can see that the (w (S),ju>, r € Uj+ and (w fi(s ) ,—juy, r € U_; _ are non-decreasing in s
during this stage. One naturally infers that for all r € L{_ j,—» it holds that

(—t;-,(’l"Sle)) (_t;‘_(rsj,l*l))’ —ju) > (w (_j(O)) —ju) > —/2log(16m/p) - o||ull2.

(())
=g

<W 7_ju> > <W

Same can be verified for (w —jv) withr € V_; _. Hence the lower bounds in Inequality (73)

and (74) are extended to s € [0, SM] Also, for these inner products, the sign stability holds on
[0, S;.1], since 7} < 4/5 and thus we have

2n||ul|2 7 i
11%'(1—&@)) > 1=l +0(1)) 20,
9 2 .
1:‘:M~(1_ftj(s)) > 1_aﬁ(1+0(1)) = 0.

Then we turn to upper bound (w; (s ( )

the definition of 77 implies that

,ju) for s € [0, S;1). Note that, for s such that i, (5 ¢ W,

max
N 1 1 ) 5
=02 fiy0 2 Z o((wis ™ gw) + D (i)
r€(m]
1 (s .
i Z w2 =) = 5 3 o= W —v)
re[m] re[m]
S 1 s
B ‘7 (t ) ) + — > a((w(,](r)),fz>)’
TG[m re[m]
27 Z (tg(é)),ju>),2)(0(1)72X5/4.

rE m]

As a consequence,
1 .
= 3" o((wli™ ju)) <1-6/2+0(1) < 1.05.
m re(m]

Thanks to the local sign stability, Lemma [I5]implies that
ma (w w9 ju) < (10585 m)Y/>2.

rel

If otherwise s € [0, S} ;1) such that it,(s) € W, then we choose 5 = min{s’ > s : i, () ¢ W} It
holds that either § < S‘M, ors = S’M. For the previous case, similar argument implies that

(Wi juy < (w5 juy < (10585 ;m)V/2. (78)

The latter case reduces to establish the upper bound for ¢;(.S; 1), which is derived in the next step.
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Step 2.1: Bounding (w (t; (S)), ju) for s € [S;1,5;1). Since the weak data does not contributes
to learning strong 51gnal as indicated in Proposmon@ we know that

t;(S; . i (S5, . -
(wl25) gy = (w5 juy - (1431 - 5 ),

where S; ; = max{s < S;; —1: iy, (s) € W}
We begin with a proposition that is parallel to Proposition[T9]

Proposition 34. For simplicity, we assume that iy (g, _1) &€ W and Sir = Sjx — 1. Otherwise

we can ﬁnd the last step before SJ k such that iy, () y & W and leverage the previous observation in
Equation (E.4). Suppose that

1 t;(S;n—1 . t;(S;.6—1 .
By, == 3 o= w5 ) 4o (= (wi S —jv)) <94,
re[m]

T (Sir) — <W§Ti(§j,k))’€i> V.

w5 )] < 571

max max ’
je{£1},re[m],i€[n] je{£1},re[m],ieW

then we have that

n+2— /72 + 47

Fos(Bymt) = 2 : (79)
and that
fo3,0 < (1 +i(l - ftj(Sjvk—n))Q +2E,5,,,-1) T TS0
< @24 VI 285, + OO0
Proof of Proposition See Appendix [E.6.4]for a detailed proof. O

With this proposition, we can derive an upper bound on <w§-fj;(§j ’1)), ju). One step gradient (69)
implies that, for r € U/ 4, it holds that

t;i(S;1)) . t;(8;1-1)) . - 3
(Wl juy = (w5 (1 +i(1 - ftj(gj,l_l)))

~ 9 _ -5 47
S< (tJ(SJI 1))7]u><1+ﬁ<177+ VT’ + 77))

Jsr 277]
< 1.5 (10585, ;m)' /2.

Here the first inequality comes from Inequality (79). Note that the upper bound on

(w j(t; (552-1)) ,ju) has been derived in Inequality (78) in Step 1.. Taking 77 = 4/5 easily implies

the second mequality above.

This upper bound continues to hold for (w (f].(s))
(t5(s))

jT’

,ju) with s € [S} 1, S;,1) because of monotonicity.

We consider the lower bound for (w
we have that

P 1 (t(9) 1 (15650 . :
146 < fiys) < — Z o((w; "7, ju)) + — Z o((w; """, jv)) + (negative part) + (noise part)

re[m] re[m]

,ju) with s € [S;1,5;1) and iy, () ¢ W. For these s,

<L ST o((wl) ju)) 4 6/2+ 6/4.

m
re[m]

tj(s . * 2
(ta ))a]u> —> (ﬁu,jm) / ’

max (W,

rE[m]

for s € [Sj1,S5,1) and iy, () ¢ W.
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Step 2.2: Lower bounding max, (wy (ts (SJ ©) ,yu). Same to the proof of Proposition , we can
assume that i, (s, ,_1) ¢ W, without 1oss of generahty

Note that, while ft (s) 1s not monotonically changing in s € [S;1,S;1] in the presence of noise
components, the inner products are still changlng monotonically, as indicated in Proposition [30}
Therefore, we can leverage the control over noise components to derive an approximate monotonic
property. Specifically, the inner products

—o((w B ), o (Wi gv)), o (WD vy,

are decreasing in s € [S; 1, 5;,1]. From Inequality (94) in the proof of Proposition 34} we know that

o (w5 ),

; z 1 (t5( t;(55.1))
Frys-0 < fosn = D o((wihi & g ) = o (WS g )
re[m]
1 (t;(Sj1—1)) (t;(Sj1—1))
+E Z J(< Wir ” 7£u (S5 1)>) *O'(< _]rjl 7€itj(§j,1*1)>)
re[m]
- = =\ 2 (G 2
< (/24 VA +7)" +2Eqs, 1 + T E)7 (80)

Recall that in Step 1., we proved that E(g 1) < 2(y/2log(16m/p) -agllull2)? = o(1). Thus
from doing one-step gradient descent (69), we know that for r € {; 4, it holds that

(w355 gy = <W;;< 5a) gy <1+ﬁ(1 —ﬁj@j)l_l)))
> (w3 - (L4 (1= (/24 VR ) - 01)
>0.1- ( m)l/Q. (81)

Here the first inequality is by (80), Eg, ,_1) = o(1) and the definition of T{g), and the second
inequality is a consequence of Inequahty @ This positive constant-level lower bound guarantees
that our 7] choice is sufficient for the sign stability to hold for s € [S; 1, S; 2], as shown in the next
step.

(t; (5 Jl)) (¢ (Sgl))

Step 2.3: Lower bounding (w —ju) and (w3 —jv). It suffices to consider
reV_;_andreld_;_. Inequahty (&1) indicates that
< (t,-(Sj,l)) ju) Sj1—1 ~ Sj1—-1 ~
1< m = H (1+7}(1_ftj(s))> <expq 7 Z (1_ftj(s))
] 5=0,i¢ (3 W 5=0,is; () W

Therefore,

Sj1—1

> (1-fiuw) >0

S:O,itj (s) cew
Now we can prove the lower bound. For r € U_; _, we have that

Siji—1

R L A | N Ch (R DY)

S:Oﬂ-tj(s)gw

Sjai—1
;i (0 . ~ £
> (whW juyexpd =i > (1= fiyw)
S:07if,j(s)¢w

> (w (¢5(0)) —ju) > —+/2log(16m/p) - og|lul|2. (32)

—Jr
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On the other hand, for s € [0, S} — 1] such that i,y € W, condition t < T3, = T(jv) A Tie)
guarantees that

rs 1 S (s .
Ty = — > ol(wiijv) o (= (W —jv)

re[m]
1 (s s
o2 ol g0 — o (W6 )
re[m]
1
+ E Z (< (f](s))’gu N )>) J(< 937(6))7€ltj(5)>)
re(m]
<6/2+42x46/4

<1

Hence we derive that

Z (1= fue) = Z (1= fiy0) + Z (1— fi,6) =0

s€[0,55,1—1] sE.[O,_Sj,l—l] s€[0,5;5,1—1]
ltj(s)GW i,,j(s)¢W

And in consequence, for 7 € V; _ it holds that

Sj1—1
S5, : 0) _; i f
w5, vy = w5 vy - T (1= en(1 = Fren))
s=0
Sj1—1
> (WO —jv) - exp { —ai Z ~fu)
> WO v 2 o) okl 8

The monotonicity again extends lower bounds in Inequalities (83) and (82)) to s € [S;.1,5;2]. And
the sign stability naturally holds on this interval.

Step 2.4 & Finalizing. Thanks to the sign stability proved in the last step, we can now apply
Lemma|15|to derive that the upper bound in Inequality (72) continues to hold for all s € [S; 1, S} 2],
with exactly the same argument as the Step 1.. With an inductive argument that exactly repeats the
argument above, we can infer that all the results in Lemmaholds for t;(s) with s € [S}1,.5;2].
Propositionimplies that for any ¢ € N we can find s; € N such that tj(st) <t <tj(ss+1)and

(w ](tz ,ju) = (w (£ (s¢)) ,ju) (so are all other inner products), therefore all the results in Lemma

7,7

hold for ¢t < Tmax O

E.5 PROOF OF LEMMA

Proof of Lemma[32] Forany 0 <ty <ty <TJ, . j€ {+l},andr € Z/{J(t+, by (63).

2nllul|? R
W ) = @ g+ 2 S W) ) )
t1<s<ts
yis:j7is¢W
Yio f(xi ;W) >1
2n||ul2 s
P2 S 1y e, W) - wl ),

m t1<s<ts
yiS:j,’L'sQW

Yis F(xi ;W) <1
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Note that for 0 < ¢; < t5 < Tr{lax, we can apply the conclusions of Lemma Specifically, we
consider the maximal neuron 7* = argmax, ¢, (w§t27 ju), and

(1.05)F - (B m)? = |(wiz ju) — (wili) ju) (84)
27] u 2 s s .
= LLLHQ : > (1= yi, f(xi, s W) - (w. )
t1<s<ts —
Yis=Jis EWW >(By,,m)2

Vig F(xi ;W) >1

- > =y W))Wy
t1<s<ts —
Yis=J:isEW <(1.05—5/4)2 (B ;m)2

Yio f(xi, ;W) <1

where the red remarks follow from Lemma 5] Rearranging terms, we conclude from (84) that

> (1= yi, f(xi,; W) (85)
t1<s<ta
Yig =J,is EW
Yig f(xi W) <1
1 m(1.05)3
> (1.05—6/4)72 - (v, f (i W) = 1) — T,
tlgzzsgtz 277““”%(105_6/4)2
Yig :jvi5¢W

Yig F(xi ;W) >1

Under Assumption 3} with probability at least 1 — 1/poly(d), it holds that

. 1
|{t1Ssitziyis:Jaﬁs¢W}|Zi'(t2*t1+1)a (86)

Combining (83) and (86), we can finally prove that

i 5 , m(1.05)3
1— vy, flxi s W) > — (1= (105 — 6/4)2) - (ts — t1 +1) — - .
S;I 8 2n]|u|3(1.05 — 5/4)3
Yig=JisEW

(87
Finally, for the weak data i, € WV, under Assumption[3] with probability at least 1 — 1/poly(d),

1) 1
|{t1§s§t2:yis:j,iSEWH§2p~(t27t1+1)§3—2~(1—(1.0575/4)5)~(t2—t1+1),

where the second inequality follows from the condition on p by Assumption [3} By Lemma [31] we
have that |1 — y;. f(x;.; W®))| < 2for 0 < s < T7_and y, = j. Therefore, we have that

to
, d !
Do 1w S W) 2 e (1 (105 = 0/4)F) - (o~ 11 +1). (88)
y,b:;:}ew
Combining (87) and (88)), we can conclude that
to 1
5 . m(1.05)}
L= 9i fxi s W) = g2 (1= (105 = 0/4)%)-(t2 =t + 1) - :
S—Ztl_ 16 20| u[[3(1.05 — 6/4)>
Yig=J

This finishes the proof of the first part in Lemma [32] Now we consider the second part. For sim-
plicity, we denote by a = ||v||3/||[u||3 and 7 = 2[[u||3/m. Consider that for any 0 < t < TJ_ .
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je{£l},andr € V 4+ due to Lemma | the v-sign stability condition is true on [0,77.]. In
view of (66), this means that

T+aip (T—yi, f(xi; W) >0, YO<s<TI, st oy, =3

Then forany t; <t <Ti .t; <s<tandr€ C] 4, since —2 < 1 —y; f(x;,; W®) < 2 due
to Lemma[31] we can lower bound the relative increment as

t Q
= Yig (Xlaw(&)))
log (1+ow7 L=y f(xi; W / - dz
s—zt:p (= v b 52;1 1+772 1*y1§f(xz-s;W(s)))
Yis =1 yls—J
E A A = s
z
= 1+2( 1*yuf(xww(s 14 72(1 — yi, f (xi,; W)
Yis=J mbfj
— i f(xi s W) +2) t. oo on
-y / D D =
= 1+ 272 = Jo 1-29z
"/z5*7 Yis=1J
> / @ (= (1= 310 060 W) 200, 1)) d / AN () o
= 1520 ) Tioams

where for simplicity we denote N;(t1,t) = [{t1 < s <t :y;, = j}|. Now we can use Proposi-

tionto lower bound the right hand side of (89)), Denoting ¢ = § - (1 — (1.05 — §/4)2)/16, we
have that

t

> log {1 +an(l - yisf(xz‘s;W(s)))}

s=t1 )
Yis=J

. aﬁ(e(t—t1+1)—A+2Nj(t1,t))d 20N (t 1)
—/0 1+ 272 Z_/o T

A
> (;(t—tl + 1) - 5 +Nj(t1,t)> '10g(1 +20¢77) +Nj(t1,t) : log(l - 20477)

> (;(t —t+1)— ?) ~log(1 + 2a7) + N;(t1,t) - log { (1 + 2a4)) - (1 — 2a7)},

where A is defined in Lemma [32] Moreover since for our choice of iy < 1 in Assumption 3]
log(1 + 2a) > aij, log {(1+ 2ai) - (1 —207)} =log {1 — 4a’7*} > —20°7]

and using the fact that with probability at least 1 —1/poly(d) it holds that N;(¢1,t) < (t—t1+1)/2,
we finally have that

¢ _
Z log {1 + aij(1 - yisf(xis;W(s)))} > ?-(e —2amn)-(ty —t1 +1) — A -log(1 + 2a7n)
s=t1
Yig=J

Y

1
Zaﬁ'G'(tl—t1+1)—20[’f~]'A.
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Finally, using (66) again, we can lower bound our target as

t
(Wit vy = (witd ey T (14 an(l =i £ s W)

S:tl‘
Yis=J

t
= (wgv)exp{ 3 tog {1+ ai(1 -y, fox, W) }
s=t
yiS:lj
1
> (wi') jv) - eXp{4w7~6~(t1 —ti+1) - 20”7'A}-

Plugging in the definition of €, A, «, and 7}, we can arrive at

e IS R O S | O IulEos s/ [
This finishes the proof of Lemma 32 O

E.6 PROOF OF TECHNICAL RESULTS
E.6.1 PROOF OF PROPOSITION

Proof of Proposition[30} From Equation (63)), for r € U; 1 and t’ € (t;(s),t;(s + 1)], we can infer
that

s u = . .
<W§tr)7JU> (wia) Z ml ”2- (1~ Fo) - o' (W) ju) - s, ) - 1{ir € W)
(s)

The definition of ¢;(s) implies that for t € (¢;(s),t;(s + 1)), y;,7 = —1. On the other hand
Yi, . .,J = 1, hence we obtain that

£5(s 2n|[ul3 j
<W§t'r)7] > < 5;( ))7 >+ m : (1_ftj ) < 527]u> l{th(S)GW}'

Since the sign stability holds, this multiplication by a non-negative factor does not change the sign
of the inner products. Therefore we have that

(win D ju) = (wib D Gy = (Wi

— (w ](t;(“)),jw (1+7-(1— ft,-(s)))-

which concludes our result for <w§t3,, ju), r € U; 4. Other result can be proved analogously and

are omitted here. O

E.6.2 PROOF OF LEMMA FOR MULTIPLE DATA SETTING

Proof of LemmalI3| (multiple data setting). In the multiple data setting, the (positive) inner products
only changes at the steps where the corresponding data label aligns with the directions of the neurons
(i.e., 7 = £1). Define

max, e o (w2, ju))

Y epm (W) ju))

gL =
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Again, the local sign stability assumption ensures that each inner product grows proportionally and
the superscript (¢) in the neuron index sets can be dropped, with

m

1 2n|lu|2 )2
w 3 ol =0 3 o) 1T (1422 (1 s, W)

relj,+ t' ety t—1]:
Yiy =7, i EW
(t1) 2 2
_ maXTE[m] O’(<W] T vju>) 277”11”2 . . )
= mﬂ*’(,tl) . H 1 =+ T . (1 — ylt,f(xlt,,W ))
u,j t'efty,t—1]:
Vi, =7, t@W

g ( MmMaXyem) <w;,t7)a ]u>)

mi;

Here the first and the third equality is true because Equation (8) implies that all the positive

<w£,f)r, yu) iterates by sequentially multiplying the same factor

2 2 /
1+ LL‘;”? (1 - yf WD),

The second equality comes from the definition of ﬂﬂ’(tl) in Lemmaﬂ

tl)

Therefore, m =1 - 2orelm) cr((wé-fi,ju)) > c implies that o (max, ¢ <W7(J ryu)) > B mc and

the desired lower bound follows. The upper bound can be proved analogously. [

E.6.3 PROOF OF PROPOSITION

Proof of Proposition[33] We prove the result by induction. For the step ¢ = t;, the result holds
trivially. Suppose that this result holds for each step ¢1, - - - , ¢, then by (67), we have that

t .
(w6 = (Wi &) + 0 T (1 flox s W) - (o (W) €0)) - (€00 60)

s=t1

o (W) €)) - (6.8 - i € W)

= (w St;)@ Z M (1— yif(xi;W(S))) .J/(<Wj(,i} &)

s= t1
C o | .
b3 OBy W) (o) )
A
oW € ﬁgf; i, e m)
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Taking absolute value, we have that

‘( (7t+1 &) < ‘ Jt;)7 Z 77H£z||2 JYis . (1 _ yif(xi;w(s))) . UI(<W§7S7), €))
s= f1

¢ 12 . Gy

s=t1
it
€. & 9 5y G &)
(o) g E) ol £y Bt g ey
€15 1€:12
Applying the definition of Y(*), we further obtain that
2
(t+1) ’ < T(h) 2{’7”£ZH2 1— W (s) 'r(s
|wit &) +Z SO 1 g (i W)
t
217”574”% |<€l aéz éz 7£7, ‘
4 2 N -y f xis;W(S) ). s s 0)
2 T W) T
is i

Now using Lemma for s < minje(i1){T7 .y} We have that |1 — yi. f(xi.; WE))| < 2. Also,

by Lemma@ it holds that||&;]|3 < 302d/2 and |(€,€')|/||€]]3 < O(d~'/?). Thus we can further
upper boun as

6n02d

(t+1) (t1) P (s) 1/2
max (w7, &) < TV + . T +(9 T on
i€[n] < 7> > m sztl sztl
is=1 is 71
2 t t

_ ey 4 919 St 4 o1y Yt
m s=ty s=t1
io=i iati

6no2d ! ~ ¢
+ TP . Z (T(tl) — T(s)) +O(d~?y. Z (T(tl) — T(S))
s=ty s=t;
io=i e

By our induction, we have that Y(*) — T(t1) < Y1) . ¢ for which we can further bound (1) as

1) 6no2d t
max [(w e <) ZHO ~1/2) Z
1€[n] i m jb:t; ‘:é?ii
6noyd 2At—t+1) =~
m n
(t1) [ 187]012,(1
<T T 14— (14¢€)-(t—1t1+1)
mn

where in the first inequality we have utilized the fact that [{t; < s <¢:i, =4} < 2(t—t1+1)/n,
and in the last inequality we apply the condition that d = Q( 2) by Assumption 3 I Therefore, when
t <ty + T —1withTiey =O(mn-n~'-e- (14+€) - (02d)~"), it holds that

(Wit g

7,7

<YW (1 4e). 92)

max
1€[n]
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By using the same argument as proving (92)), we can also show that for ¢ < t; + T(g) -1

max |(w'"V, €)

< 1t . .
max <7T (1+e) 93)

By combining (92)) and (93), we can arrive at

T+ — max {max t+1 & max’ (t+1)7 s } <YW (14 6).
je{£1},re[m] | i€n] < € > w < 6 > - ( )
Thus we have proved our induction statement for step ¢ + 1. Repeating the induction completes the
proof of Proposition [33] O
E.6.4 PROOF OF PROPOSITION
Proof of Proposition[34) 'We expand ft ) as follows.
x 1 t;(Sje—1)) . _ 7 2
Ty < o D0 olwin ))Ju>) (14 = Fys,0mn)
re[m]
1 wltsSie=1) ?
+= 3 (W ) - (1 an(l = fiys,,-0)
re[m]
1 (S5 p—1 . _ = 2
- S o — (w3 ). (1 —i(1 - ftj(gj,k_l)))
7‘€[m]
2
.7 7 1 y o4 ry
T Z " )) A >) ’ (1 - 0”7(1 - ftj(gj,k_l))>
re[m,]
1 (5(5;, 1 (t5(S5.0))
+ E Z 0'(<W ,J k ’Elt (Sjk)>) - E Z 0(< 737‘ " ’glt (SJ k)>)
re[m] re[m]
1 t5(S55—1 (S 5—1
SEZ(U« ;;(m )) ju) + o ((w (,J(Jk )) iv))
re[m]

(G., — (G, ~ 2
_J( _ <w(_t;7(f]k 1))7 —ju)) . U( . <WJ(.7;7"(SJJ¢ 1))’ _]v>)> . (1 —|—’I7(1 - ftj(gj’k_l)))

1 -
+— 3 (o= WS ) 4o (= (WSS ) ) - (201 Fys,) )

. _ . 2 (5?2
< Fosuen - (10 Fics, k_1>)) + 2B, 5, 1)+ TOED?, (94)
By Assumptlon we know that ft y > 1+ 0. From the discussion in the proof of Lemma

we know that once
g 2
2E; (5, 0-1) T T (S58))7 < 5,

we have that

; 42— /72 + 47

ftj(gj,kfl) =

)

2n
and that
f ; 7 2 (52
ftj(gj,k) < (1 +7(1 - ftj(éj,k_n)) + Etj(sj,k—l) + Y& (55.k)
o 12
< (/2 + VP/A+ )" + Eyys, 1) + YOS,
This finishes the proof of Proposition [34] -
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F  MULTIPLE TRAINING DATA CASE: SMALL LEARNING RATE REGIME

This section focuses on the multiple training data setup with a small learning rate.

Recall that W is the index set of training data points which lack the strong feature patch. By (@), the
CNN weights are updated according to

1 Jn .
wit = wil) = 2 (s W) ) - (o (Wi piew) - w1 & W)

+ UI(< ( 1)”7th >) “Yi, v+ UI(<W;2,67)~ ’ £Zt>) : £it

o (W) &) &,y 1{is € WY ©5)
Subsequently, by (93) the update formulas of those inner products of interests are given by

2
. nja oy .
Wit ) = (ot )+ 0y o, W) o (el ) 1 W,

b oy VI3
wit vy = (wit vy + T (1= g, £ (i, s W) - o (W - ), ),

(w g = (wi &)+ T (1 W) - (o () £0)) - (6100
o (W) €)) - (€ &) - i € W)
(Wi &) = (wil, &) + T2 (1= g o W) - (o (WD), €0)) - (60, )

+ o (W) &) (€ €) - Ui € WY) . ieW.

(t)

For convenience, we also write £; ' = f(x;; W®)) — y; as the fitting residual.

The result of this section relies on the following conditions on the data model and the initialization.

Assumption 35 (Conditions on hyperparameters). Suppose that the following holds. For some € €
(0,1),

1. The weight initialization scale oy = é(||u||2_1)

2. Strong signal strength |[ulls > Q(m/\/ne) - opVd and weak signal strength o,\/d >
Q (m//ne) -
3. The dimension d satisfies d = Q(polylog(m,n)).

Theorem 36 (Restatement of Proposmon [6). Under Assumption choosing the learning rate
n < m/6||u||3 small enough and € € (0,1), then with high probability 1 — 1/poly(d), there exist

2
4 2 Cm?3 wT) — W
Tt = i 5 log : , T=T"+ LQ , T =T+ M 7
)IIUI|2 2ne

n(l—7)(1 - aol[ulf2 2neull3

with T, ¢ deﬁned in 98) such that: (i) the average loss on samples W€ decreases to 3¢ over
iterations [TT,T), i.

1 2
— min {yl f(xi; W(t))} < 3e,
2n TT<t<T

i€ewe

(ii) average loss on samples W decreases to 3¢’ over iterations [T, T"], i.e
8 D

! Fles W) < 3¢
2n - T<t<T’ (yl X = 96,
€W

(iii) the model does not learn weak signal v well enough even until T', compared to initialization,
ie.

max
Jr

(W2 e e V)| < 2V/2108(16m/p) - oo [vlla, Ve < T
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In the multiple training data small learning rate regime, the dynamics go through three stages, which
we characterize in Appendices and[F.3] respectively. The following lemma plays an impor-
tant role in the exponentially increasing stage (stage 1), for which we single it out here.

Lemma 37 (Derivative lower bound). For any 0 < 7 < 1 to be tuned later, suppose at some time t
there holds
pa
— 3 3

mox{Jowif .

max
1€[n]

(wit), V)],

(wi. &),

je{1},rem] max '< W &)

then we can lower bound the fitting residual —yél(.t) > 1— 7 foreveryi € [n].

Proof of Lemma([37] Plug into the CNN model definition (T), we have that
) =1 - Fy(x;i; W) 4 F_ (x;; WD) > 1 — F, (x;; WH).
If i € W€, we can upper bound F, (x;; W®)) further by

Fyxs W) = = 7 o((wll), yu) + 0wl 5v)) + o ((wl), €0)
re[m]

< max {(wilh yw)? + (i) ov)? + (Wi, €07} < 7

Otherwise, if 7 € VW, we also have

Fy (s W) =1 5™ o((wif), &) + o((wll),yv)) + o((wi), €0)

re[m]

< max {(wi1), €)? + (wi),yv)? + (wi) &)2} < 7

re[m]
Then it follows that —y¢(t) > 1 — 7. O
F.1 STAGE 1. LEARNING STRONG SIGNAL EXPONENTIALLY FAST

In this stage, we mainly track the maximal inner product between w and the signal vectors v and u,
with extra attention to the maximal inner product between w and the noise vectors.

w0 = max fwOv[, 00 = max ) w),
je{£1}re(m] P jef{£1y,rem] P
r® — ’ (t) ) -
i T je(dlyrem) (Wi &, i€,
1) _ ’ (®) .
r,” = 'S/ | S W
A L (Wil €|, i

Lemma 38 (First stage: noise). Under the same conditions as Theorem[36] ever since initialization,
at least until time

T nm
T Byt p)o2d’
there still holds that
m;{n}cl"( < Joap\f m%( F( ) < U()Up\/g (96)
en (S

Proof of Lemma[38] For those inner products with noise vectors, Vi € [n], the updating rules be-
come

‘< (tH),éz)

< |win. €] +

Ol (0 (wll) - &) - K€ €] + o (W) &) - (& &)

-1{i; € W})

6n
< [(wi €|+ 2 (\<w§?, )|

(&)

(€€ + (w2 E0) i e WY).
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By taking maximum over r € [m], we conclude that

6 ~ ~
o <1+ =L (00 (g, 60| + T3 - | (Es )

m

-1{i; € W}) , Yien].
Similarly, we also have that

~ ~ 61 ~
e S G (G

+ Fz(-f) : ‘(5@&)
We then use induction to rigorously prove our conclusions. Firstly, (96) holds at time ¢ = 0. Now
suppose that (96) holds until some 7' < T’ . Fixing some ¢ € [n],

1{i eW}), Vi e W.

_ T
r0 < OV S (e g+ (€8] 140 e W)
m t=0
T2
< 6770021"/& : <3€Zpd 12T (14p) ~U§\/dlog(4n2/p)>

- 3nooo,Vd(4 + p)faf,d

nm
< anp\/a.

The first inequality is by induction hypothesis. The second inequality is because that there are

at most 7'/n many i;’s would equal ¢ and at most pT' many i;’s would be in W, and we also
use Lemma [9] to control the correlations between noise vectors. The third inequality is by d >

16n2 log(4n? /p) for Assumption, while the last inequality is due to 7' < T'. Similarly, we can
also control thH) for some fixed 7 € W as

_ T
BT < 0000 S (i, 0]+ (€80 1t e W)
t=0
T2
< (ST ot 10yt
SO’OO—p\/;L

where the second inequality is because there are at most T /n many i;’s would equal i € W. In
conclusion, (96) holds at least until 77 . O

In the following, we would take

6v202d
7 = max { 200|[ul2 (21log(16m/p))"/ > IVI2/4d) 1 : V29, (97)
[[ul|31og(2/+/210g(16m/p))
(1—7)(1—p)[ul3
3(4+p)ozd '
By the conditions in Assumptionon [v]2/|la

Lemma 39 (First stage: signal). Under the same conditions as Theorem[36] there exists time

dm 2
Th = log ( ) ,
n(1=7)(1 = p)|ul3 ool[ull2

such that: (i) the model learns strong signal to a constant level,

L = 209¢||ul|2 -exp{ (98)

2, we find 7, ¢ both constant in (0, 1).

m[ax](ng),jw >, Vje{£l},
re(m ?

(ii) compared to the random initialization, the model does not learn weak signal that much, i.e.,

:
ma. (")

T vy < 2¢/210g(16 :
jE{il},}r(e[m]’<w]’7 V>‘* 0g(16m/p) - oo[|v]l2
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Proof of Lemma[39, Firstly, we would find {¥®), ®®},-, having an exponentially growing upper
bound. Recursively, we would have that

Jyn
T (Fes W) —y) o (W) yv)) - V3

P+ < gl 4 max
o je{£1},r€[m]

gy 4 g(t)’. 2 )

oG] vl el o (W yv))
2

<0 2] v e

2
< exp (677”"”2) L)
m

Therefore, we have that

6n|v|3¢ 6nv|3¢
T < exp (77|V”2> U0 < exp (77||V|2> -v/21og(16m/p) - ooV |2 (99)
m m

It follows similarly that

6n(1 — 3t 6n(1 — 3t
d®) < exp (77(;))|u||2> 9O < exp (77(;))|u||2> -v/21og(16m,/p) - oo ||u(1£00)
m m
The extra factor 1 — p appears because only a 1 — p proportion of data points would contain u, and

therefore contribute to evolution of ®*). Note that growing rates of these two bounds differ a lot
due to the different magnitudes of (1 — p)||u||z and ||v||2.

Our subsequent analysis illustrates that ®(*) can grow into a constant-level magnitude since strong
signal u is significant enough. We can track how well our model learns u by

A= mac il A% = me W w)

re[m],icgW re[m],i, ¢W
By definition, A{"), A"} < ®® also admits an exponentially upper bound in (T00) . For a certain

7 € (0, 1), due to the exponential upper bounds (©9) and (T00), max{®® w®} < | /7/3 is true at
least until

T m log T/2
1= O, .
6n(1 — p)[ul3 ool[ull2r/21og(16m/p)

Moreover, since we have (1 — p)||ul|3 > 02d/n by Assumption we also know T < Ty where
T’ comes from Lemma 38| Therefore

) <ouoVd</r/3, T <ovopVd<\/7/3, Vi<T

Consequently, until at least time 77, we can use Lemmato conclude that —yitﬂg) > 1—7, which
enables lower bounding A(*) in the following.

The i,-th sample would be used to update parameters, according to our multi-pass SGD updates (3).

If iy € W, then <w(.t+1) ju) = (w(t) ju) holds for any j € {£1} and r € [m]. If iz ¢ W but

g g
¥i, = —1, then max, <W§t:_1), u) = max, <W§tl, u) > 0 since that neuron will not be activated.

Otherwise, only if 7; ¢ W and y;, = 1, the updating rule becomes

n
(Wit ow) = (wilow) + 2 (=) o ((wi o w) - [l

it

2n(1 — 3
> <w§f)r,u) + w -max{(wﬁ)r,u%()} :

Take maximum over r € [m] to see that

2 (1—T)||11||2 t (1—7)||uH2 t
t+1 t n n
ALY > 40 4 S 2. A > exp e AP,
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where the last equality is by 1 4+ z > exp(z/2) for any 0 < z < 2. Consequently, when ¢ is large
(larger than n), we would have

1 . 2
A(lt) Zexp w ’ Z l{it’ ¢ W7yit = 1} : A(l())

m
<t

_ 2, _ .
> exp (77(1 T)”qu'fn (1-p) t) -oollull2/2, (101)

at least until step ¢ < 7T'. We use the fact that ) _,, ., 1{iy ¢ W,y;, = 1} > (1 — p)t/4 because the
sample labels are balanced (Lemmal[7) and 1 — p proportion of samples come with the strong signal.
In the same manner, we would have that

1—7)|ul|2(1 = p)t
AY > exp (”( )”47112( ) ) - oo]|ull2/2. (102)

Define the time when A(it)1 both break ¢,

4m 2
T2 = IOg < ) S Tlv
n(L=7)(1 = p)lul3 oollufl2

where the inequality is due to the scaling of ¢ upon 7. Moreover, we also need that 75, < T,

where T'; is the time that (wﬁ, £;), <w§tj,7 &;) remains in O(090,\/d). And this requirement is also

achieved by the selection of 7 and ¢. Plugging 75 into the exponential lower bounds (101)) and (102),
we can conclude that

™) > AT >,

which already grows up to a constant level magnitude by the time 75. Lastly, plug the definition of
T to upper bound ¥(72) as

(T») 24|1v |3 20
o < exp 5 log -v/2log(16m/p) - opl|v|l2 < 24/21log(16m/p) - oo||V||2-

(I =7)(1 = p)|ulz aollullz

In conclusion, by taking T'f = T, this lemma is completely proved. O

F.2 STAGE 2. EXPLOITING STRONG SIGNAL

In the second stage, our lemmas suggest that before the model really learns the weak signal v or
memorizes any noise vector, the model already fits a proportion 1 — p of the data points (i.e., strong
data) by exploiting strong signal u.
Lemma 40 (Second stage). Under the same conditions as Theorem [36] there exists time
C 3
T=T%4+ LmZJ
2nel[ul|3
such that: (i) the average loss over iterations within this stage has decreased to 2¢, i.e.,
1

2
5 min {yi = flxs; W (t))} < 3e,
2n Tt<t<T

ieEWe

(ii) all through the training dynamics 0 < t < T, there holds that

max ‘(w(t) v)‘ < 24/2log(16m/p)og - ||v]|2,

jetEi}refm) 1"
(iii) all through the training dynamics 0 <t < T, there holds that

(W) < 009,V

< d, | ®) ¢,
SouopVd, L max |V €

ma
je{£1},re[m],icln]
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In studying the second stage, we firstly identify when the upper bound on ( ( ) -, V) breaks and find
that the conclusions of Lemma[39still holds before that time.

Lemma 41. Under the same conditions as Theorem[36| take 1 < m /6||ul|3. There exists a time
T/2

7= " 5 log >t
6nlv(3 ool[v]l2y/2log(16m/p)

such that (96) and

t t .
a0 v) | < 2v/2los(16m/plo vl max (wil u) > 0/2, Vi € (1),

hold for any Tt <t <TH

Proof of Lemmad1] Firstly, we need to adopt the exponential upper bound derived in proving
Lemmal[39]

2t 2t
T < exp (677|V||2> 0O < exp <6’7||V|2) -v/21og(16m/p) - oo ||v||2.
m m

Then we naturally find that before 7%, it would always hold that

(w® v)‘ < 2/21og(16m/p) - oo||v|2-

max e

je{£1},rem]

Due to the conditions on [[ul|3/||v||3, T*# is found to be much larger than 7. Then we proceed to
prove the other assertion by induction. At time ¢ = 7'f, the lower bound maij(w(-t) Jju) > /2

holds as a consequence of the previous lemma. Suppose it holds until time ¢. If Jztr € W, then
(Wj(-fjl),ju> = (w ;?Z,ju) holds for any j € {£1},r € [m]. If iy ¢ W buty;, = —1, then

max,em ]<w§ j ), u) = Max,c[m] (wgti, u) > 0 since that neuron will not be activated. Otherwise,

ifi; ¢ W and y;, = 1, consider the updating rule
(Wit ) = (Wi w) 4 (1=, f i s W) - (), w)) - a3,
from which we find maxre{m]yiﬁw(wgiﬁl%yiu> > maxre[m}’iﬁw(wl(fi),r,yiu) must hold if
i, f(xi,; W®) < 1. Otherwise, once y;, f(x;,; W®)) > 1, it immediately follows that
1<y, f(xi,; WO) = uz, (xi ;W) —F_, (x;,; W)
< By, G WO) = 57 (i, g, w) + (w91, v) + (i) €6))
re[m]

< mgxﬁw?i w)? + of||v]|? + ogord.
reim

Consequently, for the specific neuron 7* = argmax, ¢, (wﬁ, u)2, there holds

t+1 t 3n t
(Wit ow) > (wile ) = 28 (w3

Y

3
(1 stog(16m/p) - 13 - adeda) - (1= 21 i)
L
> o)
-2
where the last inequality is enabled by taking

<M < 1—1

n= ) 00 > .

6/|ul|3 8log(16m/p) - ||[v||3 + 02d

Therefore, we find that max; ¢[,,,) (w%tjl), u) > ¢/2 must hold no matter what i, is. In the same way,

one can also obtain max,.c [, ](w(tﬂ), —u) > ¢/2. By induction, the induction proof is complete.

O
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Our subsequently analysis confirms that even before 7%, the model can already fit those data points
with strong signal by exploiting u. For the given 0 < € < 1, define a reference point W* as

*
7T

_4m(l+¢) ju
L [[ufl3’

j € {£l},r € m]. (103)
Lemma 42. Under the same condition as the previous lemma, for all Tt <t < T4, there holds

Y (Vf(xi; WD) W*) > 2. (1 +¢)
foranyi ¢ W.

Proof of Lemmad2] Recall that the definition of CNN in (I)) and that u L span(v,§;). We have
that

* 1 *
sV WO, W) = 37 o (wyl i) - (W] )
je{x1},re[m]

= Y Jwl) ym)) -

je{£1},r€[m]

4(1+¢€)

4(1+¢€)

> max (w?(f_)wyiu> .
re[m] “
Z 2. (1 + 6)3

where the last inequality is by maxﬂwﬁ, ju) > /2 forany j € {£1} as shown by the previous

lemma. 0
Lemma 43. Continued from the previous setting, for T <t <TH if iy ¢ W, there holds

* * 2
W — W5 — [WED — W13 > 29 (f(xi; W) = gi,)” = 2¢”.

Proof of Lemma Firstly we expand the difference by
W — W3 — WD — W3
2
AV F i WG (104)

= 200V £ (x;,; WD), WO — W) — 2 - [V

Since the neural network f(x; W) is 2-homogeneous in W due to the activation function o(z) =
max{z, 0}, we have that

(VG W), W) =2, W),
Stack these observations into the first term of previous difference expansion to obtain
(9 F (i W), WO = W) = 67 (2 (xi,s W) = (V£ (i, W), W)
= %S) (i W) =y, ) + fz('f) i (2= yi, (Vf (%, WD), W),

Note that the first term is exactly 2(f(x;,; W) — y;,)2. As for the second term, since i; ¢ W, we
need to plug in Lemmato see 2 — y;, (Vf(x;,; W®) W*) < —2¢ < 0, so that

(€<t))2 + 262

it

[N

00 i+ (2= 3 (VS (i W), W) | <
As a result, we would know that

(Y (x5, W), WO — W) > S (f (x5, W) — ;)2 — 262

N W
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Next, an upper bound on the second order term 7)%(|V L(W®)||2, is given by

2
7 O]V f (i WO 2

=g 6 a3 Y o (wlyu))?

je{£1},re(m]

HIvIE- Y Suw )Pl DD (wl) gn))?

Je{£1}rem] Je{£1}rem]
t)2
< O(max{|Jul3, VI3, €. 5) -7 - £,
since the dynamics of inner products (w § T),yu> ( 5? YV, ( Wi £Z> are well bounded by o).
. . t)
Via scaling 1 - O(max{||u3, [v]3, 1€, [3}) < 1, we would know i2[£," 2|V f (x;,; W®)) 3. <
7761(:)2. Eventually, continued from (104), we can completely prove this lemma. O

Lemma 44. Continued from the previous setting, for T' < t < T%, ifi; € W, there holds
WO = W*[F — WD — WH[E > ~Cnog - (VI3 + od). (105)
Proof of Lemma Same as the last lemma, from the SGD setting, we have that
W — W[5 — [WED — W,

2
2(0V f(xi, s W), WO - W*) — 52 NV F(xi s WEY I, (106)

and from the 2-homogeneity, it follows that
(Vi W), W) = 2f (x;,; W),
Since i; € W, every ijyrf(xit;W(t)) is in span(v, &;,, g,t) 1L u,s0
(Vf(xi; W), W) = 0.
As aresult, the first term in (I06) can be bounded by
20009 7 (xi,s WO), WO — W)

=4dn- ‘(f(xit;w(t)) - yu) : f(Xit;W(t))}

<2y wENY Y st Y o(w &)

m je{£1},relm] je{£1},relm] je{£1},re[m]
< O(nUSHVH% + nagaﬁd).
We can also deal with the second term in (T06) by

2 .

2
7 OV f (s WD) |2

je{il},re[m]

HIvIB- > W vl YD o (wig))?

je{£1},relm] je{£1},re[m)
< O(*(oglvllz + og0,d*)),

where the last inequality is due to E( being O(1). Since we already take 7 < m/6|lul|3, the second
term of (T06) is ignorable compared to the first term of (T06). Therefore, we can conclude O
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Equipped with Lemmas 4T} 2] A3] and[#4] we are ready to prove the main lemma of second stage.

Proof of Lemma Continued from Lemmas and for any ¢ > T'f, it holds that
¢
1 1 2
- - 1{i, .z WY g,
WD — W

T ot —-TT+1)
Before proceeding to scale time ¢, it is helpful to decompose HW(TT) — W*||% and have an upper
bound,

+ (1= p) + Cag(|[v]3 + opd) p-

f Wil —ww? D - ws Wt >
W w12, = j.r 3T’ g.r g Y HP x
| L I T et i
N H(I vwl  uu' p >( (Tt ) 2
d= N2 " e 3 W'T' 7w',r
VB w3~ Teg) e T
T Tt
2wl w2 4 2(wr w)? (wil v)?
< gr Wi o Wi o JrHP )H
2 i3 IvI3 e

je{£1},re[m]

2

uu’ ) (TT)
P T Wi,
H( % [ull3 &8 |

where P £ ¢ denotes the projection matrix onto linear space span,c,,j e (&is £, ). In these deriva-

tions, we exploit the fact that w* is parallel to u, and the gradlent steps only updates w along the
directions of u, v. Recall that by Lemma[&1]

™) oy = (1 W) =6 _ O(op i
je{ﬂlﬁge[m]<wj,r ,ju) = Q(1), et (Wi )| = O(oollv]z), 1wz = O(ooVd),

) 107)

(W' €3] = (000, Va),

the leading term in (T07) is 3¢ o1y e fm) (W u)?/||ul|2. Therefore, we would conclude that

HW(TT) — W*[|2. < Om?/||lul|3. As a result, the average loss after iterations 7' can be bounded
by

max
je{£1},re[m],i€[n]

¢
1 1 2
14i. = WY )
[ TT 11 ;f lis ¢ W} 5 (7 Gxies W) = i)
Cm?3
<
= 2flull3(t - TT +1)

Then choose T = TT + |Cm3/(2ne||ul|3)] as stated in Lemma Since [|ul|2/|[v]2 > Q(m?),
we can verify that 7' < T% where T is given in Lemma [41| until when the weak signal cannot be
fully learned. Moreover, we also have T' < T where T is given in Lemma 38| when the noise is

not memorized.

+e(1=p) + Cop([vl3 + opd)p.

In conclusion, via scaling 0§ < €/(Cp(||v||3 + o2d)), the final output would be

1

1 2
S i Ly W) L Z W) g
2n e rizizr U )} S PTiel ] i, ¢ W} ( Geis W) = i)

<e+é(1 —p)+CUO(||v||2+a§d)p
< 3e,
ending the proof of Lemma[40] O
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F.3 STAGE 3. MEMORIZING NOISE

After the second stage, the model already fits those data points with strong signal by exploiting u.

Subsequently, in the following third stage, the residual Egt) for ¢ € W would remain quite small,
preventing the model from learning u.

On the contrary, since f(x;; W) = O(02) is still far from its label y; for each sample i €
W without the strong signal u. Therefore, the weight vectors would still evolve in the directions
perpendicular to u. In Assumption [33] the ratio between the weak signal v and the typical noise

norm ,V/d is scaled by
vl _ 5 ( 1 )
—=<0|—]. 108

Therefore, the model will eventually interpolates the whole dataset by memorizing noise vectors
(&:,€;),1 € W, Now we define a new reference point W* by

wi, = w2 (5 g gy 1y = j} - . je{tl)reml
5 ||€ || |\£l||2

where w7 . defined in (103) is the reference point we used in the second stage. The following lemma
is an adaptation of Theorem 4.4 of |Cao et al.[(2022)) onto SGD with square loss.

Lemma 45 (Third stage). Under the same conditions as Theorem[36] for some € € (0, 1), let

112
W - w IIFJ

T =T
Jr\‘ 2ne

where T is the end of the second stage in Lemma[d0} Then we would have that

w® ’<(5
e ((wif)v)| < Oloollv]e)

even until t < T'. But the whole dataset has already been interpolated during this interval,

L { f( ,.W(t))}2 < 3¢
2 & reep VT = 0e

Proof of Lemmad3] As the closing stage of the training dynamics, the evolution dynamics during
this interval is straightforward based on all techniques developed in Appendices [D] and [F} Inner
products

{wi ). wi &)}

would firstly go through a substage in which they exponentially increase to a constant level (just as
stage 1). And then the model will fit all samples indexed by ¥V by memorizing these noise vectors

in polynomial time. All through this interval, max;er+1y,refm] (W J( 3, v)| would stay O(og]|v])

due to the scale of ||v||2/(c,V/d) in (T08). A detailed proof is omitted here for readability. O

Combine Lemmas 39} F0] and [43] to obtain the full version of Theorem 36
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