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ABSTRACT

Equivariant deep models have recently been employed to predict atomic poten-
tials and force fields in molecular dynamics. A key advantage of these models
is their ability to learn from data without requiring explicit physical modeling.
Nevertheless, use of models obeying underlying physics can not only lead to bet-
ter performance, but also yield physically interpretable results. In this work, we
propose a new equivariant network, known as PACE, to incorporate many-body
interactions by making use of the Atomic Cluster Expansion (ACE) mechanism.
To provide a solid foundation for our work, we perform theoretical analysis show-
ing that our proposed message passing scheme can approximate any equivariant
polynomial functions with constrained degree. By relying physical insights and the-
oretical foundations, we show that our model achieves state-of-the-art performance
on atomic potential and force field prediction tasks on commonly used benchmarks.

1 INTRODUCTION

Deep learning has led to notable progress in computational quantum chemistry tasks, such as
predicting atomic potentials and force fields in molecular systems (Zhang et al., 2023). Fast and
accurate prediction of energy and force is desired, as it plays crucial roles in advanced applications
such as material design and drug discovery. However, it is insufficient to rely solely on learning from
data, as there are physics challenges that must be taken into consideration. For example, to better
consider symmetries inherent in 3D molecular structures, equivariant graph neural networks (GNNs)
have been developed in recent years. By using equivariant features and equivariant operations,
SE(3)-equivariant GNNs ensure equivariance of permutation, translation and rotation. Thus, their
internal features and predictions transform accordingly as the molecule is rotated or translated.
Existing equivariant GNNs can specialize in handling features with either rotation order ℓ = 1 (Schütt
et al., 2021; Jing et al., 2021; Satorras et al., 2021; Du et al., 2022; 2023; Thölke and Fabritiis,
2022) or higher rotation order ℓ > 1 (Thomas et al., 2018; Fuchs et al., 2020; Liao and Smidt,
2023; Batzner et al., 2022; Batatia et al., 2022a;b; Yu et al., 2023b; Unke et al., 2021; Yu et al.,
2023a), while invariant methods only consider rotation order ℓ = 0 (Schütt et al., 2017; Smith et al.,
2017; Chmiela et al., 2017; Zhang et al., 2018a;b; Schütt et al., 2018; Ying et al., 2021; Luo et al.,
2023; Gasteiger et al., 2020; Liu et al., 2022; Gasteiger et al., 2021; Wang et al., 2022; Lin et al.,
2023; Yan et al., 2022; Liu et al., 2021). Generally, methods with higher rotation order exhibit
improved performance but at the cost of higher computational complexity. In addition to rotation
order, some equivariant methods (Musaelian et al., 2023; Batatia et al., 2022a;b) also consider
many-body interactions in their model design. These approaches follow traditional principles (Brown
et al., 2004; Braams and Bowman, 2009) of decomposing the potential energy surface (PES) as a
linear combination of body-ordered functions. In contrast to standard message passing (Gilmer et al.,
2017) that considers interactions between two atoms in each message, many-body methods aim to
incorporate the interactions of multiple atoms surrounding the central node.

In this work, we present a novel equivariant network that incorporates many-body interactions based
on the Atomic Cluster Expansion (ACE) mechanism (Drautz, 2019; Dusson et al., 2022; Kovács
et al., 2021). We conduct a theoretical analysis, demonstrating the capability of our proposed
message passing scheme to effectively approximate equivariant polynomial functions within a
constrained degree, thereby establishing a solid foundation for our model. Our method is termed
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PACE as it is based on polynomial function approximation and ACE. To evaluate the performance
and generalization capabilities of our approach, we assess our model on two molecular dynamics
simulation datasets, namely rMD17 and 3BPA, and obtain consistent performance enhancements.
Notably, we achieve state-of-the-art performance in energy prediction across all molecules and
achieve superior force prediction accuracy in 50% of the molecules, affirming the significance and
potential of our proposed approach.

2 BACKGROUND AND RELATED WORK

2.1 SYMMETRIES AND EQUIVARIANCE

Considering physical symmetries in machine learning models is crucial for solving quantum chemistry
problems, as various quantum properties of molecules exhibit inherent equivariance or invariance
to symmetry transformations. For example, if we rotate a molecule in 3D space, forces acting on
atoms rotate accordingly while the total energy of the molecule remains invariant. According to
group theory (Bronstein et al., 2021) which analyzes symmetries of geometry and physics, given
a group G and group action ∗, we say f : Q → Y is G-equivariant if f(g ∗ q) = g ∗ f(q) for any
q ∈ Q, g ∈ G. If f(g ∗ q) = f(q) holds, we say f is G-invariant.

To encode geometric information of molecules into SE(3)-equivariant features, spherical harmonics
are used for its equivariance property. Specifically, we use real spherical harmonic basis functions Y
to encode an orientation r̂ij between a node pair. If the molecule is rotated by a rotation matrix R in
3D coordinate system, then we have:

qℓY ℓ(Rr̂ij) = (Dℓ(R)qℓ)Y ℓ(r̂ij), (1)

where ℓ ∈ [0, L] is the degree, qℓ with size 2ℓ+1 denotes coefficients of spherical harmonics, and the
Wigner D-matrix Dℓ(R) with size (2ℓ+ 1)× (2ℓ+ 1) specifies the corresponding rotation acting on
coefficients qℓ. In practice, equivariant features are often represented by irreducible representations
(irreps), which correspond to the coefficients of real spherical harmonics.

2.2 EQUIVARIANT GRAPH NEURAL NETWORKS

In recent years, equivariant graph neural networks have been developed for 3D molecular repre-
sentation learning, as they are capable of effectively incorporating the symmetries required by the
specific task. Existing equivariant 3D GNNs can be broadly classified into two categories, depending
on whether they utilize order ℓ = 1 equivariant features or higher order ℓ > 1 equivariant features.
Methods belonging to the first category (Satorras et al., 2021; Schütt et al., 2021; Deng et al., 2021;
Jing et al., 2021; Thölke and Fabritiis, 2022) achieve equivariance by applying constrained operations
on order 1 vectors, such as vector scaling, summation, linear transformation, vector product, and
scalar product.

The second category of methods (Thomas et al., 2018; Fuchs et al., 2020; Liao and Smidt, 2023;
Batzner et al., 2022; Batatia et al., 2022a;b) predominantly employs tensor products (TP) to preserve
higher-order equivariant features. Tensor product operates on irreducible representations u of rotation
order ℓ1 and v of rotation order ℓ2, yielding a new irreducible representation of order ℓ3 as

(uℓ1 ⊗ vℓ2)ℓ3m3
=

ℓ1∑

m1=−ℓ1

ℓ2∑

m2=−ℓ2

C
(ℓ3,m3)
(ℓ1,m1),(ℓ2,m2)

uℓ1
m1

vℓ2
m2

, (2)

where C denotes the Clebsch-Gordan (CG) coefficients (Griffiths and Schroeter, 2018) and m ∈ N
denotes the m-th element in the irreducible representation. Here, ℓ3 satisfies |ℓ1− ℓ2| ≤ ℓ3 ≤ ℓ1+ ℓ2,
and ℓ1, ℓ2, ℓ3 ∈ N. High-order equivariant 3D GNNs commonly use tensor products on the irreducible
representations of neighbor nodes and edges to construct messages as

mℓo
ij =

∑

ℓi,ℓf

R(ℓi,ℓf )(r̄ij)Y
ℓf (r̂ij)⊗ xℓi

j , (3)

where |ℓi −ℓf | ≤ ℓo ≤ ℓi +ℓf , xj denotes features of node j, and R is a learnable non-linear function
that takes the embedding of pairwise distance r̄ij as input.
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2.3 ATOMIC CLUSTER EXPANSION

Molecular potential and force field are crucial physical properties in molecular analysis. To approxi-
mate these properties, the atomic cluster expansion (ACE) (Drautz, 2019; Kovács et al., 2021) is used
to approximate the atomic potential denoted as

Ei(θi) =
∑

j

∑

v

c(1)v ϕv (rij) +
1

2

∑

j1j2

∑

v1v2

c(2)v1v2ϕv1 (rij1)ϕv2 (rij2)

+
1

3!

∑

j1j2j3

∑

v1v2v3

c(3)v1v2v3ϕv1 (rij1)ϕv2 (rij2)ϕv3 (rij3) + · · · , (4)

where θi = (rij1 , · · · , rijN ) denotes the N bonds in the atomic environment, ϕ is the single bond
basis function and c is the coefficients. The computational complexity of modeling many-body
potential increases exponentially with number of neighbors. To reduce the complexity, ACE further
makes use of density trick to calculate the atomic energy via atomic base Aiv =

∑
j ϕv(rij), which

has a linear complexity with the number of neighbors, denoted as

Ei(θi) =
∑

v

c(1)v Aiv +

v1≥v2∑

v1v2

c(2)v1v2Aiv1Aiv2 +

v1≥v2≥v3∑

v1v2v3

c(3)v1v2v3
Aiv1Aiv2Aiv3 + · · · . (5)

In this case, the computational complexity of modeling many-body interactions decreases to linear
growth with the number of neighbors. With the reduced linearly complexity, many equivariant
networks are designed to learn the many-body interactions. In these networks, spherical harmonic
functions Y (r̂ij) combined with radial functions R(r̄ij) are usually taken as the single bond basis
function ϕv(rij). Then the aggregated atomic bases Aiv, typically represented as equivariant irre-
ducible representations in these networks, are combined through tensor product operations to encode
the many-body interactions while maintaining equivariance. Note that v = 0, 1, 2, . . . distinguishes
among different basis. Specifically, BOTNet (Batatia et al., 2022a) takes multiple message passing
layers to encode the many-body interaction and analyzes the body order for various message passing
schemes. MACE (Batatia et al., 2022b) takes generalized Clebsch-Golden coefficients to couple the
aggregated message to incorporate higher-order interactions. Allegro (Musaelian et al., 2023) uses
a series of tensor product layers to calculate the equivariant representations without using message
passing, learning many-body interactions.

2.4 UNIVERSALITY ANALYSIS

Universality is a powerful property for neural networks that can approximate arbitrary functions.
While Zaheer et al. (2017); Maron et al. (2019); Keriven and Peyré (2019) study the universality
of permutation invariant networks, several works have recently studied the rotational equivariant
networks. Dym and Maron (2020) takes use of the proposed tensor representation to build D-spanning
family and shows that Tensor Field Networks (TFN) (Thomas et al., 2018) is proved to be a universal
equivariant network capable of approximating arbitrary equivariant functions defined on the point
coordinates of point cloud data. Furthermore, GemNet (Gasteiger et al., 2021) uses the conclusion in
Dym and Maron (2020), and is proved to be a universal GNN with directed edge embeddings and
two-hop message passing.

3 THE PROPOSED PACE AND THEORETICAL ANALYSIS

3.1 EQUIVARIANT POLYNOMIAL FUNCTION APPROXIMATION

In this section, we first introduce the definitions of equivariant polynomial functions and their
relationship to equivariant functions. Then we provide an analysis of the existing equivariant layer
within the local atomic potential. Finally, we demonstrate our motivation to propose an equivariant
message passing scheme to approximate higher-degree equivariant polynomial functions.

Relationship between equivariant functions and equivariant polynomial functions. Given a
set of input 3D coordinates C = (c1, c2, · · · , cN ) for N nodes, a continuous equivariant function
CG(R3×N ,WN

T ) maps these coordinates to equivariant features WN
T , such as the irreducible node
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<latexit sha1_base64="dxoywBGxzD57QI+3mSkKTzlAhf4=">AAACFnicbVC7TsMwFHV4lvIKMLJYVEgMUCWI11iJhbEI+pDaKnJcpzW1nch2EFWUr2DhV1gYQIgVsfE3OGkGaDmSpeNz7tW99/gRo0o7zrc1N7+wuLRcWimvrq1vbNpb200VxhKTBg5ZKNs+UoRRQRqaakbakSSI+4y0/NFl5rfuiVQ0FLd6HJEeRwNBA4qRNpJnH0k/8BJ6lx7Cm2hYsC5HeugHyUPqUfNTdMBRbnl2xak6OeAscQtSAQXqnv3V7Yc45kRozJBSHdeJdC9BUlPMSFruxopECI/QgHQMFYgT1Uvys1K4b5Q+DEJpntAwV393JIgrNea+qcwWVtNeJv7ndWIdXPQSKqJYE4Eng4KYQR3CLCPYp5JgzcaGICyp2RXiIZIIa5Nk2YTgTp88S5rHVfesenp9UqnVijhKYBfsgQPggnNQA1egDhoAg0fwDF7Bm/VkvVjv1sekdM4qenbAH1ifP6Eun68=</latexit>

rbfij , Sphij ,xi,�ij

A B C

D

Self-interaction

Self-interaction

Self-interaction

<latexit sha1_base64="PlsPnKM+7PFjXq1eoy5hCmkuc3w=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw01P9MoVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5udOiEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2nZEPwFl9eJs2zqndZvbg/r9RqeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEPbI2p</latexit>

Ai

<latexit sha1_base64="AJzbhaxfSFvfJopdBEGCqBPx+yA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIr2XBjcsK9gFNCJPppB07MwkzE6GG4K+4caGIW//DnX/jpM1CWw8MHM65l3vmhAmjSjvOt1VZWl5ZXauu1zY2t7Z37N29jopTiUkbxyyWvRApwqggbU01I71EEsRDRrrh+Lrwuw9EKhqLOz1JiM/RUNCIYqSNFNgHHkd6FEaZp+iQozzI6H0e2HWn4UwBF4lbkjoo0QrsL28Q45QToTFDSvVdJ9F+hqSmmJG85qWKJAiP0ZD0DRWIE+Vn0/Q5PDbKAEaxNE9oOFV/b2SIKzXhoZkssqp5rxD/8/qpjq78jIok1UTg2aEoZVDHsKgCDqgkWLOJIQhLarJCPEISYW0Kq5kS3PkvL5LOacO9aJzfntWbzbKOKjgER+AEuOASNMENaIE2wOARPINX8GY9WS/Wu/UxG61Y5c4++APr8wdlQJXY</latexit>�ij Linear

<latexit sha1_base64="Mpz3hOkPTIDGav9PlnuYU4s0kLM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmYns8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgecQpQSs1u8hjZnrlilf1ZnCXiZ+TCuSo98pf3b6iacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKoldEmSzayfuiVX6bqS0LYnuTP09kZHYmHEc2s6Y4NAselPxP6+TYnQdZFwmKTJJ54uiVLio3Onrbp9rRlGMLSFUc3urS4dEE4o2oJINwV98eZk0z6r+ZfXi/rxSu8njKMIRHMMp+HAFNbiDOjSAwiM8wyu8Ocp5cd6dj3lrwclnDuEPnM8fuWuPPg==</latexit>⇥
<latexit sha1_base64="D4foUfdi9LbzO1jKnGIUMpcr2/s=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvgQspM8bURCm5cVrAPaIchk2ba2CQzJBmhDOOvuHGhiFs/xJ1/Y6adhbYeCBzOuZd7coKYUaUd59sqrayurW+UNytb2zu7e/b+QUdFicSkjSMWyV6AFGFUkLammpFeLAniASPdYHKT+91HIhWNxL2exsTjaCRoSDHSRvLt6oAjPQ7ClGd+Sh9Og+tG5ts1p+7MAJeJW5AaKNDy7a/BMMIJJ0JjhpTqu06svRRJTTEjWWWQKBIjPEEj0jdUIE6Ul87CZ/DYKEMYRtI8oeFM/b2RIq7UlAdmMo+qFr1c/M/rJzq88lIq4kQTgeeHwoRBHcG8CTikkmDNpoYgLKnJCvEYSYS16atiSnAXv7xMOo26e1E/vzurNZtFHWVwCI7ACXDBJWiCW9ACbYDBFDyDV/BmPVkv1rv1MR8tWcVOFfyB9fkDrvaUyw==</latexit>mij,b=2

<latexit sha1_base64="XWHHE7LRtexXdUqMH7AsvzTQakA=">AAAB63icbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48RjBLJAMoafTkzTp7hl6EcKQX/DiQRGv/pA3/8aeZA6a+KDg8V4VVfWilDNtfP/bK62tb2xulbcrO7t7+wfVw6O2TqwitEUSnqhuhDXlTNKWYYbTbqooFhGnnWhyl/udJ6o0S+SjmaY0FHgkWcwINrnU11YMqjW/7s+BVklQkBoUaA6qX/1hQqyg0hCOte4FfmrCDCvDCKezSt9qmmIywSPac1RiQXWYzW+doTOnDFGcKFfSoLn6eyLDQuupiFynwGasl71c/M/rWRPfhhmTqTVUksWi2HJkEpQ/joZMUWL41BFMFHO3IjLGChPj4qm4EILll1dJ+6IeXNevHi5rjcsijjKcwCmcQwA30IB7aEILCIzhGV7hzRPei/fufSxaS14xcwx/4H3+ADD1jk8=</latexit>X <latexit sha1_base64="PlsPnKM+7PFjXq1eoy5hCmkuc3w=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw01P9MoVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5udOiEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2nZEPwFl9eJs2zqndZvbg/r9RqeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEPbI2p</latexit>

Ai

Self-
interaction

Layer Two-body edge update

Atomic base update

Tensor contraction

<latexit sha1_base64="Age47FzHBvUqYGPEEfH8g0BXt4k=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB2DXjwmYB6QhDA76U3GzM4uM7NCWPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqju6nffEKleSQfzDjGbkgHkgecUWOl2lmvWHLL7gxkmXgZKUGGaq/41elHLAlRGiao1m3PjU03pcpwJnBS6CQaY8pGdIBtSyUNUXfT2aETcmKVPgkiZUsaMlN/T6Q01Hoc+rYzpGaoF72p+J/XTkxw0025jBODks0XBYkgJiLTr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfHmZNM7L3lX5snZRqtxmceThCI7hFDy4hgrcQxXqwADhGV7hzXl0Xpx352PemnOymUP4A+fzB3TFjLk=</latexit>

+

<latexit sha1_base64="+iA735F8IicH/wr4EQv6NPT53YM=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVea9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB0r2M9w==</latexit>

i
<latexit sha1_base64="HIRkU5s1wwBICm8yQ6d78VH2s18=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqicpePFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDfz209cGxGrR5wk3I/oUIlQMIpWaut+xlKc9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOyVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8MbPhEpS5IotFoWpJBiT2e9kIDRnKCeWUKaFvZWwEdWUoU2oZEPwll9eJa2LqndVrT1cVuq3eRxFOIFTOAcPrqEO99CAJjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QPE9I/b</latexit>rcut

<latexit sha1_base64="Mo5emPxEB2Ose0IpkUFdse4IrRM=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8cI5gHJEmYns8mY2dl1plcIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFjd4zjhfkQHSoSCUbRSWwdhLxMPk1654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezeyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF77mVBJilyx+aIwlQRjMn2e9IXmDOXYEsq0sLcSNqSaMrQRlWwI3uLLy6R5VvUuqxd355VaLY+jCEdwDKfgwRXU4Bbq0AAGEp7hFd6cR+fFeXc+5q0FJ585hD9wPn8AZOCQNg==</latexit>

rbfij

<latexit sha1_base64="Hr1UXXI96bWFikfbxxwo1W+JSzs=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx48RjRPCBZwuykNxkzO7vOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHcFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxheT/zmEyrNY3lvRgn6Ee1LHnJGjZVad8mgm/GHcbdUdivuFGSReDkpQ45at/TV6cUsjVAaJqjWbc9NjJ9RZTgTOC52Uo0JZUPax7alkkao/Wx675gcW6VHwljZkoZM1d8TGY20HkWB7YyoGeh5byL+57VTE175GZdJalCy2aIwFcTEZPI86XGFzIiRJZQpbm8lbEAVZcZGVLQhePMvL5LGacW7qJzfnpWr1TyOAhzCEZyAB5dQhRuoQR0YCHiGV3hzHp0X5935mLUuOfnMAfyB8/kDTamQJw==</latexit>

Sphij

<latexit sha1_base64="Mpz3hOkPTIDGav9PlnuYU4s0kLM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmYns8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgecQpQSs1u8hjZnrlilf1ZnCXiZ+TCuSo98pf3b6iacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKoldEmSzayfuiVX6bqS0LYnuTP09kZHYmHEc2s6Y4NAselPxP6+TYnQdZFwmKTJJ54uiVLio3Onrbp9rRlGMLSFUc3urS4dEE4o2oJINwV98eZk0z6r+ZfXi/rxSu8njKMIRHMMp+HAFNbiDOjSAwiM8wyu8Ocp5cd6dj3lrwclnDuEPnM8fuWuPPg==</latexit>⇥

<latexit sha1_base64="PLO0oi4TVYiBKM9J52yAx7hRLwc=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiTia1lw47KCrYWmlMl00g6dTMLMjVhCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmlldW19o7xZ2dre2d2r7h+0TZxqxlsslrHuBNRwKRRvoUDJO4nmNAokfwjGN7n/8Mi1EbG6x0nCexEdKhEKRtFKvh9RHAVh9jTti3615tbdGcgy8QpSgwLNfvXLH8QsjbhCJqkxXc9NsJdRjYJJPq34qeEJZWM65F1LFY246WWzzFNyYpUBCWNtn0IyU39vZDQyZhIFdjLPaBa9XPzP66YYXvcyoZIUuWLzQ2EqCcYkL4AMhOYM5cQSyrSwWQkbUU0Z2poqtgRv8cvLpH1W9y7rF3fntUajqKMMR3AMp+DBFTTgFprQAgYJPMMrvDmp8+K8Ox/z0ZJT7BzCHzifP4HmkgA=</latexit>xi

<latexit sha1_base64="lP8S8jshaWIs64Rmq5c5uFmRzLg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOZpMhszPLTK8QQj7CiwdFvPo93vwbJ8keNLGgoajqprsrSqWw6PvfXmFldW19o7hZ2tre2d0r7x88Wp0ZxhtMS21aEbVcCsUbKFDyVmo4TSLJm9Hwduo3n7ixQqsHHKU8TGhfiVgwik5qdjSKhNtuueJX/RnIMglyUoEc9W75q9PTLEu4Qiapte3ATzEcU4OCST4pdTLLU8qGtM/bjirqloTj2bkTcuKUHom1caWQzNTfE2OaWDtKIteZUBzYRW8q/ue1M4yvw7FQaYZcsfmiOJMENZn+TnrCcIZy5AhlRrhbCRtQQxm6hEouhGDx5WXyeFYNLqsX9+eV2k0eRxGO4BhOIYArqMEd1KEBDIbwDK/w5qXei/fufcxbC14+cwh/4H3+AIkrj7c=</latexit>⌦ <latexit sha1_base64="D4foUfdi9LbzO1jKnGIUMpcr2/s=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvgQspM8bURCm5cVrAPaIchk2ba2CQzJBmhDOOvuHGhiFs/xJ1/Y6adhbYeCBzOuZd7coKYUaUd59sqrayurW+UNytb2zu7e/b+QUdFicSkjSMWyV6AFGFUkLammpFeLAniASPdYHKT+91HIhWNxL2exsTjaCRoSDHSRvLt6oAjPQ7ClGd+Sh9Og+tG5ts1p+7MAJeJW5AaKNDy7a/BMMIJJ0JjhpTqu06svRRJTTEjWWWQKBIjPEEj0jdUIE6Ul87CZ/DYKEMYRtI8oeFM/b2RIq7UlAdmMo+qFr1c/M/rJzq88lIq4kQTgeeHwoRBHcG8CTikkmDNpoYgLKnJCvEYSYS16atiSnAXv7xMOo26e1E/vzurNZtFHWVwCI7ACXDBJWiCW9ACbYDBFDyDV/BmPVkv1rv1MR8tWcVOFfyB9fkDrvaUyw==</latexit>mij,b=2

MLP

Self-
interaction

<latexit sha1_base64="+iA735F8IicH/wr4EQv6NPT53YM=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVea9UdivuDGSZeDkpQ45ar/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26IScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE974GZdJalCy+aIwFcTEZPo16XOFzIixJZQpbm8lbEgVZcZmU7QheIsvL5PmecW7qlzWL8rV2zyOAhzDCZyBB9dQhXuoQQMYIDzDK7w5j86L8+58zFtXnHzmCP7A+fwB0r2M9w==</latexit>

i

<latexit sha1_base64="2aASoQE0ukv08ptlYWwnEyKLIls=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5gHJEmYns8mY2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+yenF3XqnV8jiKcATHcAoeXEENbqEODWAwgGd4hTdHOi/Ou/Mxby04+cwh/IHz+QP4842a</latexit>

j1
<latexit sha1_base64="BPHTXlDy/4rvzABnGQkRXOqgABk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjw4jGieUCyhNlJbzJmdnaZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdP/aqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindZubg7L9dqeRwFOIYTOAMPrqAGt1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QP6d42b</latexit>

j2

<latexit sha1_base64="wFIMx3C/APzRoWNaNscuYuX2Pf4=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hV3fx4AXjxHNA5IlzE5mkzGzs8tMrxCWfIIXD4p49Yu8+TdOkj1oYkFDUdVNd1eQSGHQdb+dpeWV1bX1wkZxc2t7Z7e0t98wcaoZr7NYxroVUMOlULyOAiVvJZrTKJC8GQxvJn7ziWsjYvWAo4T7Ee0rEQpG0Ur3j92zbqnsVtwpyCLxclKGHLVu6avTi1kacYVMUmPanpugn1GNgkk+LnZSwxPKhrTP25YqGnHjZ9NTx+TYKj0SxtqWQjJVf09kNDJmFAW2M6I4MPPeRPzPa6cYXvuZUEmKXLHZojCVBGMy+Zv0hOYM5cgSyrSwtxI2oJoytOkUbQje/MuLpHFa8S4rF3fn5Wo1j6MAh3AEJ+DBFVThFmpQBwZ9eIZXeHOk8+K8Ox+z1iUnnzmAP3A+fwD7+42c</latexit>

j3

E Polynomial many-body interactionF ACE 4-body interaction

<latexit sha1_base64="PlsPnKM+7PFjXq1eoy5hCmkuc3w=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PEi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSw01P9MoVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5udOiEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2nZEPwFl9eJs2zqndZvbg/r9RqeRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEPbI2p</latexit>
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Figure 1: An architecture overview of PACE. A: The whole model. Inputs of PACE include atom
types Z and positions C based on which edge direction r̂ijand distance r̄ij are calculated. The initial
node features x0

i is embedded using atom type. The spherical harmonics of edge direction Sphij ,
radius basis function transformed edge distance rbfij , and the invariant scaling features σij are
fed to each message passing layer. The readout block linearly transforms outputs of both message
passing layers to predict local energies and then sum with isolated energies to obtain the total energy
prediction. B: Message passing layer. Each message passing layer comprises a two-body edge
update block, an atomic base update block, a polynomial many-body interaction block, and a skip
connection with self-interaction. C: Two-body edge update block. Sphij and MLP-transformed rbfij
are multiplied to produce the filter. Then, a tensor product is applied to the filter and node features,
followed by a self-interaction to generate 2-body message. D: Atomic base update block. A linear
transformation is applied to the invariant scaling edge features σij . Then, 2-body messages scaled by
σij are summed over neighboring nodes to form the atomic base for the central node. Same operation
is proposed in Darby et al. (2023) named tensor sketch. E: Polynomial many-body interaction block.
The atomic base Ai is fed to multiple self-interaction layers separately to produce different Aiv . Then,
tensor contraction is performed to produce ãi. F: An example of 4-body interaction in ACE. We aim
to fit

∑
ϕv1(rij1)⊗

∑
ϕv2(rij2)⊗

∑
ϕv3(rij3) using Aiv1

⊗Aiv2
⊗Aiv3

, where {ϕ} denotes the
atomic base in ACE.

representations. This function maintains the desired property of equivariance with respect to the rota-
tion, translation, and permutation operations defined by the group G. Furthermore, a G-equivariant
polynomial PG(R3×N ,WN

T ) maps to equivariant features WN
T which are polynomial functions of the

input coordinates. Lemma 1 from Dym and Maron (2020) demonstrates that any CG(R3×N ,WN
T ) can

be uniformly approximated on compact sets by equivariant polynomials in PG(R3×N ,WN
T ). This

implies that if equivariant networks can approximate all G-equivariant polynomial functions, they
can further approximate any G-equivariant continuous functions. Inspired by this theorem, various
geometric graph networks (Segol and Lipman, 2019; Gasteiger et al., 2021; Dym and Maron, 2020)
provide analysis to demonstrate the capacity and expressive power of their networks in approximating
equivariant polynomials, aiming to cover a broad range of equivariant polynomial functions.

Motivation of Network Design. Theorem 2 in Dym and Maron (2020) states that, if the input
equivariant features can approximate PD

G (C), which denotes any G-equivariant polynomial function
with 3D coordinates C and the highest degree D, then by employing two tensor field network
(TFN) layers with fully connected graphs, the output features can approximate PD+1

G (C). While
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TFN has the ability to approximate all equivariant polynomial functions with an infinite number
of layers, the approximation capacity of a single TFN layer is limited, raising the need to develop
modules improving the approximation capacity. To overcome this limitation, we propose a new
equivariant graph network, known as PACE, to enhance the capacity of equivariant message passing
to approximate higher-degree equivariant polynomials. In this work, instead of analyzing with
polynomial functions based on atomic coordinates C, the approximated polynomial functions focus
on characterizing the atomic energy within the atomic environment, considering the N-bonds θi in
Equation 4. Through the theoretical analysis in section 3.3, a single message passing scheme in
PACE can approximate any polynomial function PD=v

G (θi), where v is the number of bases in the
polynomial many-body interaction module.

Analysis of existing equivariant networks. For existing equivariant networks in molecular property
prediction (Batzner et al., 2022; Musaelian et al., 2023; Batatia et al., 2022b), we also provide
theoretical justification about their ability to approximate polynomial functions focusing on atomic
environment, considering the N-bonds θi. As shown in Table 1, a single NequIP layer can approximate
polynomial function PD=1(θi) as shown in A.2.5, Allegro can approximate polynomial function

PD=N layer
G (θi) as discussed in A.2.7, and our proposed PACE can approximate PD=v(θi) with a

single layer with Theorem 2. For the MACE model, we discuss it in the appendix A.2.5.

Table 1: A comparison of the ability to approximate polynomial function for various equivariant
architecture within local atomic bonds in the atomic environment.

Network Architecture Highest Degree in Polynomial PD(θi)
NequIP layer D = 1

Allegro D = N layer
PACE layer D = v

3.2 MODEL ARCHITECTURE

In this subsection, we introduce the architectural details of the proposed PACE model, including the
embedding layer, message passing layer, and output layer.

3.2.1 INPUT EMBEDDING

The input to PACE consists of atom types Z ∈ NN×1 and corresponding positions C ∈ RN×3,
where N represents the number of atoms in a molecule. Edges are constructed based on a cutoff
distance rcut. The node features x0

i are initialized through a linear transformation applied to its
atomic type. Edge orientations are denoted by spherical harmonics Y ℓ(r̂ij), and pairwise distances
r̄ij are embedded using Bessel functions with a smoothed polynomial cutoff (Gasteiger et al., 2020).
Besides, we introduce invariant scaling features σij for each edge by

σij = MLP(one-hot(Zi) ∥ one-hot(Zj)), (6)
where MLP is a multiple layer perceptron and one-hot(·) is one-hot encoding of atom type. The
scaling edge features σij are used for message aggregation in each layer.

3.2.2 MESSAGE PASSING LAYER

Each layer of the proposed PACE is comprised of four blocks that sequentially perform 2-body edge
update, 3-body update, atomic base update, and polynomial many-body interaction. Finally, the
updated node features are skip-connected with the self-interaction transformed input node features
and used as output. We describe the layer architecture below and provide an illustration in Figure 1.

Two-Body Edge Update. The messages from neighboring nodes to the central node are typically
determined by node features, edge orientation, and distance between two nodes. As illustrated in
Figure 1 C, we first construct a filter based on edge orientation and distance as

F (ℓi,ℓf )(r̄ij , r̂ij) = R(ℓi,ℓf )(r̄ij)Y
ℓf (r̂ij). (7)

Then, a tensor product is applied to the filter and irreducible representations of node j to produce the
message mij,b=2 from node j to node i as

mℓo
ij,b=2 =

∑

ℓi,ℓf

F (ℓi,ℓf )(r̄ij , r̂ij)⊗ xℓi
j . (8)
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Finally, mij,b=2 is used as output after a self-interaction. Similar to messages in a standard message
passing framework, the message obtained here has a body order of 2 because it involves the interaction
of only two atoms.
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+

Contract 
features

Features

<latexit sha1_base64="c05QEc/Zb5pvW4rbzs1/+ZfAMQg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8cIeUGyhNnJbDJmdmeZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e4KEikMuu63U1hb39jcKm6Xdnb39g/Kh0cto1LNeJMpqXQnoIZLEfMmCpS8k2hOo0DydjC+m/ntJ66NUHEDJwn3IzqMRSgYRSu1eigibvrlilt15yCrxMtJBXLU++Wv3kCxNOIxMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aGlO7xM/m107JmVUGJFTaVoxkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz1MxEnKfKYLRaFqSSoyOx1MhCaM5QTSyjTwt5K2IhqytAGVLIheMsvr5LWRdW7rl49XFZqjTyOIpzAKZyDBzdQg3uoQxMYPMIzvMKbo5wX5935WLQWnHzmGP7A+fwBvtWPUA==</latexit>⇥

<latexit sha1_base64="/wzGGn3piiQLvouW1D89286fIGc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQU9gVX8eAF48J5AXJEmYnvcmY2dllZlYIIV/gxYMiXv0kb/6Nk2QPmljQUFR1090VJIJr47rfTm5jc2t7J79b2Ns/ODwqHp+0dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC+n/vtJ1Sax7JhJgn6ER1KHnJGjZXq5X6x5FbcBcg68TJSggy1fvGrN4hZGqE0TFCtu56bGH9KleFM4KzQSzUmlI3pELuWShqh9qeLQ2fkwioDEsbKljRkof6emNJI60kU2M6ImpFe9ebif143NeGdP+UySQ1KtlwUpoKYmMy/JgOukBkxsYQyxe2thI2ooszYbAo2BG/15XXSuqx4N5Xr+lWp2sjiyMMZnEMZPLiFKjxADZrAAOEZXuHNeXRenHfnY9mac7KZU/gD5/MHdaOMyA==</latexit>

(

<latexit sha1_base64="/wzGGn3piiQLvouW1D89286fIGc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQU9gVX8eAF48J5AXJEmYnvcmY2dllZlYIIV/gxYMiXv0kb/6Nk2QPmljQUFR1090VJIJr47rfTm5jc2t7J79b2Ns/ODwqHp+0dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC+n/vtJ1Sax7JhJgn6ER1KHnJGjZXq5X6x5FbcBcg68TJSggy1fvGrN4hZGqE0TFCtu56bGH9KleFM4KzQSzUmlI3pELuWShqh9qeLQ2fkwioDEsbKljRkof6emNJI60kU2M6ImpFe9ebif143NeGdP+UySQ1KtlwUpoKYmMy/JgOukBkxsYQyxe2thI2ooszYbAo2BG/15XXSuqx4N5Xr+lWp2sjiyMMZnEMZPLiFKjxADZrAAOEZXuHNeXRenHfnY9mac7KZU/gD5/MHdaOMyA==</latexit>

(

<latexit sha1_base64="l0a+JfkaL7+9rGCxUS4OLJif2hI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOgl7Arvo4BLx4TyAuSJcxOepMxs7PLzKwQQr7AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/ndza+sbmVn67sLO7t39QPDxq6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0P/NbT6g0j2XdjBP0IzqQPOSMGivVLnrFklt25yCrxMtICTJUe8Wvbj9maYTSMEG17nhuYvwJVYYzgdNCN9WYUDaiA+xYKmmE2p/MD52SM6v0SRgrW9KQufp7YkIjrcdRYDsjaoZ62ZuJ/3md1IR3/oTLJDUo2WJRmApiYjL7mvS5QmbE2BLKFLe3EjakijJjsynYELzll1dJ87Ls3ZSva1elSj2LIw8ncArn4MEtVOABqtAABgjP8ApvzqPz4rw7H4vWnJPNHMMfOJ8/dyeMyQ==</latexit>

)

<latexit sha1_base64="l0a+JfkaL7+9rGCxUS4OLJif2hI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOgl7Arvo4BLx4TyAuSJcxOepMxs7PLzKwQQr7AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/ndza+sbmVn67sLO7t39QPDxq6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0P/NbT6g0j2XdjBP0IzqQPOSMGivVLnrFklt25yCrxMtICTJUe8Wvbj9maYTSMEG17nhuYvwJVYYzgdNCN9WYUDaiA+xYKmmE2p/MD52SM6v0SRgrW9KQufp7YkIjrcdRYDsjaoZ62ZuJ/3md1IR3/oTLJDUo2WJRmApiYjL7mvS5QmbE2BLKFLe3EjakijJjsynYELzll1dJ87Ls3ZSva1elSj2LIw8ncArn4MEtVOABqtAABgjP8ApvzqPz4rw7H4vWnJPNHMMfOJ8/dyeMyQ==</latexit>

)

Generalized CG

Generalized CG

<latexit sha1_base64="+/T6lLdzHxzwKxTKgrteo0GYYnQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8eIF08SwTwgWcLsZDYZMzuzzMwKYdl/8OJBEa/+jzf/xkmyB00saCiquunuCmLOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Gbqt5+o0kyKBzOJqR/hoWAhI9hYqXXdT1kt65crbtWdAS0TLycVyNHol796A0mSiApDONa667mx8VOsDCOcZqVeommMyRgPaddSgSOq/XR2bYZOrDJAoVS2hEEz9fdEiiOtJ1FgOyNsRnrRm4r/ed3EhFd+ykScGCrIfFGYcGQkmr6OBkxRYvjEEkwUs7ciMsIKE2MDKtkQvMWXl0mrVvUuquf3Z5X6XR5HEY7gGE7Bg0uowy00oAkEHuEZXuHNkc6L8+58zFsLTj5zCH/gfP4ASnuO/w==</latexit>

Ai2

<latexit sha1_base64="d95BUzjY6OvPA35//UeKSesVH2Y=">AAAB7XicbVDLSgMxFL3xWeur6tJNsAiuyoz4WlbcuJIK9gHtUDJppo3NJEOSEcrQf3DjQhG3/o87/8a0nYW2HrhwOOde7r0nTAQ31vO+0dLyyuraemGjuLm1vbNb2ttvGJVqyupUCaVbITFMcMnqllvBWolmJA4Fa4bDm4nffGLacCUf7ChhQUz6kkecEuukxnU34/64Wyp7FW8KvEj8nJQhR61b+ur0FE1jJi0VxJi27yU2yIi2nAo2LnZSwxJCh6TP2o5KEjMTZNNrx/jYKT0cKe1KWjxVf09kJDZmFIeuMyZ2YOa9ifif105tdBVkXCapZZLOFkWpwFbhyeu4xzWjVowcIVRzdyumA6IJtS6gogvBn395kTROK/5F5fz+rFy9y+MowCEcwQn4cAlVuIUa1IHCIzzDK7whhV7QO/qYtS6hfOYA/gB9/gBI9o7+</latexit>

Ai1

<latexit sha1_base64="Xpam2ZPfptMCtsHmjljurrWMsMc=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5IUX8uCG1dSwT6gCWEynbRDZyZhHkIN/RI3LhRx66e482+ctllo64ELh3Pu5d574oxRpT3v2ymtrW9sbpW3Kzu7e/tV9+Cwo1IjMWnjlKWyFyNFGBWkralmpJdJgnjMSDce38z87iORiqbiQU8yEnI0FDShGGkrRW41UIZHeUA0gv1GOI3cmlf35oCrxC9IDRRoRe5XMEix4URozJBSfd/LdJgjqSlmZFoJjCIZwmM0JH1LBeJEhfn88Ck8tcoAJqm0JTScq78ncsSVmvDYdnKkR2rZm4n/eX2jk+swpyIzmgi8WJQYBnUKZynAAZUEazaxBGFJ7a0Qj5BEWNusKjYEf/nlVdJp1P3L+sX9ea15V8RRBsfgBJwBH1yBJrgFLdAGGBjwDF7Bm/PkvDjvzseiteQUM0fgD5zPH3ECkv8=</latexit>X

⌘[2]

<latexit sha1_base64="2350G2YKEbcPQN+tuyMp6Y/7c5E=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwVRLxtSy4cSUV7AOSECbTSTt0ZhLmIdTQL3HjQhG3foo7/8Zpm4W2HrhwOOde7r0nyRlV2vO+nZXVtfWNzcpWdXtnd6/m7h90VGYkJm2csUz2EqQIo4K0NdWM9HJJEE8Y6Sajm6nffSRS0Uw86HFOIo4GgqYUI22l2K2FyvC4CIlGMPCjSezWvYY3A1wmfknqoEQrdr/CfoYNJ0JjhpQKfC/XUYGkppiRSTU0iuQIj9CABJYKxImKitnhE3hilT5MM2lLaDhTf08UiCs15ont5EgP1aI3Ff/zAqPT66igIjeaCDxflBoGdQanKcA+lQRrNrYEYUntrRAPkURY26yqNgR/8eVl0jlr+JeNi/vzevOujKMCjsAxOAU+uAJNcAtaoA0wMOAZvII358l5cd6dj3nrilPOHII/cD5/AG98kv4=</latexit>X

⌘[1]

<latexit sha1_base64="+ZItdYMd1HVAsQP7Dp5V/GySnP0=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8eAF08SwTwgWZfZyWwyZGZ2mZlVwpL/8OJBEa/+izf/xkmyB00saCiquunuChPOtHHdb6ewsrq2vlHcLG1t7+zulfcPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2Ho+up336kSrNY3ptxQn2BB5JFjGBjpYeeTkWQ8aCGRFCbBOWKW3VnQMvEy0kFcjSC8levH5NUUGkIx1p3PTcxfoaVYYTTSamXappgMsID2rVUYkG1n82unqATq/RRFCtb0qCZ+nsiw0LrsQhtp8BmqBe9qfif101NdOVnTCapoZLMF0UpRyZG0whQnylKDB9bgoli9lZEhlhhYmxQJRuCt/jyMmnVqt5F9fzurFK/zeMowhEcwyl4cAl1uIEGNIGAgmd4hTfnyXlx3p2PeWvByWcO4Q+czx8EbpI/</latexit>X

l2m2

<latexit sha1_base64="oLR2Z1HIosG+/cNWxcx6yaaKCdc=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqx4LXjxJBfsB7bpk02wbmmSXJKuUpf/DiwdFvPpfvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2Ho+up336kSrNY3ptxQn2BB5JFjGBjpYeeTkWQ8cBDIvAmQbniVt0Z0DLxclKBHI2g/NXrxyQVVBrCsdZdz02Mn2FlGOF0UuqlmiaYjPCAdi2VWFDtZ7OrJ+jEKn0UxcqWNGim/p7IsNB6LELbKbAZ6kVvKv7ndVMTXfkZk0lqqCTzRVHKkYnRNALUZ4oSw8eWYKKYvRWRIVaYGBtUyYbgLb68TFpnVe+iWrs7r9Rv8ziKcATHcAoeXEIdbqABTSCg4Ble4c15cl6cd+dj3lpw8plD+APn8wcBYJI9</latexit>X

l1m1

<latexit sha1_base64="waEAiKicWOjm/IKJzctyn1l2/Qk=">AAACCXicbZDLSgMxFIYzXmu9jbp0EyyCCymT4m1ZcOOiSgV7gXYcMplMG5rJDElGKMNs3fgqblwo4tY3cOfbmF4W2vpD4OM/53Byfj/hTGnH+bYWFpeWV1YLa8X1jc2tbXtnt6niVBLaIDGPZdvHinImaEMzzWk7kRRHPqctf3A5qrceqFQsFnd6mFA3wj3BQkawNpZnw65mPKAZzr2MoeOah+C1h/L7rOZVDFVyzy45ZWcsOA9oCiUwVd2zv7pBTNKICk04VqqDnES7GZaaEU7zYjdVNMFkgHu0Y1DgiCo3G1+Sw0PjBDCMpXlCw7H7eyLDkVLDyDedEdZ9NVsbmf/VOqkOL9yMiSTVVJDJojDlUMdwFAsMmKRE86EBTCQzf4WkjyUm2oRXNCGg2ZPnoVkpo7Py6e1JqXozjaMA9sEBOAIInIMquAJ10AAEPIJn8ArerCfrxXq3PiatC9Z0Zg/8kfX5A3K4mO8=</latexit>

ãL2M2

i1,L1M1

<latexit sha1_base64="5qFcOoerV6E0T1VLfFlCd499Hq0=">AAACCXicbZDLSgMxFIYzXmu9jbp0EyyCCymZ4m1ZcOOiSgV7gXYcMplMG5rJDElGKMNs3fgqblwo4tY3cOfbmF4W2vpD4OM/53Byfj/hTGmEvq2FxaXlldXCWnF9Y3Nr297Zbao4lYQ2SMxj2faxopwJ2tBMc9pOJMWRz2nLH1yO6q0HKhWLxZ0eJtSNcE+wkBGsjeXZsKsZD2iGcy9j6LjmIXjtofw+q3kVQ5Xcs0uojMaC8+BMoQSmqnv2VzeISRpRoQnHSnUclGg3w1Izwmle7KaKJpgMcI92DAocUeVm40tyeGicAIaxNE9oOHZ/T2Q4UmoY+aYzwrqvZmsj879aJ9XhhZsxkaSaCjJZFKYc6hiOYoEBk5RoPjSAiWTmr5D0scREm/CKJgRn9uR5aFbKzln59PakVL2ZxlEA++AAHAEHnIMquAJ10AAEPIJn8ArerCfrxXq3PiatC9Z0Zg/8kfX5A23/mOw=</latexit>

ãL2M2

i0,L0M0

Figure 2: Illustration of tensor contraction in the
polynomial many-body interaction module. This
figure demonstrates an example of 3-body inter-
actions with v = 2 and final L2 = 0,M2 = 0.
Note that the contract weights operation learns
weighted summation over all paths η[v], where
η[v] = (ℓ1, ℓ2, L2, · · · , ℓv, Lv).

Atomic Base Update. In the original ACE
method, the atomic base of the central node is
constructed by summing over one-particle base
functions that are analogous to messages from
neighboring nodes. In our method, we scale
equivariant messages using linearly transformed
invariant scaling features σij , and use these to
generate the atomic base Ai as

Ai =
1

|N (i)|
∑

j∈N (i)

Wσijmij,b=3, (9)

where |N (i)| is the number of neighbor nodes
and W is the weight matrix. Operations in this
block are shown in Figure 1 D.

Polynomial Many-Body Interaction. To incor-
porate many-body interactions, the polynomial
many-body interaction module is proposed to
mix the atomic base Ai. As shown in Figure 1 E,
self-interaction layers are used to map the input
atomic base Ai to different bases, distinguish-
ing the atomic bases for different body orders.
Then tensor contraction (Batatia et al., 2022b)
uses generalized Clebsch-Golden to fuse mul-
tiple atomic bases. For example, when fusing
two irreps, Clebsch-Gordan coefficients Cℓ3m3

ℓ1m1,ℓ2m2
are used to maintain equivariance when fusing

two irreps with rotation orders ℓ1 and ℓ2 to the output ℓ3, as shown in Equation 2, and the triplet
(ℓ1, ℓ2, ℓ3) is defined as a path. In general, when fusing N irreps, the generalized Clebsch-Gordan
coefficients are used to maintain the equivariance, defined as

CL[N ]M[N ]
ℓ1m1,...,ℓnmn

= CL2M2

ℓ1m1,ℓ2m2
CL3M3

L2M2,ℓ3m3
. . . CLNMN

LN−1MN−1,ℓNmN
, (10)

where L[N ] = (ℓ1, L2, · · ·LN ) with |Li−1 − ℓi| ≤ Li ≤ |Li−1 + ℓi|, Li ∈ N,∀i ≥ 2, i ∈ N+, and
the path is shown as η[N ] = (ℓ1, ℓ2, L2, ℓ3, L3, · · · , ℓN−1, LN−1, ℓN , LN ). Then the output irreps
is contracted one by one to consider the coupled many-body interactions shown as

ãLNMN

i(v−1),Lv−1Mv−1
=

∑

ℓv

ℓv∑

mv=−ℓv

Aiv,lvmv

∑

η[v]

(
Wv,η ∗ CL[v]M[v]

ℓ1m1,...,ℓvmv
+ ãLNMN

iv,LvMv

)
, (11)

where W is the path weight, ã is the intermediate irreps, and v ∈ N+ starts from N to 1 to incorporate
N-body interactions. Note that C = 1 and L0 = 0 when v = 1, and ã = 0 when v = N . Compared
to the higher order features in MACE, the implementation of contraction is the same, but we take
multiple self-interaction layers to distinguish the atomic base from the same Ai to different Aiv.
Thus, our proposed message passing can achieve complete equivariant polynomial approximation.
We illustrate tensor contraction in Figure 2 and Figure 4.

3.2.3 OUTPUT

We follow (Batatia et al., 2022b) to extract and transform the invariant part of node features produced
by each layer to compute the local energy of node i as

Ei = Eiso,i +Wx1
i,00 +MLP(x2

i,00), (12)
where Eiso,i denotes the isolated energy corresponding to the atom type of node i, which is a known
value. W denotes a linear function and MLP is a multiple layer perceptron. The total energy of the
molecule is the sum of local energies. Once the total energy is predicted, we then use fi = − ∂E

∂Ci
to

calculate the force acting on each atom, as it ensures energy conservation.
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3.3 THEORETICAL STUDIES

In this section, we provide a theoretical analysis elucidating how our model enhances the highest
degree of the approximated polynomial functions. To facilitate the analysis, we employ a powerful
tool known as tensor representation, which leverages a series of matrix kronecker product on the input
directions. Specifically, the tensor representation of two directions rij1 , rij2 ∈ R3 can be denoted
as rij1 ⊗ rij2 ∈ R3×3. Moreover, the tensor representation resulting from applying the kronecker
product to rij for k times is denoted as r⊗k

ij ∈ R3k . Note that tensor representation exhibits SO(3)
equivariance owning to the SO(3) equivariant nature of tensor product operation (Thomas et al.,
2018). Examples of tensor representation are illustrated in Figure 3.

<latexit sha1_base64="XQUjRo8J+EjCl1wmsWKiQfZO72w=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48RjBLJAMoafTk7TpZejuEcOQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7rkWrDlLy344SGAg8kixnB1klN3cuCp0mvXPGr/gxomQQ5qUCOeq/81e0rkgoqLeHYmE7gJzbMsLaMcDopdVNDE0xGeEA7jkosqAmz2bUTdOKUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MbXYcZkkloqyXxRnHJkFZq+jvpMU2L52BFMNHO3IjLEGhPrAiq5EILFl5dJ86waXFYv7s4rtVoeRxGO4BhOIYArqMEt1KEBBB7gGV7hzVPei/fufcxbC14+cwh/4H3+AKaMjzA=</latexit>r1x
<latexit sha1_base64="XQUjRo8J+EjCl1wmsWKiQfZO72w=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48RjBLJAMoafTk7TpZejuEcOQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7rkWrDlLy344SGAg8kixnB1klN3cuCp0mvXPGr/gxomQQ5qUCOeq/81e0rkgoqLeHYmE7gJzbMsLaMcDopdVNDE0xGeEA7jkosqAmz2bUTdOKUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MbXYcZkkloqyXxRnHJkFZq+jvpMU2L52BFMNHO3IjLEGhPrAiq5EILFl5dJ86waXFYv7s4rtVoeRxGO4BhOIYArqMEt1KEBBB7gGV7hzVPei/fufcxbC14+cwh/4H3+AKaMjzA=</latexit>r1x

<latexit sha1_base64="XQUjRo8J+EjCl1wmsWKiQfZO72w=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48RjBLJAMoafTk7TpZejuEcOQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7rkWrDlLy344SGAg8kixnB1klN3cuCp0mvXPGr/gxomQQ5qUCOeq/81e0rkgoqLeHYmE7gJzbMsLaMcDopdVNDE0xGeEA7jkosqAmz2bUTdOKUPoqVdiUtmqm/JzIsjBmLyHUKbIdm0ZuK/3md1MbXYcZkkloqyXxRnHJkFZq+jvpMU2L52BFMNHO3IjLEGhPrAiq5EILFl5dJ86waXFYv7s4rtVoeRxGO4BhOIYArqMEt1KEBBB7gGV7hzVPei/fufcxbC14+cwh/4H3+AKaMjzA=</latexit>r1x

<latexit sha1_base64="3pNStmjmN7530WQFTxvLF0skBas=">AAAB7XicbVDLSgMxFL3xWeur6tJNsAiuyoz4WhbcuKxgH9AOJZNm2thMMiQZYRj6D25cKOLW/3Hn35i2s9DWAxcO59zLvfeEieDGet43WlldW9/YLG2Vt3d29/YrB4cto1JNWZMqoXQnJIYJLlnTcitYJ9GMxKFg7XB8O/XbT0wbruSDzRIWxGQoecQpsU5q6X7uZ5N+perVvBnwMvELUoUCjX7lqzdQNI2ZtFQQY7q+l9ggJ9pyKtik3EsNSwgdkyHrOipJzEyQz66d4FOnDHCktCtp8Uz9PZGT2JgsDl1nTOzILHpT8T+vm9roJsi5TFLLJJ0vilKBrcLT1/GAa0atyBwhVHN3K6Yjogm1LqCyC8FffHmZtM5r/lXt8v6iWq8XcZTgGE7gDHy4hjrcQQOaQOERnuEV3pBCL+gdfcxbV1AxcwR/gD5/AKgRjzE=</latexit>r1y
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Figure 3: Examples of tensor representa-
tion. The tensor representation, denoted
as r⊗t1

1 ⊗· · ·⊗r⊗tn
n , has a shape of R3Tn ,

where Tn =
∑n

i=1 ti.

Following Theorem 1 in Dym and Maron (2020), there
are two necessary conditions when an equivariant network
can approximate any polynomial equivariant function with
the highest degree D. Firstly, the network’s features
Ffeat must be D-spanning. Secondly, the linear pooling
layer Fpool in this network must be linear universal. As
demonstrated in Lemma 5 of (Dym and Maron, 2020),
the self-interaction layer is linear universal since it covers
all linear mappings between irreducible representations.
Hence, it can be concluded that an equivariant graph net-
work can approximate all the equivariant polynomials with
the highest degree D, as long as its irreducible representation is D-spanning. Here, we precisely
recall the definition of D-spanning as follows:
Definition 1. (D-spanning). For D ∈ N+, let Ffeat be a subset of CG(R3×N ,WN

feat). We say that
Ffeat is D-spanning, if there exist f1, · · · , fK ∈ Ffeat, such that every polynomial R3×N → RN

of degree D which is invariant to translations and equivariant to permutations, can be written as
p(X) =

∑K
k=1 Λ̂k (fk(X)), where Λk : Wfeat → R are all linear functionals, and Λ̂k : Wfeat → R

are the functions defined by element-wise applications of Λk.

Based on atomic cluster expansion (ACE), the atomic energy function is defined as

Ei(θi) = Ei (ri1, ri2, . . . , riN ) (13)

We extend the D-spanning function introduced in Dym and Maron (2020) considering the N-bonds
θi in atomic environment, defined as

Q
(t)
K (θi) =

N∑

j1,j2,...,jK=1

r⊗t1
ij1

⊗ r⊗t2
ij2

⊗ r⊗t3
ij3

⊗ . . .⊗ r⊗tK
ijK

, (14)

where t = (t1, · · · , tK). Then, the polynomial function set QD
K

QD
K =

{
ι ◦Q(t)

K (θi) | ∥t∥1 ≤ D
}
, (15)

which is a D-spanning family when K ≥ D, and ι denotes a function mapping from the tensor
representation to equivariant features WN

T . We further build a connection between Q(t)(θi) and the
irreducible representations (irreps) used by networks shown in Theorem 1. A detailed proof of this
relationship is provided in Appendix A.1.

Theorem 1. For any D-spanning function Q
(t)
K (θi) appeared in QD

K and for any position P =
(p1, p2, · · · , pk) in tensor representation, where pk ∈ R3 denotes the element position, if there
exists w1 and irreps1 such that Q(t)

K (θi)(P ) =
∑

ℓm wℓm
1 irrepsℓm1 , then we say that the irreducible

representation irreps1 represents Q(t)
K (θi), and the set of irreps1 forms a D-spanning family.

In Appendix A.2.2, we provide a detailed proof to show that the irreps outputted by our two-body edge
update block can represent Q(t1)(θi) =

∑N
j1=1 r

⊗t1
ij1

, where t1 ≤ D. Moreover, based on Theorem 2
and the detailed proof in Appendix A.2.3, we show that the irreps outputted by our polynomial many-
body interaction block can represent Q(t1,t2,··· ,tv)(θi) =

∑N
j1,j2,··· ,jv=1 r

⊗t1
ij1

⊗ r⊗t2
ij2

⊗ · · · ⊗ r⊗tv
ijv

.
Therefore, as the output irreps of PACE belong to the D-spanning family with D = v, a single PACE
layer can effectively approximate any polynomial function with the highest degree of D = v.
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Theorem 2. If the input irreps can represent Q(t)(θi) with ∥t∥1 ≤ v, the proposed polynomial
many-body interaction module can approximate Q(t1,t2,··· ,tv)(θi) for any ∥t∥1 ≤ v, where v is the
number of bases in the polynomial MB interaction modules.

4 EXPERIMENTS

We conduct experiments on two molecular dynamics simulation datasets, the revised MD17 (rMD17)
and 3BPA datasets. The proposed PACE is trained using these datasets to predict both the invariant
energy of the entire molecule and the equivariant forces acting on individual atoms. Among our
baselines (Kovács et al., 2021; Christensen et al., 2020; Bartók et al., 2010; Smith et al., 2017;
Gasteiger et al., 2021; Batzner et al., 2022; Batatia et al., 2022a; Musaelian et al., 2023; Batatia et al.,
2022b), NequIP, BOTNet, Allegro and MACE are all equivariant graph neural networks (GNNs) with
rotation order ℓ > 1. In particular, BOTNet, Allegro, and MACE incorporate many-body interactions,
while ACE is a parameterized physical model that does not belong to the class of neural networks.
Our experiments are implemented with PyTorch 1.11.0 (Paszke et al., 2019), PyTorch Geometric
2.1.0 (Fey and Lenssen, 2019), and e3nn (Geiger and Smidt, 2022). In experiments, we train models
on a single 11GB Nvidia GeForce RTX 2080Ti GPU and Intel Xeon Gold 6248 CPU.

4.1 THE RMD17 DATASET

Dataset. The rMD17 (Christensen and Von Lilienfeld, 2020) is a benchmark dataset that comprises
ten small organic molecular systems. Each molecule in the dataset is accompanied by 1000 3D struc-
tures, which were generated through meticulously accurate ab initio molecular dynamic simulations
employing density functional theory (DFT). These structures capture the diverse conformational
space of the molecules and are valuable for studying their quantum properties.

Setup. In our experiments, we use officially provided random splits. Next, we use the same splitting
seed as MACE to further divide the training set into a training set comprising 950 structures and a
validation set comprising 50 structures. Then, we perform our evaluations on the test set with 1000
structures. Training details are provided in Appendix C.

Results. Table 2 summarizes the performance of our proposed method in comparison to baselines on
all ten molecules in the rMD17 dataset. Mean absolute errors (MAE) are employed as the evaluation
metric for both energy and force predictions. It is worth noting that our PACE demonstrates state-
of-art performance in energy prediction across all molecules. Specifically, we achieved significant
improvements of 33.3%, 33.3% and 25.0% on Benzene, Toluene, and Ethanol, respectively. In terms
of force prediction, PACE achieves state-of-the-art performance on eight out of the ten molecules,
exhibiting substantial improvements of 20.0% on Toluene and 11.5% on Azobenzene, respectively.
Besides, we attain the second-best on the other two molecules.

4.2 THE 3BPA DATASET

Dataset. The 3BPA dataset (Kovács et al., 2021) is also generated through molecular dynamic
simulations employing Density Functional Theory (DFT). Unlike rMD17, this dataset is specifically
focused on a single flexible molecule, namely the 3BPA molecule. 3BPA is characterized by three
freely rotating angles, which primarily induce structural changes at varying temperatures. As a result,
3BPA is frequently employed to assess the generalization capability of methods when confronted
with out-of-distribution test sets.

Setup. Our model is trained using a training set consisting of 450 structures and a validation set
comprising 50 structures. Both the training and validation sets were sampled at 300K. Then, the
performance of the model was assessed on three distinct test sets that are sampled at three different
temperatures: 300K, 600K, and 1200K. We provide training details in Appendix C.

Results. Table 3 summarizes the performance of our proposed method in the 3BPA dataset. Here, root-
mean-square error (RMSE) is used as the evaluation metric. The proposed PACE shows comparable
performance to MACE, while outperforming other baseline methods significantly.
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Table 2: Performance on the rMD17 dataset. Mean absolute errors (MAE) are reported for both
energy (E) and force (F) predictions, with meV and meV/Å as units, respectively. Bold numbers
highlight the best performance.

ACE FCHL GAP ANI GemNet (T/Q) NequIP BOTNet Allegro MACE Ours

Aspirin E 6.1 6.2 17.7 16.6 - 2.3 2.3 2.3 2.2 1.8
F 17.9 20.9 44.9 40.6 9.5 8.2 8.3 7.3 6.6 6.0

Azobenzene E 3.6 2.8 8.5 15.9 - 0.7 0.7 1.2 1.2 0.6
F 10.9 10.8 24.5 35.4 - 2.9 3.3 2.6 3.0 2.3

Benzene E 0.04 0.35 0.75 3.3 - 0.04 0.03 0.4 0.4 0.02
F 0.5 2.6 6.0 10.0 0.5 0.3 0.3 0.2 0.3 0.2

Ethanol E 1.2 0.9 3.5 2.5 - 0.4 0.4 0.4 0.4 0.3
F 7.3 6.2 18.1 13.4 3.6 2.8 3.2 2.1 2.1 2.0

Malonaldehyde E 1.7 1.5 4.8 4.6 - 0.8 0.8 0.6 0.8 0.6
F 11.1 10.3 26.4 24.5 6.6 5.1 5.8 3.6 4.1 3.9

Naphthalene E 0.9 1.2 3.8 11.3 - 0.9 0.2 0.2 0.5 0.2
F 5.1 6.5 16.5 29.2 1.9 1.3 1.8 0.9 1.6 0.9

Paracetamol E 4.0 2.9 8.5 11.5 - 1.4 1.3 1.5 1.3 1.0
F 12.7 12.3 28.9 30.4 - 5.9 5.8 4.9 4.8 4.4

Salicylic acid E 1.8 1.8 5.6 9.2 - 0.7 0.8 0.9 0.9 0.5
F 9.3 9.5 24.7 29.7 5.3 4.0 3.1 4.3 2.9 2.9

Toluene E 1.1 1.7 4.0 7.7 - 0.3 0.3 0.4 0.5 0.2
F 6.5 8.8 17.8 24.3 2.2 1.6 1.9 1.8 1.5 1.2

Uracil E 1.1 0.6 3.0 5.1 - 0.4 0.4 0.6 0.5 0.3
F 6.6 4.2 17.6 21.4 3.8 3.1 3.2 1.8 2.1 2.0

Table 3: Performance on the 3BPA dataset. Root-mean-square errors (RMSE) are reported for both
energy (E) and force (F) predictions, with meV and meV/Å as units, respectively. Standard deviations
are calculated over three runs with different seeds. Bold numbers highlight the best performance.

ACE NequIP BOTNet Allegro MACE Ours

300K E 1.1 3.28 (0.12) 3.1 (0.13) 3.84 (0.10) 3.0 (0.2) 2.5 (0.2)
F 27.1 10.77 (0.28) 11.0 (0.14) 12.98 (0.20) 8.8 (0.3) 9.1 (0.1)

600K E 24.0 11.16 (0.17) 11.5 (0.6) 12.07 (0.55) 9.7 (0.5) 9.6 (0.1)
F 64.3 26.37 (0.11) 26.7 (0.29) 29.11 (0.27) 21.8 (0.6) 22.1 (0.1)

1200K E 85.3 38.52 (2.00) 39.1 (1.1) 42.57 (1.79) 29.8 (1.0) 29.0 (0.7)
F 187.0 76.18 (1.36) 81.1 (1.5) 82.96 (2.17) 62.0 (0.7) 61.6 (0.3)

4.3 MORE EMPIRICAL ANALYSES

In addition to rMD17 and 3BPA datasets, we also perform experiments on another molecular dataset,
AcAc, and show results in Appendix D.1. To further evaluate the ability of PACE to simulate realistic
molecular dynamics (MD), we conduct MD simulations and analyze MD trajectories generated
by the trained PACE model. Details and results are presented in Appendix D.2. Moreover, we
perform an ablation study to analyze the effectiveness of the polynomial many-body interaction
module, which is the key component of PACE. Settings and results are described in Appendix D.3.
Furthermore, we provide a comparison of algorithm efficiency between our PACE and baseline
methods in Appendix D.4.

5 CONCLUSION

In this work, we introduced PACE, a new equivariant network for atomic potential and force field
predictions. PACE has been meticulously designed to consider many-body interactions based on
the principles of the Atomic Cluster Expansion (ACE) mechanism. The message passing scheme
employed in PACE is unique in its sound physical foundations and its capability to approximate any
equivariant polynomial functions with constrained degree. The comprehensive experimental results
and detailed analyses, encompassing energy and force predictions as well as Molecular Dynamics
simulations, provide compelling evidence for the efficacy of the proposed PACE model, which is
further supported by our comprehensive theoretical analysis.
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A THEORETICAL PROOF

A.1 PROOF OF THEOREM 1

Proof. Since QD
K is a D-spanning family, then there exists f1, · · · , fK ∈ Q

(t)
K with ∥t∥1 ≤ D, that

each polynomial function p with the highest degree no more than D can be represented as the linear
combination with linear pooling function Λ̂k on them

p =
∑

k

wk ∗ Λ̂k(fk) =
∑

k

wkΛ̂k(Q
(tk)
K (θi)) (16)

=
∑

k

wk

∑

P

W ∗
PQ

(tk)
K (θi)(P ), (17)

where P = (p1, p2, · · · , pK) is the position of the entry, and W ∗
P is the corresponding weight.

Since Q(tk)(θi)(P ) =
∑

ℓm wℓm
1 irrepsℓm1 , the p can be represented as

p =
∑

k

wk

∑

P

W ∗
P

∑

ℓm

wℓm
1,tk,P

irrepsℓm1,tk,P =
∑

k

wk

∑

ℓmP

w∗ℓm
1,tk,P

irrepsℓm1,tk,P (18)

where the irrepsℓm1,tk,P can be obtained by various channels and w∗ℓm
1,tk,P

= wℓm
1,tk,P

W ∗
P . Therefore,

the set of irreps1 is D-spanning.

A.2 PROOF OF D-SPANNING IRREPS IN PACE

A.2.1 LEMMAS

Lemma 1. If irreps1 can represent Qt1(θi), irreps2 can represent Qt2(θi) and their tensor product
output irreps3 can represent Q(t1,t2)(θi).

Proof. After two-body edge update module and the atomic base update modules, Qt1 =
∑

j1
r⊗t1
ij

for tensor representation format, and the value at position P1 = (p11, · · · , piL) can be represented by
linear combination of the elements in irreps1, shown as

Qt1(P1) =
∑

ℓ1m1

wℓ1m1
1 irrepsℓ1m1

1 , (19)

When the tensor product of irreps1 and irreps2 is irreps3, the representation of irreps3 is denoted as

irrepsℓ3(ℓ1,ℓ2)m3

3 =
∑

m1m2

Cℓ3m3

ℓ1m1,ℓ2m2
irrepsℓ1m1

1 irrepsℓ2m2
2 (20)

When the Qt2(P2) can be linear combination of elements in irreps2, then

Q(t1,t2)(P1, P2) = (
∑

ℓ1m1

wℓ1m1
1 irrepsℓ1m1

1 )(
∑

ℓ2m2

wℓ2m2
2 irrepsℓ2m2

2 )

=
∑

ℓ1m1ℓ2m2

wℓ1m1
1 wℓ2m2

2 irreps1irreps2 (21)

Then when the linear combination of the irreps3 is shown as

Q
′(t1,t2)(P1, P2) =

∑

ℓ3(ℓ1,ℓ2)m3

w
ℓ3(ℓ1,ℓ2)m3

3 irrepsℓ3(ℓ1,ℓ2)m3

3

=
∑

ℓ3(ℓ1,ℓ2)m3

w
ℓ3(ℓ1,ℓ2)m3

3

∑

ℓ1m1ℓ2m2

Cℓ3m3

ℓ1m1,ℓ2m2
irrepsℓ1m1

1 irrepsℓ2m2
2

=
∑

ℓ1m1ℓ2m2

irrepsℓ1m1
1 irrepsℓ2m2

2

∑

l3(ℓ1,ℓ2)m3

Cℓ3m3

ℓ1m1,ℓ2m2
w

ℓ3(ℓ1,ℓ2)m3

3 (22)
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When w
ℓ3(ℓ1,ℓ2)m3

3 =
∑

ℓ1m1,ℓ2m2
Cℓ3m3

ℓ1m1,ℓ2m2
wℓ1m1

1 wℓ2m2
2 , we have

∑

ℓ1m1,ℓ2m2

Cℓ3m3

ℓ1m1,ℓ2m2
w

ℓ3(ℓ1,ℓ2)m3

3

=
∑

ℓ1m1,ℓ2m2

Cℓ3m3

ℓ1m1,ℓ2m2

∑

ℓ3(ℓ1,ℓ2)m3

Cℓ3m3

ℓ1m1,ℓ2m2
wℓ1m1

1 wℓ2m2
2

=
∑

ℓ1m1,ℓ2m2

wℓ1m1
1 wℓ2m2

2

∑

ℓ3(ℓ1,ℓ2)m3

(
Cℓ3m3

ℓ1m1,ℓ2m2
Cℓ3m3

ℓ1m1,ℓ2m2

)

=
∑

ℓ1m1,ℓ2m2

wℓ1m1
1 wℓ2m2

2 (23)

Therefore,

Q
′(t1,t2)(P1, P2) =

∑

ℓ1m1,ℓ2m2

irrepsℓ1m1
1 irrepsℓ2m2

2

∑

ℓ1m1,ℓ2m2

wℓ1m1
1 wℓ2m2

2

=
∑

ℓ1m1,ℓ2m2

irrepsℓ1m1
1 irrepsℓ2m2

2 wℓ1m1
1 wℓ2m2

2

= Q(t1,t2)(P1, P2) (24)

Above all, the irreps3 can represent Q(t1,t2)(P1, P2).

A.2.2 PROOF OF D-SPANNING IRREPS FOR TWO-BODY EDGE UPDATE MODULE

Proof. With edge features in r⊗t1
ij with ∥t1∥1 ≤ v, then the features after summation over the

neighbors is denoted as Qt1(θi) =
∑

j r
⊗t1
ij . With spherical harmonics with suitable Lmax, it can

achieve ∥t1∥ = v.

A.2.3 PROOF OF THEOREM 2

Consider the two body edge update module, the path can be represented as η[2] = (ℓ1, ℓ2, L2), we
have irreps1 and irreps2 to represent Qt1(P1) and Qt2(P2) with ∥t1∥1 ≤ v, ∥t2∥1 ≤ v, respectively.
Then with Lemma 1, the output irreps can represent Q(t1,t2)(P1, P2). Note that there might be multi-
ple channels for the same rotation order L2, and we use L2(ℓ1, ℓ2) to distinguish them. Meanwhile,
the weighted sum over these equivariant irreducible representations can also achieve representativity.

For the path η[v] = (ℓ1, ℓ2, L2, · · · , ℓv, Lv), the irrepsη[v−1] can represent Q(t1,t2,··· ,tv−1), and the
irrepsv can represent Qtv .

irrepsL
′
vMv

3 =
∑

Mv−1mv

CLvMv

L′
v−1Mv−1,ℓvmv

irreps
L′

v−1Mv−1

1 irrepsℓvmv
2 , (25)

where L′
v = Lv(η[v − 1], ℓv) and L′

v−1 = Lv−1(η[v − 2], ℓv−1). Then, in this case, we extend the
proof of Lemma 1 and prove the

Q
′(t1,t2,tv)(P1, P2, · · ·Pv) =

∑

L′
vm3

w
L′

vMv

3 irrepsL
′
vMv

3

=
∑

L′
vMv

w
L′

vMv

3

∑

L′
v−1Mv,ℓvmv

Cℓ3m3

L′
v−1Mv,ℓvmv

irreps
L′

v−1Mv

1 irrepsℓvmv
2

=
∑

L′
v−1Mvℓvmv

irreps
L′

v−1Mv

1 irrepsℓvmv
2

∑

L′
v−1Mv

C
L′

v−1Mv

L′
v−1Mv,ℓvmv

w
L′

vMv

3 (26)
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Then we take w
L′

vMv

3 =
∑

ℓ1m1,ℓ2m2
CLvMv

L′
v−1Mv−1,ℓvmv

w
L′

v−1Mv−1

1 wℓvmv
2 , and with similar proce-

dure to Equation 24, we can derive that

Q
′(t1,t2,··· ,tv)(P1, P2, · · ·Pv)

=
∑

L′
v−1Mvℓvmv

w
L′

v−1Mv−1

1 irreps
L′

v−1Mv

1 wℓvmv
2 irrepsℓvmv

2

= Q(t1,t2,··· ,tv−1)(P1, P2, · · ·Pv−1)Q
tv (Pv) (27)

Above all, the output of equivariant base can represent Q(t1,t2,··· ,tv)(θi) with ∥tj∥1 ≤ v,∀j ∈ [v].
Since it can select any (t1, t2, · · · , tv) within ∥(t1, t2, · · · , tv)∥1 ≤ v, the constructed D-spanning
family QD

K with K = v and D = v. Then, the set of the output equivariant features is also a
D-spanning family with D = v.

A.2.4 PROOF OF D-SPANNING IRREPS FOR POLYNOMIAL MB INTERACTION MODULE

Proof. From proof A.2.2, each input Ai can represent Qt(θi)(P ). Then when first channel irreps
represent Qt(θi)(P1), and second channel irreps represent Qt(θi)(P2), with self-interaction layer
before each atomic basis, Aiv can select different channels of the input Ai. From Theorem 2, the
output of polynomial MB module can represent Q(t1,t2,··· ,tv)(θi) which then construct D-spanning
family QD

K with D = K = v. Therefore, the output irreps from the proposed polynomial MB
interaction module can build the D-spanning family.

A.2.5 MACE

For the MACE layer, it is built related to the channel coupling relationship discussed in the section
of BOTNet (Batatia et al., 2022a), and tensor decomposition module discussed in (Darby et al.,
2023). Next, we try to analyze the MACE layer considering the capacity of the output irreducible
representation to span D-spanning family.

Consider the case of using tensor representations and input basis Ai satisfies the condition in
Theorem 1, denoted as Q

(t)
K (θi)(P1) =

∑
ℓm wℓm

1 irrepsℓm1 . Note that the irreps1 contains single
channel for various rotation orders. We first apply similar analysis to the many-body interaction
module in MACE named tensor decomposition schema (Darby et al., 2023). In this module, the same
irreducible representations is applied when conducting tensor product over the path. In this module,
the same irreps are used in many-body interactions. With similar proof shown in Lemma 1, the output
feature in this case can represent Q(t1,t1)(θi)(P1, P1) instead of Q(t1,t2)(θi)(P1, P2). That’s to say,
MACE layer does not satisfy the necessary condition that the output irreps can represent D-spanning
family Q(t1,t2)(θi)(P1, P2). As a result, we can not conclude that MACE layer can approximate the
equivariant functions with proposed analysis tools.

Furthermore, we consider the ability of MACE layer for approximating the equivariant polynomial
functions by approximate the output irreducible representations with an architecture that has already
been proved to ensure the capability of approximating equivariant polynomial functions. As proved
in Darby et al. (2023), the approximation error incurred in compressed least-square regression
are expected to decay with 1√

K
, where K is the number of channels. That’s to say, the tensor

decomposed product basis in MACE layer can always recover tensor sketched basis with infinite
number of channels. Meanwhile, tensor sketched basis is the same operation used in the many-body
module in PACE layer. In conclusion, with infinity number of channels, MACE layer can recover
same ability compared to PACE layer to approximate the equivariant polynomial function PD

G (C).

A.2.6 NEQUIP

For the NequIP, the output irreducible representation from a single layer can represent Qt1(θi) =∑
j r

⊗t1
ij . Since Qt1(θi) =

∑
j r

⊗t1
ij can build the D-spanning family DD

K with K = 1. Therefore,
with D ≤ K, it can achieve D = 1 for a single layer.
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A.2.7 ALLEGRO

Similar to the NequIP, the edge equivariant representation irreps1 can represent Qt1(θi) =
∑

j r
⊗t1
ij .

Then in the next layer, it can represent Q(t1,t2)(θi) =
∑

j1,j2
r⊗t1
ij1

⊗ r⊗t2
ij2

with the Lemma 1.
For the m-th layer, the input irreps can represent Q(t1,t2,··· ,tm−1)(θi), with Lemma 1, the output
representation can represent Q(t1,t2,··· ,tm)(θi). Therefore, K = N layer for D-spanning family QD

K .

B TENSOR CONTRACTION IN POLYNOMIAL MANY-BODY INTERACTION
MODULE

In Figure 4, we illustrate tensor contraction which is originally proposed in (Batatia et al., 2022b)
using an example, in which the max correlation order vmax is 3, the output LM is L3M3, and the
number of hidden channels is only 1 for easier illustration. Each generalized CG matrix corresponds
to one path η = (ℓ1, ℓ2, L2, · · · , ℓv, Lv) with L1 = ℓ1, and each path is associated with a scalar
weight. Note that more hidden channels introduce a higher dimensional weight vector. A weight
contraction followed by a feature contraction leads to efficient computation.

C EXPERIMENT DETAILS

Data and splits of rMD17 dataset are downloaded from https://figshare.com/articles/
dataset/Revised_MD17_dataset_rMD17_/12672038. The unit of energy is converted
from kcal/mol to meV. 3BPA dataset is downloaded from https://github.com/davkovacs
/BOTNet-datasets/tree/main/dataset_3BPA.

For all molecules in rMD17 and 3BPA, we use 2 GNN layers with 256 hidden channels. The rotation
order of node features is 2. Edges are built for pairwise distances within a radius cutoff. Edge features
are initiated with either Bessel basis functions or Exponential Bernstein radial basis functions. SiLU
is used as nonlinearity. We use a batch size of 5, an initial learning rate of 0.01, and Adam-AMSGrad
optimizer with default paramters of β1 = 0.9, β2 = 0.999, ϵ = 10−8, and without weight decay. The
learning rate is reduced on-plateau scheduler based on the validation loss with a patience of 100 and
a decay factor of 0.8. We also use an exponential moving average with weight 0.99. The weight of
force in loss is 1000 for all molecules, while the weight of energy varies depending on molecules.
Table 4 shows our options for molecules in rMD17 dataset. For 3BPA dataset, edges are built using a
radius cutoff of 5 Å, and edge features are initiated with 8 Bessel basis functions. The ratio of energy
and force in loss is 15:1000.

Table 4: Model architectural hyperparameters for rMD17.
Aspirin Azobenzene Benzene Ethanol Malonaldehyde Naphthalene Paracetamol Salicyclic acid Toluene Uracil

Edge embedding Bessel Bessel Bessel EBRadial EBRadial Bessel Bessel Bessel Bessel Bessel
# of basis 8 8 8 16 20 8 8 4 8 8
Radius (Å) 5 5 5 5 6 5 5 5 5 6
Energy weight 21 9 9 9 9 5 9 9 9 9

D RESULTS OF MORE EMPIRICAL ANALYSES

D.1 THE ACAC DATASET

The AcAc dataset (Batatia et al., 2022a) is also generated through molecular dynamic simulation
using Density Functional Theory (DFT). Similar to 3BPA, this dataset specifically focuses on a single
molecule, Acetylacetone. We follow MACE to train our model using a training set comprising of
450 structures and a validation set comprising of 50 structures. Both the training and validation sets
were sampled at 300K, while two test datasets were sampled at two different temperatures: 300K and
600K. The experimental results in Table 5 show that our proposed PACE achieves state-of-the-art
results on this AcAc dataset.
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(
<latexit sha1_base64="l0a+JfkaL7+9rGCxUS4OLJif2hI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOgl7Arvo4BLx4TyAuSJcxOepMxs7PLzKwQQr7AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/ndza+sbmVn67sLO7t39QPDxq6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0P/NbT6g0j2XdjBP0IzqQPOSMGivVLnrFklt25yCrxMtICTJUe8Wvbj9maYTSMEG17nhuYvwJVYYzgdNCN9WYUDaiA+xYKmmE2p/MD52SM6v0SRgrW9KQufp7YkIjrcdRYDsjaoZ62ZuJ/3md1IR3/oTLJDUo2WJRmApiYjL7mvS5QmbE2BLKFLe3EjakijJjsynYELzll1dJ87Ls3ZSva1elSj2LIw8ncArn4MEtVOABqtAABgjP8ApvzqPz4rw7H4vWnJPNHMMfOJ8/dyeMyQ==</latexit>

)<latexit sha1_base64="1z4NptjvBiQDziVont3WeJFZM9s=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXfB0DXjwmkBckS5id9CZjZmeXmVkhhHyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hofua3nlBpHsu6GSfoR3QgecgZNVaqXfSKJbfszkFWiZeREmSo9opf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQnv/AmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZuylf165KlXoWRx5O4BTOwYNbqMADVKEBDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AHovjMs=</latexit>

+

Contract 
features

Features

<latexit sha1_base64="c05QEc/Zb5pvW4rbzs1/+ZfAMQg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8cIeUGyhNnJbDJmdmeZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e4KEikMuu63U1hb39jcKm6Xdnb39g/Kh0cto1LNeJMpqXQnoIZLEfMmCpS8k2hOo0DydjC+m/ntJ66NUHEDJwn3IzqMRSgYRSu1eigibvrlilt15yCrxMtJBXLU++Wv3kCxNOIxMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aGlO7xM/m107JmVUGJFTaVoxkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz1MxEnKfKYLRaFqSSoyOx1MhCaM5QTSyjTwt5K2IhqytAGVLIheMsvr5LWRdW7rl49XFZqjTyOIpzAKZyDBzdQg3uoQxMYPMIzvMKbo5wX5935WLQWnHzmGP7A+fwBvtWPUA==</latexit>⇥

<latexit sha1_base64="/wzGGn3piiQLvouW1D89286fIGc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQU9gVX8eAF48J5AXJEmYnvcmY2dllZlYIIV/gxYMiXv0kb/6Nk2QPmljQUFR1090VJIJr47rfTm5jc2t7J79b2Ns/ODwqHp+0dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC+n/vtJ1Sax7JhJgn6ER1KHnJGjZXq5X6x5FbcBcg68TJSggy1fvGrN4hZGqE0TFCtu56bGH9KleFM4KzQSzUmlI3pELuWShqh9qeLQ2fkwioDEsbKljRkof6emNJI60kU2M6ImpFe9ebif143NeGdP+UySQ1KtlwUpoKYmMy/JgOukBkxsYQyxe2thI2ooszYbAo2BG/15XXSuqx4N5Xr+lWp2sjiyMMZnEMZPLiFKjxADZrAAOEZXuHNeXRenHfnY9mac7KZU/gD5/MHdaOMyA==</latexit>

(

<latexit sha1_base64="/wzGGn3piiQLvouW1D89286fIGc=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQU9gVX8eAF48J5AXJEmYnvcmY2dllZlYIIV/gxYMiXv0kb/6Nk2QPmljQUFR1090VJIJr47rfTm5jc2t7J79b2Ns/ODwqHp+0dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC+n/vtJ1Sax7JhJgn6ER1KHnJGjZXq5X6x5FbcBcg68TJSggy1fvGrN4hZGqE0TFCtu56bGH9KleFM4KzQSzUmlI3pELuWShqh9qeLQ2fkwioDEsbKljRkof6emNJI60kU2M6ImpFe9ebif143NeGdP+UySQ1KtlwUpoKYmMy/JgOukBkxsYQyxe2thI2ooszYbAo2BG/15XXSuqx4N5Xr+lWp2sjiyMMZnEMZPLiFKjxADZrAAOEZXuHNeXRenHfnY9mac7KZU/gD5/MHdaOMyA==</latexit>

(

<latexit sha1_base64="l0a+JfkaL7+9rGCxUS4OLJif2hI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOgl7Arvo4BLx4TyAuSJcxOepMxs7PLzKwQQr7AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/ndza+sbmVn67sLO7t39QPDxq6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0P/NbT6g0j2XdjBP0IzqQPOSMGivVLnrFklt25yCrxMtICTJUe8Wvbj9maYTSMEG17nhuYvwJVYYzgdNCN9WYUDaiA+xYKmmE2p/MD52SM6v0SRgrW9KQufp7YkIjrcdRYDsjaoZ62ZuJ/3md1IR3/oTLJDUo2WJRmApiYjL7mvS5QmbE2BLKFLe3EjakijJjsynYELzll1dJ87Ls3ZSva1elSj2LIw8ncArn4MEtVOABqtAABgjP8ApvzqPz4rw7H4vWnJPNHMMfOJ8/dyeMyQ==</latexit>

)

<latexit sha1_base64="l0a+JfkaL7+9rGCxUS4OLJif2hI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOgl7Arvo4BLx4TyAuSJcxOepMxs7PLzKwQQr7AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/ndza+sbmVn67sLO7t39QPDxq6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0P/NbT6g0j2XdjBP0IzqQPOSMGivVLnrFklt25yCrxMtICTJUe8Wvbj9maYTSMEG17nhuYvwJVYYzgdNCN9WYUDaiA+xYKmmE2p/MD52SM6v0SRgrW9KQufp7YkIjrcdRYDsjaoZ62ZuJ/3md1IR3/oTLJDUo2WJRmApiYjL7mvS5QmbE2BLKFLe3EjakijJjsynYELzll1dJ87Ls3ZSva1elSj2LIw8ncArn4MEtVOABqtAABgjP8ApvzqPz4rw7H4vWnJPNHMMfOJ8/dyeMyQ==</latexit>

)

Generalized CG

Generalized CG

Generalized CG

<latexit sha1_base64="S6c9E/TMVcZU8uGIDT97WGEAH1k=">AAACCXicbZDLSsNAFIYn9VbrLerSzWARXEhJrLdlwY2LKhXsBdoYJpNJO3QyCTMToYRs3fgqblwo4tY3cOfbOG2z0NYfBj7+cw5nzu/FjEplWd9GYWFxaXmluFpaW9/Y3DK3d1oySgQmTRyxSHQ8JAmjnDQVVYx0YkFQ6DHS9oaX43r7gQhJI36nRjFxQtTnNKAYKW25JuwpynySosxNqX1Ud2147drZfVp3q5qqmWuWrYo1EZwHO4cyyNVwza+eH+EkJFxhhqTs2lasnBQJRTEjWamXSBIjPER90tXIUUikk04uyeCBdnwYREI/ruDE/T2RolDKUejpzhCpgZytjc3/at1EBRdOSnmcKMLxdFGQMKgiOI4F+lQQrNhIA8KC6r9CPEACYaXDK+kQ7NmT56F1XLHPKqe3J+XaTR5HEeyBfXAIbHAOauAKNEATYPAInsEreDOejBfj3fiYthaMfGYX/JHx+QN1xpjx</latexit>

ãL3M3

i1,L1M1

<latexit sha1_base64="IejXChucj0/WzuG0CC1gia7Pp7k=">AAACCXicbZDLSsNAFIYn9VbrLerSzWARXEhJWm/LghsXVSrYVmhjmEwm7dDJJMxMhBKydeOruHGhiFvfwJ1v47TNQlt/GPj4zzmcOb8XMyqVZX0bhYXFpeWV4mppbX1jc8vc3mnLKBGYtHDEInHnIUkY5aSlqGLkLhYEhR4jHW94Ma53HoiQNOK3ahQTJ0R9TgOKkdKWa8KeoswnKcrclFaPGm4VXrnV7D5tuDVNtcw1y1bFmgjOg51DGeRquuZXz49wEhKuMENSdm0rVk6KhKKYkazUSySJER6iPulq5Cgk0kknl2TwQDs+DCKhH1dw4v6eSFEo5Sj0dGeI1EDO1sbmf7VuooJzJ6U8ThTheLooSBhUERzHAn0qCFZspAFhQfVfIR4ggbDS4ZV0CPbsyfPQrlbs08rJzXG5fp3HUQR7YB8cAhucgTq4BE3QAhg8gmfwCt6MJ+PFeDc+pq0FI5/ZBX9kfP4Aen+Y9A==</latexit>

ãL3M3

i2,L2M2

<latexit sha1_base64="kn+al+Fwbaq/U2JlFjXYgLlKm0I=">AAACCXicbZDLSgMxFIYz9VbrbdSlm2ARXEjJWG/LghsXVSrYC7TjkMlk2tDMhSQjlGG2bnwVNy4UcesbuPNtTNtZaOsPgY//nMPJ+d2YM6kQ+jYKC4tLyyvF1dLa+sbmlrm905JRIghtkohHouNiSTkLaVMxxWknFhQHLqdtd3g5rrcfqJAsCu/UKKZ2gPsh8xnBSluOCXuKcY+mOHNSho7qDoLXDsru07pT1VTNHLOMKmgiOA9WDmWQq+GYXz0vIklAQ0U4lrJroVjZKRaKEU6zUi+RNMZkiPu0qzHEAZV2Orkkgwfa8aAfCf1CBSfu74kUB1KOAld3BlgN5GxtbP5X6ybKv7BTFsaJoiGZLvITDlUEx7FAjwlKFB9pwEQw/VdIBlhgonR4JR2CNXvyPLSOK9ZZ5fT2pFy7yeMogj2wDw6BBc5BDVyBBmgCAh7BM3gFb8aT8WK8Gx/T1oKRz+yCPzI+fwBxDZju</latexit>

ãL3M3

i0,L0M0

<latexit sha1_base64="CHi9pAX43qvkwaR6JiVhejydYQE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pka8eJII5gHJEmYns8mY2ZllZlYIy/6DFw+KePV/vPk3TpI9aGJBQ1HVTXdXEHOmjet+O4Wl5ZXVteJ6aWNza3unvLvX1DJRhDaI5FK1A6wpZ4I2DDOctmNFcRRw2gpGNxO/9USVZlI8mHFM/QgPBAsZwcZKzeteyk6zXrniVt0p0CLxclKBHPVe+avblySJqDCEY607nhsbP8XKMMJpVuommsaYjPCAdiwVOKLaT6fXZujIKn0USmVLGDRVf0+kONJ6HAW2M8JmqOe9ifif10lMeOWnTMSJoYLMFoUJR0aiyeuozxQlho8twUQxeysiQ6wwMTagkg3Bm395kTRPqt5F9fz+rFK7y+MowgEcwjF4cAk1uIU6NIDAIzzDK7w50nlx3p2PWWvByWf24Q+czx9MAI8A</latexit>

Ai3

<latexit sha1_base64="+/T6lLdzHxzwKxTKgrteo0GYYnQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8eIF08SwTwgWcLsZDYZMzuzzMwKYdl/8OJBEa/+jzf/xkmyB00saCiquunuCmLOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Gbqt5+o0kyKBzOJqR/hoWAhI9hYqXXdT1kt65crbtWdAS0TLycVyNHol796A0mSiApDONa667mx8VOsDCOcZqVeommMyRgPaddSgSOq/XR2bYZOrDJAoVS2hEEz9fdEiiOtJ1FgOyNsRnrRm4r/ed3EhFd+ykScGCrIfFGYcGQkmr6OBkxRYvjEEkwUs7ciMsIKE2MDKtkQvMWXl0mrVvUuquf3Z5X6XR5HEY7gGE7Bg0uowy00oAkEHuEZXuHNkc6L8+58zFsLTj5zCH/gfP4ASnuO/w==</latexit>

Ai2

<latexit sha1_base64="d95BUzjY6OvPA35//UeKSesVH2Y=">AAAB7XicbVDLSgMxFL3xWeur6tJNsAiuyoz4WlbcuJIK9gHtUDJppo3NJEOSEcrQf3DjQhG3/o87/8a0nYW2HrhwOOde7r0nTAQ31vO+0dLyyuraemGjuLm1vbNb2ttvGJVqyupUCaVbITFMcMnqllvBWolmJA4Fa4bDm4nffGLacCUf7ChhQUz6kkecEuukxnU34/64Wyp7FW8KvEj8nJQhR61b+ur0FE1jJi0VxJi27yU2yIi2nAo2LnZSwxJCh6TP2o5KEjMTZNNrx/jYKT0cKe1KWjxVf09kJDZmFIeuMyZ2YOa9ifif105tdBVkXCapZZLOFkWpwFbhyeu4xzWjVowcIVRzdyumA6IJtS6gogvBn395kTROK/5F5fz+rFy9y+MowCEcwQn4cAlVuIUa1IHCIzzDK7whhV7QO/qYtS6hfOYA/gB9/gBI9o7+</latexit>

Ai1

<latexit sha1_base64="QN+KWxF+1u4VSWPqq1PPJMoD0Sg=">AAAB+HicbVDLSsNAFJ3UV62PVl26GSyCq5L4XhbcuJIK9gFJCJPppB06MwnzEGrol7hxoYhbP8Wdf+O0zUJbD1w4nHMv994TZ4wq7brfTmlldW19o7xZ2dre2a3W9vY7KjUSkzZOWSp7MVKEUUHammpGepkkiMeMdOPRzdTvPhKpaCoe9DgjIUcDQROKkbZSVKsGyvAoD4hG0D8LJ1Gt7jbcGeAy8QpSBwVaUe0r6KfYcCI0Zkgp33MzHeZIaooZmVQCo0iG8AgNiG+pQJyoMJ8dPoHHVunDJJW2hIYz9fdEjrhSYx7bTo70UC16U/E/zzc6uQ5zKjKjicDzRYlhUKdwmgLsU0mwZmNLEJbU3grxEEmEtc2qYkPwFl9eJp3ThnfZuLg/rzfvijjK4BAcgRPggSvQBLegBdoAAwOewSt4c56cF+fd+Zi3lpxi5gD8gfP5A3KIkwA=</latexit>X

⌘[3]

<latexit sha1_base64="Xpam2ZPfptMCtsHmjljurrWMsMc=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5IUX8uCG1dSwT6gCWEynbRDZyZhHkIN/RI3LhRx66e482+ctllo64ELh3Pu5d574oxRpT3v2ymtrW9sbpW3Kzu7e/tV9+Cwo1IjMWnjlKWyFyNFGBWkralmpJdJgnjMSDce38z87iORiqbiQU8yEnI0FDShGGkrRW41UIZHeUA0gv1GOI3cmlf35oCrxC9IDRRoRe5XMEix4URozJBSfd/LdJgjqSlmZFoJjCIZwmM0JH1LBeJEhfn88Ck8tcoAJqm0JTScq78ncsSVmvDYdnKkR2rZm4n/eX2jk+swpyIzmgi8WJQYBnUKZynAAZUEazaxBGFJ7a0Qj5BEWNusKjYEf/nlVdJp1P3L+sX9ea15V8RRBsfgBJwBH1yBJrgFLdAGGBjwDF7Bm/PkvDjvzseiteQUM0fgD5zPH3ECkv8=</latexit>X

⌘[2]

<latexit sha1_base64="2350G2YKEbcPQN+tuyMp6Y/7c5E=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwVRLxtSy4cSUV7AOSECbTSTt0ZhLmIdTQL3HjQhG3foo7/8Zpm4W2HrhwOOde7r0nyRlV2vO+nZXVtfWNzcpWdXtnd6/m7h90VGYkJm2csUz2EqQIo4K0NdWM9HJJEE8Y6Sajm6nffSRS0Uw86HFOIo4GgqYUI22l2K2FyvC4CIlGMPCjSezWvYY3A1wmfknqoEQrdr/CfoYNJ0JjhpQKfC/XUYGkppiRSTU0iuQIj9CABJYKxImKitnhE3hilT5MM2lLaDhTf08UiCs15ont5EgP1aI3Ff/zAqPT66igIjeaCDxflBoGdQanKcA+lQRrNrYEYUntrRAPkURY26yqNgR/8eVl0jlr+JeNi/vzevOujKMCjsAxOAU+uAJNcAtaoA0wMOAZvII358l5cd6dj3nrilPOHII/cD5/AG98kv4=</latexit>X

⌘[1]

<latexit sha1_base64="mMrJrZAObgIWbvSqw/N6cCQ+wFs=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga8eJII5gHJusxOZpMhM7PLzKwSlvyHFw+KePVfvPk3TpI9aGJBQ1HVTXdXmHCmjet+O4Wl5ZXVteJ6aWNza3unvLvX1HGqCG2QmMeqHWJNOZO0YZjhtJ0oikXIaSscXk/81iNVmsXy3owS6gvclyxiBBsrPXR1KoKMB6dIBKfjoFxxq+4UaJF4OalAjnpQ/ur2YpIKKg3hWOuO5ybGz7AyjHA6LnVTTRNMhrhPO5ZKLKj2s+nVY3RklR6KYmVLGjRVf09kWGg9EqHtFNgM9Lw3Ef/zOqmJrvyMySQ1VJLZoijlyMRoEgHqMUWJ4SNLMFHM3orIACtMjA2qZEPw5l9eJM2TqndRPb87q9Ru8ziKcACHcAweXEINbqAODSCg4Ble4c15cl6cd+dj1lpw8pl9+APn8wcHfJJB</latexit>X

l3m3

<latexit sha1_base64="+ZItdYMd1HVAsQP7Dp5V/GySnP0=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8eAF08SwTwgWZfZyWwyZGZ2mZlVwpL/8OJBEa/+izf/xkmyB00saCiquunuChPOtHHdb6ewsrq2vlHcLG1t7+zulfcPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2Ho+up336kSrNY3ptxQn2BB5JFjGBjpYeeTkWQ8aCGRFCbBOWKW3VnQMvEy0kFcjSC8levH5NUUGkIx1p3PTcxfoaVYYTTSamXappgMsID2rVUYkG1n82unqATq/RRFCtb0qCZ+nsiw0LrsQhtp8BmqBe9qfif101NdOVnTCapoZLMF0UpRyZG0whQnylKDB9bgoli9lZEhlhhYmxQJRuCt/jyMmnVqt5F9fzurFK/zeMowhEcwyl4cAl1uIEGNIGAgmd4hTfnyXlx3p2PeWvByWcO4Q+czx8EbpI/</latexit>X

l2m2

<latexit sha1_base64="oLR2Z1HIosG+/cNWxcx6yaaKCdc=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqx4LXjxJBfsB7bpk02wbmmSXJKuUpf/DiwdFvPpfvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2Ho+up336kSrNY3ptxQn2BB5JFjGBjpYeeTkWQ8cBDIvAmQbniVt0Z0DLxclKBHI2g/NXrxyQVVBrCsdZdz02Mn2FlGOF0UuqlmiaYjPCAdi2VWFDtZ7OrJ+jEKn0UxcqWNGim/p7IsNB6LELbKbAZ6kVvKv7ndVMTXfkZk0lqqCTzRVHKkYnRNALUZ4oSw8eWYKKYvRWRIVaYGBtUyYbgLb68TFpnVe+iWrs7r9Rv8ziKcATHcAoeXEIdbqABTSCg4Ble4c15cl6cd+dj3lpw8plD+APn8wcBYJI9</latexit>X

l1m1

Figure 4: Illustration of tensor contraction in the polynomial many-body interaction module. In this
figure, it demonstrates an example of 4-body interactions with v = 3 and final L3 = 0,M3 = 0.
Note that the contract weights operation learns weighted summation over all paths η[v], where
η[v] = (ℓ1, ℓ2, L2, · · · , ℓv, Lv).

D.2 MOLECULAR DYNAMIC SIMULATION

To further assess the ability of PACE to simulate realistic structures and dynamics, we conduct
Molecular Dynamics (MD) simulations using PACE. These simulations are implemented with the
Langevin dynamics provided by the ASE library and are applied to three molecules: Aspirin, Ethanol,
and 3BPA. We randomly select an initial structure from the testing set to generate MD trajectories
with PACE. Correspondingly, we extract the ground truth MD trajectory, starting from the same
initial structure, from the testing set. The radial distribution functions (RDFs) of the ground truth MD
trajectories and PACE-generated MD trajectories are visualized in Figure 5. Additionally, to compare
the MD trajectories generated by PACE with those from our baseline MACE, we compute Wright’s
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Table 5: Performance on the AcAc dataset. Root-mean-square errors (RMSE) are reported for both
energy (E) and force (F) predictions, with meV and meV/Å as units, respectively. Standard deviations
are calculated over three runs with different seeds. Bold numbers highlight the best performance.

BOTNet NequIP MACE Ours

300K E 0.89 (0.0) 0.81 (0.04) 0.9 (0.03) 0.81 (0.05)
F 6.3 (0.0) 5.90 (0.38) 5.1 (0.1) 4.8 (0.3)

600K E 6.2 (1.1) 6.04 (1.26) 4.6 (0.3) 4.3 (0.3)
F 29.8 (1.0) 27.8 (3.29) 22.4 (0.9) 21.2 (0.7)

3BPA (300K) 3BPA (600K) 3BPA (1200K)

Aspirin Ethanol

Figure 5: Illustration of radial distribution functions of MD trajectories. Values are averaged over
five MD simulations for 1000 timesteps with five initial molecular structures.

Factor (WF) (Grimley et al., 1990), which is defined as

Rχ =

∑n
i (Tg(ri)− Tref (ri))

2

∑n
i (Tref (ri))2

, (28)

where T denotes the radial distribution function and n denotes the total number of bins. Results
presented in Table 6 are calculated using distance r ranging from 0 to 10 Å and bin size of 0.05
Å. Here, WF quantitatively measures the difference between the RDFs of the ground truth and the
generated MD trajectories. The results of the MD simulations further affirm that our PACE model not
only achieves state-of-the-art (SOTA) performance in force field prediction but also holds practical
value in realistic simulations.

D.3 ABLATION STUDY

The first ablation study is for demonstrating the effectiveness of additional self-interaction operations
introduced in our polynomial many-body interaction module. In this experiment, we removed addi-
tional self-interaction operations to map different atomic bases and used the same hyperparameters
for model and training. The comparison shown in Table 7 justifies the effectiveness of the polynomial
many-body interaction module in PACE.
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Table 6: Performance of MD simulation. Wright’s Factor (WF) is reported in %. Values are averaged
over five MD simulations for 1000 timesteps with five initial molecular structures. Bold numbers
highlight the best performance.

MACE Ours

Aspirin 7.15 6.88
Ethanol 19.16 18.86
3BPA 300K 2.14 1.98
3BPA 600K 3.01 3.00
3BPA 1200K 2.68 2.40

Table 7: The ablation experiments for self-interaction introduced in the polynomial many-body
interaction module. Compared to PACE, PACE (-SI) uses no additional self-interaction. Note that
both experiments share the same hyperparameters. Mean absolute errors (MAE) are reported for both
energy (E) and force (F) predictions, with meV and meV/ Å as units, respectively. Bold numbers
highlight the best performance.

PACE (-SI) PACE

Ethanol E 0.4 0.3
F 2.3 2.0

Toluene E 0.2 0.2
F 1.4 1.2

Uracil E 0.3 0.3
F 2.3 2.0

The second ablation study is for examing how degree v in our polynomial many-body interaction
module affects the prediction error and cost. In this experiment, we use the Ethanol dataset, and we
use the same hyperparameters except the degree v for fair comparison. Table 8 shows that higher
degree archives lower prediction errors while consuming longer training time and more memory. Due
to the tradeoff between error and cost, v = 3 is used in our PACE across all datasets.

D.4 ALGORITHM EFFICIENCY

Table 9 presents a comparative analysis of training time and memory consumption between our
proposed PACE method and the baseline methods. Results are reported in seconds per epoch and MB
as units. A consistent batch size of 5 is used for each method, with average times calculated over 10
epochs, where validation occurs once every 2 epochs. In these experiments, Allegro is configured
with 5 layers and a rotation order of 3, and NequIP with 3 layers and a rotation order of 3. Both
MACE and PACE are configured with 2 layers and a rotation order of 2. The results indicate that the
proposed PACE achieves universality and superior performance with advantageous computational
cost.
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Table 8: The ablation experiments for degree v in the polynomial many-body interaction module.
Mean absolute errors (MAE) are reported for both energy (E) and force (F) predictions, with meV and
meV/ Å as units, respectively. The units for training time and memory consumption are sec/epoch
and MD, respectively. Bold numbers highlight the best performance.

v = 1 v = 2 v = 3 v = 4

E 1.1 0.3 0.3 -

F 6.5 2.3 2.0 -

Training time 21 25 27 -

Memory 1583 1653 2283 OOM

Table 9: Training time and memory consumption, with sec/epoch and MB as units, respectively.
NequIP Allegro MACE Ours

Paracetamol Training time 130 50.3 28 34.5
Memory 3511 10211 4334 5080

Toluene Training time 110 35.8 22 25
Memory 3507 3595 3386 3838
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