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Abstract

Transformers are difficult to optimize with stochastic gradient descent (SGD) and largely rely
on adaptive optimizers such as Adam. Despite extensive efforts, a theoretical explanation for
Adam’s advantage over SGD in Transformer optimization is still incomplete. In this study,
we analyze the optimization of Transformer models in the fine-tuning setting through the lens
of gradient heterogeneity, defined as the variation in gradient norms across parameter blocks.
We provide a theoretical analysis showing that gradient heterogeneity, together with Hessian
heterogeneity, degrades the convergence of gradient-based methods such as SGD, while
sign-based methods are substantially less sensitive to this effect. Adam’s coordinate-wise
normalization makes its update directions depend mainly on gradient signs, so Adam can be
interpreted as a soft variant of SignSGD. Our analysis uses the fact that SGD and SignSGD
follow steepest descent directions under different norms, and derives upper bounds on the
iteration complexity with implications for learning rate scaling of SignSGD. We further
investigate the origin of gradient heterogeneity in Transformer architectures and show that
it is strongly influenced by the placement of layer normalization, with Post-LN architectures
exhibiting particularly pronounced heterogeneity. Experimental results from fine-tuning
Transformers in both NLP and vision domains validate our theoretical analysis.

1 Introduction

Transformers (Vaswani, 2017) have achieved significant success across a wide range of tasks, particularly in
language models. In practice, training language models largely relies on adaptive optimization methods (Liu
et al., 2024; Grattafiori et al., 2024) such as Adam (Kingma & Ba, 2015). In contrast, while stochastic
gradient descent (SGD) has long been a standard optimizer in deep learning (Lecun et al., 1998; He et al.,
2016), it often exhibits inferior optimization behavior in Transformer architectures (Schmidt et al., 2021;
Choi, 2019; Zhang et al., 2020b; Kunstner et al., 2023; Zhang et al., 2024a; Kunstner et al., 2024).

However, the underlying reasons for the performance gap are not yet fully understood. In particular, Adam
has been shown to outperform SGD even in full-batch settings, while SignSGD (Bernstein et al., 2018), which
serves as an effective proxy for Adam (Xie & Li, 2024; Li et al., 2025), achieves comparable performance
under the same conditions (Kunstner et al., 2023). These observations suggest that the difference between
Adam and SGD cannot be explained solely by stochastic gradient noise, but rather reflects fundamental
differences between SGD and adaptive optimization methods. Other explanations, such as Adam’s robustness
to heavy-tailed label distributions (Kunstner et al., 2024), capture certain aspects of this gap but do not fully
account for the behavior observed in fine-tuning regimes with a small amount of labeled data. More recently,
Zhang et al. (2024a) associated the Adam-SGD gap with Hessian heterogeneity in Transformers, defined as
differences in block-wise Hessian spectra, although the underlying mechanism remains unclear.

In this study, we take a step toward a better understanding of the difference between Adam and SGD through
a theoretical analysis. Specifically, we compare their optimization behaviors by analyzing their iteration
complexity, defined as the number of optimization steps required for the gradient norm to become sufficiently
small. Our analysis reveals that gradient heterogeneity and Hessian heterogeneity (Zhang et al., 2024a) jointly
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Table 1: Comparison with prior studies on Transformer optimization. v/': Supported; — Not supported.

Paper Transformer Theoretical complexity Heterogeneity Layer normalization
Zhang et al. (2020Db) v v — -
Crawshaw et al. (2022) v v - -
Kunstner et al. (2023) v - - -
Pan & Li (2022) v - - -
Kunstner et al. (2024) v - - -
Zhang et al. (2024a) v - v/ (Hessian) -
Ours v v v/ (Gradient & Hessian) v

play an important role in shaping these differences. Gradient heterogeneity is defined as the variation in
gradient norms across parameter blocks and is amenable to empirical analysis.

We begin by deriving upper bounds on the iteration complexity of gradient-based and sign-based optimization
methods in both deterministic and stochastic settings. Our analysis uses the fact that SGD and SignSGD
correspond to steepest descent directions under different norms. Our results suggest that gradient-based
methods are more sensitive to gradient and Hessian heterogeneity than sign-based methods, and also provide
implications for the learning rate of SignSGD. To further investigate the origin of heterogeneity, we analyze
gradient heterogeneity in Transformers and examine how it relates to architectural design choices. In particular,
we find that applying layer normalization after residual connections amplifies gradient heterogeneity.

Our contributions are summarized as follows. Table 1 compares prior studies with ours.

e We derive upper bounds on the iteration complexity for optimization algorithms in both deterministic and
stochastic settings. Our analysis suggests that SGD is highly sensitive to heterogeneity across parameter
blocks, whereas sign-based (Adam-like) methods are less affected (Theorems 4.6 and 4.8). The results yield
implications for learning rate scaling of SignSGD.

o We investigate gradient heterogeneity in Transformers, identifying the position of layer normalization as a
factor influencing it (Section 4.7).

e Overall, we emphasize that the sign-based nature of Adam helps address optimization challenges arising
from heterogeneity across parameter blocks, which is a characteristic of Transformer architectures.

2 Related work

Adam in deep learning. Adam (Kingma & Ba, 2015) is a widely used optimization algorithm in deep
learning with convergence properties (Zhang et al., 2022). However, the reasons for its superior performance
are not yet fully understood. Jiang et al. (2024) empirically observed that Adam tends to converge to
parameter regions with uniform diagonal elements in the Hessian, supported by theoretical analysis based on
two-layer linear models. Rosenfeld & Risteski (2024) argued that the ability of Adam to handle outliers in
features is a critical factor in its effectiveness. Additionally, Kunstner et al. (2024) attributed the performance
of Adam in language models to its ability to manage heavy-tailed class imbalance. Orvieto & Gower (2025)
showed that setting §; = 2 preserves Adam’s performance and enables a mean-field variational interpretation.
In this study, we provide a theoretical explanation of Adam’s advantage by focusing on heterogeneity across
parameter blocks.

Sign-based optimization and variants. SignSGD, also known as sign descent, is an optimization method
that is computationally efficient and memory-efficient, making it suitable for distributed training (Bernstein
et al., 2018). Adam can be interpreted as a variance-adapted variant of SignSGD (Balles & Hennig, 2018). For
example, Xie & Li (2024) analyzed the convergence properties of Adam from this perspective. Consistent with
this interpretation, Zhao et al. (2025) found that sign-based optimizers restore the stability and performance
of Adam and proposed using adaptive learning rates for each layer. Several variants of sign-based optimization
have been proposed, such as block-wise adaptive learning rates (Zhang et al., 2024b) and error-feedback
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schemes that mitigate bias and improve convergence (Karimireddy et al., 2019). Through program search, a
sign-based optimization algorithm called Lion (evolved sign momentum) was discovered (Chen et al., 2024b),
and its effectiveness was shown by Chen et al. (2024a). Our analysis theoretically clarifies why sign-based
methods are less sensitive to gradient and Hessian heterogeneity than gradient-based methods.

Optimization challenges in Transformers. A key aspect of Transformer optimization is the notable
superiority of Adam over SGD. Zhang et al. (2020b) attributed this to the heavy-tailed gradient noise,
but Kunstner et al. (2023) later challenged this, arguing that the superior performance of Adam can be
attributed to sign-based characteristics rather than gradient noise, supported by full-batch experiments. Li
et al. (2025) demonstrated the similarity between Adam and SignSGD in the optimization and generalization
of two-layer transformers. Pan & Li (2022) showed that, in Transformers, Adam updates exhibit lower
directional sharpness than SGD. Ahn et al. (2024) demonstrated that linear Transformers exhibit optimization
behaviors similar to standard Transformers. Zhang et al. (2024a) revealed that the Hessian spectrum of
the loss function in Transformers is heterogeneous and suggested that this is one cause of the Adam-SGD
performance gap. This heterogeneity was later confirmed by Ormaniec et al. (2025), who explicitly derived
the Hessian of Transformers. Our work complements these studies by offering a theoretical analysis that
highlights the heterogeneity across parameter blocks in Transformer optimization.

3 Preliminaries
This section introduces the notation and outlines the optimization methods relevant to our study.

3.1 Notation and setup

Vectors and matrices. The k-th element of a vector a is denoted by ay, and for a matrix A, we use
Ay, A., and Ay to denote the k-th row, I-th column, and element at (k, 1), respectively. When a vector
or matrix is split into blocks, [-], denotes the b-th block. The ¢, norm is denoted by ||-||, for vectors and
represents the operator norm for matrices. The all-ones vector and identity matrix of size a are denoted
by 1, and I, respectively. The operator blockdiag(-) constructs block diagonal matrices. Derivatives are
computed using the numerator layout.

Model and training. We consider a classification task with C' classes and sample space X. The model
Ff(-;0) : X — RY is parameterized by 8 € R” | which is divided into B blocks, denoted as [8], € R, with
S22 Py = P. The training dataset {(z(®),y)}N | consists of N samples () € X and the corresponding la-
bels y() € {1,...,C}. The training objective is to minimize the training loss L(0) := Zf\il L(F(xD;0),y@D).
Here, £ : R® x {1,...,C} — R denotes the loss function. The element-wise sign function is denoted by sign(-).

The mini-batch loss is denoted by E(O), and the learning rate at step ¢ is represented by ;.

3.2 Optimization algorithms

Adam. Adam (Kingma & Ba, 2015) is widely used in deep learning. It uses the first and second moment
estimates of the gradient VL(8,), denoted as m; and v;, computed using an exponential moving average to
reduce mini-batch noise. The update is performed coordinate-wise as:

m,
\/'Et—f—G’

where @ denotes bias correction and ¢ is a small constant for numerical stability.

9t+1 =6, — Mt

Adaptive learning rate and SignSGD. A key feature of Adam is its adaptive learning rate, which is
computed in a coordinate-wise manner. When the hyperparameter €, which is typically set close to zero, is
ignored and the ratio [m;/v/®;| is close to 1, Adam behaves similarly to SignSGD (Balles & Hennig, 2018;
Bernstein et al., 2018). SignSGD updates the parameters with momentum m; as:

0141 = 0; — n; sign(my).
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This method has the property that the updates are invariant to the scale of the gradient. In this sense, Adam
can be seen as a soft version of SignSGD. Additionally, the optimizer RMSProp (Tieleman & Hinton, 2017),
which inspired Adam, was originally motivated by the idea of using the sign of the gradient in a mini-batch
setting. RMSProp is similar to Adam but without the momentum term.

SGD and gradient clipping. SGD can also be modified to achieve scale invariance. A simple way to
introduce scale invariance is to normalize the learning rate by the gradient norm, a technique known as
normalized gradient descent. This method has been shown to be equivalent to gradient clipping up to a
constant factor in the learning rate (Zhang et al., 2020a). Gradient clipping is commonly used to stabilize
training, particularly in cases where large gradient magnitudes cause instability, and is often applied alongside
other optimizers. However, a key difference between Adam and SGD is that SGD does not adapt the learning
rate in a coordinate-wise manner.

Steepest descent direction. SGD and SignSGD can be interpreted as updating in the direction of steepest
descent (Boyd & Vandenberghe, 2004; Xie & Li, 2024; Bernstein & Newhouse, 2024):

A; € argmin VL(6,) T A.
All<1

The steepest descent direction associated with the norms ||-||2 and ||-||c corresponds to the updates of SGD
and SignSGD, respectively.

The steepest descent direction satisfies
VL(6:) A = —[VL(8))|.,

where ||-||. denotes the dual norm of ||-||. Thus, evaluating the gradient using the dual norm is natural for
analyzing SGD and SignSGD, as it quantifies the steepest decrease in a given descent direction under a
unit-norm constraint.

4 Main results

In this section, we theoretically analyze optimization methods. We first introduce the setting, assumptions
(Section 4.1), and complexity measures (Section 4.2), and then examine gradient—Hessian correlations
(Section 4.3). Next, we derive upper bounds on the iteration complexity in deterministic (Section 4.4) and
stochastic (Section 4.5) settings, together with implications for the learning rate of SignSGD. Finally, we
investigate gradient heterogeneity in Transformers (Section 4.7). Our analysis suggests that heterogeneity
across parameter blocks, a characteristic of Transformers, contributes to the Adam—SGD performance gap.

4.1 Setting and assumptions

Gradient-based and sign-based sequences. Kunstner et al. (2023) showed that in full-batch settings
without gradient noise, SignSGD performs similarly to Adam and outperforms SGD. This suggests that
the performance gap between Adam and SGD arises from differences between SignSGD and SGD. Other
studies have also used SignSGD as a proxy for Adam in their analyses (Balles & Hennig, 2018; Li et al., 2025;
Kunstner et al., 2024).

On the basis of these insights, we analyze the difference between parameter sequences {85724} and
{Hts ign}g’go, referred to as the gradient-based and sign-based sequences, respectively. These sequences
correspond to updates performed by gradient-based and sign-based optimization. In deterministic settings,
these updates are defined as follows:

agf?d — etGrad _ ntVL(eg}rad)’

0715 = 6, — 1 sign(VL(0]™")).

In the stochastic setting, the loss L is replaced with the mini-batch loss L.
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We consider fine-tuning settings, in which the parameter 8 can typically be assumed to remain within a
region Rpr throughout training. This assumption restricts @ to the localized region Rg, allowing further
assumptions to be applied within this region.

Assumption 4.1 (Fine-tuning). The parameter 8 remains within the region Rer throughout training and
there exists 0, € Rpr such that L, := L(0,) = mingery L(0).

We assume Lipschitz continuity for the Hessian matrix of the loss function, a standard assumption in
optimization analysis (Nesterov, 2013).

Assumption 4.2 (Lipschitz continuity (Nesterov, 2013)). Within the region Rpr, the loss function L is
twice differentiable, and its Hessian matrix is pg-Lipschitz continuous

IV2L(8) — VZL(8)]l2 < prl|6 — €'2.

Additionally, empirical studies have shown that Hessian matrices of deep learning models often exhibit a
near-block-diagonal structure (Maes et al., 2024; Kunstner et al., 2024; Collobert, 2004; Zhang et al., 2024a;
Zhao et al., 2025). The block-diagonal approximation is also used in optimization methods (Martens &
Grosse, 2015; Zhang et al., 2017). Thus, we assume that the Hessian matrix of the loss function is close to
block-diagonal.

Assumption 4.3 (Near block-diagonal Hessian). Within the region Rpr, the Hessian matrix can be
approximated by a block-diagonal matrix with an approximation error dp:

IV2L(6) = V*Lp()|l2 < dp, (1)
for all @ € Rygr, where
V?Lp(8) := blockdiag({[V>L(0)]}/,)
represents the block-diagonal approximation.

Note that in Eq. (1), the left-hand side is bounded above by the sum of squared elements in the non-diagonal
blocks, following the relationship between ||-||2 and the Frobenius norm.

4.2 Gradient heterogeneity and complexity measure

Gradient heterogeneity. We define gradient heterogeneity as the disparity in gradient norms across
different parameter blocks, {||[VL(0)]s2}2.,.

This concept complements Hessian heterogeneity, introduced by Zhang et al. (2024a) (referred to as “block
heterogeneity” in their paper), which is defined in terms of differences in the Hessian spectrum and is generally
more difficult to analyze empirically than gradient heterogeneity. We characterize gradient heterogeneity
quantitatively through visualizations (Figures 3 and S.2) and Gini coefficients (Table S.5), offering concrete
measures.

Weighted Hessian norms. To analyze the complexity of optimization, we define the following two
measures.

Definition 4.4 (Weighted Hessian norms). The gradient-weighted Hessian norm A and parameter-weighted
Hessian norm Ap are defined as:

B 2
AG ‘= sup ||[VL(0>]I7||2

IVLO)ol2 27 g |
0eREL =1 IVL(O)|? Il (0)]p]|2

B
P, 9
Ap = su E —||[V*L(6 .
P oe liT 2 P”[ (0)]b]]2

Here, we define Rji. == {0 € Rpr : |[VL(O)||2 > 0}.
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We define Ag over R;T to avoid the degenerate stationary case; this does not affect our iteration-complexity
analysis.

In these definitions, Ag weights the operator norm of each Hessian block by the squared gradient norm of

the corresponding block, while Ap weights it by the parameter dimension. The definitions ensure that the
B

W:Z&:L

B
weights of all Hessian blocks sum to 1, as shown by the equalities: bz:; |||VL(9)||§ 2 2

4.3 Gradient-Hessian correlation

As shown in Figure 1, large Hessian operator norms ||[V2L(0)],||2 are often associated with large gradient
magnitudes [|[[VL(0)]p|l2- In contrast, no such correlation is observed between the Hessian operator norm
|[[V2L(0)]p||2 and the parameter dimension P,, as detailed in Appendix D.1. Under gradient-Hessian
correlation, large gradient heterogeneity leads to an increase in Ag, whereas Ap remains relatively small.

Approximate explanation. If the loss function L is approximated in the region Rpr by a second-order
Taylor expansion around the optimum 6, € Rgr, where VL(0,) is close to 0, and the Hessian matrix is
assumed to be block-diagonal, the following inequality approximately holds:

IVL@O)ell2 < [IV2L(8:)]b 121 d6]l2,

where dg = 0 — 0,.. This inequality suggests a positive correlation between the gradient norm and the Hessian
norm.

Support from prior studies. This gradient-Hessian correlation was observed or assumed in previous
studies. For instance, Zhang et al. (2024a); Jiang et al. (2024) demonstrated the relationship between
|VL(0);| and |V2L(0);;|. Additionally, the (Lg, L1)-smoothness assumption (Zhang et al., 2020a) and its
coordinate-wise generalization (Crawshaw et al., 2022) reflect this correlation.

4.4 Complexity bound

To analyze optimization algorithms, we define a complexity measure inspired by Carmon et al. (2020); Zhang
et al. (2020a); Crawshaw et al. (2022). This measure reflects the number of parameter updates needed to
achieve a sufficiently small gradient norm, with higher complexity indicating slower convergence.
Definition 4.5 (Iteration complexity). We define the iteration complexity of a parameter sequence {6;}2,
for 8; € R with the loss function L and the norm ||-||,:

T-({0:3Z0, Ls [|[lq) = inf{t € N[ C(t)},
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where the condition C.(t) is defined as follows.

In the deterministic setting, C.(t) is defined as:
1
IVL(8:)]lq < Pue.
In the stochastic setting, C.(t) is defined as:

P(Vs <1, |[VL(9,)ll, = Pie) <

N |

Compared with the complexity definitions in previous studies, we introduce a distinction in the choice of
1

norms and a normalization term P< to ensure dimensional consistency across different norms.

Using this measure, we derive complexity bounds in deterministic (i.e., full-batch) settings. The parameter

¢o € (0,1) controls the range of learning rates.

Theorem 4.6 (Deterministic setting). Assume dp < min(Ag, Ap)/3. Then, the iteration complexities in the
deterministic setting are bounded as follows.

2
For the gradient-based sequence, suppose that € < pA\G/F holds and that the learning rate at time t satisfies
H
Ny = Gt min(é, ——L ), where {; € [{o, 1], we have

pul[VL(OF™) |2

6(L(6o) — L.)

T8} 20, L 12) < 25

Ac.

2
For the sign-based sequence, suppose that ¢ < pA\’;ﬁ holds and that the learning rate at time t satisfies
H

(HVL(efi“’)ul IVL©7)|x
APP

, S AT ), where ¢ € [Co, 1], we have

7y = ¢y min
6(L(60) — L)

T(07 ") 0. L) < 2 Rl

Ap.

The iteration complexity of the gradient-based and sign-based sequences is evaluated using the norms |[|-||2
and ||-||1, respectively. This choice of norms is justified because they correspond to the dual norms that
determine the steepest descent direction, as discussed in Section 3.2. We provide the proof and its intuition
in Appendix A.

Gradient heterogeneity can increase the iteration complexity of the gradient-based sequence.
The theorem indicates that the iteration complexity of the gradient-based and sign-based sequences is
characterized by Ag and Ap, respectively. As discussed earlier, under gradient—Hessian correlation, large
gradient heterogeneity leads to a large Ag. Consequently, the iteration complexity of the gradient-based
sequence can surpass that of the sign-based sequence under such conditions.

Connection to Zhang et al. (2024a). Zhang et al. (2024a) show that the Adam-SGD gap arises from
Hessian heterogeneity. This finding is consistent with our theoretical results (Theorem 4.6), and our analysis
further explains this gap by taking gradient heterogeneity into account.

4.5 Stochastic setting

In practice, optimization is performed in a stochastic setting, where the gradient is estimated using a
mini-batch. In this setting, we add the assumptions about noise, defined as the difference between the
full-batch and mini-batch gradient.

Assumption 4.7 (Noise). For all @ € Rpr, there exist constants 03,09 > 0 such that:

E[VL(6)] = VL(0), (2)
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E[|VL(8) — VL()[3] < o3| VL(O) |3, (3)
and for all ¢ € {1,..., P},

E[|VL(6); — VL(0)i[?] < 02 VL(8),[. (4)

The assumption in Eq. (2) is standard in stochastic optimization (Bernstein et al., 2018). We introduce
Eq. (3) to bound the third-order moment of the gradient noise norm and Eq. (4) to model its coordinate-wise
correlation with the gradient. This correlation is supported by Figure 2 (additional settings in Appendix D.3).
The coordinate-wise assumption is needed for analyzing errors in the gradient sign and block-wise gradient.
Additionally, bounding the noise is a common practice in stochastic optimization (Crawshaw et al., 2022;
Zhang et al., 2020a).

Using these assumptions, we establish the complexity bounds for the stochastic setting, where (y € (0,1)
controls the range of learning rates as in the deterministic setting.

Theorem 4.8 (Stochastic setting). Assume dp < min(Ag, Ap)/3. Then, the iteration complexities in the
stochastic setting are bounded as follows.

(1+02)2A2G
4(1+03)pa VP
), where ¢ € [Co, 1], we have

For the gradient-based sequence, suppose that € <

1 1
(14+02)Ag? 2\/(1+U3)PH HVL(BtG”Ld)HQ

holds and that the learning rate at time t

satisfies ny = (; min(

12(1 + 02)(L(60) — L)
Pe2(y

T-({07 20, L ||-ll2) < Ag.

2
For the sign-based sequence, suppose that € < pA\};? and o9 < i hold and that the learning rate at time t
H

), where ¢, € [Co, 1], we have

. . IVL(®FT" A
satisfies n; = (G mln(” /(\Ptp Mo JIREE DI

) pHp3/2

12(1 + 2402)(L(60) — L.)
Pe2(y

T-({67"} 220, L, |I-I1) < Ap.

This theorem shows that the dependence on the noise is the same for both sequences up to a constant, so
the difference in noise dependence may be minor. Therefore, the performance gap is more likely due to the
difference between Ag and Ap, as in the deterministic setting. We further analyze the setting with learning
rates adapted to the noise in Appendix G.

4.6 Implication for learning rates of SignSGD

Theorem 4.6 requires the learning rate to satisfy

IVLO7#) 1 [ IVLO™)h
APP ’ pHP3/2 ’

Ny = (¢ min

where both terms scale monotonically with ||V L(65'¥")[|;. This implies that SignSGD should adapt its step
size according to the £1-norm of the gradient.

In the fine-tuning regime, where gradients are typically small, the linear term dominates whenever

A

[VL(O8)|, < (A%/py)V/P. Thus, using the mini-batch loss L in practice, the learning rate condi-
tion for SignSGD effectively reduces to 1, = 7t|\Vf/(0tS ign)Hl, where 7, is a hyperparameter and we refer to
this method, SignSGD with ¢;-scaled learning rates, as SignSGD (S). This scaling corresponds to the steepest
descent with respect to the £o,-norm (Appendix H.1) (Balles et al., 2020; Bernstein & Newhouse, 2024), and

is also recovered as the optimal learning rate in our quadratic analysis (Appendix D.9).
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4.7 Optimization of Transformers

Transformers show much greater parameter heterogeneity than other models (Zhang et al., 2024a; Cui &
Wang, 2024), as confirmed by our experiments (Figure 3). On the basis of Theorems 4.6 and 4.8, we identify
gradient heterogeneity as a key factor in the performance gap between Adam and SGD in Transformers. Here,
we discuss the role of layer normalization in Transformers.

Post-LN and Pre-LN. In Transformers, residual connections and layer normalizations are combined with
multi-head attention and feed-forward networks. The two main Transformer architectures are post-layer
normalization (Post-LN), where the residual connection is followed by the layer normalization, and pre-layer
normalization (Pre-LN), where the layer normalization precedes the residual connection. Pre-LN is known for
greater stability (Wang et al., 2019b; Xiong et al., 2020; Takase et al., 2022).

Jacobian of Transformers. The Jacobians of a Transformer layer with Pre-LN and Post-LN are expressed
as:

Ipre-LN = (JrrNJLN + Ing) (JarTJLN + Ina) (5)
Jpost-LN = JLN (JreN + Ing) Jin (JarT + Ina) , (6)

where Jarr and Jrpn denote the Jacobians of the self-attention and feed-forward network modules, re-
spectively. For simplicity, the evaluation points of the Jacobians are omitted. The Jacobian of the layer
normalization is represented by Ji, calculated for an input X € R"*? as:

Jin(X) = blockdiag({L; (X))} ), (7)
where each block L; € R%*¢ is defined as:

X, . X, T
Li(X) = Vd (Id _ XX ) (Id SR )
X2 X113 d

and 5(\: =X, .(Iq— %) These derivations are provided in Appendix B.

Greater gradient heterogeneity in Post-LN. FEquation (7) shows that the Jacobian of layer normal-
ization, JyN, depends on the input, causing variations in its scale across layers. From Egs. (5) and (6), we
observe that in Post-LN, JyN appears in a multiplicative form and thus proportionally scales the entire
Jacobian, leading to greater gradient heterogeneity across layers than in Pre-LN. Further discussion of gradient
heterogeneity in Transformers, particularly in the attention mechanism, is provided in Appendix F.

5 Numerical evaluation

We numerically evaluate the following claims.

e Gradient heterogeneity is pronounced in Transformers and is influenced by the position of layer normalization
(Section 5.2).

e SGD encounters greater difficulty in optimization under gradient heterogeneity compared with adaptive
optimizers such as Adam (Section 5.3).

We provide details of the experimental setup and figures in Appendix C and additional results in Appendix D.

5.1 Experimental setup

Datasets and models. We used a total of nine datasets and three pre-trained models obtained from
public sources. For NLP tasks, we used four datasets from SuperGLUE (Wang et al., 2019a) (BoolQ, CB,
RTE, and WiC) and three datasets from GLUE (Wang et al., 2018) (CoLA, MRPC, and SST-2) with the
RoBERTa-Base model (Liu et al., 2019). For vision tasks, we used the Flowers102 (Nilsback & Zisserman,
2008) and FGVC-Aircraft (Aircraft) (Maji et al., 2013) datasets with ViT-Base (Dosovitskiy et al., 2021) and
ResNet18 (He et al., 2016).
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Figure 3: Transformers exhibit large gradient heterogeneity. Gradient norms of individual parameters
in pre-trained models.

Table 2: Post-LN increases gradient heterogeneity. Higher Gini coefficient indicates greater heterogene-
ity.

Norm Type Model state Gini Coeff.

Pre-LN Random init. 0.880 % 0.004
Post-LN Random init. 0.941 £+ 0.012
Post-LN Pre-trained 0.944 £+ 0.005

Training. We compared optimizers with momentum (default) and without momentum (w/o M), as well as
SignSGD with ¢;-scaled learning rates (SignSGD (S); Section 4.6). Gradient clipping was applied, and the
learning-rate schedule was fixed within each domain. All models were fine-tuned from pre-trained weights.

5.2 Gradient heterogeneity

Figure 3 shows that RoOBERTa exhibits the highest gradient heterogeneity among the models, followed by
ViT and ResNet18, indicating that Transformers have more pronounced gradient heterogeneity. In RoBERTa,
gradients are smaller near input layers compared to output layers, consistent with our analysis in Section 4.7.

Effect of layer normalization. Table 2 shows Gini coefficients for different normalization placements in
RoBERTa on RTE. Post-LN shows higher heterogeneity than Pre-LN, consistent with our analysis (Section 4.7).
Pre-trained weights are only available for Post-LN.

5.3 Training curves

Limitations of SGD under gradient heterogeneity. As shown in Figure 4, all optimizers successfully
train ViT (and ResNet; see Figure S.7), whereas SGD fails to optimize RoBERTa, highlighting the challenge
posed by gradient heterogeneity. In contrast, SignSGD (S) reliably trains both ViT and RoBERTa. These
observations are consistent with our theoretical analysis in Theorems 4.6 and 4.8. Additionally, the final
training losses are similar between momentum and no-momentum variants of SGD and SignSGD, and Adam
performs similarly to RMSProp, suggesting that adaptive learning rates, rather than momentum, are the
primary cause of the performance gap (Kunstner et al., 2023). Note that the RTE dataset, which has two
almost balanced classes, rules out the heavy-tailed class imbalance as an explanation for the Adam—-SGD
gap (Kunstner et al., 2024).
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Figure 4: RoBERTa is difficult to optimize with Figure 5: Learning-rate schedulers improve
SGD. Training loss curves for ViT on Flowers102 SignSGD but have limited effect on SGD. Train-
(left) and RoBERTa on RTE (right). Shaded regions ing loss curves for RoBERTa on RTE. “w/ W” denotes
denote interquartile ranges. with warmup.

Effectiveness of learning-rate schedules. In NLP tasks, we use linear learning-rate scheduling by
default. To assess whether SGD’s poor performance is due to its schedule, we train RoOBERTa with various
schedules. In Figure 5, learning-rate schedules do not improve SGD, while SignSGD benefits significantly
from the appropriate schedules, achieving performance comparable to Adam.

6 Conclusion

We derive upper bounds on the iteration complexity of gradient-based and sign-based optimization methods.
Our results suggest gradient and Hessian heterogeneity as key factors underlying the performance gap between
Adam and SGD in Transformer models. Our analysis leverages the fact that SGD and SignSGD correspond to
steepest descent under different norms, yielding implications for learning rate scaling of SignSGD. We further
show that gradient heterogeneity is particularly pronounced in Post-LN Transformers. Empirically, SGD
degrades under large gradient heterogeneity, whereas SignSGD, with appropriate learning-rate scheduling,
achieves performance comparable to Adam.
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Figure S.1: Proof intuition for Theorem 4.6. This figure illustrates the key quantity |A]V2Lp(6;)A]
discussed in Appendix A.1. Under gradient—Hessian correlation, gradient-based sequences (top) align large
gradient norms with large Hessian operator norms, amplifying the block-diagonal quadratic form. Sign-
based updates (bottom), which use unit-magnitude directions, mitigate this effect and yield more uniform
contributions across blocks.
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Figure S.2: Architecture and gradient heterogeneity across models. ResNets, as a representative CNN
architecture, are constructed by the repetitive stacking of homogeneous parameter blocks (convolutional
layers), which promotes relatively uniform gradient propagation. In contrast, Transformers involve stacking
of heterogeneous parameter blocks, such as the Query, Key, Value, and output projection layers in attention
as well as MLP layers, leading to uneven gradient propagation across modules and pronounced gradient
heterogeneity.
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A Proof

A.1 Proof intuition

Here, we outline the core analysis underlying Theorem 4.6. We apply the descent lemma (Bertsekas, 1999) in
our setting and construct an upper bound for the term

L(0:41) — L(6y).

Under Assumption 4.2, the key quantity to be controlled is

|A] V2L(0,) A,
where
_JvL(egad) (gradient-based sequence)
T | sign(VL(67=™))  (sign-based sequence)

is the update term without learning rate.

With Assumption 4.3, the dominant contribution to this quadratic form can be characterized by the block-
diagonal component

|A V2Lp(6:) A,
while the contribution of the off-diagonal blocks is controlled by the approximation error ép.

For the gradient-based sequence, A; coincides with the gradient itself, so parameter blocks with large
gradient norms are naturally aligned with Hessian blocks that have large operator norms, resulting in a large
contribution to the quadratic form. In contrast, for the sign-based sequence, each coordinate of A; has unit
magnitude, which suppresses such alignment and prevents large contributions from individual parameter
blocks. These effects are illustrated in Figure S.1. The complete proof is provided in Appendix A.3.

A.2 Technical lemma

Lemma A.1. Under assumption 4.2, for any 0,0’ € RY, the following inequality holds:

L(0") — L(0) <VL(8)'(6' — 6) + %(9' —0)"V2L(6)(0 —0) + %Hne’ - 93

Proof. Define v(«) == 0 + (0’ — 0). By the py-Lipschitz continuity of the Hessian (assumption 4.2), we
have:

(VL(0') — VL(6))" (6" - 0)

- /01(9' —0)TV2L(v(a))(0' — 8)da

= (0 —0)"V2L(6)(6 —0) + /01(0' —0)"(V2L(v(a)) — V2L(0))(6' — 0)da

1
<(0'—6)"'VZL(6)(6' - 0) + / IV2L(v(a)) — VZL(0)|2]|0" — 6||5d
0
1
('~ 0)TVPLO)E ~0)+ | puale’ - 63da
0
= (0= 0)V2L(60)(0' —0) + 50 03
Using this inequality, we obtain:

L(6) — L(6)
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_ /01 VL(w(a)T (6 — 0)da

=VL(@O)' (6 —0)+ /Ol(VL(V(a)) — VL))" (0 - 0)da

1
=VL@O)" (0 —0)+ / (VL(v(a)) — VL(e))Tl(u(a) — 6)do

0 (67
< VL(©O)T(0' ~0) + /0 (@)~ 0 V2LO)w(a) ~ 0) + 22 (o) ~ 0) da

—VLO) (6 - 0) + /01 (6= 6)"v2L(B)(® — B)a + e - 6]|30%) da

1
= VL)' ('~ 6)+ 5(6'~ 6)TVL(8)(8' — 0) + " (|6 — 63
O
Lemma A.2. For any a,b > 0, the following inequality holds:
(a+b) <4(a® +b%).
Proof. Calculating the difference between the right-hand and left-hand side, we obtain:
4(a® +b%) — (a +b)* = 4(a® + b*) — (a® + 3a®b + 3ab* + b*)
=3(a® +b%) — 3a®b — 3ab®
=3(a+0b)(a—b)?*>0.
O

A.3 Proof of Theorem 4.6

Theorem 4.6 is restated. Assume p < min(Ag,Ap)/3. Then, the iteration complezities in the determin-
istic setting are bounded as follows.

2
For the gradient-based sequence, suppose that € < pA\G/ﬁ holds and that the learning rate at time t satisfies
H

_ s 1 1
M = G mln(AG, NG ), where ; € [Co, 1], we have

6(L(6o) — L)

Grady co
T(08™ )20, L ) < 2= P

Ac.

2
For the sign-based sequence, suppose that € < pA\F/’ﬁ holds and that the learning rate at time t satisfies
H

VL6 |1 IVL@©™)lx
ApP ) pu P372

1y = G min( ), where ¢ € [Co, 1], we have
6(L(60) — L)

T(87 ") 0. L) < 25 e

Ap.

Proof of gradient-based sequence. The update rule of the gradient-based sequence in deterministic setting is

o5rd = ggrad — p, VL(052d). Thus, we obtain:

L(B5) - L(BF™)

1 . .
< VL(BtGmd)T(agf?d _ atGrad) =+ 5(9S+r?d _ atGrad)TVQL(etGradeSrrimd _ eg}rad) + %Hggﬁmd _ Bt(}rad”g

2
ra 77 ra ra ra p ra
= [ VLOF™)|I3 + < VL(OF™) T VEL(07 ) VL(OF™) + 1} £ VL7 3
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2
ra 77 ra ra ra
= —nIVLOF) 3 + L VL8 TV Ly (0Fr) VL (0F)
2
7] ra ra ra ra pH ra
+ gL (68)T (VEL(05™) — V2L (004)) VL(65™) + nf L2 |V L (6|3

2
= I VEOF)[3 + L STV LOF )] (V2 L0, [VL(0F")],
b

2
77 ra ra ra ra p ra
+ 5 VL(OF™) T (V2L(OF™) — V2Lp(07™)) VL(OF™) + nf == | VL(OF™)] 3

2
ra 77 ra rau
< VLY + I 3 (VL0 o (VL6 3
b

2
n ra ra ra PH ra
+ S IV2L(O7™) = V2Lp (67" |2 V(97 OB + 7 - IVL(O™)3

2 2
ra 77 ra 77 ra pH ra
< =l VO3 + 5 Al VL(OF d)”§+?t6DHVL(0tG B +ni = VO3 (8)
ra 77 ra n ra 77 ra
—ml VLOF I3 + 5 VL6 d)||§+€t||VL(01£G d)ll§+gtHVL(0f,G I3

Ui ra
= VLo 3,

where we use Lemma A.1, n; < mm(AG lel(BGrd)l), and dp < Ag/3.
PH P 2

Taking a telescoping sum and noting that 8y = 8524 and 7, > (omin| -+, ——2L— |, we have:
g ping g 0 =65 1t = Co e’ Jon VL GE )’

1T 1
L(g%rad) 00 S 6 77t||VL eGrad ”2
t=0
< 05 pin IVEEEOIE VL@
I et Ag VPH

2

Assume that ||VL(65%24)||, > +/Pe holds for all 0 < ¢ < T. Then, using & < —C5» we have:

T¢y .  Pe* P3/4e3/?

L(65%) — L(6y) < e mm(n7 =
_TPEQCO
6Aq

Therefore, we have

6(L(6o) — L(OF™))

T< A
- P(:‘QCO ¢
_ 6(L(6) ~ L.)

— L YA
Pe2(y

This means

6(L(8) ~ L)\

Grady oo
E({et }t:m L, ||||2) < P52C0

O

Proof of sign-based sequence. The update rule of the sign-based sequence in deterministic setting is etsjrgln =
6;%" — 1, sign(VL(6;™")). Thus, we obtain:
L(67) — L(6,"™)
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Sign Sign Sign Sign Sign Sign Sign Sign Sign Sign
< VL(O;¥") T (6,17 — 9t o)+ (0t+g1 0,5 TV L(6)%") (675 — 67" + 2L ||0t+g1 0,13

= VL) + " sign(TLOTE) TVRL(BF) sign(TL(OT) + 2 | sign (VLB
2 . . .
=~ VL6 ) | + L sign(VL(6;") T V2L (6,"") sign(VL(6;""))
T (VL) T(VAL(BF") — V2Lp(65")) sign(VL(B7™)) + 724 P2

. 2 . . .
— | VL) 1 + B lsign(TL(OF#)]] [V2L(OP*)olsign(TLO7"))]s
b

G (TL(OTE) T (VAL(OF") — V2L (05")) sign(VL(67™)) + 722 P
. 2 , 2 ,
< —nlIVLE ) + 5 SO IVELOT oo Py + LIV2L(E]") = V2Lp(8;%") 2P + n} 5L P
b
i i i pH
< =iV )l + 5 ApP + < 0p P + 0} S PO (9)

—ne| [ VLOFE) 1 + 2 IIVL(BS’g“)H1+ o IVLO)]] + tIIVL(BtSig“)Hl

n ign
— G IVL6)],

Sign Sign
where we used Lemma A.1, n; < min( HVLI(&P M 1/ Hvﬁ}izga/z)”l ), and 0p < Ap/3.

. Sign Sign
Taking the telescoping sum, and noting that 8y = OSIgn and 7y > (o min(”VL/(&; )Hl, HVPLS;;;Z)”I), we
have:
. =
L(67*") ~ L(8o) < — Z /| VLG
t=0
G~ . IVLE) VLG Sign
< -2 L(6;") ;.
<& gmm o O v e,
Assume that ||[VL(6;8™)||; > Pe holds for all 0 < ¢ < T. Then, using ¢ < f/ﬁ’ we have
(o T Pe( € [ €
Signy _ 0 s & s«
L(BT ) L(GO) < 6 mln(AP7 ple/g)
N TPE2C0
6Ap
Therefore, we have:
6(Z(60) — L(675"))
T< A
- P&‘ZCQ P
60 L),
N Pe2(y
This means:
Sign G(L(HO) - L*)
T-({607*" 120, L, [Il1) < TQQ}AP-
[
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A.4 Proof of Theorem 4.8

Theorem 4.8 is restated. Assume 0p < min(Ag,Ap)/3. Then, the iteration complezities the stochastic
setting are bounded as follows.

For the gradient-based sequence, suppose that & < % holds and that the learning rate at time t
satisfies 1 = G0 ((538G 0 5 oo eziop; ) Where ¢ € (oo ), we have
rady 0o 12(1 + 02)(L(90) — L*)
7:5({0? d}t:()?L? ||||2) S PE2CO AG

2
For the sign-based sequence, suppose that € < pA\I;F and o9 < i hold and that the learning rate at time t
H

[2ACSIR IVL(©; "Iy

satisfies ny = ¢; min( AP P73 ), where (; € [Co, 1], we have

12(1 + 2402)(L(60) —
Pe2(y

T.({65y 220, L, ||]h) < ) Ap.

Proof of gradient-based sequence. The update rule of the gradient-based sequence in stochastic setting is

0&‘1“ oGrad ntvf(efrad). Thus, using Lemma A.1, we obtain:

E[L(0F3) - L85 | 051]

T T T 1 T T T T r PH T T T
< [VLO™) (0611 — 097 + L(OFH — 07O L0F) 05 - 06 + L2 o — 0 | o

2
rau n T ra, rau T ra P ra. ra
= —n:[|VL(6F d)|§+]E[2tVL(9tG OIVALO ) VL5 + 07 H||VL(9G Y3 | 6F d}
2 ~
— —mIVLEE B + B |V E(F) TV Ly (60 VE(F ) | 05
2
n T ra ra ra T ra PH ra ra
+]E|:2tVL(0tG H(VAL(O7™) — V2 Lp(657)) VL) d)+77? IVL(oF™=)|3 | 6F d]

= e[ VL(:™) 3 + E

2 ~ ~
%t Y IVL(O7 ] [VALO7 D] [VL 65 ), | 67 ”‘d]
b

2
,'7 T ra ra ra T ra p T ra ra
+E | TEVLOPT (VLO5) - T Lo(0F ) TEOE™) + it 2 VL6568

2
ra n ra T ra ra
< —ne| VL(6F™)|3 +E éZH[VQL(@tG Dlbll2 | [VLOF )3 | 65
b

2
n ra ra T ra ra P ra ra
+E | IT2L69) - VLo 6P I VEOS I | 057 | + B 122 [VE (68 | 05 (10

For the second and third term, using Eqgs.(2)(4), and dp < Ag/3, we can derive an upper bound as follows:

2 2
n ra T ra ra n ra rac T ra ra
El;ZH[VQL(@tG Doll2 IV LOF*D]ol3 | 057 +E[£||V2L(9§ ) = V2Lp (079 ||2[ VL(O7™) |3 | 67
b

2
n T ra ra
+ | Lon VE@FI | 06|

<E [”2 S IVELOE 2NV E @), 1 | 657
"th VRLOE bl S (VL) + (VEOF o) ~ (VLEF L) | 05]

77t 5 ZE { VL(BGrad) + VL(OGrad) VL(OGrad) )2 | etGrad:|
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2

< IS IVLOE a1+ o) (TLOE™))2 + L 3 (1 + o) VL6572
b %

2 2
< L1+ 02)AGlIVLOF™)|} + T (1 + 02)3p | VL6
< 20 (1 1 o) A [V L(OF) 2 11
< (L + 02)AGl VLOF 3 (1)

For the fourth term, using Lemma A.2 and Eq.(3), we can derive an upper bound as follows:

PH T ra ra
E [ BLIVI(OF=)3 | 05|

4 ra T ra ra ra
< BLE |(IVL(OF™) |2 + [ VI(OF™) = VLOF™)||2)* | 65|

<

277?pHE [||VL(9Grad)||3 + ||VZ(9Grad) _ VL(GGrad)HS | 0Grad}
3 t 2 t t 2 t

20t pr

< (1 +03) [ VL(OF™ 5. (12)

1

Combining Eqs.(10)(11) (12) and 7, < Inin((l_s_:?)AG7 N CEEAPIIACE

), we have:

B [L(055) - L(05™) | 65

ra 27
<~ VLOF) B+ 1 (1 + 32)Ac | VL(OF™) 3 +

3
P (1 1 ) [V L (857

n ra
< - 2w (683

Assume that the probability of the event £(T) = {Vs < T, ||[VL(8S™d)|y > /Pe} satisfies P(E(T)) >
%. By applying the telescoping sum and taking expectations, and noting that 6, = 5™ 5, >
: 1 1 (1402)2AZ .
Comin (58 3o Ve ™ € < T vp W BV
E [L(0$™%)] — L(6y)
=
<~ S E[IVLOS) 3]
=0
= L
=== > (B[l VO3 | €D PED) +E [l VLOS™)3 | ET)| P (7)) )
6=
=
< =5 D E[mlIVLO 3 [ E(T)] P (E(T))
t=0
[ Tl
<=5 D E[ml VL3 | £(T)]
t=0
T-1 e e
< 9 N | pin IVEOEDIE IVLOFOIEE o
-1 P (1+0’2)AG ’ 2 (1+03)pH
TCO ] P€2 P3/4€3/2
< —L50 in 7 )
12 (1+02)Ac’ 2\/(1+03)pu
TP&’:‘ZCO

T 120+ o)A
Therefore, we have

12(1 + 02)(L(6o) — E [L(0F™)])

T<
- PEQCO

Ag
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12(1 + 02)(L(6o) —

L)
Ag.
- P€2C0 ¢

This means that when we take T > 12(1+”2£,Séf°)_L*)Ag, we have P (£(T)) < 4. Therefore, we have

12(1 + 02)(L(6o) —

L)
Ag.
P€2C0 ¢

ﬁ({egrad}iOaLa H”Q) <

O

Proof of sign-based sequence. The update rule of the sign-based sequence in stochastic setting is Htsfln =
gtSign — Sign(VZ(BtSign)). Thus, using Lemma A.1, we obtain:
Sign Sign Sign
E [L(6) - L(67") | 6]
t+1 t+1 t+l

< E |:VL(0tSlgn) (Ofigln GtSlgn) 5(081g‘n gtSlgn)TVQ (051gn)(081gn 081gn) + ||051gn _ 0t81gn||g ‘ gtSlgn:|

. 2 o~ . . o~ .
= VL) |+ | sign(VE (7)) VL) sign(VE(OF) + 22 | sign(VE(OF ) | 65|
E [~ VL(67™) (sign(VE(6]"™) - sign(VL(67"™"))) | 67 . (13)

For the second term, we can derive an upper bound in the same way as in the deterministic case:

2 o~ . . o~ . o~ . .
B | sign(VL(67) VL (65 s (VE(65')) + 1 2 sign(VE(F ") [} | 65

2 . o~ . .
= E| %G sign(VL(0;™")" QLDwE‘gn)sign(VL(oflg“»|0?1g“}

+E V; sign(VL(67") T (V2L(67"") — V2Lp(67"")) sign(VL(6}"")) | 6} ign} P

- 775 2 bign(VLOMI [V L0 hlsign (VL )| eS]

2 R . ) ) R ' .
+E |:772t Sign(VL(atslgn))T(VQL(etS@:n) _ V2LD(0tSlgn)) sign(VL(GtSlg“)) | etSlgn:| + U?%PS/Q

2 . 2 . .
E IO llP + WL = V2L (87" 2P + B P

IN

| /\

”tA Pyl opP+ i P, (14)
For the third term, we can derive an upper bound as follows:

E |:777tVL(0tslgn)T(Slgn(vz(eflgn)) i Slgl’l(VL(gtSlgn))) | otSign:|

= Z VL HSIg") {&gn(VL(BSlgn))i — sign(Vf(HtSig"))i \ HtSig"}

i=1

P
— 0 Y [VL(O),12E [1[sign(VL(6"): # sign(VL(655));] | 05|
=1
P . . o~ . .
= Y IVL(O;%)i[2P (sign(VL(O]")); # sign(VL(07™")); | 6;")
i=1
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< mz [VL(O7");2P (|VL(67"); — VI(67""):| > |VL(67""). | 6,")

1=1

P e {lv[/(eSlgn) VL(081gn) ‘2 | 081gn
< VL(6;"®");
,nt;\ (6,)il2 VL 2

P
<y |VL(67") 20
=1

= 209m; | VL(6;") | 1, (15)

where the second inequality follows from Chebyshev’s inequality, and the last inequality uses Eq. (4).

Sign Sign
Combining Egs.(13)(14)(15), n; < min(HvL/(\e,f; )”1, ijgcﬁ;z)ul) dp < Ap/3, and oy < 24, we have:
|: (9,58_?111) (BSign) | 0Signj|
< | VL@OFE ||, + i HApP+ U LopP -+t PH p3/2 | 950n, |V L(OSE)]|, (16)

ign ign ign Ui ign ign
— | VLO)|s + 5|\VL<efg )+ g”VL(O? B+ G VL) 1+ 20| VLG o

(1 —1203)n ign
e 122
Ui Sign
< —————||VL(6;"®
<~ Gl iy IV LE .

Assume that the probability of the event £(T') = {Vs < T, [[VL(65'8")||; > Pe} satisfies P (£(T)) > 3. By

[V L(6;"™) |11

Sign .
00 ) Tht > CO mln( ApP )

applying the telescoping sum and taking expectations, and noting that 8y =

v L(eSiEn A2
/”p;#z)”l),and6< p \};F we have:
H

E [L(eiig“)] — L

D
S

)

~

1

< _ Sign
= T 6(1 + 2402) E [l VL)1

ﬂﬂ“
,_.o

- 1+2402 S (B [nVLOF=) ) | £ BE(T) + E [V LEOP) | | €D)] B (20T)))
=0

L S B[ VLE) | £@)] B ()
t=0
T—

ﬂrh

< - -
= 6(1+ 240y)

1 S
< - ign
= 12(1 + 240y) ;E {mHVL(Ot ) | 5(T)}
=1 Sign Signy13/2
SRR N o WY 221Gl 22U A
12(1 + 2403) ApP N

Co . Pe? £
< “E pe | —S
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Therefore, we have:

12(1 + 2405)(L(6y) — E [L(B;Sﬁg“)] )

<
T= P52C0 Ap
12(1 + 24042)(L(00) — L)
< .
< P2, Ap

This means that when we take T' > 12(1+24GP22§€£9°)_L*)AP, we have P (£(T)) < 3. Therefore, we have

2(1 + 2402)(L(6g) — L)

Ap.
P€2<0 P

ign o0 1
7:5({0tsg }t:07La HHl) <

B Derivation of Jacobian matrix in Section 4.7

B.1 Jacobian of Transformer layer

The output of a Transformer layer for an input X € R"*¢ is given by M(A(X)), where A(-) is the attention
layer and M(-) is the feed-forward layer. In the following, we denote the Jacobian of the self-attention module,
the feed-forward module, and the layer normalization as Jarr, Jrrn, and Jin, respectively.

In Pre-LN. The self-attention and feed-forward layers in the Pre-LN architecture are given by
A(X)=ATT(LN(X)) + X,
M(Y)=FFNLN(Y))+Y.

The Jacobian of these modules are as follows:

DA(X)  OATT(Z) JLN(X)  HX

X 0Z  yinx 90X 0X
= Jarr(LN(X))Jin(X) + g,

OM(Y)  OFFN(Y) ILN(Y) Y

oY oY ‘YzLN(Y) oY oy
= Jrpn(LN(Y))Jn(Y) + Ipg.

Therefore, the Jacobian of the Pre-LN layer is given by
OM(Y) 0A(X)
JIpreLn(X) = ‘
Y  |y_ax) 00X
= (Jrrn (LN(A(X)))Jin (A(X)) + Lna) (JarT (LN(X)) Jin(X) + Tna)

and with omitting the evaluation point, we can write the Jacobian as
JIpreLN = (JFPNJLN + Ina) (JarTJLN + Ina) -
In Post-LN. The self-attention and feed-forward layers in the Post-LN layer are given by

A(X) =LN(ATT(X) + X),

M(Y)=LN(FFN(Y)+Y).

The Jacobian of these modules are as follows:
OA(X) B OLN(Z)

0X 0Z

X | oax

dATT(X) aX>

Z=ATT(X)+X (
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= JLN(ATT(X) + X) (JATT(X) + Ind) R
OM(Y)  OLN(Z) <8FFN(Y) . ay>
ay 9Z |ypeniyrsy \ 0¥ 0¥

= JLN(FFN(Y) + Y) (JFFN(Y) + Ind) .

Therefore, the Jacobian of the Post-LN layer is given by
_OM(Y) OA(X)
JPost—LN (X) - Y - o0X
= Jun(FFN(A(X)) + A(X)) (Jprn (A(X)) + Tng) Jun (ATT(X) + X)) (Jarr(X) + Ina)

and with omitting the evaluation point, we can write the Jacobian as

Jpost-LN = JLN (JrrN + Ing) Jun (JarT + Tnd) -

B.2 Jacobian of layer normalization

Since the layer normalization is a row-wise operation, the Jacobian of the layer normalization for the input
matrix X € R"*? is given by

OLN(X); ..
Jin(X) = blockdi — 0 .
LN (X) = blockdiag({ X, Fiz1)
where % is the Jacobian of the layer normalization for the i-th row of the input matrix X. The layer
normalization for the i-th row of the input matrix X is given by
ax;.
LN(X),. = Q,
HXi,: ||

where)’(\;; =X, .(Iq— éllT). Therefore, the i-th block of the Jacobian of the layer normalization is given by

OLN(X);.  OLN(X),. 0X,.

8Xi,; aﬁ/ 8Xi,:
1 — X, 1
= —1I— X; . —= (I — g11T)
[ Xl X2
— T
\/Zi X7, :Xi: 11T
= —— I;— = 72 I;— T .
[ X, |2 1 X.:115

Therefore, we can write the Jacobian of the layer normalization as
Jun(X) = blockdiag({L:(X) 1),

where

— T
d X . X;. 117
Li(X) = N‘[ - 2wl N, == ),
2 d
[ X2 X115

B.3 Jacobian of RMS normalization

Since the RMS normalization is a row-wise operation, the Jacobian of the RMS normalization for the input
matrix X € R"*? is given by
ORMS(X); "
Trs(X) = blockdiag ({ =521 ).
rus (X) ocRaias 0X;,. i=1
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HRMS(X);..
0Xi,:
RMS normalization for the i-th row of the input matrix X is given by

. X, /1
RMS(X);. = Dlag("/)%v T = g”Xz,”%

where v € R? is a learnable scale parameter. Let x = X;. € R4*1 and y = RMS(X),. € R4*1 Then
y = Diag(y)z/r with r = /4 ||x|3.
1,.T

First, we compute the derivative of r with respect to . Since r = (Jx zc)l/ ? we have

where is the Jacobian of the RMS normalization for the i-th row of the input matrix X. The

ox 2

or 1(1$T£L')_1/2 2 1
d

ST = —.

d dr

Hence,

a(r=1) 7’72@ 1

oz ox dr3 r

Therefore, the i-th block of the Jacobian of the RMS normalization is given by

ORMS(X);. . O(zr—1)
aXi’; - Dlag('}’) 8(B

1 o(r—1

= Diag(y) (;Id +x éw—r )>
1 1
1 1

= Diag(y) (—Lu — = X, X][)
Vd < X; X1T>

= Dia, —— Iy — ——2 .

s M xR

Therefore, we can write the Jacobian of the RMS normalization as

Jrms(X) = blockdiag ({R;(X)}iL1),

, Vd X;. X, 1
R;(X) = Diag(v) BouE (Id X |z§ ), TP = g”Xi,:H%-
i, i,: 12

We note that all the above derivations for Pre-LN and Post-LN architectures remain valid when layer
normalization is replaced with RMS normalization, by simply substituting Jpx with Jrus.

where
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C Experimental details

C.1 Implementation and training details

Our implementation, based on PyTorch (Paszke et al., 2019), uses the HuggingFace Transformers library (Wolf
et al., 2020) for NLP tasks and primarily follows Tomihari & Sato (2024). All experiments were conducted
on a single NVIDIA A100 GPU. The reported results are averages over five training seeds. We used the
cross-entropy loss, defined as £( f(z),y) :== — log (osm(f(x)),), where the function ogy : RY — R represents
the softmax operation.

Following the methodology of Kunstner et al. (2023), we optimized the learning rate via grid search based on
the training loss, while keeping other hyperparameters, such as batch size and the number of epochs, fixed.
Momentum was set to 0.9 as the default configuration for both SGD and SignSGD. Gradient clipping with a
threshold of 1.0 was applied to SGD, which is equivalent to normalized gradient descent up to a constant
factor in the learning rate (Zhang et al., 2020a). For NLP tasks, we used linear learning rate scheduling,
whereas for vision tasks, a warmup schedule was applied.

Other hyperparameters followed the default values provided by PyTorch, including Adam (51 = 0.9, B2 = 0.999,
e = le — 8) and RMSProp (o = 0.99, e = 1e — 8). For NLP tasks, the original training set was split into a 9:1
training-to-validation ratio, with the original validation set used as the test set, following Chen et al. (2022);
Tomihari & Sato (2024).

We provide dataset statistics and hyperparameter configurations in Table S.1 and Tables S.2-S.4, respectively.

C.2 Details of each experiment and figure

Correlation between Hessian and gradient. In Figure 1, we show the correlation between the Hessian
and the gradient. The maximum eigenvalue of the Hessian was computed using power iteration, as described
in Park & Kim (2022), with the PyHessian implementation (Yao et al., 2020). To estimate the maximum
eigenvectors of the block-diagonal elements of the Hessian, we calculated the product of the Hessian and a
random vector for each parameter. The batch size used for these computations was the same as the training
batch size. The maximum eigenvalue and the gradient were computed for each batch across all training data.

Correlation between full-batch gradient and gradient error. In Figure 2, we show the correlation
between the full-batch gradient and the gradient error in a coordinate-wise manner. We randomly sampled
1,000 coordinates from the parameters and computed the squared norm of the full-batch gradient and the
gradient error for each coordinate. The gradient error is defined as the difference between the full-batch
gradient and the gradient computed with a mini-batch. The batch size was the same as the training batch
size. The gradient error was computed for each batch across all training data.

Gradient heterogeneity. In Figure 3, we show the ratio of the gradient norm for each parameter relative
to the sum of the gradient norms. Specifically, we plot:

Go /Py
Ze/ Gﬂ’/\/PT)”

for each parameter 8, where Gy is the full-batch gradient norm of parameter 8, and P is its dimension. To
compare gradient norms across different parameters, we normalize each gradient norm by the square root of
its parameter dimension. Bias parameters are omitted in these plots.

Effect of layer normalization. In Tables 2 and S.8, all models share the same RoBERTa backbone and
differ only in the placement of the normalization layer. To minimize the effect of initialization, we trained
scratch-initialized models for 1000 iterations. Note that pre-trained weights are available only for the Post-LN
variant.

Training Curve. In Figure 4, we show training runs with the median final loss value among the five training
seeds. The shaded area represents the interquartile range across the five seeds. This approach is used to
reduce the influence of outliers on the reported results.
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Table S.1: Dataset statistics, including the number of classes and counts of training (Train), validation (Val),
and test samples for each dataset.

Domain Dataset Classes Train Val Test
NLP CB (De Marneffe et al., 2019) 3 225 25 57
RTE (Wang et al., 2018) 2 2,241 249 277

BoolQ (Clark et al., 2019) 2 8,484 943 3,270

WiC (Pilehvar & Camacho-Collados, 2019) 2 5,400 600 638

CoLA (Warstadt et al., 2019) 2 7,695 855 1,040

SST-2 (Socher et al., 2013) 2 60,614 6,735 872

MRPC (Dolan & Brockett, 2005) 2 3,301 367 408

Vision Flowers102 (Nilsback & Zisserman, 2008) 102 1,632 408 6,149
Aircraft (Maji et al., 2013) 100 5,334 1,333 3,333

Table S.2: Hyperparameter configurations for RoOBERTa-Base. The settings include batch size (bs), learning
rate (Ir), and the number of epochs (epochs). “w/o M” denotes optimizers without momentum and “Const”,
“Cos”, and “Lin-W” denote constant, cosine, and linear with warm-up learning rate schedules, respectively.

Optimizer Param CB RTE BoolQ WiC CoLA SST-2 MRPC

Common bs 8 8 32 32 32 32 32
epochs 20 20 20 20 20 10 20
Adam le—4 le—5 le—5 le—5 le—5 le—5 le—5
SGD le—2 le—3 le—2 le—3 le—3 le—2 le—2
SGD (w/o M) le—1 1le—2 le—1 le—2 le—2 le—1 le—1
SignSGD le—5 le—6 le—5 le—5 le—5 le—5 le—5
SignSGD (w/o M) le—4 le—5 le—5 le—5 le—4 le—5 le—5
RMSProp Ir le—5 le—5 le—5 le—5 le—5 le—5 le—5
SignSGD (S) le—4 le—4 le—4 le—4 5¢e—4 le—4 be—4
SGD (Const) le—2 le—3 - - - - -
SGD (Cos) le—2 le—3 - - - - -
SGD (Lin-W) le—2 le—3 - - - - -
SignSGD (Const) le—6 le—6 - - - - -
SignSGD (Cos) le—5 le—5 - - - - -
SignSGD (Lin-W) le—5 le—5 - - - - -

Table S.3: Hyperparameter configurations for ResNet18. The settings include batch size (bs), learning rate
(Ir), and the number of epochs (epochs). “w/o M” denotes optimizers without momentum.

Optimizer Param Flowers102 Aircraft
Common bs 32 32
epochs 50 100

Adam le—4 le—4

SGD le — 2 le — 2

SGD (w/o M) e le—1 le—1

SignSGD le—5 le—5

SignSGD (w/o M) le —4 le —4

RMSProp le—4 le—4

SignSGD (S) S5e — 4 5e — 4
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Table S.4: Hyperparameter configurations for ViT-Base. The settings include batch size (bs), learning rate
(Ir), and the number of epochs (epochs)“w/o M” denotes optimizers without momentum.

Optimizer Param Flowers102 Aircraft
Common bs 32 32
epochs 50 100

Adam le—5 le—5

SGD le —2 le—2

SGD (w/o M) e le—1 5e¢ — 1

SignSGD le—5 le—5

SignSGD (w/o M) le—4 le—5

RMSProp le—5 le—5

SignSGD (S) 5e — 4 le—4

D Additional experimental results

D.1 Correlation between Hessian and gradient

We show the correlation between the Hessian and the gradient in Figure S.3. The Hessian and gradient are
computed using the pre-trained models or the trained models corresponding to the median final loss value
among the five training seeds shown in Figures 4 and S.7 and Appendix D.6.
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D.2 Correlation between Hessian and parameter dimension

We show the correlation between the Hessian and the parameter in Figure S.4. The Hessian and parameter
dimension do not show a clear correlation.
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D.3 Correlation between full-batch gradient and gradient error

We show the correlation between the full-batch gradient and the gradient error in Figure S.5.
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D.4 Gradient per parameter
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D.5 Quantitative measures of gradient heterogeneity

Gini coefficient. In Table S.5, we provide the Gini coefficient of the normalized gradients.

Gini coefficient is a measure of statistical dispersion intended to represent the inequality of a distribution,
which ranges from 0 to 1 and the higher value indicates more heterogeneity.

Given a set of values {x1,z2,...,2,} sorted in non-decreasing order, the Gini coeflicient is defined as:

i 2 T —

2n2%

G

7

where Z is the mean of the values.

Layer-wise gradient norm ratio. In Table S.6, we present the ratio of the gradient norm for each layer,
computed as:

Gy
Zl' Gl/ ’

where G| represents the sum of the normalized full-batch gradient norms of the parameters in layer [. Since
all layers contain the same number of parameters, this comparison is valid.

Model (Dataset) Gini coefficient

RoBERTa-Base (CB) 0.932 =+ 0.006
RoBERTa-Base (RTE) 0.944 £+ 0.005
RoBERTa-Base (WiC) 0.931 = 0.004
RoBERTa-Base (BoolQ)  0.944 £ 0.001
(
(

RoBERTa-Base (CoLA) 0.954 + 0.003
RoBERTa-Base (MRPC)  0.951 £ 0.001
RoBERTa-Base (SST-2) 0.930 £ 0.032
ResNet-18 (Flowers102) 0.407 £ 0.013

ResNet-18 (Aircraft) 0.433 £+ 0.005
ViT-Base (Flowers102) 0.539 + 0.004
ViT-Base (Aircraft) 0.598 + 0.009

Table S.5: Gini coefficient of normalized gradients. + represents standard deviation.

Layer 1 2 3 4 5 6 7 8 9 10 11 12

RoBERTa-Base (CB) 0.021 + 0.001 0.022 4+ 0.001 0.027 4 0.002 0.031 £ 0.002 0.036 £ 0.002 0.045 £ 0.002 0.054 + 0.002 0.060 + 0.003 0.070 + 0.004 0.092 4 0.005 0.156 4 0.015 0.387 £ 0.027
RoBERTa-Base (RTE)  0.023 #0.003 0.024 % 0.003 0.028 & 0.003 0.030 & 0.003 0.034 4 0.002 0.042 4 0.002 0.051 £ 0.004 0.058 £ 0.003 0.068 = 0.003 0.093 £ 0.008 0.163 £ 0.014 0.387 £ 0.023
RoBERTa-Base (WiC)  0.047 +0.014 0.042 4 0.010 0.041 & 0.005 0.040 4 0.003 0.036 4 0.002 0.040 & 0.003 0.049 £ 0.004 0.055 £ 0.004 0.063 £ 0.003 0.086 £ 0.006 0.145 £ 0.009 0.355 + 0.035

(

(

(

RoBERTa-Base (BoolQ) 0.023 % 0.001 0.024 & 0.001 0.028 & 0.001 0.031 & 0.002 0.034 & 0.002 0.043 & 0.002 0.055 & 0.003 0.062 £ 0.004 0.073 £ 0.004 0.098 £ 0.007 0.157 £ 0.010 0.370 £ 0.034
RoBERTa-Base (CoLA) 0.017 +0.001 0.018 +0.001 0.
RoBERTa-Base (MRPC) 0.019 + 0.002 0.020 + 0.002 0.

3 £0.003 0.025 £ 0.002 0.029 £ 0.002 0.037 £ 0.003 0.042 £ 0.002 0.048 & 0.002 0.058 & 0.003 0.083 £ 0.006 0.169 £ 0.013 0.451 £ 0.027
4+ 0.002 0.028 £ 0.002 0.032 £ 0.002 0.040 £ 0.002 0.049 £ 0.003 0.057 & 0.004 0.067 & 0.004 0.089 £ 0.007 0.155 £ 0.010 0.421 £ 0.037
RoBERTa-Base (SST-2) 0.025 %+ 0.010 0.026 % 0.010 0.032 4 0.012 0.036 4 0.012 0.040 & 0.013 0.046 & 0.012 0.054 £ 0.014 0.061 £ 0.014 0.070 = 0.009 0.087 £ 0.008 0.148 + 0.022 0.373 + 0.086
ViT-Base (Flowers102)  0.093 % 0.004 0.065 % 0.002 0.073 & 0.002 0.071 £ 0.004 0.069 & 0.003 0.071 £ 0.005 0.075 £ 0.005 0.079 £ 0.003 0.083 £ 0.005 0.094 =+ 0.002 0.105 + 0.005 0.122 + 0.004
ViT-Base (Aircraft) 0.083 £ 0.005 0.058 # 0.003 0.067 & 0.003 0.063 & 0.003 0.058 & 0.002 0.063 & 0.003 0.068 4 0.001 0.073 & 0.002 0.077 & 0.003 0.090 £ 0.001 0.119 £ 0.005 0.181 £ 0.011

Table S.6: Layer-wise ratio of gradient norms in Transformers. + represents standard deviation.
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D.6 Train curves

We show the training curves on different datasets from that in the main text. On the CB dataset, the final
train loss is similar among all optimizers, but the convergence speed of SGD is slower than other optimizers.

This is consistent with our analysis suggesting the difficulty of training of RoBERTa with SGD.

Training loss
o
[}
]

Y —— Adam
\ — SGD
—— SignSGD
—— RMSprop
=== SGD(w/o M)
A0 ———= SignSGD(w/o M)
—— SignSGD(S)

0.251
0.00+ .
0 2 4 6 8 10 12 14 16 13
Epoch
(a) RoBERTa on CB
1.0
Adam
0.81 SGD
SignSGD
E 0.6 RMSprop
W SGD(w/o M)
= 0.41 SignSGD(w/o M)
= - SignSGD(S)
0.2
0.0 ;
0 20 40
Epoch
(c) ResNet18 on Flowers102
1.0 T
A\
LA
@ — Adam
20.61 — sGD
£ —— SignSGD
Eo‘f;l- —— RMSprop
=== SGD(w/o M)
0.2 —=== SignSGD(w/o M)
—— SignSGD(S)
0.0-— - - ; w
0 25 50 5 100
Epoch

(e) ResNet18 on Aircraft

1.00{ —— Adam
—— SignSGD
— SGD
-
E 0.75 — Linear
50 === Constant 5
£0.50
e
=
0.251
\
M g
0.00+ S

0 2

4 6
Epoch

(b) RoBERTa on CB with scheduler

1.0

— Adam
0.81 — 56D
— SignSGD
E 0.61 \ RMSprop
L ---= SGD(w/o M)
5 0.41 ---=_SignSGD(w/o M)
= Y% —— SignSGD(S)
0.2 :
0.0 w w "
0 25 50 5
Epoch

(d) ViT on Aircraft

Figure S.7: Training curve with different optimizers. w/ W indicates “with warmup".
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Figure S.8: Training curve with different optimizers.
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D.7 Test results

Table S.7: Test results corresponding to the training curves shown in Figures 4 and S.7. We report the
accuracy and its standard deviation.

Model Dataset Adam RMSprop SGD SignSGD  SGD(w/o M) SignSGD(w/o M)
VIT-B Flowers102 95.06 & 0.34 95.15+0.41 94.22+0.54 94.01 £ 0.98 94.49 + 0.62 92.45 + 1.35
1i-base Aircraft  74.28 +0.59 74.86 + 0.87 71.33 +£0.27 73.96+0.73 55.25 = 0.67 75.21 4 0.88
ResNet1g ~ Flowers102 93.33+0.62 93.27£0.71 93.40 £0.47 94.43+£0.54 93.03+0.62 93.10 + 0.37
esme Aircraft  71.95 £ 0.69 70.53 £0.42 72.66 +£0.71 72.01 £0.40 72.16 & 0.41 70.87 £ 0.35
ROBERTa.B CB 76.43 & 7.41 84.29 & 4.96 78.21 & 6.36 83.21 £2.71 71.79 & 12.46 77.86 £+ 2.99
° a-base RTE 75.88 £ 1.56 74.66 &+ 2.89 75.31+3.12 75.02+2.30 73.21 +1.83 75.74 4+ 2.74

D.8 Effect of layer normalization

Table S.8: Gini coefficients of gradient norms for different normalization. A higher Gini coefficient indicates
greater heterogeneity. “No-LN” refers to the architecture without layer normalization.

Norm Type Init Dataset  Gini Coefficient
No-LN Scratch RTE 0.867 £ 0.006
Pre-LN Scratch RTE 0.880 + 0.004
Post-LN Scratch RTE 0.941 +0.012
Post-LN Pre-trained RTE 0.944 + 0.005
No-LN Scratch CB 0.850 =+ 0.049
Pre-LN Scratch CB 0.873 £0.017
Post-LN Scratch CB 0.899 +0.018
Post-LN Pre-trained CB 0.932 4 0.006
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D.9 Case study: Quadratic model

Following Zhang et al. (2024a), we consider a synthetic quadratic minimization problem of the form
LT
L(e) = 50 Ho,

where H = blockdiag({H;}?_,) is a block-diagonal matrix. Each block H; is constructed as H; = Q;A; Q] ,
where Q; is an orthogonal matrix and A; is a diagonal matrix containing the eigenvalues of the block.

We consider two settings for the eigenvalue configurations of A;, following Zhang et al. (2024a):
o Homogeneous (Homo): {1,99,4998}, {2,100,4999}, {3,101, 5000},
o Heterogeneous (Hetero): {1,2,3}, {99,100,101}, {4998, 4999, 5000},

for i = 1,2, 3.

We use fixed learning rates for both SGD and sign-based optimization methods. For SGD, the learning rate
is set to (Nesterov, 2013)

_ 2
= )\min + )\max’

where Apin = 1 and Apax = 5000 denote the smallest and largest eigenvalues of H, respectively. For SignSGD,
we adopt the theoretically optimal learning rate derived from our analysis, as detailed in Appendix D.9.1.

Figure S.9 shows the evolution of the ¢5 norm of the gradient during optimization, and Table S.9 reports the
weighted Hessian complexities Ag and Ap defined in Definition 4.4. In this quadratic setting, Ap can be
computed exactly, whereas Ag involves a supremum over the ﬁne—tuning region Rer and cannot be evaluated

in closed form. We therefore approximate Ag by supco,.. 1 Eb 1 I ‘VVLL((G‘; )ﬁ”2 I[V2L(0:)]b |2
t)ll2

For SGD, the values of Ag are nearly identical in the Homo and Hetero settings, and the corresponding
gradient norm trajectories exhibit similar behavior. In contrast, for SignSGD, Ap is substantially larger in
the Homo setting than in the Hetero setting, which is reflected in a slower decay of the gradient norm (except
in the early stage) and a larger number of iterations required to reach a small norm. These observations align
with our theoretical prediction that the iteration complexity of gradient-based and sign-based methods is
characterized by Ag and Ap, respectively.

Moreover, the pronounced gap between Ag and Ap in the Hetero setting reflects strong gradient heterogeneity
and gradient—Hessian correlation, explaining why sign-based methods are more effective in the Hetero setting.
Furthermore, the optimization advantage of Adam over SGD in the heterogeneous quadratic setting reported
by Zhang et al. (2024a) is also observed here when comparing SignSGD with SGD.

Table S.9: Values of the weighted Hessian complexities Ag and Ap in the quadratic model.

Homo Hetero

A 4999.9997  4999.9997
Ap  4999.0000 1701.3333

1While this computation restricts the supremum to the optimization trajectory and is therefore formally smaller than the
supremum over 8 € R, the resulting value is nearly maximal over @ € RY, indicating that this approximation is inconsequential.
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Figure S.9: Evolution of the /2 norm of the gradient in the quadratic model.

D.9.1 Optimal learning rate and upper bounds

SignSGD. We derive the optimal learning rate for SignSGD in the quadratic setting. For the quadratic
model, we have dp = pg = 0. Therefore, from Eq. (9), we obtain

) ) ) 2 2
LOTE) — LOF) < —nIVLOF™)s + LapP + Lo P 4 p L2 po/2
Si n7
= = VLO7)|1 + S ApP.
The right-hand side is minimized when
Sign
_ IVLE Ik
PAp ’

which is the learning rate used in our experiments. the steepest descent with respect to the ¢,.-norm as noted
by Kelner et al. (2014); Carlson et al. (2015); Balles et al. (2020).

Using this learning rate, we can derive an upper bound on the iteration complexity for the quadratic model
by following the same argument as in the general setting:

2(L(6o) — L)

U675 20, L ) < ==

Ap. (17)
SGD. Analogously to the SignSGD case, starting from Eq. (8), we obtain the following inequality:

2 2
ra ra ra ’,7 ra 77 ra pH ra
LWﬁﬁ—LWE%S—MWMﬁ}%ﬁ+§ﬂﬂvﬂﬁ}W@+§%WUWS%ﬁ+ﬁgﬂVM%}%@
2
ra "7 ra
=l VO3 + L ag|VLOF)3,
where we used dp = pyg = 0 for the quadratic model. The right-hand side is minimized when

1
Ut—AG-
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Using this learning rate, we derive an upper bound on the iteration complexity for the quadratic model by
following the same argument as in the general setting:

2(L(6o) — L)

E Grad o . <
T({0: 20, Ly |Il2) < Pe?

Ac.

This bound has the same form as Eq. (17), with Ag replacing Ap.

From Table S.9, we observe that Ag is approximately equal to Apax. Therefore, comparing Eq. (18) with the
classical optimal learning rate for quadratic objectives,
2
- 19
K )\min + /\max ( )

we obtain
1 2
P —
AG Amin + /\max

Empirically, we observed faster convergence when using the larger learning rate given by Eq. (19). Consequently,
we adopt this learning rate in our experiments.

D.10 Applicability beyond fine-tuning settings

To test generalization beyond fine-tuning, we trained nanoGPT from scratch on the Shakespeare dataset.
Adam outperformed SGD, and SignSGD remained competitive. We also found that gradient heterogeneity in
nanoGPT lies between that of ViT/ResNet and RoBERTa. Despite the different setup, the results align with
our analysis.

Table S.10: Training loss for nanoGPT trained from scratch on the Shakespeare dataset. “Min” denotes the
lowest observed loss during training, and “Last” denotes the final loss at the end of training.

Optimizer Min Last
Adam 0.658 +£0.009  0.687 £+ 0.019
SGD 0.928 £ 0.120 0.964 + 0.122

SignSGD  0.791 £0.011  0.820 £ 0.017

Table S.11: Gini coefficient of gradient norms for nanoGPT on the Shakespeare dataset. A higher Gini
coefficient indicates greater gradient heterogeneity.

Model (Dataset) Gini Coefficient
nanoGPT (Shakespeare)  0.609 & 0.004

E Discussion on momentum in SignSGD

The impact of the momentum term used in Adam has not been considered in the analysis so far. However, in
sample-wise training, the presence of a momentum term significantly affects the updates of the linear head,
particularly for the bias term.

Model. The model f comprises a pre-trained feature extractor ¢(-) : X — R" and a linear head with
weight V' € RE*" and bias b € RY. The output is given by f(x) = V¢(x) + b.

Proposition E.1 (SignSGD without momentum). Let A% and AF@ denote the one-epoch updates of a
parameter 6 during sample-wise and full-batch training, respectively. For a linear head trained using the
cross-entropy loss and SignSGD with a learning rate 1, the updates are as follows:
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For the bias term by:

N
AShy, = _% (1—2-1[y?D =k]), AFb, = —nsign (Z 55,1?) ,
i=1 1=1

2

and for the weight matriz Vi ;:

N
AV, =—JZ< PR sl“)), ATVi =—nsign<2¢(w“>>la,§?),

Y £k Y=k i=1

where (5pk = osm(f (@), — 1[k = y D] represents the prediction error for the i-th sample and class k and
sl( R sign (¢ d(x), ) is the sign of the I-th element of the feature embedding P(x@),;.

Sign-alignment causes large updates. In full-batch training, the updates AFb, and A¥V;; depend on
the model predictions. Because the signs of these updates vary across epochs, these updates remain small.
In contrast, in sample-wise training, update signs can align across epochs, resulting in disproportionately
large updates. This effect is particularly pronounced for the bias term ASby,, which is independent of model
predictions and grows with the number of classes. Similarly, the sign of ASV; ;, which depends on the feature
extractor output d)(m(i)), may align across epochs.

Momentum resolves the issue. Excessively large updates can cause training instability and incorrect
predictions. Although the proposition specifically addresses sample-wise updates, similar challenges can arise
in batch training. Momentum, which estimates the full-batch gradient using exponential moving averages,
effectively mitigates this problem.

E.1 Experimental results

We show the norm of the linear head for different datasets, models, and optimizers. The results indicate
that when the number of classes is large, the bias term of the linear head exhibits a larger norm with
SignSGD without momentum compared to other optimizers. In contrast, the weight norm does not necessarily
increase under the same conditions, even with SignSGD without momentum. This observation aligns with
the theoretical analysis in Proposition E.1, which suggests that a large number of classes leads to an increase
in the bias term norm, while the weight norm is influenced by the sign of the feature extractor outputs.

E.2 Proof of Proposition E.1

Proof. The partial derivative of the bias and the weight matrix with the cross-entropy loss is given by:

oUf (™, y ™)) _ oU(f(x®,yD)) of (=)

8bk o 8f(w(i>) Gbk
_oU(f(z,yD)) oVe(z™) + b
af (x®) Dby,

= (esu(f (@) — V") Te®
= osm(F(@™))p — L[k = y©]
oUf(x®,yD)) _ 9U(f(x?,y")) OVe(z™) +b
Wit df (x®) Vi1
= (osm(F(x®)) — e@NT p(z)e®)
= ¢(z),(osu(F(z D)), — Lk = y@))
The one-epoch updates of the bias and the weight matrix with the sample-wise training are given by:

N . .
s, 1 (OUf (YD)
APb, = N ;&gn ( a0,
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Figure S.10: Norm of the linear head.

ZIS

N
Zs1gn (O'SM FxD)), — 1k = y(i)]>

1

N
(-2 1y = )

.
Il

«
Il
-

and



Under review as submission to TMLR

!
=l
=

sign (¢(m(“)z(USM(f(m<“))k — 1k = y<i>])>

- —j@ésign (@ )1) sign (s (f (@) — 1k =y )
=25 s (o)) - X o (000) )

The one-epoch updates of the bias and the weight matrix with the full-batch training are given by:

il (i), (0
AFby = —nsign (12 (=", y7)) ”)

=

Oby,

and
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F More discussion on Transformers

In this section, we provide additional discussion on the gradient heterogeneity in Transformers, focusing on
the self-attention mechanism.

Additional notation. The k-th standard basis vector is denoted by e®) with el(k) = 01, where 0y is the
Kronecker delta. Function vec(-) denotes row-wise vectorization. Frobenius norm and the Kronecker product
is denoted by ||| and ®, respectively.

F.1 Transformer architecture

The Transformer architecture (Vaswani, 2017) relies on the self-attention mechanism, which assigns importance
to each token in the input sequence.

For an input sequence of n tokens, each of dimension d, represented by X € R"*? single-head self-attention

is defined as:

XWo(XWi)T
Vdy,

where Wg, Wi € R and Wy, € R¥4v are learnable projection matrices for queries, keys, and values,

respectively. Multi-head attention concatenates the outputs of parallel single-head self-attention mechanisms
and applies a linear transformation, followed by a feed-forward network.

SA(X) = osu ( ) XWy,

F.2 Gradient of self-attention mechanism

We analyze the gradients in self-attention, focusing on the value and query/key weight matrices. Using
Lemma A.2 from Noci et al. (2022), the Frobenius norms of these gradients are:

dSA(X)

————|lF=||PX®I
1552l = IPX @ 1L,

F

< V|| P|# ]| X]|r. (20)
— ——————

=Uy

9SA(X)

5w

I3

OP X ® XWg

oM i IF

OP | IX|[r| X Wil

oM Vi, ’
=Uog

where M = XWoW/L X" /\/dy, P := osm(M), and Uy and Ug represent the upper bounds for the

gradients of the value and query weight matrices, respectively. The derivation of the gradient for the key
weight matrix is omitted, as it is analogous to that of the query weight matrix.

=[|(I, @ Wy X ")

<Vl Wy X |#| (21)

Focusing on the attention matrix P, we derive the following result.

Proposition F.1 (Gradients and attention matrices). In Transformers, one-hot attention matrices uniquely
maximize the upper bound of the Frobenius norm of the gradient with respect to the value weight matriz Uy
and uniquely minimize that with respect to the query weight matriz Ug, as follows:

argmaxUy = argminlg = Pone-hot,
P P

where
Pone-hot = {P | Vi, 3k; s.t. Py, = ek}

is the set of one-hot matrices.
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The proof of the proposition is provided in Appendix F.4. The statement about the query weight matrix also
applies to the key weight matrix due to their analogous gradients. The proposition demonstrates that the
gradients of the value and query/key weight matrices exhibit opposing behaviors with respect to one-hot
attention matrices: the gradient of the value weight matrix is maximized, while those of the query/key weight
matrices are minimized.

Previous studies (Noci et al., 2022; Wang et al., 2021) observed that the gradient of the value weight matrix
is typically larger than those of the query/key weight matrices, consistent with our experimental findings
in Section 5.2. Together with Proposition F.1, these results suggest that attention matrices close to one-hot
amplify gradient heterogeneity in the self-attention mechanism.

F.3 Uniformity of the attention matrix

In Figure S.11, we compare the attention matrices of pre-trained RoOBERTa and ViT. The attention matrix
of ViT is more uniform than that of RoOBERTa, reflecting the differences between NLP and vision tasks. In
NLP, the use of special tokens and stronger interrelations between input tokens lead to less uniform attention,
with only a few tokens receiving attention (Clark, 2019). Conversely, vision tasks, which prioritize holistic
information (Torralba, 2003; Rabinovich et al., 2007; Shotton et al., 2009), produce more uniform attention
matrices, where all tokens are attended to. This observation aligns with Hyeon-Woo et al. (2023), who also
reported uniform attention matrices in ViT. Notably, more uniform attention matrices are farther from
one-hot matrices, indicating reduced dominance by individual tokens.

Combined with the analysis in Appendix F.2, which shows that attention matrices closer to one-hot matrices
amplify gradient heterogeneity, this suggests that gradient heterogeneity in the self-attention mechanism is
more pronounced in NLP tasks than in vision tasks.

F.4 Proof of Proposition F.1
Proof of Uy . As defined in Eq.(20), the upper bound of the gradient is given by:
Uy = \/dy|| P||r|| X[ p-
We observe that:
arg maxUy = argmax || P| g
P P

— argmax || P||%
P

n
= arg maxz |P;. |5
P

i=1

Since the rows of the attention matrix are independent, we focus on the i-th row. The i-th row of the
attention matrix satisfies the following constraints:

n
1<j<n, PB;=>0, ZPW‘:L
i=1

We define the Lagrangian function as:
n

n n
Ly ==Y P} =Y P +A>_ Py—1),
j=1 j=1

Jj=1

where A and p; are the Lagrange multipliers. To minimize the Lagrangian function, the solution must satisfy
the following KKT conditions:

oLy

—— =2P;—pu;i+A=0, 1<j<n, 22
op; g Myt J=n (22)
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j=1
n;>0, 1<j<n, (25)
piPij =0, 1<j<n. (26)

From Equations (23) and (24), it follows that P; ; > 0 for some j. Let k (1 < k < n) denote the number of
non-zero elements in P; ., and suppose P; ;, > 0 for 1 <[ < k. From Equation (26), we have p; = 0, and

thus, from Equation (22), we deduce that P; ;, = % for 1 <1 < k. Using Equation (23), we get Zle % =1,
which gives A =2/k. For j ¢ {j; | 1 <1 <k}, we have P, ; =0 and pu; = A = 2/k, satistying Eq.(25).

With k non-zero elements of P, ., the value of the Lagrangian function becomes — Z;L 1 Zl (3)?2=

—)21—2/4; = —%. The minimum value of the Lagrangian function is achieved if and only if k = 1, which implies
P = ek for some k;. Therefore, we conclude:

argmaxUy = {P | Vi, 3k; s.t. P, = ek},
P

Proof of Ug. As defined in Eq.(21), the upper bound of the gradient is given by:

oM vy, '

U = VnllWy X | p|

The partial derivative is expressed as:
8P _ 80'SM (M)
oM oM
= blockdiag({

do SM(M ) n
8M7 ] 1= 1)
= blockdiag({diag(P;,.) — P;.P,\ }I_)).

Considering the attention matrix P, we obtain:

U 122,
ar Inln = ar mln
gmHQ = atg M {55 r

— arg;mn; | ding(P,.) — PPl 1%
As in the proof of Uy, we focus on the value of the i-th row:

n

||dlag(‘P17)_Hy‘PzT”%:Z( ,J 7,] +ZP7,2] 0,0

Jj=1 J#l

subject to the constraints 1 < j <n, F;; >0, 2?21 P, ; = 1. Since both the first term and the second
term are non-negative, the minimum value is attained if and only if both terms are 0. This condition is
satisfied if P; . is a one-hot vector. Conversely, if P, . is not a one-hot vector, the second term becomes
positive, and the minimum value cannot be attained. Thus, we have shown that the minimum value of the
objective function is achieved if and only if P; . is a one-hot vector. Therefore:

argminllo = {P | Vi, 3k; s.t. P, = e™}.
P
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F.5 Experimental results

Heatmap of attention matrices. In Figure S.11, we show the attention matrices computed from pre-trained
models. These matrices are calculated for a randomly sampled sequ ence from the training data and are

averaged across all heads.
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Figure S.11: Attention matrices of the pre-trained RoBERTa and ViT.
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Gradient and entropy of attention matrices. In Figure S.12 (a) and (c), we show the ratio of the mean
entropy relative to the maximum entropy of the attention matrix for each layer of the Transformer model.
Error bars indicate the standard deviation. Specifically, we plot:

N

H S
e SO [0 A 0g(Al ) 10g(s) |

h=11i=1s=1 \j=1

for each layer I, where H is the number of heads, S is the sequence length, and A" € RS*S is the attention
matrix of the h-th head in the I-th layer for sample z(*.

In Figure S.12 (b) and (d), we show the ratio of the mean gradient norm relative to the sum of the gradient
norms of the attention matrix for each layer. Specifically, we plot:

gl
é)
gl gl gl’

for each layer [ and p € {Q, K, V'}, where Gg), Ggl{)7 and Gg) are the full-batch gradient norms of the query,
key, and value weight matrices in the I-th layer of the Transformer model, respectively.

The results show that the entropy of the attention matrix is higher in RoOBERTa than in ViT, and the gradient
norm of the attention matrix is more heterogeneous in RoBERTa than in ViT. This observation is consistent
with the theoretical analysis in Appendix F.3.
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Figure S.12: Comparison of entropy and gradient norms in attention matrices for RoOBERTa and ViT. (a)
and (c): the ratio of entropy relative to the maximum possible entropy. (b) and (d): the ratio of the gradient
norm for self-attention parameters relative to the total gradient norm.
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G More discussion on the sign-based sequence the stochastic setting

In this section, we further examine the iteration complexity of the sign-based sequence under stochastic
settings. Specifically, we present iteration complexity results that account for a learning rate adapted to the
noise level.

5A%
Theorem G.1. Assume that 6D < AP/?), e < m,

3(1-202)||VL(87" 3(1—26) |V L(659" ' ‘
: Q;Ll\PP( : )Hl’ ( 52p)IH,P3/(2" )”1), where ¢ € [Co,1]. Then, the iteration

and oy < % hold and that the learning rate at

time t satisfies n; = ¢ min(
complexity for the sign-based sequence the stochastic setting are bounded as follows.

20(L(6o) — L.)
3(1 - 20’2)2P€2CO P

T-({67"} 220, Lo 1) <

2
Proof. We start with Eq. (16) in Appendix A.4. Let ¢ < paA\}% and set the learning rate as 1, =
H

. IVL(e5E" vL(e5E"
G mm(\l ;A;P)I\l, I ap(1-1333/g”1)’ where (; € [¢p,1] and « > ﬁ. Then, we have:

E (L6 - Lo7™") | 6]

ign ¢ 72 ign
< —nl|VL(6 ) s + TN P + TopP + i} ELPY2 4 200 [ VL6

Sign n Sign n Sign n Sign Sign
< nVLOF) + 2L |+ P TLOP | T VLOF)s + 200 VL) s
AVLOTE) L [IIVL6E |
(From 7; < min( oApP P TE ) and dp < Ap/3)

6a(l — 209) — 5)n ion
— el = 2 O g g

Assume that the probability of the event £(T) = {Vs < T, [[VL(65'8")||; > Pe} satisfies P (£(T)) > 3. By

applying the telescoping sum and taking expectations, and noting that 8y = Hgign, we have:

E |L(67%")] - L(60)

T-1
< (0= 200) Z 9§ g [ w65

- 6o =0
T—-1
(6o~ 222) — 5), > (B [mlI VL6 |1 | ()| PE(T) +E [7,I VL)1 | ET)| P (1))
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<_ (6a(1 — ?;;2) —5)n SE [nt||VL(9tSign)H1 | E(T)} P (&E(T))
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. e LI G NEE)
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- (60[(1 — 202) — 5)TP€2<0
= 2a?h, (From e <

2
aly

puVP

).
Therefore, we have:

1202(L(8o) — E [L(eiig“)])
T <
~ (6a(l —202) — 5)Pe2(o
12a%(L(6g) — L)
= (6a(1 — 202) — 5)Pe2( r

P

This means that when we take T' > (6;(2{Xj(2ii§‘i)51]—;€l @ Ap, we have P (E(T)) < % Therefore, we have

1202(L(8y) — L)
(6a(1 — 205) — 5) P2y

T-({67%" 320, L, || h) <

for any a > 6(1%202). Setting o = 3(1%202) to minimize the right-hand side completes the proof.
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H Additional background and related work

H.1 Steepest descent

Beyond the descent direction, steepest descent can be formulated as a full update obtained by minimizing a
local smoothness-based upper bound of the objective (Bernstein & Newhouse, 2024).

We say that L is L,-smooth if its gradient is Lipschitz continuous with respect to the ¢, norm, that is,
IVL(6) — VL(6')|lq < Ly||6 — 0[],

where || - ||4 is the dual norm of || - ||, For an L,-smooth function in a deterministic setting, the steepest
descent update is given by

L
0t+1 S argmin <<VL(0t),0 — 9t> + =2 Hg - 0t127> .
O€RP 2

For the ¢5 norm, this reduces to the standard gradient descent update
1
9t+1 - at - f VL(Ht),
2

whereas for the ¢, norm, a closed-form solution is given by

IVL(O) |2

oo

011 =0; — sign(VL(Gt)),

which corresponds to a scaled sign-based update.

H.2 Extended related work

Transformer architecture and layer normalization. The original Transformer architecture (Vaswani,
2017), referred to as Post-LN, applies layer normalization after the residual connection. In contrast, the Pre-LN
architecture places layer normalization before the residual connection. Wang et al. (2019b) demonstrated that
Post-LN Transformers are difficult to train when the number of layers is large, a finding later theoretically
confirmed by Xiong et al. (2020) using mean field theory. Other architectures such as Reformer (He et al.,
2021) were also introduced. Shi et al. (2022) showed that a large standard deviation in layer normalization
leads to rank collapse in Post-LN Transformers. Furthermore, Wu et al. (2024) observed that sparse masked
attention mitigates rank collapse in the absence of layer normalization and that layer normalization induces
equilibria ranging from rank one to full rank.

Attention sparsity. Sparse attention mechanisms have been proposed to reduce the computational costs
of Transformers. For example, ETC (Ainslie et al., 2020) introduces efficient sparse attention, and Zaheer
et al. (2020) proposed BigBird, which they theoretically demonstrated to be as expressive as full attention.
These sparse attention mechanisms are widely used in language models with large context windows, such
as Longformer (Beltagy et al., 2020) and Mistral 7B (Jiang et al., 2023). In NLP, Clark (2019) found that
attention of pre-trained BERT focuses on specific tokens. In vision, Hyeon-Woo et al. (2023) showed that
while uniform attention is challenging to learn with the softmax function, ViT successfully learns uniform
attention, which is key to its success. Additionally, Zhai et al. (2023) suggested that low attention entropy
contributes to training instability in Transformers, a phenomenon they termed entropy collapse. Furthermore,
Bao et al. (2024) demonstrated that a small eigenspectrum variance of query and key matrices leads to
localized attention and mitigates both rank and entropy collapse.

I Notation

Table S.12 shows our notations.
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Table S.12: Table of notations.

Variable Definition

ag k-th element of vector a

Ap . A, Ay k-th row, j-th column, and (k, j)-th element of matrix A
[Alp, [als b-th block of matrix A and vector a

B number of blocks in parameters

1, all-ones vector of size a

I, identity matrix of size a X a

vec(-), blockdiag(+)

row-wise vectorization, block diagonal matrix
Kronecker product
number of classes and training samples
dimensions of model parameters, and b-th block of parameters
sample space
model parameter
model and feature extractor
weight matrix and bias of the linear head
dimensions of features and tokens
i-th training sample and label
training loss
mini-batch loss
learning rate at iteration ¢
cross entropy loss function
softmax and sign function
parameter region of fine-tuning
local minimum of training loss
Lipschitz constant of the Hessian matrix
block-diagonal approximation of the Hessian matrix
upper bound of the approximation of Lp
constants in the upper bound of the gradient error
single-head self-attention
query, key, and value weight matrix
dimensions of key/query and value

o4



