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Abstract

We provide full theoretical guarantees for the convergence behaviour of diffusion-based gen-
erative models under the assumption of strongly log-concave data distributions while our
approximating class of functions used for score estimation is made of Lipschitz continuous
functions avoiding any Lipschitzness assumption on the score function. We demonstrate
via a motivating example, sampling from a Gaussian distribution with unknown mean, the
powerfulness of our approach. In this case, explicit estimates are provided for the associated
optimization problem, i.e. score approximation, while these are combined with the corre-
sponding sampling estimates. As a result, we obtain the best known upper bound estimates
in terms of key quantities of interest, such as the dimension and rates of convergence, for
the Wasserstein-2 distance between the data distribution (Gaussian with unknown mean)
and our sampling algorithm. Beyond the motivating example and in order to allow for the
use of a diverse range of stochastic optimizers, we present our results using an L2-accurate
score estimation assumption, which crucially is formed under an expectation with respect to
the stochastic optimizer and our novel auxiliary process that uses only known information.
This approach yields the best known convergence rate for our sampling algorithm.

1 Introduction

Diffusion-based generative models, also known as score-based generative models (SGMs) (Song & Ermon),
2019; |Song et al., 2021 [Sohl-Dickstein et al., |2015; [Ho et al., 2020)), have become over the past few years one
of the most popular approaches in generative modelling due to their empirical successes in data generation
tasks. These models have achieved state-of-the-art results in image generation (Dhariwal & Nichol, 2021
Rombach et al., 2022), audio generation (Kong et al.l |2020) and inverse problems (Chung et al. 2022} Song
et al., 12022; |Cardoso et al., |2024; |Boys et al., |2023) outperforming other generative models like generative
adversarial networks (GANs) (Goodfellow et al2014)), variational autoencoders (VAEs) (Kingma & Welling,
2014)), normalizing flows (Rezende & Mohamed| 2015) and energy-based methods (Zhao et all 2017).

SGMs generate approximate data samples from high-dimensional data distributions by combining two dif-
fusion processes, a forward and a backward in time process. The former process is used to iteratively and
smoothly transform samples from the unknown data distribution into (Gaussian) noise, while the associated
backward in time process reverses the noising procedure and generates new samples from the starting un-
known data distribution. A key role in these models is played by the score function, i.e. the gradient of the
log-density of the solution of the forward process, which appears in the drift of the stochastic differential
equation (SDE) associated to the backward process. Since this quantity depends on the unknown data
distribution, an estimator of the score has to be constructed during the noising step using score-matching
techniques (Hyvérinen, [2005; Vincent) [2011). These techniques have the advantage of not suffering from
known problems of traditional pushforward generative models, such as mode collapse (Salmona et al., [2022)).

The widespread applicability and success of SGMs have been accompanied by a growing interest in the
theoretical understandings of these models, particularly in their convergence theory e.g. in [Bortoli| (2022);
Block et al.| (2020)); [Lee et al.| (2022 |2023)); |Chen et al.| (2023a3d)); [Li et al.| (2024])); |Conforti et al.| (2023));
Benton et al.| (2024); |Oko et al.| (2023)); [Pedrotti et al. (2023). At its core, this new generative modeling
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approach combines optimisation and sampling procedures — specifically, the approximation of the score and
the creation of new samples, which make its theoretical analysis both an interesting and a rich challenge.

Some of the recent advances in the study of the theoretical properties of SGMs concentrate around the
sampling procedure by assuming suitable control for the score estimation procedure. For instance, the
analysis in [Lee et al| (2022)); |Chen et al. (2023d) assumes that the score estimate is L2-accurate, meaning
that the L? error between the score and its estimate is small, and provides estimates in total variation (TV)
distance. Under the same assumption, the more recent contribution |Conforti et al.| (2023)) establishes non-
asymptotic bounds in Kullback Leibler (KL) divergence by assuming finite relative Fisher of data distribution
with respect to a Gaussian distribution.

The main drawback of the aforementioned L?-accurate (and in some cases L>-accurate) score estimation
assumption is that the corresponding expectation is given with respect to density of the solution of the
forward process, which depends on the unknown data distribution.

Our approach introduces a novel auxiliary process that relies solely on known information and uses the density
of the solution of this process in the L?-accurate score estimation. To further highlight the powerfulness
of our approach, we present a motivating example on the case of sampling from a Gaussian distribution
with unknown mean. Full theoretical estimates for the convergence properties of the SGM are provided
in Wasserstein-2 distance, while our choice of stochastic optimizer for the score approximation is a simple
Langevin-based algorithm. Our estimates are explicit and contain the best known optimal dependencies
in terms of dimension and rate of convergence (Theorem [If). To the best of the authors’ knowledge, these
are the first such explicit results with transparent dependence on the parameters involved in the sampling
and optimization combined procedures of the diffusion models. By connecting the diffusion models with
the theoretical guarantees of machine learning optimizers via standard stochastic calculus tools, the results
in Theorem [l} together with the bounds achieved in the more general setting in Theorem provide the
theoretical justification for the empirical success of the diffusion models.

We close this introductory section by highlighting some other, alternative approaches which were recently
developed. One may consult [Yang & Wibisono, (2023) for an approach based on the assumption that the
score estimation error has a sub-Gaussian tail. This is a stronger assumption than L?-accurate. In |Chen
et al.| (2023b)), non-asymptotic bounds in TV and Wassertein distance of order 2 are derived when the data
distribution is supported on a low-dimensional linear subspace. Finally, convergence guarantees in TV were
developed in|Chen et al.| (2023c) for the probability flow ordinary differential equation (ODE) implementation
of SGMs under the L2-accurate score estimate assumption.

Notation. Let (2, F,P) be a fixed probability space. We denote by E[X] the expectation of a random variable
X. For 1 < p < oo, L? is used to denote the usual space of p-integrable real-valued random variables. The
LP-integrability of a random variable X is defined as E[| X |P] < oo. Fix an integer M > 1. For an RM-valued
random variable X, its law on B(RM), i.e. the Borel sigma-algebra of RM is denoted by £(X). Let T > 0
denotes some time horizon. For a positive real number a, we denote its integer part by |a|. The Euclidean
scalar product is denoted by (,-), with | - | standing for the corresponding norm (where the dimension of the
space may vary depending on the context). Let R+g := {x € R| x > 0}. Let f : R™ — R be a continuously
differentiable function. The gradient of f is denote by Vf. For any integer ¢ > 1, let P(R?) be the set of
probability measures on B(R?). For pu, v € P(RM), let C(u,v) denote the set of probability measures ¢ on
B(R?M) such that its respective marginals are y and v. For any p and v € P(RM), the Wasserstein distance

of order 2 is defined as
%
watn) = (ot [ [l acten)
CeC(p,v) JrM JrM

2 Technical Background

In this section, we provide a brief summary behind the construction of score-based generative models (SGMs)
based on diffusion introduced in [Song et al.| (2021)). The fundamental concept behind SGMs centers around
the use of an ergodic (forward) diffusion process to diffuse the unknown data distribution mp € P(RM) to a
known prior distribution and then learn a backward process to transform the prior to the target distribution
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mp by estimating the score function of the forward process. In our analysis, we focus on the forward process
(Xt)te[o,) given by an Ornstein-Uhlenbeck (OU) process

dX, = - X, &t + V2 dB,, Xy~ mp, (1)

where (By)eo,7] is an M-dimensional Brownian motion and we assume that E[|X([?*] < co. The process
is chosen to match the forward process in the original paper (Song et all |2021)), which is also referred to
as Variance Preserving Stochastic Differential Equation. The noising process [I] can also be represented as
follows

Xt a':S. mtXO + O'tZt, my = e_t, O'tz =1- 6_2t, Zt ~ N(O,I]\/[), (2)

.S.

where =" denotes almost sure equality and Ij; denotes the identity matrix of dimension M. Under mild
assumptions on the target data distribution 7p (Haussmann & Pardouxl (1986} |Cattiaux et al., 2023), the
backward process (Y)iepo,1] = (X7-t)tefo, 1) is given by

aY; = (Y +2Vlogpr— (V) dt + V2 dBy, Yo ~ L(X7), 3)

where {p; }+c(0,7] is the family of densities of {L£(X¢)}+ec(0,r) with respect to the Lebesgue measure, By is an
another Brownian motion independent of B, in [1] defined on (Q, F,P). However, the sampling is done in
practice from the invariant distribution of the forward process, which, in this case, is a standard Gaussian
distribution. Therefore, the backward process [3| becomes

AY; = (Y, +2 Viogpr_+(Y3)) dt + V2 dB;, Yy ~ 7 = N(0, Ipg). (4)

a.s.

Here, we have }N’O =" Zp. Since 7p is unknown, the score function V logp; in |3| cannot be computed exactly.
To address this issue, an estimator s(-, 6%, -) is learned based on a family of functions s : [0, T|xRIxRM — RM
parametrized in 6, aiming at approximating the score of the ergodic (forward) diffusion process over a fixed
time window [0, T']. In practice, the functions s are neural networks and in particular cases like the motivating
example in Section the functions s can be wisely designed. The optimal value 6* of the parameter 6 is
determined by optimizing the following score-matching objective

T
RS0 E Vo IV log pe(Xy) — s(t,0, X3)|? dt | . (5)

To account for numerical instability issues for training and sampling at ¢ = 0 as observed in practice in [Song
et al| (2021, Appendix C) and for the possibility that the integral of the score function in [5| may diverge
when ¢ = 0 (see Appendix , a discretised version of the score-matching optimization problem is usually
considered

k(1)
T—¢

T
minimize R%3 0 U(9) = / / IV log pr(z) — s(t, 0,22 po(x) dz dt, (6)
€ RM

where € > 0 and & : [0,T] — Rsq is a weighting function. The score-matching objective U in |§| can be
rewritten via denoising score matching (Vincent} 2011)) as follows

U() = Elk(T)|o 1 Z + s(1,0,m,; Xo + 0, Z)|?] + C, (7)

where the expectation is over 7 ~ Uniform([e, T]), Xo ~ mp and Z ~ N (0, I5s), and where C' € R is a constant
independent of 6 (see Appendix for the derivation with the OU representation. The stochastic gradient
H:R¢xR™ = R? Of@ deduced using|7]is given by

M
H(Ha X) = 2”(0 Z (Ut_lz(l) + S(l) (tv 0, mxo + Utz)) ves(i) (t, 0, mixo + Jtz)a (8)
i=1

where x = (t,z9,2) € R™ with m = 2M + 1. As contribution to this analysis, we introduce an auxiliary
process (Y;*"*);epo,1) containing the approximating function s depending on the (random) estimator of 6*

denoted by 0, for t € [0,77],
AV = (YA 42 (T — £, 60, Y2)) dt + V2 dBy, Y@ ~ mee = N(0, Iny). (9)
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The process [9 will play an important role in the derivation of the nonasymptotic estimates in Wasserstein
distance of order two between the target data distribution and the generative distribution of the diffusion
model. Indeed, it connects the backward process[]and the numerical scheme[TT] which facilitates the analysis
of the convergence of the diffusion model (see Appendix and Appendix for more details). For this

reason, we introduce a sequence of stepsizes {7V }refo,..., k} such that Ef:o ~vx =T. For any k € {0,..., K},
let tx1 = E?:o v; with tg = 0 and tx41 = T. Let v, = v € (0,1) for each k = 0,..., K. The discrete
process (YkEM)ke{o,._,KH} of the Euler—-Maruyama approximation 0f|§| is given, for any k € {0,..., K}, as
follows

VEM = ViEM 4y (VEM 42 5(T — £, 0, VM) + /27 Ziy1, YoM ~ oo = N(0, Tnr), (10)

where {Zk}ke{o,..., K+1} 18 a sequence of independent M-dimensional Gaussian random variables with zero
mean and identity covariance matrix. We emphasize that the approximation is the one chosen in the
original paper Song et al.| (2021)). Finally, the continuous-time interpolation of for t € [0,T1, is given by

AV M = (VN 28T — [t/9]7. 0.V ) dt + V2 dB,, VM ~re = N(0,Iy),  (11)

where ﬁ(?kEM) = L(Y;FM) at grid points for each k € {0,..., K + 1}.

3 Main Results

Before introducing the main assumptions of the paper, we present a motivating example.

3.1 A Motivating Example: Full Estimates for Multivariate Gaussian Initial Data with Unknown Mean

In this section, we consider the case where the data distribution follows a multivariate normal distribution
with unknown mean and identity covariance, i.e., Xo ~ mp = N (1, I;) for some unknown p € R? with M = d.
We show that, by using diffusion models, we are able to generate new data from an approximate distribution
that is close to mp. More precisely, we provide a non-asymptotic convergence bound with explicit constants
in Wasserstein-2 distance between the law of the diffusion model and mp, which can be made arbitrarily
small by appropriately choosing key parameters on the upper bound. In this example, the estimation of the
score function reduces to the estimation of the unknown mean by the methods of convex optimization with
optimal dependence of the dimension combined with the most efficient sampling method for high-dimensional
Gaussian data.

In this setting by using [T} we can derive the score function given by
Vlogpi(x) = —x + myp, (12)
which can be approximated using
s(t,0,2) = —x +mf, (t,0,x) € [0,T] x R? x RY, (13)

To obtain an approximated score, i.e., to obtain an optimal value of 6 in we opt for a popular class of
algorithms called stochastic gradient Langevin dynamics (SGLD) to solve the optimisation problem @ In
addition, we choose the weighting function x(t) = ¢? as in |Song & Ermon| (2019)) and we set ¢ = 0 in @

Using the approximating function [13]in [8] we can obtain the following expression for the stochastic gradient
d .
H(0,x) =207 Z (ot_lz(’) + (fmtxg) — 02 + th(l))) mee;
i=1 (14)
= ZUfmt (O't_lZ — My — 042 + mte) ,
where x = (t,0,2) € R™ with m = 2d + 1 and e; denotes the unit vector with i-th entry being 1. Fixing
the so-called inverse temperature parameter 5 > 0, the associated SGLD algorithm is given by

00 := 00, Op =0 —NH(0p,Xns1) + V2N B Eng1, n €Ny, (15)



Under review as submission to TMLR

where A > 0 is often called the stepsize or gain of the algorithm, (&,)nen, is a sequence of standard Gaussian
vectors and

(Xn)nENo = (Tn7 XO,n; Zn)nGNoa (16)

is a sequence of i.i.d. random variables generated as follows. For each n € Ny, we sample 7, from
Uniform([0,T]) such that £(r,) = L(7), sample Xy, from mp = N(p,14) such that £(Xo.,) = L(Xo),
and sample Z,, from N (0, I) such that £(Z,) = £(Z). In addition, we consider the case where 0y, (&1)nen,
and (X, )nen, in [15) are independent and we have E[H (6, X,,+1)] = VU(6).

Throughout this section, we fix

0 < A < min{E[0?m?]/(4E[oym7]), 1/ (2E[oFm3])}. (17)

Table 1: Explicit expressions for the constants in Theorem

CONSTANT FuLL EXPRESSION
CsaLp,1 1/Elo2m?]
Csotp,2 AE[oim? (07| Z| + mr | Xo| + 07| Z| + m |07 ])2] /E[02m2]
Ts 271 1n (4\/5( E[| X0|2] + \/E) /5)
Bs 144d(4/4/3 + 2v/33)% / (8*E[r(T)m2])

min {E[o?m?]/(4E[otm1]), 1/ (2E[0?m?]), °Elo? m?]
As
X (576(\/4/3 + 2V33) Elotm? (o7 '12] + mr| Xo| + o- 2] + m,\e*\)z])*l}

ns (AE[e2m2])~ ' In (12(, /4/3 +2v/33)\/E[|60 — 9*\2]/6) WITH FIXED A (< As)

s min{a/(4(18d+132|0*|2)1/2),1/2}

Theorem |[1] states the non-asymptotic (upper) bounds between the generative distribution of the diffusion
model E(YE%) and the data distribution 7p. An overview of the proof can be found in Appendix

Theorem 1. Under the setting described in this section, then, for any T > 0 and v € (0,1/2],

Wa(L(YEY), 7o)
< V2e 7T (VE[[ X% + V)
+ (/473 + 2v/33) (e ™ ElT I /B[00 — 0°]7] + 1/dCscip.1 /B + v/ACscLp )

+y(V18d + 1/132[62),

(18)

where Csgip,1 and CsgLp,2 are given explicitly in Table . In addition, the result z'n implies that for any
0 >0, if we choose T >Ts5, B> Bs, 0 <A< As, n>ng, and 0 < v < g, then

Wa(L(YEM), mp) < 6,

where Ty, Bs, A\s,ns and s are given explicitly in Table[1}

Remark 2. The result in Theorem (1| achieves the optimal rate of convergence of order one for Fuler or
Milstein schemes of SDEs with constant diffusion coefficients. Furthermore, one notes that the dependence
of the dimension on the upper bound in ﬁis in the form of \/d. To the best of the authors’ knowledge,
the result in Theorem [1] is the first convergence bound where the parameters involved in the sampling and
optimization steps of the diffusion models appear explicitly. In the optimization procedure, we use SGLD
algorithm [15 to solve the problem[6 Since the stochastic gradient H in[I]] is strongly convez by Proposition
it has been proved, for instance in|Barkhagen et al.| (2021), that, for large enough 8 > 0, the output of
SGLD is an almost minimizer ofla when n is large. Thus, in the diffusion model, we set 6= 02 indicating
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Vlogpi(z) =~ s(t, g, z) = s(t,0),x) for large values of n and for all t and x. Crucially, this allows us to use

the established convergence results for SGLD to deduce a sampling upper bound for WQ(E(?I?_%)JD) with
explicit constants in[18 Consequently, this bound can be controlled by any given precision level § > 0 by
appropriately choosing T, B, \,n and 7.

This motivating example has focused on exploring the convergence of diffusion-based generative models
using a Langevin-based algorithm, specifically SGLD, which is well-known for its theoretical guarantees in
achieving global convergence. However, in the general case discussed in Section we do not prescribe a
specific optimizer to choose to minimise the distance between 0 and 6*.

3.2 General Case

In this section, we derive the full non-asymptotic estimates in Wasserstein distance of order two between
the target data distribution 7p and the generative distribution of the diffusion model under the assumptions
stated below. As explained in Section [2] (see also Appendix [Al), it could be necessary in the general setting
to restrict ¢ € [¢,T] for € € (0,1) in[6] Therefore, we truncate the integration in the backward diffusion at
tx =T — e and run the process (Y;)icjo,7—¢, (Y )tcio,7—¢ and (YkEM)ke{O,...,K} up to time T — e.

3.2.1 Assumptions for the General Case

In the motivating example in Section [3.I] we have chosen the SGLD algorithm to solve the optimisation
problem @ Other algorithms, such as ADAM (Kingma & Bay, 2015), TheoPouLa (Lim & Sabanis) 2024)
and stochastic gradient descent (Jentzen et all |2021)), can be chosen as long as they satisfy the following
assumption. Fix € > 0.

Assumption 1. Let 6% be a minimiser ofla and let § be the (random,) estimator of 0* obtained through some
approzimation procedure such that E[|0]*] < oco. There exists Ear, > 0 such that

E[|§ — 0*]?] < Eap.
Remark 3. As a consequence of Assumption we have B[|0]2] < 2841 + 2|6 2.

We consider the following assumption on the data distribution.

Assumption 2. The data distribution mp has a finite second moment, is strongly log-concave, and
17 |V 1og pi(0)2dt < 0.

Remark 4. As a consequence of Assumption[d and the preservation of strong log-concavity under convolu-
tion, see, e.g., |Saumard & Wellner| (2014}, Proposition 3.7), there exists Lo : [0,T] — (0, 00] such that for
allt € [0,T) and z,7 € R™, we have

(Vlogp(x) — Vg ps(z), 2 — Z) < —Lyo(t)|x — 2|2 (19)

The function Lpyo(t) in has a lower bound for all t € [0,T), which we denote by Lyo. Moreover,
Assumption [ with the estimate implies that the processes in[3 and in[] have a unique strong solution,
see, e.g., |Krylov (1991, Theorem 1).

Next, we consider the following assumption on the approximating function s and its gradient.

Assumption 3. The function s : [0, T] x RE x RM — RM js continuously differentiable in x € RM. Let D, :
RYxR? = Ry, Dy : [0,T] x [0,T] = Ry and Ds : [0,T] x [0,T] = Ry be such that [ [ Da(t, ) dt di < oo
and fET fET Ds(t,t) dt dt < co. For a € [5,1] and for allt,t € [0,T), z,z € R, and 0,0 € R?, we have that

|S(t,9,£ﬂ) - S(Za éa ‘i)| < D1(9,§)|t - ﬂa + Dz(t,f)w - §| + D3(tv t_)|x - CE|7

where Dy, Dy and D3 have the _following growth in each variable: i.e. there exist Ky, Ko, and Kz > 0 such
that for each t,t € [0,T] and 6,0 € RY,

[D1(0,0)] < Ki(L+ 0] +160]),  [Da(t, )] < Kao(L+ [t +[2*),
|Ds(t, £)] < Ka(1+ [t + [£]*).
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Moreover, there exists Ky > 0 such that, for all z,z € RM and for any k =1,... M,
|vw8(k)(t797.’1}) - Vis(k) (ta 97j>| < K4<1 + 2|t|04)|aj - ‘i‘|
Remark 5. Let Kpyar := Ky + Ko + K + [s(0,0,0)| > 0. Using Assumption[3, we have

[s(t,0,2)| < Krotar(1 + [¢]*)(1 + 16| + |z]).

We postpone the proof of Remark [ to Appendix [C.1}

Remark 6. Assumption@ imposes Lipschitz continuity on a family of approzimating functions s(-,-,-) with
respect to the input variables, t and x, as well as the parameters 0. It is well-known that the continuity
properties of neural networks with respect to t, and x are largely determined by the activation function at the
last layer. For instance, neural networks with activation functions such as hyberbolic tangent and sigmoid
functions at the last layer satisfy the Lipschitz continuity with respect to t and x (Virmauz & Scamanl, [2018;
|Fazlyab et al., |2019).

For the following assumption on the score approximation, we let 0 be as in Assumption |1f and we let
(Y")iep0,m) be the auxiliary process defined in @

Assumption 4. There exists egy > 0 such that
T—e
IE/ |V log pr_(Y,2*") — s(T — 1,0, Y,*")|> dr < egn. (20)
0

Remark 7. We highlight that the expectation in Assumption [] is taken over the auziliary process[9 This
density is known since the approximating function s and the estimator O are known. To the best of authors’
knowledge, this is a novelty with respect to previous works (Bortold, |2022;|Chen et al.,[2023d; Lee et all(2022;
[2023; |Chen et all, [2023d; |Conforti et all [2023; |Benton et all, |2024) which consider the unknown density of

the forward process (or its numerical discretization).

Remark 8. The motivating example in Section|3.1] is a special case of the general setting. Indeed, Assump-
tion is satisfied due to Lemmawith 6= 0} being the nth-iterate of the SGLD algom'thm and 0* := p.
Assumption [ is satisfied by the score function[13 Assumption [ is satisfied by the approzimating function
with d = M, o = 1, D1(0,0) := ||, Da(t,t) := et, D3(t,t) := 1, for any 0, 6 € R, t, t € [0,T]
and Ky = Ky = K3 = Ky = 1. Furthermore, both functions satisfy Assumption [J] with d = M. Indeed, by
Assumption [1] with 0* = p, we have

T—e
E/ |v10ng_T(YTaUI) _ S(T —r é’ )/rauz)|2 dr
0
T—e
<2 E/ IV log pr_, (Y.9%) — (T — r,0*, Y.9)|2 dr
0

T—e¢
+2 E/ |s(T —r,6*,Y,2%) — s(T —r,0,Y,%)|? dr
0

= (72— e Y E[|0 — 0*2] < (e72 — e )E4L < egn.

Remark 9. We conduct a numerical experiment to show the convergence of diffusion-based generative
models under Assumption @, @ and . We consider the case where Xog ~ mp = N(p,Iq) with
uw = (—1.2347,-0.89244) and d = 2. We use SGLD algorithm to solve the optimization problem @
with k(t) =02, e =0, T =2, A\ =5x107%, 3 =102, and n = 4 x 10*. At each iteration, 128 mini-batch
samples are used to estimate the stochastic gradient. Then, we generate samples using the Euler-Maruyama
approm'mation with v = 1072 and s given in . At each iteration n, we evaluate the quality of 100,000
generated samples using the Wasserstein distance of order two. In addition, we compute the L? error between
the score function and the approximated function s with 0), using the auiliary process as in Assumption
. Figure |1l (a) demonstrates the error in Assumption |4| vanishes as the generative model converges, where
the degree of convergence is measured by Wo (£(YI?M),7TD). This empirical observation justifies Assumption
[4 Moreover, we explore the relationship between the quality of generated samples and the error using[7 via
denoising score matching in Figure|1] (b).
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Figure 1: The quality of generated samples with respect to (a) the error with Assumption 4| and (b) the
error obtained through denoising score matching using U(6) in

3.2.2 Full Estimates for the General Case

The main result under the general setting is stated as follows. An overview of the proof can be found in
Appendix

Theorem 10. Let Assumptions[d], [3, [3 and[] hold. Then, there exist constants Cy, Co, C3 and Cy > 0 such
that for any T > 0 and v, e € (0,1),

Wo(L(YEM), mp) < Civ/e+ CQG_QZN’O(T_E)_S + C3(T, €)\/esn + Cu(T, €)77, (21)

where Cy, Cy, C3 and Cy are given explicitly in Table@ (Appendiz @ In addition, the result z'n implies
that for any 6 > 0, if we choose 0 < e <es5, T >Ts5, 0 < egy <esng and 0 < v < v5 with €5, T, esn,s, and
vs given in Table[3, then

WQ(E(YI?M)7 7TD) < 0.

Remark 11. The error bounds in are not as good as the ones provided in Theorem[] due to the general
form of the approximating function s. We emphasize that the optimal rate of convergence of order o € [%, l]
for the Euler or Milstein scheme of SDEs with constant diffusion coefficients is achieved using the Lipschitz
continuity on the derivative of s in Assumption[3. In the explicit expression of Cy in Table[3, the dependence
of the dimension is O(M) due to numerical techniques from |Kumar € Sabanis (2019) used in the proof of
Theorem [10] to achieve the optimal rate of convergence.

4 Related Work and Comparison

We describe assumptions and results of various existing works in our notation and framework to facilitate
the comparisons with our results which are provided in 2-Wasserstein distance. Beyond being theoretical
relevant, the choice of the use of this metric is motivated by its applications in generative modeling. A
popular performance metric currently used to examine the quality of the images produced by generative
models is the Fréchet Inception Distance (FID) which was originally introduced in [Heusel et al.| (2017)). This
metric measures the Fréchet distance between the distribution of generated samples and the distribution of
real samples, assuming Gaussian distributions, which is equivalent to the Wasserstein distance of order two.
Our results provided under this metric are therefore also relevant for practical applications.

We can classify the previous approaches based on their assumptions on two key quantities: (i) score ap-
proximation error and (ii) assumptions on the data distribution. Based on these approaches, we give a brief
overview of some of the most relevant recent contributions in the field.
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4.1 Score Approximation Assumptions

Most of the recent analysis of score-based generative models, see, e.g.,|Chen et al| (2023d); [Lee et al.| (2022;
[2023); |Chen et al.| (2023a)); (Conforti et al.| (2023); Benton et al.| (2024)), have considered assumptions (in L?)
on the absolute error of the following type, i.e. for any k € {0,..., N — 1}, there exists £ > 0

E [|V10gptk (Xy,) — s(tn, 0, th)ﬂ <e (22)

where the expectation is taken with respect to the unknown {p; };c[0,r) and 0 is a deterministic quantity. In
[Chen et al.| (2023a)); [Conforti et al| (2023); Benton et al.| (2024), the assumption [22] is written in integral
(averaged) form. In [Lee et al. (2023), the bound in [22[is not uniform over t, i.e. g, := % and this allows

t
the score function to grow as % as t — 0. The authors in |Conf0rti et a1.| (l2023|) use the relative L2-score
t

approximation error such as
E |2V 10g 51, (X1,) = 8(t, 0, X1, )2] < ¢ E [12V10g 1, (X0, (23)

where the expectation is with respect to the unknown density of the law of X; against the Gaussian dis-
tribution 7o (), ie. Py(x) := pi()/moo(x), and 5(¢, 6, x) in[23]is the approximating function for the score

function of ;. A pointwise assumption in (2022)), given by
Vlog pi(x) — s(t,0,z)| < C(1 + |a]) /o7, (24)

for C' > 0, is considered under the manifold (compact) setting. The assumption [24] takes into account the
explosive behaviour of the score function as t — 0. In an attempt to obtain a weaker control than the

assumption (2022, A5) is used, namely
E [|V10g pr_e, (VEY) — s(T — tk,é,YkEI)ﬂ < C2E[(1+|VFP)] foh_,.. (25)

We note that, unlike and the expectation in is taken with respect to the algorithm Y;*! given by the
exponential integrator (EI) discretization schemeﬂ which has known density. However, the bounds of
Theorem H.1) in Wasserstein distance of order one derived under this assumption scale exponentially
in problem parameters such as the diameter of the manifold 9t and the inverse of the early stopping time
parameter ¢, i.e. exp(O(diam(9)?/¢)). Furthermore, an assumption similar to [25[is considered in a very
recent and concurrent result?|[Gao et al) (2023):

swp (B [[Vlogpr— ey (V) = (7 = (k= 1. 0.¥P)P] ) <<

where n > 0 is the stepsize and T' = Kn with K € N.

We emphasize that the existing results in the literature do not take the expectation with respect to the
stochastic optimizer §. This, together with the use of our novel auxiliary process El that uses only known
information, allows us to deduce state-of-the-art bounds in the Wasserstein distance of order two in the
following sense. The bounds scale polynomially in the data dimension M, i.e. O(\/M ) in the motivating
example (Theorem [1)) and O(M) in the general case (Theorem while achieving the optimal rate of
convergence «y in both cases.

4.2 Assumptions on the Data Distribution

The vast majority of the results available in the literature are in KL divergence and TV distance. For two
general data distributions p and v, there is no known relationship between their KL divergence and their
W,. However, for strongly log-concave data distributions, a bound on the Wasserstein distance of order two

1This analysis can be extended to the Euler-Maruyama numerical scheme in YkEM

2The concurrent paper (2023) appeared few days earlier when the first draft of this work was made available
online.
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in terms of KL divergence follows from an extension of Talagrand’s inequality (Gozlan & Léonard, [2010,
Corollary 7.2).

Some convergence results in different metrics can be deduced under the following types of assumptions.
Convergence bounds in Wasserstein distance of order one with exponential complexity has been obtained
in [Bortoli| (2022) under the so-called manifold hypothesis, namely assuming that the target distribution
is supported on a lower-dimensional manifold or is given by some empirical distribution. Moreover, the
results in TV distance in |Lee et al| (2022) and in KL divergence |[Yang & Wibisono| (2023) assumed that
the data distribution satisfies a logarithmic Sobolev inequality and the score function is Lipschitz resulting
in convergence bounds characterized by polynomial complexity. By replacing the requirement that the
data distribution satisfies a functional inequality with the assumption that np has finite KL divergence
with respect to the standard Gaussian and by assuming that the score function for the forward process
is Lipschitz, the authors in |Chen et al. (2023d)) managed to derive bounds in TV distance which scale
polynomially in all the problem parameters. By requiring only the Lipschitzness of the score at the initial
time instead of the whole trajectory, the authors in |[Chen et al.| (2023a, Theorem 2.5) managed to show,
using an exponentially decreasing then linear step size, convergence bounds in KL divergence with quadratic
dimensional dependence and logarithmic complexity in the Lipschitz constant. In the work by |Benton et al.
(2024)), the authors provide convergence bounds in KL divergence that are linear in the data dimension up
to logarithmic factors.

We summarise the results of (Chen et al.| (2023d}a)); Benton et al| (2024) and compare them to ours in Table[2]
A careful examination of|Chen et al.| (2023a, Proof of Theorem 2.2) and |Benton et al.| (2024, Proof of Theorem
1 and Corollary 1) reveals that the authors require to have uniqueness of solutions for the backward SDE
Therefore, additional integrability conditions on the score function depending on the type of uniqueness of
solutions considered are still needed.

We emphasize that in Theorem [I0] we do not assume the score function to be Lipschitz continuous with
a uniformly bounded Lipschitz constant. This is particularly useful for future work in nonconvex set-
tings, where the upper bound estimates will be independent of the (potentially large) Lipschitz constant
of the score function, which could otherwise hide additional dimensional dependencies. The requirement
fET |V log p;(0)|?dt < oo in Assumption [2|is weaker than the Lipschiz assumption on the score function, but
it is still difficult to verify in practical applications.

As pointed out in |[Chen et al.| (2023d, Section 4), some type of log-concavity assumption on the data
distribution is needed to derive polynomial convergence rates in 2-Wasserstein distance. This justifies the
need for our Assumption [2] under which bounds linear in the data dimension are derived in Theorem [I0]
The concurrent result |Gao et al.| (2023) has a similar assumption.

10
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Table 2: Summary of previous bounds and our results. Bounds expressed in terms of the number of steps
required to guarantee an error of at most § in the stated metric. The variance - Gaussian perturbation of

the target data distribution is denoted by 7T£D. All the bounds assume that 7p has finite second moments.

Optimization | Regularity condi- | Metric Complexity Result
estimate tion
None vt, Vlegp, L-|TV(L(Yks1), ) | O ( ”{552) (Chen ot al,
Lipschitz 2023d}, Theo-
rem 2)
None Vi, Viegp L- | \JKLLVEL)|mp) | O (2£) (Chen et al}
Lipschitz 2023a;, Theo-
rem 2.1)
None Integrability condi- KL(E(}/}IEI)HWED) @) (7]\42 106gj a/ 5)) (Chen et al.
tions on V log p; for 2023al, Theo-
the uniqueness of rem 2.2)
(Ye)tepo,]
None Integrability condi- KL(ﬁ(?IEI)HWED) 0 (%) (Benton
tions on V log p; for et al., 2024,
the uniqueness of Corollary 1)
(Yi)eeo. 1) R )
Yes 7o ~ N (1, Inr) Wa(L(YEM), ™) O(VMlog(s—1)) Theorem
Yes Assumption [2] Wa(L(YEM), mp) O(M?Y*(EnLe)t/ ¥ log(6~1)) | Theorem [I0]
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Appendix
A Objective Function via Denoising Score Matching

In this section, we show that the objective function U in [] can be written into [7] using denoising score
matching (Vincent, |2011)) and the OU representation

X 4 miXo +0uZ, my=et, Uf =1—-e2% Z~ N(0, Iny), (26)

where < denotes equality in distribution. We start by noticing that

/ (Viogpi(x),s(t,0,z)) pi(x) do

RM

- / (Vpe(a), s(t,0,2)) de
RM

= [ (9 [ m@molala) az. s(2.0.0)) s (27)
RM RM

= [ m@piein) V. ostpn(sla)) az. s(t.0.2)) da
RM RM

:/ / pro(z, T) <V1 log(pejo(z]2)), s(t,¢97x)> dx dz,
RM JRrM

where py|g is the density of the transition kernel associated With|I| and p; o is the joint density of X; and Xj.
Using [27)in the objective function given in [6] and the OU representation we have

U() :/ ;(—t)e/ﬂw (|Vlogpt(:v)|2 —2(Vlogpi(z),s(t,6,x)) + \s(t,ﬁ,x)|2) pe(z) do dt

T g
:/6 T(—t)e/RM /RM (IVlogPt(x)F _2<Vxlog(pt‘0(x|£)), 5(t797$)>

+ |s(t,9,x)|2>pt7o(ac,i) dz dz dt

T
K(t) N 2 - ~
= _— 1 —
/E T /}RM /RM |V log pyjo(2]2) — s(t,0,2)"pro(x, T) de dz dt (28)

T
K(t
+/ TL/ |V log pi(2)[*pi(x) dz dt
€ — € JrM

T
Kk(t N - -
—/ T()/ / V2 log pojo (x]E) [ pr,o(z, &) da dF dt
€ — € JrM JrM

O [ W ogna)te) do de

T
=E[k(7)|o; Z + s(1,0,m,; Xo + 0, 2)|?] —|—/ T

T
K(t } ) i
_/ TL/ / V2 1og pojo (2|2)[*pr.o (2, &) dz dZ dt.
€ — € JrM JRM

We emphasize that we may choose to restrict ¢t € [e,T] with € € (0,1) to prevent the divergence of the
integrals on the right-hand side of 28]
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B Proofs of the Results for the Multivariate Gaussian Initial Data with Unknown
Mean

In this section, we provide the proof of Theorem [I We start by introducing the results which will be used
in the proof of Theorem [I]

B.1 Preliminary Estimates

We provide the results for the SGLD algorithm [15| with A given in B >0, CseLp1 and CsgLp 2 given in
Table [T} as well as for the auxiliary process[9] the discrete process and the continuous-time interpolation

[11] with s given in [13]and v € (0,1/2].
Proposition 12. For any 6,6 € R? and x € R™,

|H(0,x) — H(0,x)| = 207m{|0 — 0],
(H(0,x) — H(0,x),0 — 0) = 207m?|0 — 0.

Proposition [T2]is derived from the definition of the stochastic gradient [I4]
The proof of the following lemmas are postponed to Section

Lemma 13. For any n € Ny,

E[|6; — 0*°] < (1 —2\E[02m2])"E [|6p — 6*|*] + dCscLp,1/B + ACscLp,2-

As a consequence of Lemma [I3] we derive the following corollary.

Corollary 14. For any n € Ny,
E [|0)]%] < 2e~ 2 El2m0E [16) — 6%[%] 4 2dCse1p.1 /8 + 2ACsaip.a + 2|07 |2
Lemma 15. It holds that
supE [|Y;%?] < Caux,
t>0

where Coy = (8/3)(e 2 ELZm2IE [, — 6*|2] + dCscip,1/8 + ACscup,2 + |07]2) + 2d.

Lemma 16. It holds that

supE [\YkEMP] < Cem,
keN

where Cgy := 3d + 20( —2nAE[o} mz]E [‘90 — 9*| ] + dCSGLD,l/ﬁ + ACSGLD’Q + |9*|2)
Lemma 17. For any 0 <y < 1/2, one obtains that

EM
?ZHSE |:D/1-S YU/’YJ’Y| :| § ’YCEMose7

where Cemose := 8 + 56(~ 2" E[7 7] E [|60 — 6*|?] + dCscLp,1/B + ACseip,2 + [0%]?)

Lemma 18. It holds that . R
sup E [\YtEMIZ} < Cewm,s
t>0

where Cey = 18d + 128(672”’\]E[‘73mﬂ153 [100 — 6*?] + dCscp,1/B + ACscip,2 + [07]?).

B.2 Proof of the Main Result in the Motivating Example

Proof of Theorem[], We derive the non-asymptotic estimate for WQ(L'( M), 7p) using the splitting
Wo (LYY, m0) < Wa(mp, L(Yige,,)) + Wa(L(Yig s ), ‘C(}A}?‘K+1))

+ Wa (L (Vi) LS + Wa LYV LOVERY))-

trk+1 trk+1

(29)

15
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Since tg41 = T', we have Wa(mp, L(Y;,,,)) = 0. We provide upper bounds on the error made by approximat-
ing the initial condition of the backward process Yy ~ £(X7) with Yy ~ 7o, i.c. Wo(L(Yigi), E(EK+1 )), the
error made by approximating the score function with s, i.e. Wa(£(Ys, 1) L(Y5E)), and the discretisation
error, i.e. Wa(L(Y2™), L(Y;2M)), separately.

tr+1

Upper bound on WQ(E(YQKH),E(}NQKH)). Applying It6’s formula and using (3| and {4| with the score
function given in we have, for any t € [0,T],

dlY; — Vi[> = 2(Y, — V2, Vi — Vi + 2(Viog pr—(V;) — Viog pr—(Yy)))dt

N (30)
= —2lY; — V|dt.
Integrating and taking expectation both sides in [30] yields
t
B(Y; - ¥if!l = Ell¥ - oP) -2 | B[Y. - ZiP)ds
0 (31)

< e HE[|Y, — Yol

Using the representation [2| with Zp 4 170 and 1 — oy < my, we have

E[|Y;5K+1 - ZKJA |2] < e_ZtK+1E[|Y0 - %P]
= 6_2tK+1E[|mTX0 + (O'T — 1)}70|2] (32)
< 2e”*4 (E[| Xo|?] + d) -

Using [32] we have

WalL (Vi) £Firn)) < VBN Vs — Vi)
< V32T (VE[[Xo ] + V).

Upper bound on W(L(Y;,. ), L(Y2)).  Applying It6’s formula and using the process with the score

(33)

tr41

function |12| and the process |§| with the approximating function we have, for any ¢ € [0,

)

d|Y; — Y™ = 2(Y; — V™Y, — Y™ + 2(Viog pr—e(Yy) — s(T — .0, Y™)))dt

N - R (34)
— [V, — VAt + 4T — Y mg (4 — ))dt.
Integrating and taking expectation on both sides in [34] and using that the minimiser 6* = u, we have
t t
E[l}/t _ Y;aux‘2] — _2/ E“YS _ }/Saux|2]ds 4 4/ E[<YS _ Ysaux’mT_S(a* _ é)ﬂds (35)
0 0
Differentiating both sides of [35] and using Young’s inequality, we obtain
d .o ~ ~ . s
SR, — V) = —2B[IY; — Y] + B[ — Y, mp (6"~ 6)]
< —E[|Y; — V] + 4e7 2T E[|0" - 6],
which implies that
d ~ N
&(et]EHn _ )/taux|2]) < 4672T€3tE[|9* _ 9‘2]
Integrating both sides and using Lemma [13] yields
E[|Y; — Y77
< (4/3)e (¥ — e E[6" — 0] (36)
< (4/3)e~2T=0) (=2l mCIR[|0) — 0%|2] + dCscip.1 /B + ACs6ip.2)-
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Using we have

Wz(ﬁ(i}tK+l) Yti;li ) < \/ tK+1 Ytigfl } (37)
< \/43(e” BT IR 60 — 6%|%) + dCseip.a /B + ACseip.2) /2.

Upper bound on Wy(L(Y2™), L(}A/EM)) Applying It6’s formula and using the processes |§| and . 1| with

tr+1

the approximating function s given in we have, for any t € [0, 7],

d|yvtaux _ Y;EM|2 _ 2<Y2aux _ Y;EM, Y;aux YLt/A/J'y>dt
AP =Y S(T — ,0,Y%) = s(T = [t/)7.0.Y5)]),)dt

EM (38)
— _2<Y*ta.ux _ Yi ’Kaux YLt/,.YJ,Y>d
+ 4V — 2EM, (mp_¢ — mT*[t/’YJV)@dt
Integrating both sides and taking expectation in 38| yields
t R t
E |}/;aux YEM 2| _ 2/ E Y‘Lux YSEM|2:| ds — 2/ E |:<}/Sa,ux YEM YEM YS/A/JW>:| ds
+ 4/ Yaux — ?SEM, (mp_s — mp_ LS/WJ'Y)é>:| ds.
0
Differentiating both sides in @ using Young’s inequality and mo_y — mp_ /4]y < ymr—t, we have
t
%E“}/taux _ Y;EMF} _ _2E[|}/taux _ Y;EM‘Q] _9F <Y;aux _ }/tEM, \/§ dB S>
Lt/
t
—oF |{ v — Y;/EM,/ (— YLS/WJV +2myp_ LS/’YJ’Y
[t/v]y
ARV = VM, (mr e — mg_4/414)0)]
(40)

_EHY?UX _ ?vtEM|2] _9E <Yaux YEM \f/ dB S>
Lt/v]Yy
+ 29 B[(—Y N 4 2mr(1y),0)"] + 87 TR

E[0]°)
_EHY?UX _ }/}tEM|2] _9F Y;aux _ i}tEM7 \/5
I Lt/m

+4°E| Lt/y]ry| ] + 2497E[16]%].

17
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We derive an upper bound for the second term on the right-hand side in[f0] Using Cauchy-Schwarz inequality,
1t6 formula applied to tB; and Young’s inequality, we have

<Yaux YEM \[/ >
Lt/v]y

aux aux AEM §5)
<(Yt = Y[, - (M YN ). V2 st>
Lt/

—2E

= —2E

t
= —9E (=Y 4 2myp_0)ds, V2 dB,
Lt/vJ v Lt/ ]~y

+ 2

< (=Y +2mr4/41,0)ds, V2 st>
Le/vly Lt/7)y

t
—9R / (Y2 — YEM Yds, v/2 dB,
< Lt/v]v /il L[t/v]vy >
— 9K / (Yaus _yaux ds, v/2 dBS>
< Lt/v]v /l L[t/v]v
t
=9E </ / (_Yyaqu)dyds7\f2/ dBS>
[t/v]y v/ Ls/v]y Lt/v]~y
< V2 dB,ds, 2 st>
Lt/v]y Ls/v]~y Lt/v]y
\ . 57\ 1/2 57\ 1/2
/ / (=Y dvds
Lt/v1y I Ls/v]y

t
El/ dB,
[t/v]v
t - t . t .
<t [ am- [ st>
[t/ Lt/v]~ Lt/v1~

< V2702 (SupE [[yv2e2] + d> + 2dy2. (41)
t>0

+2E

<2V/2 |E

+4E

Substituting (1] into [40] yields

d > A~
*]EHY?UX _ }/tEM|2] < _E[D/taux _ }/tEM|2] + \/575/2 SupEH}/tauxF]

+V2dy*? + 2d9* + 4BV, 7] + 240 E (19,

Thus,

d aux aux N
dt( E[[YVP™ — YEM|2]) < ely? <\fsupE[|Y 1] + 3d + 4E[| Lt/m| ]+24E[|9|2]>. (42)

Integrating both sides in [42] and using Lemma Lemma [L6] and Corollary [14] yield
E[[y 2w — PEM2]
< V22 (2d + (8/3) (e 2 e EIR 19, — 0%|?]) + dCscip,1 /B + ACseip.2 + |07]%))
+3dy? + 492 (3d + 20(e =27 mIIE |6y — 0% |2] + dCserp,1/5 + ACserp,2 + [67[%)) (43)
+ 48%(e 72T mIIR |0y — 0%[2] + dCseup1 /B + ACseL a + [62)
< 18d72 + 1329 (e~ 2 L3I |6y — 0%|%] + dCscp, /B + ACseip 2 + |0%12).

18
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By using [43] we have
Wa(L(YE), LOVEN))

tky+1/)
< E[vax - VEM 2] (44)

< y(18d + 132(e =22 3R]0y — 0%|2] + dCscLp.1/B + ACsaLp.2 + |0%]2)) /2.

Final upper bound on W; (C(?IE}%), 7). Substituting into [29] yields
Wa(L(YiEHh), 7o)
< V2e T (VE[ X0l + Vd)
+\/4/3(e” 2R gy — 6*|2) + dCscLo,1 /B + ACserp,2) >
+ (18 + 132(e~ 2 ET IR |6y — 6*|2] + dCserp,1/B + ACserp.2 + 167]2) /2 (45)
< V2e T (VE[ X0l + Vd)
+ (V/4/3 + 2/33) (e 22l ™IIE |6y — 6% [?] + dCseLp,1/B + ACscLo,2) /2
+ y(18d + 132|6*|*)/2.

The bound for WQ(E(YI?%) 7p) in [45( can be made arbitrarily small by appropriately choosing parameters
including T, 8, A\,n and . More precisely, for any § > 0, we first choose T" > Ts with Ts given explicitly in

Table [0l such that
V2e 2T (VE [ X0]?2] + Vd) < §/4. (46)

Next, we choose 8 > 5 and 0 < A < As with 85 and A5 given explicitly in Table |1} and, in the case where
A = As, we choose n > ng with ng given explicitly in Table [1] such that

(V473 + 2v/33) ("2 BT 3R |0y — 0% [2) + dCseLp,1 /5 + ACseLp.2) 2

< (V4/3 +2V33)\/d/(BE[02m2])
+ (VA/3 + 2V33) ANE[o2m? (07 Z] + me | Xo| + 0| Z] + m-|07])?] /(E[o2m2])) /2 (47)

\/74_2\/» —nAE[o2m?] E[|6o — 6*]?]
<6/12+5/12+5/12 6/4.

Finally, we choose 0 < v < 75 with 75 given explicitly in Table [I] such that
~(18d + 132]6* )Y/ < §/4. (48)

Using and [48[in [45, we obtain W, (C(}A/I?I\fl), ) < 0. O
B.3 Proof of the Preliminary Results

We provide the proofs of the results of Appendix [B:1}
Proof of Lemma[13 By [15} we have for any n € Ny,

O — 0" — NH (0, X 11 +W5n+1’
= 16) = 0"[* +2(6) = 0", ~AH(0), Xy1) + V2A/B €nsn )

02— 07 =

+ ’*)\H 0 Xn+1) + \ 2)\/ﬂ£n+l‘ (49)
=10y — 0% —2X(0p — 0", H(0, X 1) — H(0, X1 41))

— N0 — 07 H(0%, X0 11)) + 202N (0} — 0%, &) + N [H (O, X i1)[
—2X\\V/2)\/B <H(92, Xn+1)7§n+1> +(2A/B) |5n+1|2 .

19
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Taking conditional expectation on both sides in |49 yields
* w2 * *
E[|0p. — 0% 00] = |0p — 0| — 2XE [(6) — 0", H(0), Xp11) — H(0", X;11)) | 0]
+ 2K [[H(O2, Xot1) = H(O" Xps1)|” | 03]
+ 20K [[H (6", Xoi1) | 6] +20d/B.

Recall that 0 < A < min{E[o2m2]/(4E[ocim2]),1/(2E[02m2])}. Using Proposition [12| and the stochastic
gradient [T4] we have

E[|0p ., — 07| 0)] < (1—2XE [02m2]) |0} — 0%> +2)d/B
— 2R [02m?] [6) — 6% > + 8N°E [o*m?] |0 — 6*|

T

< (1-2XE [02m?]) [0} — 07> +2)\d/B

T

+8\E [aﬁm (o7 1\Z|+mT|X0|+aT|Z|+mT|9*|)}

+8\E [0—4m (o7 1\Z|+mT|X0|+JT|Z|+mT|9*|)}

This implies that
E (|0} — 07*] < (1 -2)\E [0?m ])"+1 E [|60 — 6 |*] + dCseip,1/B + ACs6Lp 2-
O

Proof of Lemma[I5 Applying 1t0’s formula and using the process [9] with s given in we have, for any
te€0,7],
d|Y )2 = 2|V 2% 2dt + 2(Y,2 2mp_,0)dt + 2(Y2"™, V/2dB,) + 2ddt.

Integrating both sides and taking expectation, we have

t t
E [y ?] = _2/ E [[Y2*] ds + 2/ E[(Y2™, 2my_,0)]ds + E [|Y5[?] + 2dt.
0 0
Then, differentiating both sides, we have

d .
&E [|}/taux|2] — _9F [|}/taux|2] + QEK}/:‘,auxv QmT—t9>] + 2d
< —E [ P] + 4mz_ E[|6]%] + 24,

which, by rearranging the terms, yields

%(etﬂi HYfUXP]) < 46_2T63tE[|é|2] + 2det.

Integrating both side and using Corollary [T4] we obtain
E [V ] < e (E[IYg™ ] + (4/3)e 2T (e* — DE|
<d(2—e ")+ (4/3)e 7T (e — e E[6)
< 2d + e~ 27D (8/3) (e 2" Bl "2 E[ |6y — 67[2] + dCseip1 /B + ACseip.2 + |07]%).

0% + 2d(e' — 1))
]

Proof of Lemma[16, Using the process [I0] with the approximating function s given in we have

VEMPZ = |VEM 4y (VM 4 2mp_1.0) % + 2] Zjoia |2

. _ (50)
+ <Yk + Y (=YEM £ 2mp 10), /27 Zk11).
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Taking conditional expectation on both sides in using the independence of YkEM and Zj41, Young’s
inequality and 0 < vy < 1/2, we obtain
E [[VEN M) = VM 4+ 20 A (VM + 2mp 4, 0))
+ P VEMP + 4y’ mEr 6] — 292 (VM 2mp g, 0) + 2vd
= (1= 29) [V + 49°mi 0] + 2+
+ 2 YEM2 4 29(1 — ) (VEM, 2mp_ i 0)
< (L= + dy(v + 2)mi |0 + 2vd
=Y AN (/2) M
< (L= +49(v +2)[0) + 2vd.
Thus,
E[[VEMP] < (1 —~)*1d +10(0) + 2d. (51)
Using Corollary [[4] in [51] yields

E [[YPM2] < (1 7)5d +2d + 20(e~ 2Bl m2]E (10, — 0%[2] + dCseLo.1 /B + ACsaip.2 + 107 1%).
O

Proof of Lemma[I7 Using the process [[1] with the approximating function s given in [I3] Lemma [I6] Corol-
lary and v € (0,1/2], we have, for any ¢ € [0, 7],
CEM _ EM |2
E [|Yt = Yie/y0] }
2

=E

t t
/ (—Y@l/v,lwv + QmT,LS/.YJ,YQ)dS + \/5 dBg
Lt/v]y Lt/v]y

—~ A2
<~’E U—Yﬁ%m + 2mT_Lt/me‘ } + 2dy
< 29°E [V 2] + 89°E |10] + 2d9
< 69%d + 4072 (e 2= mIE (10 — 6% 2] + dCseup 1 /B + ACsap 2 + 6%])

2 2
+ 1672(6_271)@[07””}1@ [|90 — 9*|2} + dCseLp,1/8 + ACscip,2 + |9*|2) —+ 2dy
< ’YCEMosev

where Cemose = 8d + 56(6*2"“[”3”’3@ [100 — 0%]?] + dCscip,1/B + ACscip,2 + |0%[%). [

Proof of Lemma[I8 Applying Itd’s formula to the process [I1] with the approximating function s given in
we have, for any t € [0, 7],

AVIMP2 = oV Y EM o omg g, 0)dt + 2(YFM V2dBy) + 2ddt
= —2VPM e+ 2V VM — Y Yt + 20V 2mg g, 0)dt
+ 2YFM \2dB,) + 2ddt.

Integrating both sides and taking expectation, we have
t t
B[VEE] = 2 [ B [ZPR] sz [ E[FPLTR T8 )] ds
t
+ 2/ E [(7PM, 2mr_ 47y ),6)| ds + B [[TF] + 24t
0
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Then, differentiating both sides and using Young’s inequality, yield

d_ - . o .
SE |I9EMP] = —2E [|TMP] 4 2B [(FFM, TN — 7 )]
+2E [(fftEM7 2mT—Lt/vMé>} +2d
< —E [[TMP] + 2B [|FPM - 91 2] + 6] + 2d.
Using Lemma [I7} we have

% (etIE [|5ZEM|2D < ¢! (27Cemose + SE[|]?] + 2d).

Integrating both sides, using v € (0,1/2] and Corollary [14] yields
E [[TM2] < etd+ (1 - ) (29Clwose + SEII0%] + 2d)

< 18d + 128(¢ 2 =72 ]R {16, — 0°|%] + dCscip1 /B + ACseip.a + 1072).-

C Proofs of the Results in the General Case

In this section, we provide the proof of Theorem [I0] We start by introducing the results which will be used
in the proof of Theorem

C.1 Preliminary Estimates for the General Case

Throughout this section, we fix ¢ € (0,1). The following auxiliary results will be used in the proof of Theorem
[I0] and their proofs are postponed to Appendix [C.3}

We provide an upper bound for the moments of (?tEM)te[o,T] defined in
Lemma 19. Let Assumptions (md@ hold. For any p € [2,4] and t € [0,T — €,

sup E [DZEMH < Cemp(t),

0<s<t
where

—1—-2 2p—1kp ap
Cimp(t) := ! BP1= 5 #2777 Ky (1+T77)

~ A 2 P
([P 4 27200+ BLOPDO+ T%) 4 200 4 0o~ 2)Fe) .

The following result provides an estimate for the one step error associated with (2EM)t€[()7T] defined in
Lemma 20. Let Assumptions and@ hold. For any p € [2,4] and t € [0,T — €,

E |:|,Y\;EM — ?f%],ﬂp < ’Y%CEMose,pa

where

CeMose,p = 2P (Cemp(T) + K1+ TP) (23772 Cn o (T) + 2273 (1 + E[|0]7])))
+ (Mp(p —1))%.

The following result is a modification of Kumar & Sabanis| (2019, Lemma 4.1).
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Lemma 21. Let Assumption@ hold and let b : [0,T] x R x RM — RM such that
b(t,0,x) :=x + 2s(t, 0, ). (52)
Then, for any z,2 € RM ¢t € [0,T], 0 e RY, o € [3,1], and k =1,... M,
M

(k) 7
b (t,0,2) — ™) (¢,0,7) — Z w

(z" — )| < Kg(1 + 2t|%)|z — 2|2
i=1 oy’

Lemma 22. Let Assumption @ hold and let b be as in . Then, one obtains that, for any (t,0,z) €
[0,T] x REXxRM and k=1,... M,
(Vb8 (1,0, 2)] < 14 2K3(1 + 2[t[*). (53)

C.2 Proof of the Main Result for the General Case
Proof of Theorem[10, We proceed as in the proof of Theorem [I] using the splitting
Wa(L(YEM), m0) < Wa(mp, £(Viye)) + Wa(L£(Yi ), £(Yi)
+ Wa(L(Yeo), LOYE)) + WalL(YiR), L(YEM)),

K

(54)

where the first term on the right-hand side in [54] corresponds to the error made by the early stopping and
the remaining terms have the same interpretation of the corresponding ones in

Upper bound on Wy(mp, £(Y;,)). For any t € [0,7], note that
1—my <oy, o2 =1—-e2 <2t (55)
Recall that tx =T — e. Using the representation of the OU process 2] and the inequalities [55] we have
Wa(mo, £(Yiy)) = Wa(mp, L(X 11, ))

< VE[[Xo — X7, [*]

<V2[(1 =m0 )VEIXoP] + 071, VM| (56)

< V2074, (VE[Xo[?] + VM)

< 2Ve(VE[IXo?] + VM).

Upper bound on Wy (L (Y, ), £(Y:, ). Using Ito’s formula, we have, for any ¢ € [0,T — €,

dlY; — Yi|? = 2(Y;, — Y3, Y, + 2V log pr—(V;) — Vi — 2V log pr—(Y;)) dt

~ ~ N (57)
=2V, = Y|* dt + 4(Y; = Y}, Viog pr—(Y3) — Viog pr—. (V1)) dt.

By integrating, taking expectations on both sides in and using Remark |4| with the lower bound EMO in
the estimate [I9] we have

B[[Vi — Vo] S EYo — Tol?l+ [ 201~ 2Eni0) B [[¥i - T?]
0 (58)
< EHYO _ %‘2]62(17221\/10%;(.
Using the representation [2| with Zp 4 }70 and we have
E[[Yiye — Vi P) S E[[Yo — Fo 220200t
= EH’ITLTXO —|— (O’T — 1)570|2} 62(1_2ZMO)tK (59)

<2 (EHXOF} + M) 62(1722M0)tK*2T.
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Using we have

WQ(‘C(Y;K%‘C(XZK)) < V ]EHY—tK - ijvtK|2] (60)

< VRA(VE[Xo + VM )e2hmo(T=0

Upper bound on Wy (L (Y}, ), L(Y2"™)).  Using Ito’s formula, we have, for t € [0,7" — €],

dlY, — Y22 = 2(Y; — Y2V, + 2 Vieg pr_(Yy) — V2™ — 2 s(T — t,6, Y2™)) dt
=2V, — Y2 dt +4 (Y, — Y, Vg pr—i(Y;) — Vlog pr—, (V™)) dt (61)
+4 (Y, — Y, Viog pr—o (V™) — s(T — ¢,6,Y,™)) dt.

By integrating and taklng the expectation on both sides in[61] and using the Remark [4 with the lower bound
Lo in the estimate [19] Young’s inequality with ¢ € (0,1) and Assumption [4] we have

T—e
B[Fr. - vpu =2 [ BT - Y2 ds
0
T—e _ _
b4 [ BT - Y Vo pro(Ta) - ¥ logpro (V)] ds
0

T—e
+ 4/ E[(Y, — Y2 Vlog pp_s(Y2) — s(T — 5,0, Y2*™))] ds
0

T—e
< / 2(1 + C — 2LM0)E[|)/S — i/saux|2] ds (62)
0
T—e¢ R
+2¢1 / E[|V log pr_s(YA"™) — s(T — 5,0, Y2")|?] ds
0
T—e . _
< / 2(1—|—C—2LM0) EHYS —Y;uX‘Q] d8—|—2<71€SN
0
< 262(1+C 2LMO) G)C
Using [62) and txx = T — €, we have
Wal£(Fi,), L0G) < EITi — Vi )

< V2¢-TeHe 2Lno)(T €)\/gsiN

Upper bound on Wy (L(Y2"), L(YEM)).  The following bound is derived by modifying Kumar & Sabanis
(2019, Lemma 4.7). For the sake of presentation, let b : [0, T] x RY x RM — RM such that

b(t,0,x) = x + 2s(t,0,x). (64)
Consequently, (}A/tEM)tE[O’T] can be expressed using |64| as
AV M = (T — [t/y]7. 0, YL ) dt+ V2 dB,, Y™ ~ 7o = N(0, L) (65)
Using It6’s formula, we have, for ¢t € [0,T — €],
d|}/taux i i}tEM|2
= (VP — VM Y g S(T — 4,0, Y)Y =2 8(T — [t/]7,0,Y[F),,)) dt
= 2|y — i}tEM|2 dt + 4(Y — ?—EM7 (T —t, i YA — (T — t,é, i}tEM» d+ (66)

AV = VM (T — 1,0 YLt/'nyy) s(T = [t/v]7.0, Lt/'yj'y» de
+ 2<Y;5aux - }?tEM)b(T - tvethEM) - b( —t, 9 Lt/’yj'y))> dt.
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Integrating and taking the expectation on both sides in using Cauchy—Schwarz inequality, Young’s
inequality with ¢ € (0, 1), Assumption [3| and Remark |3} yield

E [D/taux 7)/tEM|2:|
t =N t N R o
= 2/ E [‘Y'Saux _YSEM|2:| ds+4/ E {<szaux —}/;EM,S(T—S,Q,YSaux) —s
0 0
t
+4/0 B[V — T (T 5,0, ) — (T — Ls/71. 0. T8 ,))] ds
t
+2/ E [<Y5aux—Y;EMab(T_s7év YSEM)_b( — s, 0 YLS/'YJ"/)>:| ds
0
t
S/ 21+ C+2Ks(1+ 2T —s|Y) E |Y,qu_YSEM\2] ds
0
+2<*1/0 E[Is(T = 5,0,V ) = s(T = Ls/7)7. 0, Y28 )] as

> PN (67)
+2/0 E[<Y:HX—1;EM,1)(T—5,9,Y;EM)—b( — 5,0 Ys/m)»] ds

g/ot2(1+<+2K3(1+2Ta))E{ijuxngMﬂ ds

#2014 2007] [~ Lo/l

+2/OtIE [<y:ux —VEM (7 — 5,4, VEMY — p(T — s, 4, f/g%m)»] ds
g/0t2(1+<+2K3(1+2Ta))E[|YSW—?SEM|2} ds +4¢ KT (1 + 8(ZaL + 07[))y* ¢

t
+QA E[<Y:“X—1QEM,5(T—S,0,1QEM)—b( — 5,0, Lé/m»] ds

We proceed estimating the third term on the right-hand side of [67] Using [65} Young’s inequality with
¢ €(0,1), Lemma 21 and Lemma [20] yields, for any ¢ € [0,T — €]

t
/ (v PEM BT — 5,0, FFM) — b(T — 5,0, V2 )] ds
0

E > s/l
M t . o R
=S| [ (e o) (b““) (7,0, V) 0T — 5,0, 75))
k=1
M gpk) (T —
PR e 70 ) o
7 s s/vly
j=1
M t M
+Z]E / (Y'Saux,(k) YEM (k) Zé)b 5 9 YLS/’YJ’Y)O’}SEM,(]‘)_?LE%,J(i)) ds
k=1 0 j=1
t
S g/ E|i|yaux YEM‘2i|
2 0
1 < '
— & — VEMY _ p(k)(p _
+2<;E /O\b (T — 5,0, VPM) —p0(T — 5,6, VEY )
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M k EM
NI s, 0 YLS/’YJ ) YEM,G) _ PEMG)Y 12
Y, |© ds

: ori L Viadket
Jj=1
M t .
4 ZE / (szaux,(k) _ }/SEM7(k))
k=1 0
M N (T — 5,0, , Ao
(3 (T Ls/m)/ DT — |r/~]7,8,FEN ) dr | ds
= I s/}

M t M op®E) (T — 5,0, VEM ) rs
aux,(k) _ V-EM, (k) Ls/v]y B()
+S E /O (v: yEMG) (Y — V2 dBY) | ds
k=1

j=1 Ls/v]~y

! {EM |2 Ki ¢ EM
/OEDYS S ds+2—c/0(1+2\T—s| PRI -7 s

t
E / (Y'saux,(k)_i};EM,(k))
0

<

I

_|_
e

68)
M opk)N(T — s, 0, yEM ) (
LS/’YJ"/ () . A~ SEM
“\& 927 [, T i T ar | as
j=1
v M ab(k) — S, 9 Y s o

" ZE (Yaux’(k) - YEMM)) > @ Vi) V2 dBY | ds

) ° 8£UJ T

J=1 Ls/~v)v

~ K2
EDYVSaux_}/SEMF] ds +'Y C (1+4T2Q)CEMose4

t
+ ZE / (Y'Saum(k) _ ?SEM,(k))
k=1 0

IN
D [
= N

M k) (T — 5,6, YEM ) s
P T s/l / ) A OEM
X . bINT — |r/v]7,0,Y,.5,) dr | ds
J=1 afx] \.S/’YJ’Y |_ /’YJ'Y
M ¢ M k) (P _ « h VEM
+ ZE / (Y;aux,(k) _ }/}SEM,(k)) Z b (T S’_Q’YLS/'YJ’Y) /s \/i ngj) ds
= |/ = D! /7)1

We proceed estimating the third and fourth term on the right-hand side of separately.

The third term is estimated using Young’s inequality with ¢ € (0, 1), Lemma Remark [5] Remark (3| and
Lemma [19] and for any ¢ € [0,T — €], we obtain that

M t
Z E / (Ysaux,(k) _ }’}SEM,(k)>
k=1 0

M k
X Z WO s, 0 YLS/’YJ’Y

) [* . o
5 /LSMM b9 (T — Lr/’yJ’y,@,Yﬁl/vfyh)dr ds

j=1

t
Sg/ E[‘Y‘;auxi)/sEM|2:| ds
2 Jo ’

2 t S o~
+ %M(l +8K3(1 +47%*)) E / / Z pONT = [r/7]7,0, Y, ) [Pdr ds
0 é/’YJ’Y] 1
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t
S g E |:|Ysaux _ Y—SEM|2] ds
2 Jo
41 2 20
+ M (1 + 8K3(1 + 4T%%))
t s
X /0 /L o {(1 + 16K T (1 + T2)E[ VI | 2] + 32KF g (1 + T2) (1 + ]E[|9|2])] dr ds
S/l

t

< g E [D/Saux _ }’}SEM|2] ds

=, o~

+ L-4AM (1 + 8K3(1 + 4T%%))

|

<t [(1 16K (1 T2%)) sup E[[VEMP] 4 32K20 0 (1 + T2)(1 1 28, + 2e*|2>]
0<s<t

t
Sg/ E[D/Saux_}/sEMF] ds
2 0

2
1AM (1 + 8K2(1 + 4T2))
X [(1 4+ 16K3 a1 (1 + T%%))Cem2(T) + 32K o1 (1 + T2%) (1 4 2841 + 2(60%]?)] -
(69)

We proceed with the estimate of the fourth term on the right-hand side of [68 For k =1,..., M, we note
aux,(k) _ VEM,(k) _ yraux,(k)  {>EM,(k)
Y Yo = Yooy = Yl
- / (T — 7,0, 2> — b®(T —r, 0, VEM) dr
Ls/v]v
s o o (70)
- / OWN(T = 7,0, VM) =" (T — 7,0,V ) dr
Ls/v1v

[ 2@ T O~ il S ) 0

By using [70] Cauchy-Schwarz inequality, Young’s inequality, Assumption [3] and Lemma [22] we have

M ob®N (T — 5,0, YEN ) e

M t
E Yaux,(k:) . /Y\*EM,(k)
2 /o ( Oz oz s/

j=1

V2 dBY | ds

k=1
M b, e M gpN(T — 5,6,V ) s _
=2 E /0 (Vem =) | 22 R / V2 dBY | ds
k=1 j=1 Ls/v]v
M t s
+ ZE[/ (/ (T — 7,0, v2™) — p®) (T — 7, 6, YEMY) dr)
k=1 0 Ls/v]~y

M (k)(T _ « H VEM
RET =56 Ynp) [* 0 5 450 ds}

2 g Ls/v]y

Jj=1
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t s
/ (/ OINT =7, 0,V = o®(T -, 0,V ) dr
0 Ls/v)vy

M (k) (T _ « 4 VEM s
(T 5’_97YLs/m)/ V2 dBY | ds
j=1 (9£CJ Ls/v]v

t s
/0 </Ls/«/J»y 2(s®(T -, H,YLEI/V{,M) — M1 — Lr/'yjy,e,yﬁl/\gh)) dr)

M gp) (T — 5,0, YEM s o
y Z (T Ls/vh) \/idBfﬂ) ds
Ozl Ls/7)y

X

j=1

M
<) E
k=1

t S
/ / 771/2|b(k)(T7r,é,Yraux) 7b(k)(T—7’,é,ﬁEM)|dT’
Ls/v]v

s M gk (T — 5,6, Y EM L
x y1/? / ( o) 5 dBY) ds}
L

s/vlvy j=1 Oz
M t s R
+Y E / / ST — 7,0, VM) — o8N (T — 7, 0,V ) ldr
s/v]vy
s M ogpk)(T —5,0,Y,
x / T LS/””)\/dBm ds
[S/VJ’szl axj
M t s N R
Bl [ [ @ n B T - T~ (/)0 TE
Ls/v]v
s M (T — 5,0, YEM
x/ o - Wm)deJ) ds
Ls/v]v j=1 Ox
-1 M
<1 NE / / b (T — 1,0, Y2 — b0 (T — 1§, TEM) 24y ds
2 Ls/m
2
M et s M oopRN(T — 5,0, VEM
+7 / B / Pl 7 ) 5 a0 s
2 0 LS/’YJ’Yj:1 O

1/2
M t s 2
+Z/O [IE (/L bN(T —r, 6, VEMY — ) (T r,e,ywm)mr) ]

k=1 s/l
0 1/2
s M opk) (T
y ]E/ ob™ (T SGYLS/WJV)\[dB(J) ds
Ls/v)y S O’
v 8 01 1/2
+Z/ E</ 20T —r 6.V 1) = s = [r/7)7. 0.V )l dr
k=170 Ls/v]vy
0 1/2
s M k) (T —
y ]E/ ob™ (T SHYLS/WJV)\[dB(J) ds
Ls/7)y S O’
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t s
<E V / (1 4 8KE(1 + AT?)) Y2 — YEM|2qp ds]
Ls/v]

k 4 DEM |2
INT — 5,0,V )

oI ds

Mo [ M
+22) E /Z
k=1 0

Jj=1

+ 1221 4 8K2(1 + 47%%)) /2

1/2
M [ s 1/2 s M bR)(T — 5,8, VEM )2
% Ls/v]v
X / / E[|YEM — yEM | ]dr] IE/ dr| ds
kzzl o s " i Ls/7)7 ; gy
1/2
Mot s M gpk) (T — 5,0, YEM )2
71+Q4K1(1+8gAL+8|6‘*‘2)1/2Z/ E/ 5 L/ ] gy ds
k=170 Ls/71v |j=1 T
t (71)
< (1+8K§(1+4T2°‘))/0 Sup E[\K?”"—YTEMF} ds + 4y*M (1 + 8K3(1 + 47°%))
9 1/2
s M ab<k>( — 5,0, YEM
+9%/22(1 + 8K3(1 + 472) 1/2();@05622 / / | dr|ds
Ls/v]v j= 1
9 1/2

M gp(T — 5,0,

AL+ g 1/2 L/’vJv)
4Ky (1 + 8241, + 8]0%|? Z/ / > o dr| ds

Ls/v]v j=1

t
< (14 8K2(1 + 4T2)) / sup E [\anx - YTEM|2} ds + 472t M (1 + 8K2(1 + 4T2))

0 0<r<s
+ 7221+ 8KE(L + 4T%) V20 m o o + 7%/ 2T 4K (1 + 8EaL + 8[07[2) /)
X [tMV/2(1 + 8K2(1 + 4T2))1/2).

Using and [71]in [67] we have
E [D/taux _ 5//\;EM|2}

t
g/ A1+ ¢ + Ks(1 + 2T + 4Kg(1 + 4T72%))) sup E [|Y:mx —YTEMF] ds
0

0<r<s
+ 8y*¢T M (1 + 8K3 (1 + 47%%))
X [(1 4+ 16K3 a1 (1 + T%%)Cem2(T) + 32KF a1 (1 + T7%) (1 4 2841 + 2(60%]?)]
+ 292 tK3C T (1 + 4T%*) Cemose.a + 87 M (1 4 8K3(1 4 4T7%))
+ 24 TTKE (1 + 8(Bar + |0712))
+A[2(1+ 8K3(1 +4T%) V20K . o + 722 T2 2Ky (1 + 8EaL + 8/07[*) /2]
X [EMV2(1 + 8K2(1 + 4T2%))1/2),

Thus,

sup E |:|}/Saux _ ?SEM|2j|
0<s<t

t
g/ 4(1 4 ¢+ Kz(1 427 + 4K3(1 4 47%*))) sup E |Yf‘“"—YTEM|2} ds
0

0<r<s
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+ 7242 <Kig1(1 +4T?*) Cemose,a + 4M (1 4 8K3(1 +4T%%)) + 2¢ K (1 + 8(Ear + |07%))

+4¢CT T M (1 4 8K3(1 + 4T2%))
X [(1+ 16KTya1 (1 + T7%)) Cem2(T) 4 32KF 000 (1 + T2*) (1 + 2841 + 2/6%[?)]
+2[(1+ K3 (L + 4T2)) 20 » + 2K1 (1 + 82aL + 8|07 [*)1/?]

X [MV/2(1 + 8K2(1 + 4T2°‘))1/2]>

< 264(1+(+K3(1+2T“+4K3(1+4T2"‘)))t,}/2at (72)
X (Kig—lu + 4T?*) Cemose,s + AM (1 + 8K3(1 4+ 4T%%)) + 2¢ K3 (1 + 8(Ear + |0%]%))
+4¢7 M (1 + 8K3(1 + 47%%))
X [(1 4 16Ky (1 + T2*)Cem2(T) + 32K gear (1 + T2*) (1 + 2841 + 2/0%])]
+2[(1+ 8K3(1 +AT2)V2Cgp . + 2K (1 + 82aL + 8[07[*)1/?]
x [MV2(1 + 8K3(1 +4T2a))1/2]>.
Using [72 and tx = T — ¢, we have
Wa (LY, L(YEY))
< \JE e - 7]
<\/562(1+§+K3(1+2T"+4K3(1+4T2”)))(T—e),yoz\/ﬁ
X (Kic—l(l + 4T?*) Cemose,a + 4M (1 4 8K3(1 + 4T%%)) + 2¢ KT (1 + 8(Ear + |0%%))
(73)

+4¢T M (1 4 8KE(1 + 4T%%))
X [(1 4 16K g (1 + T7)) Cem2(T) + 32K g (1 + T7) (1 + 2841, + 2/07[*)]
+2[(1+ 8K3(1+ 4T%)) /2 Cefp . o + 2K (1 + 82a1, + 8]6"[*) /2]

1/2
X [MV2(1 + 8K2(1 + 4T2"“))1/2}> .

Final upper bound on Wy(L(YEM) mp). Substituting and |73| into we have

Wa(L(YM), ™)
< (VEIXoP] + VAT)2/e
+ V2(VE[Xo] + VM)e 2o T

+ /20 TeH¢=2Eu0) (T—9) fzcr
Jr\[262(1+4“+K3(1+2T"+4K3(1+4T2”)))(T76)704\/ﬂ
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x (Kig—lu + 4T?*) Cemoses + AM (1 + 8K3(1 4+ 4T%%)) + 2¢ K3 (1 + 8(Ear + |0%[%))

+4¢ M (1 + 8K3(1 + 47%%))
X [(1 4 16K gpa (1 + T%)) Cema(T) + 32K g (1 + T%) (1 + 2841 + 2(07*)] (74)
+2[(1+ 8K3(1 +4T2) V2042, + 2Ky (1 + 88aL + 8[0%[%)1/?]

1/2
X [MV2(1 + 8K2(1 + 4T2a))1/2]> .

The bound for WQ(E(?]}?M)7 7p) in [74] can be made arbitrarily small by appropriately choosing parameters
including €, T, egn and 7. More precisely, for any d > 0, we first choose 0 < € < €5 with €5 given in Table
such that the first term on the right-hand side of [74] is

(VE[| Xo|?] + VM)2y/e < §/4. (75)
Next, we choose T' > Ts with Ts given in Table [3] such that the second term on the right-hand side of [74] is
V2(VE[Xo[?] + VM)e 2Emo(T=9=¢ _ 5/4 (76)

Next, we turn to the third term on the right-hand side of [74, We choose 0 < egn < esn,s With egn 5 given
in Table [B] such that

\/24.7716(1+C722M0)(T*€)\/557N < /4. (")

Finally, we choose 0 < v < 75 with 75 given in Table [3| such that the fourth term on the right-hand side of
4 is

\/562(1+§+K3(1+2T“+4K3(1+4T2“)))(T75),Ya\/ﬁ
X (Kig—lu + 4T?*) Cemoses + AM (1 + 8K3(1 4+ 4T%%)) + 2¢ K3 (1 + 8(Ear + |0%[%))

+4¢T M (1 4 8K3(1 + 4T2%))
X [(1 4 16K3 a1 (14 T%)Cem2(T) + 32K3 1 (1 4+ T2) (1 + 2841, + 2/6%[%)]

+2[(1+ 8K3(1 +4T2) V2O 0 ., + 2Ky (1 + 88aL + 8[0%[*)1/?] (78)
1/2
x [MV/2(1 + 8K2(1 + 4T20‘))1/2]> < 6/4.
Using and we obtain Wg(ﬁ(f/}?M),wD) < 0. O

C.3 Proof of the Preliminary Results for the General Case

We provide the proofs of Section [3.2] and Appendix [C1}

Proof of Remark[5 Using Assumption [3] we have

[s(t,8,x)] <|s(t,0,2) — s(0,0,0)| + |s(0,0,0)]
< Ka(L+[0D[E* + Ka(1 + )0 + Ks (1 + [¢]*)]z] + [s(0,0,0)|
< Krotar (1 + [¢[*) (1 + |0] + |z]),

where Kropal := K1 + Ko + K3 + |S(0, 0, 0)| [
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Proof of Lemma[19 Using Itd’s formula, we have, for any t € [0,7 — €] and p € [2,4],

N N _ N _9) . N
+p (ITPMP2TM, v aB,) + LT (onr) a4+ P gt o7,

Integrating and taking expectation on both sides in [79] using Young’s inequality and Remark [5} we have

t
E “YtEMlp} ) {lYOEMlp:| +p/0 E {<|YSEM|p—2YSEM,YLE%h>} ds
t
w2 [ B [(TPP TR AT — L2, T )] ds
t
+p(M+p—2)/ E [[7PMP2] as
0
<E[FP]+3w-1) [ E[TPP] ds+ [ B[TELP] as
t
+2/O E[|S(T— \_s/’y]’y,G,YE/vf{h)F] ds
2 » -2 [t s
oM +plp-2) i+ P2 [ [FRp] as
p p 0
v EM 2 K v EM ! U EM
< P _9_2%2 P P
<E[|%; |}+<3p 2 p)/o E[|7mMp] ds—i—/o B[V ] ds
t
P [ (1T = L) B[P, P] s

t

A 2 £

+ 2277 Kl (1 + E[10]7)) / (LT = [s/v]71")" ds + Z(pM + plp — 2)) ¢
0

~ 2 t ~
<E[[9MP] +@p-1- T K (1 T“P))/0 sup E [I72Mp] s

_ A o 2 p
+ 22K (L E[0P]) (1 + TPt + 5(pM +p(p—2))°t.
Using Gronwall’s inequality, we have

~ ~ ) t ~
sup B [[VPMP] < B[] + (3p -1 T (14 T“”))/O sup E [|7PM)] ds

0<s<t 0<r<s

B ; o, 2 .
+ 2P K (L E[OP) (1 + T p)t+];(pM+p(p—2))2t

< tBP—1= 3422 TG, (14TP))
DEM |p 3p—2yP Ap apy | 2 »
x (B | VM) + 27Kt (L [P (14+T°) 4+~ (oM + p(p — 2))¥1).
Proof of Lemma[20, Using Lemma |19| and Remark [5| we have, for any t € [0,7 — €] and p € [2,4],

- EM - EM
E |17 - 954, ]
p

t
/ V2 dB,
L

~ A p
< B ([T, + 250 = 8 TN 4B
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<2071y (B [V 1) + 20 B [[s(T = [t/7)7,0, T3, )] ) + 78 (Mp(p — 1) ¥

< 27712 (Cemp(t) + 2% 72KE (1 + TOP)Cemp(t) + 2°P3KE, (1 + TOP) (1 + E[|0]7]))
vE(Mp(p—1))%

< 7gCEMose,p7

where

s

Cemosep = 27 (Cemp(T) + Kigqar (1 + T) (272 Cemp(T) + 2773 (1 + E[07])) + (Mp(p — 1)),

Proof of Lemma 21l By the mean value theorem, for any k = 1,..., M, we have,

M (k) —0F
b (t,0,2) — b (8,0,2) =Y W0, qg +(1-9)7) (z' — ),

; "

=1

for some ¢ € (0,1). Hence, for a fixed ¢ € (0,1), we have

M oop® (0.7 .
b (¢, 0,2) — bW (t,0,2) = W(xl — )

. Y

=1

i@b(’f)(tﬁ,qx—i-(l—q) a0 i@b“tGm )
oy’ P

=1
bW (t,0,qz + (1—q)z) WM (t,0,z)
oy oy

|zt — .

The proof is completed using Assumption O

Proof of Lemma[23. At x € RM and for any v € RM | we have, for any k=1,... M,

®)(t,0, 2+ vh) — s®)(t,0,2)
(k) 1 S ( s Uy s Uy
(V'™ (t,0,z),v) l%lg%) N .

Using Assumption 3| we have

(k) — sk
(Vs (£, 0, 2), 0)] < lim sUN(t,0,x +vh) — s\ (t,0,x)
h—0 h
|D3(t t)||z + vh — x| (80)
h—>0 |h‘
< Ks(1 4+ 2[t*)[v].

<1

. s(k) xT .
Taking v = % in we have
|Vas®)(t,0,2)] < Ks(1+ 2[t]%). (81)
Using [52] and BT} we obtain

Vb ) (t,0,2)] <1+2[Ves®(t,0,)
<14 2Ks(1 + 20t]%).
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D Table of Constants

Table [3] displays full expressions for constants which appear in Theorem

Table 3: Explicit expressions for the constants in Theorem

CONSTANT DEPENDENCY FuLL EXPRESSION
C1 O(VM) 2(y/E[| Xo]?] + VM)
Cs O(V'M) V2 (1 /E[| X0|2] + \/M)
Oy (T, ) O(e1+¢—2Ln0) (T =) fa0—1(1+¢~2Ln0)(T—0)
T (4+8K2 (14+172%))
2a+1 o ~ e Total
Cem,2(T) O(MeT™ 2ot e, ) SEM 2 2 =~ 2 2
X (E[[Yy "I7] + 16K ) T(1 + 2ear +2]07 ) (1 + T°%) + 2MT)
T(ZL +128k3 1473
Cem,4(T) O(M25T4a+1T4“+1) e o !
X (B[ VM) + 1024K4, 0 T+ E[I0]*) (1 + T**) + 8(M> + 4M + 4)T)
2a+1 ~ ~
CeMose, 2 O(MeT™" T T4 e, ) 2(Cem,2(T) + K2t (14 T2%)(16Cem 2 (T) + 32(1 + 2ear + 267 %))) + 2M
da+1 « N
CEMose,4 o(M?Ze™ T8t 8(Cem 4 (T) + Kipgpar (1 4+ TH*)(1024Cem 4 (T) + 8192(1 + E[|0]*]))) + 144M?
\/562(1+C+K3(1+2T(‘+4K3(1+4T2"‘)))(T—e) \/T e
2,.—1 2 2 2a
x (K4c (1 + 4T2%) Cemose,a + AM (1 + 8K2(1 + 4T>))
+2¢7 K2 (14 8(caL + 0717))
4¢T M (1 4 8K3(1 4 4T
Cu(T,€) O(MeT* T paat1Zl/ey HaCT MO+ BIGE )

X [(1+ 16K7 500 (1 + T°))Cem,2(T)

+ 32K 01 (1 + T2*) (1 + 2221 + 2(07|%)]

+2[(1+ 8K3(1+ 4T )V 2CH 2+ 2Ki (1 + 82ar + 8[07 %) /7]

1/2
XUW5<1+8K§<1+4T2“))“21> :

) - 52/(64( E[| Xo|2] + m)z)
r ] (2Lno) ™" |In (4\5( E[|X0|?] + m) /5) Y .

((62/32)672(14»(72/[/\1\/[0)(Tfe)

€SN,§ -

min {(6/(4\@))1/”(T _ E)—l/(2a)e—(2/(1)(1+(+K3(1+2T°‘+4K3(1+4T2“‘)))(T—s)

x <Ki<‘1(1 + AT2%) Cimose,a + 4M (1 + 8K (1 + 4T2%))

+2¢7 KT (1 + 8(ear + [07%))
¥s - +4¢T M (1 + 8K2(1 4 4T?%))
X (1 + 16K (14 T2%)) Cem,2(T)
+ 82K (1 + T2%) (1 + 2641, +2/07|%)]

+2[(1+ 8K +4T?*)2CL2 , + 2Ke (1 + 82ar, +8[07]%)/?)

~1/(2e)
x [JVI\/§(1+8K§(1+4T2°‘))1/2]) ,1}.
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