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Abstract— Zero-order optimization techniques are becoming
increasingly popular in robotics due to their ability to handle
non-differentiable functions and escape local minima. These
advantages make them particularly useful for trajectory opti-
mization and policy optimization. In this work, we propose a
mathematical tutorial on random search. It offers a simple
and unifying perspective for understanding a wide range
of algorithms commonly used in robotics. Leveraging this
viewpoint, we classify many trajectory optimization methods
under a common framework and derive novel competitive RL
algorithms.

I. INTRODUCTION

In recent years, zero-order (or derivative-free) optimiza-
tion techniques [1] have gained a lot of popularity in the
robotics community. While zero-order optimization is a well-
established field, its widespread deployment in robotics has
only been made possible by recent advances in parallel
computing and GPU hardware. These improvements have
made it possible to deploy sampling-based Model Predictive
Control (MPC) on complex robotic systems [2], [3]. In
parallel, Reinforcement Learning (RL) has emerged as a
powerful tool and has demonstrated state-of-the-art capabil-
ities in locomotion or manipulation [4], [5].

While these approaches may appear unrelated at first, they
share a common property: they do not require access to
the simulator’s gradients. This characteristic allows them
to optimize non-smooth objective functions, which typically
arise in problems involving contact, such as locomotion or
manipulation. Another benefit is that it avoids the tedious
development of efficient gradient implementations. Further-
more, while deterministic gradient-based algorithms, such as
gradient descent or Newton’s method, are prone to getting
stuck in local minima, zero-order techniques are mostly
stochastic, which can help escape local minima.

Zero-order optimization has a long history [6]. In its most
generic form, zero-order optimization performs a random
search by generating samples at random and updating an
estimate of the optimal solution based on the performance
of each sample. In the 1970s, Evolutionary Strategies (ES)
gained popularity [7] and later culminated with the CMA-
ES algorithm [8]. In TO, a popular algorithm is MPPI [9],
which was initially derived using information-theoretic ar-
guments. In RL, Reinforce [10] was one of the first major
algorithms proposed for continuous action space problems.
These algorithms have since inspired many variations.
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While most of these algorithms have strong theoretical
foundations, this is not always widely recognized within
the robotics community. One reason for this is that these
algorithms often lie at the intersection of many fields, such
as optimization, statistics, machine learning, and control. By
bringing together results from these areas, our goal is both to
bring to light the theoretical properties of existing algorithms
and to leverage this understanding to design novel algorithms
for robotics.

Recently, [11] introduced Gaussian smoothing and un-
derstood random search from an optimization perspective.
Inspired by this work, we propose a unified perspective to
understand the zero-order optimization techniques that are
popular in the robotics community. More specifically, we
are interested in algorithms that can find solutions to the
following problem:

min
x∈Rn

f(x). (1)

This formulation encompasses a wide range of problems
encountered in robotics, such as trajectory optimization (TO)
and RL.

In the TO community, several works have stud-
ied derivative-free algorithms and established connections
among them. For instance, [12] first showed the similarities
between MPPI and CMA-ES. Later, [13] understood MPPI
as an approximate gradient method, and [3] connected MPPI
to diffusion models. Our work builds on these insights and
proposes a unifying framework to understand these algo-
rithms. In addition, we shed light on the connection between
MPPI and recent results showcasing the benefits of the log-
sum-exp transform [14]. Lastly, we benchmark several state-
of-the-art approaches on various robotic examples.

In the RL community, [15], [16] first explored the use
of random search in the parameter space of policies as
an alternative to traditional RL algorithms. In this work,
we instead investigate how random search techniques can
explain the success of popular RL algorithms. More recently,
[17], [18] drew the connection between policy gradient
techniques and Nesterov’s random search [11]. However,
these works used this insight to derive TO algorithms based
on random search. In contrast, we study how to leverage
this understanding to derive novel RL algorithms. Lastly, we
refer the reader to [19], [20] for comprehensive surveys on
the connection between RL and ES techniques.

Overall, a broad perspective connecting gradient-free ap-
proaches in TO and RL is missing. To bridge this gap,
we propose a mathematical introduction to zero-order op-
timization algorithms used in robotics. In addition, we show



how this unified view allows us to naturally derive novel
competitive methods as a byproduct.

II. BACKGROUND ON GAUSSIAN SMOOTHING

Gaussian smoothing [11] approximates the gradient of a
given function f by the gradient of a surrogate function :

fµ(x) = E[f(x+ µϵ)], (2)

where ϵ ∼ N (0,Σ). This is commonly referred to as
randomized smoothing (RS). As µ approaches zero, fµ tends
to f . As a result, for small values of µ, this surrogate only
slightly changes the objective function (and therefore the
minimum location) but adds smoothness [11]. Importantly,
the advantage of this surrogate is that its gradient can
be evaluated via an average of function evaluations. More
precisely, one can show that:

∇fµ(x) = E
[
1

µ
f(x+ µϵ)Σ−1ϵ

]
. (3)

Hence, the gradient of fµ can be estimated using only
function evaluations of the original function, f . However,
this comes at the cost of approximating an expectation with
samples. Lastly, since E

[
f(x)Σ−1ϵ

]
= 0, we can write:

∇fµ(x) = E
[
f(x+ µϵ)− f(x)

µ
Σ−1ϵ

]
. (4)

In the general case, the expectation is intractable. The idea
is then to approximate the gradient of the original function
with a stochastic estimate of the gradients of the surrogate:

x← x− f(x+ µϵ)− f(x)

µ
Σ−1ϵ. (5)

While 1
µf(x + µϵ)Σ−1ϵ is a valid gradient estimate, it can

be arbitrarily large. In contrast, the update (5) is invariant to
constant translations of the function. Intuitively, this reduces
the variance of the estimate. In the convex setting, this
iterative procedure (Eq. (5)) requires at most n times more
iterations than the standard gradient method [11]. In other
words, sampling along random directions may match the
performance of gradient descent while requiring n times
fewer function evaluations.

III. TRAJECTORY OPTIMIZATION

In this section, we show how random search allows us to
understand derivative-free optimization algorithms that are
commonly used in robotics. In practice, TO aims to solve

min
(u0,u1,...uT−1)

T−1∑
t=0

ct(xt, ut) + cT (xT ), (6)

such that x0 = x, and xt+1 = fdyn(xt, ut).

Here x denotes the state, u the control variable, (ct)t the
running cost functions, cT the terminal cost function, T the
time horizon, and fdyn the dynamics. Note that we abuse the
notation by using x to denote the state instead of the op-
timization variable. Importantly, the constraints are implicit;
the optimization is performed only with respect to the control

variables. Therefore, this problem is unconstrained and is
referred to as the single shooting approach. Ultimately, it can
be written in the form of Problem (1). The dimension of the
search space is n = Tnu, where nu denotes the dimension
of the control inputs.

A. The log-sum-exp transform: MPPI

Model Predictive Path Integral (MPPI) [9] is a derivative-
free TO method initially derived from an information-
theoretic perspective. MPPI iteratively samples around the
current guess and updates it using a weighted exponential
average. More specifically, given a current guess x, MPPI
samples K variables xk following independent Gaussian
distributions centered in x (i.e. xk ∼ N (x,Σ)). Then, it
performs an update according to the following rule:

x←
K∑

k=1

wkxk,where wk =
exp(− 1

λf(xk))∑K
j=1 exp(−

1
λf(xj))

. (7)

These weights, wk, are called Exponential Average weights.
Let’s see how this update rule can be interpreted as a varia-
tion of Gaussian smoothing. Instead of the surrogate function
defined in Equation (2), let’s consider the (continuous) log-
sum-exp transform function.

fµ,λ(x) = −λ log

(
E
[
exp

(
− 1

λ
f(x+ µϵ)

)])
, (8)

where ϵ ∼ N (0,Σ) and where λ > 0 is a scalar called the
temperature. As µ approaches zero, we recover f . Therefore,
the gradients of this surrogate can be used to approximate the
gradients of the original function, f . Furthermore, as λ →
∞, fµ,λ → fµ [14]. Consequently, this surrogate can be seen
as a generalization of Gaussian smoothing. The gradient of
the surrogate reads:

∇fµ,λ(x) =
−λE

[
exp

(
− 1

λf(x+ µϵ)
)
Σ−1ϵ

]
µE

[
exp

(
− 1

λf(x+ µϵ)
)] . (9)

In practice, both expectations can be approximated with K
samples ϵ1:K following the distribution N (0,Σ). This leads
to the following gradient estimate:

g =
−λ
µ

K∑
k=1

exp
(
− 1

λf(x+ µϵk)
)
Σ−1ϵk

K∑
j=1

exp
(
− 1

λf(x+ µϵj)
) . (10)

Similarly to the randomized smoothing case, this update
is invariant to additive translation of the function f . Let’s
consider µ = 1. We show that MPPI follows a natural
gradient step [21], i.e. x ← x − αF−1g, where α is the
step size, and where F is the Fisher information matrix,
which is equal to the inverse of the covariance matrix for
Gaussian distributions. The idea of the natural gradient is to
build an update step that is invariant to changes of variables.
If α = 1

λ , we have

x− αF−1g =

K∑
i=1

wk(x+ ϵk). (11)



As (x+ ϵk) ∼ N (x,Σ), we recover the MPPI update. More
detailed derivations are provided in [22]. Furthermore, if Σ =
σ2I , then σ2

λ ≤
1
L , where L is the Lipschitz function of the

surrogate function [14]. Therefore, the step size chosen by
MPPI can be interpreted as a conservative estimate of the
standard optimal step size from convex optimization [23].

B. Covariance Matrix Adaptation (CMA)

So far, we have kept the covariance matrix Σ fixed across
various iterations. However, in practice, it is not necessarily
clear how to choose this parameter according to the problem.
In this section, we show how to derive a Covariance Matrix
Adaptation (CMA) scheme. Interestingly, the optimization
of the smooth surrogate function can be interpreted as an
optimization in the space of Gaussian probability distribu-
tions. Indeed, optimizing Equation (2) can be interpreted as
a search over the mean of a Gaussian distribution. More
specifically, we can write:

fµ(x) = E[f(x+ µu)] = Ez∼N (x,Σ) [f(z)] . (12)

Therefore, Gaussian smoothing can be seen as the search for
a Gaussian distribution that minimizes the expectation of f
under that distribution. This distribution can be interpreted
as the belief of where the global minimum of the function
f might be. A natural generalization is to not only optimize
the mean but also the covariance. More specifically, one can
apply gradient descent to the following problem:

min
θ=(x,Σ)

J(θ), where J(θ) = Ez∼N (x,Σ) [f(z)] . (13)

J(θ) is minimal when the distribution N (x,Σ) concentrates
around the minima of f [24]. [25] shows that the natural
gradient update, ∆θ = F (θ)−1∇J(θ), can be written:

∆Σ = Ez∼N (x,Σ)

[
f(z)((z − x) (z − x)

⊤ − Σ)
]
,

∆x = Ez∼N (x,Σ) [f(z)(z − x)] . (14)

Similarly to the randomized smoothing case, this update step
averages quantities that rely solely on function evaluations
of the original function. Following the natural gradient is
especially relevant in this setting, as it is crucial that the
update does not depend on the choice of parameterization of
the Gaussian distribution. In practice, this update step can
be approximated by samples xk ∼ N (x,Σ). Denoting wk =
f(xk), the approximate update with a step size α reads:

Σ← (1− α

K∑
k=1

wk)Σ + α

K∑
k=1

wk(xk − x)(xk − x)⊤,

x← (1− α

K∑
k=1

wk)x+ α

K∑
k=1

wkxk. (15)

This allows us to recover the CMA scheme. As with Gaus-
sian smoothing, a constant can be subtracted from f with-
out changing the expectation in Equation (14). Therefore,
another choice of weights could be wk = f(xk) − f(x),
as this renders the update invariant to translations of f .

One could go further and design an algorithm invariant to
any increasing transformation of the objective by replacing
f(xk) with arbitrary weights wk sorted so that their order
matches that of the function values f(xk). As pointed out
by [24]–[26], this recovers the CMA-ES algorithm (without
evolution path) [8]. An important point that we overlooked
is whether the covariance update rule in Equation (15)
maintains the matrix positive definite. If 0 ≤ η < 1, wi ≥ 0,
and the weights sum to one, then the covariance matrix
is always positive definite, provided that we start with a
positive definite matrix [25]. However, in practice, there is
no reason for the function f to be such that the weights
satisfy this property. One approach could be to use the log-
sum-exp transformation employed for MPPI. Indeed, this
transformation naturally maintains the weights positive and
ensures that they sum to one. We omit the derivations as it is
straightforward to show that applying the natural gradient to
Equation (8) yields the update rule from Equation (15) with
the Exponential Average weights (Equation (7)). We refer to
this algorithm as MPPI-CMA.

C. Numerical experiments

We introduce a benchmark based on a balancing task with
the G1 humanoid. All results are averaged over six seeds. We
compare the performance of Predictive Sampling, random-
ized smoothing, MPPI, and MPPI-CMA. All algorithms use
2048 samples per iteration. For MPPI and MPPI-CMA, we
use a temperature of λ = 0.1. We find that MPPI-CMA per-
forms significantly better when using a separate step size for
the mean update and the covariance update. Figure 1 shows
the cost evolution across iterations for each test problem.
The performance of randomized smoothing varies across test
problems and is highly sensitive to the choice of step size.
As expected, MPPI-CMA consistently outperforms MPPI.
Interestingly, Predictive Sampling performs well despite its
simplicity. [22] provides more experimental results.
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Fig. 1: Cost according to the number of iterations for
different TO test problems. The solid lines represent the
median taken over six seeds.

IV. POLICY OPTIMIZATION

One may ask how this novel understanding of gradient-free
techniques can impact RL. In this section, we show how this



unified treatment can be used to derive novel algorithms. In
the deterministic setting, RL aims to find a policy. This can
be written as the maximization over θ of :

F (θ) = E [J(θ, s)] , (16)

where the expectation is taken over initial states s and where
J(θ, s) is the cost of the trajectory with initial state s and
with the controller πθ:

J(θ, s) =

∞∑
k=0

γkr(sk, ak), (17)

s.t. s0 = s, sk+1 = fdyn(sk, ak) and ak = πθ(sk).

θ denotes the parameters of the policy (e.g. the weights of
a neural network). r is the reward, a is the control action.
We do not consider stochastic dynamics for simplicity, as
most robotic models are deterministic (e.g. locomotion or
manipulation). However, the ideas presented in this section
should extend to the stochastic dynamics case. Because
the policy is deterministic, RL algorithms aiming to solve
formulation (16) are called Deterministic Policy Gradient
(DPG) algorithms [27]. Most RL algorithms rely on stochas-
tic policies, therefore DPG algorithms are often introduced
as a special case. While stochastic policies can be relevant
in the context of games or partially observable settings, most
robotic applications, such as locomotion or manipulation,
can be solved with deterministic policies. In fact, in prac-
tice, many works that rely on RL algorithms derived with
stochastic policies generally deploy a deterministic policy on
the robot. Therefore, we chose to focus on the deterministic
case and refer the reader to [22] for a detailed discussion on
the stochastic case.

The DPG theorem [27] states that :

∇θF (θ) = E

[ ∞∑
k=0

γk∂θπθ(sk)∂aQ(sk, ak)

]
. (18)

Unfortunately, this formula cannot be directly implemented
in an algorithm because of the presence of the Q-function.
Indeed, the Q-function cannot be computed analytically. One
solution is to estimate it with function approximation at each
gradient descent step. Algorithms relying on this mechanism
are called actor-critics. The actor refers to the policy, while
the critic refers to the Q-function. In practice, the Q-function
is learned in a self-supervised way via the Bellman equation.
There exist many techniques to estimate the critic efficiently
between gradient updates of the actor; we refer the reader to
[10] for a comprehensive treatment of the subject.

DDPG [28] originally proposed to learn the Q-function
with a neural network and directly differentiate it to obtain
∂aQ(sk, ak). This idea led to state-of-the-art RL algorithms
such as TD3 [29]. However, there are no guarantees that
the derivatives of the learned Q-function are correct. In light
of the success of randomized smoothing, a natural idea is
to use Gaussian smoothing to estimate the gradient of the
Q-function and to use the following estimate :

(Q(sk, ak + ϵk)−Q(sk, ak))Σ
−1ϵk. (19)

This provides us with a simple variation of actor-critics
based on the DPG theorem. An interesting variation is to use
the log-sum-exp transform and employ exponential average
weights in the actor update. We deliberately omit the rollout
logic, as well as the interplay between the actor update and
the critic update. This is because our focus is solely on
modifying the actor’s gradient update in DPG algorithms.
We do not aim to provide a novel actor-critic logic.

Our experiments show that this simple change can lead
to competitive algorithms. We investigate the benefits of
estimating the gradient of the Q-function in DPG algorithms
such as DDPG and TD3. Our implementation relies on
CleanRL [30] and only modifies the actor’s update rule.
Specifically, we investigate two smoothing approaches, the
default randomized smoothing (RS) and the one relying
on the log-sum-exp (LSE) transform. Consequently, we
benchmark DDPG and TD3 against their smoothed coun-
terparts: RS-DDPG, LSE-DDPG, RS-TD3, and LSE-TD3.
The performances are evaluated in seven MuJoCo envi-
ronments. Five runs are performed for each test problem.
Figure 2 presents the normalized score across all runs. The
results indicate that both RS-DDPG and LSE-DDPG signifi-
cantly outperform DDPG, which demonstrates the benefits of
smoothing. For TD3, the improvements are not as clear. This
could be explained by the fact that TD3 is already a very
strong algorithm and that the margin for improvement on
those benchmarks is limited. Additionally, our modifications
were restricted to the actor’s update; achieving state-of-
the-art performance would most likely require extensive
hyperparameter tuning of the actor-critic mechanism. Never-
theless, the results show that deterministic policy gradient
algorithms can benefit from smoothing. More details are
provided in [22].

Fig. 2: Performance of each RL algorithm.

V. CONCLUSION

In this work, we have demonstrated how random search
provides a unifying perspective on zero-order algorithms
commonly used in robotics. We also discussed theoretical
concepts that help explain why sampling-based zero-order
techniques can escape local minima. Leveraging this under-
standing, we proposed novel and competitive RL algorithms.
For an extended version of this work, we refer the reader
to [22].
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