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Abstract

We study fitting low-dimensional polynomial manifolds to data by alternating two simple steps: a
closed-form least-squares update of an analytic polynomial decoder and Gauss—Newton updates of
the latent codes using the decoder’s analytic Jacobian. For intrinsic dimension k=1, the encoder
reduces to enumerating stationary points of a univariate polynomial objective, and for £>1, each
example solves only a small damped & x k system. The method is scalable because each B-step
solves a least squares on the monomial design, and the A-step entails a handful of tiny solves per
point. We test our method on various datasets.

1. Introduction

Dimensionality-reduction methods formalise this by trying to find an information—preserving map
(encoder) f : R? - RF, k < d, together with an approximate inverse (decoder) g : R¥ —R? such
that the reconstruction error Y, ||x; — g(f(x;))||* is minimised for data X = [x1,... ,Xn]T €
R™*9, Principal Component Analysis (PCA) provides an optimal linear solution, but real-world data
is usually closer to nonlinear manifolds. We propose a novel algorithm that finds the best fitting
polynomial parametrisation of some intrinsic dimension k by doing an alternating least-squares
refinement. We assume that the observations are points in the image of a map

gi(ar, g, ..., o)
gRF SR gla) = [HOVO |
galag, ... )
where g1, . . ., g4 are multivariate polynomials of bounded degree. Our algorithm alternates between

finding the best coefficients of g1, . . . , g4 and finding the best a/) € R¥ such that g(a(?)) is closest
to the jth data point x;. By iteratively refining both the global polynomial mapping and the individual
latent embeddings, the method progressively decreases the reconstruction error. We demonstrate
the effectiveness of this approach on several synthetic manifolds. In our experiments, we compare
the proposed method against classic and modern alternatives, including nonlinear autoencoders and
Principal Polynomial Analysis, to highlight its advantages and disadvantages.

Notation.

1. Latentcodes: A = [a] ,...,a)]T € R™¥K,
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2. Polynomial feature map: @ : R* — R™ is the vector of all monomials of total degree < +; its

Jacobian is Mgio(fx) e RM™*k,

3. Design matrix: V(A) € R™*™ with ith row ®.,(c;)".

4. The decoder parameters are W € R%™ (the coefficients of the polynomials), the decoder
function is g(a) = W &.,(cx) and reconstructions are X = V(A)W .

2. Related Work

Principal Polynomial Analysis (PPA) constructs a sequential transform by projecting onto a
leading direction, fitting a univariate polynomial in that scalar to predict the residual in the orthogonal
complement, and deflating and repeating. The mapping is volume-preserving, admits a closed-form
inverse, and has an analytic Jacobian [3]. Our method differs in that we jointly refine all samples
via alternating minimisation on a single global objective, rather than stagewise deflation, our B-step
is a single overdetermined least-squares fit of an explicit polynomial decoder W, and our A-step
uses Gauss—Newton updates in R¥ (for & > 1) or stationary-point enumeration (for k = 1) with an
analytic Jacobian of the monomial map. We do not have the same volume-preservation or closed-form
inverse but our method is more robust to non-smooth data.

Kernel PCA  [6] is a nonlinear dimensionality reduction method that uses a kernel function to map
data into a higher dimensional space and then applies PCA in that space. The idea is that the features
become more linearly separable in higher dimensional space and applying PCA in that space helps
capture nonlinear relations. It incurs O(n?) training unless approximated. In contrast, our decoder is
explicit and our method is faster.

Autoencoders. Neural autoencoders [2] are powerful and scalable but non-convex and not inter-
pretable. They also require careful tuning of parameters.

Neighbourhood embeddings. Isomap [7], LLE [5], t-SNE [8] and UMAP [4] provide high-quality
embeddings but no analytic inverse. Our goal is not only embeddings but a parametric decoder g(a)
for reconstruction and analysis.

Principal curves are self-consistent smooth curves passing through the “middle” of the data [1].
They are defined implicitly via projection operators and typically require iterative smoothing and
extensions to higher dimensions or to explicit, globally invertible parameterisations are non-trivial.

3. Algorithm

Given centred data X € R™*? and an orthonormal frame Fy € R%*%,

A0 = X By e R™F, )

WO = argmin | X - V(A©) W, @

A® update (A(t_1)§ W(t_l))’ ®
) 2

WO = argmin [|X - V(A®) w3, @

% = V(A )
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B-step. Given latent codes A € R™** and the polynomial feature map D, : R — R™ (all
monomials up to total degree ), the design matrix is V (A) € R™*™ with ith row &, (a;) . The
decoder W € R4*™ is re-estimated at each outer loop by ordinary least squares:

. T 112
min | X V(AW HF,
which we solve via a least-squares call (np.linalg.lstsq).

A-step for k£ = 1. For a single latent o € R, let g(a) = W &, («) and, for sample 7, define
component polynomials p;(a) = g;(a) — 245, j = 1,. .., d. The scalar objective

d
ti(a) = pj(a)®
j=1

is a polynomial of degree < 2v. We enumerate candidates as the real roots of the derivative ¢;(«)
(degree < 2 — 1) together with the previous iterate, and select the « that minimises ¢;. Root finding
is implemented with standard NumPy polynomial methods.

A-step for £ > 1. For a € R*, the per-sample residual is
r(a) = Wo,(a) —x € RY,

with Jacobian dr(e) 8% ()
rio vl dxk
= = —1 ¢ R%*%,
J(a) o w By €

We take a Gauss—Newton step with fixed damping:

Aa = (JTT+107%L) T, a+a-Aa

To guarantee per—sample non-increase in loss, we accept the step a <+ a — 7 Aa with 7 €

{1, %, i, %, %, 3—12 chosen as the first value that satisfies the Armijo condition

liloe — T Ac; W) < (o W) — er||J r||3, c € (0,1) fixed (we use ¢ = 10™%).

If no 7 in this set satisfies the condition, we take 7 = % This adds at most five extra evaluations of
gw per inner iteration and enforces ¢; non—increase at each accepted update.
Gauss—Newton uses the first—order model

gla+ Aa) = g(a)+ J Aa,
and chooses A« by fitting the linearised residual:

Aa = arg mIierlC Ir(e) —Jul} = (J'J)Aa = J'r(a).
ue

This update moves in latent directions that most reduce the error in data space, as measured by the
columns of J. The matrix J ' J weights each latent direction by how strongly ¢ changes along it;
with a small damping A > 0,

(JTT+ M) Aa = J'r(a),

which stabilises the step when J " .J is ill-conditioned and acts like a small trust—region Levenberg—
Marquardt step. Because the system is k x k, the solve is inexpensive.
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Initialisation We draw several (60, in our case) random orthonormal k-frames E (via QR), set
A=XEFE, and run S = 10 cheap warm-start alternations (B then A). In each warm pass, the B-step
re-fits W by ordinary least squares on V' (A); the A-step updates latents per sample (for k=1 by
stationary-point enumeration, for k>1 by one damped Gauss—Newton step with 10781}). We keep
the frame with the lowest reconstruction MSE after these warm passes.

Complexity. Building the design V(A) takes O(nm) time and O(nm) memory. A QR-based
B-step on V' € R™ ™ with d outputs costs O(nm? + nmd + m2d +m?). The A-step costs O(n ca),
where c4 is the per-sample A-update cost: for k=1, enumerating real stationary points via polynomial
root finding is O(73) per sample, while for k>1 each Gauss—Newton iteration costs O(dmk + k3)
(forming J = W 09 /0« and solving a k x k system), and we run a small, fixed number of iterations.
In usual cases with n > m and d > k, the QR-based B-step dominates the total runtime.

4. Experiments

We evaluate the proposed alternating polynomial fitting method on several synthetic datasets where
the ground-truth is known.

4.1. Datasets

We generate n = 300 points x(*) from parametric curves or surfaces, then add Gaussian noise
€ ~ N (0,0.021;). We used:

s Cusp: x(t) = (2, %), t € [-1,1].

* Circle: x(t) = (cos(t),sin(t)), t € [0, 27].

« Self-intersecting cubic: x(¢) = (t3 — 3t,t*> — 1), t € [-2,2].

* Double-intersection: x(t) = (t(t? — 1)(t? — 9), (t* — 2)?),t € [-3.2,3.2].

* Butterfly surface: x(u,v) = (sinu, sin v, sin u cos v) with points removed where | sin u sin v| <
0.3 to create a non—trivial topology. More on dataset generation at A.

4.2. Methods Compared

We compare:
1. PPA — the standard principal polynomial analysis fit from a PCA initialisation.
2. Alt(T') — our alternating refinement for 7" outer loops.

3. Autoencoder — with architecture d — h — k in the encoder and £k — h — d in the decoder,
where the hidden width is fixed to i1 = 32 and all hidden activations are tanh. We use Adam
with learning rate 7 = 10~2 for 800 epochs with full batch-size and no weight decay, dropout,
or additional regularizers, and no early stopping.
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4.3. Evaluation Metric

For each fit, we compute the mean—squared reconstruction error

2
)

1< . .
MSE — = H (@) _ 00
n; xW — %

where %x(?) is the model reconstruction from the latent representation. For 1-D curves, we also
visualise the reconstructed path in the original space, ordering points by the learned latent coordinate
for clarity.

4.4. Results

Table 1 reports MSEs for all datasets: Alt('1") consistently improves over PPA and autoencoders, even
with data that does not have a polynomial parametrisation, with the largest gains on highly curved or
singular manifolds. We use 10 warm-steps and 60 random trials in the initialisation procedure. We
pick v = 3 to have a good mix of expressivity and speed.

Table 1: Mean—squared reconstruction error for different methods (y = 3, k € {1,2}).

Dataset PPA Alt(30) Autoencoder
Self-intersecting cubic (Figure 1) 1.4225 3.6787 x 10~* 1.5365 x 10!
Double—intersection (Figure 2) 270.09 3.4212 52.713

Cusp (Figure 3) 1.8407 x 1072 3.2240 x 10~% 1.5368 x 1073
Circle (Figure 4) 4.9766 x 10~!  5.0688 x 10~3 5.4529 x 1072

Butterfly surface (k = 2, Figure 5) 2.3122 x 10~} 7.1427 x 1073 1.8974 x 102

5. Conclusion

We introduced an alternating scheme for learning polynomial parametrisations: a linear least-squares
B-step for the decoder and a tiny per-sample A-step for the encoder (root enumeration for k=1,
Gauss—Newton/LM for k>1). Our method also has a fully analytic decoder and Jacobian. The
main limitations are the growth of monomial features with degree and latent dimension, and the
non-convexity from the A-step. Future work includes orthogonal polynomial bases for conditioning,
adding a regularisation term to encourage o that are close to each other to also be close in function
value, and introducing a blow-up strategy to higher-dimensional singular sets and automating a
singularity detection scheme. It would also be interesting to compare the performance of more
methods and also compare on datasets with higher % and d.
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Appendix A. Generation

Butterfly surface generation. We sample a uniform tensor grid in parameter space: u;,v; €
[—m, 7] with u; = linspace(—m, 7; g);, v; = linspace(—m,m;g);, form gxg matrices (U, V) =
meshgrid(u, v), and evaluate the map

r(u,v) = (sinu, sinv, sinu cosv).

Y

We then remove a band to induce nontrivial topology by keeping only indices with ‘sin U -sin V}
0.3. Finally we flatten the surviving grid points into an /N x 3 cloud

X = { (sinui,sinvj,sinui cosvj) ¢ | sinw;sinv; | > 0.3} + e, ¢ NN(O,02I3) ,

where N (300) is the number of unmasked grid locations and o(0.02) is the noise level used in the
experiments. We set g = 25

Appendix B. Experiments
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Figure 1: Self-intersect
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Double intersection
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Figure 2: Double intersect
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Circle
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