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Abstract

Spatio-temporal sensor data in real-world systems is often sparse, noisy, and irregular, mak-
ing it difficult to infer global structure from limited observations. Under extreme sparsity,
we run into the limits of identifiability of latent system states, making latent field reconstruc-
tion fundamentally underconstrained. In such scenarios, multiple physically plausible fields
may remain consistent with the same observations, requiring reconstruction models to rely
heavily on inductive biases regarding locality, transport structure, and spatial regularity.
Under such sparsity regimes, reliable reconstruction becomes concentrated around the ob-
servational support induced by the sensor network, making sensor-space modeling a more
identifiable objective than unconstrained global field recovery. We introduce FieldFormer,
a mesh-free transformer architecture designed for locality-aware sensor-space modeling in
persistent sensor networks. For each query, FieldFormer aggregates local evidence using a
learnable velocity-scaled distance metric that adapts neighborhood geometry to heteroge-
neous spatio-temporal relationships. Neighborhoods are constructed as fixed maximal sparse
contexts over nearby sensors and bounded temporal windows, while learned velocity-scaled
offsets modulate token geometry within this context, enabling stable and scalable inference
under extreme sparsity. A local transformer encoder integrates neighborhood information,
while global consistency is modeled through coordinate-based neural field formulation.
We evaluate FieldFormer across five benchmarks spanning synthetic and real-world
spatio-temporal systems, including anisotropic heat diffusion, shallow-water dynamics,
atmospheric transport fields, and pollution monitoring datasets. Our results reveal
that locality-aware reconstruction provides strong advantages in persistent sparse sensor
networks where local domains of dependence remain observed, enabling FieldFormer to
consistently outperform state-of-the-art baselines on sensor-space prediction tasks under
highly sparse and noisy sensing regimes.

Anonymized Code Repository for Review Our anonymized code repository is
available at https://anonymous.4open.science/r/fieldformer-C9E4/README.md. The
README file contains detailed instructions regarding the code base.

1 Introduction

Many real-world systems in environmental monitoring, atmospheric science, urban infrastructure, and geo-
physical sensing evolve over space and time according to underlying physical processes, often described
through partial differential equations (PDEs). A general form of such systems is

∂tu(x, t) = F
(
u(x, t),∇u(x, t),∆u(x, t), . . . ; θ

)
, (1)

where u(x, t) ∈ RC denotes the evolving latent state and θ represents unknown or partially known physical
parameters such as diffusivity, transport velocity, or source terms. In practice, however, these systems are
rarely fully observed. Instead, measurements are obtained from a sparse set of sensors distributed over space,
producing noisy and incomplete observations of the underlying process.
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This mismatch between continuous physical dynamics and sparse sensing creates a fundamental challenge
for spatio-temporal field reconstruction. Under realistic sensing constraints, large portions of the spatial
domain remain unobserved, while sensors provide dense longitudinal traces only at a small number of fixed
locations. As a result, reconstructing a globally consistent latent field from sparse measurements becomes
fundamentally underconstrained. Multiple physically plausible latent fields may remain consistent with
the same observations, particularly under extreme spatial sparsity, requiring reconstruction models to rely
heavily on inductive biases regarding locality, transport structure, and spatial regularity.

To formalize this setting, we consider the discrete-time dynamical system induced by numerical integration
of the PDE:

ut+1 = Φθ(ut),
with sparse observations given by a measurement operator

yt = O(ut),

where yt corresponds to sensor measurements collected at a finite set of spatial locations. This induces
a fundamental observability mismatch: the latent process evolves in a high-dimensional continuous state
space, while observations lie in a much lower-dimensional sensor space determined by the sensing topology.
Consequently, the mapping from latent states and physical parameters to observations becomes many-to-one
under sparse sensing.

Recent results on identifiability under sparse observations (Norden et al., 2025; Wieland et al., 2021) further
imply that distinct physical parameterizations may produce observationally equivalent sensor trajectories
over finite horizons. That is, there may exist

θ1 ̸= θ2

such that
O(Φtθ1

(u0)) = O(Φtθ2
(u0)),

despite inducing globally different latent fields. As a consequence, sparse sensing fundamentally limits the
identifiability of the latent spatio-temporal field itself: multiple globally distinct reconstructions may remain
fully consistent with the same sensor observations. Under such regimes, globally accurate reconstruction
away from observed support cannot be guaranteed without introducing additional structural assumptions or
inductive priors regarding the underlying data-generating process.

In this work, we argue that under extreme sparse sensing, reliable reconstruction becomes concentrated
around the observational support induced by the sensor network, making sensor-space modeling a more
identifiable objective than unconstrained global field recovery. Sensor-space modeling refers to reconstruction
objectives concentrated around the persistent sensing topology induced by deployed sensors. Rather than
interpreting reconstruction as exact recovery of the latent physical state, we instead view it as the construction
of a physically plausible surrogate field that remains consistent with sparse observations and local transport
structure.

Motivated by this perspective, we introduce FieldFormer, a mesh-free transformer architecture designed
for locality-aware sensor-space modeling in persistent sparse sensor networks. FieldFormer is built around
the observation that many physical processes exhibit localized domains of dependence, where the evolution
at a query location is primarily influenced by nearby spatial-temporal interactions. Instead of relying on
global attention or fixed graph connectivity, FieldFormer performs reconstruction through adaptive local
neighborhoods that dynamically organize sparse observations according to learned spatio-temporal geometry.

For each query location, FieldFormer aggregates local evidence using a learnable velocity-scaled distance
metric that adapts neighborhood geometry to heterogeneous spatio-temporal relationships. Neighborhoods
are constructed as fixed maximal sparse contexts over nearby sensors and bounded temporal windows, while
learned velocity-scaled offsets modulate token geometry within this context, enabling stable and scalable
inference under extreme sparsity. A local transformer encoder models relational structure over irregularly
sampled observations, while global consistency is represented through a coordinate-based neural field formu-
lation. When partial physical knowledge is available, additional structural consistency can be incorporated
through differentiable PDE-based regularization.
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Our formulation differs fundamentally from prior approaches to spatio-temporal reconstruction. Classical
interpolation methods such as kriging and Gaussian processes rely on restrictive smoothness assumptions
and scale poorly under large irregular datasets. Graph-based methods and GNN-PINN hybrids require
fixed connectivity structures that do not adapt to evolving spatial dependencies, and can be replicated
by transformer based approaches (Joshi, 2025). On the other hand, transformer-based imputation models
and coordinate-based neural field methods often rely on globally regularized latent representations. Such
approaches generalize to unseen sensors only when their implicit priors align with the underlying data-
generating process, while failing to efficiently exploit localized domains of dependence under persistent sparse
sensing. In contrast, FieldFormer explicitly aligns its inductive bias with the localized observability structure
induced by sparse sensor networks.

We evaluate FieldFormer across five benchmarks spanning both synthetic and real-world spatio-temporal
systems, including anisotropic heat diffusion, shallow-water dynamics, pollution dispersion simulation, at-
mospheric transport fields, and pollution monitoring datasets. Our experiments show that FieldFormer
achieves strong performance for sparse sensor network imputation, where the goal is to reconstruct or fore-
cast measurements over persistent sensing topologies from incomplete and noisy observations. At the same
time, we observe that globally unconstrained field reconstruction under extreme sparsity exhibits highly vari-
able behavior across datasets and reconstruction methods, with no single modeling paradigm consistently
outperforming others. Different architectures succeed or fail depending on how their implicit inductive priors
align with the underlying data-generating process, highlighting the fundamentally underconstrained nature
of global latent field recovery under sparse sensing.

These findings suggest that sparse physical field reconstruction should be interpreted not as exact latent state
recovery, but as the construction of observationally grounded surrogate fields under severe observability lim-
itations. While extreme sparsity fundamentally limits reliable global reconstruction, accurate sensor-space
imputation remains achievable and practically useful across a broad range of applications, including environ-
mental monitoring, atmospheric sensing, pollution tracking, urban infrastructure management, industrial IoT
systems, climate observation networks, and scientific sensor deployments where measurements are spatially
sparse but temporally dense.

Overall, our work contributes both a practical framework for sparse spatio-temporal reconstruction and a
conceptual perspective on the limits of inference under sparse sensing. By connecting locality-aware modeling
with observability structure, we argue that reconstruction quality in physical AI systems is fundamentally
shaped not only by model architecture, but also by the information geometry induced by the sensing process
itself.

2 Related Work

Spatio-Temporal Imputation under Sparse Observability. Classical methods such as Kriging
(Cressie, 1990) and statistical models with spatio-temporal kernels (Wikle et al., 2019; De Luna & Gen-
ton, 2005) provide principled approaches for interpolation from sparse measurements, but they typically
rely on stationarity, smoothness, and kernel assumptions that may not hold across heterogeneous physical
systems. They also scale poorly, with cubic complexity in the number of observations, and do not explicitly
account for governing dynamics during interpolation. Physics-based numerical solvers such as finite differ-
ence and finite element methods (LeVeque, 2007; Hughes, 2003) provide mechanistic structure, but require
sufficiently specified physical models, boundary conditions, and parameters, which are often unavailable or
non-identifiable from sparse sensor data alone.

Learning-based approaches have been developed to model more complex spatio-temporal dependencies.
Message-passing recurrent neural networks (MPRNNs) (Iyer et al., 2022) use learned dynamics over sen-
sor networks; graph-based approaches such as Graph WaveNet (Wu et al., 2019) and ST-Transformer (Xu
et al., 2020) encode spatial relations through fixed or learned adjacency structures; and transformer models
such as ImputeFormer (Nie et al., 2024) capture long-range temporal dependencies in structured multivariate
time series. These methods are effective when the sensing topology and data-generating process align with
their architectural priors, but they generally treat sparse sensing as a missing-data problem rather than
as an observability-constrained physical inference problem. In contrast, our work explicitly studies recon-
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struction under severe sparse sensing, where the goal is not unconstrained global field recovery, but reliable
sensor-space modeling and surrogate field construction under limited observational support.

Mesh-Free vs. Mesh-Dependent Spatio-Temporal Modeling. Prior work on spatio-temporal recon-
struction can be broadly divided into mesh-free and mesh-dependent approaches. Mesh-free methods (Tancik
et al., 2020; Sitzmann et al., 2020; Raissi et al., 2019; Cressie, 1990; Hensman et al., 2013) operate directly
on continuous coordinates, support arbitrary query locations, and naturally accommodate irregular sensor
layouts and multi-resolution inference. These models are attractive for sparse sensing because they are not
tied to a fixed grid or sensor graph. However, under extreme sparsity, continuous query capability does
not by itself guarantee identifiable global reconstruction: predictions away from observational support are
necessarily governed by the model’s implicit priors.

Mesh-dependent methods (Nie et al., 2024; Iyer et al., 2022; Xu et al., 2020; Wu et al., 2019; Liu & Pyrcz,
2023; Liang et al., 2024; Santos et al., 2023; Zhao et al., 2024; Li et al., 2020a; Rahman et al., 2022; Li
et al., 2017) assume a fixed spatial discretization, such as dense grids or static sensor graphs, and typically
treat missing values as masked entries rather than absent spatial observations. Such methods can learn
strong global or low-rank priors over fixed domains, and may generalize well when these priors match the
underlying data-generating process. However, they are less naturally suited to irregular, persistent sparse
sensor networks where reliable prediction is concentrated around the deployed sensing topology. FieldFormer
follows the mesh-free paradigm, but uses it for locality-aware sensor-space modeling rather than claiming
unconstrained global recovery under sparse observability.

Physics-Informed Neural Networks and Differentiable PDE Solvers. Physics-Informed Neural
Networks (PINNs) (Raissi et al., 2019) embed PDE constraints into neural network training by computing
differential operators on model outputs via automatic differentiation and penalizing residual violations. This
enables both forward and inverse modeling when the governing equations and sufficient observations are
available. However, PINNs typically rely on global coordinate function approximators and dense collocation
over structured domains. As noted by (Krishnapriyan et al., 2021), vanilla global PINNs often struggle in
moderately complex PDE regimes and real-world scenarios. In sparse longitudinal sensing settings, where
observations are dense in time but sparse in space, global PDE residual minimization may be weakly con-
strained or even misleading when parameters, forcing terms, and boundary conditions are unknown.

Other physics-integrated approaches, such as DiffTaichi (Hu et al., 2019) and JAX-FDM (Kochkov et al.,
2021), enable differentiable programming over simulation pipelines, but still rely on mesh-based discretiza-
tions and sufficiently specified simulators. These assumptions limit their applicability when the available
data consist of scattered sensor measurements and the underlying physical process is only partially known.
FieldFormer instead incorporates physical structure as optional local regularization while prioritizing obser-
vational consistency over persistent sparse sensor networks.

Transformers for Scientific Modeling and Field Inference. Transformer architectures have increas-
ingly been applied to scientific modeling tasks, including spatio-temporal prediction and PDE-informed
learning. TransFlowNet (Wang et al., 2022) introduces physics-constrained loss terms into transformer
models for spatio-temporal flow prediction, while (Lorsung et al., 2024) integrate attention-based sequence
modeling with physics-informed PDE tokens. These approaches typically assume dense spatial coverage,
complete or well-specified governing physics, or grid-aligned discretizations, and often rely on global atten-
tion mechanisms. Such assumptions are difficult to satisfy in sparse sensing regimes with unobserved forcing,
uncertain parameters, and incomplete boundary information.

In contrast, FieldFormer restricts attention to adaptive local neighborhoods while remaining globally
grounded through continuous coordinates. This design reflects the view that, under sparse observability,
reliable reconstruction depends on whether the sensor network sufficiently covers local domains of depen-
dence. Rather than using transformers to model an unconstrained global latent field, FieldFormer uses local
attention to organize sparse observations according to learned spatio-temporal geometry.

Hybrid Approaches for Learning with Physical Structure. Recent work has explored hybrid ap-
proaches that combine learning with physical structure without explicitly solving governing PDEs. Neural
Operators such as Fourier Neural Operators (FNOs) (Li et al., 2020a) and Graph Neural Operators (Li et al.,
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2020b) learn mappings between function spaces, but typically require dense grid-based inputs and outputs.
This makes them less suitable for scattered sensor measurements or persistent sparse sensing regimes where
large portions of the domain are never observed. Other hybrids, including Physics-Informed Neural Fields
(Chu et al., 2022) and Koopman operator methods (Lusch et al., 2018), embed physical constraints or
dynamical priors into latent representations, but generally assume dense trajectories, simulation-generated
data, or sufficient observational coverage.

These approaches demonstrate the value of combining learning with physical structure, but they do not
directly address the observability limits induced by sparse sensor networks. FieldFormer complements this
line of work by focusing on locality-aware reconstruction under sparse observational support, where global
field recovery is underconstrained and prediction quality depends critically on the alignment between model
inductive bias and sensing topology.

3 Problem Formulation

Global Field Recovery. The most general reconstruction objective is to estimate the latent field over a
global spatio-temporal query domain

Q ⊂ Ω × [0, T ],
where Ω denotes the full spatial domain. In this setting, a model seeks to learn a function

û : Q → Rq

such that
û(x, t) ≈ u(x, t), (x, t) ∈ Q.

The corresponding global reconstruction objective can be written as

min
ϕ

∑
(x,t)∈Q

∥fϕ(x, t; DS) − u(x, t)∥2
2 + λRphys(fϕ),

where fϕ is the learned field estimator and Rphys denotes optional physical regularization. This formulation
is natural when dense ground-truth fields are available, as in simulations, and when the sensing process
provides sufficient spatial coverage to constrain the latent state.

However, in real sparse sensor networks, u(x, t) is generally unobserved for most x ∈ Ω. The only directly
observed quantities are the projections of the latent field onto the deployed sensor locations. Consequently,
multiple globally distinct fields may induce identical or nearly identical sensor trajectories, making the
global objective underdetermined without additional assumptions on smoothness, locality, transport, or
the data-generating process. Thus, global field recovery should be interpreted as prior-guided surrogate
reconstruction rather than identifiable recovery of the true latent field under extreme sparse sensing.

Sensor-Space Modeling. Under extreme spatial sparsity, estimating the latent field over an arbitrary
query set Q ⊂ Ω × [0, T ] may be fundamentally underconstrained. We therefore distinguish global field
reconstruction from a more identifiable objective: sensor-space modeling. Let the deployed sensor network
be denoted by

S = {sj}Mj=1, sj ∈ Ω,
where M is small relative to the spatial resolution of the underlying domain. The sensor-space observation
operator is

OS(u)(t) =
[
u(s1, t),u(s2, t), . . . ,u(sM , t)

]
∈ RM×q.

The observed sensor trajectory is therefore

yt = OS(u)(t) + ϵt.

In the longitudinal sensing regime, observations are dense in time but restricted to the spatial support of
the sensor network:

DS = {(sj , tk,yj,k) : j = 1, . . . ,M, k = 1, . . . , Tj} .
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Rather than estimating u(x, t) for arbitrary x ∈ Ω, sensor-space modeling aims to learn a predictor

ûS : S × [0, T ] → Rq

that reconstructs or forecasts the physical state only on the observational support induced by the deployed
sensors:

ŷj,k = ûS(sj , tk).

The corresponding learning objective is

min
ϕ

∑
(sj ,tk,yj,k)∈DS

∥fϕ(sj , tk; DS) − yj,k∥2
2 + λRphys(fϕ),

where fϕ is the learned reconstruction model and Rphys denotes optional physical regularization, such as
PDE residuals or boundary constraints when such information is available.

Under severe sparse sensing, the most identifiable prediction target is not the unconstrained global field

u : Ω × [0, T ] → Rq,

but its restriction to the sensor support:
uS = u

∣∣
S×[0,T ].

Thus, sensor-space modeling evaluates whether a method can produce accurate, observationally grounded
predictions over a persistent sensor topology, rather than claiming exact recovery of the full latent field away
from observed support.

4 FieldFormer

4.1 Design Rationale

FieldFormer is designed around three core principles motivated by sparse, longitudinal spatio-temporal data:

• Local–Global Information Mixing: Prior work by Bhardwaj et al. (2025)has shown that purely local
methods (e.g., Kriging) are effective under sparse sensing, while global neural fields can capture long-range
dependencies but struggle in longitudinal regimes. FieldFormer combines local neighborhood encoding
with global coordinate information using transformer-based attention, enabling relational reasoning across
space and time while retaining strong local inductive bias. Although attention is restricted to local
neighborhoods, predictions remain globally grounded through continuous coordinates.

• Learned Neighborhood Geometry: Global attention incurs O(n2) memory cost, which is prohibitive
for temporally dense sensing. FieldFormer instead performs attention over compact local neighborhoods,
whose geometry is learned from data and physics priors. This allows the model to attend selectively to
physically relevant regions while remaining memory-efficient and scalable.

• Mesh-Free Modeling: FieldFormer adopts a mesh-free coordinate-based representation along with a
local spatio-temporal context, enabling inference at arbitrary spatial and temporal resolutions. This
makes the model naturally adaptable to evolving sensor networks. For example, when a new sensor
is deployed, its measurements can be incorporated as additional coordinate-value observations without
redefining the spatial grid, rebuilding a graph adjacency matrix, or changing the model architecture.
Similarly, if sensors fail, move, or are added in previously unobserved regions, the model can continue
operating by constructing neighborhoods from the updated set of available observations.

4.2 Architecture

Local Neighborhood Encoding: Predicting the field value at a query (xq, tq) ∈ Rds × R requires local
context: PDEs, especially with local operators, typically couple a state variable to its spatial and tempo-
ral neighbors rather than to the entire domain. To emulate this, FieldFormer extracts a fixed-size local
neighborhood from the dataset

D = {(xi, ti,ui)}Ni=1, ui ∈ Rq.
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Figure 1: Conceptual overview of FieldFormer. For each query location, a physics-aware local neighborhood is
constructed via learned velocity scaling, encoded with relative offsets and observations, and aggregated using a
transformer encoder to produce mesh-free spatio-temporal predictions, trained with data and optionally balanced
physics losses.

Neighbors are not chosen by naive Euclidean distance, but by a velocity-scaled metric that adapts to
anisotropic dynamics:

d
(
(xq, tq), (xi, ti)

)
=

ds∑
k=1

γ2
k(xq,k − xi,k)2 + γ2

t (tq − ti)2. (2)

The learnable parameters {γk}ds

k=1, γt weight each spatial axis and time relative to one another. They are
parameterized as γ = exp(θ) to enforce positivity. This scaling allows the model to discover the anisotropy
of the underlying process: for purely diffusive systems it may amplify temporal proximity, while for advec-
tive or wave-like systems it stretches neighborhoods preferentially along flow directions. Thus the model
automatically learns whether a time step is "worth" more than a spatial offset.

Each neighbor (xj , tj ,uj) is encoded relative to the query:

vj =
[

xj − xq, tj − tq, uj
]

∈ Rds+1+q,

resulting in an input matrix Xq ∈ Rn×(ds+1+q). This encoding is translation-invariant and emphasizes
relative differences, which is crucial when queries are at unseen coordinates.

Sparse Neighborhood Construction. A practical challenge in sparse longitudinal sensing is that the
model must construct a local spatio-temporal context from incomplete observations without relying on
a dense grid or repeatedly performing query-wise nearest-neighbor search. FieldFormer handles this by
operating directly on observed sensor-time tuples. Each available observation is represented as (xs, tk,us,k),
indexed by sensor location s and time index k. For a query (xq, tq), FieldFormer constructs a fixed maximal
longitudinal context

C(q) = SK(q) × {tq −Kt, . . . , tq +Kt},
where SK(q) denotes a small spatial candidate set of nearby sensor locations and Kt is the temporal window
radius. Missing observations are excluded from this context, and the remaining valid observations are padded
or truncated to produce a fixed-size set of K tokens for transformer aggregation.

This fixed-context construction is a differentiable and efficient relaxation of learned metric-based neighbor
selection. Given a query q, the learned spatio-temporal metric can be written as

dq(i) = γx(q)2∆x2
i + γy(q)2∆y2

i + γt(q)2∆t2i ,
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where ∆xi = xi − xq, ∆yi = yi − yq, and ∆ti = ti − tq. Once the relevant spatial candidates are included
in SK(q), the temporal component of the metric is monotone in |∆ti|. Therefore, for a sufficiently large
temporal window, the fixed context contains the metric-kNN neighborhood as a subset:

kNNdq (q) ⊆ C(q).

Rather than selecting a hard metric-dependent subset whose membership changes discontinuously as γ
evolves, FieldFormer includes this local superset and lets the model learn relevance through metric-
conditioned token features.

Concretely, for each candidate observation, FieldFormer computes relative offsets and scales them by positive
learned factors,

(∆̃xi, ∆̃yi, ∆̃ti) = (γx∆xi, γy∆yi, γt∆ti), γ = exp(θ),
with periodic wrapping for spatial coordinates when appropriate. These scaled offsets are concatenated with
the observed value to form each input token. Thus, the learned geometry does not determine hard inclusion
in the neighborhood; instead, it controls how the transformer interprets spatial and temporal separation
within a fixed candidate context. This avoids query-wise kNN, keeps memory and computation constant per
query, and provides stable gradients for the geometry parameters.

This design also reflects the information limits of sparse sensing. If the spatial candidate set fails to cover
relevant spatial directions, increasing the temporal window cannot fully compensate for the missing spatial
stencil information. For local PDEs, temporal samples at the same sparse locations provide useful longitu-
dinal evidence, but they are not a substitute for unobserved spatial dependencies. FieldFormer therefore
treats the fixed context as the maximum available local evidence and uses learned geometry and attention to
weight that evidence, rather than assuming that longer time histories can resolve missing spatial coverage.

Transformer-Based Local Inference: The neighborhood matrix Xm is encoded with a transformer
encoder with L layers:

Hq = TransformerEncoder(Xm) ∈ Rm×d′
,

where each row corresponds to a neighbor treated as a token. Because relative deltas already encode spa-
tial and temporal positions, no global positional encoding is required. Mean pooling aggregates neighbor
embeddings,

hq = 1
m

m∑
j=1

H(j)
q ,

and a prediction head maps to the output field value:

ûq = MLP(hq).

This architecture is deliberately local: unlike global attention, its cost is constant per query, and its design
aligns with the locality of PDE operators. It is also anisotropy-aware: the same transformer backbone can
adapt to diffusion, advection, or wave propagation simply by learning different γ scales.

4.3 Inference and Efficiency

Inference at Arbitrary Locations: Prediction at (x, t) requires only three steps: 1) Use the pre-computed
offset table to gather neighbors under the current scales γ. 2) Encode deltas and neighbor values into Xm.
3) Forward through the transformer and MLP. Because neighborhoods are constant-sized, complexity per
query is O(m2d), independent of total dataset size.

Generalization and Resolution Adaptivity: FieldFormer generalizes across resolutions: since inference
is purely coordinate-based and local, the model trained at one resolution can be evaluated at another. This
enables both upsampling of sparse sensor data into high-resolution fields and coarsening of predictions for
downstream models.

Scalability: The offset-based neighbor search reduces lookup cost from O(N logN) for kNN(Bentley, 1975)
to amortized O(1). Combined with fixed-size local attention, this yields linear scaling in batch size and
constant scaling with grid resolution, in stark contrast to O(N2) global transformers.
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4.4 FieldFormer Variants

FieldFormer-PINN. Autograd Residuals: We treat FieldFormer itself as a coordinate neural field:
given input (x, t), its prediction is differentiable w.r.t. the coordinates. Thus derivatives are obtained
directly:

∇u(zq) = ∂u

∂z (zq), ∇2u(zq) = ∂2u

∂z2 (zq).

For governing PDE
F(x, t, u,∇u,∇2u, . . . ) = 0,

the residual at a query is
R(zq) = F

(
zq, u(zq),∇u(zq),∇2u(zq)

)
,

and the physics loss is the robust Huber penalty

Lphys = 1
M

M∑
q=1

Huber(R(zq)).

This avoids discretization error and automatically respects the anisotropy discovered by γ.

Loss Balancing: To prevent one term from dominating, we normalize λpde so that the gradient norms of
data and physics terms are balanced:

λpde,eff = λpde · ∥∇Ldata∥
∥∇Lphys∥

.

Then, the final objective is
Ltotal = Ldata + λpde,effLphys + λbcLbc

where Ldata is the L2 loss between the prediction and ground truth sensor observations, and Lbc is the
boundary loss implemented accordingly for different boundary conditions (see details in Appendix A).

FieldFormer–Gamma Field. FieldFormer–Gamma Field extends the global velocity-scaled neighbor-
hood metric by replacing fixed scale parameters with coordinate-dependent neural fields. Instead of learning
a single set of global scales {γx, γy, γt}, we parameterize them as functions of the query location and time:

(γx(x, t), γy(x, t), γt(x, t)) = gψ(x, t),

where gψ is a small coordinate neural network with positive outputs, for example,

gψ(x, t) = softplus(MLPψ(x, t)) + ϵ.

For a query (xq, tq), neighborhoods are selected using the locally adaptive metric

dq
(
(xq, tq), (xi, ti)

)
= γx(xq, tq)2(xq,1 − xi,1)2 + γy(xq, tq)2(xq,2 − xi,2)2 + γt(xq, tq)2(tq − ti)2.

This allows FieldFormer to adapt its notion of locality across the domain: regions with faster transport,
stronger diffusion, or more heterogeneous dynamics can use different spatial-temporal scales than smoother
or slower regions. The resulting architecture is better suited to heterogeneous physical regimes where a single
global neighborhood geometry is insufficient.

5 Theoretical Insights

In this section, we analyze how locality and sensor placement shape what can be recovered under sparse
sensing. Our goal is to characterize when locality-aware reconstruction is well aligned with the underlying
dynamics, and how missed spatial dependencies induce irreducible error under longitudinal sensing.
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5.1 Local Structure in Spatio-Temporal Dynamics

We begin by characterizing the class of spatio-temporal processes that FieldFormer is designed to represent
effectively. At a high level, a process is local if the state at a given location and time is primarily determined
by nearby conditions in space and recent history in time, rather than by distant regions of the domain or
by the entire global state. This notion of locality is a structural property of many physical systems, not an
assumption introduced by FieldFormer. A formal definition in terms of finite-order differential operators is
provided in Appendix B (Definition B.1).

In practice, locality appears in two complementary forms:

1. processes in which influence spreads gradually through space over time, and

2. processes in which influence propagates along paths with finite speed.

Diffusion-like processes. In diffusion-dominated systems, information spreads smoothly through repeated
local interactions. Each location evolves based on nearby spatial context, and the effect of distant regions
emerges only after many incremental updates. Examples include heat conduction or pollutant dispersion in
the absence of strong advection. In such systems, accurate reconstruction depends on access to a sufficiently
broad local neighborhood: missing nearby sensors can substantially degrade prediction quality, even when
temporal observations are dense.

Propagation-like processes. In propagation-dominated systems, changes travel along preferred directions
and reach downstream locations after a delay, rather than diffusing uniformly in all directions. Examples
include fluid transport, traffic congestion waves, and wind-driven pollutant plumes. Here, the state at a
location may be influenced by a compact set of upstream points, making anisotropic local neighborhoods
effective when their geometry is captured correctly. Learning which spatial and temporal neighbors matter
can therefore be more important than simply increasing neighborhood size.

In classical PDE theory, diffusion-like processes are typically modeled by parabolic equations, while
propagation-dominated processes are described by hyperbolic equations. Many real-world systems combine
both behaviors at different spatial and temporal scales. These locality structures explain why neighborhood-
based models can reconstruct coherent sensor-space models when the sensor network sufficiently covers the
relevant local domains of dependence. FieldFormer aligns with this principle by constructing adaptive local
neighborhoods and learning how information should be aggregated across space and time. We next formalize
this alignment through an expressivity result, followed by a miss-coverage lower bound that captures the
limits imposed by sparse sensing.

5.2 Expressivity Under Available Local Context

We first establish that FieldFormer has sufficient representational capacity to approximate locally governed
spatio-temporal dynamics when the relevant local stencil information is available. This result should be
interpreted as an architectural compatibility statement. It shows that local transformer aggregation can
represent finite-stencil PDE dynamics, although this setting is different from extreme sparse observations we
later consider during empirical evaluation.
Theorem 5.1 (Expressivity for Locally Structured Spatio-Temporal Dynamics). Let u : Rd ×R → Rq solve
a parabolic or hyperbolic PDE

F
(
z, u(z),∇u(z), . . . , Dru(z)

)
= 0, z = (x, t),

with a finite-order, local operator. Assume a consistent explicit finite-difference scheme with compact stencil
S ⊂ {−smax, . . . , smax}d × {0, . . . , k} and a CFL-admissible time step ∆t. Then for any ε > 0 and compact
K ⊂ Rd+1, there exists a FieldFormer with neighborhood size m ≥ |S|, hidden width d′, and depth L such
that

sup
z∈K

∥u(z) − û(z)∥2 < ε.

A detailed proof of the theorem is presented in Appendix C.
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Remark 5.2 (Implication: Alignment with Local Dynamics). Theorem 5.1 shows that FieldFormer can
represent the local update structure induced by finite-stencil discretizations of parabolic and hyperbolic
PDEs. Since such updates depend only on a bounded set of nearby spatial locations and recent time steps,
FieldFormer is structurally aligned with the local domains of dependence that govern many physical systems.
However, this expressivity result assumes that the relevant local information is available to the model; it does
not remove the ambiguity introduced when sparse sensing fails to observe important local dependencies.

5.3 Miss-Coverage Error under Longitudinal Sensing

Even when the underlying dynamics are representable by the model class, reconstruction accuracy is limited
by what the sensor network reveals. In sparse sensing regimes, errors arise not only from model mismatch or
optimization, but also from missed spatial dependencies: components of the local dynamics that are never
observed by any sensor. This is the key distinction between expressivity and recoverability. A model may be
capable of representing the correct update rule, while the observations may still be insufficient to determine
which local dependencies are active.

We focus on longitudinal sensing regimes, where observations are dense in time but sparse in space. In this
setting, sensors are fixed at a small subset of spatial locations and provide long temporal traces. Temporal
density helps estimate local temporal evolution at the observed sites, but it does not compensate for missing
spatial support. Whether a local dependency is observed or missed is therefore determined primarily by
spatial sensor placement.

Locality Assumption. We assume that the spatio-temporal process is governed by local interactions, as
defined in Appendix B (Assumption B.2). This ensures that the state update at any location depends only
on a finite neighborhood in space and time.

Sampling Assumption. We consider a longitudinal sensing regime in which sensors are fixed at a subset
of spatial locations and provide measurements across consecutive time steps. As a result, whether a local
dependency is observed or missed depends on spatial sensor placement, not on temporal sampling density.
We model sensor placement as selecting spatial locations uniformly at random from the set of locations
influencing local dynamics. This assumption reflects common deployments such as environmental monitoring
networks and is formalized in Appendix B (Assumption B.3).

Influence Assumption. We assume that each element of the local spatio-temporal neighborhood con-
tributes a non-negligible amount to the state update. To capture this, we associate an influence weight with
each neighborhood element, with weights summing to one and reflecting relative importance. In longitu-
dinal settings, missing a spatial location removes all of its associated temporal information, and the total
influence of a spatial location is given by the aggregate of its temporal components. This assumption rules
out degenerate cases and allows reconstruction error to be related directly to which spatial dependencies are
observed or missed. The formal statement appears in Appendix B (Assumption B.4).

Together, these assumptions formalize the central limitation of sparse sensing: even if the model class is
expressive enough, unobserved spatial dependencies can induce irreducible error. Thus, failures of global
reconstruction under extreme sparsity are not merely optimization failures, but consequences of the infor-
mation geometry imposed by the sensor network.
Theorem 5.3 (Average-Case Lower Bound Under Longitudinal Sampling). Sample mx spatial locations
uniformly without replacement from Sx, let I ⊆ Sx be the sensed set and Ic the missed set. Under equation 3
(in Appendix B, Assumption B.4), any estimator û using all sensed data satisfies

inf
û

E
[
∥û− un+1(i)∥2

]
≥ c E

[
A(Ic)

]
= c

(
1 − mx

Nx

)
,

where the expectation is over the random sampling of I and the data distribution D.

A detailed proof of the theorem is presented in Appendix C.
Remark 5.4 (Implication: Sensor Coverage and Recoverability). The lower bound depends on the fraction
of influential spatial dependencies missed by the sensor network. Since longitudinal sensors provide dense
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time traces at fixed locations, observing a spatial site reveals all of its associated temporal information, while
missing a spatial site removes all of it. As the number of essential spatial offsets Nx increases, a fixed sensing
budget covers a smaller fraction of the relevant local neighborhood, leading to higher miss-coverage error.
This suggests that, all else equal, processes with compact directional dependencies may be easier to model
under sparse sensing than processes with broad spatial coupling. In practice, recoverability also depends on
sensor placement, noise, forcing, boundary conditions, and the inductive bias of the reconstruction model.

5.4 Connection to Sensor-Space Modeling

The above results clarify why sensor-space modeling is a more identifiable objective under extreme sparsity.
The expressivity result shows that FieldFormer is well matched to locally structured dynamics when the
relevant local context is available. The miss-coverage lower bound shows that sparse sensing can remove
important spatial dependencies, inducing irreducible error for global reconstruction. Together, these results
imply that global field recovery away from observational support is inherently prior-dependent: different
models may produce different globally plausible reconstructions while remaining consistent with the same
sparse sensor trajectories.

Sensor-space modeling avoids overinterpreting these globally underconstrained regions. Instead of claiming
exact recovery of the full latent field, it evaluates whether a method can accurately reconstruct or forecast
measurements over the persistent sensor topology. FieldFormer is designed for this setting: its adaptive local
neighborhoods exploit the local domains of dependence that remain observed, while its mesh-free coordinate
representation allows the same model to operate over evolving sensor networks and irregular observation
layouts.

6 Evaluation

6.1 Baselines

We evaluate FieldFormer against a broad set of baselines spanning probabilistic interpolation, coordinate-
based neural fields, physics-informed neural fields, and recent mesh-dependent spatio-temporal reconstruction
models. This evaluation is designed to compare FieldFormer both against methods that naturally operate
on continuous coordinates and against strong grid- or sensor-topology-based models that must be adapted
to sparse sensing regimes.

Mesh-free baselines. We first compare against mesh-free methods that, like FieldFormer, can be queried
at arbitrary spatio-temporal coordinates. Gaussian Processes, also referred to as Kriging in spatial statistics,
provide a classical probabilistic interpolation baseline grounded in spatio-temporal kernels (Cressie, 1990).
Since exact Gaussian process inference scales cubically with the number of observations, we use stochastic
variational Gaussian processes (SVGPs) (Hensman et al., 2013), which approximate the posterior using
inducing points while retaining flexible uncertainty-aware interpolation.

We also include two coordinate-based neural field baselines. Fourier-MLPs (Tancik et al., 2020) use sinusoidal
Fourier features of the input coordinates to represent high-frequency variation, while SIRENs (Sitzmann
et al., 2020) use sinusoidal activations throughout the network to model oscillatory and fine-scale spatio-
temporal structure. These methods learn continuous functions of the form f(x, y, t) and can therefore be
evaluated at arbitrary query locations, making them direct mesh-free comparators.

Physics-informed neural field baselines. When the governing physics is available, we additionally
evaluate physics-regularized versions of the neural field baselines. Specifically, we train Fourier-MLP-PINN
and SIREN-PINN variants by augmenting their data-fitting objectives with PINN-style residual losses (Raissi
et al., 2019). These baselines test whether global coordinate neural fields benefit from explicit physical
regularization when the PDE residual can be computed. They also provide an important comparison to
FieldFormer’s local physics-aware formulation: while Fourier-MLP-PINN and SIREN-PINN enforce physics
through global coordinate functions, FieldFormer combines local neighborhood aggregation with optional
PDE-based regularization.

12
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Mesh-dependent spatio-temporal baselines. Although FieldFormer is mesh-free, many recent recon-
struction and imputation methods assume a fixed grid, rasterized field, or fixed sensor graph. To provide a
stronger empirical comparison, we adapt three representative mesh-dependent baselines to our sparse sensing
setting: RecFNO (Zhao et al., 2024), ImputeFormer (Nie et al., 2024), and Senseiver (Santos et al., 2023).

RecFNO is adapted as a grid-based field reconstruction baseline. Sparse sensor values are rasterized onto
the simulation grid at the nearest grid locations, and a corresponding binary mask is provided to indicate
which entries are observed. The model input consists of the sparse value grid, the observation mask, and
coordinate channels, and the FNO predicts a full grid-valued field. In our implementation, this is instantiated
as a Voronoi-style FNO input representation, where sparse observations and masks are placed on the grid
and processed by spectral convolution layers to produce full-field predictions.

ImputeFormer is adapted as a fixed-node masked-imputation baseline over the deployed sensor network. Since
the original model is designed for structured spatio-temporal imputation rather than continuous coordinate
querying, we represent the persistent sensor network as a fixed set of nodes and train the model over temporal
windows. Inputs consist of observed values together with masks, and training randomly masks subsets of
available entries so that the model learns to impute missing measurements over the fixed sensor-time array.
This adaptation evaluates whether a transformer designed for fixed-node temporal imputation can recover
missing sensor readings in the longitudinal sparse sensing regime.

Senseiver is adapted as a sensor-set encoder and query-decoder baseline. At each time step, available sensor
measurements are encoded as a set of sensor tokens containing normalized coordinates, time, observed values,
and observation masks. A latent bottleneck attends to the sensor set, and query tokens are decoded from
the learned latent representation. Unlike FieldFormer, Senseiver does not construct query-specific local
neighborhoods; instead, it relies on a globally regularized latent representation of the observed sensor set.
This makes it a useful comparator for testing when global latent priors are beneficial relative to locality-aware
reconstruction.

Comparison scope. These mesh-dependent baselines require adaptations that are not needed by Field-
Former. RecFNO requires rasterizing sparse sensors onto a fixed grid, ImputeFormer assumes a fixed set
of sensor nodes and temporal windows, and Senseiver compresses the observed sensor set into a latent rep-
resentation before decoding queries. In contrast, FieldFormer operates directly on sparse coordinate-value
observations and constructs adaptive local neighborhoods at query time. This mesh-free formulation gives
FieldFormer several practical advantages: it supports arbitrary query coordinates, multi-resolution infer-
ence, irregular sensor layouts, and evolving sensor networks without redefining a grid, rebuilding a graph,
or changing the model architecture. At the same time, including mesh-dependent baselines allows us to
evaluate whether strong global or fixed-topology priors can compensate for sparse observations in regimes
where global field recovery is underconstrained.

6.2 Experimental Setup

We evaluate all methods under sparse longitudinal sensing regimes, where observations are available at a
limited number of spatial locations but over dense temporal traces. Our evaluation distinguishes between
two reconstruction objectives: sensor-space imputation and global field reconstruction.

Evaluation Regimes. In sensor-space imputation, the deployed sensor topology is fixed and the goal is to
predict held-out sensor-time observations from the same persistent sensor network. This setting evaluates
whether a method can reconstruct missing or withheld measurements over the observational support induced
by the deployed sensors. For FieldFormer, we ensure that held-out observations are not included in the local
neighborhood context during training, so performance reflects genuine imputation rather than reuse of the
target observation.

In sensor-holdout evaluation, entire sensor locations are removed from the training set and used only for
validation or testing. This setting probes whether a method can generalize to unseen spatial support. Since
the target locations are never observed during training, this evaluation is substantially more underconstrained
than sensor-space imputation and depends strongly on the inductive priors of each model. For real-world
datasets where dense full-field ground truth is unavailable, sensor-holdout evaluation serves as a practical
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proxy for global spatial reconstruction, since it measures prediction accuracy away from the observed training
sensors.

When dense simulation fields or gridded reference data are available, we additionally evaluate global field
reconstruction over the full spatial domain. This setting directly measures how each method extrapolates
away from the observed sensor support. Because global reconstruction under extreme sparsity is generally
underdetermined, we interpret these results as evaluating prior-guided surrogate reconstruction rather than
identifiable recovery of the true latent field.

Train/Validation/Test Splits. For each dataset, we construct train, validation, and test splits in ratio
0.8 : 0.1 : 0.1 over the sparse observations. In the standard sensor-space setting, the split is performed
over observed sensor-time pairs while preserving the deployed sensor network. Thus, all sensors may appear
during training, but individual observations are held out for validation and testing. In the sensor-holdout
setting, validation and test sensors are removed entirely from the training set, so evaluation is performed
at spatial locations unseen during training. Validation performance is used for checkpoint selection and
hyperparameter tuning, while all reported numbers are computed on the held-out test split.

Input Representation and Normalization. All methods are trained using the same observed values,
sensor masks, and data splits. For multivariate datasets, each output channel is normalized using statistics
computed from the training observations only, and predictions are transformed back to the original scale
before evaluation. Missing entries are excluded from both the training loss and metric computation us-
ing the corresponding observation masks. For atmospheric wind fields, we represent wind using Cartesian
components rather than angular direction, avoiding discontinuities associated with circular variables.

Training Protocol. We use a consistent training protocol across methods wherever possible. Models
are trained with AdamW, gradient clipping, validation-based checkpoint selection, and early stopping. Hy-
perparameters are selected using validation performance under the same data split. Mesh-free baselines
operate directly on coordinate-value observations. Mesh-dependent baselines are adapted to sparse sensing
through rasterization, fixed-node temporal windows, or sensor-set conditioning, as described in Section 6.1.
This allows us to compare FieldFormer against both coordinate-based models and recent grid- or topology-
dependent spatio-temporal reconstruction methods.

Metrics and Uncertainty. We report root mean squared error (RMSE) and mean absolute error (MAE)
for both sensor-space prediction and global field reconstruction. Sensor-space RMSE and MAE are computed
on held-out sparse sensor-time observations and serve as the primary metrics for persistent sparse sensor
networks, where reliable prediction is concentrated around observational support. For datasets with dense
reference fields, global RMSE and MAE are computed over the full spatial domain. For real-world datasets
where dense ground-truth fields are unavailable, sensor-holdout evaluation serves as a proxy for spatial
generalization beyond the observed training support.

For sensor-space metrics, we estimate uncertainty using bootstrap resampling with 1000 bootstrap samples
and report mean ± standard deviation. Bootstrapping is performed over the sparse evaluation set to quantify
variability in the estimated RMSE and MAE. For full-field reconstruction, we report RMSE and MAE over
the available dense reference field, using subsampling when necessary for memory efficiency.

6.3 Datasets

6.3.1 Synthetic PDE Benchmarks

Periodic Heat Equation. We first evaluate on a scalar diffusion-dominated benchmark governed by the
anisotropic two-dimensional heat equation with periodic boundary conditions:

ut = αxuxx + αyuyy + f(x, y, t).

The forcing term f(x, y, t) is a smooth sinusoidal function of space and time, inducing anisotropic and
spatially coupled dynamics. The domain is discretized on a 64 × 64 spatial grid with 10,000 time steps, and
numerical stability is enforced through the CFL condition. A smooth sinusoidal initial condition is evolved
using explicit finite differences with periodic wrapping. From the resulting full field, we sample 20 sensor
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locations uniformly at random and extract noisy longitudinal sensor traces. This benchmark provides a
controlled setting in which the governing equation, physical parameters, and boundary conditions are fully
specified, allowing us to evaluate reconstruction under sparse sensing for a diffusion-like process with broad
spatial coupling.

Periodic Shallow Water Equations. We next evaluate on a vector-valued propagation-dominated bench-
mark governed by the linearized two-dimensional shallow water equations with periodic boundary conditions:

ηt +H(ux + vy) = 0, ut + gηx = 0, vt + gηy = 0.

These equations describe free-surface gravity waves with characteristic speed c =
√
gH. We initialize the

system with a Gaussian bump in surface height, which generates outward-propagating wave dynamics over
the domain. The fields (η, u, v) are simulated on a 64 × 64 spatial grid for 10,000 time steps using a
numerically stable forward–backward scheme satisfying the CFL condition. We sample 20 sparse sensor
locations and extract noisy time series from the simulated fields. This benchmark tests reconstruction of
coupled multi-variable dynamics with oscillatory propagation and local wave-like dependencies.

Advection–Diffusion Pollution Simulation. As a synthetic-but-realistic transport benchmark, we sim-
ulate pollutant dispersion over New Delhi using a two-dimensional advection–diffusion equation:

ut + v(t) · ∇u = κ∇2u+ S(x, y),

on a normalized [0, 1] × [0, 1] spatial domain corresponding to the city region. The initial concentration field
is constructed from measurements at 32 regulatory monitoring stations on June 1, 2018, interpolated to
the simulation grid using Universal Kriging. The source field combines spatial layers representing industrial
activity, brick kilns, population density, and traffic intensity. Advection is driven by a synthetic monsoon-
mode wind field oriented toward the northeast, with diurnal variation, directional wobble, and autoregressive
stochastic gusts. Diffusion is set to produce an advection-dominated regime at the city scale, and open
boundaries are handled using radiation-style boundary conditions with a sponge layer. The PDE is discretized
using upwind advection, central diffusion, and a two-stage Heun/RK2 time integrator. This benchmark
captures heterogeneous sources, time-varying transport, and sparse noisy sensing, while still providing dense
simulated reference fields for global reconstruction evaluation.

6.3.2 Real-World Sparse Sensor Benchmarks

Real-World Pollution Monitoring. We evaluate on a real-world air-quality monitoring dataset from
New Delhi. The dataset uses the city’s deployed monitoring network, consisting of 32 air-quality stations
distributed over an area of approximately 858 km2. These stations are operated by public monitoring agen-
cies, including the Central Pollution Control Board (CPCB), Delhi Pollution Control Committee (DPCC),
and the Indian Meteorological Department (IMD). We use hourly measurements collected over a 30-month
period from May 1, 2018 to November 1, 2020. The prediction targets are PM2.5 and PM10 concentrations.
This dataset represents a persistent sparse sensor network: measurements are temporally dense, but spatial
coverage is limited to a small number of fixed monitoring locations. Since dense ground-truth concentration
fields are unavailable, we evaluate sensor-space imputation and sensor-holdout generalization.

Real-World Atmospheric Measurements. We also evaluate on a real-world atmospheric sensing dataset
using the same New Delhi sensor locations and time period as the pollution monitoring dataset. Instead of
pollutant concentrations, this dataset contains meteorological variables measured over the deployed monitor-
ing network. We model four atmospheric variables: average temperature, relative humidity, and horizontal
wind components derived from wind speed and direction. Representing wind as Cartesian components avoids
discontinuities associated with angular direction. This benchmark tests multivariate sparse sensor model-
ing for coupled atmospheric fields, where variables exhibit different smoothness, transport, and temporal
variation patterns. As with the real-world pollution dataset, dense full-field ground truth is unavailable, so
we evaluate sensor-space imputation and use sensor-holdout evaluation as a proxy for spatial generalization
beyond the observed training sensors.

15



Under review as submission to TMLR

6.4 Results

6.4.1 Sensor-Space Imputation

We first evaluate sensor-space imputation, where the goal is to reconstruct held-out sensor-time observations
over a persistent sensing topology. This is the most observationally grounded evaluation regime under
extreme sparsity, since predictions are restricted to locations supported by the deployed sensor network.

Table 1 reports sensor-space performance on the three synthetic PDE benchmarks. FieldFormer is consis-
tently competitive across all three systems, achieving near-best performance on Heat, Pollution, and SWE.
On Heat and Pollution, Fourier-MLP obtains slightly lower sparse RMSE/MAE, while FieldFormer remains
close. On SWE, FieldFormer is nearly tied with SIREN on sparse sensor-space metrics while substan-
tially outperforming several mesh-dependent and globally regularized baselines. These results indicate that
locality-aware reconstruction is well suited to sparse sensor imputation across diffusion, wave, and transport
regimes.

Table 1: Sensor-space imputation results on synthetic PDE benchmarks. Results are reported as mean ±
std over bootstrap samples. Lower is better.

Model Heat RMSE Heat MAE Pollution RMSE Pollution MAE SWE RMSE SWE MAE
FieldFormer 0.09888 ± 0.0007416 0.07876 ± 0.0005815 0.1154 ± 0.00032 0.09216 ± 0.0002176 0.04644 ± 0.000254 0.03703 ± 0.0001957
Fourier-MLP 0.09786 ± 0.0006985 0.07786 ± 0.0005517 0.1147 ± 0.0003252 0.09153 ± 0.0002235 0.1011 ± 0.0004408 0.08049 ± 0.0002947
Fourier-MLP-PINN 0.1584 ± 0.001396 0.1206 ± 0.0008432 0.1148 ± 0.0003401 0.09159 ± 0.0002141 0.101 ± 0.0004342 0.08044 ± 0.0002824
SIREN 0.09883 ± 0.0006853 0.07877 ± 0.0004833 0.1162 ± 0.0003095 0.0928 ± 0.0002089 0.04623 ± 0.0002687 0.03683 ± 0.0001931
SIREN-PINN 0.1793 ± 0.0009729 0.1434 ± 0.0007186 0.1158 ± 0.0002912 0.09245 ± 0.000185 0.1008 ± 0.0004355 0.08029 ± 0.000281
SVGP 0.1185 ± 0.0008308 0.09252 ± 0.0006093 0.1171 ± 0.0003127 0.0934 ± 0.0003083 0.101 ± 0.0004366 0.08044 ± 0.0002813
RecFNO 0.1038 ± 0.0006049 0.08269 ± 0.0004322 0.1173 ± 0.0002567 0.09375 ± 0.0002272 0.06296 ± 0.0005098 0.04939 ± 0.0004467
ImputeFormer 0.1058 ± 0.0006532 0.08423 ± 0.000568 0.1185 ± 0.0003339 0.09444 ± 0.0002698 0.06512 ± 0.0005653 0.05111 ± 0.0004587
Senseiver 0.1011 ± 0.0007449 0.08045 ± 0.0005726 0.1163 ± 0.0002625 0.09294 ± 0.0001972 0.07722 ± 0.0005243 0.06056 ± 0.0003741

Table 2 reports sensor-space imputation results on the real-world atmospheric and pollution monitoring
datasets. FieldFormer performs especially strongly in this regime. On atmospheric measurements, Field-
Former achieves the best or near-best performance across temperature, relative humidity, and wind com-
ponents, with particularly large gains over Fourier-MLP, SIREN, SVGP, ImputeFormer, and Senseiver on
temperature and relative humidity. On the real-world pollution dataset, FieldFormer obtains the lowest
RMSE and MAE for both PM10 and PM2.5, showing that locality-aware modeling is effective for persistent
urban monitoring networks.

Table 2: Sensor-space imputation results on real-world sparse sensor benchmarks. Results are reported as
mean ± std over bootstrap samples. Lower is better.

Dataset Model Variable 1 RMSE Variable 1 MAE Variable 2 RMSE Variable 2 MAE

Atmospheric: AT/RH

FieldFormer 0.9966 ± 0.02692 0.5198 ± 0.004008 4.333 ± 0.0544 2.171 ± 0.01099
Fourier-MLP 3.899 ± 0.01267 3.157 ± 0.009728 14.94 ± 0.03613 11.88 ± 0.03015
SIREN 4.125 ± 0.01249 3.333 ± 0.009027 16.28 ± 0.03885 13.03 ± 0.03152
SVGP 8.494 ± 0.02936 6.905 ± 0.02905 23.47 ± 0.06189 19.42 ± 0.05223
RecFNO 1.449 ± 0.02407 0.9899 ± 0.005657 5.992 ± 0.05269 3.694 ± 0.015
ImputeFormer 1.619 ± 0.02632 1.056 ± 0.005216 6.978 ± 0.06032 4.346 ± 0.02544
Senseiver 2.243 ± 0.02496 1.557 ± 0.009949 9.56 ± 0.08187 6.341 ± 0.02758

Atmospheric: Ux/Vy

FieldFormer 0.6807 ± 0.0134 0.3213 ± 0.002875 0.7011 ± 0.01045 0.3468 ± 0.002512
Fourier-MLP 0.8519 ± 0.008105 0.5463 ± 0.002747 0.8375 ± 0.00963 0.5132 ± 0.002926
SIREN 1.041 ± 0.005132 0.702 ± 0.002925 0.959 ± 0.007708 0.5865 ± 0.00253
SVGP 1.357 ± 0.01282 0.8861 ± 0.004546 1.086 ± 0.009182 0.6687 ± 0.00327
RecFNO 0.6653 ± 0.01107 0.3558 ± 0.002152 0.7204 ± 0.007887 0.3801 ± 0.001811
ImputeFormer 0.7271 ± 0.01181 0.388 ± 0.002308 0.7361 ± 0.01278 0.399 ± 0.002718
Senseiver 0.8421 ± 0.01156 0.5182 ± 0.00315 0.8082 ± 0.009127 0.5003 ± 0.002084

Pollution: PM10/PM2.5

FieldFormer 39.25 ± 0.8496 20.28 ± 0.1172 22.06 ± 0.664 11.23 ± 0.0691
Fourier-MLP 83.48 ± 0.3978 54.81 ± 0.1662 53.19 ± 0.4248 31.74 ± 0.1232
SIREN 92.81 ± 0.3154 62.41 ± 0.1189 58.95 ± 0.4278 35.93 ± 0.1205
SVGP 147.9 ± 0.5388 110 ± 0.3128 98.19 ± 0.4255 67.41 ± 0.2203
RecFNO 53.84 ± 0.7037 31.25 ± 0.19 32.91 ± 0.7806 17.65 ± 0.1067
ImputeFormer 58.96 ± 0.6289 35.2 ± 0.1462 36.27 ± 0.7988 19.09 ± 0.1309
Senseiver 60.05 ± 0.5948 36.94 ± 0.1758 36.21 ± 0.6968 19.98 ± 0.08917
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Overall, the sensor-space results support the main intended use case of FieldFormer: imputation over per-
sistent sparse sensor networks. FieldFormer is not uniformly best on every synthetic sensor-space metric,
but it is consistently competitive and performs particularly strongly on real-world sparse sensing datasets,
where fixed sensor topology and local spatial structure are central.

6.4.2 Global Field Reconstruction

We next evaluate global field reconstruction, where the goal is to predict values away from the observed sensor
support. For synthetic datasets, dense reference fields are available, allowing direct full-field evaluation.
Table 3 merges the full-field results for Heat, Pollution, and SWE.

The results show that global reconstruction is substantially more variable than sensor-space imputation. No
single method dominates across all datasets and metrics. FieldFormer remains competitive across all three
benchmarks, but different baselines are favored in different regimes: RecFNO performs well on Heat full-field
reconstruction, Fourier-MLP and SVGP are competitive on Pollution, and Fourier-MLP-PINN/SVGP-style
smooth reconstructions perform strongly on SWE full-field metrics. This variability supports our central
argument that global reconstruction under extreme sparse sensing is prior-dependent: away from observed
sensors, performance depends strongly on how each model’s inductive bias aligns with the underlying data-
generating process.

Table 3: Global field reconstruction results on synthetic PDE benchmarks. Dense reference fields are available
for these datasets. Lower is better.

Model Heat RMSE Heat MAE Pollution RMSE Pollution MAE SWE RMSE SWE MAE
FieldFormer 0.1818 ± 0.001179 0.1313 ± 0.0008449 0.4359 ± 0.04525 0.0831 ± 0.006115 0.2015 ± 0.0002546 0.1465 ± 0.0002115
Fourier-MLP 0.2146 ± 0.001386 0.1469 ± 0.0009123 0.4326 ± 0.04487 0.09857 ± 0.005979 0.1807 ± 0.0001687 0.1319 ± 0.0001417
Fourier-MLP-PINN 0.2141 ± 0.001346 0.1517 ± 0.001026 0.4652 ± 0.04322 0.1314 ± 0.006371 0.18 ± 0.0001695 0.1311 ± 0.0001448
SIREN 0.1783 ± 0.0009598 0.1328 ± 0.0007279 0.4556 ± 0.04306 0.1256 ± 0.006149 0.6818 ± 0.000437 0.473 ± 0.0003094
SIREN-PINN 0.195 ± 0.0009061 0.1533 ± 0.0007207 0.4598 ± 0.0429 0.122 ± 0.006211 0.1799 ± 0.0001696 0.131 ± 0.0001448
SVGP 0.1788 ± 0.001214 0.1306 ± 0.0008949 0.4349 ± 0.04505 0.08208 ± 0.006107 0.18 ± 0.0001695 0.1311 ± 0.0001449
RecFNO 0.1771 ± 0.001173 0.1212 ± 0.0007414 0.5676 ± 0.03491 0.1684 ± 0.006464 0.1985 ± 0.0002363 0.15 ± 0.0001697
ImputeFormer 0.1916 ± 0.001001 0.1435 ± 0.000781 0.4482 ± 0.0439 0.1103 ± 0.00613 0.1816 ± 0.0001737 0.1321 ± 0.0001524
Senseiver 0.1959 ± 0.002121 0.1421 ± 0.001958 0.4429 ± 0.00875 0.09243 ± 0.001077 0.1867 ± 0.0006654 0.1364 ± 0.0004551

For real-world datasets, dense full-field ground truth is unavailable. We therefore use sensor-holdout evalua-
tion as a proxy for spatial generalization: entire sensors are removed from training and used only for testing.
Table 4 reports these results for atmospheric and pollution monitoring datasets.

The real-world sensor-holdout results further demonstrate the prior-dependent nature of spatial extrapola-
tion. On atmospheric variables, ImputeFormer and Senseiver perform better on temperature and relative
humidity, while performance on wind components is mixed across methods. On the pollution monitoring
dataset, ImputeFormer achieves the best sensor-holdout performance for PM10 and PM2.5, with Senseiver
also performing strongly. FieldFormer is less dominant in this setting than in sensor-space imputation,
consistent with the fact that sensor-holdout evaluation removes the local observational support that locality-
aware methods rely on. These results do not contradict FieldFormer’s sensor-space strengths; rather, they
highlight that unseen-sensor reconstruction is a more underconstrained task where global latent priors can
be beneficial when they match the structure of the dataset.

Taken together, the global reconstruction and sensor-holdout results show that extrapolating away from
observed sensor support is substantially more sensitive to the choice of inductive prior than imputing over
an existing sensor network. FieldFormer performs strongly when local sensor support is available, while
globally regularized baselines can be advantageous in some unseen-sensor settings. This supports our broader
framing: under extreme sparse sensing, global reconstruction should be treated as prior-guided surrogate
completion, whereas sensor-space imputation is the more identifiable and practically reliable objective.

6.5 Ablation Studies

We ablate three FieldFormer variants to isolate the role of physics regularization, transformer-based local
aggregation, and spatially adaptive neighborhood geometry. FieldFormer-PINN augments FieldFormer
with the PDE residual and boundary losses described in Section 4.4. FieldFormer-Gamma Field replaces
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Table 4: Sensor-holdout results on real-world sparse sensor benchmarks, used as a proxy for spatial general-
ization when dense full-field ground truth is unavailable. Results are reported as mean ± std over bootstrap
samples. Lower is better.

Dataset Model Variable 1 RMSE Variable 1 MAE Variable 2 RMSE Variable 2 MAE

Atmospheric: AT/RH

FieldFormer 4.63 ± 0.6376 3.14 ± 0.4384 15.75 ± 2.517 10.04 ± 1.568
Fourier-MLP 5.403 ± 0.3827 4.367 ± 0.2752 27.33 ± 2.096 22.55 ± 1.938
SIREN 6.353 ± 0.4423 5.045 ± 0.3822 21.16 ± 1.12 17.27 ± 1.018
SVGP 8.795 ± 0.5025 7.144 ± 0.4788 22.01 ± 0.9019 18.54 ± 0.8679
RecFNO 11.34 ± 0.7088 9.333 ± 0.59 21.88 ± 1.137 18.2 ± 1.039
ImputeFormer 3.037 ± 0.6049 2.001 ± 0.3392 7.208 ± 0.611 5.327 ± 0.3565
Senseiver 3.017 ± 0.5426 2.042 ± 0.3465 10.59 ± 1.065 8.112 ± 0.8772

Atmospheric: Ux/Vy

FieldFormer 2.26 ± 0.6081 1.282 ± 0.2269 1.502 ± 0.1426 1.026 ± 0.09529
Fourier-MLP 2.162 ± 0.7587 1.183 ± 0.2525 0.9047 ± 0.1635 0.5812 ± 0.0651
SIREN 2.101 ± 0.7676 1.027 ± 0.2498 0.9368 ± 0.1635 0.614 ± 0.0696
SVGP 2.033 ± 0.7474 0.9731 ± 0.2393 0.9001 ± 0.1931 0.5331 ± 0.07598
RecFNO 2.034 ± 0.7 0.9904 ± 0.2369 1.014 ± 0.1774 0.6318 ± 0.07666
ImputeFormer 1.911 ± 0.8183 0.7754 ± 0.2425 0.9473 ± 0.1837 0.5974 ± 0.08248
Senseiver 2.091 ± 0.687 1.001 ± 0.2517 1.447 ± 0.2026 0.9016 ± 0.1555

Pollution: PM10/PM2.5

FieldFormer 115 ± 13.11 69.63 ± 9.17 45.95 ± 4.77 26.76 ± 3.152
Fourier-MLP 121.7 ± 9.278 82.31 ± 6.506 67.77 ± 6.211 42.41 ± 4.393
SIREN 149.4 ± 12.78 103.6 ± 8.571 82.73 ± 7.859 54.26 ± 4.981
SVGP 166.5 ± 12.13 122 ± 7.467 99.17 ± 9.501 68.2 ± 6.101
RecFNO 170.9 ± 15.06 127.4 ± 11.63 75.75 ± 5.656 52.74 ± 2.747
ImputeFormer 80.76 ± 10.07 47.09 ± 6.202 38.93 ± 4.384 21.15 ± 2.274
Senseiver 86.51 ± 11.83 50.6 ± 7.264 39.84 ± 4.632 22.77 ± 2.687

global velocity-scaling parameters with coordinate-dependent gamma fields, also described in Section 4.4.
FieldFormer-MLP preserves the same mesh-free neighborhood construction and velocity-scaled spatio-
temporal metric as FieldFormer, but replaces the local transformer encoder with a multilayer perceptron.
In this variant, the selected local neighborhood is encoded through relative offsets and observed values, then
aggregated by an MLP prediction head rather than attention. This ablation tests whether performance gains
arise primarily from adaptive local evidence selection or from transformer-based relational reasoning within
the neighborhood.

Synthetic PDE benchmarks. Table 5 reports sensor-space imputation results on the three synthetic
PDE benchmarks. FieldFormer without explicit physics regularization performs best on Heat and SWE
sensor-space prediction, while FieldFormer-Gamma Field is marginally strongest on the Pollution simulation.
FieldFormer-MLP is competitive on Heat but degrades more noticeably on Pollution and SWE, suggesting
that attention-based aggregation is useful when local neighborhoods contain coupled or directional structure.
FieldFormer-PINN generally worsens sensor-space performance, especially on Heat and SWE, indicating that
physics residuals can conflict with sparse noisy observations when the reconstruction target is sensor-space
imputation.

Table 5: Ablation study on synthetic PDE benchmarks: sensor-space imputation. Results are reported as
mean ± std over bootstrap samples. Lower is better.

Model Heat RMSE Heat MAE Pollution RMSE Pollution MAE SWE RMSE SWE MAE
FieldFormer-PINN 0.1071 ± 0.0009743 0.08513 ± 0.000793 0.1214 ± 0.0003221 0.09683 ± 0.0002315 0.05716 ± 0.0002378 0.04541 ± 0.0002047
FieldFormer 0.09888 ± 0.0007416 0.07876 ± 0.0005815 0.1154 ± 0.00032 0.09216 ± 0.0002176 0.04644 ± 0.000254 0.03703 ± 0.0001957
FieldFormer-Gamma Field 0.225 ± 0.001009 0.1741 ± 0.0006781 0.1154 ± 0.0002949 0.09212 ± 0.0001884 0.04696 ± 0.0002675 0.03738 ± 0.000196
FieldFormer-MLP 0.09908 ± 0.000686 0.07895 ± 0.0005192 0.1157 ± 0.0003294 0.09245 ± 0.0002116 0.04713 ± 0.0002381 0.03761 ± 0.000187

Table 6 reports global field reconstruction results on the synthetic datasets. Unlike sensor-space imputa-
tion, the best variant changes across datasets. FieldFormer-MLP performs best on Heat, FieldFormer and
FieldFormer-Gamma Field are strongest on different Pollution metrics, and FieldFormer-Gamma Field gives
the best global reconstruction on SWE among FieldFormer variants. This supports the broader observation
that global reconstruction is more prior-dependent than sensor-space imputation: architectural changes that
help away from sensors do not necessarily improve sensor-space prediction.
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Table 6: Ablation study on synthetic PDE benchmarks: global field reconstruction. Dense reference fields
are available for these datasets. Lower is better.

Model Heat RMSE Heat MAE Pollution RMSE Pollution MAE SWE RMSE SWE MAE
FieldFormer-PINN 0.1641 ± 0.001102 0.1189 ± 0.0007892 0.4582 ± 0.04409 0.1386 ± 0.00625 0.2374 ± 0.00019 0.1717 ± 0.000157
FieldFormer 0.1818 ± 0.001179 0.1313 ± 0.0008449 0.4359 ± 0.04525 0.0831 ± 0.006115 0.2015 ± 0.0002546 0.1465 ± 0.0002115
FieldFormer-Gamma Field 0.2193 ± 0.001191 0.1641 ± 0.0008903 0.4366 ± 0.04515 0.08203 ± 0.006125 0.1874 ± 0.0001986 0.1362 ± 0.0001916
FieldFormer-MLP 0.1594 ± 0.0009926 0.1144 ± 0.0007596 0.4645 ± 0.04324 0.1455 ± 0.006278 0.219 ± 0.000232 0.1577 ± 0.0001574

Real-world sparse sensor benchmarks. For real-world datasets, we compare FieldFormer against
FieldFormer-Gamma Field, since the PINN variants can be evaluated only on synthetic benchmarks, and the
synthetic benchmarks already establish the importance of attention architecture. Table 7 shows sensor-space
imputation results on atmospheric and pollution monitoring datasets. Gamma Field improves several wind
and pollution metrics, but does not uniformly improve all atmospheric variables. In particular, FieldFormer
remains better for relative humidity and some mean absolute error metrics. This suggests that coordinate-
dependent neighborhood geometry can help when local scales vary spatially, but also introduces additional
flexibility that may not always be beneficial under sparse real-world sensing.

Table 7: Ablation study on real-world benchmarks: sensor-space imputation. Results are reported as mean
± std over bootstrap samples. Lower is better.

Dataset Variable FieldFormer RMSE FieldFormer MAE Gamma Field RMSE Gamma Field MAE
Atmospheric AT 0.9966 ± 0.02692 0.5198 ± 0.004008 0.9935 ± 0.02355 0.5232 ± 0.004039
Atmospheric RH 4.333 ± 0.0544 2.171 ± 0.01099 4.498 ± 0.07141 2.18 ± 0.01716
Atmospheric Ux 0.6807 ± 0.0134 0.3213 ± 0.002875 0.6547 ± 0.009111 0.3189 ± 0.002666
Atmospheric Vy 0.7011 ± 0.01045 0.3468 ± 0.002512 0.6997 ± 0.009647 0.3457 ± 0.002271
Pollution PM10 39.25 ± 0.8496 20.28 ± 0.1172 38.83 ± 0.9117 19.91 ± 0.1438
Pollution PM2.5 22.06 ± 0.664 11.23 ± 0.0691 21.99 ± 0.72 11.01 ± 0.07286

Overall, the ablations show that FieldFormer’s core locality-aware architecture is already strong for sensor-
space imputation. Physics regularization does not consistently improve sparse prediction and can degrade
performance when the residual objective conflicts with noisy or underconstrained observations. Replacing the
transformer with an MLP preserves some benefits of adaptive neighborhood construction, but is less reliable
on coupled or transport-dominated systems. Gamma Field improves selected global and heterogeneous real-
world metrics, especially for some pollution and wind variables, but its gains are not uniform, suggesting
that coordinate-dependent geometry is useful but should be evaluated on a case-by-case basis.

7 Discussion and Conclusion

This work studies sparse spatio-temporal reconstruction under the limits imposed by persistent sensor net-
works. Rather than treating sparse observations as sufficient for exact global field recovery, we argue that
extreme spatial sparsity induces an observability gap: many globally distinct latent fields may remain consis-
tent with the same sensor-space measurements. In this setting, reconstruction quality depends not only on
model capacity, but also on the alignment between the model’s inductive bias and the information geometry
induced by the sensor network.

FieldFormer is designed around this perspective. By operating directly on coordinate-value observations,
it avoids dependence on fixed grids or static graphs and supports mesh-free inference over irregular sens-
ing layouts. Its adaptive local neighborhoods and local transformer aggregation align reconstruction with
localized domains of dependence, making the model particularly effective for sensor-space imputation over
persistent sparse sensor networks. Across synthetic PDE benchmarks and real-world monitoring datasets,
FieldFormer performs strongly in this regime, especially when the target is to reconstruct missing or withheld
measurements over an existing sensing topology.

Our results also clarify the distinction between sensor-space imputation and global field reconstruction.
Sensor-space imputation is comparatively well grounded because predictions are made on the observational
support of the deployed sensors. In contrast, global reconstruction away from observed support is substan-
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tially more prior-dependent. Across datasets, different methods perform best in different global reconstruc-
tion or sensor-holdout settings, with no universally dominant inductive bias. This variability supports the
central claim of the paper: under extreme sparse sensing, global field reconstruction should be interpreted
as prior-guided surrogate completion rather than identifiable recovery of the true latent physical state.

The ablation studies further highlight the role of FieldFormer’s architectural choices. Replacing the local
transformer with an MLP preserves the benefit of adaptive neighborhood construction but is less reliable on
coupled or transport-dominated systems, suggesting that relational aggregation within local neighborhoods
is important. Adding PINN-style physics regularization does not consistently improve performance and can
degrade sensor-space accuracy, indicating that physics losses may conflict with sparse noisy observations
when the residual objective is weakly constrained. Coordinate-dependent Gamma Fields improve selected
metrics in heterogeneous regimes, but their gains are not uniform, suggesting that local geometry adaptation
is a useful extension rather than a universally better default.

FieldFormer also has practical advantages for real-world sensing systems. Its mesh-free formulation supports
irregular sensors, multi-resolution queries, and evolving sensor networks without requiring grid redesign
or graph reconstruction. This is important in environmental monitoring, atmospheric sensing, pollution
tracking, traffic infrastructure, industrial IoT, and scientific sensor deployments, where sensors may fail,
move, or be added over time. In such settings, the ability to update the observational support while retaining
the same coordinate-based model structure is a useful property for continual monitoring.

At the same time, several limitations remain. First, FieldFormer relies on local observability: when relevant
local domains of dependence are not covered by the sensor network, reconstruction becomes underconstrained.
Second, physics-based regularization remains delicate under sparse observations, especially when forcing
terms, boundary conditions, or physical parameters are uncertain. Finally, FieldFormer does not eliminate
the fundamental non-identifiability of global reconstruction under extreme sparse sensing; it provides a
structured surrogate model whose reliability depends on sensor coverage and inductive-bias alignment.

These limitations suggest several directions for future work. Uncertainty-aware reconstruction could help
distinguish well-supported sensor-space predictions from weakly constrained global completions. Adaptive
sensor placement could improve observability by targeting regions where local dependencies are currently
missed. Hybrid local-global architectures may combine FieldFormer’s locality-aware inference with global
latent priors, improving performance in regimes where local support is incomplete. Finally, more robust
physics integration is needed to use partial governing knowledge without forcing models toward biased or
overconstrained solutions.

Overall, FieldFormer provides both a practical method for sparse sensor-space imputation and a conceptual
perspective on spatio-temporal reconstruction under sparse observability. The key lesson is that physical field
reconstruction from sparse sensors is not merely an architectural problem; it is an information-constrained
inference problem. By aligning model structure with the localized observational support of real sensor
networks, FieldFormer offers a scalable and effective approach for constructing useful surrogate fields under
severe sensing limitations.

Broader Impact

Sparse sensor networks are widely used in environmental monitoring, atmospheric sensing, pollution track-
ing, traffic systems, industrial IoT, and scientific field studies, where dense measurement is often costly or
infeasible. FieldFormer can improve the utility of such networks by imputing missing measurements and con-
structing useful surrogate fields from sparse, noisy observations. At the same time, our results emphasize that
global reconstruction under extreme sparsity is not identifiable in general; model outputs should therefore
be interpreted as prior-guided estimates rather than ground truth away from sensor support. Responsible
deployment requires validation against held-out sensors where possible, uncertainty-aware reporting, and
clear communication of where predictions are observationally supported versus weakly constrained.
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A Boundary Loss Implementation

We explicitly handle boundaries: (i) Periodic domains (Heat, SWE): soft equality between opposing
faces, optionally including derivatives:

Lper
bc = ∥u(x = 0, y, t) − u(x = Lx, y, t)∥2

2.

(ii) Open domains (Pollution): a sponge rim loss damps edges, and an Orlanski-style radiation condition
enforces

ut + ceff ∂nu ≈ 0,

with ceff estimated from gradients and clamped for stability. Both losses are formulated in normalized
coordinates and evaluated via autograd.

B Formal Definitions and Assumptions

Definition B.1 (Finite-order local differential operator). Let u : Rd+1 → Rm. A differential operator L is
called a finite-order local operator of order r if

Lu(z) = F (z, {Dαu(z) : |α| ≤ r}) , z ∈ Rd+1,

for some continuous function F , where α is a multi-index.

• Finite-order: Only derivatives of u up to order r < ∞ appear.

• Local: Lu(z) depends only on u and its derivatives evaluated at the same point z, not on integrals or
values of u away from z.

Examples include the heat operator ∂t−∆, the wave operator ∂tt−c2∆, and the advection operator ∂t+v ·∇.
Nonlocal operators such as the fractional Laplacian (−∆)α/2 are excluded.
Assumption B.2. Locality Assumption: Assume the setup of Theorem 5.1 with stencil S ⊂
{−smax, . . . , smax}d × {0, . . . , k} of size N := |S|. Let the explicit update at (i, n+1) be

un+1(i) = ψ
(
{un−ℓ(i + s) : (s, ℓ) ∈ S}

)
,

ψ : RN → Rq.

Assumption B.3. Sampling Model: Let the stencil factor as

S = Sx × T , Sx ⊂ {−smax, . . . , smax}d,

|Sx| = Nx, T = {0, 1, . . . , k}.

Thus the stencil size is N = Nx(k + 1), but coverage is determined entirely by the Nx spatial indices. A
sensor placed at spatial offset s ∈ Sx provides all k+1 time levels.

We randomly place mx sensors uniformly without replacement among the Nx essential spatial locations.
FieldFormer then takes all available measurements.
Assumption B.4. Influence Margin (Average-Case): Let V ∼ D be the random input (stencil values),
and ψ : RN → Rq the local update map. Index the stencil as S = Sx × T with Sx ⊂ {−smax, . . . , smax}d and
T = {0, . . . , k}, so N = |S| = Nx(k+1) with Nx = |Sx|.
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Assume there exist nonnegative weights (a(s,ℓ))(s,ℓ)∈S with∑
(s,ℓ)∈S

a(s,ℓ) = 1

and a constant c > 0 such that for every coordinate (s, ℓ) ∈ S there is a perturbation mechanism T(s,ℓ) acting
only on (s, ℓ) with

E
[

∥ψ(V ) − ψ(T(s,ℓ)V )∥2
]

≥ c a(s,ℓ). (3)
For longitudinal sampling (a spatial miss hides all time levels), aggregate the weights per spatial offset

ās :=
∑
ℓ∈T

a(s,ℓ), s ∈ Sx,

so that ās ≥ 0 and
∑
s∈Sx

ās = 1. For a subset J ⊆ Sx, define its influence mass as A(J) :=
∑
s∈J ās.

C Proofs of Theorems

C.1 Proof of Theorem 5.1

Theorem C.1 (Expressivity for Locally Structured Spatio-Temporal Dynamics). Let u : Rd×R → Rq solve
a parabolic or hyperbolic PDE

F
(
z, u(z),∇u(z), . . . , Dru(z)

)
= 0, z = (x, t),

with a finite-order, local operator. Assume a consistent explicit finite-difference scheme with compact stencil
S ⊂ {−smax, . . . , smax}d × {0, . . . , k} and a CFL-admissible time step ∆t. Then for any ε > 0 and compact
K ⊂ Rd+1, there exists a FieldFormer with neighborhood size m ≥ |S|, hidden width d′, and depth L such
that

sup
z∈K

∥u(z) − û(z)∥2 < ε.

Proof. Let u : Rd × R → Rq solve a parabolic or hyperbolic PDE

F
(
z, u(z),∇u(z), . . . , Dru(z)

)
= 0, z = (x, t),

whose differential operator is finite-order and local (Def. 3.1). Assume a consistent explicit finite-difference
scheme with compact stencil S ⊂ {−smax, . . . , smax}d × {0, . . . , k} and CFL-admissible ∆t > 0.

1) Discrete locality and finite map. On a uniform grid with spatial step h > 0 and time step ∆t > 0,
the update rule at index-time (i, n+1) is given by

un+1(i) = ψ
(
{un−ℓ(i + s) : (s, ℓ) ∈ S }

)
,

for a continuous function ψ : RN → Rq, where N := |S|. Continuity follows because ψ consists of finitely
many arithmetic operations on the stencil entries and coefficients of the PDE discretization.

2) Tokenization of the stencil. Let Ξ = {(s, ℓ) : (s, ℓ) ∈ S} and fix an ordering π : {1, . . . , N} → Ξ (e.g.,
lexicographic in ℓ then s). A FieldFormer uses m tokens (m ≥ N); the first N encode the stencil values and
their relative coordinates. Each token concatenates (i) relative position (h sj , ∆t ℓj) and (ii) the field value
un−ℓj (i + sj), producing an input vector x ∈ Rmdin . If m > N , padded tokens are masked so they have no
effect. Hence there exists a continuous encoder E : RN → Rmdin .

3) Compact domain of interest. Fix a compact domain K ⊂ Rd+1. The set of all stencil value tuples
attained over K,

VK :=
{(
un−ℓj (i + sj)

)N
j=1 : (xi, tn+1) ∈ K

}
, (xi, tn) = (ih, n∆t).

is compact in RN . The local update f := ψ is continuous on VK , hence f ◦E−1 is continuous on the compact
set E(VK).
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4) Universal approximation by the FieldFormer. A transformer/MLP stack defines a continuous
function gθ : Rmdin → Rq. By universal approximation theorems for MLPs and transformers (Hornik, 1991;
Yun et al., 2019), for any ε > 0 there exist width d′ and depth L such that

sup
x∈E(VK )

∥ gθ(x) − f(E−1(x)) ∥2 < ε.

Because E is fixed and continuous,

sup
v∈VK

∥ gθ(E(v)) − ψ(v) ∥2 < ε.

Evaluating gθ(E(v)) corresponds to the FieldFormer’s prediction at (i, n+1), so each grid update on K is
approximated within ε.

5) Uniformity on compact sets. Since K is compact and covered by finitely many such neighborhoods,
the uniform bound extends over all of K:

sup
z∈K

∥u(z) − û(z)∥2 < ε.

Hence for some m ≥ |S|, width d′, and depth L, FieldFormer approximates u uniformly on K, completing
the proof.

C.2 Proof of Theorem 5.3

Theorem C.2 (Average-Case Lower Bound Under Longitudinal Sampling). Sample mx spatial locations
uniformly without replacement from Sx, let I ⊆ Sx be the sensed set and Ic the missed set. Under equation
equation 3, FieldFormer û, using all sensed data, satisfies

inf
û

E
[
∥û− un+1(i)∥2

]
≥ c E

[
A(Ic)

]
= c

(
1 − mx

Nx

)
,

where the expectation is over the random sampling of I and the data distribution D.

Proof. Let V ∈ RN denote the random vector of stencil values at (i, n+1) under distribution D, with
S = Sx × T and N = |S|. The target is ψ(V ) ∈ Rq.

1) Conditioning on sensed sites. Let I ⊆ Sx be the set of mx observed spatial offsets; for each s ∈ I all
k+1 time coordinates (s, ℓ) are known, while coordinates with s ∈ Ic are unobserved. Any estimator using
all available data must be a function û = û(VI×T ), independent of unobserved values.

2) Indistinguishability and symmetrization. Fix I. Consider any random transformation T that acts
only on the unobserved coordinates Ic × T and leaves the law of the observed block VI×T unchanged. Then
(V, TV ) are conditionally indistinguishable to û, meaning û(V ) = û(TV ) given I. Applying the triangle
inequality for the Euclidean norm to the triple (a, b, c) = (ψ(V ), û(V ), ψ(TV )) yields

∥ψ(V ) − ψ(TV )∥2 ≤ ∥ψ(V ) − û(V )∥2 + ∥û(TV ) − ψ(TV )∥2.

Taking the conditional expectation with respect to I gives

E
[
∥û(V ) − ψ(V )∥2 + ∥û(TV ) − ψ(TV )∥2

]
≥ E

[
∥ψ(V ) − ψ(TV )∥2

]
conditioned on I.

(1)

Because û depends only on the observed coordinates, we cannot assume any symmetry between ψ(V ) and
ψ(TV ). To handle this, we introduce a simple symmetrization. Let B ∼ Bernoulli(1/2) be an independent
coin and define a randomized input

W :=
{
V, B = 0,
TV, B = 1.
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Conditioning on I and averaging (1) over the coin B gives

E[∥û(W ) − ψ(W )∥2] = 1
2 E[∥û(V ) − ψ(V )∥2 + ∥û(TV ) − ψ(TV )∥2]

≥ 1
2 E[∥ψ(V ) − ψ(TV )∥2] , given I.

(2)

Inequality (2) shows that, on average over the randomized choice between V and TV , the estimator’s expected
error must be at least half of the expected discrepancy between the two true outputs. Consequently, for at
least one of V or TV the same bound holds, so that

E[∥û(V ) − ψ(V )∥2 | I] ≥ 1
2 E[∥ψ(V ) − ψ(TV )∥2 | I] ,

where the factor 1
2 is absorbed into the constant c later.

3) Expected influence over unobserved coordinates. By Assumption 3.6, for each (s, ℓ) ∈ S there
exists T(s,ℓ) acting on that coordinate only such that

E
[
∥ψ(V ) − ψ(T(s,ℓ)V )∥2

]
≥ c a(s,ℓ).

Summing over unobserved spatial sites and their time levels,

E
[
∥û(V ) − ψ(V )∥2

∣∣ I]
≥ c

∑
s∈Ic

∑
ℓ∈T

a(s,ℓ) = cA(Ic),

where A(Ic) :=
∑
s∈Ic ās and ās =

∑
ℓ∈T a(s,ℓ).

4) Averaging over random sampling. For uniform mx-of-Nx sampling without replacement, each spa-
tial site is missed with probability 1 −mx/Nx, so

E
[
A(Ic)

]
=

∑
s∈Sx

ās Pr(s /∈ I) =
(

1 − mx

Nx

)∑
s

ās = 1 − mx

Nx
.

Taking total expectation over I and V yields

inf
û

E
[
∥û− un+1(i)∥2

]
≥ cE

[
A(Ic)

]
= c

(
1 − mx

Nx

)
,

as claimed.

D Additional Results

Table 8 reports sensor-holdout results, used as a proxy for spatial generalization when dense full-field ground
truth is unavailable. FieldFormer is stronger on most atmospheric holdout variables, while Gamma Field im-
proves PM10 holdout performance on the pollution dataset. The mixed results indicate that local coordinate-
dependent scaling is useful in some heterogeneous regimes, but is not a universal substitute for observational
support at unseen sensors.

Table 8: Ablation study on real-world benchmarks: sensor-holdout evaluation. Results are reported as mean
± std over bootstrap samples. Lower is better.

Dataset Variable FieldFormer RMSE FieldFormer MAE Gamma Field RMSE Gamma Field MAE
Atmospheric AT 4.63 ± 0.6376 3.14 ± 0.4384 4.683 ± 0.6321 3.201 ± 0.46
Atmospheric RH 15.75 ± 2.517 10.04 ± 1.568 15.63 ± 1.952 10.11 ± 1.318
Atmospheric Ux 2.26 ± 0.6081 1.282 ± 0.2269 2.362 ± 0.6137 1.33 ± 0.2493
Atmospheric Vy 1.502 ± 0.1426 1.026 ± 0.09529 1.671 ± 0.1498 1.122 ± 0.1189
Pollution PM10 115 ± 13.11 69.63 ± 9.17 92.63 ± 9.512 56.73 ± 6.764
Pollution PM2.5 45.95 ± 4.77 26.76 ± 3.152 47.5 ± 4.847 27.14 ± 3.161
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