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Abstract

Distributionally robust optimization (DRO) is an effective approach for data-driven
decision-making in the presence of uncertainty. Geometric uncertainty due to sam-
pling or localized perturbations of data points is captured by Wasserstein DRO
(WDRO), which seeks to learn a model that performs uniformly well over a Wasser-
stein ball centered around the observed data distribution. However, WDRO fails
to account for non-geometric perturbations such as adversarial outliers, which
can greatly distort the Wasserstein distance measurement and impede the learned
model. We address this gap by proposing a novel outlier-robust WDRO framework
for decision-making under both geometric (Wasserstein) perturbations and non-
geometric (total variation (TV)) contamination that allows an e-fraction of data to
be arbitrarily corrupted. We design an uncertainty set using a certain robust Wasser-
stein ball that accounts for both perturbation types and derive minimax optimal
excess risk bounds for this procedure that explicitly capture the Wasserstein and
TV risks. We prove a strong duality result that enables tractable convex reformula-
tions and efficient computation of our outlier-robust WDRO problem. When the
loss function depends only on low-dimensional features of the data, we eliminate
certain dimension dependencies from the risk bounds that are unavoidable in the
general setting. Finally, we present experiments validating our theory on standard
regression and classification tasks.

1 Introduction

The safety and effectiveness of various operations rely on making informed, data-driven decisions
in uncertain environments. Distributionally robust optimization (DRO) has emerged as a powerful
framework for decision-making in the presence of uncertainties. In particular, Wasserstein DRO
(WDRO) captures uncertainties of geometric nature, e.g., due to sampling or localized (adversarial)
perturbations of the data points. The WDRO problem is a two-player zero-sum game between a
learner (decision-maker), who chooses a decision § € ©, and Nature (adversary), who chooses a
distribution v from an ambiguity set defined as the p-Wasserstein ball of a prescribed radius around
the observed data distribution ji. Namely, WDRO is given b

inf sup Ez [0, Z)], (1)
€0 v w, (v, ) <p 146, 2)

whose solution 6 € © is chosen to minimize risk over the Wasserstein ball with respect to (w.r.t.) the
loss function ¢. WDRO has received considerable attention in many fields, including machine learning
[6} 22} 145,148, 59], estimation and filtering 36} 37,146, and chance constraint programming [[12} 55]].

In many practical scenarios, the observed data may be contaminated by non-geometric perturbations,
such as adversarial outliers. Unfortunately, the WDRO problem from (T)) is not suited for handling this

"Here, Wy, (11, v) = infrenun) ([ ||z — yl|Pdn(z, y))l/p is the p-Wasserstein metric between  and v,
where IT(p, v) is the set of all their couplings.
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issue, as even a small fraction of outliers can greatly distort the W,, measurement and impede decision-
making. In this work, we address this gap by proposing a novel outlier-robust WDRO framework
that can learn well-performing decisions even in the presence of outliers. We couple it with a
comprehensive theory of excess risk bounds, statistical guarantees, and computationally-tractable
reformulations, as well as supporting numerical results.

1.1 Contributions

We consider a scenario where the observed data L
distribution i is subject to both geometric (Wasser-
stein) perturbations and non-geometric (total varia-

tion (TV)) contamination, which allows an e-fraction

of data to be arbitrarily corrupted. Namely, if p 0 g

is the true (unknown) data distribution, then the w g
Wasserstein perturbation maps it to some p’ with | WE (1, 11) < p W, (1,1 ) < p
W, (¢, 1) < p, and the TV contamination step fur- |

ther produces /i with || — /||ty < € (e.g., in the spe- | 0 p

cial case of the Huber model 28]}, i = (1—¢)p/+ea \ _ , /

where « is an arbitrary noise distribution). To enable NOMT (L—e +ea & 3
robust decision-making under this model, we replace u /—\” Wivse

the Wasserstein ambiguity set in (I) with a ball w.r.t.
the recently proposed outlier-robust Wasserstein dis-
€ € 1

g‘lnce WP [:;)1 ol 3%]' Tl:le W? dIStanfC e (see @ ahead) Figure 1: A visual depiction of a clean measure

ters qut t e e raction o mass from the contami- 1 € P(R) and a corrupted observation ji € P(R)
nated distribution that contributed most to the trans-  utisfying W& (1, 1) < p

. . P ) = P

portation cost, and then measures the W, distance
post-filtering. To obtain well-performing solutions for our WDRO problem, the W}, ball is intersected
with a set that encodes standard moment assumptions on the uncorrupted data distribution, which are
necessary for meaningful outlier-robust estimation guarantees.

0 P

We establish minimax optimal excess risk bounds for the decision 6 that solves the proposed outlier-

robust WDRO problem. The bounds control the gap E[¢(6, Z)] — E[¢(0,, Z)], where Z ~ 1 follows
the true data distribution and 6, = argming E[£(6, Z)] is the optimal decision, subject to regularity
properties of £, = £(f,, ). In turn, our bounds imply that the learner can make effective decisions
using outlier-robust WDRO based on the contaminated observation /i, so long as £, has low variational
complexity. The bounds capture this complexity using the Lipschitz or Sobolev seminorms of ¢, and

clarify the distinct effect of each perturbation (Wasserstein versus TV) on the quality of the learned 6
solution. We further establish their minimax optimality when p = 1, by providing a matching lower
bound in the setting when an adversary picks a class of Lipschitz functions over which the learner
must perform uniformly well. The excess risk bounds become looser as the data dimension d grows.
We show that this degradation is alleviated when the loss function depends on the data only through
k-dimensional affine features, by providing risk bounds that adapt to % instead of d.

We then move to study the computational side of the problem, which may initially appear intractable
due to non-convexity of the constraint set. We resolve this via a cheap preprocessing step that
computes a coarse robust estimate of the mean [34] and replaces the original constraint set (that
involves the true mean) with a version centered around the estimate. We adapt our excess risk bounds
to this formulation and then prove a strong duality theorem. The dual form is reminiscent of the one
for classical WDRO with adaptations reflecting the constraint to the clean distribution family and the
partial transportation under W;. Under additional convexity conditions on the loss, we further derive
an efficiently-computable, finite-dimensional, convex reformulation. The optimization results are
also adapted to the setting with low-dimensional features. Using the developed machinery, we present
experiments that validate our theory on simple regression/classification tasks and demonstrate the
superiority of the proposed approach over classical WRDO, when the observed data is contaminated.

1.2 Related Work

Distributionally robust optimization. The Wasserstein distance has emerged as a powerful tool for
modeling uncertainty in the data generating distribution. It was first used to construct an ambiguity
set around the empirical distribution in [40]. Recent advancements in convex reformulations and



approximations of the WDRO problem, as discussed in [8 20} [35]], have brought notable computa-
tional advantages. Additionally, WDRO is linked to various forms of variation [2, |9, [19, 43]] and
Lipschitz [7} [11} 44] regularization, which contribute to its success in practice. Robust generalization
guarantees can also be provided by WDRO via measure concentration argument or transportation
inequalities [[18}(30L 31} |51} 153 154]]. Several works have raised concerns regarding the sensitivity
of standard DRO to outliers [24} 27, 58]]. An attempt to address this was proposed in [56]] using a
refined risk function based on a family of f-divergences. This formulation aims to prevent DRO
from overfitting to potential outliers but is not robust to geometric perturbations. Further, their risk
bounds require a moment condition to hold uniformly over O, in contrast to our bounds that depend
only on 6,. We are able to address these limitations by setting a WDRO framework based on partial
transportation. While partial OT has been previously used in the context of DRO problems, it was
introduced to address stochastic programs with side information in [17] rather than to account for
outlier robustness. Another closely related line of work is presented in [4} 5], where the ambiguity set
is constructed using an f-divergence to mitigate statistical errors and the Prokhorov distance to handle
outlier data. The proposed model is both computationally efficient and statistically reliable. However,
they have not investigated its minimax optimality or robustness against the Huber contamination
model, which we aim to do in this paper. Additionally, a best-case favorable analysis approach
has been proposed in [29] to address outlier data. This approach is an alternative to the worst-case
distributionally robust method. However, it requires solving a non-convex optimization problem,
significantly impacting its scalability, and is not accompanied by any proof of minimax optimality.

Robust statistics. The problem of learning from data under TV e-corruptions dates back to [28]].
Over the years, various robust and sample-efficient estimators, particularly for mean and scale
parameters, have been developed in the robust statistics community; see [41]] for a comprehensive
survey. The theoretical computer science community, on the other hand, has focused on developing
computationally efficient estimators that achieve optimal estimation rates in high dimensions [[13,[16].
Relatedly, the probably approximate correct (PAC) learning framework has been well-studied in
similar models [, [10]]. Recently, [58]] developed a unified robust estimation framework based on
minimum distance estimation that gives sharp population-limit and promising finite-sample guarantees
for mean and covariance estimation, as well linear regression. Their analysis centers on a generalized
resilience quantity, which is essential to our work. We are unaware of any results in the settings above
which extend to combined TV and W,, corruptions. Finally, our analysis relies on the outlier-robust
Wasserstein distance from [38}139]], which was shown to yield an optimal minimum distance estimate
for robust distribution estimation under W, loss.

2 Preliminaries

Notation. Consider a closed, non-empty set Z C R equipped with the Euclidean norm || - ||. A
continuously differentiable function f : Z — Ris called a-smoothif |V f(2) =V f(2)|| < aflz—7/|,
for all z, 2’ € Z. The perspective function of a lower semi-continuous (l.s.c.) and convex function
fis Pr(z,A) = Af(x/X) for A > 0, with Py(z, \) = limy_,0 Af(x/A) when A = 0. The convex
conjugate of f is f*(y) := sup,cra ¥ '« — f(x). We denote by x z the indicator function of Z, that
is, xz(z) = 0if z € Z and xz(z) = oo otherwise. The convex conjugate of x z, denoted by x%, is
termed as the support function of Z.

We use M (Z) for the set of signed Radon measures on Z equipped with the TV norm ||u||tv =
1|u/(Z), and write 1 < v for set-wise inequality. The class of Borel probability measures on Z is
denoted by P(Z). We write E,,[f(Z)] for expectation of f(Z) with Z ~ p; when clear from the
context, the random variable is dropped and we write E,,[f]. Let ,, denote the covariance matrix of
p € Pa(Z). Define P,(Z) :={pu € P(Z) : inf, ez E,[||Z — 2z||"] < co}. The push-forward of
[ through € P(Z)is f4pu(-) = p(f~(-)), and, for A C P(Z), write fxA = {fpp: p € A}
The pth order homogeneous Sobolev (semi)norm of continuously differentiable f : Z — R w.r.t. p
is [ fll g = E,.[|[V f|[P]/. The set of integers up to n € N is denote by [n]; we also use the
shorthand [z]; = max{z,0}. We write <, 2, < for inequalities/equality up to absolute constants.
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Classical and outlier-robust Wasserstein distances. For p € [1,c0), the p-Wasserstein distance
between 11, v € Py(Z) is Wy(p, v) = infren(u) (Bx[|| X — Y||”])1/p, where TI(p, v) = {r €
P(Z?%): w(- x Z) = p, (2 x -) = v} is the set of all their couplings. Some basic properties of



W, are (see, e.g., [42152]): (i) W,, is a metric on P, (Z ); (ii) the distance is monotone in the order,
ie., W, <W, for p < ¢; and (iii) W, metrizes weak convergence plus convergence of pth moments:

W, (i, ) — 0 if and only if 1, = pand [ |[z[[Pdpn (x) — [ |lz]|Pdp(z).

To handle corrupted data, we employ the c-outlier-robust p-Wasserstein distanc% defined by

Wi (i, v) = inf W, (u,v)= inf  W,(u,v"). 2)
W EPRY) v eP(RY)
llp' —pllrv<e v —vllrv<e

The second equality is a useful consequence of Lemma 4 in [39] (see Appendix [A]for details, along
with an interpretation of W7 as a partial OT distance).

Robust statistics. Resilience is a standard sufficient condition for population-limit robust statistics
bounds [49,58]]. The p-Wasserstein resilience of a measure i € P(Z) is defined by

(€)== sup  sup  Wy(u', ),
W< pp' <tiop
and that of a family G C P(R) by 7,(G, €) := sup,,¢g 7p(i, €). The relation between W, resilience
and robust estimation is formalized in the following proposition.
Proposition 1 (Robust estimation under W, resilience [39]]). Fix 0 < ¢ < 0.49. For any clean
distribution p € G C P(Z) and corrupted measure [i € P(Z) such that W (fi, 1) < p, the minimum
distance estimate i = argmin, g W5 (v, i) satisfies W, (1, 1) S p + (G, 28).ﬂ

Throughout, we focus on the bounded covariance class Geqy == { peEPZ): 8,21 d}.
Proposition 2 (W, resilience bound for G.qy [39]). Fixing 0 < e <0.99and 1 < p <2, we have
Tp(gcovvg) /S \/ggl/pil/Q‘

3 Outlier-robust WDRO

We perform stochastic optimization with respect to an unknown data distribution p, given access only
to a corrupted version fi. We allow both localized Wasserstein perturbations, that map p to some p’
with W), (11, 1) < p, and TV e-contamination that takes p’ to fi with ||z — p//[|tv < €. Equivalently,
both perturbations are captured by W;(,a, p) < pﬂ To simplify notation, we henceforth suppress the
dependence of the loss function ¢ on the model parameters 6 € ©, writing ¢ for £(0, -) for a specific
function and £ = {¢(0, -) }yco for the whole class. Our full model is as follows.

Setting A: Fix a p-Wasserstein radius p > 0 and TV contamination level € € [0,0.49]. Let £ C R®

be a family of real-valued loss functions on Z, such thateach ¢ € Lis1l.s.c. withsup,c =z % < 00,

and fix a class G C P,(Z) encoding distributional assumptions. We consider the following model:

(i) Nature selects a distribution ¢ € G, unknown to the learner;
(ii) The learner observes a corrupted measure ji € P(Z) such that W= (ji, ) < p;

(iii) The learner selects a decision £ € £ and suffers excess risk E,[{] — infse . E,,[£].

We seek a decision-making procedure for the learner which provides strong excess risk guarantees
when ¢, = argmin, . E,[¢] is appropriately “simple.” To achieve this, we introduce the e-outlier-
robust p-Wasserstein DRO problem:

inf sup E,[4]. (OR-WDRO)
oL veg: Wy () <p

3.1 Excess Risk Bounds

We quantify the excess risk of decisions made using OR-WDRO for the two most popular choices of
order, p = 1, 2. Proofs are provided in Supplement [B]

2While not a metric, W, is symmetric and satisfies an approximate triangle inequality ([39], Proposition 3).

31f a minimizer does not exist for either problem, an infimizing sequence will achieve the same guarantee.

*We defer explicit modeling of sampling to Section but note that the following results immediately
transfer to the n-sample setting so long as p is taken to be larger than Wy, (fir, 1) with high probability.



Theorem 1 (OR-WDRO risk bound). Under Setting A, let { minimize (OR-WDRO). Then, writing
¢ =2(1 — &)~?, the excess risk is bounded by

104 Lip (cp + 271(G, 2¢)), p = 1,4, Lipschitz

Eu[f] = Eulti] < {€*|H1,2(#) (cp+272(G,2¢)) + 2a(cp + 272(G, 25))2, p =2,¢, a-smooth’
Note that ¢ = O(1) since € < 0.49. These bounds imply that the learner can make effective decisions
when £, has low variational complexityﬂ In contrast, there are simple regression settings with
TV corruption that drive the excess risk of standard WDRO to infinity. Our proof derives both
results as a special case of a general bound in terms of the W,, regularizer, defined by R, ,(p; ¢) :=
SUPy e p(2): W, (v ,v)<p Evr [€] — Ey [€]. Introduced in [18], this quantity appears implicitly throughout
the WDRO literature. In particular, for each ¢ € £, we derive the following bound:

E,[0] - Eu[f] < Rop(cp +27,(G, 2¢) 5 4), 3)
;V,/ TV

whose radius reveals the effect of each perturbation (viz. Wasserstein versus TV) on the quality of
the decision. The first bound of the theorem follows by plugging in p = 1 and controlling R, 1 via
Kantorovich duality. The second bound uses p = 2 and controls R, » by replacing ¢ with its Taylor
expansion about Z ~ p. We now instantiate Theorem for the bounded covariance class G .

Corollary 1 (Risk bounds for Geoy ). Under the setting of Theorem[l|with G C Geoy, we have

E [é] E, (0] < ||€*HLip(p+ \/de), p = 1,4, Lipschitz

g e 1€l 1.2y (0 + Vd)+a(p? +d), p=2,{, a-smooth’
Since G,y encodes second moment constraints, 72 (Geov, £) < d is independent of e. Therefore, the
first bound is preferable as e — 0if |[(u[[71.2(,) & [[¢xllLip, While the second is better when

e =Q(1) and ||€u|[ 1.2,y < [[4ul|Lip- ﬂ Distinct trade-offs are observed under stronger tail bounds
like sub-Gaussianity, i.e., for Geung == {pt € P(2) : E, [e®T (Z-ElZ)*] < 2, vg € S9-1}.
Corollary 2 (Risk bounds for Gsu,). Under the setting of Theorem[I|with G C Gsune, the excess

risk E,[¢] — E,,[¢.] is bounded up to constants by

1eullip (p+ /d +1og 2 ), p = 1,0, Lipschit
||€*||H1,2(N) (P+ (d+log %)€)+Oé(p2+ (d+10g %) 6), p = 2,4, a-smooth

Remark 1 (Comparison to MDE under Wy). We note that the excess risk R, ;, (cp +27,(G, 2¢); E*)
from (@) can alternatively be obtained by performing standard p-WDRO with an expanded radius cp +
271(G, 2¢) around the minimum distance estimate /i = argmin, .5 W{ (i, ). However, obtaining /i
is an expensive preprocessing step, and we are unaware of any efficient algorithms for such MDE in
the finite-sample setting. In Supplement[D] we explore recentering WDRO around a tractable estimate
obtained from iterative filtering [[15], but find the resulting risk to be highly suboptimal. Furthermore,
the improvements to our risk bounds under low-dimensional structure, which are derived in Section@
do not extend to decisions obtained from these alternative procedures.

We now show that Theorem [I|cannot be improved in general. In particular, the first bound is minimax
optimal over Lipschitz loss families when p € Gy .

Proposition 3 (Lower bound). Fix Z = R and ¢ € [0,0.49]. For any L > 0, there exists a family
L C Lip; (R%), independent of ¢, such that for any decision rule D : P(Z) — L there exists a pair
(1, 1) € Geov X P(Z) with W5 (i, j1) < p satisfying E,[D(R)] — infres B[] 2 L(p + Vde).
Each family £ encodes a multivariate regression problem. Our proof combines a one-dimensional
lower bound of [49] for linear regression with lower bounds of [39] for robust estimation under W;.

>The same bounds hold up to ¢ additive slack if £, is only e-approximately optimal for (OR-WDRO).
SUnder Wj, perturbations, one may perform outlier-robust WDRO using any p’ € [1, p], which may be
advantageous in terms of the TV component of the excess risk.



3.2 Statistical Guarantees

We next formalize a finite-sample model and adapt our excess risk bounds to it.

Setting B: Fix p, ¢, £, G as in Setting A, and let Z1, ..., Z,, be identically and independently dis-
tributed (i.i.d.) according to u € G, with empirical measure i, = % > 6z,. Upon observing these
clean samples, Nature applies a W, perturbation of size py, producing {Z/}!"_, with empirical mea-
sure y1/, such that W, (i, i',) < po. Finally, Nature corrupts up to [en| samples to obtain {Z; }7-,
with empirical measure ji,, such that ||fi, — ¢/|[tv = £ 30 | 1{Z; # Z;} <e. Equivalently, the

final dataset satisfies Wy (fin, fin) < pom The learner is now tasked with selecting ¢ € £ given fi,.

The results from Section [3| apply whenever p > pg + W, (4, fi,). In particular, we obtain the
following corollary as an immediate consequence of Theorem[I]and Theorem 3.1 of [32].

Corollary 3 (Finite-sample risk bounds). Under Setting B, fix ler minimizing (OR-WDRO)
centered at [i = [ip, with p > po + 100 E[W,(u, fi,,)]. Then the excess risk bounds of Theorem '
hold with probability at least 0.99. If G € {Geov, Gsubc }, p = 1, and d > 3, or if G = Gsuba, p = 2,
and d > 5, then E[W,, (1, f1,)] < Vdn=1/4.

Remark 2 (Smaller radius). In the classic WDRO setting with pg = € = 0, the radius p can be taken
significantly smaller than n =/ if £ and 1 are sufficiently well-behaved. For example, 18] proves

that p = O(n_l/ 2) gives meaningful risk bounds when y satisfies a T transportation inequality
While this high-level condition may be hard to verify in practice, Supplement [E| shows that this
improvement can be lifted to an instance of our outlier-robust WDRO problem.

3.3 Tractable Reformulations and Computation

For computation, we restrict to i € Geoy. Initially, (OR-WDRO) may appear intractable, since
Geov 1s non-convex when viewed as a subset of the cone M, (Z). Moreover, enforcing mem-

bership to this class is non-trivial. To remedy these issues, we use a cheap preprocessing step
to obtain a robust estimate zy € Z of the mean E,[Z], and we optimize over the modified class

Ga(0,20) = {v € P(2) : E,[|Z — 2] < 0}, with 0 > |20 — E,[Z]|| + Vd taken so
that u € Ga(o,29). Finally, for technical reasons, we switch to the one-sided robust distance
W5 (ullv) = inf, cpray. < 2o W, (1, v). Altogether, we arrive at the modified DRO problem

inf sup E,[4], (€))
tE€L Ve, (0,20):WE (finllv)<p

which, as stated next, admits risk bounds matching Corollary [T]up to empirical approximation error.
Proposition 4 (Risk bound for modified problem). Consider Setting B with G C Geoy. Fix zg € Z
such that |20 —E,[Z]|| < E = O(po +V/d), and suppose that Wy (fi,,, 1) < 8. Take £ minimizing @)
with p = (po + 6)(1 — &) "YP + 7,(Geoy, €) and ¢ = \/d + E. We then have

E [é] —E [g } < ||€*HLip(p0 + \/CE+5)7 9 p = 17€* Llpsc‘hltz
" pd ||Z*HH1,2(H)([)0+\/E+(5)+a(p0+\/a+5), p = 2,0, a-smooth’

Parameters p, o are taken so that y1 € Ga(0, 20) and W (fin[|1) < p. Noting this, the proof mirrors
that of Theorem |1} using a W), resilience bound for G»(c, z¢). To ensure W, (fin,, ) < § with decent
probability, one should take J to be an upper bound on sup,,cg E[W,,(,,,v)]. When p = 2, this
quantity is only finite if Z is bounded or if G encodes stronger tail bounds than G, (see, e.g., [32]]).

For efficient computation, we must specify a robust mean estimation algorithm to obtain zy and a
procedure for solving (). The former is achieved by taking a coordinate-wise trimmed mean.
Proposition 5 (Coarse robust mean estimation). Consider Setting B with G C Geoy and e < 1/3.
Forn = Q(log(d)), there is a trimmed mean procedure, which applied coordinate-wise to { Z;}?_,,
returns zy € R with ||zg — E,,[Z]|| < V/d + po with probability at least 0.99, in time O(d).

"In general, {Zi}?zl may be any measurable function of {Z; };-; and independent randomness such that
W;(ﬂ’ﬂv ﬂn) S Po-
$We say that p € To(7) if Wa(v, p) < /TH(v[|w), for all v € Pa(Z), where H(v| 1) is relative entropy.



More sophisticated methods, e.g., iterative filtering [[15]], achieve dimension-free estimation guarantees
at the cost of additional sample and computational complexity. We will return to these techniques in
Section[d] but overlook them for now since they do not impact worst-case excess risk bounds.

We next show that that the inner maximization problem of @) can be simplified to a minimization
problem involving only two scalars provided the following assumption holds.

Assumption 1 (Slater condition I). Given the distribution f,, and the fixed point z, there exists
vy € P(Z) such that WE (fin|[10) < pand E,, [||Z — z[|?] < o®. Additionally, we require p > 0.
Notice that Assumption [I]indeed holds for vy = p as applied in Proposition 4

Proposition 6 (Strong duality). Under Assumption forany ¢ € L and zy € R, we have

1 _

E [ = inf Aio?+ \op? ——E; [0, N, 0)], 5
veOalo o) = o, Mom e’ ot o fin [£03 21,22, 0)] Q)
WE (fin[|lv)<p ack

where 0(z; A1, Ao, @) == SUDgc z [E(f) — A1)l€ = 20]|? = A2||€ — 2||P — a]+.

The minimization problem over (A1, A2, @) is an instance of stochastic convex optimization, where
the expectation of the implicit function / is taken w.r.t. the contaminated empirical measure fi,,. In
contrast, the dual reformulation for classical WDRO only involves A5 and takes the expectation of the
implicit function £(2; A2) = supge z £(§) — A2l|§ — 2||P w.r.t. fi,,. The additional \; variable above
is introduced to account for the clean family Go(o, 2¢), and the use of partial transportation under W3
results in the introduction of the operator [-] and the decision variable c.

Remark 3 (Connection to conditional value at risk (CVaR)). The CVaR of a Borel measurable loss
function /¢ acting on a random vector Z ~ u € P(Z) withrisk level € € (0, 1) is defined as

1
CVaRi_ ,[(Z)] = inf a+ —— Bz, [[((Z) — a]+].
a€R 1—¢
CVaR is also known as expected shortfall and is equivalent to the conditional expectation of ¢(Z),
given that it is above an ¢ threshold. This concept is often used in finance to evaluate the market risk

of a portfolio. With this definition, the result of Proposition[6|can be written as

sup E,[¢(] = inf A102+AQM+CVaR1,€7ﬂn sup £(&) — A\1]|€ — 20”2 ~ ol — 7).
vE€Ga(0,20): A1, 2€R ez
W5 (finllv)<p

When ¢ — 0 and 0 — oo, whence CVaR reduces to expected value and the constrained class
Ga(0, z0) expands to P(Z), the dual formulation above reduces to that of classical WDRO [8], 21]].

Evaluating ¢ requires solving a maximization problem, which could be in itself challenging. To
overcome this, we impose additional convexity assumptions, which are standard for WDRO [35! 143].

Assumption 2 (Convexity condition). The loss ¢ is a pointwise maximum of finitely many concave
functions, i.e., £(§) = maxeg] ¢;(&), for some J € N, where ¢; is real-valued, 1.s.c., and concaveﬂ
The set Z is closed and convex. The atoms of [i,, are in the relative interior of Z.

Theorem 2 (Convex reformulation). Under Assumptionll| for any ¢ € L satisfying Assumption
and zp € RY, we have

inf  Ajo? + Agp? +a+ ﬁ Zie[n] Si
st. a€R AL A ERL, s, 75 €RT,CE,CT, W, CEERY, Vi € [n], V) € [J]

ij> Sijr Gig s
gSl(lp )]EV[K]: si > (—4;)*(Ch) + 24 ¢ + 7
ve 0,20): ~ . .
WE (i 1) <p FZT W+ Po(CY, X2) + X5(CE) —a, Vi€ [n],Vj e [J]
GG+ CE =0, K511 < My, Vi € [n],Yj € [J),

where Py, is the perspective function (i.e., P, (¢, \) = Ah(C/N)) of

°Generally, any continuous function can be approximated arbitrarily well by a maximum of finitely many
concave functions. However, the number of functions needed may be arbitrarily large in general. Fortunately,
some losses like the £oo-norm || z||co =max;c[q),ac{+1} 02 require only poly(d) pieces.



z€R4: ||z 5 =1
B = X{zerd: |2]<13(C), P ©

—1)p—1 _p_
=D iglj7=r,  p> 1.

The minimization problem in Theorem [2)is a finite-dimensional convex program. In Section[5] we
use this result in conjunction with Proposition [5]to efficiently perform outlier-robust WDRO.

We conclude this section by characterizing the worst-case distribution, i.e., the optimal adversarial
strategy, for our outlier-robust WDRO problem. To that end, we need the primal formulation below.

Theorem 3 (Worst-case distribution). Under Assumption|l| for any £ € L satisfying Assumption
and zy € R?, we have

max = oemix) Pt (Gigs €is)

s.t. qij € R+, gij € qij - Z Vi € [n],V] S [J}
ZjE[J] qij < 7,1(11_5) Vi € [n]
sup B[ = = p
v€G,(0,20): (i,5)€m)x[J] 465 =

W;(ﬁn llv)<p

Z(i,j)e[n]x[J] Py (§i — 435 Zi> 4ij)

<
2 igyetmx ) Bz (€ = 4ij20, 4i5) < 2

p
o
The discrete distribution v* = E(i’j)e

hand Sid?’ _Wher e (47, 857) (i,j)en x [J) are optimizers of the maximization problem on the right and
Q:={(i,4) € [n] x [J] : ¢f; > O}.

0 @3 55;], /a; achieves the worst-case expectation on the left-

The maximization problem from Theorem 3]is the conjugate dual of the minimization in Theorem 2}
Subsequently, we propose a systematic approach for constructing a discrete distribution based on a
solution derived from the maximization problem that achieves the worst-case expected loss.

Remark 4 (Comparison to WDRO worst-case distribution). Recall that our robust WDRO approach
reduces to the classic WDRO approach as ¢ = 0 and 0 — oo. Consequently, this implies that
the constraints >, ¢i; < 1/(n(1 —¢€)) and 3= o cpnyw ) D2 (&5 — @320, ¢ij) < o2 can be
dropped under this specific choice of € and o. As a result, our construction simplifies to the approach
presented in [35) Theorem 4.4] for WDRO problems.

Remark 5 (Parameter tuning). In practice, €, pg, and the relevant tail bound may be unknown. Thus,
in Appendix [F| we consider learning under Setting B with G = G, (o) for potentially unknown ¢, o,
and pg. First, we observe that knowledge of upper bounds on these parameters is sufficient to attain
risk bounds scaling in terms of said upper bounds. This approach avoids meticulous parameter tuning
but may result in suboptimal risk. To efficiently match our risk bounds with known parameters, we
show that it is necessary and sufficient to know pg and at least one of € or o (up to constant factors).

4 Low-Dimensional Features

While Proposition [3] shows that the excess risk bounds from Theorem|I|cannot be improved in general,
finer guarantees can be derived when the optimal loss function depends only on k-dimensional affine
features of the data. Defining G(*) as the union of the projections {Uyp : 1 € G} over U € RF*4
with UU T = I,/'"%l we improve the excess risk bound of Theorem for this setting.

Theorem 4 (Excess risk bound). Under Setting A, let ¢ minimize (OR-WDRO), and assume that
(., = Lo Afor an affine map A : R —RF and some £ : R¥ —R. Writing c=2(1—¢)~/?, we have

>

E [ ] E [g ] <{||£*|Lip(cp+271(g(k),25)), p:17£* LipSChitZ
1 Tlp tx]

[14x HHLZ(N)(CP-i-?Tz (g(k), 25)) + %oz(cp—l—QTg(g(k)7 26))2, p=2,¢, a-smooth’

This dependence on G(¥) rather than G = G(@ is a substantial improvement when k < d.

101f G is closed under isometries, like Geov, then g““) = {Ugu : p € G} for any such U.



Corollary 4 (Risk bounds for Geoy). Under the setting of Theorem[dwith G C Geoy, we have

E [f] LB < ||E*||Lip(p—|— \/g), p = 1,4, Lipschitz
a pE ||£*||H1,2(M)(p+\/E)+oz(p2+k), p = 2,4, a-smooth.

We again have a matching lower bound for the Lipschitz setting, this time using k-variate regression.
Proposition 7 (Lower bound). Fix Z = R? and ¢ € [0,0.49]. For any L > 0, there exists a
family £ C Lip; (R?), independent of ¢, such that each { € L decomposes as { = { o A for
A € RF*4 and ¢ : R*¥ — R, and such that for any decision rule D : P(Z) — L there exists a pair
(1, 1) € Geov X P(Z) with W5 (i, p) < p satisfying E,[D(i)] — infres E,[0] 2 L(p + Ve ).

For computation, we turn to a slightly modified n-sample contamination model. Our analysis for the
low-dimensional case only supports additive TV corruptions (sometimes called Huber contamination).

Setting B’: Fix p, e, £, G as in Setting A, and fix m = [(1 — ¢)n] for some n € N. Let Z3,..., Z,
be drawn i.i.d. from p € G, with empirical measure fi,,, = % ZZ’;I 0z,. Upon observing these clean
samples, Nature applies a W, perturbation of size po, producing { Z;}7*, with empirical measure i/,
such that W,, (i, i14,) < po. Finally, Nature adds |en| samples to obtain {Z; }7_; with empirical
measure fi,, such that ), < %_E[Ln. Equivalently, the final dataset satisfies W}, (finllftm) < po-

As before, we modify using a centered alternative to Geoy. Defining Geoy (0, 29) =
{peP(2):E(Z - 20)(Z — ) "] 2 6%14}, we consider the outlier-robust WDRO problem
inf sup E,[£]. @)

tEL yEGeoy (0,20): WS (fin lv)<p
To start, we provide a corresponding risk bound which matches Corollarywhen kE=0(1).
Proposition 8 (Risk bound for modified problem). Consider Setting B’ with G C G, and assume
l, = Lo Aforaffine A: R"—5RF and { : R¥ - R. Fix 29 € Z such that |20 — E,[Z]|| < E =
O(po + 1), and assume W, (i, pt) < 6. If 0 minimizes () with p = po + 6 and o = 1 + E, then

B[] — E,[6,] < 1 ||Lip (VEpo + Ve +6 ), , P~ 1, £, Lipschitz
: pEr Hf*llgl.z(u)(\/EPO“r\/E‘F(s)“FOZ(\/EPO‘F\/E‘F(S) , =24 a-smooth’

Here, the stronger requirement for the robust mean estimate, the restriction to additive contamination,
and the need to optimize over the centered G, class rather than G, all stem from the fact that the
resilience term 7, ((Geov )1, €) scales with Vk rather than v/d. Fortunately, efficient computation is
still possible. First, we employ iterative filtering [[15] for dimension-free robust mean estimation.

Proposition 9 (Reﬁ~ned robust mean estimation). Consider Setting B or B’ with G = G.., and

e < 1/12. For n = Q(d), there exists an iterative filtering algorithm which takes i, as input, runs in
time O(nd?), and outputs zy € R? such that |20 — E,[Z]|| < po + 1 with probability at least 0.99.

The analysis requires care when p = 1, since W, perturbations can arbitrarily increase the initial
covariance bound. Fortunately, this increase can be controlled by trimming out a few samples.

Next, we show that computing the inner worst-case expectation in (7) can be simplified into a
minimization problem involving only a scalar and a positive semidefinite matrix provided the
following assumption holds (which is indeed the case in the setting of Proposition g)).

Assumption 3 (Slater condition II). Given the distribution fi,, and fixed point zg, there exists
vy € P(Z) such that W (i [|[0) < pand By, [(Z — 20)(Z — z9) "] < 0*14. Further, we require p>0.

Proposition 10 (Strong duality). Under Assumption forany { € L and zy € RY, we have

1 _
sup B[l = inf =2 Avzoto® Tr(A]+dep” +at T B, [0 A1, 00, 0),
v€Geov(0,20): AleQi 1—¢
W;(ﬂn””)gl) A2€R,a€R

where €(z; A1, Ay, ) i= supge z [0(€) — €T A€ + 26T Ayzg — Xo|€ — 2P — al 4.

The minimization problem over the variables (A1, A2, ) belongs to the class of stochastic convex
optimization problems. As before, we show that under the convexity condition from Assumption[2]we
obtain a tractable reformulation that does not involve an extra optimization problem for evaluating £.



Theorem 5 (Convex reformulation). Under Assumption 3} for any ¢ € L satisfying Assumption|2]
and zy € R%, we have

inf —ZOTA1Z0 + o2 TI"[Al] + /\Qpp + o+ 71(%_5) Zze[n] Si
st. a€eR, A €Ql, A eRy, sERY,

Ti; € Ry, fjaclgjv W, ¢E eRY, Vi € [n],Vj € [J]
sup E,[{]= e W
VEGcov (0,20): 8; > (—4;)"(G5) + 75 + Z; ¢

WE (fiy, ||v)<
p(Anlv)<e P QY o) + X5 (CE) — @, Vi€ [n],V) €[]
LA CT QN HCE =2M120, (C) TAT T <4ry, Vi€ [n],Vj €[],

where Py, is the perspective function of h defined in (6).

S Experiments

Lastly, we implement our tractable reformulations 5 EXcess Risk for Varied Sample Size and Method
and validate their excess risk bounds. Fixing Z = 5 —%— standard WORO

X x Y = R4 x R, we focus on linear regres- 5 °| /,,/}\\  onwoRowe-c
sion with the mean absolute deviation loss, i.e., g 2ol } — +\°\R\WDR°W'52ﬂ
L= {ly(x,y) =0Tz —y| : 0 € RY}. Theex- 3. / J
periments below were run in 80 minutes on an M1 £ ol /

MacBook Air with 16GB RAM. See Supplement[G] £

for full details and additional experiments treating 2 — .
classification and multivariate regression. Code g

is available at https://github.com/sbnietert/ o 172;7:0*’5‘7 P a
outlier-robust-WDRO. #samples

Fix Z = Rd for d > 2, p=¢= 0.1, and 9* c 15 Excess Risk for Varied Dimension and Method

S92, Taking X ~ N(0,I;_1), we fix clean data
(X,0] X) ~ p and corrupted data (X,Y) ~ [i
such that (X,Y) = (X,0] X + p) with probability
1 —eand (X,Y)=(CX,—C?0] X) with probabil-
ity €, so that WE° (i||i2) < p. In Figure [2] (top), we
fix d = 10,C = 8 and compare the excess risk
E.[l;] — E.[ls,] of standard WDRO and outlier-
robust WDRO with G = G5, as described by Propo-
sition ] and implemented via Theorem [2] The re- s 1 15 0 s s s w
sults are averaged over 7' = 20 runs for sample dimension

size n € {10, 20, 50, 75, 100}. We run outlier-robust ~Figure 2: Excess risk of standard WDRO and
WDRO with corruption fraction € € {0, €, 2}, achiev- several forms of outlier-robust WDRO for linear
ing low excess risk when ¢ > ¢ as predicted. In regression under W, and TV corruptions, with
Figure[2] (bottom), to highlight the Sectiond]improve- varied sample size and dimension.

ments due to low-dimensional structure, we fix n = 20, C' = 100 and compare the excess risk
of outlier-robust WDRO with G = G5 to that with G = G, as described by Proposition [5_5’] and
implemented via Theorem [5] We average over 7' = 10 runs and present results for dimension
de{5,10,25,40}. Confidence bands in both plots depict the top and bottom 10% quantiles among
100 bootstrapped means from the 7' runs. Implementations were performed in MATLAB using the
YALMIP toolbox [33] and the Gurobi and SeDuMi solvers [23 150].

0.6

04

0.2

_

excess risk (mean absolute deviation)

6 Concluding Remarks

In this work, we have introduced a novel framework for outlier-robust WDRO that allows for both
geometric and non-geometric perturbations of the data distribution, as captured by W,, and TV,
respectively. We provided minimax optimal excess risk bounds and strong duality results, with the
latter enabling efficient computation via convex reformulations. There are numerous directions for
future work, including refined statistical guarantees for p < po + n~ /% and convex reformulations
for distribution families beyond G, . Overall, our approach enables principled, data-driven decision-
making in realistic scenarios where observations may be subject to adversarial contamination.
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A Preliminary Results on Robust OT and Wasserstein DRO

We first recall properties of the robust Wasserstein distance W, which will be used throughout
the supplement. To start, we show that our definition coincides with another based on partial OT,
considered in [39]. In what follows, we fix p > 1, write ¢P(Z) = {cp : u € P(Z)}, and, for
w,v € cP(Z2), we define IT(y, v) := cIl(p/c,v/c) and W, (p, v)P == W, (1u/c,v/c).

Lemma 1 (W} as partial OT). Fix e € [0,1]. For any p,v € P(Z), we have

We (u,v) = inf W, (1, v) = inf  W,(u, )= inf W, (i, v").
bt ) W eP(Z) b V) V' EP(Z) plp V) W e(l—e)P(Z) P V)
' —pllrv<e I —vlltv<e W <p,v'<v

Proof. We write W (1, v) for the rightmost expression; this is definition of Wy, considered in [39]).
We first show that W (11,) < W;(u,v). Fix any ' feasible for the Wy, problem. Then, by the
approximate triangle inequality for W; (Proposition 3 of [39]]), we have

W2 (p,v) < W (p, 1) + Wy (1, v) < Wp(p/,v).

Indeed, writing ¢ := (u A p')(Z2) > 1 — ¢, the last inequality uses that Wy (u, 1) < W, (=2u A

(&
1 1l—¢

W, === A p') = 0. Infimizing over feasible ” gives that W (u, v) < W5 (u, v).

For the other direction, take any 1, v’ feasible for the W, problem. Let 7 € II(1’, ) be any optimal
coupling for the W, (¢, /') problem, and write p/ = ¢/ 4+ (v — V') € P(Z). Defining the coupling
7 =7+ (Id,Id)x (v — V') € II(1”, v), we compute

W, (1" )P < /

e — y|I? dn’ () = / Iz — |7 dr(z,y) = W, (', ).
ZXZ

ZXZ

By construction, || — pfltv < ¢, and so W5 (u,v) < W, (¢, v"). Infimizing over feasible ', v/
gives that W (u, v) < Wy (p, v). O

‘We thus inherit several results for Wp given in [39].
Lemma 2 (Approximate triangle inequality [39]]). If u, v,k € P(Z) and e1,e2 € [0, 1], then
e1+e€ £ €
W22 (p, v) < Wit (p, 5) + W2 (K, ).
Lemma 3 (W;, modulus of continuity, [39], Lemma 3). For any G C P(Z), we have

sgpg Wy (e, 8) < (1-— E)_l/pp +27,(G, €).
a,Be
W (a,8) <p

Lemma 4 (One-sided vs. two-sided Wr). For yi,v € P(Z), we have
Wi (ullv) < (1 —e)TPWE (1, v) + 7 (1, ).

Proof. Fixany p/,v' € (1 —e)P(Z) with i/ < pand v/ < v. By design, we have

W () < Wy (ot v)
< W, (g p, 72v) + W (10, v)

1—¢
= (1—e) YPW, (', 1) + 7p(v, )
Infimizing over 1’ and v/ and applying Lemmal[l| gives the lemma. O

Next, we specify explicit constants for the W, resilience of G.,,. Our analysis goes through the
related notion of mean resilience [49], defined by 7 (1, €) = sup,ep(z)pr< 2y 1B [Z] = Eu[Z]].

We say that Z ~ p € P(Z2) is (19, )-resilient in mean or under W, if 11 € 7(79,€) or p € 7,(70, €).
Lemma 5 (W, resilience for G, and Geoy). Fixe € [0,1) and o > 0. For 1 < p < 2, we have
Tp(Ga(0),€) < 4061/1”1/2(1 - 5)71/”. Moreover, we have 7,(Geoy (), €) < Tp(gg(\/&a),e).
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Proof. Fix any Z ~ p € Go(0, 29). By definition, we have E[(||Z — 20|P)*/?] = E[||Z — 2%] <
0? = (0P)%/P. Thus, standard bounds (e.g., Lemma E.2 of [58]) give that || Z — 2o ||P is (oPe?P/2(1—
g)~1, &)-resilient in mean. By Lemma 7 of [39]], we thus have that Z is (20e'/P=1/2(1 — ¢)=1/P +
2e1/ Pg, e)-resilient under W,,. This gives the first result. For the second, we observe that for
Z ~ 11 € Geoy(0), we have E[|| Z — E[Z]||?] = tr(Z,,) < Vdo. O

Lastly, we turn to the W, regularizer.

Lemma 6 (Controlling W, regularizer, [18]], Lemmas 1 and 2). Forany { € L, we have R, 1(p; ) <

pl|el|Lip, with equality if € is convex. For a-smooth £, we have |Ry 2(p; €) — pl|€]| 1.2, < sap?.

The factor of 1/2 under smoothness was not present in Lemma 2 of [[18], since the proof only used
that [€(z) — £(z0) — V(20) " (2 — 20)| < |z — 20|?, instead of the tight upper bound of ||z — zo||%.
This quantity naturally bounds the excess risk of standard WDRO.

Lemma 7 (WDRO excess risk bound). Under Setting A with ¢ = 0, the standard WDRO estimate
(= argminge o SUP, ep(2):w, (i,v)<p Bv[{] satisfies E,, 4] — ELll] < Rup(2p;L5).

Proof. We bound

Eull] —Eult] < sup  E,[f] - Eul6)] Wy (1, ) < p)
veEP(Z)
Wy (v,@)<p
< sup E,[6] - E,l4] (optimality of /)
vEP(Z)
W, (v,1)<p
< sup E,[4]-E,[4] (W, triangle inequality)
veEP(Z)
W, (v,p1)<2p
= Rup(20:42);

as desired. O
Note that this bound does not incorporate the distributional assumptions encoded by G.

B Proofs for Section

B.1 Proof of Theorem[l

We compute
Efi]-El0< s Efi]-E,[ (1 € G Wi 1) < p)
Wi (f,v)<p
< sup E,[{] -E,[/] (¢ optimal for (OR-WDRO))
WZ(Vﬂe,g)Sp
< sup E,[]-E,[/] (Lemmal2))
wee (Vfug)gzp
< sup E,[{] — E,[/] (Lemma[3)
W, (1) Sop 27y (G.26)
< sup E,[(] — E,[¢] (G CP(2)
vEP(Z)
W, (v,1) Sep+27p(G,2¢)
=Rup (cp + 27,(G, 2¢); Z).
Combining this bound with Lemma [f] gives the theorem. O
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B.2  Proof of Corollary/[l]

The corollary follows as an immediate consequence of Theorem [I] and the resilience bounds of
Proposition 2}

B.3  Proof of Corollary 2]

The corollary follows as an immediate consequence of Theorem [I] and the resilience bound
Tp(Gsuba, €) S /d+p+log é £1/P established in [39, Theorem 2.

B.4 Proof of Proposition 3]

For ease of presentation, suppose d = 2m is even. Consider R? as R™ x R™, fix w € R™ with
|lw]| = p, and let L consist of the following loss functions:
Cro(z,y) = Lz +yl
l-o(z,y) = Lljz —y|
Ui 1(zyy) = Lilz +y — w||
l-a(@,y) = Lllz —y +wl.
Fixing corrupted measure i = Jy, we consider the following candidates for the clean measure
pyo = (1—¢)do +e(Id, —Id)xN(0,14/¢)
peo = (1—¢)do+e(Id, +1d)xN (0, I/¢)
Ht1 = (1 - 5)5(0,11)) + E(Id, —Id+ w)#N(Oa Id/g)
1= (1— 6)5(07,‘,) + e(1d, Ider))#N(O, 1;/¢),
where Id : z — x is the identity map. By design, W5 (f]|p+,0), W5 (] = 0), W5 (]| tt4,1), and
W5 (fi]|— 1) are all at most p and gy o, pi— 0, pht 15 fi—.1 € Geov. Moreover,
EH+,0 M-ho] = Euf,o[g—,o] = ]EH+,1 [(E-‘nl) = EM—J [K—J] =0
By oll—o] =Eu_o[leo] =By, [l-n] =K, [l41] =2LeEzno,1a/0Z]l] 2 LVde
E [€+,1] = EM+,1 [€+70] = Eltao[z—J] = EM—,] [e—,()} = LH’U)” = Lp.

H+,0

Thus, for any ¢ = D(ji) € L, there exists ;1 € {#+4,00 1= 0, f4+1, pi— 1 } such that

E, (0] - inf E,[(] = E,[f] 2 Lmax{p, Vide} = L(p + Vde). O

B.5 Proof of Proposition[d]
Since p € Geoy, We have
1 1
Eu[l1Z — 2l*]* < Eu[|Z —Eu[Z]|IP]? + | Eu[Z] — 2|

=tr(Z,)2 + | Eu[Z] — 20|

< VA +||E,(2) - %l < o
Consequently, we have 11 € Ga(0, 2g). Next, we bound

Wi (finllp) = inf  Wy(v, p)

veEP(Z)
v<iizfin

< inf  W,(v,u) + W, (1,
S p(v ') + Wy (1, 1)

1~
v< T—c Mn

W<Eop

inf W, (v, 1) + 7p(1, €) (definition of 7,)
v, €P(Z2)
v< i fin
wW<ion

IN

16



=(1- E)_%W;(ﬁn, w) + 7, €) (LemmalT))
< (1=2) "% (po + ) + 7p(Geov,€) = p-
Writing G’ = Go(0, 29) and mirroring the proof of Theorem 1| we have for each ¢ € £ that
Eu0]-Fuf < sup  E,[0]—E,[(

veg’
WE (i) <p
< sup E, [ -E,[] (¢ optimal for (@)
veg’
Wi (fin[lv)<p
< sup E [ —-E,[/] (Lemmal2))
veg’
Wff(su)ﬂp
< sup E,[(] —E,[(] (Lemma[3)
veg’
W, (1) <ept 27y (G, 2¢)
< sup E,[f] = E.[]
veEP(Z)

Wo (v,1) Sep+275(G',2€)
=Rup(cp+27,(G,2¢); 0)
< Rﬂyp(cp+8o(2€)i_%(l - 25)_%;6). (Lemmal[3))
When p = 1, we bound the regularizer radius by

cp+80v2e(1 —26)"" < po + 6 4 11(Geov, €) + (Vd + po)vVeE < po + 6 + Ve,

using Lemmal[5} Similarly, when p = 2, we bound the radius by

cp+80(1—2¢)"2 < po+ 6+ 72(Geov, €) + (Vd+ po) < po + 6 + V.
Taking ¢ = ¢, and applying Lemmal[7] gives the proposition.

B.6 Proof of Proposition 3]

To start, we fix d = 1. Given 0 < v < 1/2 and v € P(R) with cumulative distribution function
(CDF) F,, define the y-trimming T, (v) € P(R) as the law of F,,}(U), where U ~ Unif([y,1—7]),

and let m., (v) == Er, (,)[Z] denote the y-trimmed mean. If v = \%I > aca da is uniform over a

finite set A = {a; < as < --- < a,} and yn is an integer, we have m. (v) = (157)” Zglz;l)fl a;.

Our robust mean estimate when d = 1 is 29 = m~ (fi,,) with v = 1/3. The smaller choice of 7 = ¢
gives tighter guarantees at the cost of increased sample complexity; we keep the larger choice since
we only require a coarse estimate.

Lemma 8. Consider Setting B with d = 1, G
n = Qlog(1/0)), for 0 < 6 < 1/2. Then,

= Geov» po = 0, € < 1/3. Fix sample size
My (fin) —EL[Z]|| < 1 with probability at least 1 — 6.

Proof. This follows by Proposition 1.18 of [[16] applied to the distribution x4 with corruption fraction
v, €' = 4v/3 < 1/2, and resilience bound 7(Geov, 2¢") S /7 S 1. O

Now, since we are free to permute the order of the TV and W, corruptions (see Lemma |I[), there exist
{W;}~, € R with empirical measure v,, € P(R) such that ||, — fi, || Tv < € and Wy, (v, fir) < po.
By Lemmal8] we have [m., (v,) — E,[Z]| < 1. Of course, we do not observe vy,, so this result is not
immediately useful. To apply this fact, we use that T, is an approximate Wasserstein contraction.

Lemma9. Ifa,3 € P(R) and 0 < y < 1/2, then W,,(T,(a), T,(8)) < (1 — 279)"Y?W,(a, B).

Proof. Writing F, and F3 for the CDFs of « and 3, respectively, we compute

W@, T = =5 [ IF 0 - F o a
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1 1
E;N) - Fyr@)|Pdt = w P
o R0 F 0P 4t = 15 W5y

as desired. O

<

Applying Lemma[9] we bound

M (fin) = By [Z]] < [my(vn) = Eu[Z]] + |my (vn) — my (fin)]
< |my(vn) = Eu[Z]] + Wi (T (vn), Ty (fin))
5 1+ Wl(anﬁn)
S 1+ po.

This matches the proposition statement when d = 1.

For general d > 1, we propose the coordinate-wise trimmed estimate zo € R? given by (29); =
m.(e] 2 fin). Plugging in § < 1/(100d) into Lemmaand taking a union bound over coordinates,
we condition on the 0.99 probability event that the one-dimensional bound holds for all coordinates.
We can then bound

d
- 2
20 — IE#[Z}HQ = Z(m'y(ej#ﬂn) - E#[e:Z])
i=1
d
Sd+ Zwl(e;‘r#l/me;r#ﬁn)Q
i=1
< d+Wl(Vn7/1n)2
< d+pf,

as desired. The penultimate inequality is a consequence of the reverse Minkowski inequality.
Lemma 10. Fix o, 3 € P(RY) Write a; = e;r#a and B; = ej#ﬂ, i € [d), for their coordinate-wise
marginals. We then have

d
D Wiy, 8i) < Wi (o, 8)° ®)

i=1

Proof. Take (X,Y) to be an optimal coupling for the W, (v, 3) problem. Writing A; = ||Y; — X;||?
for i € [d], the right hand side of (8) can be written as the L'/2 norm || Zle Ajll1 /2. We then bound

d

d d
Zwl(ai,ﬁi)QSZHAiHl/z < ZAi )
i=1 i=1 i=1 1/2
where the final inequality follows by the reverse Minkowski inequality for L'/2. O
B.7 Proof of Proposition [§]
We have
E[1Z - z|?] < o,
sup El/w] = sup Eu[e] : ]ETI'[”Z, - ZH;D] < pp’
vEGa(0,20): w vEP(Z) 1~
WE (i [[2) <p e (W ) W< 7= fin
Zze[n] mg EV-L[ Zl - ZO||2] S 025

D icn] M B, (1 Z; — Zi|[*] < pP,
0<m; < 771(1175)’ Vi € [n]

where the first equality follows from the definitions of Gz (o, z0) and W (i ||). The second equality
holds because i, = % Zie[n] 0 7,» which implies that the distributions w',v and 7 take the form

= sup Z m; By, [€] :
meR” i€[n]
V1y.eesVn EP(Z)
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W = Zz‘e[n] mibgz , v = Zie[n] m,v;, and T = Zie[n] m;d; @ v;, respectively. Note that the
distribution v; models the probability distribution of the random variable Z condition on the event
that Z' = Z;. Using the definition of the expectation operator and introducing the positive measure
v} = myu; for every i € [n], we arrive at

Zie[n] fZ HZZ - ZO||2dVZ/(Z7,> < o2
Zze[n] fZ Hzi - Zszdl/Z/(zz) S pp’

egSI(lp ) EV[E] = Slelﬂg" Z EV{ [z] : O S mi S ﬁ> VZ E [n]7
v 2(0,20): /m . ’LE[’IL] Z o 1
WS (fin|)<p Y1t 20 ien] M =

[z dvi(z) = m;, Vi € [n]

> s; > max{0,r; — a}, Vi € [n],
. S
= 1 f q ZE[n] ’ : 7 > - - 2 - - ~4 p
B At ot S ) - Al - 20l — dalle - ZilPs .
r,s€R™ a€R Vf S Z,VZ S [n]

where the second equality follows from strong duality, which holds because the Slater condition
outlined in [47, Proposition 3.4] is satisfied thanks to Assumption[I] The proof concludes by removing
the decision variables 7 and s and using the definition of fi,,. O

B.8 Proof of Theorem 2]

The proof requires the following preparatory lemma. We say that the function f is proper if

f(z) > —oo and dom(f) # 0.
Lemma 11. The followings hold.

(i) Let f(x) = Ag(x — xq), where X > 0 and g : R? — R is Ls.c. and convex. Then,
F*(y) =gy + Ag"(y/N).

(ii) Let f(x) = ||x||P for some p > 1. Then, f*(y) = h(y), where the function h is defined as
in (6).

(iii) Let f(x) = x " Xa for some ¥ = 0. Then, f*(y) = inzfly.

Proof. The claims follows from [25, §E, Proposition 1.3.1 ], [57, Lemma B.8 (ii)] and [25} §E,
Example 1.1.3], respectively. O

Proof of Theorem[2] By Proposition [f]and exploiting the definition of fi,,, we have

inf Mo? +Xop? + a4+ oiis Yicp Si

sup E,[f] = st. a€R, A, eR., seRY

v€Ga(0,20): . 3 . _ 2 _ _ 7P _ ;
et 512 sup H(6) = Mal€ = 2o = dol ~ ZIP 0 Vie [
inf A\o2+4 Aop? + a + ﬁ Zie[n] S
st. a€R, A, eRy, seRY
si > sup £;(§) — Mi[|€ — zol|?
ez

“A2ll¢ = Zi||P — o Vi€ [n],Vj € [J]
©)

where the second equality follows form Assumption 2] For any fixed i € [n] and j € [J], we have
sup £;(€) — M€ — 2ol = Aellé = Zi|]P — a
cez

[ inf (=) )4 20 €5+ iy + 2T Y+ Pu(Q, Xo) + xE(CE) —
S.t. Tij S erﬂ fj’Cigﬁ Z/]v7 5 c Rd, fj “!‘Clgj +<X7V+ 5 = O, HQQJHQ S )\17'7;]'
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where the equality is a result of strong duality due to [57, Theorem 2] and Lemma [T1] The claim
follows by substituting all resulting dual minimization problems into (9) and eliminating the corre-
sponding minimization operators. O

B.9 Proof of Theorem 3

Thanks to Remark [3} we have

sup B, [/]
vEGs(0,20):
WE(n 1)<

= inf  M\o? 4 Mgp? +CVaRy ., [sup 0&) — M|I€ — 20|12 = X2l€ = Z||P
)\1,)\26]1{4_ er

9

- 2 v ) _ _ 2 _ _ 7P
Ahgngseu&Am + A2p +l§]mzlsgg€(£) M€ = 20l = A2ll€ — Zi||

where M. :={m € R} : m; <1/(n(1 —¢)),Vi € [n], > ;c},; mi = 1}, and the equality follows

from the primal representation of the CVaR as a coherent risk measure [3, Example 4.1] and the fact
that fi,, is discrete. By Assumption[2] we have

sup > m; [sup 0E) — Mg — 201> = NollE — Z|1
meM, icln] EEZ

sup sup m; |lmax £(&;:) — M||&; — 2o0ll? = Xaol|&ii — Z p}
DY s 635) ~ Ml — ol — hals; - 2

=sup sup Y gy {E(fij) = M€y = zoll* = Xali€iy — ZillP |
q€Q: &ij €2 (i,5) €] x[J]

where Q. = {q € R/ . e dii < ﬁ_s),vz € [n], X6 jyemx ) G = 1}, and the
last equality easily follows by introducing the variables ¢;; as a means to merge the variables m;
and the maximum operator. Note that the final supremum problem is nonconvex as we have bi-
linearity between ¢;; and &;;. Using the definition of the perspective function and the simple variable
substitution &;; < &;;/q;j, however, one can convexify this problem and arrive at

—

sup B [f]= inf  sup {/\102 +dop” = > Py (& aij)
vega(z,%0): praete acoe (.)€l X 1]
W5 (fnllv)<p §ij€qij-Z ’

— M P& — 4ij20, Gi5) — Mo Pyye (a5 — 5525, Qij)}-

Note that strong duality holds similar to the proof of [S7, Section 6]. This allows us to interchange
the infimum and supremum without changing the optimal value of the problem. Then, infimizing
over A1 and Ay, and noticing that the resulting supremum problem is solvable, since the feasible set is
compact, conclude the first part of the proof. Following the discussion in [57) § 6], it is easy to show
that the proposed discrete distribution v* solves the worst-case expectation problem. The details are
omitted for brevity. This concludes the proof.

C Proofs for Section 4l

C.1 Proof of TheoremM

We start with the following lemma.

Lemma 12. Under the setting of Theorem we may decompose £, = { o Q for Q € RF*d with
QQT = I, and some ¢ : R¥ — R®. For any such decomposition, we have

sup ]El/[g*] = sup E, [g]
veg vEGy
W (i) <p Wi (v,Qu ) <p
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Proof. To start, we decompose A(z) = RQz + 2, where Q € RF*? with QQ T = I, R € RF*k,
and zy € R*. Note that the orthogonality condition ensures that Q" isometrically embeds R* into
R?. We then choose /(w) = £(Rw + z).

Next, given v € G, we have Quv € G*) with W;(Q#v, Quft) < W;(y, i), and E, [¢] = EQ#V[Z].
Thus, the RHS supremum is always at least as large as the LHS. It remains to show the reverse.

Fix v € Gy with W (v, Q4/1). Take any v/ € P(R¥) with W,,(v,1) < pand ||/ — Qufilltv < e.
Write k = Qv € G and &' = Qjv/. Since Q" is an isometric embedding, we have x € G,

W, (k, k') = Wy, (v,") < p,and ||’ — fil|tv = ||/ — Qjilltv < e. Finally, we have E, [(] = E,[{].
Thus, the RHS supremum is no greater than the LHS, and we have the desired equality. O

Writing (i, = Q41+, we mirror the proof of Theorem |I| and bound

Bl L)< swp Efi]-E,L] (1 € G, W57, 1) < )
Wi (a,v)<p
< sup E,[4]-E,[(] (¢ optimal for (OR-WDRO))
veg
Wi (fi,v)<p
= sup B[] —E,, [/ (Lemmal[T2)
veg®)
W (v,Quft)<p
< sup B [f] —E,, [0 (Lemma[2))
I/Eg(k)
W2 (1) <2p
< sup E,[f] — E,,[{] (Lemma[3))
l/Eg(k)
W, (v,i1) Sept-27, (G 2¢)
< sup E, (0] — By, [4] G CP(2)
vEP(Z)

Wy (v,u) Sep+27 (G 2¢)
= 'Ruk,p(cp + QTp(g(k)v 2¢); g)
To obtain the theorem, we apply Lemma|§|and observe that ||||Lip, = ||£+]Lip and ||Z||H1,2(M) =
€]l 1.2,y (since QT is an isometric embedding from R into R%). O

C.2 Proof of Corollary[d]

This follows as an immediate consequence of Theorem [ and Corollary [I] O

C.3  Proof of Proposition|[7]

We simply instantiate the lower bound construction from Propositionin R*, viewed as a subspace of
R<. Extending each ¢ € L to R? by £(z) = £(z1.1), the same lower bound applies with d < k. [

C.4 Proof of Proposition
For Z ~ 11 € Geoy and zp, w € R?, we bound
E[wT(Z —20)(Z — zo)Tw] 2= E[wT(Z — 2)?]

[SIE

1
<B[w"(Z - B(2)?)} + [uT (B1Z]  20)
< lwll (T + [0 — E[Z]])-
Consequently, we have pi € Geov(1 + [[20 — E[Z][|,20) € Geov(0,20). Moreover, we have

W;([Ln, ) < Wy(pn,, p) < po+9 = p. Decomposing £, = £ o Q as in Lemma and writ-
ing py = Qup, the same approach applied in the proof of TheoremE| gives

E, [é] —Eu (] < Ry.p (CP + QTp(Q#QCOV(C’v 29), 2€); [7)
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< Ry p(cp+ O(aVker™2);0).
When p = 1, we bound the regularizer radius by

cp+O0(oVke) < po+ 0+ (14 po)Vke < Vkpo + Ve + 6,

using Lemmal[5] Similarly, when p = 2, we bound the radius by

cp+O0(Vk) < po+ 6+ 1+ po)Vk S VEkpo + VE + 6

We then conclude as in Theorem [l O

C.5 Proof of Proposition 9]

Since iterative filtering works by identifying a subset of samples with bounded covariance and W,
perturbations can arbitrarily increase second moments when p < 2, it is not immediately clear how to
apply this method. Fortunately, W5 perturbations have a bounded affect on second moments, and, by
trimming out a small fraction of samples, we can ensure that a W, step is bounded under W5.

Lemma 13. For any pi,v € P(RY) and 0 < v < 1, there exists v' € P(R?) with ||V —v|tv < 7
such that W1 (p, V') < Wy (u, v) and Weo (1, ') < Wy (u,v) /7.

Proof. Let (X,Y) be a coupling of p and v with E[|| X — Y'||] = Wy (u, v). Writing A = || X = Y|,
the event E' that A < W;(u, v)/~ has probability at least 1 — v by Markov’s inequality. We shall
take " be the law of Y/ = 1gY + (1 — 1) X. By design, ||[v' — v||tv < 7, and

Wi(p, ) <E[IX =Y'|[7] = E[l || X = Y[[P] < Wa(p,v).
Finally, we bound We, (1, ') < [1pA]lco < Wi (u,v)/7. O

For consistency between Settings B and B’, we let m = n if we are the former. Thus, in both cases,
we have W, (i, ft7,) < po and ], — fin]|Tv < € < gp = 1/12. Itis well known that the empirical
measure [i,, will inherit the bounded covariance of p for m sufficiently large, so long as a small
fraction of samples are trimmed out. In particular, by Lemma A.18 of [[15] and our sample complexity
requirement, there exists a uniform discrete measure oy, over a subset of & = (1 — £¢/120)m points,
such that | E, [Z] — E,[Z]|] < 1and ¥,, < O(1)I; with probability at least 0.99.

Moreover, applying Lemma with v = ¢¢/120, there exists 8 € P(R?) with || — i, [lTv <
€0/120 and W2 (B, fin) < 240p/co. Combining, we have that W§°/120+€°/120+€° (m, fin) =
ngs°/60(ak,ﬁn) < 240p /£, and so there exists x € P(R?) such that W, (g, k) < 240p0 /<o
and ||k — fin||Tv < 61£9/60. The W, bound implies that 32, < O(1 + p2e;?)14.

Thus, by the proof of Theorem 4.1 in [26] and our sample complexity requirement, the iterative
filtering algorithm (Algorithm 1 therein, based on that of [15]) applied with an outlier fraction of

61/60eg < 1/10 returns a reweighting of fi,, whose mean zy € R? is within O(\/20 + po/+/€0) =
O(1 + po) of that of k. Thus, we obtain

120 = Eu[Z]]| < [ Ex[2] = EulZ]]| + O(L + po)
< [ Eay [2] = Eu[Z]]] + O(1 + po)

< O(1 + po),
as desired. O
C.6 Proof of Proposition [10]
We have
E,[(Z — 20)(Z — 20) "] 2 014,
sy 17 0 B BN 20
WS (jin [|[1) <p mE(w ) WS Tz



et Mi Eu[(Zi = 20)(Zi — 20) '] 2 o1y,

i iEV~ ~2* pg ’
— e A mm g eI AT

n <ms < —L
v nep(z) | i€l 0<mi < ey Vi€ ),

Eze[n] fz(zi - ZO)(ZZ' - ZO)TdVl{(Zi) <oly,
Zze[n] fZ ”ZZ - ZH;DdV/(Z) <P,

= sup ZE,,;[E]Z 0<m; < (15 , Vi € [n], )
meR™ .
V17 EV7,1>0 Ze[n] ZZE[’I’L] mi = 1

[z dvi(z;) = my, Vi € [n]
where the first equality follows from the definitions of G __ (o, zo) and Wy (fin|v). The second and
the third equalities follow from the same variable substitution as in the proof of Proposition[6] The
last optimization problem admits the dual form
ELE n] i

—2y Alzo + JTI’[Aﬂ —+ )\Qpp + o+ n(i—e)

Alngizeﬂh s; > max{0,r; —a}, Vi€ [n],
reERTAER |y > (6) — €T AE+ 26T Mz — MolE — ZilIP, V€ € Z,Vi € [n]
Strong duality holds thanks to Assumption [3]and [47, Proposition 3.4]. The proof of the second claim
concludes by removing the decision variables r and s and using the definition of fi,,. O

C.7 Proof of Theorem

By Proposition[I0]and exploiting the definition of fi,,, we have

sup  E,[/]
Vchov(U720)3
W3 (Bn llv)<p

inf —z, T A1z + o Tr[A1] + A2p? + @ + Z S;
={ S.t. A1€Q+,)\QER+,SER1
s;>sup L(€) —ETAE+26T A1z — No|€ — Zi||P — Vi € [n]
(ez
inf —z(—)rAlzo + o Tr[Aq] + Agp? —|— Z S;

ze [n]

=¢ st. A1 eQd, N eR,, sERY (10)
si > sup £(€) — €T ME+ 26T Avzg — Aofl€ — Zi||IP — o Vi € [n], V) € [J]

£ez
where the second equality follows form Assumption For any fixed ¢ € [n] and j € [J], we have

?ug 0(8) — ETAE+ 26T Arz0 — Xoll€ — Zi||P —
S

s.t. ZeRY, CH 4+ QY+ (& =202
where the equality is a result of strong duahty due to [57, Theorem 2] and Lemmalm The claim
follows by introducing the epigraph variable 7;; for the term 3 (C g OTAT CZ ;> and substituting all
resulting dual minimization problems into (I0) and ellmmatmg the corresponding minimization
operators. Note that by the Schur complement argument, we have

{inf (—6;)"(¢5) + (gg)TA YT+ ZT O+ Mah(CW /X2 p) + XE(CE) — o

z]7<1]7 170

Ay &
(CQ)TA Cg STij < |:(Cg)—|— 4le:| =0,

which implies that the resulting reformulation is indeed convex. O
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D Comparison to WDRO with Expanded Radius around Minimum Distance
Estimate (Remark [T))

First, we prove the claimed excess risk bound for WDRO with an expanded radius around the
minimum distance estimate & = fi(fi, G, €) = argmin, cg W5 (v, ii). We write ¢ = 2(1 — &) ~'/? as
in Theorem 1]

Lemma 14. Under Setting A, let { = argmin,, , SUD, e p(2):W, (v.a)<p B [l], for the expanded

radius p' = cp + 27,(G, 2¢). We then have B, [{] — B, [0,] < Rop(cp + 27,(G,2¢); £,).

Proof. Since Wy (1, i) < p and p € G, we have Wy (i1, i) < p. Thus, Lemmalgwes that

W2e (i, 1) < 2p. By Lemmal we then have W, ({1, ) < ¢p + 27,(G, 2¢), and so Lemmalglves
the desired result. O

In practice, we are unaware of efficient finite-sample algorithms to compute fi. For the class Gy, we

instead propose the spectral reweighing estimate i = i(f,€) = argming, cp, (z), < = i 1% llops

where || - ||op is the matrix operator norm (see [26] for varied applications of spectral reweighing).
In practice, when i = [i,, is an n-sample empirical measure, one can efficiently obtain a feasible
measure v whose objective value is optimal up to constant factors for the problem with € <— 3¢, using
the iterative filtering algorithm [[15]. We work with the exact minimizer /i for convenience, but our
results are robust to such approximate solutions.

Lemma 15. Under Setting A with G = Geoy, p = 1, and 0 < & < 0.2, we have W1 (fi, 1) <
Vdp + V/de, and this bound is tight; that is, there exists an instance ({i, i) € Geoy ¥ P(Rd)
with WE (p, jt) < p such that Wy (ji, 1) > /dp + V/de. Consequently, the WDRO estimate { =
argminge ; SUP, e p (2w, (v.)< Ev 0] satisfies B, [0] — B, [0,] < Ry, 1(0(Vdp + Vde); £,,).

Proof. Upper bound: For the upper bound on W; estimation error, fix any i € P(R?) with
W5 (ji, 1) < p. Take any g/ € P(R?) such that Wy (11/, 1) < pand ||/ — fil|tv < €. By Lemma
there exists @ € P(R?) with Wy (o, p1) < p, Wa(a, i) < py/2/e, and || — fif|tv < 2. Fixing an
optimal coupling 7 € II(«v, ) for the Wo(cv, 11) problem and letting (Z, W) ~ 7, we bound

Nl=

1 1 1
IZalldo = sup E[07(Z—E[Z])?]* < sup E[0(Z—E[W])?]* <|Z,l|3 + Wa(a, 1)
geSd—1 fesd—1

Thus, a € Geov (1 + py/2/e). Write 8 = Wu A [i, and note that this midpoint measure is
feasible for the problem defining ji. Hence, we have

1
1Zallop < 1Ssllop < sup Eg[(07(Z - Ea[2]))?] < Tz Pallop < ~(1+pv2/
pecsd—1 — &€ 1-—

and 50 i € Geoy ((1 — 26)"Y2(1 + p/2/<)). Moreover, we have ||fi — a||tv < 4e. Thus, using
Lemma [5]and the fact that 4e is bounded away from 1, we bound

By the triangle inequality, we have W1 (i, 1) < v/dp + v/de. The risk bound follows by Lemma
Taking the final error measurement using distance between means instead of W1, we observe that

IEa[Z] —EulZ]lla S p+ Ve

Lower bound: To see that this guarantee cannot be improved, fix clean measure y = dg 6 Geovs
and consider the corrupted measure /i = (1 — 3¢)do + 26(30 £, + 30— £e,) +eN(0, g5 1a)s
constructed so that W5 (fi, 1) < p. Intuitively, iterative filtering seeks to drive down the operator norm
of covariance matrix and will thus focus on removing mass from the second mixture component.
To formalize this, we decompose the output of filtering as (1 —2¢)ji = (1—3e —7)dg +a+ 5 where
0 <7 <2anda,B € My(R?) such that o < 25(%6£e1 ;5,791) and B < eN(0, 1&==1a).
We have 7 + (2 — a(R%)) + (¢ — B(R?)) = 2¢ by the definition of ji. Further note that || E;[Z]]| <
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VZ + p < p, by the bounds above. Now suppose for sake of contradiction that 3(R?) < £/2. Then
a(R?) > ¢/2, and so we bound

1
1213 = \/EalZF] — | Ex[Z]]

>\ 5= ~ I1Eq(2]]
- 2(1 2¢) 452
> —=—0(p).
\ﬁ
On the other hand, another feasible outcome for spectral reweighing is p/' = i(l —38)dp +
eN (0, 10052 ) for which we have || X,/ ||1/2 = 10\[ Since 10 > /8, this contradicts optimality

of i if ¢ < cp? for a sufficiently small constant c. However, if € > cp?, then a lower bound of
Q(+/de) suffices. This bound holds even without Wasserstein perturbations; see the G, lower risk
bound of ©(+/de) in Theorem 2 of [38].

We now suppose that 3(R?) > /2. Let Z ~ N (0, 1&- 2) and write F' for the CDF of || Z||? (which
has a scaled x2 distribution). We then have [ ||z[| dB(z) > ¢ E[||Z]| | | Z||> < F~(1/2)] Z Vdp.
using concentration of x2 about its mean. Thus, W1 (i, ) > Ex[|| Z]]] — E.[I1 Z]l] 2 Vdp. O

E Smaller Robustness Radius for Outlier-Robust WDRO (Remark [2))

In the classical WDRO setting with pg = € = 0, the radius p can often be taken significantly smaller
than ="/ if £ and p are sufficiently well-behaved. In particular, when 1, satisfies a 75 transportation
inequality, [18] proves that p = O(n~'/2) gives meaningful risk bounds. Recall that ;. € T5(7) if

W (v, 1n) < v/TH(V||p), Vv e Py(2),

where H(v||p) == [ log(dv /du)dv denotes relative entropy when v < (and is +o0 otherwise).
We note that 75 is implied by the log-Sobolev inequality, which holds for example when p has
strongly log-concave density. Under 15, [18] shows the following.

Proposition 11 (Example 3 in [18]). Fix Z = R? x R, 7, B > 0, and an a-smooth and L-Lipschitz

function f : R — R. Consider the parameterized family of loss functions L = {(z,y) — lo(x,y) =

fOTx —y): 0 c O}, where® C {0 € R?: ||0|| < B}. Fix u € P(Z) whose first marginal

px = u(- x R) satisfies pux € To(7) and such that infgee E,[f' (07 X —Y)?] > 0. Write
[f/(GTX, Y)4]% 2

o = su < - < o0.
beo Ef(0TX,Y)2] ~ infpeo B, [/ (07 X,Y)?]

Fort > 0, define

pn:\/Tt(1+dlog(2+2Bn)) <1+U\/2t(1+dlog(2+2Bn)))7

n n

2L+ 2B, X1+ B0 Var, (X1 + pu/Eu [+ BallXI)2] +Var, (L + BalXI)?)
n — n )
2aB?7t(1 + dlog(2 + 2Bn))
- :

Mo =
Then, with probability at least 1 — 2/n — 2e™*, we have

Eullo] — Eg, [lo]| < R, 2(pn;lo) + 6n +m VO € O. (1)
We note that is stated without the absolute value on the right hand side, but that this strengthened

result holds due to the discussion after [[18, Theorem 1]. This generalization bound immediately gives
the following excess risk bound.
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Corollary 5. Assume n > 800. Fix pn, 0n, T, and L as in Proposition |7_7|with t = 7, and take
Ly € L minimizing (1) with p = 2 and radius p = p,,. Then, with probability at least 0.99, we have

Eulls] — Eullo] < anEGHHl»Z(M) + O‘p% +0n+nn VO EO.

Proof. By Proposition|[IT]and [18 Remark 1], we have
E.ll5] — Eulle] < 2Ry, 2(pnile) + 26, + 21, VO € O,
with probability at least 1 — 2/n — 2e~* > 0.995. Since £y is a-smooth, Lemma@gives that
E[ls] = Eulle] < 2pnllloll .,y + 2005 + 20, +2n, V0 €O,

with probability at least 0.995. By Markov’s inequality, we can substitute [, with y at the cost of a
constant factor blow-up in excess risk and a decrease in the confidence probability to, say, 0.99. [

In the example above, excess risk is controlled by the 2-Wasserstein regularizer with radius p,, =
O(n='?), up to O(n~") correction terms, which is significantly smaller that the typical radius

size of O(n~1/4). We shall now lift this improvement to the outlier-robust setting. Similar to
Proposition [ we perform outlier-robust DRO with a modified choice of .A. This time, writing
Ga(0) = U,yc2G2(0, 20), we have the following.

Proposition 12 (Outlier-robust WDRO under T5). Assume n > 800 and it € Geoy. Fix pn, 0n, Mn,
and L as in Proposition[[l\with t = 8, and take {y minimizing (OR-WDRO) with center fi,, radius

p = po + 15p, + 200V/d, and A = 92(15\/(3 + pn). Then, with probability at least 0.99, we have

E,[l5] = Eull) < 166l 71,20 (0 + P + V) + a(po + pn + Vd)* + 6, + 1, VO €O.

Proof. Noting that G.o, € Ga(v/d), we have by Markov’s inequality that fi,, € G»(15V/d) with
probability at least 0.995. In other words, there exists zp € Z such that Wa(fiy,, d,,) < 15V4d.
Thus, for any v € P(Z) with Wy (i, v) < pn, we have Wy (v,6.,) < 15v/d + p,, and so
v € Go(15v/d + p,,). By Lemmas E|and this implies that

W5 (finl[v) < W5 (fin, v) + 72(v,€)

< po+ pn +8(15Vd + p,) (1 — )~ /2
< p.

Next, by Proposition with probability at least 1 — 1/400 + 2¢~% > 0.9985, we have for each
0 € O that

E.[lg] — Eulle] < Ep, [l5] + Ry, 2(pn; €g) — Eplle] + 0 + 1

= Eg, [¢5] + sup B, [l5] —Ep, [65] | — Eullo] + 0n + 10
veEP(Z)
Wa(fin ) <pm

= Eﬂn [%] =+ sup E, [eé} - ]Eﬂn [69} - Eu [69] +0n + M
vEGy (15Vd+py)
Wa (fin,v)<pn

S Eﬂn [fé] + sup E,,[fé} — E[Ln [Eé} — E,u[EO] + 5n + MNn -
v€Gs (15Vd+pn)
W;(ﬂn”l’)gp

Letc = 2( 11:255 ) Y P, Using optimality of 7 and Lemma we further bound
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E,[l;] — Eulto] < sup B[] — Ep, [€6] | +Ep, [lo] — Eullo] + 6 + 1
v€G2(15Vd+pn)
W3 (fn |lv)<p

IN

sup E,[ls] — Eu, [lo] | + Rp,. 2(pn; lo) + 26, + 21y,
V692(15\/E+Pn)
W3 (finllv)<p

IN

sup EVVO} - Eﬁ.n [60] + R[Ln,2(pn3 é()) + 20, + 277n
v€G2(15Vd+pn)
Wgs (fim,v)<cp

S sup Eu [69] - Eﬂn [‘&9} + Rﬂn,2(pn; 60) + 2671 + 277n
v€G2(15Vd+pn)
Wo (v, fin) <cp+72 (fin,2e)+12(A,2¢)

< Rﬂng(cp + To(fin, 2¢) + 12 (A, 2¢); &9) + R, 2(pn; Lo) + 26, + 21y,
2
S oll g2,y (00 + pn + V) + a(po + pn + V)™ + 60 + -

As in Corollary |5 we can substitute [i,, with p at the cost of a constant factor increase in excess risk
along with a small decrease in the confidence probability (in this case, sufficiently small such that the
total failure probability is at most 0.01). O

The main goal of Proposition[I2] was to demonstrate that one can expect improved excess risk bounds
for outlier-robust WDRO in situations where such improvements hold for standard WDRO. We
conjecture that similar guarantees hold for additional settings and under milder assumptions like the
T} inequality, but leave such refinements for future work. In particular, for the class Gcov, it would be
desirable to prove such bounds when p = 1, so that the TV contribution to the risk vanishes as e — 0.

F Parameter Tuning (Remark [5)

To clarify the parameter selection process, we consider Setting B with the class G = Geov(0), p = 1,
and £ < 1/3. We aim to efficiently achieve excess risk
E[0) = B (6] S 1elLip (po + 0Vde + oVdn=1/9), (12)
matching Proposition [ when
{ = argmin, . sup E,[/] (13)
v€G2(6,20): Wi (fin ) <p
for some parameter guesses &, €, and p, and a robust mean estimate 2. First, we observe that the
coordinate-wise trimmed mean estimate from Proposition [5is computed without knowledge of the
parameters, so it is safe to assume that ||zg — E,[Z]|| < V/d 4 po. If the parameter guesses are
conservative, i.e., & > o, & > g, and p > po + W1 (u, fi,, ), then we may still employ Proposition If
they are not too large, i.e., & < 0, & < e,and p < po + ov/dn~1/4, this gives the desired excess risk.
We now explore what prior knowledge of o, €, and pg is needed to obtain such guesses. First, we

show that effective learning is impossible without knowledge of pg, even for standard WDRO (i.e.,
€ = 0, 0 = 00). For ease of presentation, we present the following lower bound without sampling.

Lemma 16. There exists a family of loss functions L over R such that, for any C > 0 and decision rule
D : P(R) — L, there are i, i € P(R) such that E,[D(f1)] > C(infrez E,[0] + Wi (1, 2)]1€]|Lip)-

Proof. Let L = {{y : § > 0}, where ¢y(z) = z/6 + 6. By design, we have ||{g]|rip = 1/6. Let
fi = 0¢ and write D(f1) = £, for some 6 > 0. We then set 1 = dp, for p = 1002C2. This gives

E,[D()] = £;(p) = g +0> L2 =100%),

>
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and

. - o P _ _ -
inf Bulf] + Wi (p, m)llellLip = inf Lo(p) + mf +9 21/2p = VBOCH.

Thus, we have E,,[D()] > infrep E,[€] + Wi (1, ) ||€]|Lip, as desired. O

Thus, we assume in what follows that p = pg is known. Moreover, we require knowledge of at least
one of € and o. If both are unknown, then is information theoretically impossible to meaningfully
distinguish inliers from outliers (see Exercise 1.7b of [L6] for a discussion of this issue in the setting
of robust mean estimation). If £ is known, then we can choose & as 2 for the smallest 7 such that the
supremum of Eq. (I3) is feasible (or, equivalently, such that the associated dual is bounded for some
fixed £ € £). We can overshoot by at most a factor of two and thus achieve the desired risk bound.
Using binary search, this adds a multiplicative overhead logarithmic in the ratio of the initial guess
for o and its true value. The same approach can be employed if ¢ is known but not €.

G Additional Experiments

We now provide several experiments in addition to those in the main body. Code is again provided at
https://github.com/sbnietert/outlier-robust-WDRO!

First, in Fig. [3] we extend the experiment summarized Fig. 2| (top) to include runs with € = ¢ and
varied Wasserstein radius p € {p/2, p, 2p}. For this simple learning problem and perturbation model,
we find that the choice of p plays a minor role in the resulting excess risk. We emphasize that, in the
worst case, selection of p can be critical, as demonstrated by Lemma

Next, we consider linear classification with the hinge . Excess Risk for Varied Sample Size and Method
loss, i.e. £ = {lp(x,y) = max{0,1 — y(6 z)} :
6 € RI"!}. This time (to ensure that the re-
sulting optimization problem is convex), our ap-
proach supports Euclidean Wasserstein perturbations
in the feature space, but no Wasserstein perturba-

N w
v w o
=
\
—
/
/
/
/
/
—
—L—

Il
»

excess risk (mean absolute deviation)
o !

tions in the label space (this corresponds to using ~T standard WDRO

Z =R ! x R equipped with the (extended) norm 1 i e
[z, )] = |lx]l2 + o0 - 1{y # 0}. We consider DST,,,,,,,JE;;A - ORWDRO Wb =2
clean data (X, Y = sign(6, X)) ~ p, where X ~ %W m w4 % @ m @ %
N(0,1;_1). The corrupted data (X,Y) ~ ji satisfies roamples

()f ) }f) = (X + pe1,Y’) with probability 1 — ¢ and Figure 3: Excess risk of standard WDRO and
(X,Y) = (100X, —Y) with probability €, so that outlier-robust WDRO for linear regression under
W2 (fi[|ie) < p. In Figure (left), we fix d = 10 and W, and TV corruptions, with varied sample size
compare the excess risk E,,[¢;] — E,,[¢g, ] of standard ~and dimension.

WDRO and outher-robust WDRO W1th G = G, as described by Proposmon E] and implemented via
Theorem[2] The results are averaged over 7" = 20 runs for sample size n € {10, 20, 50, 75,100}. We
note that this example cannot drive the excess risk of standard WDRO to 1nﬁn1ty, SO the separation
between standard and outlier-robust WDRO is less striking than regression, though still present.

We further present results for multivariate regression. This time, we consider Z = R?** equipped
with the ¢, norm, and use the loss family £ = {ly/(z,y) = |[Mz — y|1 : M € RF*4}. We
consider clean data (X,Y = M, X) ~ p, where M, € R¥*4 and X have standard normal entries.
The corrupted data (X,Y) ~ j satisfies (X,Y) = (X + pe;,Y) with probability 1 — ¢ and
(X,Y) = (10X, —100M, X ) with probability &, so that WE(;]H,u) <p. In Figure@(right), we fix
d =10 and k = 3, and compare the excess risk E,,[¢ ;] — E, [¢x,] of standard WDRO and outlier-
robust WDRO with G = Go, as described by ProposmonE] and implemented via Theorem 2] The
results are averaged over 7' = 10 runs for sample size n € {10, 20, 50, 75, 100}. We are restricted
to low k since the ¢; norm in the losses is expressed as the maximum of 2* concave functions
(specifically, we use that £/ (z,y) = max,e(_1,13 o' (Maz —y)).

Finally, we turn to a classification task with image data. We train a robust linear classifier to distinguish

28


https://github.com/sbnietert/outlier-robust-WDRO

. Excess Classification Risk with WDRO

=
o

—1— standard WDRO
—F— OR-WDRO

.
1S)

=
=)
°©

0.8 r

N
5]

excess risk (hinge loss)
=)

=
1S)
&

S

excess risk (¢, mean absolute deviation)

N
o

50 60
# samples

20 30 40

~

=
5}

Excess Linear Regression Risk with WDRO

—F— standard WDRO
—]— OR-WDRO

=

=

L

L L L L L )
50 60 70 80 90 100

# samples

L L L
20 30 40

Figure 4: Excess risk of standard WDRO and outlier-robust WDRO for classification and multivariate linear
regression under W), and TV corruptions, with varied sample size.

between the MNIST [14] digits “3” and “8” when
10% of training labels are flipped uniformly at ran-
dom, using outlier-robust WDRO with G = G5 and
the hinge loss, as above, applied with ¢ = 0.1 and
p = 0.01. To ensure tractability, we first pass the
images through principal component analysis to re-
duce the input to 50 dimensions, and we again use
Theorem 2] for implementation. In Fig.[5] we plot the
classification accuracy of our robust classifier com-
pared to one learned via standard WDRO for training
set size n € {10, 20,50, 100, 150}, averaged over
T = 10 runs. In this case, we do not witness a
noticeable improvement over standard WDRO. We
suspect that the relevant G class is too large to be of
significant use in this high-dimensional setting.

For all experiments, confidence bands are plotted
representing the top and bottom 10% quantiles
among 100 bootstrapped means from the 7" runs. The

055 MNIST Classification Accuracy

—F— regular WDRO
—1— OR-WDRO

50 100
sample size

091

0.85

0.8

classification accuracy (% correct)

0.75
150

Figure 5: Classification accuracy of standard
WDRO and outlier-robust WDRO predictors for
MNIST digit classification under random label
flips, with varied number of training samples.

additional experiments were performed on an

M1 Macbook Air with 16GB RAM in roughly 30 minutes each.
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