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Abstract

We address the challenge of exploration in rein-
forcement learning (RL) when the agent operates
in an unknown environment with sparse or no
rewards. In this work, we study the maximum en-
tropy exploration problem of two different types.
The first type is visitation entropy maximization
previously considered by Hazan et al. (2019) in
the discounted setting. For this type of explo-
ration, we propose a game-theoretic algorithm
that has O(H3S52%A/e?) sample complexity thus
improving the e-dependence upon existing results,
where S is a number of states, A is a number of
actions, H is an episode length, and ¢ is a desired
accuracy. The second type of entropy we study is
the trajectory entropy. This objective function is
closely related to the entropy-regularized MDPs,
and we propose a simple algorithm that has a
sample complexity of order O(poly (S, A, H)/¢).
Interestingly, it is the first theoretical result in RL
literature that establishes the potential statistical
advantage of regularized MDPs for exploration.
Finally, we apply developed regularization tech-
niques to reduce sample complexity of visitation
entropy maximization to O(H2SA/e?), yielding
a statistical separation between maximum entropy
exploration and reward-free exploration.

1. Introduction

In reinforcement learning (RL), an agent interacts with an
environment aiming to maximize the sum of rewards re-
turned by the environment. When the reward signal is very
sparse or completely absent, the agent may experience long
periods without any feedback. In these periods exploration
is the main challenge.
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This work studies the problem of efficient exploration in the
absence of rewards. Approaches to solve this problem can
be roughly cast into three main groups: The bonus-based
exploration where the agent maximizes self-defined bonuses
or intrinsic rewards collected along trajectory (Schmidhu-
ber, 1991; Oudeyer et al., 2007; Bellemare et al., 2016).
Typically these bonuses are related to the variances of error-
signals from some auxiliary tasks, such as learning the tran-
sition probability distributions (Schmidhuber, 1991; Chen-
tanez et al., 2004; Pathak et al., 2017; Savas et al., 2019),
learning the optimal value function for all the possible re-
wards (Jin et al., 2020; Kaufmann et al., 2021; Ménard et al.,
2021), learning random generated features (Burda et al.,
2019). A second approach is the goal-conditioned explo-
ration where the agent learns to navigate to self-assigned
states (or goals). A common goal-selection rule for this
class of algorithms is to select as goals the states at the fron-
tier of the visited states (Lim & Auer, 2012; Tarbouriech
etal., 2020a; Ecoffet et al., 2019). Other selection-goal rules
include reaching each state a fixed number of times (Tar-
bouriech et al., 2021) or going to states where the estimation
error for the transition probabilities is large (Tarbouriech
et al., 2020b). The third approach, which has received rela-
tively less attention thus far, is the maximum entropy explo-
ration (Hazan et al., 2019; Lee et al., 2019; Mutti & Restelli,
2020; Mutti et al., 2021). This approach involves learning
a policy that aims to achieve a visitation distribution over
state-action pairs that is as uniform as possible. One specific
application of this approach is in unsupervised pretraining,
where it helps to obtain a better initial policy (Seo et al.,
2021; Zhang et al., 2021; Mutti et al., 2022). To achieve
this goal, the approach focuses on maximizing entropy-like
functionals, which is the main focus of our study.

In this work, we focus on environments modeled by an
episodic, finite, reward-free Markov Decision Process
(MDP) with S states, A actions, horizon H and step-
dependent transitions. We consider two types of entropy:
the visitation entropy and the trajectory entropy. The visita-
tion entropy of a policy is defined as the sum of the entropies
of the visitation distributions induced by the given policy
at each step. The trajectory entropy of a policy is given
by the entropy of a trajectory, generated when one follows
the given policy and seen as one random variable on the
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corresponding path space. We study maximum entropy ex-
ploration under the (g, )-PAC framework, that is, we want
to learn, with probability 1 — &, a policy leading to e-optimal
maximum visitation or trajectory entropy and using as few
as possible interactions with the environment.

Visitation entropy Hazan et al. (2019) study maximum
visitation entropy  exploration (MVEE) in the more general
framework of convex MDPs where the agent wants to max-
imize a convex function of the visitation distribution. The
authors in Hazan et al. (2019) propose to apply the Frank-
Wolfe algorithm (Frank & Wolfe, 1956) to a smoothed ver-
sion of the visitation entropy. Their algorithm, MaxEnt~,
has a sample complexity of order’ O(H*5%A/e3 + 53 /6),
that is, it needs to sample that number of trajectories in order
to find an e-optimal policy for MVEE. Later, Cheung (2019)
obtains a better rate of order O(H*S2?A/e? + H3S/e3) for
the Toc-UCRL2 algorithm. Then, building on the ideas in-
troduced by Abernethy & Wang (2017), Zahavy et al. (2021)
reinterpret the MaxEnt algorithm as a method to compute the
equilibrium of a particular game induced by the Legendre-
Fenchel transform of the smoothed entropy. Using this new
point of view, they propose the MetaEnt algorithm” with a
sample complexity of order O(H*S?A/(6%2) + H3S/e3).
In this work, building on the ideas by Griinwald & Dawid
(2002), we draw a connection between MVEE and another
game. In this game, a forecaster-player tries to predict the
state-action pairs visited by a sampler-player who aims
at surprising the forecaster-player by visiting not well pre-
dicted state-action pairs. We propose the algo-
rithm that tackles MVEE by solving this prediction game.
We prove that has a sample complexity of order
O(H*S%A/e% + HSA/¢), thus improving over the previ-
ous rate in terms of its dependence of ¢, see Table 1. The
key technical point leading to this improvement is that, con-
trary to the previous algorithms, does not need to
estimate accurately the visitation distribution of a policy at
each iteration but only needs one trajectory generated by
following this policy. Moreover, we propose ,
the regularized version of , that achieves sample
complexity of order O(H?SA/?), additionally improving
the previous rates in S. The main technique behind this

"Note that Hazan et al. (2019) consider a slightly different
entropy; see Remark

?In this work we refer to MaxEnt as the algorithm by Hazan
et al. (2019) applied to the visitation entropy and not to the reverse
entropy as initially proposed by the authors.

3We adapt rates from the ~-discounted setting by replacing
1/(1 —~) with H. To take into account step-dependent transitions
we multiply the first order term by H?.

“We call MetaEnt the specialization of their general Meta-
algorithm to the special case of MVEE. Note that MaxEnt,
Toc-UCRL2, MetaEnt could be seen as variations of the same
algorithm. We use different names to distinguish, at least, the
associated sample complexity.

improvement is exploiting a strong connection between vis-
itation entropy and regularization in MDPs. As a result, we
have shown that MVEE is statistically strictly simpler than
reward-free exploration (Jin et al., 2020).

Trajectory entropy The second problem we consider is
maximum trajectory entropy exploration (MTEE). The en-
tropy of paths of a (Markovian) stochastic process was first
introduced in Ekroot & Cover (1993). Intuitively maxi-
mizing the trajectory entropy of an MDP minimizes the
predictability of paths. Also there is a close connection be-
tween MTEE and regularized RL, a very popular approach
in practical applications of RL.

Contrary to MVEE, the optimal policy for MTEE can easily
be obtained by solving entropy-regularized Bellman equa-
tions with entropy of the transition probabilities as rewards.
Leveraging this observation, one can proceed in a similar
way as for the best policy identification’ (BPI, Fiechter
1994). Precisely, we propose two algorithms. The first one,

is the simplest one and computes a policy by
solving optimistic version of the aforementioned Bellman
equations and using it to interact with the environment. The
algorithm stops when an upper confidence bound on the
difference between the maximum trajectory entropy and
the trajectory entropy of the current policy is small enough.
The second algorithm, , is an adaptation
of the reward-free exploration by Jin et al. (2020) to our
setting. This algorithm has two phases. In the first phase, we
compute a preliminary exploration policy which is then used
to generate independent trajectories (data). In the second
phase, a nearly optimal MTEE policy is obtained by solving
the empirical Bellman equations with transitions estimated
from the data collected in the first phase.

Interestingly, we prove that enjoys a sam-
ple complexity of order O(poly(S, A, H)/e). The key tech-
nical ingredients to obtain such fast rate are exploitation of
the smoothness introduced by the regularization and the use
of the explicit form of the optimal policy.

Regularized MDPs Notably we can adapt” our algo-
rithms for MTEE to best policy identification in regularized
MDPs (Neu et al., 2017; Geist et al., 2019). Especially, we
consider the same entropy-regularized MDPs and associ-
ated Bellman equations as in Soft Q-learning (Foxetal.,
2016; Schulman et al., 2017; Haarnoja et al., 2017) or SAC
(Haarnoja et al., 2018), see Remark . We show that a
variation of has a sample complexity of
order O(poly(S, A, H)/(eX)) for BPI and reward-free ex-
ploration in regularized MDPs, where A is the regularization

SWhere in this problem the goal is to identify the optimal policy
of a given MDP (equipped with a reward function).

SThat is replace the entropy of the transition probability by an
arbitrary reward function.
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Algorithm Setting Sample complexity
MaxEnt (Hazan et al., 2019) (5(H4 S2A/€3 JrSS/EG)
Toc-UCRL2 (Cheung, 2019) O(H*S?A/e?+ H3S/e®)
MetaEnt (Zahavyetal,2021) MVEE  O(H*5%4/(5%?)+ H?S5/e%)
(this paper) 6(H4S2A/82+HSA/E)
(this paper) 6(H2SA/62+HSS4A/E)
(this paper) MTEE (5(H3SA/€2 + H35%A/¢)
(this paper) 5(H85'4A/8)

Table 1. Sample complexities for MVEE and MTEE. We convert
rates from the ~y-discounted setting by replacing 1/(1 — ) with H
or from the infinite horizon setting by replacing the diameter with
H. To take into account step-dependent transitions we multiply
the first order term by H 2, (For MetaEnt since they do not precisely specify
the cost for estimating a visitation distribution we use the same 1/&% term as for
Toc-UCRL2.)

parameter. In particular, it exhibits a statistical separation
between BPI in regularized MDP and BPI in the original
MDP since in this case the optimal sample complexity is
of order O(H3SA/e?) (Ménard et al., 2021; Domingues
et al., 2021a). Thus, our analysis shows that regularization
is an effective way to trade-off bias for sample complexity.
Additionally, we show how to use entropy regularization to
obtain a theoretically faster version of algorithm.

We highlight our main contributions:

* We propose the - algorithm for MVEE with a sam-
ple complexity of order O(H*S?A/e?) thus significantly
improving the existing complexity bounds for MVEE.

* We introduce the new MTEE setting for exploration and
provide two algorithm: the algorithm for
MTEE with a sample complexity of order O(H3SA/£?),
and with a sample complexity of order
O(poly(S, A, H)/e). Up to our knowledge, this is the
first time that a fast rate (in 1/¢) is obtained thanks to
regularization.

* We adapt and to solve the
entropy-regularized MDPs with a sample complexity of
order O(H3SA/e?) and O(poly(S, A, H)/()\e)) corre-
spondingly, where A is the regularization parameter.

* We combine algorithm with regularization tech-
niques, resulting in a new algorithm . This
algorithm improves a sample complexity of to

O(H?SA/e?) and shows statistical separation of MVEE
from reward-free exploration.

2. Setting

We consider a finite episodic reward-free MDP M =
(S,A, H, {ph}he[H],sl), where S is the set of states of
size S, A is the set of actions of size A, H is the number of
steps in one episode, pp,(s’|s, a) is the probability transition

from state s to state s’ by performing action a in step h.
And s; is the fixed initial state.

Policy & value functions A general policy m =
(Yn)nerm) is a collection of function v : (S x A x
[0,1])"71 x & x [0,1] — A that maps an history I;, =
(s1,a1,U1,- ., 8h—1,0ap—1,Up—1) Where uy, are i.i.d. uni-
formly distributed on the unit interval, a state s; and an
auxiliary independent uniformly distributed random vari-
able up to an action ap, = p(Ip, Sp,up). A policy is
Markovian if the action depends only on the previous state
and the auxiliary noise ap, = ¢y (sp,un). In this case
the policy can be represented as 7 = (74)ne(m) @ col-
lection of mappings from states to probability distribu-
tions over actions 7, : S — A4 for all h € [H| where
an = ¥n(sp,up) ~ m(sp). Furthermore, py f(s,a) =
Egr wp,(]s,a)[f(s")] denotes the expectation operator with
respect to the transition probabilities p;, and (7, g)(s) =
T19(8) £ Eqmnm, (s)[9(s, a)] denotes the composition with
policy 7 at step h. Also, for any distribution over actions
7 € Ay define 7g(s) £ Eour[g(s,a)].

Visitation distribution The state-action visitation distri-
bution of policy 7 at step h is denoted by df, where d} (s, a)
is the probability of reaching the state-action pair (s, a) at
step h after policy 7.

Visitation polytopes All the admissible collection of visi-
tation distributions belong to the following polytope

Ky & {d = (dn)nern ;dl(s,a) =1{s=s51}VseS

Zdh+1(s,a) = Z ph(s\s/, a,)dh(s/, a/) Vs € §,Vh > 1} .
ac€A (s’,a’)eSXA

We also denote by K the set of collections of probability
distributions over state-action pairs without the constraint
to be a valid visitation distribution, that is

KA {d = (dn)nepm) ¢ dnls,a) > 0, ¥(h,s,a) € [H] x S x A

ST du(s,a)=1,Vhe [H]}.

(s,a)ESXA

Trajectory distribution We denote by 7 £ (S x A)7 =
{(sl,ah...,sH,aH) : (Sh,(lh) e Sx A Vh € [H}} the
set of all possible trajectories. The probability to gener-
ate the trajectory m = (s1, a1, ..., Sy, am) with he policy
7 is ¢"(m) £ w(ar]s1) [T5ey Pro1(snlsn1, an—1)mn(an|sn).
Note that the visitation distribution at step h of policy
7 is a marginal of the trajectory distribution dj (s,a) =

E(SlaalwuysHaaH)"‘qW [1{(57 a) = (8h7 ah)}]'

Counts and empirical transition probability the num-

ber of times the state action-pair (s,a) was visited

in step h in the first ¢ episodes are n!(s,a) =
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S 1{(sh,a}) = (s,a)}. Next, we define n}, (s'|s,a) £
S (s}, al, sh,1) = (s,a,8')} the number of transi-
tions from s to s’ at step h. The empirical distribution is de-
fined as pj (s'|s, a) = n}(s'|s,a)/nt(s,a) if nf(s,a) > 0
and p} (s'|s,a) £ 1/Afor all s’ € S else.

Additional notation For n € N, we define the set
[n] = {1,...,n}. Forn € N, we denote by A,, the prob-
ability simplex of dimension n. For elements (p, q) € A,
the entropy of p is denoted by H(p) £ — Zie[n] p; log p;
and the Kullback-Leibler divergence between p and ¢
by KL(p,q) = ,c(, Pilog(pi/q;). For a number x

and any two number m < M define clip(z,m, M) =

max(min(x, M), m).

3. Visitation Entropy

In this section we focus on maximizing the visitation entropy
defined below.

Visitation entropy We define the visitation entropy of a
policy 7 denoted by as the sum of the visitation distribution

entropies at each steps
H

Hvisit(dﬂ-) = Z H(dZ) :

h=1

We denote by 7VE € arg max_ Hyii(d™) a policy that

maximizes the visitation entropy.

Maximum visitation entropy exploration In MVEE the
agent interacts with the reward-free MDP M as follows.
At the beginning of episode ¢, the agent picks a policy 7!
based only on the transitions collected up to episode ¢t — 1.
Then a new reward-free trajectory is sampled following the
policy ! and observed by the agent. At the end of each
episode the agent can decide to stop collecting new data,
according to a random stopping time 7, the stopping rule,
and outputs a (general) policy 7 based on the observed
transitions. An agent for MVEE is therefore made of a
triplet ((7%)sen, 7, 7).

Definition 3.1. (PAC algorithm for MVEE) An algorithm
((7")ten, 7, 7) is (¢, 8)-PAC for MVEE if

]P(Hvisil (dﬂ'*’VE) - Hvisit(d?) S E) 2 1—6.

Our goal is to design an algorithm that is (¢, )-PAC for
MVEE with as sample complexity 7 as small as possible.

3.1. MVEE by Solving Game

Following the general framework of Hazan et al. (2019);
Zahavy et al. (2021), it is possible to solve MVEE by ap-
plying the Frank-Wolfe algorithm to a smoothed version

of the visitation entropy. Interestingly, Abernethy & Wang
(2017) showed that this procedure is equivalent to comput-
ing the Nash equilibrium of a particular game induced by
the Legendre-Fenchel transform of the smoothed entropy.
In fact, as noted by Griinwald & Dawid (2002), there exists
another game naturally linked to MVEE, stated next.

Prediction game Maximum visitation entropy is the value
of the following prediction game

max Hyisie(d) = max min dp(s,a)log 7

dekCy dek, dek ) h(s, a)
1
= min max dp(s,a)log = ;
dek dek (}gza) (s a)log dn(s,a)
see Lemma in Appendix H for a proof. This game can

be interpreted as follows. On the one hand, the min player,
or forecaster player, tries to predict which state-action pairs
the max player will visit to minimize KL(d},, ds,). On the
other hand, the max player, or sampler player, is rewarded
for visiting state-action pairs that the forecaster player did
not predict correctly.

We now describe the algorithm for MVEE. In this
algorithm, we let a forecaster player and a sampler player
compete for 7" episodes long. Let us first define the two
players.

Forecaster-player As forecaster-player we use the
Mixture-Forecaster for a logarithmic loss, see Section 9
in (Cesa-Bianchi & Lugosi, 2006). Fix a prior count ng
and their sum ¢y, = SAng. The forecaster-player pre-
dicts at episode ¢ the distributions d* € K with d!, (s, a) =
ni (s, a)/(t+1to) where the pseudo counts are 72}, (s, a) =
nt (s, a) + ng and n}, (s, a) the counts of state-action pairs
visited by the sampler-player. Note that Jz can be seen
as the posterior mean under a Dirichlet distribution prior

Dir({no} (s,a)esx.4) on S x A.

Sampler-player As sampler-player we choose the opti-
mistic best-response. Define the optimistic Bellman equa-
tions

Qh(s,a) = log PV i1 (5,0) + Bl (s, a),

_
d;" (s, a)

M

V(o) = el g @ (5, 0), 0.log(t/no + SV ).
where V; ; = 0 and bj, are some Hoeffding-like bonuses
defined in (6) of Appendix B. The sampler player then plays
d™"" where wt+1 is greedy with respect to the optimistic
Q-values, that is, 7,7 (s) € argmax, Q5 ().
Sampling rule At each episode ¢ the policy 7t of the
sampler-player is used as a sampling rule to generate a new
trajectory.
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Decision rule After 7' episodes we output a non-
Markovian policy 7 defined as the mixture of the policies
{m'}+epm. that is, to obtain a trajectory from 7 we first sam-
ple uniformly at random ¢ € [T] and then follow the policy
wt. Note that the visitation distribution of 7 is exactly the
average d* = (1/T) > telm) ar.

Remark that the stopping rule of is deterministic
and equals to 7 = T'. The complete procedure is detailed in
Algorithm

Algorithm 1
1: Input: Number of episodes 7', prior counts ng.
2: fort € [T] do
3:  # Forecaster-player
—t—1

4:  Update pseudo counts 7,

(s,a) and predict

di (s, a).
5:  # Sampler-player
6:  Compute 7 by optimistic planning (1) with rewards

log (1/d} (s,a)).
7:  # Sampling
8.

. forh e [H]do
9: Play a}, ~ 7} (s})
10: Observe s}, | ~ pn(s},a})
11:  end for

12:  Update counts and transition estimates.
13: end for
14: Output 7 the uniform mixture of {7"},c (7.

Theorem 3.2. Fixe > 0,0 € (0,1) and ng = 1. Then
under the choice

N 42
T:O(H§A+HSA>
€ €

the algorithm is (g,0)-PAC. See Theorem in
Appendix B for a precise bound.

Thus the sample complexity of is of order
O(H*S%A/e?). In particular, this result significantly im-
proves over the previous rate for MTEE, see Table 1. Note
that, by using Bernstein-like bonuses (Azar et al., 2017)
instead of Hoeffding-like ones for the sampler-player would
give a sample complexity of order O(H3S?A/<?) saving
one factor H. However, in the Section 5 we present a way
to use regularization techniques to achieve a sample com-

plexity of order O(H2SA/e2).

Space and time complexity Since relies on a
model-based algorithm for the sampler-player, its space
complexity is of order O(H S? A). Because of the value iter-
ation performed by the sampler-player, the time-complexity
of one iteration of is of order O(HS?A).

Remark 3.3. Note that our definition of the visitation en-
tropy slightly differs from the one considered by Hazan et al.

(2019). Indeed, their definition, translated to the episodic
setting, is the entropy of the average of the visitation dis-
tributions which is an upper bound on the average of the
entropies by concavity of the entropy

1 & 1
. z : u > L
H(H £ dh> et Hvat(d )

Even if both definitions make sense in the episodic set-
ting, we think ours is slightly more appropriate in the case
of step-dependent transition probabilities. Indeed, in this
case we want visitation distributions to be close to the uni-
form distribution over state-action pairs for all steps. Nev-
ertheless, can be adapted to optimize the visita-
tion entropy used in Hazan et al. (2019) simply by pre-
dicting dt (s,a) = Sn_ @t (s,a)/(H(t + to)) for the
forecaster-player. We conjecture that the sample complexity
of this adaptation of for the alternative entropy is
again of order O(H S?A/e?).

Comparison with MaxEnt and MetaEnt  All three algo-
rithms, , MetaEnt (Zahavy et al., 2021), MaxEnt
(Hazan et al., 2019) rely on the same principle of comput-
ing, implicitly or explicitly, the equilibrium of a well chosen
game and deduce from it an optimal policy for MVEE. One
first difference between and its competitors lies in
the choice of the game. While MetaEnt, MaxEnt consider
the game induced by the Legendre-Fenchel conjugate of a
smoothed visitation entropy (Zahavy et al., 2021),

leverages the prediction game which looks more natural for
MVEE. One advantage of using this game, is that it allows
to avoid the need to smooth the visitation entropy because it
is done implicitly by the forecaster-agent with the pseudo-
counts. More importantly, MaxEnt and MetaEnt both needs
to accurately estimate at each episode the visitation distri-
butions of the sampler-player ar, leading to an extra 1/&3
term in the sample complexity. Whereas needs
one trajectory from 7t since it only involves the estimation
of the averages 1/T Zthl d;{t.

4. Trajectory Entropy

In this section we focus on another type of entropy, the
trajectory entropy, that can be efficiently maximized. The
entropy of paths of a (Markovian) stochastic process is
introduced by Ekroot & Cover (1993). It quantifies the
randomness of realizations with fixed initial and final states.
Later it was extended (Savas et al., 2019) to realizations that
reach a certain set of states, rather than a fixed final state.
This type of entropy is also closely related to the so-called
entropy rate of a stochastic process.

Trajectory entropy We define the trajectory entropy of
a policy 7 as the entropy of a trajectory generated with the
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policy 7

Htraj( 7r é Z q (1m) .

meT

x,TE

We denote by € argmax, Hu,j(¢™) a policy that

maximizes the trajectory entropy.

Maximum trajectory entropy exploration MTEE dif-
fers from MVEE only in the choice of entropy. In particular
an algorithm ((7")¢en, , 7, ™) for MTEE is also a combina-
tion of a time dependent policy (7")sen, , a stopping rule 7,
and a decision rule 7.

Definition 4.1. (PAC algortihm for MTEE) An algorithm
((7")en, 7, 7) is (g, 6)-PAC for MTEE if

IP)(7'llraj (qﬂ-*,TE) - Htraj(qﬁ) S 6) S 1-9.

As noted by Eysenbach & Levine (2019), MTEE can also be
connected to a prediction game. In this game, the forecaster-
player aims to predict the whole trajectory that the sampler-
player will generate. Remark that predicting the trajectory
implies to predict, in particular, the visited state-action pairs
but the reverse is not true in general '. We could then
apply the same strategy as in Section 3 to solve MTEE.
Nevertheless, for trajectory entropy, there is a more direct
way to proceed.

Entropy regularized Bellman equations One big differ-
ence between MVEE and MTEE is that the optimal policy
can be obtained by solving regularized Bellman equations.
Indeed, thanks to the chain rule for the entropy, the tra-
jectory entropy of a policy 7 is Hu,i(d™) = V{"(s1) and

=Vi(s1)

the maximum trajectory entropy is Haj (d’f*’TE)
where the value functions V'™ and V* satisty

Qn(s,a) = H(pn(s,a)) + pnVigi(s, a),
Vit (s) = mnQHr (s) + 7—[(7rh( ))
Qh(s,a) = H(pn(s,a)) + pn Vit (s, a),
Vi (s) = max {TFQ;L( )+ H(m)},

where by definition, Vi, | = Vi £ 0. In particular, the
maximum trajectory entropy policy is given by WZ’TE(S) =
argmax, ca , (mQ*(s) + H(m)). It can be computed ex-
F(als) = exp(Qj (s, a) — Vi (s)) as well as

= log(X,c 4 0¥ ).
for a complete derivation.

plicitly via 7"
the optimal value function V;*(s)
We refer to Appendix

We now describe our algorithm , the de-
scription of is postponed to Appendix D. The
idea of the algorithm is rather simple: since we need to
solve regularized Bellman equations to obtain a maximum

"Indeed d7f are only the marginals of ¢™.

trajectory entropy policy, we can 1) find a preliminary ex-
ploration policy ™ allowing one to construct estimates of
the transition probabilities which are uniformly good when
computing expectations of arbitrary bounded functions over
all policies (see Lemma ), and 2) solve the regularized
Bellman equations based on the estimated model. A simi-
lar approach is used in reward-free exploration (Jin et al.,
2020; Kaufmann et al., 2021; Ménard et al., 2021), and, in
particular, our algorithm is close to RF-RL-Explore by Jin
et al. (2020). However, the key difference is that in the pres-
ence of regularization a much smaller number of transitions
(trajectories) needs to be collected in order to obtain a high
quality policy.

Exploration phase This phase is devoted to learn a sim-
ple (non-Markovian) preliminary exploration policy 7™
that could be used to construct a accurate enough estimates
of transition probabilities. This policy is obtained, as in
RF-RL-Explore, by learning for each state s and step h, a
policy that reliably reaches state s at step h. This can be
done by running for N iterations any regret minimization
algorithm, e.g. EULER (Zanette & Brunskill, 2019), for the
sparse reward function putting reward one at state s at step
h and zero otherwise. The policy 7™ is defined as the
uniform mixture of the aforementioned policies. Then the
policy 7™ is used to collect N fresh independent trajecto-
ries from the MDP.

Planning phase For the planning phase, the agent builds
a transition model

ny (s']s,a)
(s 0) = {Mw

3 np(s,a) =

nh(s,a)>8’ )

where ny, (s, a) is the number of visits of the state-action pair
(s,a) at step h for these N sampled trajectories. The final
policy is a solution to the empirical regularized Bellman
equations

Qi(s,a) = H(Pi(s,0)) + P Vit (5, 0),
Vi (s) = max {wQi(s) + H(m)} )
7n(s) = arg maX{ﬂ’Qﬁ (s) + 7—[(71)} .

TEA 4

The complete procedure is described in Algorithm 2. We
now prove that, for the well-calibrated choice of N and
Ny of order O(poly(S, A, H)/e), the

algorithm is (g, 0)-PAC for MTEE and provide an upper
bound on its sample complexity. For the proof we refer to
Appendix

Theorem 4.2. The algorithm with pa-
rameters Ny = Q(ifﬂsi“'ﬁ) and N = Q<7H652AL5)

is (¢,0)-PAC for the MTEE problem, where L =
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log(SAH/(e0)). Its total sample complexity SHNy + N
is bounded by -
o (H S A).
€
Algorithm 2
1: Input: Target precision ¢, target probability ¢, number
of episodes for simple exploration policy Ny, number
of sampled trajectories N.
2: for (s',1') € S x [H] do
Form rewards 71, (s,a) = 1{s = s',h = h'}.
4:  Run EULER (Zanette & Brunskill, 2019) with rewards
3, over Ny episodes and collect all policies IT .
5: Modify 7 € Iy ¢ mp(als’) =1/Aforalla € A.
6: end for
7: Construct a uniform mixture policy 7
s pn:(s,h) €S x[H]}
8: Sample N independent trajectories (2y, ),e[n) following
7™ in the original MDP.
9: Construct from (z,,),c[n] an empirical model py, as in

.
10: Output policy 7 as a solution to (3).

bl

mix gver all {7 €

Remark 4.3. (On solving regularized MDPs) Interestingly,
our approach for MTEE can be adapted to solve entropy-
regularized MDPs. For a reward functions (71,)5e[z) and

regularization parameter A > 0, consider the regularized
Bellman equations

QX,n(s,a) =rn(s,a) + PV i (s,a),
Viin(s) = mnQ3 n(s) + AH (mn(s)) ,

QA n(s,a) = (s, a) + ppVinti(s,a),
VXn(s) = max QX n(8) + AH(m),

where V'y, . = Vi, = 0. Note that these are
the Bellman equations used by Soft Q-learning (Fox
et al., 2016; Schulman et al., 2017; Haarnoja et al., 2017)
and SAC (Haarnoja et al., 2018) algorithms. We are in-
terested in the best policy identification for this regular-
ized MDP. That is finding an algorithm that will output
an e-optimal policy 7 such that with probability 1 — ¢,
it holds V', (s1) — V/{Tl(sl) < ¢ after a minimal num-
ber 7 of trajectories sampled from the MDP M" =
(S, A, H, (pn)neir), (Th)he[m); 51). By using similar ex-
ploration and planning phases as in , We
get an algorithm for BPI in the entropy-regularized MDP
that also enjoys the fast rate of order O(H8S*A/(e))).
Moreover, this algorithm could be used for more general
types of regularization and even in reward-free setting with
the same order of the sample complexity. Refer to Ap-
pendix D-E for precise statements and proofs.

We observe that the sample complexity for solving the regu-
larized MDP is strictly smaller® than the sample complexity

8For small enough e.

for solving the original MDP. Indeed, one needs at least
O(H3SA/e?) trajectory (Domingues et al., 2021a) to learn
a policy 7 which value in the (unregularized) MDP is e-close
to the optimal value. Nevertheless, regularizing the MDP
introduces a bias in the value function. Precisely we have
forall m, 0 < VT (s1) — Vi"(s1) < O(AH) where V{"(s1)
is the value function of 7 at the initial state and MDP M".
Thus, to solve BPI in M" through BPI in the regularized
MDP, one needs to take A = O(1/(Hze)), leading to a sam-
ple complexity of order O(H®5*A/2). In particular, our
fast rate for BPI in regularized MDP does not contradict
the lower bound for BPI in the original MDP. However, our
analysis shows that regularization is an effective way to
trade-off bias for sample complexity.

Visitation entropy vs trajectory entropy We can com-
pare the visitation entropy and the trajectory entropy with

Htraj(qﬂ') < KL(CIW7 ®hH:1dZ) + 7'[traj(qﬂ) < Hleaj(qﬂ') 5

Hyisit(d™)

where @/ dT is a product measure, see Lemma H.3 in Ap-
pendix H for a proof. Note also that in general the visitation
distributions of an optimal policy for maximum trajectory
entropy will be less ’spread’ than the one of an optimal
policy for MTEE, see Section 6 for an example. In par-
ticular one can prove that the optimal policy for MTEE is
the uniform policy if the transitions are deterministic, see
Lemma of Appendix

4.1. Proof Sketch

In this section we sketch the proof of Theorem

Properties of entropy We start from analysing several
properties of the entropy function. First, we notice that the
well-known log-sum-exp function is a convex conjugate to
the negative entropy defined only on the probability simplex
(Boyd & Vandenberghe, 2004)

F(z)21o <Z e“‘“) = max (m,x) + H(m)

€
acA TESA

and extend its action to QQ-functions
F(Q)(s) 2 max 7Q(s) + H(m).
TEA A

This definition is useful because we can rewrite the optimal
value function for MTEE in real and empirical model as
follows

Vi(s) = F(Qi)(s), Vi (s) = F(@Q)(s). @

Additionally, we notice that the gradient of F' is equal to the
soft-max policy that maximizes the expressions above

mh(s) = VE(Q)(s), 7n(s) = VF(QF)(s),
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and, moreover, since the negative entropy —H () is 1-
strongly convex with respect to ¢; norm, gradients of F’
is 1-Lipschitz with respect to ¢, norm by the properties
of the convex conjugate (Kakade et al., 2009). Combining
the gradient properties with the smoothness definition to Q*

and @% we obtain
F(Qi)(s) < FQR)(s) + 7 (Qh = Q) (5)

) ®)
+ 3 lIQk — QRI%(s),

where [|Q} — QF [l (s) = Qh(s,a)].

maxaca |QF (s, a) —
Bound on the policy error Next we apply the key in-

equality (5) to analyze the error between the optimal policy
and policy 7. Using (4) yields

Vit (s) + 7n (Qh — Q7) (5)
+ 5 r&a}(@h(s a) — Qil(s, a))2.

Next, by definition of 7 we have Vi (s) = H(7n(s)) +
7nQ7 (s), therefore by the regularized Bellman equations

Vi (s) = Vi (s) < Vil (s) —
1

Vir(s) = Vil (s) < (Vh+1 Vhil)(s)

< Thp
L1 . 2
5 (Qh(s a) - Qh(&a)) .
Finally, rolling out this expression we have

[Z max(Q7 - Q1) (s a):| .

Vi(s1) — Vi (s1) <

w\»—l

Next we may notice that in the generative model setting
there is available results that tells us that O(1/¢) samples
are enough to obtain ||@§ — Qilloe S Ve (Azar et al,
2013), and we can conclude the statement. However, in
the online setup the situation is more complicated, and we
apply reward-free techniques developed by Jin et al. (2020)
to obtain a "surrogate" of the generative model.

5. Faster Rates for Visitation Entropy

In this section, we show how to combine the regularization
techniques developed in Section 4 with algorithm
presented in Section

The new algorithm is based on exactly the
same game-theoretical framework as , but uses a
regularized sampler player instead of the usual one.

Regularized sampler-player For the sampler player, we
shall take advantage of strong convexity of the visitation
entropy. Beforehand, we construct an estimate of the model
{Pn}ne[m) by reward-free exploration, using HSNy sam-

ples to compute a policy 7™* and N samples to estimate

“When there is a sampling oracle for each state-action pair.

transitions. Next, define the empirical regularized Bellman
equations

. 1 .
Qi (s,a) = 10g<m) + Pn Vit (s, a),
h

Vi(s) = max {rQh(s) + H(m)},

where IA/IZ 41 = 0. The sampler player then follows the

distribution d™"" where 7t+1 is greedy with respect to
the regularized empirical Q-values, that is, 7rfl+1(s) IS

argmax,ca , {7 Q! (s) + H(m)}.
Theorem 5.1. Fixe > 0and § € (0,1). Forng =1,

H7S3A-L3) N_Q(HGS3AL5)
’ - f )

NO:Q<
3

and 3 3 2Q2 272
T:Q(HS;U; +HSAL).
& g
with L = log(SAH/é¢) the algorithm is

(e,0)-PAC. The total sample complexity is equal to SH -
No + N + T, that is,

2 8 g4
_O(HSA HSA)

g2 €

Thus, the sample complexity of is of order
O(H?SA/e?) for  large enough. In particular, this result
significantly improves over the previous rates for MVEE,
see Table |. Moreover, this result shows a rate separa-
tion between reward-free exploration (Jin et al., 2020),
where the established lower bound on sample complexity
Q(H3S5%A/e?) scales with S?, and the visitation entropy
maximization problem.

Proofidea The main proofidea is to exploit not just strong
convexity of the visitation entropy with respect to Euclidean
distance but its strong convexity with respect to trajectory
entropy (Bauschke et al., 2017). It allows us to use entropy
regularization as described in Section for the sampler
player resulting in an averaged regret less than ¢ for only
O(poly (S, A, H)/e) samples. Thus, the density estimation
error becomes the leading term in the full error decomposi-
tion. For more details refer to Appendix

6. Experiments

In this section we report experimental results on simple tab-
ular MDP for presented algorithms and show the difference
between visitation and trajectory entropies. In particular,
we compare and algorithms with (a)
random agent that takes all actions uniformly at random, (b)
an optimal MVEE policy computed by solving the convex
program, and (c) an optimal MTEE policy computed by
solving the regularized Bellman equations. As an MDP, we
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Figure 1. Number of state visits for N = 100000 samples in Dou-
ble Chain MDP with S = 31 states, A = 2 actions, a horizon
H = 20 and a 0.1 probability of moving to the opposite direction.

choose a stochastic environment called Double Chain as
considered by Kaufmann et al. (2021).

Since the transition kernel for this environment is stage-
homogeneous, for and algorithms we
joint counters over the different steps h. In particular, it
changes the objective of the algorithm to the ob-
jective considered by Hazan et al. (2019) that makes more
sense in the stage-independent setting

In Figure | we present the number of state visits for our
algorithms and baselines during N = 100000 interactions
with the environment. For algorithm the pro-
cedure was separated on two stages: at first we learn MDP
with N-sample budget and extract the final policy, and then
plot the number of visits for the final policy during another
N samples.

In particular, we see that since this environment is al-
most deterministic the optimal MTEE policy is almost
coincides with a random policy. Notably, the policy in-
duced by is more uniform over states because
of 1/4/nt(s, a) bonuses, that make our algorithm close to
RF-UCRL (Kaufmann et al., 2021). Also we see that the
optimal MVEE policy is the most uniform over states, that
makes it an appropriate target for the pure exploration prob-
lem. For more details and additional experiments we refer
to Appendix I.

7. Conclusion

In this work we studied MVEE for which we provided
the algorithm with a sampling complexity signifi-
cantly smaller than the existing complexity rates. We also
introduced the MTEE problem where the optimal policy can
be found using the dynamic programming. We proposed the

and algorithms for MTEE

10See Remark

that can be adapted to BPI in regularized MDPs. We proved
that, in both cases, and its variant enjoy
a fast rate. In particular, we observed a statistical separation
between BPI in regularized MDP and in the original MDP.
Moreover, we show that the regularized version of

called enjoys O(H?S A/e?) rates, making de-
pendence in S smaller than in the reward-free exploration
problem (Jin et al., 2020).

This work opens the following interesting future research
directions:

Optimal rates for MVEE and MTEE We are still lack-
ing lower bounds for MTEE and MVEE problems enabling
us to determine the optimal rates, especially what the num-
ber of states .S and the horizon H is concerned. Note that
one cannot apply directly the usual lower-bounds techniques
for these two problems because of the entropy regularization
in both cases. In particular, we conjecture that the optimal
rate for MVEE is also of order O(poly(H, S, A)/¢).

Optimal rate for entropy-regularized RL It would be
interesting to obtain the optimal rate for BPI in a regularized
MDP. In particular to recover the optimal rate for BPI in the
original MDP by tuning the regularization parameter A. We
conjecture that the optimal rate is O(H2SA/()e)) for BPI
in entropy-regularized MDP.

Other types of entropies Our methodology can be ap-
plied to other types of entropies and even to other regular-
ization penalties. One interesting case would be the goal-
conditioned trajectory entropy (see Savas et al. 2019) where
one considers only process realizations that reach a certain
set of states at time /7. This entropy can be applied to goal-
conditioned RL. Another type of problem that could be of
high interest is visitation entropy maximization under safety
constraints (Yang & Spaan, 2023).
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A. Notation
Table 2. Table of notation use throughout the paper
Notation Meaning
S state space of size .S
A action space of size A
H length of one episode
S1 initial state
T stopping time
T trajectory space, 7 2 (S x A)H
€ desired accuracy of solving the problem
1) desired upper bound on failure probability
A regularization parameter in regularized MDPs (see Appendix D).
K weight of transition entropy in reward in regualrized MDPs (see Appendix
pr(s'|s,a) probability transition
ri(s,a) reward function
d7(s,a) state-action visitation distribution at step h for the policy 7
q™(m) visitation probability of trajectory m € T by policy =
Ky polytope of all admissible state-action visitation distributions
K polytope of all admissible distributions over state-actions, K = (Aga)?
Hisic(d) visitation entropy H.isii(d™) £ 2’1;1:1 H(d]) for d™ € K,
o VE policy that maximizes H.isi((d™), a solution to the MVEE problem
Hiraj (¢7) trajectory entropy Huj(¢™) = H(q™)
*TE policy that maximizes H,j(¢™), a solution to the MTEE problem
no number of prior visits for the forecaster-player in
to total number of prior visits
st state that was visited at h step during ¢ episode
at action that was picked at h step during ¢ episode
nt (s, a) number of visits of state-action n, (s,a) = 35 _, 1{(sF,ak) = (s,a)}
nk (s']s, a) number of transition to s’ from state-action nj,(s'|s,a) = Y5 _, L{(sk,ar, sk 1) = (s,a,5)}.
nt (s, a) pseudo number of visits of state-action 7}, (s,a) = n! (s,a) + no
pr(s'|s,a) empirical probability transition pf (s'|s, a) = n},(s'|s,a)/n} (s, a)
dt (s, a) predicted distribution by the forecaster-player in di(s,a) 27, (s,a)/(t + to)

<
=L
>
\’CIJ
=)
2

&L
»
S

for : upper bound on the optimal Q/V-functions in a MDP with rewards log(1/d\"" (s, a)))

»
S

»
S

—~ A~ o~ |
»
S
— | —
5SS

QOO
> S e

S
ST H

Q- and V-functions for the MTEE problem
optimal Q- and V-function for the MTEE problem

for : the upper bound on the optimal Q/V-functions for the MTEE problem
for : the lower bound on the optimal Q/V-functions for the MTEE problem

Q- and V-functions in a regularized MDP
optimal Q- and V-function in a regularized MDP

for : the empirical Q- and V-functions in a regularized MDP

Ay

Ax

H(p)

clip(x, m, M)

non-negative real numbers

positive natural numbers

set {1,2,...,n}

Euler’s number

d + 1-dimensional probability simplex: Ay £ {z € R% : Z;l:l xz; =1}
set of distributions over a finite set X' : Ay = A y|.

Shannon entropy for p € Ax, H(p) £ >, pilog(1/p;)

clipping procedure clip(z, m, M) £ max(min(z, M), m)

Let (X, X') be a measurable space and P(X) be the set of all probability measures on this space. For p € P(X) we denote
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by E, the expectation w.r.t. p. For random variable £ : X — R notation £ ~ p means Law({) = p. For any measures
p,q € P(X) we denote their product measure by p ® q. We also write E¢.,, instead of E,. For any p,q € P(X) the
Kullback-Leibler divergence KL(p, g) is given by

Eyllog £, p<q
~+00, otherwise

KL(p,q) = {

Forany p € P(X) and f : X — R, pf = E,[f]. In particular, for any p € Ay and f : {0,...,d} — R, pf =
ZZ:O f(0)p(€). Define Var,(f) = Evp[(f(s') — pf)?] = plf*] — (pf)®. For any (s,a) € S, transition kernel
p(s,a) € P(S)and f: S — R define pf(s,a) = Eps q)[f] and Vary[f](s,a) = Var,( 4)[f]. For any s € S, policy
7(s) € P(S)and f: S x A — R define 7 f(s) = Equr(s)[f(5,a)] and Vary f(s) = Varg, ) [f(s, a)].

For a MDP M ,a policy 7 and a sequence of function f;, define E, [Zﬁ:h f(snryan)|sn] as a conditional expectation
of Zgzh f(sns,ap) with respect to the sigma-algebra Fj, = o{ (s, ap/)|h’ < h}, where for any h € [H| we have
an ~ (Sh), Sht1 ~ Pr(Shyan)-

We write f(S,A,H,e) = O(g(S, A, H,¢e,0)) if there exist Sy, Ao, Ho,€0,00 and constant C , such that for any
S > S0, A > Ay, H > Hp,e < €9,0 < o, f(S,A,H,T,6) < Crgq-9(S,A HT,S). We write f(S,A,H,e,0) =

O(9(S, A, H,¢,9)) if Cf 4 in the previous definition is poly-logarithmic in S, A, H,1/¢,1/0.
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B. Proofs for Visitation Entropy

We first define the regrets of each players obtained by playing 7" times the games. For the forecaster-player, for any d € K

we define
- 1
Fore Z Z dh s, a) <log dt( ) —log dh(s7a)>

t=1 h,s,a

where (fivﬁl(s, a) £ 1{(s},a}) = (s,a)} is a sample from d;{t (s,a). Similarly for the sampler-player, for any d € K, we
define
1

t
(dn(s,a) —df; (s,a))log =—— .
s h( h \Ss g
@235 e
Recall that the visitation distribution of the policy 7 returned by is the average of the visitation distributions of

the sampler-player dj (s, a) = d;f (s,a) £ (1/T) Zt 1 d” (s,a). We also denote by dT(s a) = (1/T) Zt 1 d'(s, a) the
average of the ’sample’ visitation distributions.

We now relate the difference between the optimal visitation entropy and the visitation entropy of the outputted policy 7
with the regrets of the two players. Indeed, using H(p) = >_,c(,, pilog(1/q;) — KL(p,q) < 3¢, pilog(1/g;) for all
(p,q) € (A,)?, we obtain

T(Hvisit(dﬂ*) - v1s1l Z Z dh S,a log %(57 (l) 10g H + T(Hvisit(dDT) - Hvisit(czT))

t=1 h,a,s d ( ) d},{(s’a)
o mt Tt
Samp d + Z Z d S (l dh(sv (l)) 1Og dh(s,a) +%Forc( )
t=1 h,s,a
Biasy

+ T(Hvisit(dOT) - ”Hvisit(cZT)) .

Biass

It remains to upper bound each terms separately in order to obtain a bound on the gap. We first bound the two regrets terms.
The first bias term is martingale and can easily be bounded with a deviation inequality, whereas for the second one we
introduce just instrumentally smoothing of the entropy.

B.1. Regret of the Forecaster-Player

We prove in this section a regret-bound for the mixture forecaster.

Lemma B.1. For ng = 1, for any d € K it holds almost surely

Riore(d) < HSAlog (e(T + 1)) TZKLd

Proof. We will bound the regret at step h,

1
dt 1 — 1 —
mFore h Z Z S a < 08 7 ( a) 8 dh (57 (Z) >

t=1 s,a

and then sum the upper bounds. Recall
7t _ ﬂffl(sa a)+1
t—1+84"7
and for (s,a) = (s},al) and any t € [T],h € [H] we have n! '(s,a) + 1 = n}(s,a). Since ny = 1, we have
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di (st at) =nt (st al)/(SA+t—1). Armed with this observation we can rewrite the regret as follows

mFore h(d) = _TKL<d ) TH dT ZlOg dh Shaah))

t=1

T
= —TKL(d},dy) — TH(d}) — log<H s,”ah)

Then we have an explicit formula for the product of CZZ

T Tttt ot
w(shah)  (SA-1)! .
Hdi st ab) hi"h) "h’ H [, (s, a)]!
11 prsAvi-1T SArT-nr L
B 1 1
- T T+SA—1
((ng(s,a))(s’a)e‘gxf‘) ( SA-1 )

. SA-1
> _ Ty _ _ g -
_exp( TH(d;) — (T + SA I)H(T+SA—1)>

where in the last inequality we used Theorem 11.1.3 by Cover & Thomas (2006) and overload the entropy notation
H(p) = —plog(p) — (1 — p)log(1l — p) for p € [0, 1]. Putting all together we get

- A—1 o =
Roren(d) < (T +SA-1)H (T+Al) — TKL(dy,,dp) .
Bounding the entropic term
SA—-1 T+SA-1 T+SA-1
T+SA-1 SA-1
< _ - F -
< (SA-1)log A1 +T10g<1+ T )
e(T+SA-1)
< (SA-1)log ——F—=
<(s )log ==
< SAlog (e(T + 1)),
and summing over h allows us to conclude. O

B.2. Regret of the Sampler-Player

We start from introducing new notation. Let M; = (S, A, {pn }nem), {7}, tnem), 51) be a sequence of MDPs where reward
defined as follows 7}, (s, a) = log(1/d., (s, a)). Define Q}"'(s,a) and V"' (s, a) as a action-value and value functions of a
policy 7 on a MDP M,. Notice that the value-function of initial state in this case could be written as follows

7rt 1
Vi (s1) Zdhsa log(dt(s a))

h,s,a

therefore, the regret for the sampler-player could be rewritten in the terms of the regret for this sequence of MDPs

S'}mp Z V ,t(sl)'

Since the rewards are changing in each episode and depending on the full history on interaction during previous episodes,
we have to handle more uniform approach as in usual UCBVI proofs (Azar et al., 2017).
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Concentration Let X o : (0,1) x Ry — R, be some functions defined later on in Lemma B.2. We define the
following favorable events

XL (5) 2 {Vt € N,Vh € [H],¥(s,a) € S x A:  KL(p} 0,5, a)) ”5(5"0)}
= ’ y VIS, a4 : ph(s,a),ph(s,a)) < ’

1
E(§) = {Vt € N,Vh € [H],¥(s,a) €S x A: nl(s,a)> iﬁ’;(s,a) —a™(9) ¢,

Lemma B.2. Forany 0 € (0,1) and for the following choices of functions «,
Bl (5,n) £ log(2SAH/S) + Slog(e(1 +n)), a™(8) £ log(2SAH/S),
it holds that
PEXL()) >1-46/2,  PE™ ()] >1-6/2

In particular, P[G(§)] > 1 — 4.

Proof. Applying Theorem and the union bound over h € [H],(s,a) € S x A we get P[EKL(§)] > 1 — /2. By
Theorem (.3 and union bound, P[£°"*(§)] > 1 — §/2. The union bound yields P[G(8)] > 1 — 4. O

Optimism Next we define the exploration bonuses b}, (s, a) for the sampler-player for ng = 1

2 . t
b (5, 0) = \/2H2 log“(t + SA) - aKL(6,n (s,a)) ©)

ni (s, a)
Lemma B.3. For anyt € [T| and any policy =, the following holds on event G(9)
Au(s.0) 2 Q1 (s,0), Vils) 2 V).

Proof. Proceed by backward induction over h. For h = H + 1 the statement trivially holds. Next we assume that the
statement holds for any A’ > h. Then we have by induction hypothesis and Holder’s inequality

—t - —t T
Qh(57 CL) - h7t+1(87 CL) = p\zvh-l-l(sa Cl) - pth 7t+1(3v CL) + b];L(Sv Cl)

> (B, — Vi (s,0) + B (s,0) 2 =V Lo lBh — pall + b (s, @)

The fact that ||V,:T’tJr1 o < Hlog(t+ SA), Pinsker’s inequality and the definition of the event EXL () yields

2080, nt (s,a))

n (s, a)

IVr Hloo B, — pully < H log(t + SA)\/ = bj,(s,a)

that shows QZ(S, a) — QZ’tH (s,a) > 0. The inequality on V-functions could be derived as follows

Vi(s) = 7Q)(s) = 7Qp" ™ (s) = Vi (s).

Regret Bound
Lemma B.4. Ler 7 be any fixed policy. Then for any 6 € (0, 1) with probability at least 1 — § the following holds

Réamp (A7) < 10log(T + SA)\/2HASAT - (log(2SAH/5) + Slog(eT)) log(T).
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Proof. Assume that the event G(§) holds. By Lemma B.3 for any ¢ € [T] and h € [H| we have

, wt, -1 ot —t—1 t,
Vi t(Sh) -V, t(SZ) <V (SZ) -V, 1(52) = WZ(Q}I -Qy t)(s)’

thus we can define ¢ (s,a) = Qy (s, a) — QT (s, a) and upper bound the regret as follows
h h h

T
99{gaump(dﬂ-) < Z ,/Ti&i (81)

t=1
Next we analyze 4}, (s’ ). By the same argument as in Lemma

(s,0) = [ = Pul Vi (5,@) + b, (5,0) + palViy = Vi 1(s,0) < 267 (5,0) + puhy o [@ps — Q7315 )

that could be rewritten as follows

51 (s,a) < Epe [sz_l(s, a) + 5,tl+1(sh+1,ah+1)|(sh, ap) = (s, a)},

thus, rolling out the initial bound on regret we have

RE, o (47) < Hlog(T + SA) TzlE EH: 20700 m o) | B log(T + 54)
o ot s o .
Samp g( 2 2 n;L(Sha an) 1 g
By Lemma and Jensen’s inequality we have
KL(§, 7t (s,a))
T 7T 3/2 7t a h
d™) < 5H**log(T A dy —.
Réump (@) < 5H*?log(T + 5 hztzl (07 ey v
Notice that df (s,a) = 7t 1(s,a) — 7, (s,a) and oX¥(6, 7} (s,a)) < aXV(5,T — 1). Combined with Lemma H.6 it
implies
R mp (@) < 10log(T + SA)\/2HASAT - (log(2SAH/6) + Slog(eT)) log(T).
Finally, the fact that P[G(d)] > 1 — ¢ concludes the statement of theorem. O

Remark B.5. It is possible to improve the H-dependence by introducing Bernstein-type bonuses, however, we are focused
on improvement in a dependence in ¢ ~! and leave this regret bound as simple as possible.

B.3. Bias Terms
Lemma B.6. Let § € (0,1) and ng = 1. Then with probability at least 1 — § the following two bounds hold

T

. iy - 1

Bias; 2 E E (df (s,a) —d},(s,a)) log T (sa) <log(T + SA)\/2TH log(2/6)
t=1 h,s,a ’

Biasy 2 T(Hyir(d”) — Huisi(d7)) < log(SAT) (\/QTH log(2/8) + 3H+\/SAT 1og(3T)).

Proof. Let us define the lexicographic order on the set [T'] x [H] with an additional convention (¢,0) = (¢t — 1, H).

Then we can define a filtration F; , = 0{(5‘}:/, ab )Vt < t,Yh' € [H]} U{(s},,al,) Vh' < h}} that consists of the all
history of interactions of the algorithm with an environment up to the h-th step of the episode . The most
important fact is that 7* and d}, (s, a) are F; ,—1-measurable for 4 > 1 and F;_; g-measurable for h = 1.

Therefore, for any t € [T],h € [H]

E[Z(dgt(sva) - ﬁz(s?a)) logdz(ia)‘}—t,hll =0.

s,a
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Therefore X; p, =, a(df (s,a) — J’;L(s, a))log
Also we notice that a.s. the following bound holds

m is a martingale-difference sequence adapted to the filtration F; p,.
h\™

| X¢.n| < log(T + SA)

All these facts combined with Azuma-Hoeffding inequality implies that with probability at least 1 — §,/2

T H
Bias; = Z Z Xip <log(T + SA)\/2T H log(2/9).
t=1 h=1

To show the second part of the statement we notice that

H
Biasy = Ty (H(d}) — H(d})).
h=1
Let us introduce the smoothed entropy as it was done by Hazan et al. (2019).

Vd € Aga : Ho( stalogd )

The key difference with our approach and approach of Hazan et al. (2019) that we need the smoothing only instrumentally
to provide a bound on Biass.

It is easy to see that H,, is concave and, moreover d € Agy
H(d) |<Zd8alog d()J;"<aSA,

where we used inequality log(1 + x) < z for all z > 0, and also for o < e !

x
VHo(d)||oo = sup |log(x + o) + ——| <log(c™1).
VAo @)l = sip )+ 2] <loglo™)

By replacing an entropy with a smoothed entropy

Bias, <T Y (M Ho(dE)) + 20 - TSAH.
heH

To analyze the first term we use that ,, is concave, therefore

H T H
> Hold]) — Ho(df) gz S(dl), df — ZZZ —d7 (s,a)) - VH,(dL)(s, a)
h=1 h=1

t=1 h=1

For this term situation is more involved than for Bias; because cig is dependent on all generated policies. Therefore we
have to preform uniform bounds. Define W = {w € R4 | |wy,(s,a)| < 1} as a unit £o.-ball in R4, Then we have

H
TZHU(CH:) — H(dF) <log(c™?) - sup ZZ(Z dt (s,a) dzt(s,a)) -wh(s,a)>.
h=1

wew

Define N (e, |||, VW) as e-covering number for a set VW with £,,-norm as a distance, and YV, as a minimal e-net. Next we
can use the well-known result on upper bound on the covering number (e.g. see Exercise 5.5 by van Handel (2014))

3 SAH
Nl < (2)
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and replace our maximization problem with the maximization over e-net

sup ZZ(Z dt (s,a) d;{t(s,a)) “wp(s,a ) < sup ZZ(Z dt (s,a) d’:(s’a)) 'wh(s,a)> +eTH.

weEW 1 h—1 WEWe 4 1

For any fixed w € W, we apply Azuma-Hoeffding inequality exactly in the same manner as in the bound for Bias;-term.
We have that with probability at least 1 — §/(2N.) for N = N(e, ||| o, W) we have

T H
ZZ(Z (dt (s, a) df(s,a)) -d}h(s,a)> < /2T Hlog(2N./9).

Thus, by union bound we have with probability at least 1 — 6/2

T H
sup Z <Z(%(s, a) — d;{t(s,a)) “wp (s, a)) < /2T H(log(2/6) + SAH log(3/¢)) + eTH.

s,a

Taking e = 1/T we have

Biasy < log(o ') (\/2TH (log(2/5) + SAH log(3T)) + H) + 0 SATH.

Next we choose o = 1/SAT and by inequality v/a + b < \/a + /b obtain

Bias, < log(SAT) (\/ZTH log(2/8) + 3H\/SAT log(ST)).

B.4. Proof of Theorem

We state the version of this theorem with all prescribed dependencies factors.
Theorem B.7. Foralle > 0and 6 € (0,1). Forng = 1 and

648(log(SA) + L)H'SA - (log(4SAH/6) + S+ L) - L  2HSAQ2 + L)

T=21+ g2 €

forL =9 10g<1010\/H4SS/3A8/3 log(4SAH/5) /5) the algorithm is (,8)-PAC.

Proof. We start from writing down the decomposition defined in the beginning of the appendix

*,VE

T(HViSit(dﬂ ) - HViSit(d%)) < mSamp( ﬂp*’ ) + 9%Fore( ) + Bias; + Bias,.

By Lemma B.4 with probability at least 1 — §/2 it holds

R mp (@) = 1010g(T + SA)\/2HISAT - (log(4SAH/5) + S log(eT)) log(T)

By Lemma
R (A7) < HSAlog (e(T + 1)).

By Lemma with probability at least 1 — §/2

Bias; + Biasy < 3log(SAT) <\/TH log(4/8) + H\/SAT 1og(3T)).

By union bound all these inequalities hold simultaneously with probability at least 1 — §. Combining all these bounds we get

*,VE

T(Hyisit(d™ ) — Hyisit(d™)) < 181og(SAT)\/HASAT (log(4SAH/6) + Slog(eT))log(T) + HSAlog(e(T + 1)).
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*,VE

Therefore, it is enough to choose T" such that Hyig(d™ =) — ’Hvisit(d%) is guaranteed to be less than €. In this case

become automatically (e, §)-PAC.

It is equivalent to find a maximal 7" such that

eT < 18log(SAT)\/HASAT (log(4SAH/5) + Slog(eT))log(T) + HSAlog(e(T + 1))

and add 1 to it.
We start from obtaining a loose bound to eliminate logarithmic factors in 7'.

First, we assume that 7 > 1, thus 7'+ 1 < 27'. Additionally, let us use inequality log(z) < 2P /B for any z > 0 and 5 > 0.
‘We obtain

(SAT)Y/3

1/18 71/18 8/9
0 (eT) T HSA(?eT)

/18 1/18 879

eT < 18 \/ H*S2 AT log(4SAH/6)

< T8/9 (1010\/H452A2 log(QSAH/CS))v

thus we can define L = 9 10g(1010 VH S35 A3 10g (45 AH 3) /g) for which log(T") < L. Thus we have

eT < 18(log(SA) 4+ L)/ H*SAT (log(4SAH/8) + S + L)L + HSA(2 + L).

*,VE

Solving this quadratic inequality, we obtain the minimal required 7" to guarantee My (d™ ) — Hvim(dﬁ) < e. In particular,

648(log(SA) + L)H'SA - (log(4SAH/6) + S+ L) - L  2HSAQ2+ L)

r=1+ g2 €
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C. Regularized Bellman Equations

In this section we provide complete proofs for regularized Bellman Equations in the general setting. Let ®: A4 — R be a
strictly convex function.

Then we can define the regularized value function as follows

H
Vin(s) £ Eg lz The (Shrsan) — A®(mhe (sp)) | sp = s] . (7

h'=h

Notably, for a specific choice of rewards 7, (s, a) = H(pr (s, a)), the regularizer is equal to the negative entropy @ () =
—H(w), and A = 1 we have V;ﬁl(sl) = Hj(¢™), see Lemma In more general setting let 7, (s, a) be equal to the
sum of deterministic reward and AH (py.(s, @)). In this case we have V), (51) = V{"(51) + AHuj(¢™) in terms of a usual
non-regularized value function.

Let us define an entropy action-value function as follows

H
Q% n(5,0) 2 B |r(snian) + > [rar(snsan) = A0(mh(sn))] | (sn,an) = (S,G)]~ (8)

W =h+1

Additionally, we define an optimal entropy-regularized value functions a follows

V/\*,h(s) £ maXV;:h(s), Qf\)h(s,a) £ maXQ§7h(s,a) Y(s,a,h) € S x A x [H].

C.1. Proof of Entropy-Regularized Bellman Equations

Theorem C.1 (Regularized Bellman Equations). For any stochastic policy 7 the following decomposition of the entropy-
regularized value function holds
Q;\r,h(’sv a) = Th(sa a) + phv}:h-&-l (57 a)a

7 - )
V/\,h(s) = 7ThQ,\,h(S) — A (7 ().

Moreover, for optimal Q- and V -functions we have

Q;,h(& Cl) = Th(sa Cl) + phV;,h-i,-l(& a),

Vin(s) = max {nQi(s) = Ab(m)}. 1o

Remark C.2. For the case of interest &(7) = —H () the expression for the V-function allows the closed-form formula by a
well-known LogSumExp smooth maximum approximation

Vin(s) = Mog(Z expGQ;}h(s, a))),

acA

and as A — 0 we see that entropy-regularized value function tends to a usual value function without regularization.

Proof. We proceed by induction. For h = H + 1 the equation is trivial. By definition and tower property of conditional
expectation

H
QX n(s,a) =rp(s,a) + E Z ri(s, a) — AO(m(sy))|sn = s, an = a]
t=h+1
H
=r(s,a)+E|E Z ri(8t, ar) — AD(me(s¢)) Sh+1] Sp = 8,ap = a]
t=h+1

=ru(s,a) + phV)\Tth+1(S7 a).
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Next we provide the second Bellman equation by tower property and the definition of the regularized Q)-function
Sp = S]

For optimal Bellman equation we proceed by induction. For h = H + 1 the equation is also trivial. By Bellman equations

H

Vi (s) = =AD(ma(s)) + E [rn(sn,an) + Y rilse,ar) — AB(mi(st))
t=h+1

=M@ () = A®(mn(s)).

Q3 (s, a) = max{ri(s,a) + pnVips1(s,a)} = 7a(s,0) + PuVippa (s, a),

and, finally

Vin(s) = max {ﬂ'hQ;\’h(S) — A@(ﬂh(s))} = 7{22};{%@37,1(5) - )\<I)(7r)}.

Ty, THEA 4

C.2. A Bellman-type Equations for Variance

For a stochastic policy m we define Bellman-type equations for the variances as follows

UQK,h(s’ a) £ Varph, Vﬂthl (sv a) + pth):thl(s’ a)
aViTh(s) £ Vary, QX 1(8) + mhaQX 1 (s)

oVigii(s) =0,

[I>

where Var,, (f)(s,a) £ Egrp,(is,a)[(f(s) — prf(s,a))?] denotes the variance operator over transitions and

Varz, (£)(8) £ Eormm,(s) [ (f(s,a’) — 7, f(5))?] denoted the variance operator over the policy. In particular, the function
s+ oV, (s) represents the average sum of the local variances Vary, V; . (s, a) and Vary, Q% , (s) over a trajectory
following the policy T, starting from (s, a). Indeed, the definition above implies that

H

H
oViy(s1) = Y Y di(s)Vare, Q5 u(s) + Y Y di(s,a)Vary, (Viji1)(s,a).

h=1seS h=1 s,a
The lemma below shows that we can relate the global variance of the cumulative reward over a trajectory to the average sum
of local variances.

Lemma C.3 (Law of total variance). For any stochastic policy 7 and for all h € [H|,

. ,
oQ3 p(s,a) =Ex (Z (ra (snrs anr) — A®(mpe (snr))) — (QF (sn, an) — M’(ﬂ»(Sh)))) (sn,an) = (s,a) |,

h'=h

" 2
oV, (s) = Ex (Z (rpe(spryap) — A®(mps (spr))) — V/\fh(sh)) Sp=s5].

h'=h

Proof. We proceed by induction. The statement in Lemma is trivial for h = H + 1. We now assume that it holds for
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h + 1 and prove that it also holds for &. For this purpose, we compute

H 2
Ex <Z (rue (swry ane) = A®(m (sn))) — (QF 1 (shyan) — Aq’(ﬂh(sh)))) (sn,an)
h'=h

H 2
=E; (Vf,hﬂ(shﬂ)—PhVAﬂ,hH(Sh’ah)Jr > (Th'(shwah’)—)\q’(ﬂh'(sh’)))—Vf,hﬂ(shﬂ)) (Sh,an)
h'’=h+1

=E, _(V,\”,h+1(8h+1) — PuV i1 (Shs ah)ﬂ(sh, ah)}

H 2
+Ex ( > (Th/(Shuah')A‘I’(Wh/(Sh')))Vﬂh+1(5h+1)> (sn,an)

h/=h+1

+2E,

H
< Z (11 (8hryans) — A@(mnr(spr))) — Vﬂh+1(8h+1)> (Vi ha1(8na1) = PV hy1(snsan))
h/=h+1

(Sh, ah)l .

The definition of V';, ., (s5+1) implies that

H

Z (rh (Snryanr) — A® (e (snr))) — V)Ch+1(sh+1)
h'=h+1

Er

Sh+1‘| =0.

Therefore, the tower property of conditional expectation gives us

Ex <Z (rar (snry anr) = A®(mns (swr)) = (QF 1, (51, an) — A‘I)(Wh(Sh)))) (sh,an)

h'=h

- Eﬂ' |:(V>?:h+1 (S}H-l) - phV)\ﬂ;}H-l (Sh7 afh))2 ’ (Sha ah):|

H 2
+E|Ex < > (Th/(shwah')A‘I’(Wh’(sh/)))Vf,h+1(8h+1)) Sh+1 | |(nsan)
h/=h+1

= Vary, Vi1 (Sh, an) + pro Vi1 (sh,an) = oQX 1, (s, an)

where in the third equality we used the inductive hypothesis and the definition of o'V}, ;. To prove the second equation we
use the entropy-regularized Bellman equations

H 2
Er (Z (ra(snrs ans) = A(mpe (snr))) — Vf,h(Sh)) sp =15

h'=h

H 2
=Er (Z (ra(snry an') — AR (sn))) — (QX 4w (sn, an) — /\‘1’(7Th(8h)))> sp =5

h'=h

+ 2E,

H
(Z (e (snrsan) — A®(mps (sp7))) — (QX 1 (sny an) — A<1>(7Th(5h)))> (mn Q% 1 (sn) — QX 1,(5n, an))

h'=h

Sp = S]

o Ea| (0 QT n(0) = QR (s an)*sn = 5.

By definition of QF ;, we have

H
Ex KZ (e (snrs ans) = A®(mne (spr))) — (QX p(shs an) — A‘I’(Wh(Sh))))

h'=h

(sp,an) = (s,a)] =0,
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thus, by the tower property

H 2
Ex (Z (T (8w anr) — AR (mnr (sn))) — Vﬂh@h)) sp=s| =mpoQ3 n(sn) + Varx, QX 4 (sn) = oV (sn).-

O

C.3. Performance-Difference Lemma

In this section we provide a version of performance-difference lemma (see e.g. Lemma E.15 by Dann et al. (2017)) for
regularized Bellman equations.

Lemma C.4 (Performance-Difference Lemma). Let M’ = (S, A, H,{p}, }nem) {r}, tne(n), s1) and M"
(S, A, H, {ppy Yne(ms 471 Yrem)s $1) be two MDPs and let Qy'}" (s, a) be a Q-value of policy 7 in the MDP M with
regularization. Then for any (s,a,h) € S x A x [H],

H

’ 1"
ﬁ\\fhm(& a) - Qﬁjlh ,7‘-(57 a) =Emr r [Z r;z’ (Sh/v ah’) - 7’;:/ (Sh/v ah/)
h'=h

(Shv ah) = (57 a)]

H
+Emr x [Z [P} — pgl]Vﬁ,fl(sh/,ah/) (sn,an) = (s, a)] .
h'=h

Proof. Let us proceed by induction over h. For h = H + 1 this statement is trivially true. Next we assume that it holds for
any h’ > h. By regularized Bellman equations

V0T (s,a) — QY T (s.a) = [rh(s.a) — f(s,@)] + VAL T (s, 0) — BV T (s,0)
= [ri(s,@) = (5, @)] + [ph, — PRIVAR ST (3,0) = i [V T = Vs (s, 0)
= [1},(5,0) = 77{(s,@)] + [P}, = PHIVAALT (5. @) + B} [ VAT = VAT (s, a).
Next we notice that
VIR () = VAT () = mQY T (5) = A®(m) = mQY 1 (s) + A(m) = 7 [ QT - @11 (9)
since the regularizer is cancelled out. Thus, we can rewrite this difference as follows

!’ 1" !’
AT (s,a) = QY (s a) = B agr [TZ(SM an) = 1 (snan) + Ph — PRIV RS (shs an)

(50 = (5.0

M7 M
+ Q>\7}L+1(sh+la aht1) — Q}Uh+1(3h+1a ah41)

By induction hypothesis we conclude the statement. O
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D. Sample Complexity for MTEE and Regularized MDPs

In this section we describe the general setting of regularized MDPs, not only entropy-regularized.

D.1. Preliminaries

First we define class of regularizers we are interested in. For more exposition on this definition, see Bubeck (2015).

Definition D.1. Let ®: A 4 — R be a proper closed strongly-convex function. We will call ® a mirror-map if the following
holds

* @ is 1-strongly convex with respect to norm |||;

* V& takes all possible values in RA:

* V& diverges on the boundary of A 4: limgepn , || VO(x)|| = +o0;

We explain three main examples of a such regularizers.

* The negative Shannon entropy ®(7) = —H(nm) for H(m) = >, c4 Ta log<ﬂ%) satisfies the Definition for

{1-norm;

* The negative Tsallis entropy ®(7) = *%E(W) for Ty(m) = ﬁ (1= ,c.4 ™) satisfied the Definition for ¢y
norm for every ¢ € (0, 1). In particular, ¢ = 0.5 corresponds to the choice by Grill et al. (2019) in Appendix E that is

tightly connected to the UCB algorithm;

* For any other fixed policy 7’ € A 4 we can choose ®(7) = KL(m,7') = > . 4 7a log<:—‘,‘) that inherits all the
properties from the choice of the negative entropy.

Let M = (S, A, {pn }ne[r)> {7h  helm), 51) be a finite-horizon MDP, where 7, (s, a) is a deterministic reward function. For
simplicity we assume that 0 < 71, (s, a) < rpax forany (h,s,a) € [H] x § x A.

Then we can define entropy-augmented rewards as follows
rm,h(sa a) = ’I“h(S, CL) + KH(ph(Sv CL))

This definition is required to cover the following case of practical interest. Let x = A and ®(7) = —H(7), then we obtain
the following representation for the A-regularized value function

Vi(s1) = Vi (s1) + AHuj (g7 ),
where /" (s1) is a usual value function for a MDP M. For ry,. = 0 and kK = A = 1 we recover just a trajectory entropy
V)\Ttl(sl) = Hiraj (q7).
Next we define a convex conjugate to A® as Fy: R4 — R

Fy(z) = max {(m,z) — A\®(m)}

TEA 4

and, with a sight abuse of notation extend the action of this function to the ()-function as follows

Vin(s) = Fa(Q3n)(s) = T{gzﬁ{”@;,h(s) — A®(m)}.

Thanks to the fact that ® satisfies Definition , we have exact formula for the optimal policy by Fenchel-Legendre
transform

iy (s) = argmax{m Q3 ;,(s) — A®(m) } = VIA(Q3 1 (s,"))-

TEA 4

Notice that we have VF\(Q3 ,(s,-)) € A since the gradient of ® diverges on the boundary of A 4. For entropy
regularization this formula become the softmax function.
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Finally, it is known that the smoothness property of I\ plays a key role in reduced sample complexity for planning in
regularized MDPs (Grill et al., 2019). For our general setting we have that since A® is A-strongly convex with respect to ||-||,
then F) is 1/A-strongly smooth with respect to a dual norm || ||,

1
Fx(w) < Fa(@) + (VEA(),z — ') + 5 |lz = o'|I3.

Let us define Rg as a maximal possible value of |®|. Without loss of generality assume that ® < 0. In this case we define
Riax = Tmax + k10g(S) + AR as an upper bound of an about of reward obtain at the one step. By this definition we have
0 < V{,(s) < HRpax forany h € [H], s € S and any policy .

Also, since all norms in R are equivalent, we define a constant r 4 that defined for a dual norm ||-|| as follows

-« < ra [l loo- (11)
For example, for {5-norm r 4 = v/A and for ¢;-norm r4 = A. In the case ® = —H we have 74 = 1 since the entropy is
1-strongly convex with respect to a £1-norm, thus the dual norm is exactly a £,-norm.
The rest of this section is devoted to obtain the sample complexity guarantees for algorithm with a regularization-
agnostic stopping rule (17) with the gap notion (16). In this case Theorem gives us 6(% + %) sample
complexity guarantee ignoring Ry,ax and poly-logarithmic factors. Notably, this sample complexity result does depend
directly on 1/), so small regularization does not affect the complexity.

In Section E we present another algorithm , based on ideas of reward-free exploration, that achieves
sample complexity of order O(poly (S, A, H)/()Ae). As a particular example, it yields an algorithm for the MTEE problem

with sample complexity O(poly(S, A, H)/e) by taking as a regularizer negative entropy, A = £ = 1 and ryax = 0.
Moreover, in Section I* we apply this algorithm to achieve sample complexity of order O(H2S A/<?) for the maximum
visitation entropy exploration problem.

D.2. Algorithm

In this section we describe algorithm to solve MTEE problem, however as we show in the proofs, it is capable
to work with general regularized MDPs.

We now describe our algorithm for MTEE. Since one only needs to solve regularized Bellman equations to
obtain a maximum trajectory entropy policy, we can use an algorithm of the same flavor as the ones proposed for best
policy identification (Tirinzoni et al., 2023; Ménard et al., 2021; Kaufmann et al., 2021; Dann et al., 2019). In particular,

is close to the BPI-UCRL algorithm by Kaufmann et al. (2021) and can be characterized by the following rules.

Sampling rule As sampling rule we use an optimistic policy 7®*! obtained by optimistic planning in the regularized MDP
—t . Y =t
Qp(s,a) = clip (’H (Pn(s,a)) + be’t(s7 a) + LV i1(s,a) + 02" (s,a),0, 1og(SA)H) ,
Vi(s) = max 7Q;(s) +H(r), (12)
TEA A

mit(s) = arg;gaxw@i(s) + H(m),
TEAA

R . . - .
with V iz, = 0 by convention where b*:t, bPst are bonuses for the entropy and the transition probabilities, respectively.
Precisely, we use bonuses of the form

w287 nh(s,a) L BRE(0, (s, a))

= (g ),

O (s.a) £ 0" (s,0) + 0, (5, 0),
geone(0,ny(s,a)) | 9H?log(SA)F<(8.n (5. a))

nk (s, a) n (s, a)

)

by (s,a) 2 3y [ Varg (V), 1) (s,)
corr,t A 1 ~ 77t t
by, (s,a) = (Vh+1 - Z}H—l)(sa a).

Eph
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for some functions 57, 3% and 5°°"¢ and V' is a lower confidence bound on the optimal value function defined in
Appendix

Stopping and decision rule To define the stopping rule, we first recursively build an upper-bound on the difference
between the value of the optimal policy and the value of the current policy 7¢*1,

2 KL t
Gt (s,a) £ clip <2bf’t(s7 a) + Qbhﬂ’t(s, a) + il log(SAt)? ()57 WAGKD)
nk(s,a

13)

3
b (14 2 )P A G000, R ),

where V! is a lower-bound on the optimal value function defined in Appendix and G, +1(s,a) = 0 by convention.
Then the stopping time 7 = inf{t € N : 7!71G{(s;) < &} corresponds to the first episode when this upper-bound is smaller
than €. At this episode we return the Markovian policy 7© = 77 +1,

Algorithm 3

1: Input: Target precision &, target probability d, threshold functions 5%, 5P, geone,
2: while true do
3:  Compute 7! by optimistic planning with (12).
Compute bound on the gap G (s, a) with (13).
if /G (s1) < ¢ then break
for h € [H] do
Play a}, ~ 7} (s})
Observe s}, | ~ pn(s},a},)
end for
10:  Update counts n!, transition estimates p* and episode number ¢ < ¢ + 1.
11: end while
12: Output policy 7@ = 7.

Lo D;UNR

The complete procedure is described in Algorithm 3. We now state our main theoretical result for . We prove
that for the well calibrated threshold functions 57, %I and 3°°", the is (¢,8)-PAC for MTEE and provide a
high-probability upper bound on its sample complexity.

Theorem D.2. Let XY, 3¢ and B be defined in Lemma of Appendix D. Fix e > 0 and § € (0,1), then the

algorithm is (g, 8)-PAC for MTEE. Moreover; the optimal policy is given by © = w™ 1 where
~<H3SA H3S2A>
T=0 5s— + .
€ €

with probability at least 1 — §. Here O hides poly-logarithmic factors in €, 6, H, S, A.

See Theorem in Appendix D for a precise bound and a proof. Basically, this result is a simple corollary of the general
result on regularized MDPs.

Space and time complexity Since is a model based algorithm, its space-complexity is of order O(HS?A)

whereas its time-complexity for one episode is of order O(H S? A) because of the optimistic planning.

D.3. Concentration Events
Following the ideas of (Ménard et al., 2021), we define the following concentration events.

Let KL, geone gent 3H . (1) x N — R, be some functions defined later on in Lemma D.3. We define the following
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favorable events

ERH(0) £ IVt € N,Vh € [H],Y(s,a) € S x A: KL(p4(s,a),pn(s,a)) < BKL((MM}

(s, a)

gconc((s) 2 {Vt S N,Vh S [H],V(s,a) ceSxA:

) . Beone(§, nt (s, a)) Beone(d, ny (s, a))
|<ﬁz—ph>vA,h+1<s,a>|S\/QVMMVA,hH)(s’a) O R T RO

EM() £ {Vt € N,Vh € [H],V(s,a) €S x A: nl(s,a)> %ﬁ};(s,a) - Bcnt(d)},

EM) & {Vt € N,Vh € [H],¥(s,a) €S x A:

ny, (s, a) ny, (s, a)

(L (5,0)) — Hlpn(s, )| < | 2P 0mi(:0) (ﬁKL(a’ (3. 0) Mog(S)) }

We also introduce two intersections of these events of interest, G(§) = EXL(5) N £5°ne(5) N E1(5) N EM(J). We prove
that for the right choice of the functions fXI, geone, gent 3H the above events hold with high probability.

Lemma D.3. Forany § € (0,1) and for the following choices of functions 03,
BEL(6,n) £ log(4SAH/S) + Slog(e(1 + n)),
Beone(§,n) £ log(4SAH/S) + log(4en(2n + 1)),
B (8) = log(4SAH/9),
B*(5,n) £ log?(n)(log(4SAH/5) + log(n(n + 1))),
it holds that
PEXE(S)] > 1 —6/4, P[Em(8)] > 1 — 6 /4,
Pl (9)] > 1—5/4,  PE¥(9)] > 1— 5/4.
In particular, P[G()] > 1 — 4.

Proof. Applying Theorem G.1 and the union bound over h € [H], (s,a) € S x A we get P[EXE(8)] > 1 — §/4. Next,
Theorem and the union bound over h € [H], (s,a) € § x A yield P[E°"¢(§)] > 1 — §/4. By Theorem and union
bound, P[£"(§)] > 1 — §/4. Finally, by Theorem G.2 and union bound over (s,a,h) € S x A x [H] P[E™(§)] > 1 —4/4.
The union bound over four prescribed events concludes P[G ()] > 1 — 4. O

Lemma D.4. Assume conditions of Lemma D.3. Then on event EXL(8), for any f: S — [0, HRumax), t € NJh €
[H],(s,a) € S x A,

KL t
123 —ﬁﬁb]f(s?a) < lﬁf(s,a) +2HRmax(2Hﬂ (6,my,(s,a)) A 1)’

A ni(s0)
KL t
[2/5?7, - ph]f(sv (L) S %phf(& a) + 2HRmax<2Hﬁ ’I’L}tff;jl;)(s’ a)) A 1) .

Proof. Let us start from the first statement. We apply the second inequality of Lemma and Lemma to obtain

(o — B3 f(5,) < \/2Var,, [£](5,0) - KL(B} p1)

< 2\/\/3% [f](s, a) - KL(

aph) + 3HRmax KL(ﬁwph)

2
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Since 0 < f(s) < HRpax We get
Varg [f](s,a) < Ph[f*)(s,a) < HRmax - P, f(5,0).
Finally, applying 2v/ab < a + b, a,b > 0, we obtain the following inequality
(B~ ) (5,) < 254 F(5,0) + ARy KL(F}, 1),
Definition of £X%(§) implies the part of the statement. At the same time we have a trivial bound since f(s) € [0, HRpax]

1
[P — Bh1f (5,@) < 2HRumaxe < 2204 f(5,) + 2H Rimas.

To prove the second statement, apply the first inequality of Lemma and proceed similarly. O

Lemma D.5. Assume conditions of Lemma and assume that 3°°"¢(5) < BXL(). Then conditioned on event G(§), for
anyU: 8 — [0, HRpax|. t € N, h € [H], (s,a) € S X A,

Beone(§,nt (s, a)) N 9H?Ronax 855 (8,1} (s, a))

Dl — * < e
‘(ph ph)v)\,thl(s’ a‘)' = 3\/Varph+1 (U)(S, a‘) ’I’LZ(S, Cl) TZZ(S, Cl)

1 *
+ ﬁﬁilU =V hil(s;a).

Proof. First, we apply the definition of event £°°2¢(4)

Beone(8,nj (s, a))
nk (s, a)

5 (5,mf (5, @)

SHR hax
+ @ nk (s, a)

(Bl = Pr)Vnga (s )] < \/QVarph(V£h+1)(s, a)

Next we apply Lemma and Lemma and obtain
Vary, (Vi j41)(s,a) < 2Varg: (V3 ,1)(s, a) + 4H?RE,, KL(B}, (s, @), pa(s, )
< 4Varg  (U)(s,a) + AHRmaxP)|U = Vi i (s, @) + 4H?RZ, . KL(D}, (s, a), pr(s, a)).

Thus, by inequality v/a + b < \/a + V/b.

peone (9, ny (s, a))

ny, (s, a)

|(Bh = Pr) VA hya (s, a)] < 3\/\7&%“((])(87 a)

peore (6, ny, (s, a))

nj, (s, a)

peone(d, nj, (s, a))

)
ny (s, a)

+ 3\/HRmaxﬁ§z|U - V)ih+1|(57 a) -

+ 3HRmaX\/KL(ﬁ§L(S, a),pr(s,a)) -

B (5, (5, )

n (s, a)

+ 3H Rinax

By inequality 2vab < a + b we have

peene (8, nt (s, a)) 1

< = 9H2Rmaxﬁconc(5a HZ(Sv a’))
n} (s, a) - H '

4n} (s, a)

3\/HRmaXﬁL|U_V)th+1|(3aa) : ﬁz‘U_Vih-i-lK&a)“‘

By the definition of the event EX%(§) and the fact 3°°"¢(§) < BXL(§) we have

Gene (0, (5,0)) _ U6, (s, @)

nﬁz(s’a) - TLZ(S,G,)

\/KL(ﬁfl(s,a),ph(Sva)) .
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D.4. Confidence Intervals

Similar to Azar et al. (2017); Zanette & Brunskill (2019); Ménard et al. (2021), we define the upper confidence bound for
the optimal regularized Q-function of two types: with Hoeffding bonuses and with Bernstein bonuses.

Let us define empirical estimate of entropy-augmented rewards as follows
Prn(8:a) = 1i(s, a) + £H(P} (s, ).

Then we have the following sequences defined as follows

Qnls.0) = clip (7L 4 (5.0) + BV (5,0) + 0" (s, ) + k] (5,), 0, HR)

w1 (s) = mapx {x Q) (s) — A®(m)},
V(s) = H(att(s)) + 71 Q) (s)
Vigpa(s) =0,

and the lower confidence bound as follows
Q; (s,a) = clip (ffijh(s, a) + pLV4 (s,a) — b2 (s, a) — Kb}V (s,a),0, HRmaX)
Vi(s) = max (7@} (s) — A2()}
K?{+1(S) =0,
where the Bernstein bonuses for transitions are defined as follows
bﬁ’t(s, a) & bf’t(s7 a) + bzorr’t(s, a),

peone(d,ny(s,a)) | 9H*Runax B (0, i, (s, a))

by, (s,0) £ 3\/\7&%; (Vis1)(s,0)

) 14
n, (s, a) nk (s, a) (14)

T 1 U

bzo 7t(57a) = Eﬁz(vhﬁ-l - K2+1)(3aa)-
The entropy bonuses are defined bellow
28M(0,nj,(s,a)) (BN, 1 (s, a))
H,t A s Tep\ oy s Thp\ 9y
’ = 1 . 1

b, (s,a) nt (s, a) + nt (5. ) A log(S) (15)

Theorem D.6. Let 6 € (0, 1). Assume Bernstein bonuses (14). Then on event G(§) foranyt € N, (h,s,a) € [H] x S x A
it holds

Q' (s,a) < Q5 uls.0) < Qplsia),  Vi(s) < Viuls) < V(s a).

Proof. Proceed by induction over h. For h = H + 1 the statement is trivial. Now we assume that inequality holds for any
h’ > hfor afixed h € [H]. Fix a timestamp ¢ € N and a state-action pair (s, a) and assume that @Z(s, a) < HRpax, ..
no clipping occurs. Otherwise the inequality Q3 ;,(s,a) < Q,(s,a) is trivial. In particular, it implies nf, (s, a) > 0.

In this case, by Bellman equations (10) we have
7t *
[Qh - Q)\,h}(sv a) = Th(sa CL) + K’/H(ﬁz(S? (l)) - Th(sa CL) - H,H(ph(sv CL)) + ’Qbf;:[’t((g? CL)
T
7t * R
+Z3ZVh+1(sya) = prVpta(s,a) + b’ét(s, a).

T2

By the definition of event £7¢(§) that is subset of G(J) we have T} > 0. To show that 75 > 0, we start from induction
hypothesis

T, > [ph — VX paa(s,a) + bfl’t(s7 a).
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Next we apply Lemma with U = VZ 1 and definition of transition bonuses we have
Ly w5t * 1y ot t
T > “H }L|Vh+1 - V/\,h+1|(57a) + Eph[vh—i-l - Zh+1](57a)~

By induction hypothesis we have v2+1(8) > Vipg(s) > Vi 1(s), thus T > 0.

To prove the second inequality on Q-function, we assume QZ(S, a) > 0 and, as a consequence, n}, (s, a) > 0. Thus we have

(@), — Qnl(s.a) = H(D},(s,0) = Hlpn(s,@)) = b (s,0) +PhV 41 (5,0) = oV (s,0) = 0" (s,a).

T T3

Again, by the definition of event £*(§) we have 7| < 0 and, by induction hypothesis
Ty < [B}, — pulVi ot (s,a) — b (s, a).
We again apply Lemma with U = V; 11
/ P * P t
T, < Eph|vh+1 = Vihtal(s,a) = Eph[Vthl —Viial(s,a).
We conclude the statement by induction hypothesis for h/ = h + 1.

Finally, we have to show the inequality for V-functions. To do it, we use the fact that V-functions are computed by F)
applied to Q-functions

Vi(s) = FA(Q)(s),  Vin(s) = Ea(@in)(s), V() = Fa(@))(s).

Notice that V F)\ takes values in a probability simplex, thus, all partial derivatives of F are non-negative and therefore
. . . . —t . .
F’ is monotone in each coordinate. Thus, since QZ(S, a) < Q3 ,(s,a) < Qp(s,a), we have the same inequality

—t
Vi(s) < VE,(s) < Vi(s). O

D.5. Regularization-Agnostic Stopping Rule

In this section we provide guarantees for the so-called regularization-agnostic gap: this notion of gap does not influenced by
regularization except the changing of the range of value functions and basically mimics UCBVI-BPI algorithm by Ménard
et al. (2021) in definition of the similar gap.

Let us define G, (s,a) £ 0 for all s,a and

4H2RmaxﬁKL(6v n;L(S’ a))

Gt (s,a) = clip (2bf’t(s, a) + + QHbZL{’t(s, a) + (1 + S)ﬁz [WZille_H] (s,a),

nk (s, a) H (16)
07 HRmax> )
where bf’t(s, a) is defined in (14). For this notion of the gap we can define the stopping rule as follows
r=min{t € N: 7/ Gl(s;) < ¢}. (17)

The lemma below justifies this choice of the stopping time.

Lemma D.7. Assume the choice of Bernstein bonuses (14) and let the event G(§) defined in Lemma holds. Then for all
t € N we have

Vii(s) = VY (s1) < witLGh(s).
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Proof. Following (Ménard et al., 2021), we start by defining the following quantities

Qh(s,) 2 clip (7L (5, @) + By Vi1 (s,0) = 0" (s5,) = kb (5,0), 0,7 (s, ) + uVit 4 (5. 0)),
Vi(s) 2 7 Qh(s) — A(ml (),
VIngl(s) £0.
By Theorem and Lemma we have
Via(s1) = Vi (s1) < Vis1) = Vi (s1) < Vi(se) — Visa)
= 7 H1Q (s1) = AR(rtH (1)) — 7 QL (51) + M@ (a1 (1)) = 7@y — Qll(s1)-

Therefore, it is enough to show that for any (h,s,a) € [H] x S x A

@), — Qil(s,a) < Ghls,a), [V, — Vi(s) < wttLah (s).

Proceed by backward induction over h. The case h = H + 1 is trivial, thus we may assume that the statement holds for any
h’ > h for a fixed h. Also fix (s,a) € S x A.

Notice that if G (s, a) = HRpax, then the inequality is trivially true. Therefore we may assume that G (s,a) < HRmax
and, consequently, n} (s, a) > 0. Now we have to separate cases.

First case. In this case we have Q% (s,a) = . 1 (s, a) 4+ pnV}! 41(8, @), i.e. maximal clipping occurs. Therefore

Qi(s:0) = Qh(s,0) = u(s, a) + KH (B (5,0)) + K] (s,0) — (s, ) — KH(pn(s, ))

PV hia(5,0) = puViya(s.0) + 0" (5,a).

By the definition of the event £7¢(§) C G(§) we have
KH (D, (s,a)) + mbH (s,a) — kH(pn(s,a)) < QKbZL’t(s,a),
for the next term we have
PV = PiViga(5:0) = BVign = Vit (5.0 + [0 = pl Vi (s.0) + [pn = BRI VR A — Vitya (s, ).

By induction hypothesis

P Vier = Vit (s.0)] < Bhlm i Gl (5. ).
Next we apply Lemma with U = 72 +1(s,a) and Theorem

[, — VX haa (s,0) < B (s, ).

Finally, we apply Lemma and obtain

N - 1 N - AH?Rmax - BEE(6, 0t (s, a
[pn — ﬁz] [VA,h+1 - Vif+1](57 a) < 723\;51[‘/)\,h+1 - fo+1](3a a) + ntﬁ(s C(L) h( ))
IAGE

T

Summing all these bounds up, we have

7t ~
Qn(s:a) = Qh(s,a) < Phlmii\ Ghial(s @) + 26" (s, a) + 2047 (5, a)
1

- 4H?Rmax - B54(8, 1t (s,a))
+ *ﬁZ[VihH —Vial(s,a) + . b .

H n} (s, a)
Notice that by Theorem and the induction hypothesis
iAt Vv Wt < iAt V’f Wt i t+1
th[ \h+1 h+1](37a) = th[ h+1 h+1}(5aa) H h[WhH h+1]( a),
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and by decomposing the transition bonus (14) to Bernstein bonus and correction term and applying Lemma

1 —t 1 —t ~
bi’t(&a) = bf’t(s, a) + ﬁﬁz[viﬂrl —Vil(s,a) < bf’t(s, a) + ﬁﬁl[vthl —Vil(s,a)
1
<" (5,0) + 5P [ Gl (s, 0),

thus
—t ~ 3
Qh(sa a) - QZ(& Cl) S (1 + H)ﬁz[ﬁz—:llG;L—&-lea a) + 2Hbr;;[’t(57 CL) + 2bf’t(37 CL)
n AH?Rpayx - BEE(S, ni (s, a))
nk (s, a)

=Gl (s,a).

Second case. In this case we have Q (s, a) = (s, a) + PVt (s,a) — b2 (s, a) — kb1 (s, a). Thus
Qn(s,a) — Q} < 2kb 25 pLIV) . — Vi 2oty
n(s,a) — @ (s,a) < 26b," (s, a) + 2b,7" (s,a) + P, [V — Vigal(s,a) + th[ 1 — Yigal(s, a).
By Lemma and induction hypothesis we have

_ - 2
QZ(&a) — Q! (s,a) < 2f$bzf’t(s7a) + 2bf’t(3, a) + (1 + H)ﬁl[w,tlfleﬂ](s, a) < G (s,a).

Conclusion. From the two cases above we conclude
7t ~
(@1 — Qil(s,a) < Gjy(s,a).
Moreover, we have
—t ~ —t ~ —t =
Vi(s) = Vi(s) = m Qp(s) — A@(my ™ (), Qf (5) + A@(m ™ () = m Q) — QRI(s) < w71 Gl (s).
The last inequality concludes the statement of Lemma D.7. O
Lemma D.8. Under the choice of Bernstein bonuses (14), on event G(6) for any t € N and any (h, s,a) € [H] x S x A
At : ittt t Ot : G t
Qh(s,a) < mln{Q/\,h (s,a)7Qh(s,a)}, Vi(s) < mln{v,\,h (5), V3 (s)}.
Proof. Proceed by backward induction over h. The case h = H + 1 is trivially true, assume that the statement holds for any

h' > h for a fixed h. Also let us fix ¢, s, a. By induction hypothesis we have

~ ~ t+1 t+1
Q);L(S’ a) < ’I“mh(s, a) J'_phvff-i—l < r&h(s’ a) J'_phV):h-i-l (Saa) = Qz{,h (Sva)'

In the same manner

Qh(s,0) <y (s,0) + PRV — b (s,0) — rb}" (s, a)
< ftmh(s,a) —|—]3\ZKZ+1 — bﬁ’t(s7 a) — /@bz;l’t(s, a) = QZ(S, a).
Next, we prove the same inequalities for V -functions
Vi(s) = 7 (5)Qh(5,0) = A0 (5)) < 7h (9)QT (5,0) = AB(xhH(s)) = VT, (s),
and

Vi(s) = w1 Ql (s) — A®(niT(s)) < ”ZHQZ(S) — A®(rt(s)) < max {7@;(5) — )\<I>(7r)} =V (s).

TEA 4
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After defining a proper quantity for a stopping rule we may proceed with the final proof for sample-complexity of the
presented algorithm

Theorem D.9. Let 6 € (0,1). Then algorithm with Bernstein bonuses (14) and a regularization-agnostic
stopping rule T is (,0)-PAC for the best policy identification in regularized MDPs.

Moreover, with probability at least 1 — § the stopping time T is bounded as follows

O(H?’SAanax log(SAH/5)L* n H3SA(log(SAH/8) + SL) - L)
T = ,

g2 €

where L = O(log(SAHRmax/€)) + loglog(SAH/Y)).

Proof. Notice that if 7 = 0, then our sample complexity bound is trivial, thus we assume that 7 > 0. Let us start from
deriving an upper bound for G (s, a) fort < 7,h € [H],(s,a) € S x A.

4H?Rpax B85 (8,0t (s,a)) 3
o) h + (1 + H)ph[wfj_llG%H](s,a)

peonc (8, (s.a) |, [28%(0nh(s.a)) 23HRunax B (6, nj, (5, @)

nk (s, a) nk (s, a) nk (s, a)

G (s,a) < 2bf’t(s7a) + 2mb?’t(s7a) +

—t
< 6\/Varﬁ; [Vi](s.0)

3 3
n <1 n H) B — pllntti Gl (s, a) + (1 + H) n[m i Gl (s, @)
By Lemma

4H2RmaxﬁKL(67 n;L(S’ Cl))
nk (s, a) ’

1
=Prlm 1 Ghial(s,a) +

[ﬁ — pn) [7Th+1 Gh+1] (s,a) < 7

Also we have to replace the variance of the empirical model with the real variance of the value function for 7¢*! in order to
apply the law of total variance (Lemma C.3).

Apply Lemma and Lemma

Tt 7t 4H2R‘%naxﬂKL(5v nj (87 (Z))
Varg: [V, 1](s, a) < 2Vary, [V),14](s,a) + o h
a1 —t t+1 4H2R12naxﬁKL (5, nt (S, CL))
< 4AVary, [Vi1](8;a) + 2HRumaxpr Vi — Vipial(s,a) + L .

ny, (s, a)
In the proof of Lemma it was proven that

—t pttt 1

Vi = Vinal(s) < 7t Ghya(s),

thus, combining with an inequality v/a + b < \/a + Vb

BCOHC((S, nl]fl(& CL))

nk (s, a)

ﬁconc(é, nlffl(s7 a))

nj (s, a)
2HRipax 3018, nj, (5, a))
nj, (s, a)

—t t+1
6\/Varﬁz Viiil(s,a) < 12\/Varph Vil (s, a)

+6\/ph[ﬂ-h+1G§L+l]( a)

12HR pax S5 (8,18, (s, a)

nh (5, 0)
To bound the second term, we use inequality 2v/ab < a + b
2HRmax (6,1} (s,a)) _ 3 41 3H?Rnax3%°7¢(8, 1!, (s, a))
6\/ph[7rh+1G§L+1]( a) n (5, ) < = 7P palmy 1 Gl (s, a) + n (50) )

37



Fast Rates for Maximum Entropy Exploration

Finally, we have the following bound on G, (s, a)

ﬁconc((s’ n;L(S a))

n

© o 28701 (5, )

,a) n (s, a)

7
h
+ (1 + > TrfLillGh+1](s,a).

G(s.a) < 12\/Varph Vil a)

54H?R maxﬂKL((; nk (s, a)
n (s, a)

Notice that his inequality could be rewritten in the following form

et Beone(§, nt (s,a)) 2B8% (8,1t (s, a))
G;L(S, a) <E, e+ |:12\/Varph, [V,\,}:i-l](s, a) nz;l s ha) + 2K n%(—sfba)

54H2Rmax/8KL 5, TLt 37(], 10
+ e EL) n( )) (1 + H)G2,+1(Sh+1,ah+1) (sn,an) = (57(1)}
h 9

thus by rolling out we have

H h
10 4 cone(§ nt (sp,,ap
7T§+1G§(81) < E,t+1 |:12 Z <1 + H> \/Varph [V/\‘"h_,’_l}(sh,ah)ﬂ (t w(5h, a1))
h=1

nh(sha ah)
(A)

B7(6,nf (sn,an))

+ QHZ(l + > \/ 0 (s an)
(B)
=l 54H?Rumax 35" (6, nf (sn, an))

+};< ) nh(shvah) 51:|,

(©)

where (1 + 10/H)" < e! for any h € [H]. Now we bound each term separately.

Term (A). To bound this term, we apply Cauchy-Schwarz inequality

peone(d,nj, (s, a))

ottt ot
(A) < 12610 Z dh (57 GJ) \/V&r]?h [VA,h:-l] (s’ CL)

t
(hys,a)€[H]xSx.A ny, (s, a)
t t a1 conc 6’ t ,
S 12610 Z d‘}f{#—l (s’a)va’rph [Vﬂh-:-ll](s’a) . Z dg+ (S,Q)B (t nh(S a)).
(h,s,a)€[H]XSx A (h,5,a)E[H]xSx A nt (s, a)

For the first multiplier we apply the law of total variance (Lemma C.3)

T t4+1
Z dh (s,a)Varp, [V/\ h+1 (s,a) Z dh (s,a)Vary, [V h+1] s,a) + Zd (s)Var_ t+1[Q>\ n 1(8)

h,s,a h,s,a h,s

= o'VlH’ﬁH (s1) < H’R?

max*

Therefore,

peone(d,nj, (s, a))
n, (s, a) '

(A) < 246" HR pox > a7 (s,a)
(h,s,a)E[H]xSx.A
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Term (B). For this term we may apply Jensen’s inequality

H H t
(B) < 2kHe'"E, i1 %Z 237(0, m, (sn, an))

81] < kVBHe" | > a7 (s, a) 20 (5, 0))

— nl, (sn,an) = ni (s, a)
By summing up and replacing counts by pseudo-counts by Lemma we obtain
. conc 57 7l ,
TG (51) < 4800 HRymax S @ sl (0,7h(3, a))

—t
(h,s,a)E[H]xSx A h(s,a) V1

(s —t
+ 4re'V2H Z dZt“(s,a)—ﬂ t(é,nh(s,a))

— ny,(s,a) V1

¢ KL (5,7 (s,a))

4 10H2Rmax dﬂ' +1 B ( s Top (2 )
e Z ho(s9) nt(s,a) V1

h,s,a

The last step is to notice that for t < 7 we have 7r1+1Gt (s1) > ¢, thus summing over all ¢ < 7 we have

peone(d, m, (s, a))
n (s,a) V1

T—1
(T - 1)5 < 48610HRmax Z Z dgﬂ—l (S7 a)

t=1 \ (h,s,a)€[H]XSxA

57{ (57 nh(sv a))
nt (s,a) V1

T—1
+ 4re''V2H Z Z dr (s, a)
t=1

h,s,a

+ 4e10H2anaxZ Z d‘n’ /BK (5 nh(s a)) .

o nh(s,a) V1

Also we notice that SKL(4, -), B3°°¢(6, -), 87(, -) are monotone, thus we may replace 7}, (s,a) with a stopping time 7.
Thus, by Jensen’s inequality

1
10 conc mitt —F 7 N, 4
(1 — 1)e < 48" HRypax /(T — 1) - Beonc(5, 7 — 1) Z Z dj (S’a)ni(s a)Vv1
t=1 (h,s,a)E[H]XSx A

+4H610\/2H6H 5,7)-(r—1) Z Z d’THr1 7(5 1a)\/1

t=1 h,s,a

1

4 10H2 IIlX KL 6 _1 dTr 7.
e xP ’ ZZ nh(s a) V1

t=1 h,s,a

Furthermore, notice
T—1 Tl 41 ot
: 1 n s,a) —ny(s,a
Zdzt+1($,a)7t _ h ( ) ) h( ) )
t=1 "h

nt(s,a) V1

)

thus Lemma is applicable:

(7 — 1)e < 96e' " Ruax /(T — 1) H3S Alog(7) - feonc(s, 7 — 1)

+ 2/£e10\/2HQSA log®(7)BH(8,7) - (T — 1)
+ 8610H3SA lOg(T)RmaXBKL((Sa T = 1)
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By the definitions of SXI, gc°n¢ 3" we have the following inequality

(7 —1)e < 96e " Ruyax /(7 — 1) H3S Alog(7) - (log(16SAH/8) + 2log(eT))

12501\ H2S A(r — 1) log*(r) - (Iog(4S AH /) + 2log(er))
+ 16e'* H3S Alog(7)Rumax (log(4SAH/8) + Slog(eT)).

Under assumption 7 > 2 we can proceed with the further simplifications

7e < 216e' Ryax/ TH3S Alog® (1) - (log(16SAH /5) 4 2log(eT))
+ 32’ H3S Alog(7)Rumax (log(16SAH/8) + Slog(er)).

(18)

Let us define the following constants

354 210 . H3S AR ax
SA B _log(1654H/5), © =% SARmax

A = 216e" " Rinax - 5
€ 3

Then inequality (18) has the following form

7 < Ay/7(B +2log(er)) - log (r) + C(B + S log(er)) log 7.

First, we obtain a loose inequality on 7. Let us use the inequality log(z) < x? /3 for any x > 0, 8 > 0 with different /3 for
each logarithm

7 < A\/2167(B + 4(er)/1)r1/2 + 40(B + 85/3(er)¥/)r '/
= 73/ < 73/8 (GA 6(B + 4el/4) + 1205e3/8) +4CB.

Notice that the solution to the inequality 2 < az + b could be upper-bounded as follows

Va2 + 4b
erve Y ;+ <a+ Vb,

x <

/8 < (GA\/G(B + 4el/4) + 12C5’e3/8) +2VCB.

Define L = 8/3log (6A«/6(B T del/3) +120863/8 + 2\/03) = O(log(SAHRmax/e) + loglog(SAH/5)) and we

have log(7) < L. Then we have that the solution to (18) is a subset of solutions to

thus

T <AVT(B+201+1L))-L3+C(B+S(1+L))L,
solving this inequality we obtain the bound

T <2A%(B+2(1+L))L* +2CB(S(1 + L))L.

O

After this general result we state the bound for the MTEE problem that was stated in the main text.
Theorem D.10. Foralle > 0and 6 € (0,1) the algorithm is (e, 6)-PAC for MTEE. Moreover, with probability
at least 1 — 0

<o H3SAlog?(SA)log(SAH/S) - L* N H3SA(log(SAH/8) 4+ SL) - L

-

— 82 < )
where L =log(SAH/¢e) + loglog(SAH/S).
Proof. Fix ®(m) = —H(m),k = A = 1 and ryax = 0. Since H () is 1-strongly convex with respect to ¢;-norm, we have
r4 = 1. Also we automatically have R,,x = log(SA). In this setting, Theorem yields the desired statement. O]
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E. Fast Rates for MTEE and Regularized MDPs

In this section we describe an algorithm that will achieve O(poly(S, A, H) /<) sample complexity for regularized MDPs.
Additionally, we show that this algorithm could be used for reward-free exploration under regularization.

E.1. Algorithm

We leverage the reward-free exploration approach by Jin et al. (2020). Our algorithm is split into two phases: the first phase
is devoted to reward-free exploration, and on the second phase the collected samples are used to build estimates of transition
probabilities and entropy of transitions. The main idea is that regularization allows us to collect much smaller number of
samples to control the policy error.

Exploration phase We first learn a policy that visit uniformly the MDP. To this aim for each state s’ € S at each step
h' € [H] we build the reward that put one on this state at step » and zeros everywhere else 7, (s, a) = 1{(s,h) = (s',h')}.
We note that the reward function does not depend on action taken. We then run the EULER algorithm for /Ny episodes in the
MDP equipped with the reward r and denote by 1:[5/, n the set of Ny policies used by EULER to interact with the MDP. We
modify this set of policies by forcing to act uniformly at the goal state s’ into the set

1/A ifs=s . h=~hn .
Hs’,h’ = {W}l(as) = { / e o LT E Hs/,h’}~

mh(s,a) else

We define the (non-Markovian) policy 7™ as the uniform mixture of the policies {7 € Il; p, (s, h) € S x [H]} we just
constructed. As proved by Jin et al. (2020) the policy 7™ is built such that it will visit almost uniformly all the states
that can be reached in the MDP from the initial state. Before precising this property we need to introduce the notion of

significant state.
Definition E.1. A state s at step h is called ¢’-significant if there exists a policy 7 such that the visitation probability of s
under policy 7 is greater than ¢’:

max d (s) > €.

The set of all £’-significant state-step pairs is called S./.

We reproduce here the result by Jin et al. (2020) that shows that the policy 7™ will visit any significant state with a large
enough probability.

Theorem E.2 (Theorem 3.3 by Jin et al. 2020). There exists an absolute constant ¢ > 0 such that for any ¢’ > 0 and
§ € (0,1), if we set the parameter Ng > cS2AH*L /e’ where L = log(SAH/(5¢")), then with probability at least 1 — §/3
the following event holds

dﬂ'
ERFRLBaplore(§ o) {V(s, B) € S, Va € AV B89 QSAH},
fn (s, a)
where we denote the visitation distribution of policy ™™ by (s, a) = d;{mix (s,a).

Remark E.3. Note that the space complexity of is very large since we need to store all the intermediate
policies in order to construct 7™,

This policy 7™ is then used to collect N' new independent trajectories (2, )nen] Where z,, = (sT,a¥,...,s%,a%, s, 1)
by following the policy 7™ in the original MDP. Next define the set D = {(s}., aj., s}, 1), h € [H],n € [N]} consisting

of the transitions in the sampled trajectories.

Planning phase Given the transitions collected in the exploration phase we estimate the transition probability distributions
and then plan in the estimated MDP with the Bellman equations for MTEE to obtain a maximum trajectory entropy policy.

Using the dataset D, we construct estimates of transition probabilities {py }rec(r). We first define the number of visits of a
state action pair (s, a) at step h and the number of transitions for (s, a) at step h to a states s’ observed in the dataset D,

N N
nn(s,a) = Z]l{(sz7a2) = (s,a)} nh(8/|57a) = Z]l{(s;zaaZﬂSZJrl) = (s, a, S/)}7
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The transitions are estimated using the maximum likelihood method:

ny (s']s,a)
~ Lo np(s,a) >0
ph(8/|57a) _ { 1nh(s,a) ( ) ) (19)

5 np(s,a) =0

Given these estimates, we can define an empirical version of the regularized Bellman equations for MTEE

Q% (s,a) = ri(s,a) + £HBr(s,a)) + P V41 (5, a)

Y ~ (20)
V)Ch(s) = 7TQZ\r,h(S) — A®(7).

Then the output policy 7 is the solution to the optimal regularized Bellman equations

Q;,h(& a) = T}L(‘S? Cl) + K‘H(ﬁh(sa a)) + l/)\hv,\*,h-&-l(sv CL)
V)ih(s) = mfx{ﬂ@j’h(s) — )\<I>(7r)} Q1)
Fa(s) = arg max{w@’;’h(s) - A(I)(w)}.
We call this algorithm . Notably, we can extend this algorithm to the setting of the changing rewards by
solving (21) with new reward functions 7, (s, a). The detailed description of the algorithm is presented in Algorithm 2. The

only difference between our algorithm and RF-RL-Explore by Jin et al. (2020) is the use of a smaller number of trajectories
N and solving regularized Bellman equations instead of usual one.

E.2. Concentration Events
In this section we describe all required concentration events.

Let "¢: (0,1) x N — Ry and *: (0,1) — R, be some functions defined later on in Lemma E.4. We define the
following favorable events

£ (N, 5) 2 {Vh € [H],VG: S = [0, HRumx, Vi S — A

2R2 . Qconc
E(s,a)wph [([ﬁh’ —phr]G(s,a))2]l{y(5) = a}} < cH RmaxS B (67 N) } ,

N

EX(N,5) & {\m € [H]  Eiyayon, [(HB(5,0)) — Hpn(s,a)))?] < 1257 Alog’ (SN) - 57(9) }

N

where C is a some absolute constant. We also introduce two intersections of these events of interest and EFFRE-Explore (5
defined in Theorem [2.2: G(N, §,&') & £°%¢(N, §) N EM(§) N EXF-RL-Explore(5 /) We prove that for the right choice of
the functions 3°°"¢, 3 the above events hold with high probability.

Lemma EA4. Foranyé € (0,1),&' > 0, N € N and for the following choices of functions (3,

B°n¢(§, N) £ log(3AHRmax N/9),
BH(5) £ log(12SAH/5),

it holds that
Pl (8)] >1—-46/3,  PE™()] >1-d/3.
In particular, P[G(§, N,&")] > 1 — 6.
Proof. Holds from an application of Lemma G.6, Lemma G.5, Theorem and union bound. O
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E.3. Sample Complexity Proof

In this section we provide the sample complexity result of algorithm in the simple BPI setting and in the
reward free setting.

Theorem E.5. Algorithm with parameters Ny = Q(% and N > ) W)
is (€,0)-PAC for the best policy identification in regularized MDPs, where L = log(SAH/(e\0)). The sample complexity

is bounded by St 2o
6<H S ATARmax).
EA

Proof. Let us start from exploiting the strong convexity of the regularizer. This property is given by Lemma

Next we study each separate term in this decomposition. By the definition of 7 and 7* we have

@g,*h(& a) - Q‘[)t,*h(sv a) < Q\i,h(& a) - Q;,h(sﬁ a) < Q\i,h(sa a) - Qi,h(& CL),

2 H 2
7 r A7
Via(o) = o) < 53 3 e (O - 8 ons

thus

(@)~ QEts.0)) " < max{ (QRlo0) = Q3a(s:)  (Qha(ov0) ~ QFtsa)) .

and by an inequality max{a, b} < a + b for positive a, b we have

(@%@~ @il @) < (@T(s.0) ~ QTls.@) + (ATnls )~ Qs )

Therefore, the policy error decomposes as follows

H

N —— N 2
Vo) = V(o) < 22 Y (B [mag (@ on.0) - Qo) o]

~__% * 2
+ Ez {Iglea}(Q’i,h(Sh,a) - Q§7h(3hva)) | 51] )

Next we assume that the event G(V, §, €’) holds for the values NV and £’ that will be specified later. Then Lemma applied
2H times yields

) - % (4883 H*AR2,, log*(N)log(12SAH /&
Vi) - W) < 0012541/
6R2 24 .
| ACHORE, A (1og(J3VAHRmaX/5) +1og(N)) ¢ HOR2 . E,)_

Next we take
, e

© T 4ISHRZ,

max

eHTS"Ara Rl for an absol L = log(SAH/5) + log(1/(g))). Thi
——2—4—max2 for an absolute constant ¢ > 0 and L = log( /6) + log(1/(eX)). This

yields O(H8S*Ar3R2,,. /(e))) sample complexity of the first phase, since we need Ny, samples for each (s, h) € S x [H].

max

Under this choice, we have

that requires to take Ny >

2

Vi (s1) = Vi (s1) < e/2+ A% (48 + 4C)SBAHOR2,, 1og*(N) - log(12S AHRynax /5) ).

To make the second part smaller than ¢, we have to analyze the following inequality

log?(N)/N -B <e¢
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and upper bound its minimal solution that we will call N*. To do it, we first use a simple numeric bound log(N) < 4N 1/4
and obtain a simple estimate N > 256 B 2 / 2, thus the minimal solution N* < 25632 / 2. Therefore, we can assume that
log(N*) < 2log(16B/e) = O(log(SAHRmax/€ + log(1/9)), thus taking

max

N> N*— Q<H653ATAR

log?(SAHRyax /€ 4 log(1/5)) - log(SAHR .y /5))
EA ’

is enough to guarantee that the policy error is smaller than €. O

Notice that in the proof we do not rely on one particular reward function, since the only we need is conditioning on event
G(9) that does not depend on the particular reward function.

3 6 g3 2 Rp2 3
Corollary E.6. Algorithm for a choice Ny = Q(W) and N > Q(%)
outputs e-optimal policies for an arbitrary number of reward functions in regularized MDPs. The sample complexity is
bounded by
o H8S*Ar2R2 .
eX '

Finally, we provide a formal proof for application of this algorithm to the MTEE problem, that is a simple application of the
results above.

Theorem E.7. Algorithm with parameters Ny = Q(M) and N = Q(M) is (¢,0)-PAC
for the MTEE problem, where L = log(SAH/(£6)). The total sample complexity SH Ny + N is bounded by

~(H854A

& ( : ) |

Proof. Fix ®(7) = —H(w),k = A = 1 and 7ax = 0. By 1-strong convexity of —# (7) with respect to ¢1-norm, its dual is
1-strongly convex with respect to £, norm, yielding r4 = 1. Also we have Ry,,x = log(SA), thus by Theorem we
conclude the statement. O

E.4. Technical Lemmas

Lemma E.8. Let 7 be a greedy policy with respect to regularized Q-values Q) 1, (s, a) : mx(s) = arg max, {7Q, ,(s) —
AD(7)}. Then the following error decomposition holds

H

Z Q,\ h Q;,h)Q(shaa) | 81],

V)tl(sl) VA 1(51)

where 1 4 is a constant defined in (11).

Proof. First, we formulate the statement dependent of h

2
* _ U < _Aa
Vin(s) = Viiu(s) < 2/\]E7r

H
Z ?eaj((éhh’ — Q‘;\,h,)z(sh/,a) | sp = 31 . (22)
h'=h

Notice that for h = 1 and s = s; the initial statement is recovered. We proceed by induction over h. The initial case
h = H + 1 is trivial, next we assume that the statement (22) is true for any k' > h.

We start the analysis from understanding the policy error by applying the smoothness of F) for any h.
Vin(s) = Vin(s) = Fa(@Qin(s.7) — (M@ (s, ) — A®(mn(s)))
a) a) * a) 1 = *
< FA@n) () + (VEN@n(5,)), @an(5,) = Quls, ) + 55 1Qn — QRall3(s)
— (mh QX 4 (s, ) — A®(mp(s))).
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Next we recall that

mh(s) = VF(Qu(s,),  F(Qn)(s) = mnQ(s) — A®(mn(s)),
thus we have

F(Qp)(s) = (mnQX n(s,) — A®(mn(s))) = mu[@y — QX 4] (5)
and, by Bellman equations

Qi ™ 1=
Vin(s) = Vin(s) < mn[Q3n — QXal () + 55 1@n — QRllE(s)
* u 1 .= *
< ThDh [V)\,h-&-l - VA,;L+1] (s) + 5||Qh - Q,\,h”z(s)-
Applying norm equivalence (1 1) we have
2
* @ r N * v
Via(s) = Vilu(s) < Br [2§||Qh — Qe (sn) + Vi (sns1) = Vi snsn) | s = s|.

By induction hypothesis we conclude the statement. O

Lemma E.9. For any policy 7 the following holds on event G(N, 6,¢’) defined in Lemma E.4 for any h € [H|

~ 2 48S3H3AR2, log®(N)S™(5) 4CHP®R2, S%A - f°oc(5, N
Ez [gleaj((Q,\,h - Qk,h) (sh,a) | 51] < N (N)B7(9) + N (6 N)
+2SH?RZ,, - €.

max

Proof. By performance-difference Lemma C.4 and form of the rewards stated in (20) we have for any (s, a,h) € Sx Ax [H]

Q% (s,0) — Q5 4(s,a) = KE;

H
> Hbw (swyan)) = H(pw (swryan)) | (snyan) = (Sva)l
h'=h

H
S B — Pl Vi1 s an) | (snan) = <5,a>].
h'/=h

+E;

Next we analyze all required expectation for one fixed value h € [H]. By Jensen’s inequality and a simple algebraic
inequality (a + b)? < 2a? + 2b?

(S}H ah) = (87 CL)

~ 2 il ?
(Qxa(s,0) — QRuls,0))” < 26°Ex (Z H (B (50, an)) — 'H(ph/(sh/,am)

h'=h

(sn,an) = (s,a)|.

2
H
+ 2E, (Z [Prr = o [V g1 (s ah'))

h'=h

By Cauchy-Schwarz inequality we have the final form

H

(Q\g\r,h(sv a) - Qg,h(sv a))2 <2HE, |:Z K2(H(ﬁh’ (Sh/v ah')) - H(ph’(sh’7ah/)))2

h=h (23)

H —~ 2
+ ([ﬁh' —ph/]Vf,h/H) (snryan) | (snyan) = (Saa)}
h'=h

To connect this conditional expectation in the right-hand side of (23) with conditional expectation over 7, we define the
following policy

%h«(a|s) h <h
T (als) = ¢ 1{a = argmaxaeA{ (@Z(s,a) — Q7 (s, a)>2} W=h
mr(als) K > h.
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Since we do not change the policy 7 for steps greater than /, we can replace 7 with 7 in (23). Additionally, since this policy
is equal to 7 for the first b — 1 steps, the distribution d7 (sp,) is equal to d} (sp,):

h—1
dp(sn) = Z m1(a1ls1) ( H Phr—1(8hr[Sh 1, an 1) T (ah’sh/)> “Ph-1(sh|sh—1,an-1)
51,01,---38h—1,0h—1 h'/=1
h—1 -
= Z 71 (a1ls1) ( H P —1(Shr|Shr—1, ap —1)Thr (%/%/)) “Ph—1(Sn|Sh—1,an-1) = d},(Sn)-
51,A1,..-, Sh—1,ah—1 h'=1
Therefore

—~ 2 . —~ 2
B (@R~ QR ) [o1] = 52 050 ma (@5~ @) (50)

= Z d;NTL(S) max(@ih - Q§7h)2(s’ a)

acA
~ 2 ~ 2
= e (@~ Q) (o) 1| = B[ (@5 - @5 omean) [ 1]

Next we show that in (23) we can make a change of policy from 7 to 7. It is enough to show that the required marginal
distributions are equal for all A’ > h, i.e. for any (s,a) € S x Aitholds P [(sp/, an/)|(sh,an)] = Pz[(snr, an)|(sk, ap)]-
For h/ = h this probability is an indicator on (s, ay), so it does not depend on policy. For the general case h’ > h we can
use Markov property and imply

h'—1
Pr[(sn, an)|(sh,an)] = Z H Tit1(@igp1|8i41)Pi(Si1]54, @)
(Sh41,QhA41se3Sp7 _1,ap7_1) 1=h
h'—1
= Z H Tiv1(@it1]sit1)pi(sit1lsi;ai) = Px[(sw, an)|(sn, an)].

(8h41,Qh415--,8p7 _1,ap1 1) t=h

Therefore, we can make change of measure in (23) and obtain

N 2
. [maj{(QK = QT h) (sn.a) | 81] < 2HE; {E%
ms : ,

H
> KM (snran)) — H(pn (snr,an))? | Shaah]

h'=h
51:| .

H R 5
ponl T
+ Ex E ([Ph/ - ‘ph'WA,hIH) (snsanr) | snsan
By the properties of conditional expectation we can eliminate the inner expectation and obtain the following upper bound

h'=h

H
Ex [gpeajc(ég,h ~ Q) () } < 20K B (H(Bir (s, an)) = Hlpw (snyan)))? | 51

h'=h
81:| .

H N 2
+2H > Ex [([ﬁh' —ph']Vf,hurl) (Snryan)
h=h
Applying Lemma and the definition of £%(§) we have

B [ (H(Bi (sns a)) = Hpw (s, an))? | 1] < 25 AHE ), [(H(Bi (5, @) = Hlpw (5,0)))°] + S10g(S)e’

_ 245°HA log?(SN)A™M ()
= N

+ Slog?(S)e’.
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In the same way by Lemma and the definition of event £°°"¢(N, §)

~ 2 ~ 2
E% |:([ﬁh/ —ph/]Vﬂh/_,'_l) (sh/,ah/) | 81:| < QSAHE(S},I)NMZ, [([ﬁh’ —ph/]Vf’h,H) (S,a,):l + SHQRIQnaX€/

2 HB 2 2A~ conc N
S 9 RmaxSN ﬂ (5? )+SH2R?na,x6/-

Combining these two upper bounds, we have

s T 2 maszA : Bconc 6’ N
Ez [&aj{(@,\,h - Q,\,h) (sn,a) | 51} S N N -

+ S(H?R2,, + k?log?(9))e’.

4853 H3 Ak? log?®(SN) 5% (5) N 4CH®R?

Since x2 log?(s) < R2

ax and H > 1, we conclude the statement. O

Lemma E.10. For any bounded function f: S x A — Ry, f(s,a) < B for any policy © and step h on event
ERF-RL-Eaplore(§ ') the following holds

Exlf(sh,an)|s1] < 2SAHE (5 0)mp, [f(s,a)] + BSe".
Proof. Recall S.s 5, be a set of all &’-significant states (see Definition E.1) at step h. Then we can rewrite this expectation as

follows
Exlf(snan)lsil= Y di(s,a)f(s,a)+ Y. di(s,a)f(s,a).

a€A,sES. a€A,s¢S.r
For the first sum by Theorem E.2 we have df (s,a) < 2SAH py(s, a), thus

Y di(s,a)f(s,a) <2SAH Y pn(s,a)f(s,a) = 2SAHE o)y, [£ (s, )]
a€A,sES,/ ), (s,a)eSxA

For the second sum we apply f(s,a) < B and the fact that for all states that are not &’-significant under any policy
di(s) <e”

Z d7(s,a)f(s,a) < B Z dp(s,a) = B Z dj(s) < BSe'.

a€A,s¢S.r 4, a€A,sZS.r ), SEScr p,
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F. Faster Rates for Visitation Entropy
F.1. Algorithm description

Let us start from the description of the modified algorithm . It has a similar game-theoretical foundation as it
aims at solving the following minimax game

1 1
visit(d) = i d ,a)l = = mi d ,a)l _ .
e T ORI & P S P APy
As for usual , there are two players in the game. On the one hand, the min player, or forecaster player, tries to

predict which state-action pairs the max player will visit to minimize KL(d},, d),). On the other hand, the max player, or
sampler player, is rewarded for visiting state-action pairs that the forecaster player did not predict correctly.

We now describe the algorithm for MVEE. In this algorithm, we let a forecaster player and a sampler player
compete for T episodes long. Let us first define the two players.

Forecaster-player The forecaster player remains exactly the same as for usual algorithm, see the corresponding
section in the main text.

Regularized Sampler-player For the sampler player we exploit strong convexity of visitation entropy. The running time
of the sampler player will be divided onto two stages, as it was done in algorithm.

Exploration phase Before the start of the game, the sampler-player uses some preprocessing time in order to explore the
environment to learn a simple (non-markovian) preliminary exploration policy 7™, This policy is used to construct an
accurate enough estimates of transition probabilities. This policy is obtained, as in RFE-RL-Explore and ,
by learning for each state-action pair (s, ah), a policy that reliably reaches this action pair (s, a) at step h. This can be done
by running any regret minimization algorithm for the sparse reward function putting reward one at state s at step h and zero
otherwise. The policy 7™ is defined as the mixture of the aforementioned policies.

Planning phase The second phase is starting during the running time of the algorithm. Since algorithm
is essentially reward-free in a sense of working with an arbitrary reward functions.

For each episode ¢ during the game we define the empirical regularized Bellman equations
~t ‘7t
a1 (s) + P Vg (s, a)
R ho A\ (24)
Vii(s) = max {7Qj (s, a) + H(r)},
TEA 4

@1;1(57 a) = log

where ‘A/IEI 41 = 0. The sampler player then follows d™"" where w1 s greedy with respect to the regularized Q-values,

thatis, 71 (s) € argmax, ¢ N {W@ﬁl(s) + H(m)}. This choice of sampler player will be clear in the analysis below.

Sampling rule At each episode ¢, the policy 7! of the sampler-player is used as a sampling rule to generate a new
trajectory.

Decision rule After T episodes we output a non-Markovian policy 7 defined as the mixture of the policies {Wt}tE[T], that

is, to obtain a trajectory from 7 we first sample uniformly at random ¢ € [T] and then follow the policy 7¢. Note that the
. . . . . . ~ . = t

visitation distribution of 7 is exactly the average d™ = (1/T) 3 ¢ (7 d™ .

Remark that the stopping rule of is deterministic and equals to 7 = 7. The complete procedure is detailed in
Algorithm
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Algorithm 4
1: Input: Number of episodes 7', number of exploration episodes Ny, number of transition samples IV, prior counts ng.
2: # Preliminary exploration
: for (s/,h) € S x [H] do
: Form rewards r,(s,a) = 1{s = s',h = b’}

3
4
5:  Run EULER (Zanette & Brunskill, 2019) with rewards r), over N iterates and collect all policies 1L,/ p.
6:  Modify m € Iy s : mpe(als’) = 1/Aforall a € A.

7: end for

8: Construct a uniform mixture policy 7™ over all {IL; 5, : (s,h) € S x [H]}.

9: Sample N independent trajectories {2, },c[n] using 7™ in the original MDP.

10: Construct from {2z, },c[n] the estimates pj, as in (19).

11: for t € [T] do

12:  # Forecaster-player

13:  Update pseudo counts 72:~* (s, a) and predict d}, (s, a).

14:  # Sampler-player

15:  Compute 7! by regularized planning (24) with rewards log (1 / Jﬁl(s)) and entropy regularization.

16:  # Sampling

17:  for h € [H| do

18: Play a}, ~ 7} (s})

19: Observe s}, | ~ pn(s},a},)

20:  end for

21:  Update counts and transition estimates.
22: end for

23: Output 7 the uniform mixture of {7’} (7

F.2. Analysis

We first define the regrets of each players obtained by playing 7" times the games. For the forecaster-player, for any d € K,
we define

T

1
A t
EF{Fore Z Z dh 5 a (10g d ( a) _log dh(S,a/)>

t=1 h,s,a

where di (s, a) £ 1{(s},a}) = (s,a)} is a sample from df (s, a). Similarly for the sampler-player, for any d € KC,, we
define a regularized regret

R () 23 (Z [dn(s, a) — df' (s, a)] log dt [ s)KL((s), 74 (s)) — dff (s )KL(w;(s),ﬁ;(s))D ,
t=1 }L

h,s,a h,s

where corresponding policies are defined as m,(als) = di(s,a)/dn(s) and 7} (als) = d},(s,a)/d} (s) for dy(s) =
Yo dn(s,a)and di (s) =", d (s, a).
Recall that the visitation distribution of the policy 7 returned by is the average of the visitation distributions of

the sampler-player d7 (s, a) = dT(s a) 2 (1/T) Zt 1 d“ (s,a). We also denote by dT(s a) 2 (1/T) Zt 1 d'(s, a) the
average of the sample’ visitation distributions.

We now relate the difference between the optimal visitation entropy and the visitation entropy of the outputted policy 7 to
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the regrets of the two players. Indeed, using H(p) = >_;c(,,) Pilog(1/¢;) — KL(p, q) for all (p, q) € (A,)? and

KL(d7,d},) = > df (s, 0) 1og(W>

This inequality could be treated as a strong convexity of visitation entropy with respect to trajectory entropy since
KL(d7",d}) is a Bregman divergence with respect to H.isi, and the final average of KL(7} (s), 7} (s)) is a Bregman
divergence with respect to Hyg; (up to linearities).

Applying this inequality, we have
T
T (Huist(d™) = Huisn(d7)) <Y Z 7" (s,a log Zd’r )KL(75 (s), 7t (s))

+ T(’Hvisit(éT) - /Hvisil(dT))

~~
HMH
I

&

CIJ

Q

—

@]

oQ

d = 1
am dﬂ' + d S a —dt (S,a) log =—
a2 2 Ko ) oe Z e
Bias;
+ SRFore (dT) + T(Hvisit(d)T) - ,Hvisjt(dAT)) .

Biaso

It remains to upper bound each terms separately in order to obtain a bound on the gap. Notably, only the sampler player
result changes in comparison to

F.3. Regret of the Sampler-Player

We start from introducing new notation. Let M; = (S, A, {pn}nem), {7},  nepm), s1) be a sequence of entropy-regularized
MDPs where reward defined as 77 (s,a) = log(1/d%(s)). Define Q}'*(s,a) and V;"*(s, a) as a action-value and value
functions of a policy 7 on a MDP M. Notice that the value-function of initial state in this case could be written as follows
(see Appendix C)

V(s Zdﬂsalog< ) > " dji(s) KL(ma(s), 74(s))

h,s,a h,s

Zdhsalog(dt )+Zdh (s)),

h,s,a

also see Appendix D for more exposition. Therefore, the regret for the sampler-player could be rewritten in the terms of the
regret for this sequence of entropy-regularized MDPs

T t
E it ot
Samp Vl 7" (31)'
t=1

We notice that our approach does not gives a regret minimizer algorithm in a classical sense, however analysis shows us that
we can control the sum of policy error with respect to any reward function.
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Lemma F.1. Let Ny = Q(H7SSA'l°g2(T+SA)'L> and N = Q(HGSSA10g2(T+SA)L3). Then with probability at least

€ &€

1 — 0/2, the regret of the sampler player is bounded as

9%gamp(dﬂ-*) < 5/2 T
. HS 4A
o)

Proof. From Corollary .6 under the choice of parameters A = 1, x = 0 and reward function ¢ (s, a) = log(1/d} (s)) for
each iteration, that is bounded by log(7T + S A), we have that for any reward function the sub-optimality gap is bounded by
/2. The total number of episodes of pure exploration is equal to NoSH + N. O

after

episodes of pure exploration.

F.4. Proof of Theorem

We state the version of this theorem with all prescribed dependencies factors.
Theorem F.2. Fix some € > 0and d € (0,1). Then for ng = 1,

7TG34 .73 603 475 2 3 202 4272
N(]:Q(HSSAL), N:Q<HSAL>, T:Q<HSAL +HSAL)

3 e? €
with L = log(SAH /), the algorithm is (£,0)-PAC. Its total sample complexity is equal to SH - No+ N +T,
that is,
~ < H?SA H3S*A )
T=0 5— + .
€ €

Proof. We start from writing down the decomposition defined in the beginning of the appendix

T(Huse(d™ ) = Huis(d")) < Ry (@) + RE,,(d7) + Biasy + Bias,.
By Lemma F.| with probability at least 1 — §/2 it holds

RE (@) <eT)2.

Samp

By Lemma
Riore(d”) < HSAlog (e(T + 1)).

Fore

By Lemma with probability at least 1 — 6/2

Bias; + Biasy < 310g(SAT)(\/TH log(4/8) + H\/SAT 1og(3T)).

By union bound all these inequalities hold simultaneously with probability at least 1 — §. Combining all these bounds we get

*,VE

T(Huse (@) = Huisud")) < 310g(SAT) (/TH 10g(4/3) + H\/SAT1og(3T))
+ HSAlog(e(T + 1)) +T/2.

Therefore, it is enough to choose T such that Hg (d™ ) — Hvisit(dﬁ) is guaranteed to be less than €. In this case
become automatically (e, §)-PAC. It is equivalent to find a maximal T" such that

eT/2 < 3log(SAT) (\/TH log(4/0) + H\/SAT log(3T)) + HSAlog(e(T +1))).
and add 1 to it. We start from obtaining a loose bound to eliminate logarithmic factors in 7.
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First, we assume that 7' > 1, thus 7 + 1 < 27". Additionally, let us use inequality log(x) < x? /4 for any z > 0 and 3 > 0.

‘We obtain
eT < 48(SAT)Y/® (\ /T3/2H log(4/68) + H\/4SAT3/2> +16/7- HSA(2eT)™/®
that could be relaxed as follows
eT/® < 48(SA)Y8(H log(4/6)Y/? + H(SA)>/® + 11HSA

thus we can define v = 8log((48(SA)Y/8(H log(4/6)"/? + H(SA)>/8 + 11HSA)/e) = O(L) for which log(T) < 7.
Therefore

eT/2 < 3(l0g(SA) + VT (/Hlog(4]0) + \/SAH(l0g(3) + L) ) + HSA(1 +27).

*,VE

Solving this quadratic inequality, we obtain the minimal required 7" to guarantee My (d™ ) — Hvisn(dﬁ) < ¢. In particular,

H2 AL3 H2 2A2L2
PSS
3 3
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G. Deviation Inequalities
G.1. Deviation Inequality for Categorical Distributions

Next, we state the deviation inequality for categorical distributions by Jonsson et al. (2020, Proposition 1). Let (X} ):en+
be i.i.d. samples from a distribution supported on {1, ..., m}, of probabilities given by p € A,,_1, where A,,_; is the
probability simplex of dimension m — 1. We denote by p,, the empirical vector of probabilities, i.e., forall k € {1,...,m},

oAl
e 2 =Y 1{X, = k).
Dk n;{z }

Note that an element p € A,,,_; can be seen as an element of R™~! since p,,, = 1 — 211?:711 pi. This will be clear from the
context.

Theorem G.1. Forall p € A, and for all § € [0,1],

P(3n € N*, nKL(p,,p) > log(1/d) + (m — 1) log(e(1 + n/(m — 1)))) < 4.

G.2. Deviation Inequality for Shannon Entropy
We denote by H(p) the (Shannon) entropy of p € A,,_1,

H(p) £ kzm:_lpk log<plk) :

We will follow the ideas of Paninski (2003).
Theorem G.2. Forallp € A,,_1 and forall § € [0,1]

21og?(n) - log(2/4) N ((m —1)log(e(l+n/(m—1)))+1

Pl [H(pn) — H(p)| 2 \/ Alog(m)> <4

Moreover,

2log®(n) - (log(2/6) + log(n(n + 1))) N (mlog(e(l +n))

n

P|3n: [H(pa) — Hp)l >\/ Alog<m>) <

Proof. We start from application of McDiarmid’s inequality to entropy by Antos & Kontoyiannis (2001). Forall p € A,,,_1
with probability at least 1 — § we have

21og?(n) - log(2/4)

PN [H(pn) — E[H(Pn)]] > \/

To relate E[H(p,,)] and H (p) we use the following observation

H(pn) = H(p) = =KL(Bn:p) + > (P — i) log(1/pk),
k:pr>0

therefore by taking expectation we have
E[H(pn)] = H(p) = —E[KL(pn, p)].

In the following our analysis differs from (Paninski, 2003) since we obtain a direct estimate on the KL-divergence using
Theorem s

EnKL(p,,p)] = /OOO PnKL(Dy, p) > t]dt < (m — 1)log(e(1 +n/(m —1))) + /OOO e 'dt.
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At the same time we have a trivial bound that concludes the first statement

E[H(p")] — H(p) < log(m).
To show the second statement of Theorem G.2, we apply the first part with §'(n) = §/(n(n + 1)),

P[H(ﬁn) — H(p)| > \/210g2(n) -log(2/6'(n)) + ((m —1)log(e(1 +n/(m—1))) +1 A log(m)):| < (L

n n n(n+1)’

thus by union bound over n € N we conclude the statement. O

G.3. Deviation Inequality for Sequence of Bernoulli Random Variables

Below, we state the deviation inequality for Bernoulli distributions by Dann et al. (2017, Lemma F.4). Let F, fort € N
be a filtration and (X;):cn+ be a sequence of Bernoulli random variables with P(X; = 1|F;_;) = P, with P; being
Fi_1-measurable and X; being F;-measurable.

Theorem G.3. Forall 6 > 0,
n n 1
P( dn: X < P /2 —log=] <.
( Sy g§>_

G .4. Deviation Inequality for Bounded Distributions

Below, we state the self-normalized Bernstein-type inequality by Domingues et al. (2021b). Let (Y)ten+, (wi)ten+ be two
sequences of random variables adapted to a filtration (F;):cn. We assume that the weights are in the unit interval w, € [0, 1]
and predictable, i.e. F;_; measurable. We also assume that the random variables Y; are bounded |Y;| < b and centered
E[Y;|Fi—1] = 0. Consider the following quantities

t t :
Si2Y wYe, V2Y wlE[YFa], ad W2 w,
pot s=1

s=1

and let h(z) = (z + 1)log(z + 1) — z be the Cramér transform of a Poisson distribution of parameter 1.
Theorem G.4 (Bernstein-type concentration inequality). Forall § > 0,

b|S:|
P(3t>1,(V,/0* + 1)h

(302 1+ (2
The previous inequality can be weakened to obtain a more explicit bound: if b > 1 with probability at least 1 — 0, for all
t>1,

) > log(1/8) + log(4e(2t + 1))> < 0.

S| < \/2V; log(4e(2t 4 1)/6) + 3blog(4e(2t +1)/5).

G.5. Deviation Inequalities for Expectation over Sampling Measure

In this section we describe two inequalities that shows the deviations of quantities of empirical transition kernels constructed
by an independent samples from some base distribution over states. Let {2 } (] be a set of independent trajectories using
a fixed policy 7 in the original MDP: Vi € [H] : a; ~ 7(s;), 8i+1 ~ D(si, a;), and let (s, a) = d7f (s, a) be its state-action
visitation distribution.

Using this data, we construct an estimates of transition probabilities {p },e(r): for each state-action-step triple (s, a, h) we
define ny, (s, a) as a number of visits in these IV trajectories:

Z]l{ = (s,a)} nun(s'|s,a)

sh7aha8h+1) (S a, s )}

an

where z, = (s¥,af, ..., s%,al;, s% 1), and then the model constructed in a usual way as a maximum likelihood estimate
np(s'|s,a)
~ == ny(s,a) >0
ph($/|$7a) _ 1nh(s,a) ( ) ) )
3 np(s,a) =0
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Lemma G.5. Suppose that py, is the empirical transitions formed using N independent trajectories {zy } re|n) Sampled
independently using policy 7 in the original MDP. Then we probability at least 1 — § the following holds

2 o 2 .lo
Vh € [H]  E o, [(HP(5,0)) — Hilp (s, )))?] < 2518V JosUSART0)
where ju5,(s,a) = df (s, a).

Proof. Define ny (s, a) be a number of samples from a fixed state-action pair s, a. Then by Theorem we have with
probability at least 1 — 6/2 for all triples (s,a,h) € S x A x [H]

21og®(ny(s,a)) - log(4SAH/S) N S'log(S) log(ng (s, a))'

(H(ﬁh(‘g?a)) _H(ph(37a)>)2 < nh(s,a) nh(S,a)

From other point of view, we have a trivial upper bound log2 (S). Thus, we obtain

< 2log®(Snn(s,a)) - log(4SAH/5) + Slog(S) log(ns(s, a)

(H(Pn(s,a)) = H(pn(s,a)))?* < Al
ni(s,a)

Next we define the following event

E(S) = {V(s,a,h) €S x Ax[H]:np(s,a) >

2|2

un(s,a) — log(QSAH/(S)}.

By Theorem it holds with probability at least 1 — §/2, then we can apply Lemma and obtain the following bound
with probability at least 1 — § by union bound

21og?(SN) - log(4SAH/5) 4+ Slog(S) log(N)

(H(Bn(s,a) = H(pn(s,a)))* < 4 (Nun(s,a) v 1

Thus, taking expectation we have

B [ (5,0) = Hpn(5,00))°) < 3 00 (210 (SN)log(4S AH5) + S o (S) og(V)

- 12524 -log?(SN) - log(4SAH /)
— N .

O

Lemma G.6. [Lemma C.2 by Jin et al. 2020] Suppose that py, is the empirical transitions formed using N independent
trajectories {2y, } ) sampled independently using policy m in the original MDP. Then there is an absolute constant C' > 0
such that with probability at least 1 — § the following holds for all h € [H]

_ 2 CH?R2._ S [ AHRmuN
oo max B (B — Gl 0) 1) = a}] < S0 m%ﬁ : )

where iy (s, a) = dj (s, a).
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H. Technical Lemmas

H.1. Entropy Properties
Lemma H.1. For any reward-free MDP M = (S, A, {pn }ne[), 51) the following holds

max H,isi:(d) = max min dp(s,a)log =
deK, wie(d) dek, dek (hoa) n(s0) gdh(s,a)
,8,a

= mi d( 17
gél;??é%xz n(s,a) Ogd( )

h,s,a)

Proof. The first equality is due to

H H
1
Heisit hZ:lH };"H(dh) + KL(dp,dp,) = gél/rclz (d) + KL(dp,dp)) = ggn(}%) dpn(s,a)log e

and the second equality uses Sion’s theorem (Sion, 1958) with the fact that K, K}, are compact convex sets and (d, d)
— > hsadn(s,a)logdy(s,a)is concave-convex. O

Lemma H.2. The trajectory entropy H,;j(m) has the following representation

H

Ho(m) = 3 " () log —— = B | S H(n (s, an) + H(mn(s1))ls1 |.
meT q (m) h=1

Proof. By a definition of g™ (m):

H

¢"(m) = m(ar|s1) [ ] pn-1(snlsn—1, an—1)mn(an|sn),
h=2

thus

H
o Z q <log mi(arls1) + > log(pn—1(sn|sn—1, an- 1>+1og<m<ah|sh>)>

meT h=2
By rearranging the terms we have

H

1 1
Hiei () = m(m) (log —— 4log— ),
trj(ﬂ-) Z Z Qh (m) < 0og ph(5h+1|5h7azh) og Wh(ah,|sh)>

h=1meT

where under convention py is a deterministic transition to s;. Marginalizing ¢ff (m) over sy, an, Sp+1 We get

1 1
ra 1 1
o) = 3 3 (s o) (g L iog L)

h=1 s,a,s’

H
= Zd;(s a Z (pn(s,a) +Zd2(5)7{(”h(3))-
s,a h=1 S

Lemma H.3. For any reward-free MDP M = (S, A, {pn }ne|m), 51) and any policy T it holds
Htraj(Qﬂ—) S Hvisit(dﬂ) S HHtraj(qﬂ—)'
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Proof. The first inequality is a result of the non-negativity of mutual information, specifically the difference Hyis(d™) —
Hiraj(q™) is equal to the Kullback-Leibler divergence between ¢™ and the product distribution ®_, d7,

1

Hvisit(dﬂ) = Z d;;(57 a) log m

s,a,h

_ Z Z 1{(s,a) = (sn,an)}q" (m) IOgW;
dh(s,a)

s,a,h m=(s1,a1,...,sg,a1)€ET

=l 1
= > ") 10g s

h=1 m=(s1,a1,...,smg,amg)ET
= > q"(m)log —g— ———
m=(s1,a1,...,SH,a)ET Hh:l dh(sh7ah)
= KL(q", ®321d]) + Hurai(¢7)
Z 7'Ltraj (qﬂ—)

The second inequality is simply a consequence of the monotonicity of logarithm

1
Hunaj(q") = q" (m)log -
meT q (m)
1 ﬂ 1
=y = > 1L{(s,a) = (sn,an)}q" (m)log( ——
H e 7 (m)
s,a, m=(81,a1,...,5H,am)ET
1 iy
> T > 1{(s,a) = (sn,an)}q" (m)
s,a,h m=(s1,a1,....,5g,ag)ET
1 1
-log
Zm’:(s’l,a’l,...,s;{,a}{)eT ﬂ{(s7 CL) = (S;w a%)}qﬂ-(m/)
1
- ﬁHvisit<dﬂ—)a
where we used that log(1/z) = —log(x) is monotonically decreasing, and

> 1{(s,a) = (sp, ap) }Yg"(m") = q"(m)

m/=(s},al,...,s4 a5 )ET
for any m = (s1,a1,...,SH,an) such that (s, ap) = (s, a). O

Lemma H.4. In a deterministic MDP, i.e. the transition probability distributions are deterministic, the maximum trajectory
entropy policy is the uniform policy over actions

7o (s,a) = 1/A.

Proof. The proof is straightforward by using the Bellman equations for MTEE. By induction over the step h we prove
that TI'Z’TE(S, a) =1/Aand V(s) = (H + 1 — h)log(A). Assume the induction hypothesis at step h + 1. Then we get
Q;(s,a) = 0+ pp Vi, (s,a) = (H — h)log(A) which yields 7 ""(s,a) = 1/A and V;*(s) = log (3,4 A7)
(H 41— h)log(A). The base case h = H is immediate.

o

H.2. Counts to Pseudo-counts

Here we state Lemma 8 and Lemma 9 by Ménard et al. (2021).

Lemma H.5. On event E™, for any [(5(0,-) such that x — [((0,x)/x is non-increasing for x > 1, x — B(d,x) is
non-decreasing Vh € [H], (s,a) € S x A,

B nh(s,0) | _ B (s )

vt € N* .
S nt (s, a) — alb(s,a)Vv1
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Lemma H.6. For T € N* and (u;)ien-, for a sequence where u; € [0,1] and U, £ Z;Zl ug, we get

T
Ut41
< 4log(U 1).
;Utvl— og(Urs1+1)

H.3. On the Bernstein Inequality

We restate here a Bernstein-type inequality by Talebi & Maillard (2018).

Lemma H.7 (Corollary 11 by Talebi & Maillard, 2018). Let p,q € Ag, where Ag denotes the probability simplex of
dimension S. For all functions f : S + [0, ] defined on S,

pf—af < \/2Varq(f) KL(p.q) + 2bKL(p.q)

3
af = pf < \/2Var, (/) KL(p,q).

where use the expectation operator defined as pf = Eg., f (s) and the variance operator defined as Var,(f) £ Eg., ( f(s)—
N 2

Esnpf(s)” =p(f —pf)*.

Lemma H.8. Letp,q € Ag and a function f : S +— [0,b], then

Var,(f) < 2Var,(f) + 4b* KL(p, q) ,
Var, (f) < 2Var,(f) + 46> KL(p, q).

Lemma H.9. Forp,q € Ag, for f,g: S — [0, b] two functions defined on S, we have that

Var,(f) < 2Var,(g) + 2bp|f —g| and
Var,(f) < Var,(f) + 3b°|p — g1,

where we denote the absolute operator by |f|(s) = |f(s)| forall s € S.
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I. Additional Experiments

In this section we provide details on experiments and additional experiments. The code for experiments could be found by
the following link: https://github.com/d-tiapkin/max-entropy-exploration.

First, we describe our baselines in details.

* Random policy 7y, (a|s) = 1/A forany h € [H], (s,a) € S x A,

¢ Optimal MVEE policy. First we compute the solution to the following convex program

1 & 1 &
(I}é%x Z - (H hzldh(saa)> 10g<H hzldh(saa)>>

Y (s,a)eSx.A

where /C,, is a polytope of admissible visitation distributions defined in Section 2. This problem exactly corresponds to
the setting visitation entropy by Hazan et al. (2019). Then we compute the optimal MVEE policy by normalization of

the visitation distribution 7y, (a|s) = %.
a€A )

* Optimal MTEE policy that was computed by solving regularized Bellman equations with A = 1 and the entropy of
transition kernels as rewards.

The last two baselines requires the knowledge of the true transition kernel py (s'|s, a). Additionally, we perform experiments
with RF-UCRL algorithm by Kaufmann et al. (2021) but the final visitation numbers were very close to the visitation numbers

of algorithm and we do not report them. The data collection procedure for and is following.
* For algorithm we report visitation counts of states of the algorithm during the learning. It is an appropriate
choice since this counts corresponds to the empirical density df (s,a) = + Zle 1{(s},al) = (s,a)} which

converges to dj (s,a) = % S dF' (s,a).

* For algorithm we have to separate stages. At the first stage the algorithm interacts with environment to
learn the final policy during NV interactions with the environment, and all the plots present the visitations counts only
for the final policy during another IV interactions when the policy is fixed.

Remark 1.1. We do not compare with MaxEnt and Toc-UCRL2 because of their similarity. The only difference in
the these algorithms is the way how density estimation is performed. More precisely, in the MaxEnt algorithm the average
of state-action visitation distributions of all the policies played is estimated from scratch at the end of each epoch with
additional trajectories. In we also estimate this average but with all trajectories collected until now and without
need of additional fresh trajectories. Thus, can be seen as a version of MaxEnt that reuses past trajectories instead
of collecting new ones. The latter feature is helpful in practice but will not change the rate. That is why we decided not to
include MaxEnt in the experiments. Similar comments hold for Toc-UCRL2.

Double Chain. The experiment described in Section 6 was preformed on Double Chain environment described by
Kaufmann et al. (2021). This MDP consists of states S = {0, ..., L — 1}, where L is the length of the chain, the actions
A = {l,r} which corresponds to the transition to the left (action [) or to the right (action r). Additionally, while taking
the actions, there is 10% probability of moving to the opposite direction. The agent starts at the middle of the chain
s1 = (L — 1)/2. For experiments we run each algorithm to collect N = 100000 samples during episodes of horizon
H = 20 and then report the average and confidence intervals over 48 random seeds.

In Section 6 we conclude that the exploration bonuses have the important role in the state visitations of algorithm
and make it close to RF-UCRL by Kaufmann et al. (2021). As an ablation study we preform the same experiments for
algorithms without bonuses. The results are presented in Figure

In particular, we see that algorithm without bonuses converges to the optimal MVEE policy in terms of the
visitation densities that is slightly more spread than algorithm with bonuses. Notice that algorithm has its own
exploration mechanism since the rewards are equal to log((t + SA)/(n'(s,a) + 1)) that is tightly connected to exploration
bonuses. algorithm also has its own exploration method that induced by soft-max policies. In particular,
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Figure 2. Number of state visits for N = 100000 samples in the Double Chain MDP for EntGame and UCBVI-Ent algorithms with and
without bonuses.

soft-max policies are tightly connected to the Boltzmann exploration with step-size equal to 1 (Sutton, 1990). However, it is
well-known (Cesa-Bianchi et al., 2017) that the Boltzmann exploration with fixed step-size did not provide efficient way to
explore.

10*
10°
10?

10!

Number of visits N(s)

algorithm

Random Policy
UCBVI-Ent
10° —— UCBVI-Ent No Bonus
—— MTEE Policy

0 5 10 15 20 25 30
State s

Figure 3. Number of state visits for N = 50000 samples in the Double Chain MDP with resampling for the UCBVI-Ent algorithm with
and without bonuses.

Double Chain with Resampling To test the exploration mechanism of UCBVI-Ent without bonuses, we slightly modify
Double Chain environment: now the visitation of the left end of the chain leads to uniform resampling over all states. The
result is presented in Figure 3.

In particular, we observe that in this situation UCBVI-Ent algorithm without bonuses still acts like a random policy due
to low exploration for the ends of the chain, whereas the optimal MTEE policy visits the left part of the chain more often.
This observation imply that the additional exploration mechanism for UCBVI-Ent algorithm is required and the exploration
problem in regularized MDPs is non-trivial.

GridWorld As an additional experiment to verify our findings we perform additional experiments on the environment
Grid World as it presented in Figure 4. The state space is a set of discrete points in a 21 x 21 grid. For each state there are 4
possible actions: left, right, up or down, and for each action there is a 5% probability to move to the wrong direction. The
initial state s; is the middle of the grid. For this experiment we use N = 60000 samples and report the average over 12
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random seeds.

Random Policy RF-UCRL MTEE Policy EntGame
| |
EntGame No Bonus UCBVI-Ent UCBVI-Ent No Bonus
I I - 104
u | |
- 103

B d k. L,

Figure 4. Number of state visits for N = 60000 samples in the GridWorld MDP for EntGame and UCBVI-Ent algorithms with and
without bonuses.

Here we see the similar effect as on simpler environment: the UCBVI-Ent algorithm produces slightly less "spread" policy
than EntGame or RF-UCRL algorithms. It is connected to the fact that in this case the limiting MTEE policy of UCBVI-Ent
is again almost uniform policy due to near-deterministic structure of the MDP. Additionally, we remark that in this case
the optimal MVEE policy is much harder to compute due to numerical issues, however, the EntGame algorithm without
bonuses produces slightly more uniform distribution that coincides with the effect we observe during experiments with a
Double Chain environment.
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