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Abstract

Despite the multifaceted recent advances in interventional causal representation
learning (CRL), they primarily focus on the stylized assumption of single-node
interventions. This assumption is not valid in a wide range of applications, and
generally, the subset of nodes intervened in an interventional environment is fully
unknown. This paper focuses on interventional CRL under unknown multi-node
(UMN) interventional environments and establishes the first identifiability results
for general latent causal models (parametric or nonparametric) under stochastic in-
terventions (soft or hard) and linear transformation from the latent to observed space.
Specifically, it is established that given sufficiently diverse interventional environ-
ments, (i) identifiability up to ancestors is possible using only soft interventions,
and (ii) perfect identifiability is possible using hard interventions. Remarkably,
these guarantees match the best-known results for more restrictive single-node
interventions. Furthermore, CRL algorithms are also provided that achieve the iden-
tifiability guarantees. A central step in designing these algorithms is establishing the
relationships between UMN interventional CRL and score functions associated with
the statistical models of different interventional environments. Establishing these
relationships also serves as constructive proof of the identifiability guarantees.

1 Introduction

Causal representation learning (CRL) is a major leap in causal inference, moving away from the
conventional objective of discovering causal relationships among a set of variables and learning the
variables themselves. By combining the strengths of causal inference and machine learning, CRL
specifies data representations that facilitate reasoning and planning [1]. CRL is motivated by the
premise that in a wide range of applications, a lower-dimensional latent set of variables with causal
interactions generates the usually high-dimensional observed data. Therefore, CRL’s objective is to
use the observed data and learn the latent causal generative factors, which include the causal latent
variables and their causal relationships.

CRL objectives. Formally, consider a set of latent causal random variables Z € R™ and a directed
acyclic graph (DAG) G that encodes the causal relationships among Z. The latent variables are
transformed by an unknown function g to generate the observed random variables X € R%, where

X £ g(Z). CRL aims to use X to recover the latent causal variables Z and the causal structure G.
Two central questions of CRL pertain to identifiability, which refers to determining the conditions

under which Z and G can be recovered, and achievability, which refers to designing CRL algorithms
that can achieve the foreseen identifiability guarantees. Identifiability has been demonstrated to
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be inherently under-constrained [2], prompting the development of diverse methodologies that
incorporate inductive biases to enable identifiability. Interventional CRL is one direction with
significant recent advances in which interventions on latent causal variables are used to create
statistical diversity in the observed data [1, 3-6].

Unknown multi-node interventions. Despite covering many aspects of interventional CRL, such as
parametric versus nonparametric causal models, parametric versus nonparametric transformations,
and intervention types, the majority of the existing studies assume that the interventions are single-
node, i.e., exactly one latent variable is intervened in each environment [3—10]. This assumption,
however, is restrictive in some of the application domains of CRL such as biology and robotics in
which generally the subset of nodes intervened in an intervention environment can be fully unknown.
For instance, biological perturbations in genomics are imperfect interventions with off-target effects
on other genes [11, 12], or interventions on robotics applications are likely to affect multiple causal
variables [13]. Hence, realizing the promises of CRL critically hinges on dispensing with the
assumption of single-node interventions.

In this paper, we address the open problem of using unknown multi-node (UMN) stochastic interven-
tions to recover the latent causal variables Z and their causal graph G, wherein each environment an
unknown subset of nodes are intervened. We consider a general latent causal model (parametric or
nonparametric) and focus on the /inear transformations as an important class of parametric transfor-
mation models. We establish identifiability results and design algorithms to achieve them under both
soft and hard interventions. For this purpose, we delineate connections between UMN interventions
and the properties of score functions, i.e., the gradients of the logarithm of density functions. This
score-based framework is the UMN counterpart of the single-node framework proposed in [5, 7],
albeit with significant technical differences. Our contributions are summarized below.

* We show that under sufficiently diverse interventional environments, UMN stochastic hard inter-
ventions suffice to guarantee perfect identifiability of the latent causal graph and the latent variables
(up to permutations and element-wise scaling).

* We show that under sufficiently diverse interventional environments, UMN soft interventions
guarantee identifiability up to ancestors — transitive closure of the latent DAG is recovered, and
latent variables are recovered up to a linear function of their ancestors. Remarkably, these
guarantees match the best possible results in the literature of single-node interventions.

* We design score-based CRL algorithms for implementing CRL with UMN interventions with prov-
able guarantees. These guarantees also serve as constructive proof steps of the identifiability results.

Challenges of UMN interventions. There are two broad challenges specific to addressing the UMN
intervention setting that render it substantially distinct from the single-node (SN) intervention setting.
First, in SN interventions, since the learner knows exactly one node is intervened in each environment,
it can readily identify the intervention targets up to a permutation. In contrast, in UMN interventions,
the learner does not know how many nodes are intervened in each environment. Therefore, the
nature of resolving the uncertainty about the intervention targets becomes fundamentally different.
An immediate impact of this is that it becomes more challenging to properly capitalize on the
statistical diversity embedded in the interventional data. Secondly, in SN interventions, only one
causal mechanism changes across the environments. Such sparse variations of the causal mechanisms
are a core property leveraged by various existing CRL approaches, e.g., contrastive learning [8],
and score-based framework [6, 7]. On the contrary, UMN interventions allow for many concurrent
causal mechanism changes, which renders leveraging sparsity patterns in mechanism variations futile.
Finally, since intervention targets are unknown, our central algorithmic idea is to properly aggregate
the UMN interventional environments to create new distinct environments under which the inherent
statistical diversity is more accessible.

1.1 Related literature

Single-node interventional CRL. The majority of the studies on interventional CRL focus on SN
interventions [3—10, 14], which can be categorized based on their assumptions on the latent causal
model, transformation, and intervention model. Based on this taxonomy, it has been shown that SN
hard interventions suffice for identifiability with general latent causal models and linear transforma-
tions (one intervention per node) [7], with linear Gaussian latent models and general transformations
(one intervention per node) [8], and with general latent models and general transformations (two
interventions per node) [6, 9]. For the less restrictive SN soft interventions, identifiability up to



Table 1: Comparison of the results to existing work in multi-node interventional CRL. We note that all studies
assume linear transformation.

Work Latent model Int. type =~ Main assumption on interventions Identifiability (ID)
[14] Linear Soft | pa(7)] independent int. mechanisms D up to surrounding
[16] General do strongly separated interventions perfect ID

Theorem 1 General Hard lin. indep. interv. (Assumption 1) perfect ID
Theorem 2 General Soft lin. indep. interv. (Assumption 1) ID up to ancestors

ancestors is shown for general latent models and linear transformations [7] and linear Gaussian
latent models and general transformations [8]. Furthermore, under additional assumptions such as
sufficiently nonlinear latent models, the latent DAG is shown to be perfectly identifiable [7, 10, 14]. In
a related study, [15] focuses on learning the latent DAG (but without learning latent causal variables)
using SN hard interventions without parametric assumptions on the model.

Multi-node interventional CRL. The studies on MN intervention settings are sparser than the SN
intervention settings. Table |1 summarizes the results closely related to the scope of this paper along
with the identifiability results established in this paper. In summary, the existing studies either provide
partial identifiability or focus on non-stochastic do interventions. The study in [14] focuses on
linear non-Gaussian latent models and linear transformations and uses soft interventions to establish
identifiability up to surrounding variables by using multiple interventional mechanisms for each node.
In a different study, [16] uses strongly separated multi-node do interventions and provides perfect
identifiability results for general latent models and linear transformations. We also note the partially
related study in [17] that applies soft interventions on a subset of nodes and aims to disentangle the
non-intervened variables from the intervened ones. Distinct from all these studies, we address the
open problem of perfect identifiability under UMN stochastic interventions.

Other approaches to CRL. We note that there exist other interesting settings that address CRL
without interventions. Some examples include using multi-view data [18-21], leveraging temporal
sequences [22, 23], building on nonlinear independent component analysis (ICA) principles to
identify polynomial latent causal models [24], and imposing sparsity constraints to obtain partial
disentanglement [25, 26], and grouping of observational variables [27]. We refer to [28] for a detailed
literature review on various CRL problems.

2 CRL setting and preliminaries

Notations. Vectors are represented by lowercase bold letters, and element i of vector a is denoted
by a;. Matrices are represented by uppercase bold letters, and we denote row ¢ and column j
of matrix A by A; and by A. ;, respectively, and A; ; denotes the entry at row 7 and column j.
We use null({A1,...,A,}) to denote the nullspace of the matrix consisting of the row vectors
{A4,...,A,}. Forn € N, we define [n] £ {1,...,n}. The row permutation matrix associated with
any permutation 7 of [n] is denoted by P.. We denote the indicator function by 1. We use im(f)
to denote the image of a function f and dim(V) to denote the dimension of a subspace V. Random
variables and their realizations are presented by upper and lower case letters, respectively.

2.1 Latent causal model

Consider a latent causal space consisting of n causal random variables Z £ [Z;,...,Z,]". An
unknown linear transformation G € R*"™ maps Z to the observed random variables denoted by
X 2[Xy,...,X4]" according to:

X=G - Z, 1)
where d > n and G is full rank. The probability density functions (pdfs) of X and Z are denoted by
px and pz, respectively. We assume that p has full support on R™. Subsequently, px is supported

on X £ im(G). The causal relationships among latent variables Z are represented by a DAG G in
which the i-th node corresponds to Z,. Hence, pz factorizes according to:

pz(2) = [ [ pi(zi | 2page)) » 2)
1=1



where pa(i) denotes the set of parents of node 7 in G. The conditional pdfs {p;(2; | zpa(s)) : ¢ € [n]}
are assumed to be continuously differentiable with respect to all z variables. We use ch(7), an(i),
and de(4) to denote the children, ancestors, and descendants of node 4, respectively. We say that
a permutation (7, ..., m,) of [n] is a valid causal order if the membership 7; € an(n;) indicates
that ¢ < j. Without loss of generality, we assume that (1,...,n) is a valid causal order. We will
specialize some of our results for the latent causal models with additive noise ' specified by

Zi = fi(Zpagiy) + Ni, (3)

where functions {f; : ¢ € [n]} capture the causal dependence of node ¢ on its parents and the terms
{N; : i € [n]} represent the exogenous noise variables.

2.2 Unknown multi-node intervention models

In addition to the observational environment, we have M UMN interventional environments denoted
by {€™ : m € [M]}. We assume that the set of nodes intervened in each environment is unknown, and
denote the set intervened in environment £™ by I™ C [n]. Accordingly, we define the intervention
signature matrix Dy, € {0,1}"*M to compactly represent the intervention targets under various
environments as

[Dint)im = Wi € I™}, Vie[n], Vme [M]. )
The m-th column of Dj,; lists the indices of the nodes intervened in environment £, which we
refer to as the intervention vector of environment £™. Ensuring identifiability inevitably imposes
restrictions on the structure of D;,;. For instance, if the i-th row of D;,; is a zero vector, it means
that node 1 is not intervened in any environment, then the perfect identifiability is not possible [4] °.
Therefore, to avoid such impossibility cases, we impose the mild condition that D;,,; has sufficiently
diverse columns, formalized next.

Assumption 1. Intervention signature matrix Diy defined in (4) is full row rank, i.e., it contains n
linearly independent intervention vectors.

In this paper, we consider UMN stochastic interventions and address identifiability results under both
hard interventions as well as soft interventions as the most general form of intervention.

Soft interventions. A soft intervention on node 7 alters the observational causal mechanism p;(z; |
Zpa(i)) O an interventional causal mechanism q;(2; | Zpa(s)). Such a change occurs in node 7 in all
the environments £ that contain node ¢, i.e., ¢ € I"*. Subsequently, the pdf of the latent variables in
environment £, denoted by p?;, factorizes according to:

p7() 2 [T @il 2pa) T] pizi | 2pac) . ¥mo€ [M]. ©)
iclm™ igIm
Hard interventions. Under a hard intervention on node ¢, the functional dependence of node ¢
on its parents is removed, and the observational causal mechanism p;(z; | 2pa(s)) is changed to an
interventional causal mechanism g;(z;), independent of parents of node i.

To distinguish the observational and interventional data, we denote the latent and observed random
variables in environment £™ by Z™ and X", respectively. We note that interventions do not affect
the transformation G. Hence, in £ we have X™ = G - Z™ for all m € [M].

Score functions. The score function of a pdf is defined as the gradient of its logarithm. We denote
the score functions associated with the distributions of Z™ and X by

87 (2) £ Viogp%(z), and s%(xr) = Viogp¥(zr), Vm e [M]. (6)

Note that, using the factorization in (5), s’} decomposes as
sy (2) = Z Vlog qi(zi | zpa()) + Z Vlogpi(2i | 2pa(i)) - )

ielm iglm

We denote the difference in score functions between interventional and observational environments by
As%(2) £ 8% (2) — sz(2) and As%(z) £ s%(z) —sx(z), Vme[M]. (8)

"Perfect identifiability results in the closely related literature are given for additive noise models [7, 4, 8, 16].
2[4, Proposition 5] shows that if the non-intervened node 7 has at least one parent, then perfect identifiability
is not possible.




2.3 Identifiability criteria

In CRL, we use observed variables X to recover the true latent variables Z and the latent causal
graph G. We denote a generic estimator of Z given X by Z(X) : R? — R"™. We also consider a
generic estimate of G denoted by G. To assess the fidelity of the estimates A (X) and G with respect
to the ground truth Z and G, we provide the following well-known identifiability measures.

Definition 1 (Identifiability). For CRL under linear transformations, we define:

1. Perfect identifiability: Q and G are isomorphic, and the estimator A (X) satisfies that
Z(X)=P,-C, - Z, VZ e R", 9)

where Cg € R™*™ is a constant diagonal matrix with nonzero diagonal entries and P . is a row
permutation matrix.

2. Identifiability up to ancestors: Q and transitive closure of G, denoted by G, are isomorphic,
and the estimator Z(X) satisfies that

Z(X)=P; -Can-Z, VZ e R™, (10)

where C,,, € R"*"™ is a constant matrix with nonzero diagonal entries that satisfies [Can)i; = 0
forall j ¢ {an(i) U{i}}, and P is a row permutation matrix.

In the algorithm we will design, estimating Z(X) and G are facilitated by estimating the inverse of
the transformation G, that is Moore-Penrose inverse G = [GT - G] ™! - G T, which we refer to as
the true encoder. To formalize the process of estimating the true encoder, we define H as the set of
candidate encoders specified by H = {H € R"*¢ : rank(H) =nand H" -H- X = X , VX € X'}.
Corresponding to any pair of observation X and valid encoder H € H, we define Z (X;H) as an
auxiliary estimate of Z generatedas Z(X;H)2H-X = (H- G) - Z.

3 Identifiability under UMN interventions

In this section, we present the main identifiability and achievability results for CRL with UMN
interventions and interpret them in the context of the recent results in the literature. We start by
specifying the regularity conditions on the statistical models, which are needed to ensure sufficient
statistical diversity and establish identifiability results for hard and soft UMN interventions. The
constructive proofs of the results are based on CRL algorithms, the details of which are presented in
Section 4. Complete proofs are deferred to Appendix A.

We note that the UMN setting subsumes SN interventions. Similarly to all the existing identifiability
results from SN interventions, it is necessary to have sufficient statistical diversity created by the
intervention models.” These conditions can be generally presented in the form of regularity conditions
on the probability distributions. Specifically, a commonly adopted regularity condition (or its
variations) in the SN intervention setting is that for every possible pair (i, j) where i € [n], j € pa(i),
the following term cannot be a constant function in z,

0 (10 pi(Zi | Zpa(i))) [ o} 1 pq(Zz ‘ Zpa(i)) -t )

9 og
0z @i(zi | zpai)) / 10z ai(zi | 2paci))

an

We present a counterpart of these conditions for UMN interventions, which involves one additional
term to account for the effect of intervening on multiple nodes simultaneously.

Definition 2 (Intervention regularity). We say that an interventions are regular if for every possible
triplet (i, j, c) where i € [n], j € pa(i) and ¢ € Q, the following ratio cannot be a constant function
inz

+ ¢ - log
ai (i | Zpa(s)) 4;(25 | Zpa(s))

0 <10 Pi(% | Zpai) (12)

pi(2; | Zpa(j))) { 0 1, Pilzi | Zoa@) ]
9 Pj\Zj | Zpa(s)) oo Pil%i | Zpa@)
sz

g
0zi ~ qi(zi | Zpagi))

3Some examples include Assumption 1 in [6], generic SN interventions in [4], no pure shift interventions
condition in [8], and the genericity condition in [9].



pi(zi\zpa(w)
q:(2i|2pa(iy)
with node j. In our method, we will use combinations of score differences of multi-node environments.
This regularity condition ensures that the effect of a multi-node intervention is not the same on the
scores associated with different nodes. Given these properties, we establish perfect identifiability for
CRL with linear transformations using UMN stochastic hard interventions.

Essentially, % log captures the effect of intervening on node 7 on the score associated
J

Theorem 1 (Identifiability under UMN hard interventions). Under Assumption 1 and a latent model
with additive noise,

1. perfect latent recovery is possible using regular UMN hard interventions; and

2. if the latent causal model satisfies adjacency-faithfulness, then perfect latent DAG recovery is
possible using regular UMN hard interventions.

Theorem 1 is the first perfect identifiability result using UMN stochastic hard interventions. In
contrast, [16] establishes perfect latent recovery using highly more stringent do-interventions. Fur-
thermore, Theorem 1 establishes the first perfect latent DAG recovery result (under any type of
multi-node interventions) for nonparametric latent models. We note that the capability of handling
nonparametric latent models stems from leveraging the score functions. Similar properties are demon-
strated by the prior work on score-based CRL for SN interventions [7]. It is noteworthy that we use a
total of n + 1 environments whereas the study in [16] requires 2[log, n] do interventions of strongly
separating sets. However, we show that identifiability is impossible using strongly separating sets of
UMN stochastic hard interventions (see Appendix A.6).

Next, we consider UMN soft interventions. Since soft interventions retain the ancestral dependence
of the intervened node, in general, the identifiability guarantees for soft interventions are weaker than
those of hard interventions. Next, we establish that UMN soft interventions guarantee identifiability
up to ancestors for the general causal latent models and linear transformations.

Theorem 2 (Identifiability under UMN soft interventions). Under Assumption 1, identifiability up to
ancestors is possible using regular UMN soft interventions.

Identifiability up to ancestors has recently shown to be possible using SN soft interventions on general
latent models [7]. Theorem 2 establishes the same identifiability guarantees without the restrictive
assumption of SN interventions. Furthermore, Theorem 2 is significantly different from existing
results for UMN soft interventions. Specifically, the study in [14] focuses on linear non-Gaussian
latent models and requires | pa(i)| + 1 distinct mechanisms for each node 7. In contrast, Theorem 2
does not make parametric assumptions on latent variables and works with sufficiently diverse
interventions described by Assumption 1 instead of requiring multiple interventional mechanisms for
the same node.

4 UMN interventional CRL algorithm

In this section, we design the Unknown Multi-node Interventional (UMNI)-CRL algorithm that
achieves identifiability guarantees presented in Section 3. This algorithm falls in the category of
score-based frameworks for CRL [5, 7] and incorporates novel components to this framework that
facilitate UMN interventions with provable guarantees. Our score-based approach uses the structural
properties of score functions and their variations across different interventional environments to
find reliable estimates for the true encoder Gt. The critical step involved is a process that can
aggregate the score differences under the available interventional environments, which have entirely
unknown intervention targets, and reconstruct the score differences for any desired hypothetical set of
intervention targets. In particular, we establish that such desired score differences can be computed
by aggregating the score differences available under the given UMN interventions. The proposed
UMNI-CRL algorithm consists of four stages for implementing CRL. The properties of these stages
also serve as the steps of constructive proof for identifiability results. We present the key algorithmic
stages and their properties in the remainder of this section and defer their proofs to Appendix A.

Stage 1: Basis score differences. In the first stage, we compute score differences for each interven-
tional environment and construct the basis score difference functions that are linearly independent.
The purpose of these functions is to subsequently use them and reconstruct the score differences under
any arbitrary hypothetical interventional environment. To this end, we use the following relationship
between score functions of X and Z.



Algorithm 1 Unknown Multi-node Interventional (UMNI)-CRL

1: Input: Samples of X from environment £° and interventional environments {£™ : m € [M]}
2: Stage 1: Choose basis score differences and construct AS x using (17)

Stage 2: Identifiability up to a causal order
fort € (1,...,n)do
for w € W do > W is specified in (18)
V < Projuuncga: i e r—17y) im(ASx - w)
if dim(V) = 1 then
pick v € im(ASx - w) \ span({H? : i € [t — 1]})
H; < v/||vl]2 and [W].; +w
break
Stage 2 outputs: H* and W

TV N

—_

_
N

Stage 3: Identifiability up ancestors

13: Initialize G with empty graph over nodes [n]

14: fort e (n—1,...,1) do

15: forjec(t+1,...,n)do

16: if j € ch(t) then

17: continue

18: if_parent ¢ True

19: My« [j— 1]\ {ch(t) U{t}}

200 for (,8) € {~(IW.ylli,. .. [W.sl11)} x [IW..]1] do
21: w* — o[W].; + [W].

22: V = Projuuna: : i € M, }) M(ASx - W)

23: if dim(V) = 1 then

24: pick v € im(ASx - w*) \ span({H} : i € M, })
25: H} < v/[[vl]2 and [W] ; + w”

26: Set if_parent < False and break

27: if if_parent is True then

28: Addt — jand t — wuto G forall u € de(j) > edges to identified descendants

29: Stage 3 outputs: G,H* and W

30: if the interventions are hard then

31: Stage 4: Unmixing for hard interventions

32: fort € (2,...,n)do > refine rows of H* sequentially
33: 7« Z(X;H")

34: U — Cov(Zy, Zan(r)) * [Cov(Zangr))) ™

35: forme{i:W,;, #0}do > searching for a suitable environment
36: ZM — Z™(X; H*)

37: u™ — —Cov(Z", 22 ) - [Cov(Z )] 7

38: if (u™ - ZA;frll(t) +Zm) AL Z;Pn(t) and u™ # u°s then

39: H; < H} +u™ -H}, ) > removing the effect of the ancestors on Z;
40: . _ break

41: 7+ Z(X;H") > use recovered Z in obs. env. for graph recovery
42: fort e (1,...,n)do

43: for j € ch(t) do

44 it Z, L Z; | {Z; i epa(j)\ {t}} then

45: Remove ¢ — j from G > removing the edges from the nonparent ancestors

46: Return Q and Z




Lemma 1 ([7, Corollary 2]). Latent and observational score functions are related via sx (x) =
[GNT - s2(2), wherex = G - 2.

Using Lemma 1 for the scores and score differences defined in (7) and (8), respectively, we have

As%(r) =[G - Asp(z) 2[GTT- Y Viog Piei | 2pati) (13)
Pt ® 6 | Zpan)

We compactly represent the summands in the right-hand side of (13) by defining the matrix-valued
function A : R™ — R™*™ with the entries

0 p(zz | Zpa(i )

(A 2 5 log o =

Zj (Zz | Zpa(i)

based on which (13) can be restated as
As%(z) = [GT]T - A(2) - [Din)im - (15)

We note that [A(z)]; ; is constantly zero for i ¢ {pa(j) U {j}}, and j-th column of A is a function
of the variables in {z;, : k € pa(j) U {j}} which implies that the columns of A are linearly
independent. Throughout the rest of the paper, we omit the arguments of the functions As’y and A
when the dependence is clear from the context. Note that D;,,; has n linearly independent columns

, Vi,j€|[n], (14)

(Assumption 1). Denote the indices of the independent columns by {b1, ..., b,} and define the basis
intervention matrix D € R"*"™ using these columns as

[D)im 2 Dintlip, = 1{i € I}, Vi;m € [n]. (16)
Subsequently, it can be readily verified that the score difference functions {As% : m € {by,...,b,}}

are also linearly independent by leveraging (15) and linearly independent columns of A. Hence, these
score difference functions are sufficient to reconstruct the remaining unavailable score difference
functions. As such, {As¢ : m € {b1,...,b,}} serve as basis score difference functions. We stack
these basis score differences, where each is a d-dimensional vector, to construct the matrix-valued
function ASx : X — R which is used as the basis score difference matrix in the subsequent
stages.

ASx £ [As%,...,As%] =[G]T-A-D. (17)

Finally, we note that ASy is directly estimated from samples of X via learning {As%" : m € [n]}.
Since A encodes the score differences in latent space, it cannot be estimated directly. Furthermore,
D is unknown, and (17) is given to emphasize the relationship between observed and latent score
differences.

Stage 2: Identifiability up to an unknown causal order. We design a process that aggregates score
differences of the UMN interventions and obtains a partial identifiability guarantee (identifiability up
to an unknown causal order) as an intermediate step toward more accurate identifiability. Specifically,
we linearly aggregate the columns of AS x such that those aggregate scores facilitate identifiability up
to an unknown causal order. Such mixing of the columns is facilitated by computing AS x - W, where
the mixing matrix W € R™*"™ should be learned. Given the decomposition of ASx in (17), if we
learn W such that D - W is upper triangular up to a row permutation, then we can subsequently learn
an intermediate estimate H* using the image of AS x. This ensures identifiability up to an unknown
causal order since rows of H* will be equal to combinations of rows of G up to a causal order.

We design an iterative process to sequentially learn the columns of W. Specifically, at each iteration
of Stage 2, we learn an integer-valued vector w such that the projection of im(ASx - w) onto the
nullspace of the partially recovered encoder estimate becomes a one-dimensional subspace. To see
why this procedure works, note that the function ASx - w is essentially a combination of SN latent
score differences via (17), and the SN score difference V log p; (2 | 2pa(i)) — V108 qi(2i | 2pa(i))
is a one-dimensional subspace if and only if the intervened node 7 has no parents. By taking the
projection of the im(AS x - w) onto the nullspace of the partially learned encoder while searching
for a desired w, we ensure that the final encoder estimate H* of this stage will be full-rank. Finally,
we use  to denote maximum determinant of a matrix in {0, 1}(»~1>("=1) "and show that the set

W2 —k, ... +K}" (18)

is guaranteed to contain such w vectors. The following result summarizes the guarantees of this
procedure.



Lemma 2. Under Assumption I and intervention regularity, outputs of Stage 2 of Algorithm [ satisfy:
1. D -'W has nonzero diagonal entries and is upper triangular up to a row permutation.

2. [H*]; € span({[G']x, : j € [t]}) forall t € [n] and {{H*]; : t € [n]} are linearly independent.
Proof: See Appendix A.1. (]

Stage 3: Identifiability up to ancestors. Next, we refine the outcome of Stage 2 to ensure identifia-
bility up to ancestors by updating the columns of W such that the entries of D - W can be nonzero
only for the coordinates that correspond to ancestor-descendant node pairs. For this purpose, we
design Stage 3 of UMNI-CRL that iteratively updates the columns of W. The key idea is that the
edges in the transitive closure graph G;. can be determined by investigating the subspaces’ dimensions
similarly to Stage 2. Leveraging this property, for all node pairs that do not constitute an edge in G,
we aggregate the corresponding columns of W such that the corresponding entry of D - W will be
zero. In Theorem 3, we show that the outputs of this stage achieve identifiability up to ancestors, that
is G is isomorphic to Gy and Z; is a linear function of {Zx, :j €an(i) U{i}} foralli € [n].

Theorem 3. Under Assumption I and regular UMN soft interventions, outputs of Stage 3 of Algo-
rithm 1 have the following properties.

1. The estimate Z (X; H*) satisfies identifiability up to ancestors.

2. G and G are related through a graph isomorphism.

Proof: See Appendix A.2. (|

Stage 4: Perfect identifiability via hard interventions. In the case of hard interventions, we
apply an unmixing procedure to further refine our estimates and achieve perfect identifiability. This
stage consists of two steps. The first step relies on the property that the intervened node becomes
independent of its non-descendants and updates rows of the encoder estimate sequentially. In
the second step, we leverage the knowledge of ancestral relationships and use a small number of
conditional independence tests to refine the graph estimate from transitive closure G to the true
latent DAG G. The following theorem summarizes the guarantees achieved by Algorithm 1.

Theorem 4. Under Assumption 1 and regular UMN hard interventions for an additive noise model,
outputs of Stage 4 of Algorithm I have the following properties.

1. Estimate Z (X; H*) satisfies perfect latent variable recovery.

2. If py is adjacency-faithful to G, then G and G are related through a graph isomorphism.

Proof: See Appendix A.3. |

Finally, we note that the computational cost of UMNI-CRL is dominated by the cardinality of the
search space for aggregating the score differences, e.g., in the worst-case, Stage 2 has O((2k)")
complexity. Therefore, the structure of the UMN interventions determines the complexity via its
determinant. We elaborate on the computational complexity of the algorithm and the range of « in
Appendix A.8.

5 Simulations

We empirically assess the performance of the UMNI-CRL algorithm for recovering the latent DAG G
and latent variables Z. Implementation details and additional results are provided in Appendix B*.

Data generation. To generate G, we use ErdGs-Rényi model with density 0.5 and n € {4,5,6,7,8}
nodes. For the causal models, we adopt linear structural equation models (SEMs) with Gaussian
noise. The nonzero edge weights of the linear SEMs are sampled from Unif(£[0.5, 1.5]), and the
noise terms are zero-mean Gaussian variables with variances o2 sampled from Unif([0.5, 1.5]). For
a soft intervention on node 4, the edge weight vector of node ¢ is reduced by a factor of 1/2, and for a
hard intervention, the edge weights are set to zero. The variance of the noise term is reduced to o7 /4
in both intervention types. We consider target dimensions d € {10, 50}, generate 100 latent graphs

for each (n, d) pair, and generate ng = 10° samples of Z from each environment. Transformation

*The codebase for the experiments can be found at https://github.com/acarturk-e/umni-crl.


https://github.com/acarturk-e/umni-crl

Table 2: UMNI-CRL for a linear causal model with UMN interventions (mean + standard error)

UMN Soft UMN Hard
d | SHD(Gi.,G) MCC Cooft | SHD(G,G) MCC Chard

10 | 091£0.12 0.95+£0.01 0.08£0.01 | 0.75£0.11 0.98£0.02 0.13£0.02
10 | 1.67£0.20 0.93+£0.01 0.09+£0.01 | 1.65£0.11 0.97£0.02 0.13£0.02
10 | 3.194+0.26 0.92+0.01 0.12£0.01 | 3.12+£0.25 0.96+0.02 0.12+0.02
10 | 5.44£034 090+£0.01 0.15+£0.01 | 5.36£0.35 0.93£0.03 0.15£0.03
7.63+£0.41 089+0.01 0.16+0.01 | 9.70+£0.52 0.87+£0.03 0.20£0.03

50 | 0.77£0.12 0.96+0.01 0.06+0.01 | 0.66+0.10 0.98+0.01 0.13+£0.02
50 | 1.93+020 093+£0.01 0.10+0.01 | 1.80£0.19 0.98+0.02 0.13+0.01
50 | 3.39+£0.27 092+0.01 0.13+£0.01 | 3.05+0.25 0.95+0.03 0.13+£0.01
50 | 462+030 091+£0.01 0.13+0.01 | 6.12£0.34 0.91+0.02 0.16=+0.01
50 | 8.26£0.49 090+0.01 0.14+0.01 | 9.01+£0.53 0.88+0.03 0.28+£0.02

[P IR o NEV N N CORRS I R N
-
S

G € R¥*" is randomly sampled under full-rank constraint, and observed variables are generated as
X = G - Z. Finally, for each graph realization, intervention matrix D is chosen randomly among
column permutations of full-rank {0, 1}"*" matrices, which satisfies Assumption 1.

Score functions. The algorithm uses score differences between environment pairs. Since we use
a linear Gaussian model, X is also multivariate Gaussian, and its score function can be estimated
by sx(x) = —O - z in which © is the sample estimate of the precision matrix of X. We note that
the design of UMNI-CRL is agnostic to the choice of the estimator and can adopt any reliable score
estimator for nonparametric distributions [29, 30].

Graph recovery. To assess the graph recovery, we report the structural Hamming distance (SHD)
between the true and estimated DAGs. Recall that UMN hard and soft interventions ensure different
levels of identifiability guarantees. Hence, we report the SHD between (i) transitive closure G and

Q for soft interventions, and (ii) true DAG G and Q for hard interventions. Table 2 shows that latent
graph recovery performance remains consistent for both soft and hard interventions when observed
variables dimension d increases from 10 to 50, which conforms to our expectations due to theoretical
results. Note that the expected number of edges is n(n — 1)/4 since we set the density of random
graphs to 0.5. Hence, the increasing SHD is also unsurprising when the latent dimension n increases
from 4 to 8, and the performance remains reasonable at n = 8. Finally, we note that n = 8 is the
largest latent graph size considered among the closely related SN intervention studies [4, 8, 7, 9].

Latent variable recovery. The estimates are given by Z(X; H*) = (H* - G) - Z. Hence, we
scrutinize the effective mixing matrix (H* - G) and report the ratio of its incorrect mixing entries to
the number of zeros in constant matrices Cq and C,,, according to Definition 1, denoted by
N Zj;ﬁq’, 1([H"- G}i,j #0) A Zj¢ﬁ(i) ]1([H* ’ G]i,j # 0)
lhard = ) and lsoft = 2 —py
n? =32 [an(i)|

n?—n
We also report the mean correlation coefficient (MCC) [31], which measures linear correlations
between the estimated and ground truth latent variables and is commonly used in related work.
Table 2 shows that the UMNI-CRL algorithm achieves strong MCC performance (over 0.90) in all
cases. Furthermore, the ratio of incorrect mixing entries remains less than 0.20 for both soft and hard
interventions This demonstrates a strong performance of the UMNI-CRL algorithm at recovering
latent variables for as many as n = 8 latent variables even for observed variables dimension d = 50.

19)

6 Discussion

In this paper, we established novel identifiability results using unknown multi-node (UMN) in-
terventions for CRL under linear transformations. Specifically, we designed the provably correct
UMNI-CRL algorithm, leveraging the structural properties of score functions across different en-
vironments. To facilitate identifiability, we introduced a sufficient condition for the set of UMN
interventions, abstracted as having n sufficiently diverse interventional environments. Investigating
the necessary conditions for UMN interventions to enable identifiability remains an open problem.
The main limitation is the assumption of linear transformations. Given existing results for general
transformations using two SN interventions per node [6, 9], a promising direction for future work is
extending our results to general transformations using UMN interventions with multiple interventional
mechanisms per node.
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We start this section by introducing the additional notations used in the subsequent proofs.

Additional notations. We use {e; : ¢ € [n]} to denote n-dimensional standard unit basis vectors.
For aset S € [n], we use A to denote the submatrix of A constructed by the rows {A; : i € S}.

For a valid encoder H € 7, we denote the score functions associated with the pdfs of Z (X;H)
under environments £% and £™ by s, (-; H) and s%(-;H) for all m € [M]. In addition to the graph
notations introduced in Section 2.1, we define

pa(i) 2 pa(i) U {i}, ch(i) = ch(i)U{i}, and an(i) = an(i)U {i} . (20)

Next, we provide an auxiliary result that will be used throughout the proofs of the main results.

Lemma 3. For every pair (i, j) where i € [n] and j € pal(i), the following ratio function cannot be
a constant in z

-1

[A(2)];; _ ilog pi (2 | Zpa(j)):| . { o) log Pi(Zi | Zpa(i)) 21
AR, 10z " 4i(z [ za)] 102 7 ailzi | 2pac)

Furthermore, the columns of A are linearly independent vector-valued functions.

Proof: See Appendix A.5. (|

We also restate the interventional regularity in terms of the A function defined in (14), which will
help clarity in the subsequent proofs.
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Definition 2 (Intervention regularity) We say that an intervention on node © is regular if for every
possible triplet (i, j, c) where i € [n], j € pa(i) and ¢ € Q, the following ratio cannot be a constant
function in z

9 (10 Pi(zi | Zpa(i))
ﬁzj

+c-log 2% | 2pa) | Zpa(j))> { 0 lo pii(zi ) (22)

g
qi(2i | Zpa(i)) i (2 | Zpas)) 0z; @i(%i | 2pa(iy)
By definition of A, this means that for (i, j,c) where i € [n],j € pa(i) and ¢ € Q, the following
ratio cannot be a constant function in z
[A(z)]jﬂ. +c- [A(z)]j,j o3
[A(2)] i .

A.1 Proof of Lemma 2

First, we show that the search space in Stage 1 of Algorithm 1, i.e., the set W, has a certain property
that will be needed for the rest of the proof. Recall the definition in (18)

W2 {—k,.. ., +K}", (24)

in which « denotes the maximum possible determinant of a matrix in {0, 1}(*=D*(=1) We will
show that for all ¢ € [n], there exists w € W such that 1([D - w] # 0) = e;. Let adj(D) be the
cofactor matrix of D, which is the matrix formed by the entries

[adj(D));,; = det([D] ;) , (25)

where [D]_; _; is the first minor of D with ¢-th row and j-th columns are removed. Then, the inverse
of D is given by

-1 r}tl(D) [adj(D)]T . (26)

By multiplying both sides from left by D and rearranging we obtain
D - [adj(D)]" = det(D) - L« , 27)

where all matrices are integer-valued and I,,.,, denotes the n-dimensional identity matrix. The
identity in (27) implies that

D -w*=det(D)-e;, where w"*= [adj(D)]:Ti . (28)
Since entries of adj(D) are upper bounded by x, we have w* € W and we conclude that
Vidw € W suchthat 1(D-w#0)=e;. (29)

Next, we prove the lemma statements by induction as follows.

Base case. At the base case t = 1, we will show that 1([D-W].; # 0) = e; and H? € span([G'];)

B

for some root node ¢. Consider a vector w € W and denote ¢ = D - w. Then, using (17),
ASx -w=[GIT-A-D-w=[G]T-A-c. (30)
In the base case, we investigate the dimension of im(AS x - w). Then, using (30), we have
dim (im(ASx - w)) = dim (im([G']" - A ¢)) = dim (im(A - ¢)) . 31)

(29) implies that there exists w* € W that makes 1(c # 0) = e;. Subsequently, if ¢ is a root node,
only nonzero entry of the column A, ; is A; ; and we have

dim (im(ASx - w)) = dim (im([G']" - A.;)) = dim (im([GT]; - A;;)) =1. (32

Hence, by searching w within W, Algorithm 1 is guaranteed to find a vector w such that dim(im(A -
¢)) = 1. Next, we show that if dim(im(A - ¢)) = 1, then 1(c # 0) = e; for a root node i. We prove
this as follows. Consider the set A = {i : ¢; # 0} and let i be the youngest node in A4, i.e., ¢ has no
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descendants within .A. Using the fact that Ay, = 0 for all £ ¢ pa(k) and ¢, = 0 for all k € de(i),
we have
Ap-c 2 kean(e) Ck " Aok B Zke&(z) Cr - Ag

_ = , Vle€|n]. (33)
Ai-c Zkea@) cr Ak ci A ]

If ¢ has multiple nonzero entries, let ¢, denote the second youngest node in .A. If j ¢ pa(i), then for
£ = j, (33) reduces to

Aj-c_ci-Aj;

Ai-c Ci'Ai,z” G
which is not constant due to Lemma 3. If j € pa(i), then (33) reduces to
Aj - C _ Cj - Ajﬁj +c;- Aj,i (35)

7
Ai-c ci A

which is not constant due to interventional regularity. Hence, in either case, there exist multiple
vectors in im(A - ¢) with distinct directions. Therefore, dim(im(A - ¢)) = 1 implies that ¢ has only
one nonzero entry c¢; # 0. Finally, if ¢ is not a root node, for j € pa(i), (33) reduces to

Aj - C A

= 36
Ai - C sz ’ ( )

which is not constant due to interventional regularity. Therefore, dim(im(A - ¢)) = 1 implies that
1(c#0) =1([D - W].; # 0) = e; for aroot node 7. Next, using (30), we have

Hence, denoting the root node ¢ by 7, setting Hf = v for any v € im(ASx - w) ensures that
[D-W].; = er, and H} € span([G'],,) which completes the base step of the induction.

Induction hypothesis. For the induction step, assume that for all ¢ € [k], we have linearly
independent vectors H; € span({[G'],, : j € pa(t)}) and

[D.W]ﬂj7t:{i’0, j: Vi k], Vj>t, (38)
where {71, ..., T} constitutes the first k£ nodes of a causal order 7. We will show that if
dim(V) =1 where V = projyui(qu::iep)y) im(ASx - w) , (39)
then w € W satisfies S
for the causal order 7. First, define My, 1 = [n]\ {71, ..., 7% }. Note that, by the induction premise,
null({H : i € [k]}) = null({[GT]., : i € [k]}). (41)
Then, for any w € W and ¢ = D - w, we have
V = Projuui({[Gt]., :ic wp([GTT - im(A - c)) . (42)
Subsequently, we have
dim(V) = dim (im ([G'] k., - Ar,, - ©)) = dim (im(Ang,., - ©)) - 43)

Note that, if node i € M1 has no ancestors in My 1, using the vector w € YV which makes
1(c # 0) = e; ensures that dim(im (A, -)c) = dim(im(A;; - e;)) = 1. Hence, by searching w
within W, Algorithm 1 is guaranteed to find a vector w such that dim(im(A g, ., - ¢)) = 1. Next,
consider the set A = {i € My1 : ¢; # 0}. Since 7y, . .., 7 are first k-nodes of a causal order T,
we have

ANiz; =0, Vi€ Mgy, Vjelk]. (44)
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Then, if dim(V) = 1, A is not empty since otherwise (A g, ., - €) is equal to zero vector and
dim(V) = 0. Let ¢ be youngest node in .A, i.e, 7 has no descendants within .A. Similarly to (33), we
have
Ar-c Dpeane) Sk Aok
= , Ve . 45
A c ci-Aus M1 (45)

If A has multiple elements, let j be the second youngest node in A. If j ¢ pa(i), then for £ = j, (45)

reduces to A A
jC_ G
= 46
Ai-c ci- A’ (30)
which is not constant due to Lemma 3. If j € pa(¢), then for £ = j, (45) reduces to
Ajre Ay teirAga @7

Ai - C C; - A,ﬂ'

which is not constant due to interventional regularity. Hence, in either case, there exist vectors with
different directions in im(A 4, ,, - ¢). Therefore, dim(im(A ., - ¢)) = 1 implies that A has
only one element, i.e., there is only one node i € [n] \ {m1,..., 7} such that ¢; # 0, and also
pa(i) C {m1,...,m}. Hence, denoting 7411 = i, [D - W], is nonzero for j = k + 1 and zero for
all j > k+ 1. Subsequently, by setting H} . ; = v forany v € im(ASx - w) \ span({H;] : i € [k]})
we have

Hj,, € span({[G],,

crielk+1]}. (48)
Finally, note that the contribution of [GT]q; in Hj, .1 is nonzero since c; # 0. Hence, H} 1 18 linearly

independent of {Hj, ..., H}}, which completes the proof of the induction hypothesis. Therefore,
(38) holds for all t € [n], which implies that P - D - W is upper triangular and has nonzero diagonal
entries, and concludes the proof of the lemma.

A.2 Proof of Theorem 3

We will prove the theorem by proving the following equivalent statements: The output W of Stage 3
of Algorithm | satisfies

. _ [0, m ¢an(r;)
D Wi, = { Lo (49)
and

t € pa(j) < m €an(m). (50)

for all t, j € [n]. The second statement of the theorem, graph recovery up to a transitive closure, is
equivalent to (50) by definition. Next, we show that (49) implies the first statement of the theorem,
that is identifiability of latent variables up to mixing with ancestors. For this purpose, using (17), for
any w € R", we have

ASx -w=[GIT-A-D-w. (51)

Then, for w = [W]. ;, using the fact that A, ., = 0 for all m, ¢ pa(my), the coefficient of [G],
on the right-hand side becomes

Z Arimi D W]Trmj = Z Arim [D- W]kaj : (52)

mr€[n] mr Ech(my)
If m; ¢ an(m;), then 7, € ch(m;) implies that 7y, ¢ an(r;). Then, using (49), the sum in (52), i.e.,
the coefficient of [G'], in function (ASx - w), becomes zero. Furthermore, since [D - W], ; # 0,

the coefficient of [G'],, in (ASx - w) is nonzero. Therefore, (49) ensures, by choosing H} €
im(ASx - [W].,) forall ¢ € [n], we have

H; € span ({[G'], : j € an(1)}) (53)
and {H7,... H} are linearly independent. This implies that we have
H* =P, C, G, (54)

where P is the row permutation matrix of 7, and C,, € R™*" is a constant matrix with nonzero
diagonal entries that satisfies [Cay]; ; = 0 for all j ¢ an(i). Subsequently,

Z(X;H)=H"-X=P, - Co, -G .G-Z=P, - Co, - Z, (55)

which is the definition of identifiability up to ancestors for latent variables, specified in Definition 1.
In the rest of the proof, we will prove (49) by induction.
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Base case. At the base case, we have { = n — 1 and j = n. We will show that, at the end of step
(t,7) =(n—1,n),[D- W], , », # 0implies that 7,,_1 € pa(m,). By Lemma 2, we know that

D- W]z, ;m-1#0, [D- W]z »n#0, and D-W]|, ,1=0. (56)

Consider some integers & € {—nk,...,nc}and 8 € {1,...,nk}. Let w* = a[W]. .1+ B[W]. »,
and c* = D - w*. Since 3 # 0, (56) implies that ¢} # 0. Using Lemma 2, we have

null({H; : i€ [n—2]}) =null({[G'],, : i€ [n—2]}). (57)

Then, we have
V = Proji({a: :ic [n-2)y) iM(ASx - W) (58)
= PIOjnul({[G1],, :i € 2 ([GTT - im(A - ¢)) . (59)

Subsequently,
N (PR )
(o [] )

BT le L Cnn “Ar, 7,
= dim <1m ({ 1 & A })) . (62)

Note that in the last step, we have used the fact that 7 is a causal order and j ¢ pa(i) implies that
A; ; = 0. Then, if 7,1 € pa(n,), interventional regularity ensures that the ratio of the two entries
in (62) is not a constant function which implies that dim()) = 2. Furthermore, if 7,1 ¢ pa(m,)
butc;  # 0, then (62) reduces to

dim(V) = dim <im ({C’T"c,} . .Ajir““ﬂ'”l])) =2, (63)
due to Lemma 3. Therefore, if w* satisfies
dim(projnu((r: :ien—2))) IM(ASx - w")) =1, (64)

by setting [W]. ,, = w*, we guarantee that [D - W], ,, = 0if m,_1 ¢ pa(m,,). Note that, for this
case, setting either (o, ) = (—=[D - W],_1.4,[D - W],_1n_1) or (o, ) = ([D - W]p_1.0, —[D -
W],,—1,n—1) achieves

ct =D W, ,=a- D Wl n1+8-D- W] ,,=0. (65)

Tn—1
Note that the entries of [D - W] are bounded as
D Wiy = > Dig Wiy < 3 Wiy = Wl Vijel].  (66)
ke[n] ke[n]

Hence, Algorithm 1 is guaranteed to find ¢}, |

(aa 5) S {_||W:,n71||17 sy ||W:,n71||1} X {17 ceey HWnHl} . (67)

Therefore, if dim (V) is never found to be 1 for any («, ), it means that 7,1 € pa(m,), and the
algorithm adds the edge (n — 1) — n, which concludes the proof of the base case.

= 0 by searching over

Induction hypothesis. Next, assume that forallt € {k+1,...,n}andj € {t +1,...,n},

0 ¢ m(r;)

D Wi, ;= { 1 and m € an(m;) < t € pa(j). (68)

Tt = Ty

We will prove that (68) holds for ¢t = k and j € {t + 1,...,n}. We prove this by induction as well.
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Base case for the inner induction. At the base case, we have t = k and j = k£ 4 1. Since 7w is a
causal order, we have

7k € an(mgy1) < Tk € pa(TEy1) - (69)
Also, Ch(k) is empty at this iteration of the algorithm. Then, My, 41 = [k — 1]. Consider
some integers @ € {—nk,...,nk} and 8 € {1,...,nk}. Let w* = o[W]. ;, + B[W]. 441 and

c* =D . w*. Using Lemma 2, we have
null({H} : i€ [k—1]}) =null({[G'],, : i€ [k—1]}). (70)

Then, we have

V = projnuia: :ick—1)y) im(ASx - w*) (71
— projnull({[GT]ﬂ-i ig[k—1]}) ([GT]T . 1II1(A . C*)) . (72)

Using (68), cj‘” = 0 for¢ > k + 1. Subsequently,

o) =am (m ([ |- [ ] <)) =am(m (] ) - o9

Also, recall that Aﬂkﬂrj = (0 forall j < k. Then,

. A c 'Aﬂ' 7r.+C* 'Aﬂ'.ﬂ'
d' V :d‘ Tk 'c* — d' : Tk *k; k Thk+1 ksTk+4+1 .
) =i (i ([ | ) ) = o ([ W 0]
(74)

*

Using (68) again, we have ¢z~ # 0. Then, if 7 € pa(mg+1), interventional regularity ensures
that the ratio of the two entries in (74) is not a constant function which implies that dim(V) = 2.
Furthermore, if 73 ¢ pa(my41) but ¢, # 0, based on Lemma 3, (74) reduces to

dlm(V) = dim (Hn <|:c* Cm-,. "AAm-,ﬂrk :|>) -9 (75)
Tht1 Thk4+1,Tk+1
Therefore, if we have
dim (Projuun (e :i e p—1)y) IM(ASx - w*)) =1, (76)
by setting [W]. 11 = w*, we guarantee that [D - W], r4+1 = 0if 7, ¢ pa(mg4+1). Note that,
similarly to the base case of outer induction, Algorithm 1 is guaranteed to find c; = = 0 by searching
over (o, 3) € {=||W.kll1,-- -, [[W.kll1} x {1,...,IW.x+1]l1}. Therefore, if dim(V) is never

found to be 1 for any («, 8), it means 7, € pa(mi+1), and the algorithm adds the edge ¢ — j, which
concludes the proof of the base case for the inner induction.

Induction hypothesis for the inner induction. Next, assume that forall j € {k + 1,...,u},
D W], , = {(1) Z’f ¢ jrn(”j) and 7 € an(m;) <= k € pa(j). (77)
k= T

We will prove that (77) holds for j = u+1 as well. We work with M, 41 = [u—1]\ {ch(k)U{k}}.
Consider some w* = «[W]. ; + B[W]. 441 in which 8 # 0 and let ¢* = D - w*. Due to
the assumption in (77), ancestors of any node in My, ,,1 are contained in My, 1. Then, using
Lemma 2 again, we have

null({H? : i€ Mpui1}) = null({[GT]5, : i € Mpusr1}) . (78)
Then, we have
V= Projnuu({H; SiEMy w1 }) im(ASx - w") (79)
= Projoun({(Gi],, cieMpnap ([GTT - im(A - ¢*)) (80)
and
dim(V) = dim (im([A]pp .y, - €5)) > dim (im ([Aj}fﬂ c)) : (81)
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We will investigate dim (V) through the ratio

Ar, -c*
— - (82)
A'7Tu+1 -C
Note that, using (77) and the fact that 7 is a causal order, we know that
cr, =0, Vie{u+2,...;n}U{{k+1,...,u}\an(u+1)}, (83)
and Aﬂj7m =0, Vﬂ'j ¢ m(ﬂ'l) . (84)
Then, using (83) and (84), we have
Aﬂ"u+1 et = Z C;kr,i ! A7Tu+1,7f1: = C:rqul 'A'7Tu+177ru+1 ) (85)
7 €ch(mut1)
Aﬂ'k ct = C:_k 'Ammﬂ'k + C;krqul 'Aﬂ'k,‘ﬂ'wﬂ + Z C:ri, 'Aﬂ'kﬂri . (86)

i:m;Ech(mg) and i€an(u+1)

First, note that if there exists £ such that 75, € an(m,) and 7, € an(m,,1), then by the assumptions in
(68) and (77), we already have that k € pa(¢) and ¢ € pa(u + 1) which implies that & € pa(u + 1).
Then, we only need to consider the case where there does not exist such ¢. In this case, the summation
in (86) is zero and we have

* *
Ar, -c” _ Cny, “Agy o + Corut1 'Aﬂkﬂfuﬂ 87
A et ct A ’ 7)
Tu+41 Tu+1 Tu+1,Tu+1

Next, if 7, € pa(m,41), interventional regularity ensures that this ratio is not a constant function
which implies that dim()’) > 2. Furthermore, if 7, ¢ an(m, 1) but ¢, # 0, then (87) reduces to

* *

Aﬂ'k -C _ Cﬂ'k Aﬂ'kﬂ'rk 88
A .c* ¢t A ’ (88)
Tu+1 Tu+1 Tu+1,Tu+1

which is not constant due to Lemma 3 and subsequently dim()) > 2. Therefore, dim(V) = 1

implies that 7, ¢ an(m,41) and ¢ = [D - W]z, 41 = 0. Finally, similarly to the previous
cases, Algorithm 1 is guaranteed to find such (v, 3) that makes c = 0 by searching over (c, 3) €
(=Wl Wkl < {1 W) e (a0 8) = (=D - Wi g, [D - Wlig).

Then, the proof of the inner induction step, and subsequently, the outer induction step is concluded,
and (49) holds true. Consequently, the proof of the theorem is completed.

A.3 Proof of Theorem 4

We start with a short synopsis of the proof. Stage 4 of Algorithm 1 consists of two steps. The first
step resolves the mixing with ancestors in recovered latent variables and the second step refines the
estimated graph to the edges from non-parent ancestors to children nodes. The proof of the first step
uses similar ideas to that of [7, Lemma 10]. Specifically, we use zero-covariance as a surrogate for
independence and search for unmixing vectors to eliminate the mixing with ancestors. Since we do
not have SN interventions unlike the setting in [7], we use additional proof techniques to identify
an environment in which a certain node is intervened. In the graph recovery stage, we leverage the
knowledge of ancestral relationships and use a small number of conditional independence tests to
remove the edges from non-parent ancestors to the children nodes.

A.3.1 Recovery of the latent variables
First, by Theorem 3, for the output H* of Stage 3 of Algorithm | we have
H -G =P, -L, (89)

for some lower triangular matrix L € R™*" such that L has non-zero diagonal entries and L; ; = 0
for all j ¢ an(¢), and 7 is a causal order. We will show that the output of Stage 4 satisfies that

1(H*-Gl) =e, , Vte[n], (90)

which will imply
Z(X;H)=H"-X=H"-G-Z=P,-C,- Z, 1)
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where P is the row permutation matrix of 7 and Cg is a constant diagonal matrix with nonzero
diagonal entries. Note that this is the definition of perfect identifiability for latent variables, specified
in Definition 1. We prove that Stage 4 output H* satisfies (90) as follows.
We start by noting that since 71 is a root node in G as shown in Lemma 2, (89) implies

[H*-G]i =Ln, €. and 1([H*-GJ))=e, , (92)

and (90) is satisfied for ¢ = 1. Next, assume that (90) is satisfied forall ¢ € {1,...,k — 1}, i.e.,
1(H*-G)) =e, , Vtelk—1]. 93)

t )
Consider k-th iteration of the algorithm in which we update H; where {H} : ¢ € [k — 1]} already
satisfy (90). We will prove that (90) will be satisfied in four steps. Consider any environment £™ and
use shorthand Z™ for Z™ (X ; H*).

Step 1: Cov(u- ngl(k) + 2z, ZA:;(,C)) = 0 has a unique solution for u. Forany i € [k — 1], (93)
implies

Z"=MH"-G] - Z" =c; - ZI", (94)
for some nonzero constants {c1, ..., ci_1}. Specifically, by defining
an(k) = {y1,---, %} (95)
in which the nodes are topologically ordered, then
Zgy = [ny’ll, . ,Z,TY':] =[c,, - Z;’il RN ZT’Z:T] . (96)

Note that Cov(Z;ZIL](k)) is invertible since the causal relationships among the entries in Z;flﬁ(k) are not
deterministic. Then, we have

COV(u . ZA;ZIL](k) + Z]::n, Zm(k)) = 0 < u=— COV(ZA]’ZL7 A;Z:l(k,)) . [COV(ZA;Z;II(k))]_l . (97)

an
For the next step, using the additive noise model specified in (3), under hard interventions we have

(fﬂ'klNﬂk) y Tk ¢ rm

) 98
(0, Nz,) , T, €I ©8)

Zr, = I (Zpa(me)) + Neg » - where (fr, Nog) é{

where N, denotes the exogenous noise term under intervention. Let us use f and N as shorthands

m m
for f; and N

Step 2: Cov(u - Zgl(k) + Z;", ZAQ;(,C)) =0and u- Z;{‘l(k) 1 Zg](k) implies that f7 cannot be
nonlinear. Define random variable U £ (u - Z;’l(k) + Z™). Suppose that Cov (U, ZAg(k)) =0 and
U AL Z3 - Recall that using (89), Z is a linear combination of the variables {Z7" : i € an(k)}

and Z;’}c, ie.,
I = IRy - 20 (99)
where ¢/ € RI&®)| and c(, is a non-zero scalar. Then, U can be restated as
U=u-Z&+ 28 = (u+c) - Zho + <o (F(Z0e) + N). (100)

Note that U 1L Zﬁ(k) and (96) together imply that U is independent of any function of the variables
in {Z7 :i € an(k)}. Hence,

(wtc) - ZZ oy + ¢ F(Zpary) L (W) - Z2 4y + €4(f (Zpar) + N) (101)

where the right-hand size is U and the left-hand side is a function of {Z" : i € an(k)}. Also, since
N is the exogenous noise variable associated with Z, , we have

(u+¢) Z2 gy + b f(Zpay) AL e N . (102)
(101) and (102) imply that (u + ') - ZA;fILI(k) + ¢ - f(Zpa(k)) is a constant function of Zﬁ(k)' Since

(u+c)- Z;ffl( k) is a linear function (or constant zero) and c{; # 0, f cannot be a nonlinear function

which concludes the proof of this step. Next, we consider two possible cases, f is zero, i.e., 7, € I
case, and f is a linear function.
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Step 3: 7, € I and f = 0. In this case, we have Z"

Tk

= N. Note that for u = —c’, (100)

becomes
U=cy-N=cj 2", (103)
which implies
(Hi +u-Hy ) G- 2" =Z0" +u- 2%, =U = ZJ} (104)
and  1((H;+u-Hj,) G)=e], . (105)

Also note that, any u vector that satisfies U L ZA:AZ(k) also satisfies Cov (U, Zgl(k)) =0.InStep 1,

we have shown that Cov (U, ZA;’;( k,)) = 0 has a unique solution. Therefore, U L ZAng( k) also has a

unique solution, which we have found in (97). Hence, if 7;, € I, then Algorithm 1 updates Hj,
correctly.

Step 4: 7, ¢ I™ and f is linear. Only remaining case to check is 7, ¢ I"™ and f is a linear
function. Let

f(Zpa(mc)) £ Zgl(k) ) (106)
in which ¢” € RI#*(*)| has nonzero entries only at the coordinates corresponding to pa(mg). Then,
for (u+c')- Z3 ;) + <6 f(Zpa(k)) to be a constant function, we need to have (u+c’+c¢j-c”) = 0.
Note that, for ¢’ # 0 case, i.e., f # 0 and 73, ¢ I™, we have already found u°®® = —c’ — c,-c”
using the observational environment. Since we are searching for u = —c’, which is required to

achieve scaling consistency, we compare the solution u” at environment £™ to u°"® and if they are
distinct, we update H7.

To sum up, Stage 4 updates Hj, correctly by identifying an environment £ in which Z, is intervened
and eliminating the effect of H, \(k) Finally, we note that such an environment is guaranteed to exist

among {€™ : W, # 0}. To see this, recall that [D - W], i # 0 due to (49), proven in Theorem 3.
This implies that there exists m such that D, ,, =1 and W,, ;, # 0, and D, ,,, = 1 implies that
7, € I™. This completes the proof of (90), and subsequently the proof of the perfect latent recovery.

A.3.2 Recovery of the latent graph

After the first step of Stage 4, we have

Zy=c¢iZn,, Vteln], (107)
where {c; : t € [n]} are nonzero constants. Then,
Zy W Zj|{Zi:i€Sy <= Zp L Zp |{Zn :i€S}. (108)

Consider node ¢ € [n] and node j € ch(t). If 7, € pa(m;), given the adjacency-faithfulness assump-
tion, (108) implies that Z; and Z; cannot be made conditionally independent for any conditioning set.
On the other hand, note that for any set S that contains all the nodes in pa(r;) and does not contain a
node in de(r;) satisfies

Zp, WL Zyp | {Zr, 11 €S}, (109)
and subsequently,

Zy W Z; | {Z; :ieS}. (110)

Finally, if 7, ¢ pa(mw;), then pa(j) \ {¢} contains all the nodes in pa(;) and does not contain a node
in de(r;). Hence, the second stage of Step 4 of Algorithm 1 successfully eliminates all spurious
edges between ¢ and j € ch(t).

A.4 Proofs of Theorem 1 and Theorem 2

Under Assumption 1 and interventional regularity, Lemma 2 and Theorem 3 show that using UMN
soft interventions, outputs of Algorithm 1 satisfy identifiability up to ancestors. Hence, identifiability
up to ancestors is possible using UMN soft interventions.

Furthermore, note that Lemma 2 and Theorem 3 are valid for both soft and hard interventions.
Then, Theorem 4 shows that using UMN hard interventions, Algorithm | outputs satisfy perfect
identifiability. Hence, perfect identifiability is possible using UMN hard interventions.
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A.5 Proof of Lemma 3

We start by showing that [A(z)]; ; cannot be a constant function in z. This is shown in the proof of [5,
Lemma 7]. For our paper to be self-contained, we repeat the proof steps in [5] as follows. For i € [n]
define

pL(ZL ‘ Zpa(i))
4i(%i | Zpa(i))

1>

h(zi7zpa(i)) (111)

We prove by contradiction that h(z;, 2pa(;)) varies with z;.  Assume the contrary, i.e., let
h(zi, 2pa(i)) = M(2pa(s))- By rearranging (111) we have

Pi(2i | Zpagi)) = P(2pai)) - @i(2i | 2pai)) - (112)

Fix a realization of z,,(;) = z;a(i), and integrate both sides of (112) with respect to z;. Since both p;
and ¢; are pdfs, we have

1= /pl(Zz | Zagiy)dzi = / M(Zpagiy) - 4i(zi | 2pa))d2i (113)
R R
= h(zpag)) / Qi(2i | 2pa(i))dzi (114)
R

* *

This identity implies that p;(2; | z7,,;)) = ¢ (2 | 25,;)) for any arbitrary realization z7_ ), which
contradicts with the premise that observational and interventional causal mechanisms are distinct.
Consequently,

0 log Pi(2i | Zpa(s))

Az i —
[ ( )] 0z %’(Zi | Zpa(i))

(116)

is not a constant in z. Note that for a fixed realization of z; = z;-‘, Zpa(i) = z;a(i), and Zpa(j) = z;a(j),
[A(%)];,; becomes constant whereas [A(z)]; ; varies with z;. Hence, their ratio is not a constant in z.
Finally, note that A(z) is an upper-triangular matrix since (1, ...,n) is a valid causal order and for

all i € [n],
pi(2i | Zpa(i))

Vlog
Qi(zi | Zpa(i))

(117)

is a function of only {2, : k € pa(i) U {i}}. Together with the fact that diagonal entries of A(z) are
not constantly zero, the columns (and rows) of A are linearly independent vector-valued functions.

A.6 Insufficiency of strongly separating sets

Background. Recently, [16] has shown the identifiability of latent representations under a linear
transformation using do interventions. Specifically, they have shown that a strongly separating set of
multi-node interventions are sufficient for identifiability. It is well-known that strongly separating sets
can be constructed using 2[log, n] elements. Hence, identifiability can be achieved using 2[log n]
do interventions. In this section, we show that a similar result is impossible when using stochastic
hard interventions.

Lemma 4 (Impossibility). A strongly separated set of 2[log, n stochastic hard interventions are
not guaranteed to be sufficient for perfect identifiability. In fact, they are not even sufficient for
identifiability up to ancestors.

Proof: We prove the claim for n = 2 nodes. The smallest strongly separating set for two nodes is
{{1},{2}}. We will consider two distinct models of latent variables and latent graphs that are not
distinguishable using interventional data of I' = {1} and I? = {2} (without observational data).
The key idea is that after the linear transformation in the first model is fixed, we can design the linear
transformation in the second model such that observed variables in both models will have the same
distributions. We construct a pair of indistinguishable models as follows.
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First model. Let G consists of the edge 1 — 2. Consider a linear Gaussian latent model with the
edge weight of Z; on Zs is set to 1, and consider identity mapping, i.e.,

, 10 [N s [Ny
R R 0 [
N1 ~N(0,V1), Ni~N(©0,Vy), No~ N(0,Va), Ni~N(O,V5). (119)

where Vi, Vi*, Vo, V5* are nonzero variances of the exogenous noise terms such that V; # V;* to
ensure that interventional and observational mechanisms of node 1 are distinct. Then, the observed
variables X in two environments are given by

P ve vy
X'=G.Z N(o, {Vl* veivl ) (120)
2 _ 2 i 0

and X2=G.Z NN(O,[O V2D . (121)

Second model. Let G be the empty graph. Consider a linear Gaussian latent model under a
non-identity mapping parameterized by

5. ~_|a b -1 _ [N} 2 [Ny
G : empty , G = [c d} , 4= |:N2:| , 4°= {NQ*} , (122)
Ny ~N(0,V1), Ny ~N(©O,V), No~N(0,Vo), Ny~N(O,V5). (123)

where V3, Vi*, Va, Vi are nonzero variances of the exogenous noise terms such that V; # V;* and
Va # V5 to ensure that interventional mechanisms are distinct from the observational ones. Then,
the observed variables X in two environments are given by

277 4 127 Vi %
“l_ @7l a“Vi* + b6V acVy" +bdVs
X'=G 2 ~N (0’ [acvl* Y bdVs EVy 4+ d2Vs| ) (124)

277 277 0 T

“2 _ A 52 a”Vi + b7V acVy + bdVy
and X°=G-Z°~N (O, LLCV1 bV V4 a2V | ) (125)

Non-identifiability. We will show a nontrivial construction that ensures X = X'and X2 = X2,
which implies the non-identifiability from intervention set {{1},{2}}. First, using (120), (121),
(124), and (125), we write all requirements for X' = X! and X? = X? to hold:

Vi =ad* Vi + 02 Vs, (126)
Vi = acV + bdVsy (127)
Vo = (2 — ac)V* + (d* — bd)Vz (128)
Vi = ad*Vy +02Vy (129)
Vs =V 4 d?Vy (130)

0 =acVy +bdVy . (131)

Now, let V7, Vl*, Va, 172* take any values such that ViVs #* Vl* ‘72* We want to show that there exist

{a,b,c,d} and {V1,V}*, V5, V5*} values that satisfy all the six equations. Note that, the values of

Vi, Va, and V5 are not constrained by multiple equations or additional conditions. Hence, for any

given {a, b, ¢, d} and {V1, V;*, V4, V5 }, we can readily set V1, Vs, and V5 to satisfy (129), (128), and

(130), respectively. Therefore, we only need to ensure that we can choose {a, b, ¢, d} such that the

identities in (126),(127), and (131) are satisfied. Next, after substituting d = 1, and rearranging, we
only need to choose {a, b, c} that satisfy

acVy +bVy =0, (132)

(a® —ac)Vi + (b* —b)Va =0. (133)

Substituting ac = —b % into (133), we require

1

bQ-VQ—b(VQ—V;‘%)—f—aQVI":O. (134)
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(134) has a real solution for b if and only if

- S T N\ 2

Vs ViVt

a? < = (1 - 12) ) (135)
= avy ViVa

This implies that, if Vivs # Vl* Vz*, we can choose a and b that satisfies (134), and c is determined
by (132). This means that, for any given {V7, V}*, Vo, V5*} such that V1V, # ViV, there exists
{a,b,c,d} and {V1, V}*, Va, Vs} that ensures X' = X! and X2 = X2. Hence, interventions on the
strongly separating set {{1}, {2} } are not sufficient to distinguish the first and second models, which
completes the proof of non-identifiability. ]

A.7 Analysis of interventional regularity

Lemma 5. Consider additive noise models under hard interventions. Interventional regularity
is satisfied if the post-intervention score function of N;, denoted by 7, is analytic and one of the
following is true.

1 8fi(zpa(i))

is not constant and there do not exist constants oy # 1, as, a3 € R such that

aZj
Fly)=a1 - Fly+ag)+az, VyeR. (136)
2. o is constant and noise term N; remains unaltered after the intervention.
Zj

Proof: The additive noise model for nodes 7 and j are given by
Z; = fi(Zpa(i)) + N;, and Zj = fj(Zpa(j)) + Nj . (137)

When nodes 7 and j are intervened, respectively, Z; and Z; are generated according to

Zi = N1 and Zj = Nj , (138)

in which N; and NV; correspond to exogenous noise terms for nodes ¢ and j under intervention. Then,
denoting the pdfs of IV;, Ny, N;, N; by hy, hy, hj, h;, respectively, we have

Pi(2i | Zpagi)) = hi(zi — fi(2pa(i))) » (139)
qi(zi) = hi(z) (140)
(25 | Zpa(s)) = hj (25 — fi(2paii))) » (141)
q;(2;) = hj(z) - (142)

Then, by denoting the score functions associated with h;, h;, hj, Bj by r;, 7, 1;, 7, respectively, we
have

0 . izl zpa@) _
0 log W = 7r;(ni) — Ti(n; + fi(Zpa(s))) 5 (143)
0 pi(Zi | Zpa()) Ofi(zpa(iy)
87zj log T a) —ri(ng) - T ) (144)
p‘(Z‘ | Zpa(j ) _
SRR (ng) — 75+ 5 (Zpa) - (145)

— 10
9z 0 q5(z)

Next, assume the contrary and let the ratio in (12) be a constant a € R. Then, substituting (143),
(144), and (145) into (12) and rearranging the terms, we have

(Ot + afl(zpa(z)>

o, )'Ti(ni)—a'ri(nﬁfi(zpa(i))) = c- (rj(n;) = 7j(nj + fi(2pag)))) - (146)
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Case 1: w is not constant. Consider two distinct realizations of Z,,(;)upa(;) such that
% Ji(2pa(i)) takes values of 31 and (32 where 31 # (2. Then, (146) implies

(a+pB1) ri(ng) —a-mi(n; +7) =c-u1, (147)

(a+ B2) -1i(ni) —a-Ti(ni +72) = c-uz, (148)
for some constants 1,2, u1, us for all n; € R, and 81 # [o. By rearranging the terms, we get rid
of r;(n;) terms and obtain

- ((a+B2) Ti(ni +71) — (a+ B1) - Ti(ni +72)) = c- ((a+ 1) -ug — (a+ Ba2) - u1) .
(149)

Since 81 # (2, (149) implies that
Ti(y) = o1 - Ti(y + a2) + s, (150)

where o1, oo, g are constants and oy # 1. Therefore, if there does not exist such constants, then the
ratio in (12) cannot be a constant.

Case 2: w = (3 for some nonzero constant 5. In this case, (146) becomes
J

(a+B)-1i(ni) —a-7i(ni + fi(zpa@))) = ¢~ (rj(nj) —7i(n; + fj(zpa(j)))) . (151)

Note that the right-hand side of (151) does not contain n;. Also note that since f; (zpa(i)) is continuous,
there exists an open interval © C R such that f;(2,,(;)) can take all values § € ©. Then, by taking
the derivative of both sides with respect to n; and varying f;(zpa(;)) in ©, we find that 7} (n; + 6) is
constant for all § € ©. Since 7; is analytic, this means that 7;(y) = «1 - y + a5 for some constants
aq, aq for all y € R. Then, since the noise term is invariant under intervention, we have r; = 7;.
Substituting this into (151), we obtain

(a+B) - (an; + az) — aar - (i + fi(zpag))) = ¢~ (rj(nj) —7i(n; + fj(zpa(j)))) . (152)

Since 8 # 0, the left-hand side is a function of n; whereas the right-hand side is not, which is invalid.
Hence, the ratio in (12) cannot be constant in this case. O

A.8 Computational complexity of UMNI-CRL algorithm
UMNI-CRL (Algorithm 1) consists of four stages that we elaborate on as follows.

Stage 1: The score difference estimation is only performed once before the subsequent main algo-
rithm steps. Since our results and the algorithm do not rely on a specific score difference
estimation technique, studying the computational complexity of this step is out of scope.

Stage 2: In this step, we check the dimension of V, a projection of a subspace (see line 6 of
Algorithm 1) at most nx (2k+41)™ times. Here, x denotes the maximum possible determinant
of a matrix in {0, 1}(»=1*(»=1)_In the proof of Lemma 2 in Appendix A.1, we discuss
why this choice facilitates the identifiability guarantees.

Stage 3: In this step, we check the dimension of V (see line 23 of Algorithm 1) at most [|[W_ ;|1 x
[IW. .1 times for every (¢, j) in Stage 3. Note that W’ is updated within the steps of Stage 3.
Therefore, the exact computational complexity would be a function of the graph structure
and the outputs of Stage 2.

Stage 4: Unmixing procedure for hard interventions essentially operates as a post-processing step
that does not pose additional computational challenges. For instance, the total number of
conditional independence tests in Stage 4 is O(n?).

Bounds on k. In Section 4, we defined « as the maximum determinant of a binary matrix
{0, 1}(n=1x(n=1) and noted that the computational complexity of UMNI-CRL algorithm depends
on n and ~ as seen in Stage 2 above. In general, using the well-known bound for the determinant of
{0, 1} matrices [32], we have

K < [2(n/4)"] .‘[adj(D)]. | <

2,9

:2(9)71 . (153)

26



n=5,d=20 n=>5,d=20

% —-@ - soft (w.r.t. ancestors) 0.304 *® —@ - soft (w.r.t ancestors)
N\ __a._'
\“ —% - hard (wrt true DAG) “» ‘1 =% - hard (w.r.t true DAG)
4 SN 2 0.251 \
[ § »o + \
N = c %
A 9 \\ o TR N —R- - - -N—-%
~ 0.20+
3 NI £
o AN X _e--*
I L SN Eo015{ -2~ N\
v \ \ - [ 4 ‘e
2 \\ * g N
° > = ]
\ L A Eo.10 \\
1 N 2 N
. = 0.05 (S}
(S .-
-9 _¢-8- L
|1 | | JTere-e-e 000t Teceme-e
30 35 40 45 50 55 60 30 35 40 45 50 55 60
Signal to noise ratio (dB) Signal to noise ratio (dB)
(a) Graph recovery (b) Latent variable recovery

Figure 1: Sensitivity analysis of UMNI-CRL algorithm for quadratic latent causal models. The results
are for n = 5 latent nodes and d = 20 observed variables, 10* samples, and for average of 100 runs.
(a): SHD(Gyc, G) versus SNR (soft) and SHD(G, G) versus SNR (hard). (b): Incorrect mixing ratio
Lsof versus SNR (soft) and £y,,.q versus SNR (hard).

However, for specific cases, we have much smaller upper bounds for «. For instance, for the
choices of n being 2, 3,4, 5,6, 7, x is known to be upper bounded by 1, 1,2, 3, 5, 9, respectively [32].
Furthermore, [33] shows that the determinant of a matrix in {0, 1}™*"™ with n + k nonzero entries is
bounded by ok/3, Hence, if D has n + k nonzero entries, then

K< |2F3) . (154)

This implies that x can be quite small for sparse UMN interventions. For instance, if we take the
exhaustive set of SN interventions and only add two additional intervened nodes in total, then we
have k = 1.

Empirical tricks. Finally, we note that various empirical tricks can be used to reduce the algorithm’s
computational complexity. For instance, after every update to W, we can divide the columns of W
by the greatest common divisor of its entries. Furthermore, even though « can grow quickly as n
becomes larger, in our experiments with up to n = 8 nodes, we observe that setting x = 2 usually
suffices for a good performance. Hence, we set x = 2 in the simulations in Section 5.

B Additional simulations

Details of evaluation metrics. For the graph recovery via hard interventions, we use conditional
independence tests in Stage 4 of Algorithm 1. Since we adopt a linear Gaussian SEM latent model,
we use a partial correlation test and set the significance level to o = 0.05. For the latent variable
recovery error metrics £, and fsos defined in (19), we first pass the entries of H* - G through a
threshold of 0.1, then compute the incorrect mixing metrics.

B.1 Simulations with nonlinear latent causal models and sensitivity to noisy scores

In Section 5, we have adopted linear Gaussian SEMs as latent causal models for which the score
estimation can be done via estimating the precision matrices of the observed variables. In this section,
we perform additional simulations to study nonlinear latent causal models to investigate the relation
between the algorithm’s performance and the accuracy of the score function estimates. To this end, we
adopt a quadratic latent causal model under varying amounts of noise in score functions. Specifically,
we follow the experimental setup in [7] and adopt a quadratic latent causal model with additive noise
as follows

Z; = \/ZpTa(i) A+ Zoagiy + Ni (155)

where {A; : i € [n]} are positive-definite matrices, and the noise terms are zero-mean Gaussian
variables with variances o3 sampled randomly from Unif([0.5, 1.5]). For an intervention on node i,

Z; is set to N; /2. This causal model admits a closed-form score function (see [7, Appendix E.2] for
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details), which enables us to obtain a score oracle. In our MN intervention setup, we use this score
oracle and introduce varying levels of artificial noise according to

$x(z;0%) =sx(z) - (1+E), where Z~N(0,0% Lixq) (156)

to test the behavior of our algorithm under different noise regimes o € [1073,10715]. Figure 1
demonstrates the results for the latent graph recovery and latent variable recovery.
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from (intentional or unintentional) misuse of the technology.
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Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: Portions of the publicly available code of [7], available under Apache 2.0
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* We recognize that the procedures for this may vary significantly between institutions
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guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
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