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Abstract001

Multi-step Chain-of-Thought (CoT) has signif-002
icantly advanced the mathematical reasoning003
capabilities of LLMs by leveraging explicit rea-004
soning steps. However, the widespread adop-005
tion of Long CoT often results in sequence006
lengths that exceed manageable computational007
limits. While existing approaches attempt to008
alleviate this by reducing KV Cache redun-009
dancy via Markov chain-like structures, they010
introduce two critical limitations: inherent011
memorylessness (loss of context) and limited012
backward reasoning capability. To address013
these limitations, we propose a novel Chain-of-014
Thought framework based on Reversible Hier-015
archical Markov Chain, termed Cognitive Loop016
of Thought (CLoT), and a backward reasoning017
dataset CLoT-Instruct. In CLoT, problems are018
decomposed into sub-problems with hierarchi-019
cal dependencies. Inspired by human cognitive020
processes—where reasoning is revisited to ver-021
ify conclusions—we introduce a backward ver-022
ification mechanism at each hierarchical layer.023
Furthermore, we implement a pruning strat-024
egy: once higher-level sub-problems are veri-025
fied, redundant lower-level sub-problems are026
pruned to maximize efficiency. This approach027
effectively mitigates error propagation and en-028
hances reasoning robustness. Experiments on029
four mathematical benchmarks demonstrate030
the effectiveness of our method. Notably, on031
the AddSub dataset using GPT-4o-mini, CLoT032
achieves 99.0% accuracy, outperforming tra-033
ditional CoT and CoT-SC by 4.1% and 2.9%,034
respectively. Our code is publicly available035
at: https://anonymous.4open.science/r/036
CLoT-7EBD.037

1 Introduction038

Large Language Models (LLMs) have achieved re-039

markable breakthroughs across a broad spectrum of040

Natural Language Processing (NLP) tasks, such as041

question answering, automatic summarization, and042

machine translation (Achiam et al., 2023; Chowd-043

hery et al., 2023; Touvron et al., 2023; Huang044

et al., 2023; Zhao et al., 2023). Despite these 045

achievements, LLMs continue to exhibit notable 046

limitations in reasoning performance when com- 047

pared to human cognitive capabilities. Empirical 048

evidence suggests that merely increasing model 049

scale through parameter expansion is insufficient 050

to bridge the gap in complex reasoning abilities be- 051

tween current LLMs and human-level intelligence. 052

(Zhou et al., 2024). 053

To enhance the model’s reasoning capabilities, 054

researchers have explored various strategies to en- 055

hance the logical coherence and step-by-step infer- 056

ence processes of LLMs. One of the most influen- 057

tial approaches is Chain-of-Thought (CoT) reason- 058

ing (Kojima et al., 2022), which enables models to 059

generate intermediate reasoning steps before arriv- 060

ing at a final answer. By mimicking human-like 061

problem-solving patterns, CoT not only improves 062

model performance on complex reasoning tasks, 063

but also enhances the interpretability of model de- 064

cisions. The transparency afforded by explicit rea- 065

soning traces allows users to inspect, validate, and 066

potentially correct the model’s logic, thereby fos- 067

tering trust and facilitating debugging. 068

However, when facing real-world application 069

scenarios, CoT still encounters the challenge that 070

intermediate reasoning steps may contain errors. 071

To address this challenge, one approach to improve 072

performance is intrinsic self-correction (Kamoi 073

et al., 2024; Pan et al., 2024), which allows the 074

model to check and revise its own generated an- 075

swers without external feedback—a process highly 076

analogous to human thinking. Nevertheless, neg- 077

ative views on self-correction also exist. (Stechly 078

et al., 2023; Tyen et al., 2024; Jiang et al., 2024) 079

finds that large language models are even unable to 080

determine the correctness of answers, often chang- 081

ing correct answers into incorrect ones or failing to 082

correct originally erroneous responses. The debates 083

in prior research indicate that the self-correction 084

mechanisms of large models still lack in-depth ex- 085
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ploration.086

To address these limitations and obviate the need087

for extensive training on verification tasks, we088

propose a novel reverse self-verification method089

named CLoT (Cognitive Loop of Thought). Hu-090

mans often employ "reverse engineering" or self-091

validation to confirm inferred conclusions. Draw-092

ing inspiration from this cognitive process and re-093

versible Markov chains, we treat the forward re-094

finement and backward verification steps as a sin-095

gle closed loop, iteratively executing this process096

to ensure the validity of intermediate reasoning.097

Specifically, in the forward refinement phase, the098

LLM progressively generates sub-questions and099

answers via CoT. Subsequently, each sub-question100

undergoes backward verification: the original con-101

ditions are treated as unknown variables, while102

the generated answer serves as a known condition103

to deduce the original premises. Consistency be-104

tween the backward inference and the original con-105

dition validates the step; discrepancies trigger a106

root-cause analysis. This bidirectional verification107

minimizes error propagation in the reasoning chain.108

We evaluate our method using gpt-4o-mini and109

gpt-4-1106-preview across multiple mathematical,110

commonsense, and logical reasoning datasets. Our111

contributions are summarized as follows:112

• We propose a novel self-reflective verification113

method for reasoning chains, named CLoT114

(Cognitive Loop of Thought). CLoT is capa-115

ble of verifying both intermediate steps and116

the final answer, as well as analyzing the117

causes of errors.118

• We introduce a hierarchical pruning strategy119

that removes redundant verification steps at120

lower layers, reducing CLoT’s resource con-121

sumption by 41.8% without compromising122

performance.123

• We construct CLoT-Instruct, an instruction-124

tuning dataset designed to facilitate the learn-125

ing of "Backward Verification" capabilities in126

LLMs.127

• Extensive experiments across six diverse tasks128

demonstrate that CLoT effectively identifies129

and corrects reasoning errors, consistently out-130

performing baseline methods.131

2 Related Work 132

Since training LLMs requires enormous resources, 133

effectively improving model performance with- 134

out retraining has become a key research focus. 135

(Wei et al., 2022) introduced the concept of CoT 136

reasoning, emphasizing the importance of deriv- 137

ing conclusive answers through multi-step logical 138

pathways. (Kojima et al., 2022) found that sim- 139

ply adding the phrase "let’s think step by step" 140

to prompts enables LLMs to perform zero-shot 141

logical reasoning without any additional human- 142

designed prompts. Subsequently, (Wang et al., 143

2023b) proposed Self-Consistency (SC) to replace 144

the greedy decoding strategy. (Zhang et al., 2023) 145

developed an automatic CoT framework based 146

on the input problem, eliminating the instability 147

caused by manual prompting. (Fu et al., 2023) em- 148

ployed complexity-based multi-step reasoning esti- 149

mation to execute CoT. (Zhu et al., 2025) further en- 150

hanced performance by applying pre-prompting in 151

the form of a plugin. However, standard chain-like 152

reasoning still struggles with highly complex logi- 153

cal problems. Variants such as Tree-of-Thoughts 154

(Yao et al., 2023), Graph-of-Thoughts (Besta et al., 155

2024), and Markov-chain-inspired reasoning frame- 156

works have effectively enhanced the model’s rea- 157

soning capabilities (Teng et al., 2025). Neverthe- 158

less, in practical applications, large models often 159

fail to recognize their own errors and tend to repeat 160

mistakes, limiting their applicability in real-world 161

scenarios. 162

To expand the application scenarios of LLMs 163

by enhancing their ability to identify and correct 164

errors, researchers have developed various methods 165

to improve their self-correction capabilities. (Wang 166

et al., 2023a) verifies answers by integrating in- 167

puts from both humans and other models. (Weng 168

et al.) employs backward verification to evaluate 169

and score multiple candidate answers generated 170

during a tree-of-thought reasoning process. (Li 171

et al., 2024) enables models to effectively distin- 172

guish between confident and uncertain responses 173

using a simple "Self-Verifying" prompt (e.g., "If 174

you are very confident about your answer, main- 175

tain your answer. Otherwise, update your answer"). 176

(Zheng et al., 2024) relies on ground truth to de- 177

termine if a question needs to be answered again. 178

(Chen and Li, 2024) identifies and corrects errors 179

by having the LLMs analyze the intermediate steps 180

of a CoT for mistakes and pinpoint the source of 181

the error. While these methods have improved 182
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Example Question: Eliza's rate per
hour for the first 40 hour each week
is $10. She also receives an overtime
pay of 1.2 times her regular hourly
rate. If Eliza worked for 45 hours
this week, how much are her earnings
for this week? 

40

$10

1.2

How much regular earnings？

How much overtime earnings?

5
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Hierarchical Markov Chain Self-Verifying Process

Conclusion: Answer 400 is right.

Original Question

Forward
Reasoning

Backward
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Conclusion: I will summarize the
reasons for the error.
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Backward Verification
She work X regular hours
per week. She earn $10 for
per regular hours. Knowing
that her regular earnings
is $400.

40

Hierarchical Pruning

 Hierarchical Pruning

If all problems at the
lower layer n are
verified as correct,
prune all verification
steps at layers above n.

Conditional Execution

Direct Execution

Figure 1: Overview of the CLoT Framework.

self-correction to varying degrees, they often face183

the challenges summarized by (Yang et al., 2024):184

(1) reliance on high-quality external feedback, (2)185

lack of comparison with baselines that consume186

the same number of tokens, and (3) prompts that187

are strictly designed and potentially complex.188

To address these challenges, we propose the189

CLoT. Our approach achieves self-correction with-190

out requiring any external high-quality feedback.191

It demonstrates a significant performance improve-192

ment compared to a baseline with equivalent token193

consumption and operates in a zero-shot manner,194

eliminating the need for designing complex prompt195

examples.196

3 Method197

In this section, we provide a detailed description198

of the design of the CLoT method. CLoT guides199

the model to perform backward verification, iden-200

tifies potential failures in backward verification,201

and ultimately summarizes the causes of errors and202

corrects them. Additionally, we construct a CLoT-203

Instruct Dataset based on the CLoT approach to204

help train models to learn "Backward Verification"205

approach.206

3.1 Reversible Hierarchical Markov Chain207

The architecture of CLoT is illustrated in Figure 1.208

The left panel delineates the Hierarchical Markov209

Process, where the top tier comprises the initial210

problem and its corresponding answer generated211

via direct CoT reasoning; subsequent layers exe-212

cute iterative, step-by-step verification. The right213

panel details the backward verification mechanism:214

the model-generated answer is reformulated as a215

premise, while a specific condition from the orig- 216

inal problem is selected by the LLMs to serve as 217

a target variable for backward inference. For non- 218

numerical tasks, the model identifies and validates 219

key semantic entities. By reasoning through this 220

reconfigured problem, CLoT determines whether 221

the reconstructed condition aligns with the original 222

input. This dual-loop design empowers CLoT to 223

not only detect erroneous outputs but also to locate 224

and rectify reasoning flaws, thereby substantially 225

bolstering the model’s interpretability, safety, and 226

reliability. 227

For a mathematical problem q, we observe that 228

successful reasoning involves not only a sequential 229

simplification of the problem through derivation 230

steps but also an implicit hierarchical organization 231

of cognitive processes—such as conceptual abstrac- 232

tion, subproblem decomposition, and strategic plan- 233

ning. To capture this structure, we propose a Hier- 234

archical Markov Chain framework, which models 235

reasoning as a multi-level stochastic process where 236

each level corresponds to a distinct granularity of 237

problem understanding or solution strategy. Let 238

the original problem be denoted by q
(L)
1 at the max 239

layer l = L. At each lower layer l < L (down 240

to l = 1), the problem is refined into increasingly 241

concrete and actionable representation q
(l)
t , form- 242

ing a hierarchical structure that transitions from 243

abstract strategies to specific derivations. State 244

transitions within each layer satisfy the Markov 245

property, while cross-layer transitions are jointly 246

governed by top-down refinement and bottom-up 247

generalization mechanisms. Specifically, given a 248

state q
(l)
t−1 and a derivation step s

(l)
t−1 at layer l , the 249

3



next state is generated via:250

p(q
(l)
t | q

(l)
t−1, s

(l)
t−1), (1)251

and inter-layer propagation is modeled as:252

p(q
(l+1)
t | q(l)t ) (abstraction), (2)253

254

p(q
(l)
t | q

(l+1)
t ) (refinement), (3)255

this hierarchical structure allows the model to256

maintain long-range dependencies across reason-257

ing steps through high-level semantic anchors,258

while still enabling local decision-making at fine-259

grained levels. Crucially, unlike standard Markov260

chains, we introduce reversibility in the reason-261

ing trajectory by incorporating a backward verifi-262

cation process, ensuring logical consistency and263

reducing error accumulation.To quantitatively as-264

sess the reliability of a generated reasoning path265

q̃1 → · · · → q̃T → a, we propose a bi-directional266

coherence score rather than a standard training ob-267

jective. Specifically, we evaluate the joint likeli-268

hood of the derivation steps st and states q̃t through269

the following scoring metric:270

SRHMC =

T∑
t=1

log p(st, q̃t+1 | q̃t)

+

T∑
t=1

log p←(st, q̃t | q̃t+1).

(4)271

This metric aggregates two complementary per-272

spectives:273

• Forward Consistency log p(st, q̃t+1 | q̃t):274

Measures the deductive validity of deriving275

the next state q̃t+ 1 from the current state q̃t,276

reflecting the model’s confidence in its local277

decision-making.278

• Backward Justification log p←(st, q̃t |279

q̃t+1): Evaluates whether the preceding state280

q̃t can be logically reconstructed given the re-281

sult q̃t+1. This acts as a semantic check: “Is282

the premise necessary and justifiable given the283

conclusion?”284

Ideally, a valid reasoning step should exhibit high285

probability in both directions. The backward286

term is not merely an inverse operation but a287

semantic-level backtracking mechanism that as-288

sesses whether the predecessor state q̃t remains289

consistent if the consequent q̃t+1 holds true. By in-290

tegrating these directional checks, CLoT provides291

a fine-grained diagnostic signal to identify invalid 292

assumptions or non sequiturs without requiring ex- 293

ternal supervision or parameter updates. 294

3.2 Hierarchical Pruning 295

Building upon the RHMC framework, we introduce 296

a Consistency-Aware Hierarchical Pruning strategy. 297

This method exploits the dependency structure of 298

hierarchical reasoning to minimize computational 299

redundancy while maintaining rigorous verification 300

standards. 301

The fundamental assumption is that global se- 302

mantic consistency at the highest abstraction level 303

serves as a high-fidelity proxy for the validity 304

of the underlying granular steps. Unlike tradi- 305

tional forward-only models where a correct plan 306

might mask local arithmetic errors, CLoT utilizes 307

a backward reconstruction mechanism (p←). Since 308

the top-most layer represents the most complete 309

task representation (mapping the final conclusion 310

back to the initial query), a high consistency score 311

V(L) implies that the entire reasoning trajectory 312

has formed a closed logical loop. In this con- 313

text, if the "global loop" is verified, the probabil- 314

ity of a "locally-broken but globally-consistent" 315

error—such as a lucky guess or a self-canceling 316

calculation error—is statistically minimized. 317

Formally, consider a reasoning hierarchy with L 318

layers. We define the backward consistency met- 319

ric V(l) for layer l as the aggregate reconstruction 320

likelihood: 321

V(l) =
Tl∑
t=1

log p←(s
(l)
t , q̃

(l)
t | q̃

(l)
t+1) (5) 322

where Tl is the number of steps in layer l. This 323

metric acts as a rigorous gatekeeper rather than 324

a soft heuristic. We implement a dynamic proto- 325

col that prioritizes "Global Confirmation" before 326

"Local Scrutiny": 327

Macro-Verification (Top Layer L): The system 328

first computes V(L). Because Layer L encapsu- 329

lates the comprehensive logic of the problem, a 330

successful verification here indicates that the fi- 331

nal output is logically anchored to the input. If 332

V(L) > τ (where τ is a strict confidence threshold), 333

the system considers the reasoning chain robust 334

and prunes all lower-layer verification (l < L). 335

This reflects the insight that if the "big picture" is 336

mathematically and logically reconstructible, the 337

fine-grained derivations are implicitly validated. 338

Recursive Refinement: If V(L) fails verification, 339

it signals a potential "hallucination" or a "logical 340
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gap" that the abstract layer cannot resolve. The341

system then descends to Layer L − 1 to perform342

a granular, step-by-step validation. This process343

repeats until consistency is either confirmed at a344

more detailed level or the system identifies a spe-345

cific step-wise failure in the finest-grained layer.346

To address concerns regarding subtle low-level347

errors (e.g., arithmetic slips in a correct plan),348

CLoT’s pruning is not purely plan-based but349

outcome-dependent. If a low-level arithmetic error350

leads to an incorrect final answer, the backward351

reconstruction at the top layer will inevitably fail352

(p← ≈ 0), thus triggering a mandatory descent into353

fine-grained verification. This hierarchical gate-354

keeping ensures that pruning only occurs when the355

reasoning is "correct for the right reasons" across356

the entire semantic scope.357

3.3 CLoT-Instruct Dataset358

3.3.1 Dataset Construction359

Building upon the theoretical framework of the360

RHMC, we introduce CLoT-Instruct, a special-361

ized instruction-tuning dataset designed to train362

language models with bidirectional reasoning and363

self-verification capabilities. Unlike conventional364

cot datasets that focus solely on forward reason-365

ing, CLoT-Instruct explicitly encodes the backward366

verification mechanism central to our CLoT frame-367

work, enabling models to develop intrinsic self-368

consistency checking abilities.369

Theoretically, our construction methodology is370

applicable to any mathematical reasoning dataset,371

as it does not rely on any specific problem type372

but instead builds upon a general hierarchical rea-373

soning structure and bidirectional verification logic.374

Currently, we have implemented and released three375

high-quality subsets based on this approach, using376

GSM8K, SVAMP, and AddSub as the foundational377

datasets. The construction of CLoT-Instruct fol-378

lows a two-stage pipeline designed to jointly ensure379

the quality of forward reasoning and the integrity380

of backward verification:381

• Forward Reasoning: Creation of hierarchical382

problem-solving trajectories383

• Backward Verification: Generation of logi-384

cally inverted validation questions385

3.3.2 Dataset Structure386

Formally, let Dorigin denote the original mathemati-387

cal reasoning dataset, where each instance follows388

the format τ1 = (q1, s1:T , a). Here, q1 represents389

the initial problem, s1:T denotes a sequence of T 390

reasoning steps (T ≥ 1), and a is the final answer. 391

In contrast to conventional approaches that treat 392

the entire reasoning chain as a monolithic unit, our 393

CLoT framework explicitly decomposes reasoning 394

into hierarchical components, each augmented with 395

bidirectional verification signals. To support this, 396

we construct the CLoT-Instruct dataset, in which 397

every sample is uniformly structured as: 398

X =
(
qorigin, agt, {τ (l)}Ll=0, max_layer

)
, (6) 399

where qorigin is the original problem, and agt is 400

its ground-truth answer. max_layer denotes the 401

maximum reasoning depth required. For each layer 402

l ∈ {0, 1, . . . , L}, τ (l) represents the reasoning 403

trajectory at that layer, defined as 404

τ (l) =
(
q(l), s

(l)
1:Tl

,
{
(q

(l)
verify,t, a

(l)
verify,t)

}Tl

t=1

)
,

(7) 405

where q(l) is the problem at layer l (either the origi- 406

nal question or a sub-question), s(l)1:Tl
is its sequence 407

of reasoning steps, and each pair (q(l)verify,t, a
(l)
verify,t) 408

constitutes a bidirectional verification instance: 409

q
(l)
verify,t is a logically inverted question derived from 410

the forward step, and a
(l)
verify,t is its expected an- 411

swer. This unified representation enables hierar- 412

chical dependency tracking, dynamic verification, 413

and scalable supervision across reasoning depths— 414

while maintaining a consistent and extensible data 415

schema. 416

In this section, we conduct comprehensive ex- 417

periments to thoroughly investigate CLoT through 418

extensive benchmark evaluations on six standard 419

datasets, efficiency analysis, data result analysis, 420

and ablation studies. 421

4 Experiment 422

4.1 Experimental Settings 423

4.1.1 Datasets 424

We evaluate CLoT using gpt-4o-mini, gpt-4- 425

1106-preview and deepseek-v3 as backbone mod- 426

els. Our evaluation covers three types of 427

reasoning tasks: mathematical QA reasoning 428

(MATH900, (Hendrycks et al., 2021), GSM8K1319, 429

(Cobbe et al., 2021), Addsub395, (Hosseini 430

et al., 2014), and SVAMP1000, (Patel et al., 431

2021)), mathematical multiple-choice (AQUA254, 432

(Ling et al., 2017)), and commonsense reasoning 433

(CommonsenseQA1220, (Talmor et al., 2019)). For 434
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Models AddSub GSM8K SVAMP MATH AQuA CSQA Avg.

gpt-4o-mini

CoT 94.9 90.9 93.4 78.3 81.4 81.5 86.7
CoT-SC(n=5) 96.1 92.0 93.5 81.0 83.1 83.4 88.3
AR 82.3 91.7 92.4 73.1 77.5 78.7 81.0
C-CoT 97.2 92.4 93.4 76.9 83.3 81.0 87.4
ISP-CoT 96.1 92.4 93.9 77.9 83.7 81.9 87.7
CLoT(ours) 99.0 94.6 94.9 80.7 85.8 82.3 89.6

gpt-4

CoT 98.0 93.1 93.4 73.0 82.7 84.9 87.5
CoT-SC(n=5) 98.4 94.2 93.5 81.6 83.1 85.6 89.4
AR 87.1 93.4 92.7 73.1 79.5 79.1 84.2
C-CoT 98.4 94.2 93.6 80.6 82.7 83.9 88.9
ISP-CoT 97.7 93.3 93.5 77.7 84.2 83.4 88.3
Tr 97.5 94.2 91.3 71.9 79.9 79.4 85.7
CLoT(ours) 99.0 95.4 95.0 81.6 86.9 84.9 90.5

deepseek-v3

CoT 97.7 94.1 93.9 90.2 84.2 81.1 90.2
CoT-SC(n=5) 98.5 94.5 94.3 91.3 87.4 82.2 91.4
AR 93.9 93.3 93.1 89.7 86.6 81.0 89.6
C-CoT 97.9 94.2 93.8 89.7 88.1 81.2 90.5
CLoT(ours) 99.0 95.5 95.6 91.7 91.8 82.6 92.7

Table 1: Accuracy of CLoT and baselines on six mainstream datasets. Higher is better for all metrics. The
best score , and second best score are red, and orange, respectively.

the large datasets Math and SVAMP, we adopt the435

same data processing procedure as in Study (Chen436

and Li, 2024), evaluating the first 900 and 1,000437

questions from their respective test sets. On math-438

ematical datasets, CLoT employs exact numeric439

matching—i.e., an answer is considered correct440

only if it exactly matches the numeric value in the441

original question. On commonsense datasets, it442

uses synonym-based judgment—i.e., an answer is443

deemed correct if it is a synonym or near-synonym444

of the answer in the original question.445

4.1.2 Baseline446

Our baselines include classical prompting meth-447

ods (CoT, (Kojima et al., 2022)), CoT with Self-448

Consistency (CoT-SC, n = 5, (Wang et al., 2023b)),449

CoT with Iterative Summarization Pre-Prompting450

(ISP-CoT, (Zhu et al., 2025)), Analogical Reason-451

ing (AR, (Yasunaga et al., 2024)), Complex-CoT452

(C-CoT, (Fu et al., 2023)) and Thought Rollback453

(Tr, (Chen and Li, 2024)).454

4.2 Main Results455

Table 1 summarizes the performance of CLoT456

and various baselines across six benchmarks us-457

ing three different model backbones: GPT-4o-mini,458

GPT-4, and DeepSeek-V3. Overall, CLoT con-459

sistently demonstrates competitive performance, 460

outperforming all competitive baselines in terms of 461

average accuracy. 462

Under the GPT-4o-mini setting, CLoT achieves 463

an average accuracy of 89.6%, surpassing the most 464

competitive baseline, CoT-SC (n=5), by a margin of 465

1.3%. Notably, CLoT establishes new performance 466

ceilings on AddSub (99.0%), GSM8K (94.6%), 467

SVAMP (94.9%), and AQuA (85.8%), demonstrat- 468

ing its robust reasoning capabilities across both 469

straightforward arithmetic and complex multi-step 470

reasoning tasks. 471

When evaluated on the more powerful GPT-4 472

backbone, CLoT further extends its lead, attain- 473

ing the highest average accuracy of 90.5%. Com- 474

pared to the best-performing baseline, it delivers 475

substantial gains on GSM8K (+1.2%), SVAMP 476

(+1.5%), and AQuA (+3.8%). These results un- 477

derscore CLoT’s ability to effectively leverage its 478

iterative generate-and-verify mechanism to rectify 479

subtle errors in the reasoning chain, particularly in 480

challenging datasets like AQuA. 481

Furthermore, CLoT demonstrates superior scala- 482

bility and generalization on DeepSeek-V3, achiev- 483

ing a peak average accuracy of 92.7%. The consis- 484

tent improvements across diverse tasks—ranging 485

from symbolic arithmetic (AddSub) to complex 486
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Figure 2: The results of CLoT efficiency. The token
consumption corresponds to the total number of tokens
used to solve the same 100 gsm8k problems (idx0 –
idx99).

mathematical reasoning (MATH) and common-487

sense QA (CSQA)—validate the effectiveness488

and versatility of our proposed verification-driven489

framework.verification-driven framework.490

4.3 Efficiency Analysis491

We further evaluate the efficiency of different meth-492

ods in terms of token consumption. The results493

are shown in Figure 2 and were obtained using494

the gpt-4o-mini API. Traditional methods such as495

CCoT and CoT-SC consume approximately 280k496

tokens. In contrast, Tr uses chain-of-thought for497

self-verification and requires as many as 3.3M to-498

kens, resulting in very high computational costs.499

AR is more token-efficient, using only 78k tokens.500

However, its overall performance still lags behind501

other approaches. Notably, CLoT achieves per-502

formance on par with or even better than existing503

methods while consuming just 136k tokens. This504

highlights its strong reasoning efficiency under low505

token overhead. This efficiency stems from its506

hierarchical pruning strategy, which selectively re-507

moves redundant verification steps at lower reason-508

ing layers. This design enables high reasoning effi-509

cacy with minimal token overhead, making CLoT510

particularly suitable for large-scale and resource-511

constrained applications.512

4.4 Datasets Analysis513

To systematically evaluate our model’s verifica-514

tion capability on mathematical reasoning, we515

built verification datasets from four standard math516

QA benchmarks: AddSub, SVAMP, GSM8K, and517

AQuA (see Figure 3). We analyze four key metrics:518

• One-Step Verification Accuracy: the fraction 519

of problems whose initial solution is both cor- 520

rect and verified on the first attempt. 521

• Total Verification Accuracy: the proportion 522

of problems that are either correctly solved or 523

whose errors are successfully detected. 524

• Error Omission Rate: the fraction of incorrect 525

solutions missed by the verifier. 526

One-Step Verification Accuracy is high on AddSub 527

(97.8%) and GSM8K (89.4%), indicating strong 528

self-verification on problems with simple or clear 529

reasoning paths. It drops sharply on SVAMP 530

(30.8%) and AQuA (13.8%), reflecting the diffi- 531

culty of generating verifiable solutions in a single 532

pass for semantically complex or multi-step prob- 533

lems—often requiring iterative refinement. 534

In contrast, Total Verification Accuracy remains 535

consistently high across all datasets, demonstrat- 536

ing that CLoT reliably ensures output correctness 537

by either producing correct answers or flagging er- 538

rors. Correspondingly, the Error Omission Rate 539

is low, confirming the verifier’s high recall. No- 540

tably, AQuA achieves an omission rate of only 541

2.8%, comparable to GSM8K, despite its low one- 542

step accuracy. This highlights the effectiveness 543

of multi-round verification in catching errors even 544

from poor initial solutions. Finally, the maximum 545

layer counts are shown in Figure 3b. The results 546

indicate that AddSub and SVAMP have at most 547

two layers of subproblems, whereas GSM8K and 548

AQuA exhibit three or more layers, demonstrating 549

that more challenging tasks require multiple rounds 550

of the "generate-and-verify" cycle. 551

4.5 Ablation analysis 552

To systematically evaluate the effectiveness of each 553

component in our proposed method, we conduct 554

a series of ablation studies using the gpt-4o-mini 555

model. As shown in Table 2, we incrementally 556

introduce four key designs: (1) standard Chain- 557

of-Thought (CoT) with a single direct answer ver- 558

ification (CoT + Self-Verifying, or CoT + SV), 559

serving as the baseline; (2) CoT enhanced with 560

Hierarchical Markov Chain decomposition (CoT 561

+ HMC) without any verification, to assess the 562

benefit of structured reasoning alone; (3) CoT 563

with Reversible Hierarchical Markov Chain (CoT 564

+ RHMC), which adds step-by-step verification at 565

each reasoning level to improve overall reliabil- 566

ity; and (4) CoT + RHMC further augmented with 567
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Figure 3: We present a visualization of the dataset analysis. Figure (a) shows the various accuracy metrics on
the dataset, where V-A denotes Verification Accuracy. Figure (b) shows the maximum number of layers in the
multi-layer Markov chains used in the dataset.

Models Token AddSub GSM8K SVAMP AQuA Avg.

CoT (baseline) 60k 94.9 90.9 93.4 81.4 90.2
CoT + SV 98k 92.0 93.5 87.3 81.4 88.6
CoT + HMC 112k 94.9 90.9 93.4 81.0 90.1
CoT + RHMC 325k 94.4 93.5 93.9 84.6 91.6
CoT + RHMC + HP 136k 99.0 94.6 94.9 85.8 93.6

Table 2: Ablation study results of CLoT based on gpt-4o-mini. The experiment used four datasets and token
consumption to evaluate the contributions of three components. The token consumption corresponds to the total
number of tokens used to solve the same 100 GSM8K problems (idx0 – idx99).

Hierarchical Pruning (HP), where lower-level veri-568

fication steps are skipped once all subproblems at569

a higher level are confirmed correct.570

The results show that CoT + SV achieves lim-571

ited performance across datasets, with an aver-572

age accuracy of 88.6%. Adding the HMC struc-573

ture yields slightly unstable results but produces574

more organized reasoning paths. With RHMC,575

the model shows clear improvements on AddSub,576

GSM8K, and SVAMP, reaching an average ac-577

curacy of 91.6%. Finally, our full method (CoT578

+ RHMC + HP) further boosts average accuracy579

to 93.6% while reducing total token consumption580

from 325k to 136k (41.8%). This demonstrates that581

hierarchical pruning effectively balances efficiency582

and performance. Overall, the results confirm the583

importance of layered verification and dynamic584

pruning in complex reasoning tasks.585

5 Conclusion586

In this paper, we introduced Cognitive Loop of587

Thought (CLoT), a novel reasoning framework that588

addresses the inherent "memorylessness" and error589

propagation issues in traditional Chain-of-Thought590

(CoT) prompting. By modeling the reasoning pro-591

cess as a Reversible Hierarchical Markov Chain 592

(RHMC), we bridge the gap between sequential 593

token generation and human-like cognitive verifi- 594

cation. Our core contribution, the backward ver- 595

ification mechanism, enables LLMs to treat rea- 596

soning as a closed loop, where conclusions are 597

validated by reconstructing original premises. To 598

ensure this process remains computationally viable, 599

we implemented a hierarchical pruning strategy 600

that leverages the dependency structure of sub- 601

problems to bypass redundant checks. Our ex- 602

periments across six benchmarks demonstrate that 603

CLoT consistently achieves state-of-the-art perfor- 604

mance, notably reaching 99.0% accuracy on the 605

AddSub dataset. Furthermore, our ablation studies 606

confirm that the synergy between reversible logic 607

and hierarchical pruning allows for a 41.8% reduc- 608

tion in token overhead without sacrificing reason- 609

ing integrity. The release of CLoT-Instruct provides 610

a foundational resource for the community to fur- 611

ther explore bidirectional instruction tuning. We 612

believe that shifting from purely forward-moving 613

chains to cognitive loops is a critical step toward 614

developing more reliable, self-correcting, and au- 615

tonomous reasoning agents. 616
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Limitations617

This study has two main limitations. First, CLoT618

relies on the model’s intrinsic ability to perform619

backward reasoning. Our experiments show that620

while large-scale models like GPT-4o excel at this,621

smaller or less capable models may struggle with622

the logical inversion required for effective self-623

verification, potentially leading to false negatives624

during the pruning process. second, our current625

evaluation focuses primarily on mathematical, log-626

ical, and commonsense reasoning tasks where con-627

clusions are relatively deterministic. In more sub-628

jective or open-ended tasks, such as creative writ-629

ing or legal argumentation, defining a clear back-630

ward verification logic is more challenging, as there631

may not be a unique set of premises that lead to a632

specific conclusion.633
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A datasets 779

A.1 Mathematical Reasoning Datasets 780

We evaluate CLoT on four mathematical QA 781

datasets and one multiple-choice dataset: 782

1) MATH & SVAMP: Given the extensive size of 783

these benchmarks, we follow the established data 784

processing procedure from prior research (Chen 785

and Li, 2024), specifically evaluating the first 900 786

samples of MATH and the first 1,000 samples of 787

SVAMP to ensure consistent comparison. 788

2) GSM8K & AddSub: We utilize the full test 789

sets (1,319 and 395 samples, respectively) to assess 790

the model’s ability to handle grade-school level 791

multi-step arithmetic word problems. 792

3) AQuA: A mathematical multiple-choice 793

dataset requiring algebraic reasoning. This helps 794

evaluate CLoT’s performance when the solution 795

space is constrained by predefined options. 796

A.2 Commonsense Reasoning Dataset 797

CommonsenseQA (CSQA): We use 1,220 samples 798

from CSQA to test the framework’s ability to lever- 799

age world knowledge and semantic relationships. 800

B Answer Formation 801

The following section illustrates the multi-stage 802

reasoning process of CLoT, where discrete steps 803

are facilitated through Chain-of-Thought (CoT) 804

prompting. Specifically, Tables 5 and 6 exemplify 805

the detailed reasoning trajectories for mathematical 806

problems. To ensure consistency and facilitate eval- 807

uation, the final output generation phase adheres to 808

the standardized formats presented in Table 4. 809

C Algorithm 810

This section delineates the procedural execution of 811

the Cognitive Loop of Thought (CLoT) frame- 812

work, as formalized in Algorithm 1. The effi- 813

cacy of CLoT stems from its structured hierarchi- 814

cal state transitions and a specialized reversibility- 815

based scoring mechanism, which is theoreti- 816

cally grounded in Reversible Hierarchical Markov 817

Chains (RHMC). 818
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Dataset Reasoning Task Answer Type Example Number

MATH (Hendrycks et al., 2021) Mathematical QA Number 4 900
GSM8K (Cobbe et al., 2021) Mathematical QA Number 4 1,319
AddSub (Hosseini et al., 2014) Mathematical QA Number 4 395
SVAMP (Patel et al., 2021) Mathematical QA Number 4 1,000
AQuA (Ling et al., 2017) Mathematical MC Multi-choice 4 254
CommonsenseQA (Talmor et al., 2019) Commonsense Multi-choice 4 1,220

Table 3: Overview of datasets utilized in CLoT experiments.

Task Answer-format Instructions

GSM8K, SVAMP, AddSub, math You can freely reason in your response, but please enclose
the final answer within <answer></answer>tags(pure
number without units and explanations)

AQuA, CommonsenseQA You can freely reason in your response, but please enclose
the final option within <answer></answer>tags(pure up-
percase option without explanations)

Table 4: Answer-format instructions for different tasks.

SVAMP Problem

Q: Kylar went to the store to buy glasses for his new apartment. One glass costs $5, but every second
glass costs only 60% of the price. Kylar wants to buy 16 glasses. How much does he need to pay?

Step 1, First CoT

Q: Lets think step by step.

***Thought*** <answer> 64 </answer>

Step 2, Backward Verification

Q: Please replace one numerical value in the original problem with X and incorporate the answer as a
known condition.

Kylar went to the store to buy glasses for his new apartment. One glass costs X, but every second glass
costs only 60% of the price. Kylar wants to buy 16 glasses. Knowing that he need to pay $64 for them.
What’s the X?

Step 3, Solve the new problem

Q: Lets think step by step.

***Thought*** <answer> 5 </answer>

Step 4, Judge

5 = 5

Answer: 64

Table 5: Examples of Successful Verification by CLoT on Mathematical Problem Datasets.
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SVAMP Problem

Q: Kylar went to the store to buy glasses for his new apartment. One glass costs $5, but every second
glass costs only 60% of the price. Kylar wants to buy 16 glasses. How much does he need to pay?

Step 1, First CoT

Q: Lets think step by step.

***Thought*** <answer> 96 </answer>

Step 2, Backward Verification

Q: Please replace one numerical value in the original problem with X and incorporate the answer as a
known condition.

Kylar went to the store to buy glasses for his new apartment. One glass costs X, but every second glass
costs only 60% of the price. Kylar wants to buy 16 glasses. Knowing that he need to pay $64 for them.
What’s the X?

Step 3, Solve the new problem

Q: Lets think step by step.

***Thought*** <answer> 10 </answer>

Step 4, Judge

4 ̸= 5

Step 5, Decompose sub-problems

Q: You are teasked with breaking down a math problem reasoning process into sub-problems.

q1, q2, q3,...

Step 6, For each subproblem, iteratively execute Steps 1–4.

If all subproblems at the same level pass verification, exit the loop.

Step 7, Second CoT

Q: Lets think step by step. Please refer tp the following sub-problems and sub-answers.

***Thought*** <answer> 64 </answer>

Answer: 64

Table 6: Examples of CLoT’s verification failures on mathematical problem datasets.
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Algorithm 1: CLoT Reasoning

Input: Original problem q
(L)
1 at top layer L

Output: Reasoning trajectory {q̃1, . . . , q̃T+1} and score LRHMC

1 Initialization: Set t← 1, current layer l← L, and initial state q
(L)
1 ;

2 while t ≤ T do
// Intra-layer transition

3 Sample next state q
(l)
t ∼ p(q

(l)
t | q

(l)
t−1, s

(l)
t−1);

// Cross-layer propagation
4 for l = L to 1 do
5 Refine: q(l)t ∼ p(q

(l)
t | q

(l+1)
t );

6 Abstract: q(l+1)
t ∼ p(q

(l+1)
t | q(l)t );

7 end
// Record trajectory

8 Set q̃t ← q
(l)
t with derivation step st;

9 t← t+ 1;
10 end

11 Forward path: q̃1 → · · · → q̃T → a = q̃T+1;

12 Scoring with Reversibility:;
13 LRHMC ← 0;
14 for t = 1 to T do
15 LRHMC ← LRHMC + log p(st, q̃t+1 | q̃t);
16 LRHMC ← LRHMC + log p←(st, q̃t | q̃t+1);
17 end
18 return {q̃1, . . . , q̃T+1},LRHMC
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