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ABSTRACT

Recently, contrastive learning approaches (e.g., CLIP (Radford et al., 2021)) have
received huge success in multimodal learning, where the model tries to minimize
the distance between the representations of different views (e.g., image and its
caption) of the same data point, while keeping the representations of different
data points away from each other. However, from a theoretical perspective, it
is unclear how contrastive learning can learn to align the representations from
different views efficiently, especially in cases where the data is not isotropic. In
this work, we analyze the training dynamics of a simple multimodal contrastive
learning model and show that contrastive pairs are important for the model to
efficiently balance the learned representations. In particular, we reveal a stage-
wise behavior of the learning process: In the first stage, the model aligns the
feature representations using positive pairs and the condition number grows in
this stage. Then, in the second stage, the model reduces the condition number of
the learned representations using negative pairs.

1 INTRODUCTION

One of the exceptional abilities of humans is to associate data from different modalities (such as
texts and images) together. For example, when we hear the words “white dog”, we can immediately
align it with the image of a dog with white color. When we hear the loud sound of the engine, we
can imagine an expensive sports car passing nearby.

Recently, in machine learning, multimodal learning methods — training the model to align the data
from different modules, has become an increasingly popular research direction, especially in deep
learning (He & Peng (2017); Stroud et al. (2020); Radford et al. (2021); Ramesh et al. (2021); Xu
et al. (2021); Jia et al. (2021); Wang et al. (2022b)). Among them, the recent work CLIP (Radford
et al. (2021)) shows remarkable quality results on aligning the features of text and images. The
contrastive learning based method CLIP empirically outperforms many existing non-contrastive
approaches (Grill et al. (2020); Chen & He (2021); He et al. (2020)). The major difference between
the contrastive approach and other approaches is that contrastive loss not only requires the learned
representations from the same pair of data (i.e. positive pairs) to be positively aligned, but it also
requires the data from different pairs (i.e. negative pairs) to be as negatively aligned as possible. In
the paper, the authors also identify contrastive loss as the most critical part to the success of CLIP.

Despite the empirical success of this contrastive learning-based method, from a theoretical perspec-
tive, the most fundamental questions are still largely open: In particular, how do contrastive pairs
help in this new multimodal learning approach? How can the non-convex contrastive loss be effi-
ciently minimized to learn features from both modules?

Unlike the prior theoretical works on contrastive learning which mostly focus on extracting features
from one module (e.g., Arora et al. (2019); Jing et al. (2022); Pokle et al. (2022); Tian et al. (2021);
Wen & Li (2021)), one main technical challenge of analyzing contrastive learning in a multimodal
setting is how the model can be trained to align the feature representations f 4, fp from modules
A and B respectively. Due to the existence of negative pairs that emphasize negative correlations
of fa and fp, it is unclear that the model still has incentives to align the features from different
modules.
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In this paper, we make preliminary theoretical steps towards answering the fundamental theoretical
questions of the importance of contrastive loss in multimodal learning. We assume the data from
the two modules are of form 4 = Az + A¢fa and xp = Bzp + B¢£p, respectively, where
za, zp are considered as the hidden signals, A, B linear transformations from the signal to the
observation and Ag§a, B¢&p the noises. Similar linear models have also been used in previous
works (Tian et al. (2021); Wen & Li (2021)) in the context of single-modal learning (A = B).
The positive pair of the data shares the same signal z4 = zp, and has different noises £ 4, £p and
transformations A, B. The goal is to learn features fa, fp that align positive pairs while keeping
representations of negative pairs away from each other.

Under this setting, we make the following contributions:

1. We consider the challenging (but more practical) setting where the features in A and B are
inhomogeneous, that is, the condition number of A and B can be w(1). Prior works (Jing
et al. (2022); Tian et al. (2021); Wen & Li (2021)) only consider cases where A and B are
exactly column orthonormal matrices even in the simpler single-modal setting (A = B).

2. We consider feature learners f4, fp with normalization, meaning that f4, fp are always
normalized to have (expected) norm one during training. Output normalization plays a
critical role in the practical success of contrastive learning and is also employed in CLIP,
but it is rarely considered in theory due to the additional complexity of the division by
norm.

3. We analyze the learning process of stochastic gradient descent from random initialization.
We prove that contrastive learning converges efficiently to a nearly optimal solution, which
indeed aligns the feature representation f4 and fp.

4. We also demonstrate the importance of negative pairs by comparing with training only over
the positive pairs: We prove that although the latter can also learn to align f4 and fp, the
features learned by contrastive learning with negative pairs is much more uniform, meaning
that fa, fp can recover all the singular vectors of A and B and normalize them. On the
other hand, without negative pairs, the learned representation is close to a rank one solution,
meaning that fa, fg will only focus on the top singular direction of A and B.

5. We also perform simulations and more practical experiments to further support our theory.

2 RELATED WORKS

Multimodal learning Despite the empirical success of multimodal learning, there are very few
theoretical results on this topic. The one most related to ours is Huang et al. (2021), in which the
authors show that, in certain cases, multimodal methods can provably perform better than single-
modal models. However, the authors consider neither contrastive pairs nor the training dynamics.

Contrastive/Non-contrastive learning theory Another much richer line of research is about con-
trastive and non-contrastive methods in the context of single-modal self-supervised learning. Start-
ing from Arora et al. (2019), many recent works have provided various explanations on why the
representations learned with contrastive learning are useful in downstream tasks (Chuang et al.
(2020); Tosh et al. (2021); Nozawa & Sato (2021); Wang et al. (2022a); HaoChen et al. (2021);
Lee et al. (2021); Wang & Isola (2020)). These works mostly focus on the generalization aspect of
the problem and do not consider training. Among them, Wang & Isola (2020) also study the problem
using the notions of alignment and uniformity, and demonstrate that balanced representations bene-
fit downstream tasks. However, they do not provide guarantees on training. Another related line of
research is about non-contrastive learning, where the necessity of negative examples is questioned.
In this line of research, the optimization problem does get considered as non-contrastive losses have
trivial collapsed solutions. Tian et al. (2021) show that, under certain conditions, non-contrastive
learning methods can learn non-collapsed solutions. Jing et al. (2022) show that, even with negative
examples, contrastive learning can still suffer from another type of collapse, where the learned rep-
resentations only span a low-dimensional subspace of the embedding space. In Pokle et al. (2022),
the authors show that non-contrastive losses have many non-collapsed bad minima that the training
algorithm does not avoid. Another related work that takes optimization into consideration is Wen &
Li (2021), in which the authors analyze the training dynamics of contrastive learning and show that,
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with random augmentation, neural networks can learn features that are suppressed by noises when
no augmentations are used. Though these works do consider the optimization problem, they focus on
the case where the features are uniform, and only Wen & Li (2021) considers output normalization.
We compare our results with the most relevant works in the next paragraph.

Comparison with Jing et al. (2022); Tian et al. (2021); Wen & Li (2021) The dimensional
collapse problem reported in Jing et al. (2022) is not a real issue in our setting, since, in our case, the
best the model can do is to recover the latent vector z, up to some rotation. As a result, it is natural
for the learned representations to span only a low-dimensional subspace of the embedding space
R™. Here, the point of choosing m > d is to make the optimization dynamics more regular, which
is a common strategy in the study of over-parameterized neural networks. The main difference
between our work and the analysis in Tian et al. (2021) and Wen & Li (2021) is we do not assume
the inputs are isotropic. In our setting, the condition number can be as large as ©(log d). When the
condition number is 1, one can imagine that thanks to the symmetry, all directions will be learned
simultaneously, and therefore, we do not need negative examples to prevent collapse (Tian et al.
(2021)) or the negative examples do not play an important role in analysis (Wen & Li (2021)). On
the other hand, when the condition number is larger than 1, we do need to use the negative examples
to shrink the condition number, which corresponds to the second stage of our analysis.

3 PROBLEM SETUP

Similar to previous theoretical works (e.g., Lee et al. (2021); Wen & Li (2021)), we consider a linear
data-generating model. Formally, we assume that the contrastive pairs (w;, x ) are constructed as

xh =Az" + All, xp =Bz + By, (1)

where z*, &4, &g are independent random variables following the uniforms distributions over
{+1/Vd}7", {+1/V/d}4 " and {£1/v/d}*", respectively, and A, B € R¥*", A¢, Be € R¥*(@=7)
are matrices with AT A = B' B = diag(o?) and A A¢ = B{ B¢ = 0¢1,_, for some o € R'}
and o¢ € R,. In words, we first sample the latent vectors z* € R” independently and encode them
with A, B to form the signal part of the input. Then, we sample the latent noises £}, &5 € R4,
and encode them with Ag, B to form the noise part of the input. Finally, we add the signal and noise
parts together to obtain (z},z5). To generate a positive pair (z;, ), we use the same latent
vector. Thatis, z}y = Az" + Ag&} and xf; = Bz + B¢£}. Note that the latent noises here are

still independent. We use o2, and o2 to denote the maximum and minimum of o3, ..., 02, Jg,

max

respectively. We assume that (02 /o2, )max {1, (d—r)og/(ro}

min)} < clog d for some small
constant ¢ > 0. Our results can easily be generalized to settings where the dimensions of « 4 and

x p are not the same, since one can simply pad zeros at the end of each column of A and B.

One way of interpreting this model is to view each coordinate of the latent vector z as an indicator
for the presence/absence of a certain object, and the corresponding columns in A and B as the visual
and word embeddings of this object, respectively.

Now, we describe our learner model. We consider (normalized) linear feature learners. Define

Wi w5
Fa(@a) = ATA__ fp(ap) = 528
Eaa [Wizal Eep [[We@al

where W, Wy € R?X™ are the trainable parameters. In words, we first map the inputs (x4, )
into the embedding space R" using W4 and W, and then apply batch normalization to the out-
puts. By saying the learned representations are aligned, we mean that f4 and fp are close for
positive pairs and far away from each other for negative pairs. Meanwhile, we say the learned
representations are balanced if changing a small fraction of coordinates of z does not change the
representation dramatically. See Section 4 for formal definitions.

One can easily verify that, in the population case, we have Eq , ||W 4@ AH2 = ||WXAH?, /d +
||WXA5||2F /d. For notational simplicity, we writt Ka = W, A, Kg = W5B, Ka¢ =
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W, Ag and Kg¢ = Wy Be. These are the matrices that directly map latent vectors to their
final representations. We also define N% = (||KA||; + ||KA,€||?,)/d and N3 = (HKBH?, +

IKB.e ||;)/d Then our model can be rewritten as'

Kaza+Kacka
Na ’

Kpzp+ Kp¢£B

fa(za) = Ng

fB(xzp) = ()

We initialize each entry of W4 and Wy using iid Gaussian A/(0,1/m). This scaling ensures the
norm of outputs before initialization does not blow up as m — oo. We train our model using
gradient descent over the following contrastive loss £. First, we define?

eXP(thA fB)
exp(thA fB)+KE —exp( fA f]}y

5 +7 N eXP(thA fB) ,
(@a 25) = exp(rify - fp)+ KBy exp(7i fa 1)

where K is a positive constant controlling the strength of negative samples and 7 € (0, 1] is the
inverse temperature. Then, we define the contrastive loss as

Sa(zy, xp) =

L:=La+Lp:=—ElogSa(z},z5) —ElogSg(zh,z}). 3)

By the non-contrastive loss, we mean

L= —E(fL. 1), )
Formally, the training algorithm is defined as follows.

Algorithm 3.1 (Training algorithm). Let £ be L in the contrastive case and L in the non-contrastive
case. At each step, we first sample a batch of positive/negative pairs {(zh,zh, 24, 25) Y,
use them to compute the empirical version of L, and update the weight matrices using Wa <«
Wa -1 nVWAE and Wg <+ Wpg — 1/ nVWB£

In the non-contrastive case, we always use 7; = 13, and we repeat the above update until gradient
descent converges to an approximate stationary point. In the contrastive case, we first use a small
7t = 1/ poly(d), run the process for Ty = poly(d) iterations, switch to T+ = 1, and run the process
Sfor another Ty, — Ty = poly(d) iterations.

4 MAIN RESULTS

In words, our results say that though both contrastive and non-contrastive methods can align the
representations, the representations learned by contrastive methods are more balanced. First, we
need to define what do “alignment” and “balance” mean here. We still use f4 and fp to denote the
embeddings, but our definitions here will be architecture-agnostic. After some general discussion,
we also discuss these definitions in our specific setting.

Definition 4.1 (Alignment). We define the alignment score as

o A = Sall <172 = 2ully + 1 4AA = Sall < 114 = f21H

l\J\»—A

FAlign =

Namely, I's1 1 g is the accuracy of classifying whether the input pair (x a, x g) is a positive pair. We
say that the learned representations are aligned if I'nyiqn =~ 1.

Note that the notion of alignment introduced here is stronger than matching the positive pairs, which
can be achieved by simply mapping all inputs to one single embedding. In that case, I'y1; gn Will be
0 (or 0.5 if we choose to break ties randomly instead of using strict inequality).

!See Section D for discussions on the sample complexity.
2We use fX as a shorthand for fA(wZ), similarly for other combinations of A, B and +.
3Note that, in the non-contrastive case, changing 7; only changes the learning rate.
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Definition 4.2 (Balance). We define the balance score as
2 2
Isatance = HEfHF / H2H2 where Xy := E‘ {fAf:Ar} .

Namely, I'sa1ance 1S the stable rank of the covariance matrix of the output embeddings. We say that
the learned representations are balanced if I'sz1ance > ar for some o == 1.

We make some short remarks on Definition 4.2. First, we only use f4 in this definition because
if the embeddings are well-aligned, fa f) and fp f5 should be approximately the same. Second,
the stable rank is usually used as an alternative to the actual rank because it is less sensitive to
small singular values (Rudelson & Vershynin (2007)). To see why this makes sense, note that
=415 /1215 = S, 67/ maxyepn) K7, where k1, . .., K, are the singular values of 3. If all
nonzero kj, are the same, then this recovers the actual rank. The intuition behind the use of rank is
that the more independent latent variables the model learns, the higher the rank of the representations
needs to be.

In Jing et al. (2022), the authors also use rank to measure the degree of “dimensional collapse”.
Unlike their argument, here we only require I's,1.ncc to be at least ar, instead of am, for the
representations to be called balanced because even if we can recover the underlying latent vectors,
the rank is still at most . Hence, it does not make much sense to expect the learned representations
to span the entire embedding space. Finally, note that a sufficient condition for I's514ncc > o is that

the ratio of the largest and r-largest singular values is at most v/«. In other words, after excluding
those singular values that should be 0, the condition number is approximately 1.

Why balance representations are important? In our setting, one simple example of aligned but
unbalanced representations is W, = diag(v)A~! and W = diag(v)B~! with v; = 1 and
vy = -+ = v, = exp(—d). This model maps inputs whose latent vector is z to diag(u)z, up to
some normalization, for both modules, whence it has I'»;; 4, = 1. Meanwhile, one can verify that
this model has I'sa1ance /7 < 2/7 & 0. The problem of this model is that it overly emphasizes z;
and is sensitive to small changes in z1. This model can be made balanced by replacing diag () with
I.., in which case the model directly recovers the latent vector z. As a result, all changes in z will be
reflected in the final representation in a faithful way. Similar notions have also been studied in Wang
& Isola (2020) under the name “uniformity” in the context of self-supervised learning, and they
also report that balanced representations lead to better performance in downstream tasks, though,
unlike our result, they do not provide guarantees on training. Still, this further suggests that learning
balanced representations is a reasonable and important goal.

With these two definitions, we can now state our main results.

Theorem 4.3. Suppose that the network width m = poly(d) is sufficiently large, the learning
rate n = 1/ poly(d) is sufficiently small, and we generate sufficiently, but still polynomially, many
samples at each step to compute the loss*. Suppose that, for some small constant ¢ > 0,

2 d—r)o?
Jr;axmax{l,(Q)g} < clogd.

min min

(a) Non-contrastive loss. There exists a o € R" satisfying the above assumptions such that,
after poly(d) iterations, Algorithm 3.1 will converge to an approximate stationary point,
at which the learned representations are aligned but not balanced, that is, I'ny 4, = 1 but
FBalance/T ~ 0

(b) Contrastive loss. There exists 7o = 1/poly(d) and Ty = poly(d) such that, for any
valid o, Algorithm 3.1 will reach a point after poly(d) iterations at which the learned
representations are aligned and balanced, that is, I'nyi4n =~ 1 and Csatance/T = 1.

We close this section with sufficient conditions for the learned representations to be aligned and
balanced in our setting. First, in our specific setting, the most natural way for a model to achieve
Tarign = listolearn ||fa — fB| ~ || Ko(za — zB)|| for some K, € R™*" with K] K > 0.

“To make the proof cleaner, we write it in terms of gradient flow over population loss. See Section D for
discussions on the discretization of gradient flow.
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In this case, the distance between positive pairs is always close to 0 while the distance between
negative pairs is positive. Recall that the output of our model is fa = (Kaza + Ka¢€a)/Na
and fg = (Kpzp + KB ¢£{B)/NpB. Hence, we have the following sufficient condition.

Lemma 4.4 (Sufficent condition for aligned representations). If | K| p > || Ka¢l . | KBl 5 >
|KB¢l|lp Ka ~ Kp, and the condition number of K 4 is upper bounded by poly(d), then the
learned representations are aligned.

The first two conditions imply the signal parts dominate the outputted representations, the third
condition gives the existence of K, and the final condition makes sure the smallest singular value
K| K, of is still at least 1/ poly(d) after normalization.

Now we consider the balance of the learned representations. Suppose that our representations are
already aligned, in the sense of Lemma 4.4. Then we have
KAzzTKj,} KK}

—E = .
(Fafa} = {KAHF/d KAl

Recall the relationship between I's,1ance and the effective condition number of 3. We have the
following sufficient condition.

Lemma 4.5 (Sufficient condition for balanced representations). Suppose that our model is aligned,
in the sense of Lemma 4.4. If the condition number of KXK A Is close to 1, then the learned
representations are balanced.

Note that, since the columns of A are not orthonormal, even at initialization, the condition number
of K } K 4 is not close to 1. In other words, a condition-number-reducing stage is necessary for the
model to learn balanced representations.

5 TRAINING DYNAMICS AND PROOF OUTLINE

Our proof is based on characterizing the dynamics of gradient descent over the contrastive loss.
We first choose a small inverse temperature 77 = 1/ poly(d) and run gradient descent for poly(d)
iterations. This stage is called Stage 1. Then, we set 72 = 1 and run gradient descent for another
poly(d) iterations. This stage is called Stage 2. The use of different 7 is mainly for technical
purposes since this gives cleaner separation between stages. We observe similar stage-wise behavior
when using a uniform 772. See Figure 1 for simulation results. We also report results for the non-

contrastive loss there.

5.1 THE TRAINING DYNAMICS

Instead of tracking the parameters W4 and Wy directly, we will track K4, K4 ¢, KB, KB ¢, the
matrices that directly map latent signals and noises to the final representations. For the case with
contrastive pairs, one can show that the dynamics of K 4 are governed by the following equation

Ko= FE _ +ooy (FBEDT

a= E. (2—Sa(zy,zp) — Sp(zh,xh)) Na <fA,fB>N2d diag(o?)
Sa(xh, xh)exp(r?fi-fg) (fa(z")T

_Kwtﬂg{ exp(r2f 4 - I5) ( Na <fA’fB>N2d>}dlag( )
Sp(ah, xp)exp(riPfa-fh) (F5(z)7

_ngig{ exp(72 fA fB) < Na <fA7fB> N2d>}d1ag( %).

)
See Lemma A.3 for the calculation. The first term comes from the positive pairs and the second and
third terms from the negative pairs. Within each term, the second part comes from the normalization.
The equations for the other K -matrices can be derived similarly. We rescale the gradients by 1/77

o) that K 4 does not shrink with 2. For the non-contrastive case, the equation is

d +
g Ka w;@m;{% <fA,fB>N2d}d1ag( %) (©6)
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Figure 1: Simulation results. The first row reports the accuracies of different approaches on the
classifying positive/negative pairs problem, and the second row reports the values of the largest r
singular values. From left to right, the columns correspond to the non-contrastive method, con-
trastive method with 7, = 1 throughout the entire process, and contrastive method with 7, switch
from 0.01 to 1 at the vertical dashed line. One can make several observations here. (a) All meth-
ods can quickly attain near 100% accuracy. (b) Only contrastive methods will reduce the condition
number to approximately 1. (c) Even when 7; = 1, we still have the stage-wise behavior, where the
models first align the representations in Stage 1, and then balance the representations in Stage 2.

Note that the RHS resembles the first term of (5). This is not a coincidence. We will establish the
approximate equivalence between the non-contrastive approach and the contrastive approach with a
small inverse temperature 77 (cf. Section 5.3 and Lemma B.9).

5.2 THE INFINITE-WIDTH DYNAMICS

The overall proof strategy is to first characterize the dynamics of the infinite-width limit, which is
much simpler compared to (5), and then control the error introduced by discretizing the infinite-
width network using polynomially many neurons. This discretization is one of the main technical
challenges of the proof. In general, in order to track the infinite-width dynamics, an exponentially
large network is needed (Mei et al. (2018)).

The basic idea is to use Taylor expansion around the infinite-width trajectory to factor out the first-
order error terms and show that, either they drive the process towards the infinite-width trajectory or
the error growth introduced by them is slower than the convergence rate.

Here, for ease of presentation, we will focus on the noiseless infinite-width dynamics and, in par-
ticular, the evolution of the condition number. Recall that we use iid Gaussian to initialize the
entries of W4 and Wg. Hence, in the m — oo limit, different columns of K 4 and Ky are
orthogonal to each other, at least at initialization. Moreover, one can verify that thanks to the sym-
metry, this holds throughout the entire training procedure. Meanwhile, by symmetry, the corre-
sponding quantities in modules A and B are always the same. Namely, when m — oo, we have
K jKa = KLKp = diag(k?) and K ; Kp = diag(k?) for some &,k € R". As a result, in
order to characterize the dynamics of K 4, K g, it suffices to look at k2 and £2. One can show that,
in this noiseless infinite-width limit, we have (cf. Lemma A.7)

a, NE AR N .

k2= (1-8) [ 2y - EL P )24 (1-8) (LT, - —L5T ) o2,
d® [ /e 1y Il Il 3 o
a, NN N
Si2=a(1-8) [ 2y - EL P )24 (1-8) (2T, - —L5T ) o2,

dt " [ /e 1y ] ] :
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where S is a ©(1) quantity depending on & and k, T, = tanh(Tf/%Z/HnHQ), and T =
S (Re/ Hrc||2)Tp. The first term comes from the first term of (5) and the second term from

the second and third terms of (5). When nfj ~ /%12) for all p € [r], the model is aligned. When all H?)
are roughly the same, the model is balanced.

5.3 STAGE 1

In this subsection, we describe the dynamics of gradient descent in Stage 1 and explain how we
control the growth of the errors and condition number. For ease of presentation, we will mostly use
the infinite-width dynamics (7) instead of the finite-width one (5).

Equivalence of Stage 1 and non-contrastive methods Recall that we use a small 77 in Stage 1,
T, ~ 0 for all p € [r], whence T is also approximately 0. As a result, the second terms of (7) are
approximately 0. In other words, only the positive pairs matter. Meanwhile, one can check that, in
the infinite-width limit, (6) corresponds to the first term of (7), up to some multiplicative factor. This
gives the equivalence of the dynamics of Stage 1 and the non-contrastive method. See Lemma B.9
for a more formal proof in the finite-width setting.

Now, we consider the contrastive loss. The main result of Stage 1 is as follows.

Lemma 5.1 (Informal version of Lemma B.1). Under the assumptions of Theorem 4.3, the finite-
width dynamics closely track the infinite-width ones throughout Stage 1, which takes at most poly(d)
iterations, and, at the end of Stage 1, we have, for any p,q € [r] and s € [d — 7],

B2/~ 1, ||[Kagll? k2~ 0, Hg/nggo(\/é). ®)

Moreover, there exists a o € R” such that maxy, 4 K3/} = Q(V/d) at the end of Stage 1.

In words, (8) says, at the end of Stage 1, K4 ~ Kp in the relative sense, the noise-signal ratio
is small, and the condition number is bounded by O(\/ﬁ) By Lemma 4.4, the first two conditions
of (8) imply that the learned representations are aligned. The proof of this lemma can be found in
Section B. Basically, we couple the convergence of /%f, / /1[2, and the noise-signal ratio with the growth
of discretization error and condition number. The main tool we use is the following nonlinear version
of Gronwall’s lemma.

Lemma 5.2. Let A; be a positive process. Let X; and Y; be defined as X, < —AtXt,Yt <
LA XYz, with X, Yy, B being positive. Then, for any T > 0, we have Yr < Yy exp(5Xj).

Here, X, represents the progress we have made and Y; the error we wish to control. In our case,
X, is the maximum between 1 — f%i / m% and the noise-signal ratio, and Y; the discretization error
and condition number. This lemma says that, if the error growth rate decreases as we make more
progress, then by coupling these two processes, we can make sure the error does not blow up.

5.4 STAGE 2

In Stage 2, 77 is no longer o(1), and now the second term of (7) comes into play. We show that, in
this stage, the model will reduce the condition number of K 4 to approximately 1. By Lemma 4.5,
this implies that the learned representations are balanced. Formally, we have the following lemma.
The proof can be found in Section C.

Lemma 5.3 (Informal version of Lemma C.1). Under the assumptions of Theorem 4.3, the finite-
width dynamics still closely track the infinite-width one throughout Stage 2, which again takes at
most poly(d) iterations, and, at the end of Stage 2, we have, for any p,q € [r] and s € [d — 7],

R2/kE~ 1, |[Kaelsl® k2~ 0, k2/k2~ 1 9)

The way to control 1%12) / 512, and the noise-signal ratio is similar to Stage 1. For the condition number,
note that when Tf = 1 and Rk = K, the first term of (7) becomes close to 0 while the second term
becomes —4(1 — S)k2/ ||x||* (T, — T)o2. Since T}, = tanh(7742/ ||k||°) is positively correlated
with /2 / |k||* and T is a weight average of these T,’s, this term will push A2/ |k||* towards their
average and, consequently, reduces the condition number. To obtain a satisfactory convergence rate,

it suffices to consider the ratio /<;12, / f<;§ directly. See Appendix C.5 for details. The discretization error
is handled in Appendix C.2.
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6 EXPERIMENTAL RESULTS
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Figure 2: Results of the MSCOCO experiments. The top row plots report the training loss, alignment
scores, and balance scores during training, respectively. The bottom row figures plot the downstream
accuracies and the largest 25 singular value of X ¢ at different epochs, normalized so that the largest
one has value 1. One can see that the alignment score quickly reaches near 100%, and the balance
score, as well as the downstream accuracy, increases gradually during training, which matches our
theoretical analysis.

Besides the simulation results reported in Figure 1, we also conduct experiments on the MSCOCO-
2014 dataset (Lin et al., 2014) using more practical models. See Figure 2 for the results. For the
text part, we use a pre-trained RoBERTa (Liu et al., 2019), followed by a 3-layer fully-connected
network with batch norm between layers. For the image part, we use a pre-trained ResNet101 (He
et al., 2015), followed by the same layers. In both parts, the width of the fully-connected layers
and the output dimension are 768. We freeze the pre-trained parts of the model and only train the
fully-connected parts.

We measure the quality of the learned representation using its zero-shot performance on the
MSCOCO-2014 validation set. Unlike common image classification datasets, images in the
MSCOCO dataset usually have multiple labels, each corresponding to an object that appears in
the image, and there are 80 categories in total. We regard a prediction to be correct if it matches one
label. The zero-shot classification is done in the same way as in Radford et al. (2021). Namely, we
compute the image embedding and the embeddings of prompts “This is a [LABEL_NAME]”, and
use the prompt with the highest correlation with the image embedding as the prediction.

7 CONCLUSION AND DISCUSSION

In this work, we study the role of contrastive pairs in multimodal learning, and show that contrastive
pairs are important for the model to learn representations that are both aligned and balanced. Our
work extends previous results in several directions: First, we consider the more complicated mul-
timodal learning problem. Meanwhile, our data generating model is inhomogeneous, and we show
that in this case, non-contrastive method can collapse to an approximately rank-1 solution while
contrastive method can learn all features. We also include output normalization in our analysis, a
technique that is widely used in practice but is still under-studied in theory.

However, despite the complexity of the analysis, our model is still linear, which is very different from
the models used in practice. Also, for the results on non-contrastive methods, we do not consider
more advanced training techniques such as Grill et al. (2020) and Chen & He (2021). We leave the
analysis of these more practical techniques for future work.
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A  GRADIENT CALCULATION

In this section, we compute the gradients and the equations governing some related quantities. We
first consider the general finite-width case, and then the infinite-width case, in which we have simple
formulas for many quantities of interests.

A.1 THE FINITE-WIDTH CASE

The results in this subsection are mostly brute-force calculations. First, we prove the following
auxiliary lemma.

Lemma A.1. For any :cz and T g, we have

(AKJ + AcK ) /d

Vwnexp(r2fh-f) = LOPOLATB) (o oy (r g0y

Na Na
Then we compute the gradients.
Lemma A.2. We have
T T
ah (F5)7 (AKA + AgKA7€>
Vwal=- E 3 (- Sawhowh) - Salwhwp) | AT - () S

AK) + A¢K ) [V

K . Sa(xh, xf)exp(r2f4 - f5) m;(fE)T<fX,f§>(

Na wht (77 f3 - f5) VIEAL + 1 Kacl
B T T
K2 o) Splhah) exp(ifa - £5) [ o (AKT S AK ) /Y
=+ N o - <anfB> 2 D)
A aha exp(?f4 - f5) VIEAlG + 1Kl

The formula for Vw L can be obtained by interchanging the roles of A and B.

Instead of tracking W4 and W directly, we are going to track K4, Kp, K¢ and Kp ¢. The
dynamics of them is governed by the following equation. As a direct corollary of Lemma A.2, we
have the following.
Lemma A.3. We have

d
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‘We can rewrite the above result as follows.

Corollary A.4. Define
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We have

K K
g, = TQl diag(0?) + Nif\‘;ﬁdQLgB diag(o?) + ANiAdQO diag(c?),

. K, Kp .
S Kp-— 7BQ1T diag(a?) + Na N dQl e diag(o?) + ‘NJQBdQO diag(a®),
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K __—B
KA = N NpaRieatc t N Ngd dQ2 o¢ + N2dQ0 &

_ T 2 A£
_ﬁQ Qz g‘*‘ NngOUg

We are interested in each column of K 4 and K g, whose dynamics is given by the next lemma. The
next lemma also decompose the dynamics along the radial and tangent directions.
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Lemma A.5. Foranyp € [r| and q € [d — 7], we have
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Finally, as a simple corollary of Lemma A.1, we have the following result on the gradients of the
non-contrastive loss.

Lemma A.6. For the non-contrastive loss (4), we have

A za(fs)" + et (AKX * AgK’T"E)
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As a corollary, we have, in this case,
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OMITTED PROOF OF THIS SUBSECTION

Proof of Lemma A.1. We compute
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For the first term, we have Vw, (W a}, f5) =« (f5) . For the second term, we have

2 2
VWA\/HKAIIF +HlIKaelr  Vw, |Kallx +Vwa [Kagly  AKA+AK
- 2 2 - 2 2
\/l\KA||§+|IKA,g||§ 21 Kallr + [ Kaelr) 1K alle + [ K el

Hence,

mA(.fB)
VIEAIZ + [ Kael2/vVi
AK, + A¢K
1K al7+ [ Kagl
(AK] + AeK} ) /f)
VIKAR + [ Kacl?
O

Vw,aexp(ti fh - fg) =1 exp(Pf4 - f5)

- T eXP(thA fB <.fA7fB>

- TLonlrifs o) (»'cii(f) ~ (£ f5)
VIEAIZ + | Kagl?/vVi

Proof of Lemma A.2. We compute
VwaSa(zs. zh)
SA(ZC::"’BE)
:—E{ 1 Vi, exp(thA fB) }
SA(:EX,HJE) GXp(thA fB)+KEz exp(7; fA )
:—E{ 1 Vwa exp(T; .fA fB) }
SA($A>w+B)eXP( fA .fB)+KEz exp(7 .fA )
_HE{VWAGXP( 2fh - I5)+ KE.- Vw, exp(t?f4 - fB)}'
eXP(thA fB>+KEz exp(7; fA Is)

Vw,La=—E

By Lemma A.1, the first term is
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and the second term is
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Then, for Vw , Lp, we compute
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Again, by Lemma A.1, the first term is

_E Vwa exp(rifa - f)
Se (w£7w;§)eXp(Tt.fA fB)+KE —exp( fA .fB)

(AKA + AﬁKA,g) /Vd

2
VIl
and the second term is

Vwaexp(rPfa - f5) + KVw, E feXp(TEf,X'fE)
eXP(Tt.fA .f )+K]E —exp( .fA fB)

2
= - %AE ah(F5)T = (F5, £5)

2
Tt

AK, +AcKj ) /Vd
— L E{ Sa(@h.ah) wz<f§>T—<fz,f§>( - i)

2
VIEal2

za(f5)" = (fa- F5) (

T T
+ K} E SB(“’AJ:E) exp(rf fa- fB) AK,+ AgKA@) /\/&

Na exp(rifa - f5) \/HKAH;
Thus,
72 AKI‘+A§KI1£ /Vd
VWAEB__EE (1_SB($:2’$E)) wj&(fg)T_<fZ7f§> ( 2 )
VIE AL+
T T
K E SB(:I:A,a}B)eXp( fa- .fB) — e \T _ /e~ ot (AK-A—‘_A'SI{A’E)/\/a
TN exp(T2fh - f5) zalfp) —{fa f5) 2 2
4 p(rifa- T5 VIEAR + [ Kacl?
Combine these formulas together and we complete the proof. O

A.2 THE INFINITE-WIDTH CASE

Now we consider the noiseless infinite-width dynamics. The results of this subsection will not be
used in the proof. It mainly serves as a way to give intuitions on how the dynamics looks. As we have

discussed in the main text, in this noiseless infinite-width case, it suffices to track x> = ||[K A]p||2
and ’%127 = ([Kalp, [KB]p)-

Lemma A.7. In the noiseless infinite-width case, we have
d , N N w
k2= (1=8) [ 2y - EL =P o2 -4 (1-8) 2T, - 2T ) o2,
de? (IIKII Iel* Isl® ) " <]l I ?
d o (AP N i
; 4(15)( Dty |2 =4 (1= 8) | LyT, - —2,T ) o2,
" Iel* (lsl* lsl*) 7 I I ?

17
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Proof. First, note hat

_ (KpazT,z7) (27,27).
i fg) = = 5o
(Fa-f5) Is))? /d Is))? /d

This implies that (a) (f4, f7;) does not depend on the actual value of 2™, and (b) if we flip the
signs of z7 simultaneously, then the value of (£}, f5) remain unchanged. To compute S4, we
then need to take expectation over z~. We compute

— . KZ Z Z
Eew (i fa) =1 B e ( Il /iz> (nn >_: “
k=1

k=1"%k

Again, it does not depend on the actual value of zT. One can conduct similar calculation for Sg

and, consequently, we have Sqp = Sp = S for some S that depends on & and & but not on z ™.
Then, we can rewrite (5) as

dia,
" e Na } g(o?)

_ G exp(7i fa - f5) <f13(z+)T + -
2K5 +E {eXp(thA ) Na (fa.f8)

Z!A,:I}B

~ K k|7 K
=2 (1 - S) B2 - HRHQ A2 diag(o?)
lll™ flel” (]

g 20t 27V . d —(zH)T Toz7).
_% . {exp (Tt (z ,z2>,{2 ) <KBz 2(z ). (2 722 )&z KA2>}diag(0'2).
exp(“””” )w;,wﬁ & el /d lell™/d =l

[l

iK’AfQ(lfS) E+{fg(z+) <.fA7fB>

KA . 2
de)}dmg(a )

Note that

242 4 ,— 4 242 4 ,— 4
=g E {eXp (wkzk> Z;Z;d} e {exp <W>}
“ &l i 7 ]|
2 2 2,2
= 1{p = ¢} sinh < ) Hcosh (Tt K’;)
I1? ) |

=l{p= q}ZCTP'

Meanwhile, note that

2t 27 . d + =) r 52 200t 27Y . d
E exp Tt <Z ) 22 >n2 <Z ) Z2 >K‘,2 _ Z K:IQC E exp Ti <Z ) 22 >K‘,2 Z]—:Z]g_
whr [l [&]|” /d = Isll”/d =* [l

T th
= Il
= ZCT.

18
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Thus,

12
gI{A =2 (1 — 5’) <|KB — I&] Ka ) diag(a?)

2 2 2
dt &l™ sl [«

2KSZ. Kg | Ka -\
) <| Bz diag ([Tk]ke[r]) - ”H%T> dlag(a'z)

B 2141
exp( TP |||
- [ Ks IR KA> o
=2(1-9 - diag(o®)
( ) <||f<e||2 I&l? 5]
~( Kg . Ka -\ ..
-2 <1 — S) <|K|]|32 diag ([Tk]ke[r]) — M{TZT) diag(a?).

As a corollary, we have

a ~ ((Ksl, [P K4l (Kbl Kl
il =2 (1) ( P )”5_2<1_5) < TR T) a
Hence,

%Kg =2 <[KA][H (;it[KA]p>

N (RE O |R|)P K2 N [ R K2
:4(1fs) p__ P 02,2<1,S) e B g2,
<||"6||2 Il sl ) F I&l>" sl P

By symmetry, for K g, we have

d o [K }p H’%”2 [KB]p 2 & [K ]p [I(B]zv~ 2
ailel =2 (1-5) ( PR )”"_2(1_5) < o e T> ia

Then, we can compute

a, NE AL N T
< :4(1—S)< L ety |2 =4 (1= 8) | LT, - 2T o2
dt® el Nl Il® ) " [l [l 3

B STAGE 1

In this section, we show that the following hold:

(a) Ka =~ Kp after Stage 1.

(b) The noise-signal ratio is small after Stage 1.

(¢) The condition number is O(+/d) in Stage 1.

(d) The trajectory is still close to the infinite-width one in Stage 1.

We formalize the main results of Stage 1 bellow.

Lemma B.1 (Stage 1). Under the assumption of Theorem 4.3. We can choose a sufficiently (poly-
nomially) large m and a sufficiently (inverse polynomially) small 77 that may depend on the §’s that
appear in this lemma so that the following statement holds.

Let T be the earliest time all the following hold:

(Kal, Kaly) > 1-0., e
I[K a.elqll
Al =N Vp e [rlg e ld—rl,

19
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where 0_,0n,g € 1/ poly(d) are two given parameters. We have Ty < poly(d). Moreover, at any
time t € [0, T1], we have ko 1= max,, 4ep [|[Kalp|l / |[Kalqll < O(Vd) and

I[Kalpl* = (1 +6a/8) |[Kslol?, [Kaelgl® = (1+0a/8) [[Kp.eldl”, Vp € [r],qg€d—r],
_1Kady .,
I v R ¥, € [d 7],
max{’<[Kc]p7 [KD]q>‘ :C.De {AvB}} <d0aB,1, Vp # q € [r],
max{’<[Kc]P7 [KD{](I>’ ) <[KA7€]85 [KB,ﬁ]q>‘ :C,D e {A,B}} < 6£,L7 Vp € [T],q,s S [d - TL

(10)

where 0 o/B, 0¢ ro,0AB, 1, 0¢,1. € 1/ poly(d) are given parameters.

Basically, the conditions in (10) mean that the norm of the corresponding columns are roughly the
same, and the columns of all these matrices are approximately orthogonal to each other. Both of
them are true in the infinite-width limit, and by some standard concentration argument, one can
make all these errors to be arbitrarily inverse-polynomially small, at least at initialization. Note that,
as a simple corollary of (10), we have

N = Ng (11,/5,4/3) .

For notational simplicity, we also define

e I[K a.elqll
_ =maxi1—([Kal,, [ KB , = max —————.
P pem{ <[ alp | B]">} PNIS = 080 Kbl

q€[d—r]

Characterizing the dynamics in Stage 1 is relatively straightforward. We will see in Section B.1 that
all those @Q-matrices have simple forms. The main tool we use to control the condition number and
the discretization error is the following nonlinear version of Gronwall’s lemma.

Lemma B.2. Let A; be a positive process. Let Xy and Y; be defined as
Xy < —AXy, Y, <A XY,

with Xo, Yo, « being positive. Then, for any T > 0, we have Y1 < Yy exp(aXj).

Remark. Here, X; represent the progress we have made and Y; the error. In our case, X; is the

maximum between 1 — <[K Alp, [KB] p> and the noise-signal ratio, and Y; the discretization error.

This lemma says that, if the error growth rate depends on the progress, then by coupling these two
processes, we can make sure the error does not blow up. The point of this lemma is that, with
coupling, we do not need a very tight estimation on the convergence time nor the error growth
rate. &

Proof. The solution of this ODE system is given by

T T t
X = Xpexp (—/ A, dt) , Yr=Yyexp <aX0/ Apexp (—/ A, ds) dt) .
0 0 0

Note that

T ¢ T ¢ T
/ A exp (—/ Asds> dt = —/ dexp (—/ Asds> =1—exp (—/ Atdt> .
0 0 0 0 0
Hence,
T
Yr = Yyexp (aXO (1 — exp <—/ A, dt) >> < Yyexp (aXp) .
0

20
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The organization of this section is as follows. In Section B.1, we derive estimations for the Q-
matrices defined in Corollary A.4 and use them to simplify the equations governing the training

dynamics. In Section B.2, we estimate the rate at which 1 — <[K Alp, [KB] p> and the noise-signal

ratio converge to 0 and the growth rate of the condition number. In Section B.3, we estimate the
growth rate of the discretization error. Then, in Section B.4, we prove Lemma B. 1, the main lemma
of Stage 1. Finally, we prove the negative result for non-contrastive learning in Section B.5.

B.1 ESTIMATIONS FOR (Q AND THE DYNAMICS

Thanks to Lemma A.5, in order to analyze the dynamics, it suffices to estimate the Q-matrices. In
this subsection, we derive estimations for them and use these estimations to simplify the equations
in Lemma A.5. Recall that, in Stage 1, 7 is small. Hence, exp(7? (f4, f5)) = 1 £ O(7?). With
this approximation, one can derive the following estimation for S4 and Sp.

Lemma B.3 (Estimations for S). In Stage 1, we have

1
SA = 1_'_7}_{ + Oz (TE) + O (Tt2d6£,J_pN/S) 5

and the same is also true for Sg. Here, O, (1%) means O(7}) and this does not depend on & o nor

€B.

The proof of this lemma and all following lemma is deferred to the end of this subsection. Note
that we derive a slightly finer estimation for the noise-related part. This additional pp/s will be
used cancel with terms like ||[K alp|| / [|[K a,¢]qll, at the cost of a k¢ factor, in later analysis. We
emphasize here that O, does not depend on the noises so that later we can argue [E¢ {Oz (7)€ } =0.
With this lemma, we now derive estimations for Q1, Q1.¢, Q2 and Qo, respectively.

Lemma B.4 (Estimations for Q1). In Stage I, we have

2K
1+ K

Q1 = I, +0 (drf).

Lemma B.5 (Estimations for Q1 ¢ and Q). In Stage 1, we have

max {[|Queallp . 1Quenllp, 1Qellp} = £0 (72 piysde, 1) -

The above two lemmas say that in Stage 1, Q1 is approximately diagonal, and Q1 ¢ and Q2 can
more or less be ignored.

Lemma B.6 (Estimations for Q). In Stage 1, we have

2K (Ka,Kp)

Q=-1TF% NaNgd

+ O (dr?).

The proof of Lemma B.6 is essentially the same as the proof of Lemma B.4 so we omit it. With
these three lemmas, we can now simplify Lemma A.5 as follows.

Corollary B.7. In Stage I, for any p € [r] and q € [d — 7], we have

Kbl = ey (“K““”Kf“> <K“”Kf>>nkqbﬁ

" 1+ K NsANgd [[Kal,|? ~ NaNgd

a4 |
dt
+0 % ) 2d) K2

NANBd( A/BF T )Kp ’

d 2 4K 0§ (Ka,KpB) 2 U? 2 2
T EAddl =~ e v Naveg IEadl® 20 | e (a7 +\/oass ) [ Kadl ).

The formulas for Kg and K ¢ can be obtained by interchanging the roles of A and B.
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Basically, the two parts of the first term of & [|[K A]p||2 correspond to the signal and normaliza-

tion, respectively. For & ||[Ka ¢], |2, the signal term is 0 because the noises in xy and =} are
independent and have mean 0.

Corollary B.8. In Stage 1, we have
2

d—— 2K o2 T o2
—[Kalp = mm (I — [Kalp ([KA]p) ) [Kglp £ 0 <NANBd (Tt d°ko +d 5A/B) )

dt[

d 02 3
dt[KA E] :|:O NAN thd Iio(gg’J_ .

Interchange the roles of A and B and one can obtain the formulas for K and Kp ¢.

Note that, after normalization, the normalization terms cancel with each other, and the signal terms
drive [K 4], and [K 4], toward each other. Moreover, without the normalization terms, different
mp are approximately independent of each other. This allows us to maintain the orthogonality
between different columns.

Note that the above results also imply the following lemma.

Lemma B.9. The dynamics of the non-contrastive method and the Stage I dynamics are equivalent,
up to a multiplicative constant and some higher-order terms.

OMITTED PROOFS OF THIS SUBSECTION

Proof of Lemma B.3. First, we write
B <KAZ+,KBZ’>+<KAZ+7KB,5€1_3> + <KA,§E,J£7KBZ_>+<KA,5EZ7KB,g€1§>

+
Fafo) = NN NaNp NaNp
For the second term, we write
(Kaz',Kpekp) K alill” 1K el <7 e T
2B/ Z UL (TKali [Kpel; ) % € 0.
NANB Z NANBd |||:KA]ZH [ A] [ B»ﬁ]] ZfB,j

i€[r],j€ld—r]

For each summand, we have |[[Kp¢l;||l / [[[Kalill < O(pnys), <[KA]% [KB,5L'> = +0(d¢,1),

(Kaz" . Kpetg)

and |zi+fg.7jd| < 1. Hence, NaNo

<KA,§££7KBZ7>

= F0(dd¢, 1 pnys). The same is also true for

and the third term. Therefore,

NaNgpd
_ (Kazt, Kpz™)
(fa-fp)= # +0 (dd¢, Lpnys) -
Then, we compute
_ Kaz" , Kpz~
exp (72 (75 1)) = oo (A5 220 ) (150 (v ovs)

=120, (1) £ O (r7dd¢, 1 pnys) -
Thus, )
The proof for Sp is essentially the same. O

Proof of Lemma B.4. Recall that
Qi1 =E{(2-Sa(z},z}) — Sp(zh,z5)) 2" () "d}
_KE{SA(a:A,a:B)eXp( Pfa fB)z—(z+)Td}
exp(i f4 - )
. KE{SB(:BA,wE) eXp(Tt .fA : .fg)z-i-(z—)'l'd} )
exp(i 4 - )
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Since Sa = (14 K)~! £ O(7?) and S = (1 + K)~! £ O(7?), we have
2 2K ,

2 Sa(xly,xp) - SB(wA’wB)_Q_mi (t):miO(Tt)'
As a result,
2K )T )T K +(—\T 2
Q= 1+KE{Z '} - T K E{z ) d} 1—|—KE{Z (z7)'d} £ 0 (dr}).
Note that E {z~(27)" } =0and E {2"(2T) "} = I,/d. Therefore,
2K
= I+ 7).
Q: Tr i O (dr})

Proof of Lemma B.5. Recall that
Qica .fE{(2fSA(wA,a:B) SB(a:A,mB)).fA Td}
SA(:BA’:EB)EXP( fA fB) T }
—KE d
{ eXp(Tt .fA fB) éA(Z )
SB(m,—Z?mB)eXP( fA .fB) T }
—KE dy.
{ eXP(Tt .fA fB) gA(z )

Note that if some quantity X does not depend on &, then E { X &} = 0. Hence, by Lemma B.3, we
have

Qiea = £O (17d°pnyse, 1) -
The proof for Q1 ¢, and Q3 is essentially the same. O
Proof of Corollary B.7. Recall that

d 2 ([ Kalp, [KpQilp)
K alpll™ =2

Kalp, [KBeQ1.eslp) 1K |
2 2<[ P> £%1E8lp/ 2 | o P
NaNgd 7" NaNgpd 7T N2d

- Z T (g IEaL ).
‘We now estimate these terms one-by-one. For Ty, we have

([Kalp, [KpQily) = (Kaly, [KBlp) Qilpp + Y ((Kalp, [KBlk) [Q1]k,
k#p

2
Qoo

= 1%’_7KK ([Kalp, [KB]p) £0 (denf)) +0 (TEdHZH05AB7L)
= 2 (K al [Ksly) £ 0 (7d52)
Hence,
T, (d 1K al, ||> K% kA K], >:|:O< % 2dﬁz>.
dt 1+KNANBd NaNgd p
For Ty, we compute
d d—r
(KAL) = NBd; K aly, (K5 €l6) Q1.0
2 d—
_ ]e kg 2 [IESS s ]}H“ <[KA]p’ (KBelk >[Q1,§B]k,p

0.2
3
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Finally, for T3, we compute

@i 12) o lEaLI (2K (KaKp) oo
1 (5 ) =218 (L2 EAPE) 4 6 art) ) o

4K 02 <KA KB> ) K
= 14 /6a/) 2B IK L7 +0 | —2—
1+KNANBd( \/T/B) Nanpd Eabl™ =0 | 5

4K o0, (Ka,Kp) ( o

— 5 2q
1+ K NaNpd NaNgd NANBd( A/B T )“

kSN
— A

Combine these together and we obtain

4K or 4K 02 (Ka,Kp)
Kal,, [K P ’
1+KNANBd<[ Alp. [KBlp) - 1+ K NaNgd NaNgd

2 2
%p 3 Tp 27\ .2
iO(NAN i de/SégJ_ﬁ>iO<NANBd( 5A/B+Ttd)/<;p>

_ 4K oy ((Kaly [KBly) (Ka Kg) >
_1+KNANBd< - - )II[KA]pII

K alyll” NaNpd
2
9 2 2
+0 (NANBd ( da/B +Ttd) /{p> .

Interchange the roles of A and B and we obtain the formula for & ||[K ] p||2. Now we consider
K 4 ¢. We write

ALl = KAl

<[KA,E]qv [KBQI@AL»

d 2 o (Kagle [KpeQaly) o, KAl
KAl =2 NaNpd et NaNpd | eTE amg Qo
3
-3 (5 Imadll?).
For T, we compute
d ((Kagle: [KBlr) [Quealak o
T -
(5 Iadal) = g okl Brtalok 5
207 O I KBkl
£ 2 B
Kaglo, K
= Mangd 2o | Eadld” [ T (Eads Kol ) @exla
:iO(l)iH[KA ] H?Zﬂé T2 g0e 1
NANBd ,€lq —~ PN/S &, t N/ &,

02
=+0 (N Nod" TP d’rod, ) [I[K aglq ||>

Similarly, one can show that this bound also holds for Ts. Finally, for T3, by Lemma B.6, we have

d II[KA,s]q||2F 2K (Ka,Kp) ) 2
(5 lcacll®) =2lladile (1o ) (- 2K BAKR) L6 ) ) o
2
— A% KaKp) e g2
1+ K NaNpd NaNpd ’

0'2 )
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Combine these together and we obtain

d > 4K 0f (KaKp) > o¢ 2
G Bl =~ woved v v | EAlr£0 | 5 (a7 +\foass ) 1K gl ).

Interchange the roles of A and B and we obtain the formula for Kp ¢. O

Proof of Corollary B.8. We write

. —\"\ [KQil, ©;
il = (1=l (L)) it
2

(1 @) ) Mt

- (jt[KA] ) Ty (jt[KA} )

T 2

T, (jt[KA] ) = Z (I —[Kal, ([KA]p)T) ol ||[K|1|3[}I/2!‘[f”1]k,p NAajfde

k=1

For T, we have

. KB @iy, o2
— <I — [Kalp ([KA]p> > (KBl |ﬁKA]p” NaNpd

T I[KBll [@ikp,
+,;,< Al (1K) )[KB]k Rl NaNgd

For the first term, by Lemma B.4, we have

Also by Lemma B.4, for each summand in the second term, we have

K B[l [@]kp
I alyll

=10 (’Tt2d/€0) .

Therefore,

T (KAL) - liﬁ(m (1~ 1A, ([®a) ) o,

+-—P2 NANBd ZO (Tt dro + 5A/B) (KBl

For To, by Lemma B.5, we have

() e - )

2 d—r
Tp ( 2 12 2 ) T
= E 0] d ) K .
NANBd P Tt pN/S gL [ B,dk
Combine these together, and we obtain

ARl = e (1 T, () ) Ry

2 r 2 d—r
L 2 Op 252 92 —
+ k;o (v2dmo +\foas) (KBl + 5 k;o (2 3y sbe ) s ol

2K o T a; 2 12
" 1+ K NaNgpd <I - KAl (Kal) ) el 20 (NANBd (e +dy/oasm) |
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Now, we consider K 4 ¢. Again, we write

de—e— T [KBQig,la o
o Eael = (I—{KAvs]q (Kael) ) I[Kaely| NaNgd

T £Q2]q o¢
; (I - Kadls (Kac,) ) [ﬁz?f,gﬁ]n NaNpd

T (Ci[I{AéLz) + Ty (;t (Kaglq )

For the first term, by Lemma B.5, we have

d - T UK Bkl (@ ealar ¢
<dt [KA E] > Z <I_ [KA,ﬁ]q ([KA,ﬁ]q) ) [KB]k ﬁ[;(A,dq” - NA]fde

k=1

Ko
=+
Z (NANBd NS T Fd? PN/S5§ L)

0_2
=20 [ ————72d%kode,1 | .
(NANBth Ko gL

The same bound also hold for Ts. In fact, we can have a slightly sharper bound for it because we no
longer have ||[KgBlx| / ||| a.¢]q]|- Combine these and we obtain

d of 5
&[KA,A =10 Na N d din(SE,J_ .

Proof of Lemma B.9. The proof of Corollary B.8 and Corollary B.7, mutatis mutandis, yields

d 2K K
K B

d 2K Ka (Ka,Kp)
At AT 11K NaNgd

1+ K N2d NaNgd

52
+0 (mx (dTE + 5A/B> ||KA|F) ,

diag(0?) — diag(o?)

NaNgd

d 2K Kae (Ka,Kg) , 2 2
_ ’ +0 dr? | K .
1+ K N4d NaNgd ¢ N2d 7i [ Kallp

Recall from Lemma A.6 that, in the non-contrastive case, we have

d +(+
Sra =B { B i g S ding(o)

Kpg . 9 (Ka,Kp) Ka .. 9
= d — A B 24 g
NaNgd 12800 = T N oa Ve sl
EK _ (Ka,Kp)Kag »
ar s NaNpd N3%d ¢

Note that they are exactly the same, except for a 2K /(1 + K) factor and some higher order error
terms. O

B.2 CONVERGENCE RATE AND THE CONDITION NUMBER
In this subsection, we estimate the rate at which 1 — p_ and p/s converge to 0 and the growth rate

of the condition number. The basic idea is to use the estimations we have derived in Corollary B.7
and Corollary B.8 to approximate the finite-width dynamics with the infinite-width ones.
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Lemma B.10 (Convergence rate of p_). In Stage I, we have, for any p € [r],

i (0 1) = 105 (1 (A T )) o (. 1)

oy 2 52
p
+0 NANBd(TtdKOJr 6a/m) |-

Note that 1 + <[KA],,, [KB]p> = O(1). Hence, <[KA]p, [KB]p> will converge to 1 at a linear
rate.

Now we consider the noise-signal ratio. For some technical reason, instead of characterizing the
dynamics of py, g, we consider

s = [Kacly
NS Ka + Ksllp

Note that we always have

(d =) K aelql”
wgr |[E al,

K 2
|Kaely -

> 0(1)
1K all

Ps = O(1)

In other words, py,s can be bounded by pn/s < O (drﬁﬁN/s).

Lemma B.11 (Convergence rate of py,s). In Stage 1, we have
d 4K o2, o2
. < _ min ~ 19) max (d 2 S ) ~2 .
dtpN/S_ 1-|-KNANdeN/S+ (NANBCZ Ti T\/0a/B ) PNys

This lemma says the noise-signal ratio decreases exponentially fast.

Lemma B.12 (Growth rate of the condition number). Define p,/, = [|[Kalp|*/ |[Kalgl?. In
Stage 1, we have

. < 16K a?nax ( T : {A 1}) +0 0'12nax ( § + 2d>
Pp/q = 1+ K NaNgd P— minpny/s, Pp/q NaNgd A/B T Ty Pp/q | -

Note that error growth slows down as p_ and py/g decrease. This allows us to use Lemma B.2
(cf. Section B.4).

OMITTED PROOFS OF THIS SUBSECTION

Proof of Lemma B.10. By Corollary B.8, we have

d _ 2K oy 2 o 2 12
<dt[KA]’” [KB],,> “ 11K NaNpd (1 - <[KA}p, [KB]p> ) +0 (W (Tt d"ko + 5A/B>

= T (1 (Al o)) (1 ([l ()

9p 22
iO(NANBd (Ttd Ko + 6A/B)>-

Hence, by symmetry, we have

i (AT T0L) = 5 (1 (BT, ) (1 (T )

2
g 2 72
iO(W (Ttd Ko + 5A/B)>
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Proof of Lemma B.11. Similar to the proof of Corollary B.7 and Corollary B.8, we have

T = @ dina(e) + 5 R Q1 ey dina(o) + 700 dine(o)
_ Nf]\’;;d (12+KKId +0 (dﬁ)) diag(o?)
+ NIj]]?TEdO (t2d®pnysde,1 ) diag(o?)
+ ]@Ad (— li—KK <]K\fj}\fi§> +0 (thQ)) diag(o’z)
- 12+7KK Nf]\?Bd diag(o) - 1 2+KK Nf]\?Bd %jNIE? diag(®)
20 (2 (arf + \foam) IKally ).
Define K = K 4 + Kp. Then, by symmetry, we have
%K = 12+KK NA]1VBd <1 - %i}vi?) K diag(0?)+0 (NAH;\?;;d dTE + 5A/B) |K||F> .
Hence,

d 9 (Ka,Kg) 2 9 5
— |K K, Kd max d 1) K
Lk = 1+sz NBd( ) (K ding(a?) £ (N s (ar? 4 \foass) IKIE

KAvKB> 2
> mln K max d 5 ) K
1+ KNANBd < NaNpd I F = Tf +/%a/8) | HF

Similarly, we also have

d Ky .+ . Kz Kae
UKy B
KA = FNaaRreas T yovad dQ2 et NZd

Kg 242 2 Kpe 2 2 2
= mo (Tt d pN/S(ng_) O_E + N N dO (Ttd pN/Ség,J_) 0‘£

Kae [ 2K (Ka Kp) 2\ o
£ (L +0(d
Ngd( 1+ K NaNpd (477 ) o

2K Kae (Ka K o¢ %
_ Ag (Ka, B>a§i0< dr > ()( £ Tt2d2(sgi |KA§||F>

Qoot

+

1+ K N%d NaNpd N2d * NaNgd

0K Kaoe(Ka K of
- 2K Kae K, B>a§i0< ar? | K agl )

1+ K N2d NaNgd N2d
Therefore,
d ) 4K 07 (Ka,KBg) ) of
~ K S +0 dr? | K .
4 1K 1+ K N23d NaNpd F N2d 7 | Kagln

Then, we compute
2 2

gﬁ?v/s _ silKaelr —ﬁ?ws% Kl

- 2 2
dt K| 1K ||

4K 0f (Ka,Kg) . o?
< - +0 | ——d
S TTF K N3d NaNgd "N/s N2d TN s

4K o2, (Ka,Kg) o2
~2 min 1— ’ _ max d 2 5
~Pnys (1 + K NaNgd ( NaNgd © NaNpd ( (O A/B>
4K Ur2mn ~ rznax 2 ~2
"1+ K NaNgd” N/S+O<NAN d (th + 5*“/3) pN/S)'
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Proof of Lemma B.12. For notational simplicity, define p,/, := |[K 4] sz /I K a) q|\2. By Corol-
lary B.7, we have

P & K|l o) & 1Kl
KAl K Al
4K oy ((Kalp, [KBlp) (Ka,KB) % 2
= — 4+ _—
4K o ((Kalq, [KBlg) (Ka,Kp) 4 >
— _ + a4
Pp/q <1+KNANBd ( |HKA]q||2 NaNgd 0] NANBd< 5A/B+Ttd)

e rwanga (90 660) ~ 0 )

4K o: —— .\ (Ka,Kpg)
T 15K NaNgd (<[KA]qa[KB]q>_NANBd Pp/q

2
+0 (NAI}l\a;xd ( 6A/B —i—Tth) pp/q> .

Now we bound <[KA],,, [KB]p> — (K a,Kpg) /(NaNgd). Clear that this term is bounded by 2.

Meanwhile, by definition, we have <[K Alp, [KB] p> = 14 p_. For the second term, we have

(K Kp) = jre— ——\ | Kall, 1Kl [Kallp [ Ksll,
Nags = 2o (Al IRalk) ey g2 e S e

= i(l +p-) (1 £ min {pn/s,1}) |22’|€|2 (1 + M)
k=1
— (1 + p_ £+ min {ﬁN/S,l}) (1 + M) .

Combine these together and we obtain
e e\ (Ka, KB) —
<[KA]p, [KB]p>— NaNpd <2p_ +2m1n{pN/S,1}:|: da/B-
The same is also true for ¢. Thus,
16K o2, o2,
08 Omax in{pnsg, 1 + 0 Fmax ( s 2d> )
pP/Q— ].-I-KNANBd (p +m1n{pN/S })pp/q (NANBd A/B+Tt pp/q

O

B.3 CONTROLLING THE DISCRETIZATION ERROR

In this subsection, we estimate the growth rate of the errors described in (10). As in the previous
subsections, the proofs are deferred to the end of this subsection.

First, we consider the relative difference between ||[K 4] p||2 and ||[K B]p|\2. Instead of directly
control the difference, we define

AL 1K),
K [Eal |

Note that p4 /B, + pB/A,p > 2, With equality obtained iff || [K al,|I”> = I[KB],|I°- Meanwhile, at
initialization, this quantity can be made arbitrarily close to 2. Hence, it suffices to control the growth
of this quantity. The reason we consider pa,/B , + pPB/A,p 18 t0 leverage the symmetry. Similarly,
we also define

PA/B,p: and PB/A;p ‘=

2
1K B.eldll

2
I aelqll

I[K aelqll”
PA/Béq = 5.3 ad ppjaeq=
KBl !

and analyze pasac + PB/Ac-
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Lemma B.13 (Difference of diagonal terms). In Stage 1, we have

i(/0 +pB/ap) <O "73(52 +72d>
dt A/B,p B/Ap) = NANBd A/B t )

d T pax
@ (Pa/Bieq+ PBrAEq) <O (NANaBd (52A/B + 77 )) .

Note that the RHS are higher-order terms, which implies the relative difference of the norms barely
Srows.

Now we consider the condition number of K 4 ¢. Unlike K 4, for the noises, the o’s for different
coordinates are the same. Hence, we have the following simple bound on the growth rate of d¢ .

Lemma B.14 (Condition number of K 4 ¢). Define pe /4 := |[[Kaelpll” / | K aelgll’ InStage 1,
we have

2
. 9¢ 2
< _— .
pgm/q_o(NANBd (th + 6A/B)>

Again, the RHS is a higher-order term that can be made arbitrarily small by choosing a small 77 and
maintaining a small 4/ 5.

Then, we consider the orthogonality conditions.
Lemma B.15 (Orthogonality between signals). For any p # q, define

51 = (KL, Ksl,) + (Kol [Kal,) + (Kaly, [Kal,) + (Kol [Kal,) -

In Stage 1, we have
d - o2 A o2
75 < O max _5 O max ( 2d2 d 5 ) )
dt L.p,g = <NANBd) P L,p,q =+ (NANBd Tt R0 + A/B

Recall that p_ converges to 0 at a sufficiently fast rate. As a result, by Lemma B.2, ) 1,p,qg Will not

blow up. Meanwhile, since § 1,p,q can be made arbitrarily small at initialization, this implies that we
can make sure it is still small at the end of Stage 1. Finally, we consider the orthogonality conditions
between the signals and noises and between noises. The proof follows the same spirit.

Lemma B.16 (Orthogonality between signals and noises). For any p € [r] and q € [d — 7], define

. 2 2
OLéapa = <[KA]p7 [KA,£]q> + <[KB],,, [KA,s]q> :
and define 51__’53%(1 similarly. In Stage 1, we have

o2

d » o? “
=5 <o) p4 £ 0 (me (2220 + dy foasm) | -
dt L.fapg = O (NANBd) P 1,£4,p,q O <NANBd Ty Ko + A/B

For any q,s € [d — ], define

5160 = (Kady Kogd) + (Ko Kad) -

In Stage 1, we have

2

gglg, <0 UigTQdBHQCSgL 5L§ .
dt "= 7 \ NaNpd Ve
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OMITTED PROOFS OF THIS SUBSECTION

Proof of Lemma B.13 . Note that we cannot directly use Corollary B.7 as the error term contains
d A,/ B> the quantity we wish to control. However, by the proof of it, we still have

4K o} 4K (Ka,Kg)o?|[Kal,|’
<[KA}pv [KB] > L 2 L
1+KNANBd 1+ K NaNpgd Nid

0.2
+0 |22 2q2) .
O\ Nanga ™ U

Interchange the roles of A and B and we obtain

d 2
— [ K
AL =

K o2 1K (Ka,Kp)o} ||[Kgl,|*
S K 2 K K £ -
a 1Bl = e v (Bl (KBl — e — o o e

02
+ .
o NAN d d/ﬁ

For notational simplicity, define p4 /5, = || [KA]pH2 /|l [KB]sz. Then, we compute
2 2
basmp = i [Kalpl” pa/s ai 1K Bl |l
p = 2 P

1K Blpll KB,

_ 4K 01% ((Kalp, [KB]p>p 4K <KA7KB>U§ PA/B.p

1+ K NaNpd  |[Kal,|>° "™P" 1+K NaNgd N3d

4K oy ([Kaly, [KBly) AK (KA, KB)o;pa/By

- -
L+ K NaNgd |[Kgl,|? '*/P" 1+K NaNpd NZd

o2 9
_ %
+0 NaNpd T d

AK o} 1 1
= —— v~ (Kalp. [KB]p) ( - ) pPA/B,
1+ K NaNpd KAl I[KB* '
AK (Ka,Kp)o, [ 1 1
1+K NaNpd \NZd NZd)PA/Br

Py Ay
NaNgpd'
Then, by symmetry, we have

d
a (/)A/B,p + pB/A,p)

4K 02 1 1
- T (K, (K] ( - ) arms— pas)
B 4K <KA7KB> (712) 1 B 1 ( - )
1+ K NaNgd N2d NZd PA/Bp ~ PB/Ap

o2 )
P
+0 7NANBth d

<0 (NAJ; y (5A/B +¢3d)>

The above proof, mutatis mutandis, yields the result for pa/Bc.q + PB/A¢ g O
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Proof of Lemma B.14. By Corollary B.7, we have

d 2 2
bea = S IKaelll e S IKaelll
N 2 ,0/q 2
([ K a,¢qll [ K aelqll

4K 0¢ (Ka,Kg) oZ
- +0 d )
1+ K NaNgd NaNgd Fév/ NaNgd NBd ( T+ A/B)

4K 0 (Ka,Kg) oZ
~ Pan/a <_1+KNANBd NaNgd +0 NANBd (th + 5“‘/3)

0.2
— +0 (NANBd (ar? + 5,4/3)) .

Proof of Lemma B.15. By Corollary B.8, we have

(TR Il ) = 125 o ((Ral Rl (IRl TR (TRl TRl )

B )
2K o}
= 7 vaneg ((Esl [Kal,) -~ (Kal, [Kel,))

e (Al [l ) (1 (R, K

Y 2P0 + di /5
NaNpd (Tt ko + A/B> :

Interchange the roles of p, ¢ and A, B and we obtain

(1T Sl ) = 125 oo (Ral TRl — (TRl TRal,)

T g (AT TBT) (1 ([, T

2
9q 2 52
iO(NANBd (a0 +d 5A/B)>.

Therefore,

i (Tl Ral) = 15y (R Rl ) — (R )

b (IR TRl (Tl o))

o e (3

+0 (Urznx (r2d?k0 +d 5A/B)> :

NaNpd
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Interchange the roles of p and ¢ and we obtain

Bl KAL) = 2 ([l Kol — (Il al,))

e (T TR — (TRl T

+0 (Nf%,éd) - <@ [KA]Q>

0.2
£0 (NANBd (Ttd Ko +d 5A/B)>

Similarly, we compute

<<§11t[K“‘]p’ [Kala > 1+KNANBd(

(NANB

Kal,) — ([Kal, [Kal,) ((Kal,. [Ks], )

=

- (o +d 6A/B)>

- et (% > (1T, K >>

< ) (1 - ([l )

io<NA(;in( 2420+ d 5A/B)>

HKNANBd« > < A L))
>

II] 0’1'21’1'1)(
ax (NAJ\}Bd (T?dzlﬁo—kd 5A/B>)-

Then, by interchanging the roles of p and g, we obtain

(IRaT ST = 120 5 (Rl Tl — (TRl Rl
+0 (Nf}@;d> o <[ Al [KA]q> +0 (fo};d (T,?d%o +d 6,4/3)) :

Add them together and we get

A L) = o o ([l [l — (TRl (L))
2K o?

1 vovd ((Eal (KBl — (Kal, [Kaly))

2
O max O max 2 72
+0 (NANBd) p- ([Kaly, [Kal,) =0 <NANBd (72?0 +d 5A/B)> .

Interchange the roles of p and ¢ and we obtain

Tl TRl = o 2o (TRl TR, — (Tl Tl
2K o}

1 r v (Esl [Kal,) — (Kol [K5l,))

iO(A;VdBd) ,<@,[KB] >iO(NZJ\73d (Ttd Ko +d 5A/B)).

33




Under review as a conference paper at ICLR 2023

For notational simplicity, define Z; = <[KA]p,[KB]q>, Zy = <[KB]p,[KA]q>, Zs =

2

<[KA}p,[KA]q>, and Z; = <[KB],,, [KB]q>. Also define G, = 25 % Then, we can

summarize the above equations as

Z1 —-Gp — Gy 0 G, G, Al
g Zy| 0 -Gp — Gy G, G, Zo
dt ZS - Gq Gp _Gp - Gq 0 Z3
Zy G, Gq 0 —-Gp — Gy Zy
2 Zl 2
T max Z2 O max 2 32
+ —==— ) p_ + — .
© <NANBd> Pz, £9 (NANBd (v +d 5*‘/3))
Z4

Note that the eigenvalues of the first matrix is —2G, — 2G4, —2Gp, —2G, and 0. Namely, it is
negative semi-definite. Thus,

2

d 2 g 2 0'2 2 12
1217 <0 (7 ) o217 + 0 (7 (o + dyfoarm)

Proof of Lemma B.16. By Corollary B.8,

(S TRAl Boneh) = 1225 s (Kb ) — ([l el (TRl ()

2
%p 2 12
iO(NANBd (rd?wo +d 5A/B)>,

and

2

d 9e 23
[KA]p, &[KA{][I = ZIZO m’rt d HO&&L .

Therefore,

% <m7 [KA,ﬁ]q> = li_[(K-N;NI%Bd (<[KB]p, [KA»L’]Q> — <[KA}IH [KA7§]Q>)

Lo (Kaly Kael) +0 @(%ﬂ +d\/oa/n)
NANBd p— [ A]I)’ [ A,dq NANBd Tt ko A/B N

Similarly, we also have

i (0T ) = 12 s (P Tl ) - (Gl a )

tof % <[K] K ]>iO @(%ﬁ +d,/s )
NaNgd pP- Blp: 1Y Aglq NaNgd Ty G” Ko A/B .
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Thus,

i (00 ) o )

- 1i KNANBd << [Kalp, [Ka] >2 - <[KB}P’ [KA’5]4>2>2
(

(NANBd Jo KA p [Kaglg >2 + <[KB],,, [KA,g]q>2)

:l:O( max

NANBd thdzlio+d 5A/B>

<O<NANBd> oo (I R+ (ah Fadh))

O
io(]VA]VBd (Ttd fi0+d 5A/B >

For the orthogonality between noises, by Corollary B.8, we have

d of
<[KA7£]q, aQ [KA 5] > +0 <NAN th d3505571_>

Clear that this bound holds for all other combinations. Thus,

d « of -
aéL@p’q <O (erd3ﬁ0557L\/ 5L,§,p,q> .

B.4 PROOF OF THE MAIN LEMMA OF STAGE 1

Proof of Lemma B.1. First, we recap the estimations we have derived in previous subsections and
introduce some notations. By Lemma B.10 and Lemma B.11, we have

d o2, o2

— 5 < —Q(1)—min_, 4 o Tmax 242 )

= Mg Nt (NANBd (Tt o + A/B>)’
2

s < —Q(1)-Tmin_50 40 s (4r2 4 [54/5) d
dtPN/S > NANdeN/S NaNgd t A/B .

Define p := max { p—, PNy s} to be the indicator of the progress we have made. We have

o2 o
— —O(1)—=282— O | —khax ( 242 dy/0 ) . 11
Ka 2 Ka 2 be the condition number at time ¢. By Lemma B.12, we
P q y
have )
d o
— ko < O(1)—22 k. 12
o = ( )NANdeKO (12)

Now we consider the discretization errors, define

5,4/3 = max {PA/B,p +prB/Ap —2,PA/Beqt PB/AEG 2} .
p€Elr],q€ld—r]

Note that at time ¢, the first condition of (10) holds with § 4, replaced by 0(5 A/ B). Meanwhile,
by Lemma B.13, we have

d . o2
. < max
—oa/B <0 (NANBd (055 + 7 d)) (13)
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Let &m (t) be the smallest number such that the second condition of (10) holds at time ¢. By
Lemma B.14, we have

d - U? 9
<Ol ——— —+ A/B .
a0 < (NANBd (th Oa/ )) 1

Then, define

01 = max{gl,p,cpSL,gA,p,kwSL,gB,p,kaSL,f,k,la cpF#qeld,kleld— 7‘]}

Clear that the last two conditions hold at time ¢ when  ap,1 and d¢ | are replaced by 5 1(t). By
Lemma B.15 and Lemma B.16, we have

A5 <o Thax \ 5 40 @(W +d/s ) (15)
at’t =Y\ NaNgd ) P+ NaNgd \t¢ 70 A/B) )

Now, we are ready to show that the errors do not blow up in Stage 1. Note that for all these d’s, we
can make them arbitrarily inverse-polynomially small by choosing a sufficiently large m.

First, we consider 4 a,/B- Note that the dependence of the RHS of (13) on 5 A/B is quadratic. Hence,
by making the initial value of oa /B> the RHS can be made to be dominated the 72-related terms.

Hence, 6 4 /B <0 ( NZ%\}; thQdTl). As we will see later, T = poly(d). Therefore, by choosing a

sufficiently small 77, we can make ) A,/ p remain small throughout Stage 1.

Then, we consider 55,,{0. As we have argued earlier, the RHS of (14) can be made arbitrarily small,
so that d¢ ., remains small in Stage 1.

Now, we consider the condition number ¢ and 5 . For 5 1, by our previous argument, the second
term of the RHS of (15) can be merged into the first term, by choosing a sufficiently large m and a
sufficiently small Tf. The same is also true for (11). Hence, for these quantities, we have

= <—Q(1)@ 4z <0(1)@ fo, 1§ <0(1)@ 6
at’ = NaNgd” @™ = NaNgd’™  q’t= NaNgd™’*

Hence, by Lemma B.2, we have

o2 N A o2
o< maO e (0(Z2) 50)) . 52 <800 (0( %) pi0))
(d—r)ag

2
T min

2 2 d—r)o? 1
exp <O <U§‘ax> p(O)) < exp (O(I)Ug‘ax max {1, (2)05}> < exp ( logd) =Vd.
O min O min "0 min 2

In other words, both g and 5 | can at most grow V/d times.

Note that p_(0) = O(1) and pn,g < . Therefore,

Finally, we derive an upper bound on 7} to complete the proof. Similar to the proof for the con-

dition number, one can show that ||[K A]p||2 can at most grow /d times in Stage 1. As a result,
1/(NaNgd) is lower bounded by some 1/ poly(d). Thus, by (11), T} < poly(d). O

B.5 NEGATIVE RESULTS

Lemma B.17. There exists a o € R" satisfying the assumptions of Theorem 4.3 such that, at the
end of Stage 1, the condition number of K 4 is d*™).

Proof. We choose d = rand 07 = clogd, 03 = --- = 02 = 1. Clear that this satisfies the condition
of Theorem 4.3. Note that it suffices to consider the infinite-width case, since, as we have proved
earlier, the finite-width trajectory tracks the infinite-width one. By Lemma B.10, we have

T TRl = (o (1 (T TR (1 (Tl TRl
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By the proof of Lemma B.12, we have

, 4K o, = =\ (Ka,Kg)
v (([Kal, [Kg],) — 2Bl
Pr/a™~ T K NaNpd (<[ Al [Kal,) NaNgd )7/

4K o; —— —\ (Ka,Kp)
—— 9 ({[Kal,[K > A )
1+ K NaNpd <<[ ale: KBlo) = T Npa ) el
Note that, in the infinite-width case, we have

(Kali. [Ksl) > (Kale, [Ksl) = - = ([Kala. [Kslu)

Therefore, <[KA]p7 [KB]p> - % > Qa and <[KA}q, [KB]q> - % < 0 for any

q > 2. Hence,

AK o2 —— —\ (Ka,Kp)
g > ——— L (KAl [Kgl) — 2B/
P12 = 1K NaNgd <<[ Al | B]1> NaNgd ) P12

4K o? K2 —_— (d—1)K?
S ((1 - mn) (Il Kl ) - o (Kl [KB12>> pi/a.

For notational simplicity, define X; = 1 — <[KA]1, [KB]1>, Xo=1-— <[KA]2, [KB]2>, Y =

_ 4K 1
pry2, A= T+K NaNgd®

Then we have
Xl S —J%AXl, X2 2 _2AX2.

First, by Gronwall’s lemma, we have X; (T') < exp (—a% fOT A) and

T 2/02
S By I

As a result, when X reaches 1/d, we have Xy = (1). Let T be the time X reaches 1/d and T%
the time X5(7T) = X2(71)/2. On [Ty, Ts], we have

P12 > QL)otAp o
By Gronwall’s lemma, in order for X to half, we need exp(—2 f;; 2 A) = 1/2. Hence,

T

p12(T2) > p12(T1) exp (Q(l)fff/

Al > 2&2(0%) _ dﬂ(l).
T B

C STAGE?2

In this section, we show that, throughout Stage 2, the discretization error and the noise-signal ratio
still remain small, and, at the end of Stage 2, the condition number is close to 1. Formally, we prove
the following.

Lemma C.1 (Stage 2). Suppose that at the beginning of Stage 2, we have ko < \/d and all errors
mentioned in (16) are sufficiently small®. Let Crarget > 1 be a constant. Let T be the earliest time
that

S CTarget7 VP, q S [T]

By Lemma B.1, this condition indeed holds.
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We have Ty < poly(d). Moreover, throughout Stage 2, we have

T T I[K ]
max{l - <[KA]p, [KB],,>, 1- TISE } <5 Vp € [r],
K aelpll” ||[KA,£]pH2 _
{ IEeel||  iKacl? } =0 Tl
maX{HII{{Cl:q” C,D < {A, B}}S(SN/Sa Vp € [r],q € [d—
max{’<ch7 [Kplq >‘ : CvDG{AaB}}SdAB,L, Vp # q € [r],
maX{Kch, Kps] > s <[KA,§]sa[KB,£]q> : C,DG{A,B}}S(S&J_, VpE[T],q,SE[d—TL

(16)
where the &’s are some small 1/ poly(d) values.

The rest of this section is organized as follows. We derive estimations for the QQ-matrices in Sec-
tion C.1. In Section C.2, we maintain the last two conditions of (16). In Section C.3, we handle
the first two conditions of (16). In Section C.4, we deal with the noise-signal ratio. We estimate the
convergence rate in Section C.5. Finally, we prove Lemma C.1 in Section C.6.

C.1 ESTIMATIONS FOR

As in Stage 1, we estimate the Q-matrices in this subsection. The analysis here will be more com-
plicated than the one in Section B.1 since now 77 is no longer close to 0, and we cannot simply
approximate S 4 and Sp with (1 + K)~'. However, the idea is still fairly straightforward. We split
all terms into the infinite-width part and the discretization error part. Then we Taylor expand the
corresponding function around the infinite-width part to factor out the first-order error terms. Then,
we evaluate and simplify these first-order terms with E_- and E_+.

First, we need the following lemma which gives closed-form formulas for some expectations we
will encounter later.

2
Lemma C.2. Define (z*,27) . := >, _, k32 2, and T, := tanh (N 1/\;{B> p € [r]. For any

p # q € [r], we have
o)) e (7o)
E Sexp | ————& cosh =:Z,,
z~ { p ( NANB H ANB

<z+7z_>k2 — +
= {e"p (szNB = 2l
<z+’z_>f{;2 - —
E {exp (]W Zp Zq Z T qup Zq

Then, we derive estimations for S4 and Sg. There are two types of errors we need to consider. The
first one comes from the noises and the second one from the non-diagonalness of K 4 K g. Similar
to Lemma B.4, we deal with them separately. The next lemma handles the first type of error.

Lemma C.3 (Estimations for S). Define

Kazt Kgz~ . + o,y
EJnf = exp (“Z’Bz>> s E+’7 = exp (<Z7z>""2> ,

NANB NANB
5. . (Kaz' Kpelp) _ (Kae&hs, Kp diag([Ti]rei)z")
+.£— - NANB ’ &+, T+ NANB I
ZA,C =E E+,77 ZB,C =E E*H’?
z z-
Gam Brv e Ber s Ber
Ey +KZa, Ei++KZp, Ei++KZ,
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In Stage 2, we have
Sa=5a+S501—8)(61¢4+06eqt —err4) 0 (d° (6ap,L + Onys) e, L0nys) s

Sp =S+ S(1—58) (64,64 + 0t — 0rse4) O (d® (5aB,1 + Onys) O, 10n5)
and

SA(w,JZ,wE)eXP(fX fB) _ S'AE+,— + SE‘F,* ( & & >

Ot g— + 0t — — S (064 +0er 1) — (1= 9)des 1t

eXP(fZ ’ f;) E+}+ EJDJr
+ O (d° (0aB, 1+ 0n/s) 06, 10n/5)
Sp(ah,zh)exp(fa- f5) _ SpE_y  SE_
— : + = ’ 1+57’ +57’ —S((S’ +6 ’)_(1_5)671’
exp(fa - f5) JONENE E, 4 ( &=t &+ +.&+ 1 06+ + + £+)

+ 0 (d* (5ap,1 +0n/s) 0c, 10n5) -

Then, we consider the error comes from the non-diagonalness of K XK B.
Lemma C.4 (Further estimations for .S). Define

5=y (Eal el o - 5 5 (Kalo Kpl) oy o

y— NN i 750 NN T 1750
y AYB i#] ATB

In Stage 2, we have
Sa(zh) =5 (14 (1= 8)@sy —31.74)) O (035 1),
Sp(z") =5 (14 (1= )(0ss = r44)) £ 0 (4p.) |

Saby - _ SBs- (1 — 86, 4 —(1=8)oyrs + (L,,) +0 (d*6%p.,) .

Byt Eo

SpFE_ SE_ . aNF :
B ,+ — — ,+ (1 _ Sé’+,+ _ (]_ — S)5T+,+ —|— (577+) Zt O (d25124B,J_) .
Ey v Ey

With the above two lemmas in hand, we can now derive estimations for the (Q-matrices.
Lemma C.5 (Estimations for Q1). Define Kap = K \Kp and Kpa = KL K . In Stage 2, for
any p # q € [r], we have
[@ilpp =2(1-5)(1-T,) £ O (d*64p, 1),
& [KAB]p,q + [KBA]q,p

[Ql}p,q = _S(l - S) NaNgpd (2 - Tp - Tq)
K _
_(1_5)%5(2@)7}_1}1_7@
_a-§EaBler (4 _gop Ly (10— 12 1)) £ 0 (262
(1= 5520 (2= S(T,+T,) = (1= )T +T2) £ 0 (*04..).
In particular, we have
KoOAB, L 0AB, 1L
Qi <0 ("2481) <0 (H42:4)

Note that the diagonal term has a zero-order term, i.e., it is not proportional to some error. That is
the signal term. On the other hand, all off-diagonal terms depend on [Kaglpy, (p # ¢). Recall
that the dynamics of K 4 and Kp can be described using these Q-matrices. Therefore, for any
p # ¢, we can have equations of form $: (K aBlp.q ~ G([KaBlp.q, [KaBlp), where G is some
complicated matrix. By carefully analyzing G, we can then derive bounds for the off-diagonal
entries using Gronwall’s lemma.

Similar things also hold for Q1 ¢ and Q2. The difference here is that for these two matrices, we do
not have signal terms.
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Lemma C.6 (Estimations for Q1 ¢). In Stage 2, for any p € [d — r] and q € [r], we have

_ 1 & G av2) (KBlg: [Kaglp)

<[KA]qv [KB-{]p>
NaNpgd

+0(d* (daB.L +0n/s) ¢, L0nss)

+0 (d® (6aB,1 +0n/s) 0e,10n/s) -

@ialra = —(1-8) (1+5+(1-3)T2)
In particular, we have

max {[Q1.¢alp.q: [Qrénlp.a} < O (On/sde,1) -
Lemma C.7 (Estimations for Q2). In Stage 2, for any p, q € [d — r], we have

[Q2)p.q = +0 (@ (0aB,1 + Onys) 0, L0nys) -
Lemma C.8 (Estimations for (Qy). In Stage 2, we have

r

2
QOZ—Z ” ” [Ql]kkio(d26ABJ_+5 +I€Ud/5N/S(S§J_)
k=1

Finally, we use these estimations to simplify the formulas for the norms. We do not consider the
tangent movement here since the situation is trickier there, and we will handle them in later subsec-
tions.

Corollary C.9 (Dynamics of the norms). In Stage 2, we have

& tircal? = AL Gy, i) i@l + 218 02
0.2,‘{2
+0 (NAN dKOdéAB L)
4k ]P:QMK“%WQZiO<ﬁHKMmWM2>
dt Atlq Nf‘d 00¢ NaNpd el |-

The formulas for ||[KB|,|| and ||[K B ¢lq|| can be obtained by interchanging the roles of A and B.

OMITTED PROOFS OF THIS SUBSECTION

Proof of Lemma C.2. First, we compute

2 fow (220} [ 8 o (BE) ) T2 (onp () o (20

k=1 "%k k=1
T A2 d
= H cosh < Hk/ >
Pt NaNp

Similarly, we also have

<z+’z_>ﬁz> } I%i { (K/kzz_Zk )}
EJdexp| ——" ]z, p = E<ex E <ex
{ p( s )7 B o 2 e (Nrs

1

Ri/d

Each factor in [ ], 4p 18 still cosh ) For the first term, we have

NaN

B
E { exp M 2o b= ——FE {exp sz-i_/f _ E M .
e NaNB ) * 2Vd = NaNp 2V/d = NaNp P

1 ~n2 o+ d + A ~
= ——sinh MkZp f = 581 %o sinh ( Hk/d ) = sinh (W> Z;_
Vd NaNgB Vd NaNg NaNgB
Therefore,

<Z+,27>A2 — + /%k/d "%k/d +
E ¥ R - h (25 ) T cosh = Z.T,2+.
- {eXp( NaNg )7 [ = "\ Nang ) L\ N vy el

k#p

The above calculation, mutatis mutandis, also yields the last identity. O
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Proof of Lemma C.3. First, we write
<KAZ+ + KA’géjg, Kpz™ + KB,££§>
NaNp
(Kazt,Kpz™) <KAZ+,KB7§£]_3> <KA7£€:£,KBZ_> o 9
= + =+ :EO(CZ 5§,l5N/S)'
NANB NANB NANB

Also note that the middle terms are O(d?d¢, 1 dy,s). Then, we compute

KaizT K = Kj e, Kpz™
exp (f4-fg) =exp (1 + (Ka NAN§’€£B> + < A”SZ\%:NBB >> +0 <d25§,L512\//S> .

(fa:f5) =

Similar results also hold for other combinations of &=. With the notations defined in this lemma, we
can write these results as

exp (fa-fg) =By - (1+04¢ +0cq)+0 (d25£,L512V/s> ;
exp(fa-fu)=E 4+ (1 +06 ¢y +0 1)£0 (d25£,L512V/s> ;

exp (fA-f5)=FEyy (1406464 +0c44)£0 (d25£,L5?\//s) :

To compute S4 and Sp, we then need to take expectations over the negative examples. Note that
by taking expectation over {5, the term E _J, ¢ becomes 0. Therefore, we have

E exp (F4 - £5) = EABy (1+6es, )} + 0 (d26e 1655 -

Unfortunately, the same argument does not apply to d¢4 — since both £ _ and ¢, _ depend on
z~. However, it is still possible to further simplify the expression. First, we write

E{Ey-bes-}=E {E+,— (1+£0(ddap,1)) 5£+,—} =E {E+,—5§+,—}iO(d35AB,¢5§,L5N/s)~

Recall Lemma C.2. Then, we compute

(o) 5 i) (Fairrne (B

o NaNp NaNp
_ (Kae&n, Kpdiag([Tileepy)zt) 7.5
=7 NaNg = ZcO¢+ T+
Hence,
Eexp(fy fp)=E{Es }+ E{E; et} £0 (d25§,J_5]2V/S)
Tp Tg Tp
= ZA,c + ZC(S§+7T+ + O(d35AB,L5§,L5N/S) +0 (dZCSf,L(SJZV/S)
=Zac+ Zeber i 20 (d (64,1 + 0nys) 0e, L0nys) -
Similarly, we also have
E exp (fi - fg) = ZB.c+ Zebryes O (d° (5aB,1 + Onys) Oe, 10Ns) -
Ta
Recall that exp (f4 - f5;) = E+.+ (140464 +0e4.4) £ 0 (dQéﬁ,L(SzQV/s)- Hence, we have
E 1+6 + 6 )
SA(CL'::, ZC-E) +,+( +,§+ §+7+) +0 (dS (5AB,L + 5N/S) 5§,L5N/S)

T By (1405 e +0e44) + KZac+ K Zbey 74
=Sa (1 —Sa(0r 64 +0er4)—(1- gA)5£+,T+)
+Sa(0461 +0¢r.1) £ O (d° (JaB,L +0n/s) O, LOns)
=Sa+8501—8) (04,64 + 0t 1 — der74) O (d° (6am, 1+ Onys) F¢, 10n/s) -
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Similarly, we also have

SB(:cA, mB) Sp+ S(l — S) (0464 +0er+ —Oryeq)EO0 (d3 (5AB,J_ + 5N/S) 5§,J_5N/S) .

Then, we compute

Sa(zy, zp)exp(fa - fp)
exp(fa - f5)

By (14046 +0er)
Ey oy (140464 +0¢t4)

= (S*A +5(1=5) (0461 +0ets — 5£+,T+))

+0 (d3 (5AB,L + 5N/S) 55,L5N/S)
SaAE, _ 5 5
s S el (1 +01 e + 04— — S (04 er+0eqr4+)—(1— 5)5£+,T+>
Byt
+0 (d® (6aB,1 +0n/s) 6e,L0n/s)
SaAE,_ SE, _ 5 S
% o (5+,§— + 0t~ — 5 (0t +0gr4) — (1 - 5)5£+,T+)
+.4

+ 0 (&® (6aB,L + nys) O¢, 10N/S) 5

and
Sp(@h,@h)exp(fa  f5) _ SpE_.4 SE— ( s
- o+ L Ge 0 — 8 (e +0e.4) — (1= S)ors e )
eXp(,fZ . f;) E+’+ E §—+ £+ +,6+ £+,+ +,6+
+0 (d3 (5AB,L + 5]\[/5) 6£,L§N/S) .
O
Proof of Lemma C.4. We write
(Kazt,Kpz™) ([Kalk, [KB]k) ([Kali,[KBl;) 4 _ <
— Ak PP BIR/ C=1, _ 4+ _.

NaNp kz_:l NaNp ; T NaNg 7 Hm o

Note that, as a special case, we have I, . = I_ _ = Iy. In other words, I ; and I_ _ do

not depend on the actual value of z*. Also note that T +,— is bounded by O(ddap, 1 ). Then we
compute

Ey_ =exp(ls_) (1 +é6,._+0 (d261243¢)> and B, . = exp(ly) (1 +6,.+0 (d%ﬁ,B,L)) .
Take expectation over z~ and we obtain
EF, =Eepl )+ E {eXp(I+7_)S+7_} +0(d?%p.,) .

By Lemma C.2, the first term is Z.. For the second term, we compute

. K
B {owtte e} =5 %E featte 57} 2

= ZCS+,T+7
where the second line again comes from Lemma C.2. Hence, we have
EE,_=Zc+Zbyrs 0 (6%, ).

Then, for S ‘A, We have
5’ +) — E+;+ _ eXp(Io) (1 + 5+7+) +0 d262
A(Z ) - E K]E E - ~ ~ ( AB,J_)
+,+ + z7 - eXp(IO) (1 + (5+’+) + KZC + KZC(5+,T+

—3 (1 Y - 5>5+7T+) +56, 4 +0 (545 )

Sy (1 (1= 8)(6y — S+7T+)) +0(d?%p.,) .
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Similarly, we also have

8$p(z") =5 (14 (1= 9)(0s 4 — r44)) £ 0 (4p..) -

Then, we compute

exp(/4 ) (1 + 5+,7)

SaB._ ¢ & (7 :
PATE ~ S (14 (1= )G —brrs) L0 (P,
+ot exp(l,-) (1 + 5+,+)
OO WO S NN S 242
 exp(Ip) <1 §044 = (1= 9)074 + 5+’7) =0 (d*0%p.1)-

Similarly, we also have

SpE_ _ Sexp(I_
Ey v exp (1o

j+) (1 — 86y 4 — (1= 8oy 4 + S,#) + 0 (d*64p.1) -

Proof of Lemma C.5. Recall that
Qi =E{(2-Sa(z},zf) — Szl zf)) z" (") "d}
SA(mAawE)eXp(fA'fB) — (T } {SB(wZ,mE)exp(f,Z-fE) +(o—\T }
—KE dy — KE dy.
{ eolfi 1) ) colfi F5) o )

Note that there is no £ here other than the ones in the coefficient. As a result, all terms contain 61 ¢
and alike are 0. Hence, we have

Q =E { (2 — Sa(xlzh) - SB(wLwE)) z+(z+)Td}
~KE {mz(ffd} ~KE {S”E’*z*(zfd}

Ei 4 By
= T1(Q1) + T2(Q1) + T3(Q1).

Now we estimate each of these three terms separately. We also deal with the diagonal and off-
diagonal terms separately. By Lemma C.4, we have

Tu(Qilps) =E{2 - Sa(@},2}) - Sa(@h.oh) |
—E{2-5(1+ (1= 801 —8r0) =S (14 (1= 9@ss —Frs.4)) } £0 (55.1)
=2(1-95)+0 (d*%p. ).

Note that we use the fact that all these 4’s have mean 0. Also by Lemma C.4, we have

Eq

ng{E+ 2z, % d}

o @i],) = —KE { <SE+ - (1 — 804 — (1= 8)dp 7y + S+,_)> zpz;d} +0 (@6 p. )

. SEfj (B (<850~ (1= )i +34-)) 5y 5 d} £0 (...

Note that 5+ T 5+ _ and 5+ 7+ only contain cross terms of form z;r z7- with ¢ # j. Hence, the
second term is 0. Meanwhile, by Lemma C.2, the first term is

—S—KE{E+ 2z d} _SKZT, ~(1-3)1,,.
EO EO

As a result, _
TZ([Ql]pm) = _(1 - S)Tp +0 (d25iB,L) .

43



Under review as a conference paper at ICLR 2023

Similarly, one can show that T3([Q1],,) = —(1 — S)T, + O (d25,243,¢> also holds. Thus,
[@i]pp =201 = 5)(1 = T,) £ O (64 1) -

Now, we consider the off-diagonal terms. For notational simplicity, we define Kap = K Kp.
For any p # ¢, we compute

Tu(Qilpg) = ~E{(Sa(eh.25) + Sn(h.ap)) = = d}
- 51-3%)E { (25+7+ Sy — 5T+,T) z;z;;d} +0 (% p.,)

—5(1—5‘)2%(2 T, — Tj) E{z+zj Zfzfd} 0 (0%, ) -

Clear that the summand is nonzero only if (7, j) = (p, q) or (4,5) = (g, p). Hence,

[KAB]p,q + [KAB]!LP
NaNgd

T1([Qilp.qg) = —5(1 - 5) (2T, - T,) £ 0 (*64p, 1) -

Then, for Ty, we compute

S +7 + X fJF.f* 3
R e R

= —KE { <5E+ — < 5+ + — 1 — S)SJr,TJr —+ g+,)> szjd} :l: O (d251243)L)

S(S+ 4+ — 1 - S)S+7T+ —+ S+,_)> ZPZ;rd} + O (dzdtiL)

[KAB]M SE+7 G+t 3\, + ot + - -+
:—KZ NANE E 7 (—Szi zf —(1=8)272]Tj + 2 zj) z, 2z, d

Again, the summand is nonzero only if (¢, j) = (p, ¢q) or (,j) = (¢, p). By Lemma C.2, we have

T2([Q1lp.0)
_ _g Baslos (5 (1= S8, ) B{oxp(l )55 ) + B {opll )5 7 5 7 d})

_ 5;;% ((,5 _(1-3)1 )E{exp I )zter b+ d VB fexp(y )}) +0 (d*45.,)
_ _SI;OZ % ((-5-a-91)T,+ T,,Tq)

SKZ. [KaBqp 5 & 2 ¢2
- S anla ((-$-(1=9T,) T, +1) £0 (*645.,)

[KAB]pq S [KAB]q,p
NaNpg dST( D-@1-9 NaNgd

—(1-3) (—S'T,, —(1-8T12 + 1) +0 (%5,
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Similarly, for T3, we have

T5([Q1]p.0)
KE{SB@Lw*B)exp(fAfg) N d}

exp(fh - f5) P

SE_ = - <
= —K]E { E o+ (]_ — S(S+$+ — (1 — S)5T+’+ + (5,’+) Z;Zq_d} :l: O (d2(512437l)
0

= _gj 2 %E {E*,Jr ((—S - (1- S’)Tz) zfzj + z[z;r) z;zq_d} +0 (dzéqu’L)

_ SK [KAB]M S S
Sy ((-8-0-9)1,) 21,/d+ 2.T,T,/d)
. S£ [KAB]q,p
FEy, NaNp
[KAB]p,q
NaNgd ST, o(Tp = 1) =

Combine these together and we obtain

5 o [KaBlpq + [KaBlgp
= — 1 j— 2 2
(@il = ~501 - §) =ATR T
[KAB]p,q
NaNg dS(QTT -1, - T)
[KAB]qm
NaNgd

(-8 - (- 37,) 2T, /d+ 2./d) £ 0 (PFyp..)

—(1-3) (1- §)Kazley (1-87, - (1- 9)12) £0 (@*Fap..)

NaNgd

(2_T;U_Tq)
- (1-5)

- (1- 5’) (2 - S(Tp +Tg) - (1 - S)(T§ + Tq2)> +0 (d262AB»i) :

Proof of Lemma C.6. We write

Qiep ~—E{(2_SA(mAva) SB(mAvxs)) £B Td}

SA(mAvxl-g‘)eXp(fA 'fB) } {SB(meE)eXp(fZ ‘fg)
—KE KE
{ ool Fy 5 ) exp(F5 - 15)
= T1 (Qrep) + T2 (Quep) + T3 (Quep) -

We will use the fact that if some quantity X does not depend on &, then E {X &} = 0 to simplify
these terms. For T, by Lemma C.3, we have

T1 ([Queslpa) = _E{(SA (zh,z5) + Sp(zy. p)) €5] pz+d}
= —S(1 = S)E{(201 ¢+ + 20¢+ + — Oe+,7+ — Or1.6+) [€5]p2, d}
+0 (d3 (5AB,J_ + 51\//5) (Sg’J_(sN/S)
= —S(1—=S)E{(264,¢+ — 61+.¢+) [€5lpzd d} £ O (d* (6aB,1 + Onys) O¢, L 0nys) -

€4:7)a}

Recall that

(K Kgp li, [KTKB7 li.j
Spet = %AiN“ 5 €8l Orier =) WTL‘Z? [€5];.

1,5 ,J

Hence, we can further rewrite T1 ([Q1,¢5]p.q) a8

~ ~ T y
T2 (@1 alpa) = 50 - )Y FEAKBLLS (o 1) (2 4(e) ey o)

+ 0 (d° (6aB,1 +0n/s) ¢, 10n/5) -
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Note that the summand is nonzero only if ¢ = g and j = p. Thus,

((Kalg: [KB.glp)
NaNgd

Ty ([Qeplpg) = —S(1—5) (2 —T,) + 0 (d® (0aB, 1 +0n/s) 0¢,10n/5) -

Similarly, we also have

KS

T2 ([Queslpa) = {Bs 01 [€plpzfd} £ 0 (& (Sam.1 +0xys) e, 10x)5) |

KS =
Ts ([Quenlpa) = =% E{ (5 & = S0ner = (1- S)5T+’§+) [£B]pzq+d}
£ 0 (d® (6aB,1 +0n/s) 0, 10nys) -
Then, we write

) T P
B{By b1 lealyrd) =Y FaEBba g 5, oriep) leg),=rd).

1,7
If j # p, clear that that summand is 0. If ¢ # ¢, then by flipping the sign of zqi simultaneously, we
flip the sign of E~+,,z;r z;. Therefore, when i # ¢, the summand is also 0. Thus,

SKZ.(Kaly [KBelp)
i NaNgd

_ & <[KA]q7[KB,£]p>
=-(1-9 NaNgd

T, ([Ql,is}p,q) =

+0 (d3 (5AB,J_ + 5N/S) 5£,l5N/S)

+ O (d® (6aB,L +0n/s) 6e,L0N/s) -
Similarly, for T3, we compute
E {E: (57 e+ — S0 ep — (1- §)5T+,£+) [EB]pZ;d}

- K;ff, S BB (41 6l — 82T Ep) — (L= 80~ T2 [Eg) ) [€plo d)

_ [KAKByﬁ]q,p n - 3.+ 3 -\ .+
= A E{E_,+ (zq — §zf - (1—5)(1—TL)zq)zq}
_ [KXKB,S]q,p 3 2 2

Thus,

((Kalg, [KBelp)

Ts ([Queplpg) = —(1—5) NaNgd

(8(x,~1-12)+ 12)
O (d® (0aB,L +6nys) 6c,10n/5) -

Combine these together, rearrange terms and we obtain

5 = 5 ([Kalg, [KBglp)
[Qi15lpq=—-(1-S5) (1 +S5+(1— S)T;) N:NBdg PL+ O (d® (6aB,1 +0nys) 0¢,10n/5) -
To obtain the formula for Q1 ¢, , it suffices to interchange the roles of A and B. O

Proof of Lemma C.7. Recall that
Q2 =E{(2- Sa(zy,zp) — Sp(xy,zp)) E5( €4 d}

Sal@h 25) DA Fp) o (o)1 } {sg<m;,wg>exp<fA-f§> o)
—KE d\ — KE p
{ exp(fzf‘é‘) SB(SA) eXp(,fZ ] fg) SB(SA)

=:T1(Q2) + T2(Q2) + T3(Q2).
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We now estimate each of these three terms. Again, the strategy is to leverage the symmetry of the
distribution of £ to argue that some part of the expectation is 0. For Ty, we have

T1([Q2]p.g) = —S(1 — S)E{(204 ¢4 + 20¢4,+ — Oev. 1+ — 0164 (€55 [ER]od}
+ 0 (d® (6aB,L + 0nys) 6e, LON/s) -

Note that none of these §’s depends on both 5; and é';g. Therefore, the first term is 0. Similarly, for
Ts, we have

Ta((Qelp) = — 22

{(Eﬁf (5+,£f +0ep.— — 5 (0 er +0er,4) —(1— 5)5£+,T+)) [ﬁé]p[fjx]qd}

+ O ( (5AB,J_ + 5N/S) 5E,J-5N/S)

=+0 (d® (6aB,L + 6n/s) O¢, LON/s) -
The same is also true for Ts. Thus,
[Q2]p.g = £0 (d° (04,1 +0n/s) O, 10n/s) -

Proof of Lemma C.8. Recall from Corollary A.4 that () is defined as
Qo = — E {(2 —Sa(zh,zg) — Se(zh. zp)) (fa. fo)}

“”A mB

Sa(@l, x5)exp(tPfa - f5) ) pr oo }

K E
" ah .y { eXp(Tt fA fB) <fA’ fB>
SB(wAva)eXp( fA fB) _ .:,.}

K E .
i p +{ exp(7 fA fB) <fA’fB>

T, Th

We write

K Kpz~
<fA7fB> < AijNBBz >iO(HOd5N/S($§,J_)

(K ], -
1,J€|r

Therefore, we have

Qo= - Z M[Ql]i,j + O (Koddn/s0e,1)

NaN.
ijem ATB

T 2
K
= — Z 7”,{’]'“'2 [Ql]k,k + 0 (d2éiB,L +40_ + Iiod(SN/s(Sg)J_) .

Proof of Corollary C.9. Recall from Lemma A.5 that

2 A[Kalp, [KeQilp) 2 | ([ Kalp,[KBeQieslp)
||[ alpll” =2 NaNpd oyt 2 NaNpd Tp

- ZT (g Il

By Lemma C.5, we have

T (G ) =23 WAL (G, Tl @il

20’2 II[KA]pH I[K

2l (R TRl @il
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By Lemma C.6, we have

. (5 KAL) = 22"KAN£‘]'V’B‘j€]k"<[KA1P,[KB,Ak>[Ql,sB]k,paz

o2k2
_ _9fp

Combine these together and we obtain

200 |I[Kalp|l I[KBlpll /oo 1K aly|l”
2 A 2
Kal, [Kzl,) oAbl
Nl P = A B (AT, Kal,) Qi + Neg @
O'2I<}2
+ 0 | 2L kyds? .
(NANBdHO AB, L
To get the formula for < ||[K 5] p||2, it suffices to interchange the roles of A and B. Similarly, for

the IIOISCS we write

.
EH[KA ] HQ _ 2<[KA,€]Q7[KBQ1,§AL1>0_2+ 2<[KA’€}q’[KB’€Q2]q>U2+ 2||[KA7£]
dt &l NaNgd ¢ NaNgd ¢ N2d

Z( Kadil).

By Lemma C.6, we have

A5 o
Qoo

(5 |[KA,g1q||2) - ; e ((ad TKalh) @1l

o [I[Ka.glq ?
L A
NaNgd &t

By Lemma C.7, we have

(5 NEaeld®) = 22 WAl Wil (e T, el ) (Qulhae?

_ (‘75 1K aelgl®

Nalpd © (4Bt ons) 624%3) |

Combine these together and we get

ot |[K

2
2||[KAE]qH2 2 Agldll 2
NaNgd '

K 2 _

C.2 MAINTAINING THE ORTHOGONALITY

In this subsection, we control the growth of ap, 1 and J¢ 1. First, we derive the equations that
govern the evolution of the off-diagonal terms.
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Lemma C.10. In Stage 2, for any p # q € [r], we have

d Kq/kpOy + Kp/Kqoa
i (Al KBl = [@1ler 5 5

- ) S+

o2 S 1 p,pUZ
(IRl T ) e (o, ) (e

2
+ _Ymax ~ _
0 (NAN dd"fOCSAB,L (\/5 + (5AB,L)>
Lemma C.11. In Stage 2, for any p # q € [r], we have

ﬁq/ﬁpag np/,«;qag

5 (AT TRAL) = (@l 5% 4 Qg S

(T, TR ([QW - Q)

N NBd NANBd
- 2
+([Kal,, [Ksl,) [fvmqu Nangd + (Kl [Kal,) m
2
= (wimoan (VI +om.) ).
and

d jom————\ Kg/Kpoa Fip/Kqoa
T <[KB]p, [KB]q> = [Ql]mm + [Ql]q,pm

T
- () (S + )
[@lg0?
NaNgd

2
+ (mdﬁofsAB,L (\/E-i- 5AB,J_)) .

[Ql}p,paz%

+ (Kl [Kal, ) Naad

+ (Kl [Ksl, )

Now, we are ready to control the off-diagonalness. The proof is similar to the one of Lemma B.15.
To provide intuitions, we first consider an idealized case. That is, we assume here the noise-signal

ratio is 0 and K 4 = K p, and explain how to control <[KA]p7 [KB]q> for p # ¢ € [r] under these
assumptions. In this case, we have
ffq/ffpafj + /@p/feqag

NaNpd ’

(Kl [Ksl,) ~ Qi

and
[KaBlpg

~ _(1_ G o2 g2 J(9 _ _ 2
Qo ~—(1=8) (2= T = T3+ 52— T, - T,7) TARe.

Note that the coefficient is negative. As a result, <[K Alp, [ K B]q> will move towards 0.

When K4 = Kp is not exactly true, the situation is trickier because we need to deal with the
middle four terms of the RHS of % <m7 m>. The idea is to view all these off-diagonal
errors as a whole and show that their sum is non-increasing, up to some higher-order terms.
Lemma C.12 (Orthogonality between signals). For any p # q, define

3L-,p-,q = <m7m>2 + <[KB]pa [KAL]>2 + <[KA]pa [KA]q>2 + <[KB}pv [KB]q>2 :
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In Stage 2, we have
d ¢ 01211ax N
3 0Lra =0 (WHO (d25,24B,J_ +0aB, 1V + 5—) V 5¢7p,q> :

Note that the LHS is of order 0% g, and for the RHS, the only term that can potentially have the

same order is the (6 5 J-,p,q> -related term. We will show later that 0_ = 0(d 4B, ), whence this
is also a higher order term.

Then, we consider the orthogonality between signals and noises.
Lemma C.13 (Orthogonality between signals and noises). For any p € [r] and q € [d — r], define

O, Lpg = <[KA},), [KA,s]q>2 + <[KB],,, [KA,s]q>2

+ <[KA}pv [KB,ﬁ]q>2 + <[KB]p, [KB7£]q>2 .

In Stage 2, we have

d ¢ 0'12nax 2 /
a5£7j_7p7q S O (]\/MdeK/O(S&L ((SgJ_ + 6_>> .

Finally, we deal with the orthogonality between the noises.
Lemma C.14 (Orthogonality between noises). In Stage 2, for any p,q € [d — r], we have

d o¢ 2

OMITTED PROOF OF THIS SUBSECTION

Proof of Lemma C.10. Recall that
2
Gl = (1Tl (Kal) ) (2 o Hpeicol) 0

&ALl Eall ) NaNpd
d o _ - T [KAQT]q [KA,EQL&A]q 03
dt[KB]‘I‘<I %], (I%el,) )(II[KB]quI T K )NANBd'

Then, we write

<[KA]p> i K5l > — [Kal, (I— K&l ([KB]q)T> [ﬁfféﬁaf NAojéde

- (- () ) K

For the second term, by Lemma C.6, we have

Kal, (1~ Tl (1Kal,) ) Eesals
d—r
_ ; ((RATy Bacle) ~ (Kaly [Ksl, ) (Kal,, [Kads)) [KA,TﬂE[;%lgA]k,q
==0 (d6€ J-(SN/S)
Hence,

(o, el ) = TR, (1~ Gl () ) U@l oo

2
max 2 2
+0 (NAN ddag,LaN/S) .
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For the first term, we have

o (o ) )

= Z ((Kaly. [Kalx) ~ (Kaly [Ksl, ) {[Ksly, [Kalx)) w

When k ¢ {p.q}. we have |(TKal,. [Kals)| < 0(as.1). | (K5l Kalc)| < 00an.0).

and ||[K alkll / [ KBlqll < ko. Meanwhile, by Lemma C.5, we also have |[Q1]4.x] < O(0aB,1).
Hence,

> (Al TRAlk) — (TRl TR, (IR, [l ) Al 1@

s K],
<0 (dﬁo5?43,L) .
Therefore,
(i#al, Kl ) ( Nj}gd>
~ (1= (A, Tl ) (Tl R, ) L e

= (TR TRAT,) = (TR [Rel,) ([T, TR, ) 1 s

+0 (drod%p., ) £ O (d6§7L6}/5> .
For the first term, we have

(1 - <[KA]pa [KBLI> <[KB}qv [KA]p>) W

— (14 8p,0) 2 (15 V)

[Ql]qp L0 (KOCSAB L\F) +0 (kodap, 1) -

For the second term, we have
[[Kalqll [@1]q,q
Bl < >> |[KB]qll

((aly Kaly) -

(Kl (Kl
:(<[KA1P’[KAM>*<[K q>1i<S ) o (1 V57
= (Il [l ~ (Il (K51, ) 1@y 0 (1 V).

<[KA1p sl (N”NBd> i
[Ql]q 240 (w0dap, /5 ) %0 (sodhm,.)
+ (<[KA]p, [Kal,) — ((Kaly Kal,)) (@il =0 (611/0)
£ 0 (drodyp,1) £ O (52 %)
_ 5l (5T AT (A ) e
+0 (drodan.i (VO +6a5.1)).
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Hence,

(1 gt = =2 o (I ) - (i )

2
+0 (N I}l\afx ddﬁO5AB,L (\/E—i— 5AB,L)> .

Interchange the roles of A, B, p, ¢, replace Q; with Q] , and we obtain

(AL K], ) = ke ot (IRl Tl — (IRl Kl ) ‘L

2
+0 <N rxx ddﬂo(sAB,L (\/Z—i— (sAB,L)) .

Combine these together and we complete the proof. O

Proof of Lemma C.11. Similar to the proof of the previous lemma, we compute

(e )< e (o () ) (e ) i

T =\ KsQil, 7 s
= [KA]Q <I - [ A]p ([KA]I?) ) H[I?A];ﬁo NA]CBd +0 <NZNde5g7L5]2V/S) :

Again, we have

[K"‘]"T(I_ ”( ”)T> ﬁfln

+[KA]q< p( )) }qw

3w (1=, (11aL,) ) ) P e
= ”"[C;f;]“’ + ((Kal, [Kal,) — (Kaly. [Kaly) ) @y % (dkodan.s (VO +0am.1))
Therefore,

<(;1t[KA]p, KAl > - [Ql]q,p;;/j\fi + ((Ksly [Kal, ) ~ ((Kal, [Kal,)) M

2
+ (mdﬁoth 1 (\F-l- dAB L))

Interchange the roles of p, ¢ and we obtain

<[KA]p, jt K al, > [Qﬂmxﬁvﬁ + (<[K3]q, [KA]p> - <[KA]pv [KA]q>) %

o2
+ <NANX ddf€05AB 1 (\/>+ 0AB J.))
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Combine these together and we get

Fa/ 5% ), 2 K%
‘LPNANBd 1 quNANBd

_ <m,m> ([Ql]pmag + [QI}WIUg)

(AT, KAL) = (@]

NaNpd NaNgd

[Ql]qu q
NaNgd

0.2
+ (mdﬁﬁAB,L (\/fiﬁ- 6AB,J_>) .

Interchange the roles of A, B, replace Qi with QlT, and we obtain the formula for
& (K], [Ksl,). =

[Ql]pw p

+<[KA]P’[KB] > NaNpd

+ (K, Kal,)

Proof of Lemma C.12. First, we consider the [Q1], ,-related terms, by Lemma C.5, we have

KAB]p,q + [KBA]q,p

[Ql]p,q = —5’(1—5’)[ (2_Tp_Tq)

NaNgd
(KaBlp.q g
(1-29) Ny L5 (2T, Ty — T, — T,)
- [KaB] , ~ ~
—(1-8) (28T, +T,) — (1= )T+ T2)) £0 (045 1)
_0 KpkqOAB, 1L
~ Y\ NaNpd )

Hence,

nq/npof, ,%3 02 1 o2
=0 ) =0 —=—"E9 .
[Qﬂp’qNANBd NisNpd NaANpd AB,L \/ENANBC[ AB.L

The same bound also hold for other [Q], 4-related terms. The important thing here is that we have
and additional 1/+/d factor.

Now, we are ready to prove the result. For notational simplicity, define Z; = <[K Alp, [K B]q>,

Ty = <@, m>, Ty = <m, m>, and Z, = <@, m>. Also define G), :=

[Q1]p,p02/(NaNpd) and similarly for G,. Then, we can write the results of Lemma C.10 and
Lemma C.11 as

Z —G, - G, 0 G, G, Z
d |Zy| 0 —G,—G, G, G, Z
dt | Zs| — Gq Gp —Gp — Gq 0 Z3

Z G, G, 0 —G, — G, |24

1 o2 z
£0 (i ian. ) 0 (Fdnian (VI +dan.) ).

The eigenvalues of the first matrix are —2G,,, —2G4, —2G, — 2G, and 0. For the first three eigen-
values, note that

[Ql]p7p0-12) 1 0-]2113,)(

G, = — .
P NaNgd _\/(jNANBd

Hence, the signals will dominate the noises, in particular, the first term on the second line, and push
||Z]| toward 0. Now we consider the eigen-pair (0, (1,1,1,1)), for which we will use the actual
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form of [Q1]p,, we obtained in Lemma C.5. We have

Kq/KpO2 + ki Kqo?
Z q P~ p P 9~ q
dt Z Q1 p,q [Ql}(],P) NANBd

2
+0 (NAX?\?X ddHO(SAB,J_ (\/E-i- 6AB,J_)) .

By Lemma C.5, we have

[Ql]p,q + [Ql]qm
B = [KaBlp.q + [KBAlp,
=—(1-9) ;f:NBd =

(2 T2 -T2+ 52T, - Tq)2) +0(d*%p.,) .
Then, we write
[KaBlp,q + [KBalpq = [Kalpll [KBlgll Z1 + KByl [[Kalgll Z2

= (Zl + ZQ)Hqu(l + \/6,).
Hence,
Kpkq

(Qilpq + [Qi]gp =—(1— S)m
+0 (d“‘ai,m + 5AB,M/5T) .
To convert Z + Z5 to Z?zl Z;. Note that we have
L+ 2y — 23— 2y = <[KA]p — [KBlp, [Kalq — [KB]q> <é-.

(Zy + Zs) (2 T2 -T2 4 52T, - Tq)2)

Therefore,
1-5 Kpkq 2 2, & 2 .
[Ql]p,q + [Ql]q,p = _Tm (2 - Tp - Tq + 5(2 - Tp - Tq) ) ZZi
i=1
+0 (055, + 04810 +0).
Thus,

4
(2-12-T2+50-T,-T)") Y %

i=1

d ZZi _ -9 Kg/bpOs + Kp/KqOa  Kpky
dt “ NaNgd NaNpd

Jr2rlax 2 ¢2
+0 —— Ko (d 5AB,L+6AB,l\/E+5—> .

NaNgd

Note that the coefficient of the first term is negative. Combine this with the previous bound for || Z]||,
and we complete the proof. O

Proof of Lemma C.13. Recall that

i \T BQ1)p B,eWieglp 012)
(i[KA] (I— (Kalp ([KA]p) ) <[||I[{Kf] ]|| + [K||[I£{(i];|| ] ) NaNgd’

dee— (o [KpQlea)s  [KpeQol, ) o2
7 [Kaglg= <I [Kaglg ([KA,ﬁ]q) ) ( I[Kaell ™ I[Ka, g]q||> NaNgd’

We now compute <%[KA]I,, [KA’g]q> and <[KA p T [Kag q> separately. First, we write

) KsQi], o,
[[K al, H NaNgpd

= (f—m () ) e v

1 ((GTRAL el ) ) + e ( GIRAL el ) )
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Then, we compute

T, (<C(11t[I(A]p[I{A€]Q>)

||[KB]p|| [Ql]pm 0127

= ((Kad, [Kal,) - <[KA,g]q, [Kal, ) ([Kal,, [K8],)) Al Naknd
DY (Eads [Kslk) — (K el [Kal, ) (IKaT, (K5l ) ”[I"’ﬂ’iﬁﬂ’”’ e

= <<[KA,s]q7 [KB]p> - <[KA,s]q7 [KA]p>) [163;];205 +0 (Ni%\?;ddﬁoéﬁ,J_ (5“ + W)) ,

and, by Lemma C.6, we have

T ({ Rl adh)) = ;K“ (-l (1ol ) el o

max 2 2
=+0 (NAN dd(sN/S(Sm) .

Combine these together and we get

< K [KAyg]q> ~ ((Kaels [Ksl,) -~ (Kad,. Kal,)) [ﬁ;];ladg

+0 (Nima drsode,1 (8¢, + \ﬁ))

Then, we compute <[KA}p, 4 [KAyg]q>. We write

KpliQuealor ¢

<[KA]p jt[KA g] > ; [KA]pT (I[KA-,E]q ([KAJE]q)T) [ H[KAQ] || 7 NaNgd
k=1 e

d— T\ [KB,elk[Q2]k,q o¢
+kz: < [Kalg ([KA,dq) > ﬁé:&]qu NAzide

(o ) o (3 )

For Ty, when k = p, by Lemma C.6, we have

Kl (1~ Kny (Kaely) ) HEEEQrealus

[Kaelgll
~ (L Tl — (AT TRl (el Tl )) i 2 @ el
—(1—5‘)(1+S‘+(1—S)Tj)(1i0(5_+5gl ’;’VL< S Kag >

+0 (d3 (6aB, L+ 0nys) 0e, LON/s)

s <||J[VI§]JB\;;|L ) (Kl [Kagl) £ 0 (& (55,1 +dxys) 0, L0nys)

When k # p, we have

Kaly (1= Taely (Kaely) ) IR — 0 (1000 1000,
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Hence,

T (KAl Kady) ) = -© (”}ij’;]Bll> (R, TRadl)

2
+0 <J\,;1]\C};id3fﬂo (6aB,L +0n/s) 6£,J_5N/S) :

Now we consider Ty. By Lemma C.7, we have

d of
Tz (<[KA]pa T [(Kaglq >) =+0 (NAN dd 62 10nys (6aB,L + 5N/S)>
Therefore,
d _ KB, I

2
+0 <]\C§Va;wld%0 (6aB,L +On/s) 5£,L5N/S) :

Thus,

% (Kaly Kael) = ((Kacs Ksly) - (Kacs Kal,)) m

I[K s 0f e
~° < NAide ) NA]ide <[KB]p7 [KA7§]Q>

0.2
+0 (Wdﬁl()(sg’l <6€7J_ + \/(57>) .

Similarly, one can show that

(i <[KB]pv [Kaglq > (<[KA elg) [Kalp > - <[KA»€]‘1’ [KB}”» M

I[K ol 0f e
~© < NA?VBd ) NA]fde <[I{A]p7 [KA’dq>

0_2
+0 (NAN ddfio(SgL ((&L—F\/ >>

For notational simplicity, define

[Ql}p,pgz "5;% 0?

NaNgd' 2~ NaNgdNaNgd’

X = (Kl [Kagl). Y= (Kel,.[Kael), €=

Then, we can write

d1x]_ -1 C,—0(C)] [Xx O
dt [Y} B [Cl —0(C) —Cy y|+0 NANdeﬁde{’L (5“ + \/T_) .
The first matrix is negative semi-definite, whence

d (X2+Y2)<O @d/ﬁ 62 (6 _"_\/57)
dt NaNgd 006t %4 -) .

Since the roles of K¢ and Kpg are interchangeable, the same bound also holds for
<[KA}p7 [KB,e]q> and <[KA]p, [KB,g]q>~ -
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Proof of Lemma C.14. We write

d T T KaQie,lo | [KaeQ)] of
Kacl K K I-TK K 50 | [RAEK g
(sl 1Kneh ) = Rach" (1~ Kanel, (Kadl )<| Kol Knel ) NaNgd

KAQlEB Ug
I[KB.elql NANBd

e (I Ry ([Kaely) ) Uasdih o

d
Ty <KA5 r g K B.ela >) +Ts (<[KA7s]p7 3 EB.ela >>
Then, we compute

(
T (a3 Ka el ))

- I[Kalill [Queplar 0%

=2 (<[KA,e]p7 [KA]k> - <[KA.,s]p7 [KB,s]q> <[KB,s]qv [KA]k>) Kby NaNgpd

[KA,s]pT<I [KB.elq KB& )

Note that, the first part of each summand is bounded by O(d¢_ | ). For the second part, by Lemma C.6
we also have

| Kalkll [Queslar | [[Kalkll ((KBlp, [Kaglq)
Ksed  — 1Kseldl (O(” NaNpd

= ﬂ:O(ég,L).

(e 7)) -0 (st

Now we consider Ty. By Lemma C.7, We have

Ty (<[KA,£]pv ;t (KB.elq >>

d—r :
( — KBl ([KB,s]q>T) el ﬁ[gg]:,”ﬁ[] |}M NAJfde

-2 IK

=1

d—r 0.2
:iZO Qo 5 vad
=1

+ 0 (d® (6aB,L +0n/s) 5£,l5N/S)>

Hence,

2

Umax
=40 (NANde4 (5AB,J_ + 5N/S) 55’J-5N/S> :

Combine this together and we obtain

d O’g )
[KA,é]pa dt [KB 5] =40 mdég,L .

Similarly, one can derive the same bound for <% [Kaglp [K B)g]q> and complete the proof. [

C.3 MAINTAINING KA ~ Ky

In this subsection, we show that <[KA]p, [KB]p> ~ 1, [[Kalpll = |[KB]pl, and also

I[Kaelqll = [[[KB,elqll throughout Stage 2. The proofs are similar to the corresponding ones
in Stage 1.
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Lemma C.15. In Stage 2, we have

LKL, [Ka],) = 0 (%) (1~ (TRl [l )) 20 (32, ).

2 2 2 2
Lemma C.16. Define pa/pp = |[Kalpll” / [[KBlpll” and ppjap = |[KBlplI" / [[Kalpll™
In Stage 2, we have

d 2(Q1]p,
E (pA/B,p + pB/A,p) = N 1]\?}de <[KA]pa [KB} > (2 —PA/Byp — pB/A,p)

O—rznax

Lemma C.17. For any p,q € [d — r], define P, AJAplg = H[KAﬁ]pHQ/H[KAé]qHQ and
2 2
pe.a/Bp/q = I[Kaglpll” / |[KB.glgll” In Stage 2, we have

d oZ

qPearanss =+0 | 5 N Vg @eL |
d 02 )
@ (Pearmoa+ pepraan) =+0 | oy (A2 +42) ).

OMITTED PROOF OF THIS SUBSECTION

Proof of Lemma C.15. First, we write

() (- ) )

T KBsleB] o)
+ Kzl (I_ ( p)) KAl | CNaNgd

Kol ) )+ ({ Rl R3] ) )
For Ty, we compute

T: (<§t [KA]pv [KB] >> = [KBLDT <I — [KA]p ([KA]p)T) [KB];D [KJT]IzéL[]ji]p»p NACXQ)]Bd

g o) ) A
k7P p ANB

- (1 () ) WL e

o2
+ O [ 23X i8> .
<NANBd Ko AB,L)
For Ty, we compute

(A m,)) - X ( p< >)K3|f€;i:ﬁ”'m;id

k=1

O—Enax
Therefore,
a K6l @]y, 0 B
(ALl ) = (1 (A Kl ) WPl e 2 s (T ot ).
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Then, by symmetry, we have

8 5 )< (- () e ()

2
+ max 2
O(NAN ddHO(SAB,J_)

UQ[Ql]pm TK A Kol afnax
=0 (W) (1 - <[KA]p7 [KB];D>) +0 (Wdﬁoﬁs,L) :

]
Proof of Lemma C.16. Similar to Stage 1, we define pa/p, = ||[KA]p||2/||[KB]p||2. By
Lemma A.5, we have
RN 11RO 1 .-
dt T KBl KB
_ o {[Kaly, [KpQ: ]pgag+2<[KALJ7[KB,sQL&BQM%JF pj:[/QBd’on o2
NaNgd|[Kgl,| NaNgd| KBl
KBgl,, [KaQ{ Kgl,, [K 1
—pA/Bp 2<[ B]P [ 1]P2>012)+2<[ Blp [ A,ﬁQl,ﬁAz]p>gz2) 9 Qoai
NaNgd|[KBly|| NaNgd|[Kgl,|
_ 2<[KA]pv [KBQl]p>0,2 2<[KA}177 [KB7§Q17§B}P>O,2
NaNgd |[Kg,|* " NaNgd|[KsllI> *
Kgl,, [KaQ] K K
—pA/Bp 2<[ Blp, [KaQ, ]p2>012)_|_2<[ Blp: [ A7€Q17€A2]1)>0_12)
NaNgd|[KBl|| NaNgd||[KBl||
1 1
2
#2007 (3~ ga) ro
Then, by Lemma C.5 and Lemma C.6, we have
((Kalp, [KBQ1lp) = ([Kalp, [KBlp) [@i]pp £ O (dripkodap 1) »
<[KB]177 [KAQI]p> = <[ ] [ B]p> [Q }pp +0 (dﬁiﬁoéiB,J_) )

(KAl [K5.¢Quealy) = +0 (dr20% 50 1 )
([KBlp, [Ka,eQ1,alp) = 0 (d/f /50, L)
Thus,

d - [Q1]pp0; <[KA]p7[KB}>
AP = NNl (il P P4

1 1 o2
2 2= - = + _max g5 .
+2Qo0, (de N%d) pa/B,p £ 0O <NANBd Ko AB,J.)

Interchange the roles of A, B and we get

ng P [Ql]pypgg <[KA]p,[KB}p> (1*PB A )
At BT T INANGd (K al, | [

1 1 o-r2nax
+ 2@00'12) (N%d — Nid) pB/A,p jZO <J\Wde’€061243’J‘> .
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Hence,
d [Ql}p,pag 1—pa/Bp 1-—pB/ayp
- (pasBp+rBrap) =2 (Kaly. [KBlp) 2+ ;
dt NaNpd I[K Bl [[Kall
2 1 1 Jr2nax 2
+2Qo0, NZd - NZd (pA/Bm - pB/Am) +0 mdﬁoéAB,L
- 2[Q1}p7p(7;

~ NaNgd <m’ m> (2—pa/Bp—PBrAD)
O hax
£0 (g oo +0)).
O

Proof of Lemma C.17. For notational simplicity, we drop the subscript £ in the proof. Recall from
Corollary C.9 that

d 2 2| [Ka £]qH2 2 Ug ||[ A, ]q|| 9
K = ZlBAgldll o 52 Lo (AT ,

Hence, for any p, g € [d — r], we have

2 2

gpA/A . ai I K aelyll oaray i I K aell
sp/q T 2 P/ 4 2

d¢ 11K a.¢lqll 11K a.elqll

2 ) of
NTAonag,OA/A,p/q +0 (N Ng dd(Sf J.)

0_2
~PA/Ap/q <N2 7o @ooE £ 0 (N Naga®e L))

0.2

Similarly, we have

LI 1 V3H R |L.<P
e [T P (K gl
2 ) of
= NTAonUg/)A/B,p/q +0 (]\Wd6§ J_>

o2
~PA/B,p/q <N2 dQOJE +0 ( ]f[ dd(5£ J—))

2 2 of
(350~ w30) Qoiowman = ( AN dé?#) |

By symmetry, we also have

d 2 2 of
B/ Al = (W - fod) Qoo¢pB)aem £ O ( Np d5£ L)
Hence,

d 2 2 ) oZ )
~; \PA/B, +pB/A, = <> Qoo (pa B, — PB/A, +0| ——
dt ( /B.p/aq / q/p) Nid N]23d 13 ( /B.p/q / q/p)

NANde(sf’l
=+0 % dé? 62
= NaNgd N 5 (402, +32)
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C.4 CONTROLLING THE NOISE-SIGNAL RATIO

In this subsection, we show that the noise-signal ratio remains small throughout Stage 2.

Lemma C.18. Let ||[K alp|| be the smallest among all {||[K a]k||} e[, For any q € [r], in Stage 2,
we have

d |[Kaell ( of ) ) I a.6)qll”
— = <0 (doZ 1 +d*0%p, 1 +0- +d*0nsde 1) | = o
dt |[Kal,| NaNgpd N
Proof. Recall from Corollary C.9 that
202 ||[K al,|l | K 8], | I[K |
2 p A 2
gy KAl = = =2 (KAl TR Bl ) (Quly + 2735 5@
0'2,%2
j: p'p 2
o <NAN d“Od(SAB’L>
2
d 2 2||[Kaell’ a2 IKaell®
— |I[K = 2elall +0 | 2 —= )
3 1 [Eaeldll T KA G Py P

Since the condition number of K 4 is bounded by v/d, it suffices to consider the smallest ||[K a],||,
for which we have

2

— 2 — p
KL = 2 Qi
0'2:"@2

202 K 203 i Ky K 9
= Nanpd @ 1AL = 55 | D 7 o @l | 1Kl

k=1

, 20
Kalpl™ +

NQon (K al,

O'Qli2
+0 (NANBd (d*6ap, 1 + d*0n/s0e, 1 + - ))

where the last line comes from Lemma C.8. By Lemma B.4, [Q1],,,, is negative correlated with 512,.
As a result, we have

o2k?

d 2
% [[Kalpl™ > -0 (M (d*0%p, 1 +d*6nysde, 1 + 5)> .
For K 4 ¢, we simply have
NaNgd

d o2
dt I[Kaelqll® <O <E (d6Z | + d*6%p 1 +0-+ d25zv/555,¢)> I[Kaelqll”

Thus,

2 2
d [Kaelol®  S1Kacll®  Kael® & IEKabl

At |[[Kal, | I K alpl® IKall® KAl
o¢ I(K a.elal’
<0 S (o2, +d*0% g, + 0 +d%n)s0 Aglal
= <NANBd( o ABL wrs%,L) I[K Ayl
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C.5 ESTIMATING THE CONVERGENCE RATE

In this subsection, we estimate how fast the condition number will become close to 1.

Lemma C.19. Suppose that ||[Kalpl| is the largest and ||[Kalq|| the smallest among all
{IIK alkll}rep- In Stage 2, we have

AWK 40 =8)0Ry g [Eabl
A |[Kalyl” ~ NaNpd 7 (K, P

0.2
j[O<NAN 5 (@0ap L +0- + d*0n/s0e 1) K )

Corollary C.20 (Convergence rate). Suppose that ||[K alp|| is the largest and ||[K al4|| the smallest
among all {||[K al}ye[,- For any constant ¢ > 1, it takes at most poly(d) amount of time for

I [I('A]p||2 /1l [I{A]qH2 to become smaller than c.
OMITTED PROOF OF THIS SUBSECTION

Proof of Lemma C.19. By Corollary C.9, Lemma C.8 and Lemma C.5, we have
2

LKA = 2@y K \|2+ﬁQ (K alpll®
dg AP TN N e IR AR T e g ROl AR

02H2
+0 (NANBd (Kodd%4 g, +0- )>

— S 02 2 — S' 0’2 r /{2 )
- W(l —T,) [[[Kalpll” + 4(1N3d) p (; ||I€T|2 (1-— Tp)> I[K al, |l

0'2K/Q
=0 (NAN 7 (*0%4p L + 0+ d*0nsde, l))

4(1—5’)02 orK? )
:—W (T T) I[Kaly|>+0 m(d 6B 1 +0-+d*0nsde1) |,

where T = Zk e H2T Then, we compute

QH[KA]pH _ LK al,l? B K AL 5 1K Al

dt || [K al,ll” I alql® K alql® |[K alqll?
41 -9) 52 K alpll” I°
NaNgd ( (T T) %q (Tq_T)> 1K alqll?

02
iO(NANBd (d 5ABL+5 +d 5N/S§U)>

Since ||[K a],|| is the largest, ||[[K 4], is the smallest, T}, is positively correlated with ||[K ]|,
and T is a weighted average of T},, we have

ag(Tp—T’)—ag(Tq—T) > 02 (T, —1T,).

Thus,
QKA 40 =802, o MK AL
dt 2 — NaNgd ( p (1) 2
([ K alql ANB [[K alql

0_2
iO(NAN 5 (*0%p, 1 + 0+ d*0n/s0e1) )
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Proof of Corollary C.20. Recall that

T, = tanh <.Z\/£7V}3d> = tanh <”|[| A]||1|,~| (1 +O0(0- + 5N/S))) .

Since rg < Vd, we have ||[Kal,|*/[I[Kalr|® < 1/2. Note that tanh’(z) = 1 — tanh?(z) =
Q(1) for any z < 1.1/2. Therefore,

2 2
1y 1, 0 (LKAB WAL & 520 (1),
|Kall; d

Then, by Lemma C.19, we have

ANKIE 40 =)oy 0 g KLl
A [Kal,” ~ NaNpd 7Kl

0_2
=0 <NAN 5 (d*0%p 1 + 0+ d*0ns0e1) >

2
< —Q< Jr2nin > ||[KA]P|| )
- NaNpd) |[Kal,|”

By the proof of Lemma C.19, the largest ||[K al,||* is non-increasing. Hence, NaNgd is upper

bounded by some poly(d). Thus, it takes at most poly(d) for ||[KA]§|| / I K alq]| to become
smaller than c. O

C.6 PROOF OF THE MAIN LEMMA OF STAGE 2

Proof of Lemma C.1. The polynomial bound on the convergence time has been proved in Corol-
lary C.20. For the errors, recall from Lemma C.12, Lemma C.13 and Lemma C.14 that

d Urznax Iy
dt5L pa < O (NANBdHO <d25?43,¢ + 5AB,L\/ o-+ 57) Y, 5J-,p-,q) ’

2
5 O max 2
ena < 0 (Fmndt (50 + VE)).

(jlit <[KA elp) [KB.glq > ==0 (NAN 40, J.)

Recall from Lemma C.15, Lemma C.16, and Lemma C.17 that

2

iy (Bl o) = (%) (1 (L)) 0 (s o)

d 2
pn (pa/Bp+pB/ay) <O

7NAHZI\7XBd (dﬁo5,243,L + 53)) )

ag

i <0 Uigd(;?

dtpf7A/A7P/q — NANBd &L )

d of

i (Pe.a/Bp/a + PeBrA) <O <N Nga (@0 + 53)) :
(17)

By Lemma C.18, we have

d [|[Kaelal” ot 2 > K a.elall”
& |[Kal, | o (NAN d (d6 | +d*0%p | +0_ + d*dn)sde, J.)) AN
Note that on the RHS of these equations, the only terms whose order may potentially be smaller than
or equal to LHS are the §_-reltaed terms. However, (17), we can make sure J_ is at most 5}453’ 1
As a result, the orders of the RHS are all greater than the orders of the LHS, which implies that
these errors can at most double within poly(d) time if they are sufficiently small at the beginning of
Stage 2. [
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D FROM GRADIENT FLOW TO GRADIENT DESCENT

Converting the above gradient flow argument to a gradient descent one is standard. All our esti-
mations can tolerate an inverse polynomially large error. Since the all quantities of interest here
are polynomially and inverse polynomially bounded, at each step of gradient descent, one can al-
ways make the GF-to-GD discretization error sufficiently (inverse polynomially) small by choose
a sufficiently (inverse polynomially) small learning rate and generating sufficiently (polynomially)
many samples. Since the times need for Stage 1 and Stage 2 are both polynomial, this also implies
a polynomial sample complexity.
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