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ABSTRACT

Optimal Transport is a useful metric to compare probability distributions and
to compute a pairing given a ground cost. Its entropic regularization variant
(eOT) is crucial to have fast algorithms and reflect fuzzy/noisy matchings. This
work focuses on Inverse Optimal Transport (i0T), the problem of inferring the
ground cost from samples drawn from a coupling that solves an eOT problem. It
is a relevant problem that can be used to infer unobserved/missing links, and to
obtain meaningful information about the structure of the ground cost yielding
the pairing. On one side, iOT benefits from convexity, but on the other side,
being ill-posed, it requires regularization to handle the sampling noise. This
work presents an in-depth theoretical study of the ¢, regularization to model for
instance Euclidean costs with sparse interactions between features. Specifically,
we derive a sufficient condition for the robust recovery of the sparsity of the
ground cost that can be seen as a far reaching generalization of the Lasso’s
celebrated “Irrepresentability Condition”. To provide additional insight into
this condition, we work out in detail the Gaussian case. We show that as the
entropic penalty varies, the iOT problem interpolates between a graphical Lasso
and a classical Lasso, thereby establishing a connection between iOT and graph
estimation, an important problem in ML.

1 INTRODUCTION

Optimal transport has emerged as a key theoretical and numerical ingredient in machine learning
for performing learning over probability distributions. It enables the comparison of probability
distributions in a “geometrically faithful” manner by lifting a ground cost (or “metric” in a loose
sense) between pairs of points to a distance between probability distributions, metrizing the
convergence in law. However, the success of this OT approach to ML is inherently tied to the
hypothesis that the ground cost is adapted to the problem under study. This necessitates the
exploration of ground metric learning. However, it is exceptionally challenging due to its a
priori highly non-convex nature when framed as an optimization problem, thereby inheriting
complications in its mathematical analysis. As we illustrate in this theoretical article, these
problems become tractable — numerically and theoretically — if one assumes access to samples
from the OT coupling (i.e., having access to some partial matching driven by the ground cost).
Admittedly, this is a restrictive setup, but it arises in practice (refer to subsequent sections for
illustrative applications) and can also be construed as a step in a more sophisticated learning
pipeline. The purpose of this paper is to propose some theoretical understanding of the possibility
of stably learning a ground cost from partial matching observations.

1.1 PREVIOUS WORKS

Entropic Optimal Transport. OT has been instrumental in defining and studying various
procedures at the core of many ML pipelines, such as bag-of-features matching Rubner et al.
(2000), distances in NLP [Kusner et al.| (2015), generative modeling Arjovsky et al.[(2017), flow
evolution for sampling/De Bortoli et al.|(2021), and even single-cell trajectory inference|Schiebinger|
et al.{(2019). We refer to the monographs|Santambrogio| (2015) for detailed accounts on the theory
of OT, and |Peyré€ et al.| (2019) for its computational aspects. Of primary importance to our work,
entropic regularization of OT is the workhorse of many ML applications. It enables a fast and
highly parallelizable estimation of the OT coupling using the Sinkhorn algorithm |Sinkhorn| (1964).
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More importantly, it defines a smooth distance that incorporates the understanding that matching
procedures should be modeled as a noisy process (i.e., should not be assumed to be 1:1). These
advantages were first introduced in ML by the seminal paper of Cuturi|Cuturi| (2013), and this
approach finds its roots in Schrodinger’s work in statistical physics|Léonard| (2012). The role of
noise in matching (with applications in economics) and its relation to entropic OT were advanced
in a series of papers by Galichon and collaborators|Galichon & Salanié| (2010); Dupuy & Galichon
(2014);|Galichon & Salanié|(2022); see the book|Galichon| (2018). These works are key inspirations
for the present paper, which aims at providing more theoretical understanding in the case of
inverse OT (as detailed next).

Metric Learning. The estimation of some metrics from pairwise interactions (either positive or
negative) falls into the classical field of metric learning in ML, and we refer to the monograph Bellet
et al.| (2013) for more details. In contrast to the inverse OT (i0OT) problem considered in this paper,
classical metric learning is more straightforward, as no global matching between sets of points
is involved. This allows the metric to be directly optimized, while the iOT problem necessitates
some form of bilevel optimization. Similarly to our approach, since the state space is typically
continuous, it is necessary to restrict the class of distances to render the problem tractable. The
common option, which we also adopt in our paper to exemplify our findings, is to consider
the class of Mahalanobis distances. These distances generalize the Euclidean distance and are
equivalent to computing a vectorial embedding of the data points. See, for instance, Xing et al.
(2002); [Weinberger et al.| (2006); Davis & Dhillon| (2008).

OT Ground Metric Learning. The problem of estimating the ground cost driving OT in a super-
vised manner was first addressed by|Cuturi & Avis| (2014). Unlike methods that have access to
pairs of samples, the ground metric learning problem requires pairs of probability distributions
and then evolves into a classical metric learning problem, but within the OT space. The class of
ground metrics can be constrained, for example, by utilizing Mahalanobis|Wang & Guibas|(2012);
Xu et al.| (2018); Kerdoncuff et al.| (2021) or geodesic distances Heitz et al.|(2021), to devise more
efficient learning schemes. The study|Zen et al.| (2014) conducts ground metric learning and matrix
factorization simultaneously, finding applications in NLP|[Huang et al.| (2016). It is noteworthy
that ground metric learning can also be linked to generative models through adversarial train-
ing|Genevay et al.| (2018) and to robust learning|Paty & Cuturi (2020) by maximizing the cost to
render the OT distance as discriminative as possible.

Inverse Optimal Transport. The inverse optimal transport problem (iOT) can be viewed as
a specific instance of ground metric learning, where one aims to infer the ground cost from
partial observations of the (typically entropically regularized) optimal transport coupling. This
problem was first formulated and examined by Dupuy and Galichon |Dupuy & Galichon/(2014)
over a discrete space (also see|Galichon & Salanié (2022) for a more detailed analysis), making the
fundamental remark that the maximum likelihood estimator amounts to solving a convex problem.
The mathematical properties of the iOT problem for discrete space (i.e., direct computation of the
cost between all pairs of points) are explored in depth in|Chiu et al.| (2022), studying uniqueness
(up to trivial ambiguities) and stability to pointwise noise. Note that our theoretical study differs
fundamentally as we focus on continuous state spaces. This “continuous” setup assumes access
only to a set of couples, corresponding to matches (or links) presumed to be drawn from an OT
coupling. In this scenario, the iOT is typically an ill-posed problem, and Dupuy et al.| (2019);
Carlier et al.| (2023) propose regularizing the maximum likelihood estimator with either a low-
rank (using a nuclear norm penalty) or a sparse prior (using an ¢! Lasso-type penalty). In our
work, we concretely focus on the sparse case, but our theoretical treatment of the iOT could be
extended to general structured convex regularization, along the lines of|Vaiter et al.| (2015). While
not the focus of our paper, it is noteworthy that these works also propose efficient large-scale,
non-smooth proximal solvers to optimize the penalized maximum likelihood functional, and we
refer to[Ma et al.|(2020) for an efficient solver without inner loop calls to Sinkhorn’s algorithm. This
approach was further refined in|Stuart & Wolfram|(2020), deriving it from a Bayesian interpretation,
enabling the use of MCMC methods to sample the posterior instead of optimizing a pointwise
estimate (as we consider here). They also propose parameterizing cost functions as geodesic
distances on graphs (while we consider only linear models to maintain convexity). An important
application of iOT to ML, explored by|Li et al. (2019), is to perform link prediction by solving new
OT problems once the cost has been estimated from the observed couplings. Another category
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of ML application of iOT is representation learning (learning embeddings of data into, e.g., an
Euclidean space) from pairwise interactions, as demonstrated by|Shi et al.| (2023), which recasts
contrastive learning as a specific instance of iOT.

Inverse problems and model selection. The iOT problem is formally a bilevel problem, as the ob-
servation model necessitates solving an OT problem as an inner-level program|Colson et al.| (2005)
—we refer to|Eisenberger et al.| (2022) for a recent numerical treatment of bilevel programming with
entropic OT. The iOT can thus be conceptualized as an “inverse optimization” problem|Zhang
& Liu| (1996);/Ahuja & Orlin| (2001), but with a particularly favorable structure, allowing it to be
recast as a convex optimization. This provides the foundation for a rigorous mathematical analysis
of performance, as we propose in this paper. The essence of our contributions is a theoretical
examination of the recoverability of the OT cost from noisy observations, and particularly, the
robustness to noise of the sparse support of the cost (for instance, viewed as a symmetric matrix
for Mahalanobis norms). There exists a rich tradition of similar studies in the fields of inverse
problem regularization and model selection in statistics. The most prominent examples are
the sparsistency theory of the Lasso [Tibshirani (1996) (least square regularized by ¢'), which
culminated in the theory of compressed sensing/Candes et al.| (2006). These theoretical results
are predicated on a so-called “irrepresentability condition”Zhao & Yu|(2006), which ensures the
stability of the support. While our analysis is grounded in similar concepts (in particular, we
identify the corresponding irrepresentability condition for the iOT), the iOT inverse problem
is fundamentally distinct due to the differing observation model (it corresponds to a sampling
process rather than the observation of a vector) and the estimation process necessitates solving a
linear program of potentially infinite dimension (in the limit of a large number of samples). This
mandates a novel proof strategy, which forms the core of our mathematical analysis.

1.2 CONTRIBUTIONS

This paper proposes the first mathematical analysis of the performance of regularized iOT esti-
mation, focusing on the special case of sparse ¢! regularization (the £!-iOT method). We begin
by deriving the customary “irrepresentability condition” of the iOT problem, rigorously proving
that it is well-defined. This condition interweaves the properties of the Hessian of the maximum
likelihood functional with the sparse support of the sought-after cost. The main contribution
of this paper is Theorem |5} which leverages this abstract irrepresentability condition to ensure
sparsistency of the #1-iOT method. This relates to the robust estimation of the cost and its sup-
port in some linear model, assuming the number 7 of samples is large enough. Specifically, we
demonstrate a sample complexity of n~/2. Our subsequent sets of contributions are centered on
the case of matching between samples of Gaussian distributions. Herein, we illustrate in Lemmal7]
how to compute the irrepresentability condition in closed form. This facilitates the examination
of how the parameters of the problem, particularly regularization strength and the covariance
of the distributions, influence the success and stability of iOT. We further explore the limiting
cases of small and large entropic regularization, revealing in Proposition|[8|and Proposition|[9]that
iOT interpolates between the graphical lasso (to estimate the graph structure of the precision
matrix) and a classical lasso. This sheds light on the connection between iOT and graph estimation
procedures. Simple synthetic numerical explorations in Section[5.2|further provide intuition about
how ¢ and the geometry of the graph associated with a sparse cost impact sparsistency. As a minor
numerical contribution, we present in Appendix alarge-scale £!-i0T solver, implemented in JAX
and distributed as open-source software.

2 INVERSE OPTIMAL TRANSPORT

The forward problem Given probability distributions a € 22(%), f € (%) and cost function
c: ¥ x% — R, the entropic optimal transport problem seeks to compute a coupling density

Sink(c, £) £ argmax(c, 1) — EKL(J[I(MD,B) where (c, 1) éfc(x,y)dﬂ(x, ), 1)
e (a,p) 2

where KL(|¢) £ [log(dn/dé)dn — [ dn and % (a, B) is the space of all probability measures
e P(X x %) with marginals a, .
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The inverse problem The inverse optimal transport problem seeks to recover the cost function
¢ given an approximation #,, of the probability coupling # £ Sink(c, ). A typical setting is an

empirical probability coupling 7, = % Y O,y where (x;, yi) I, i4 4 See Section[2.2

The loss function The iOT problem has been proposed and studied in a series of papers, see
Section The approach is typically to consider some linear parameterization Eﬁ)f the cost
ca(x, y) by some parameter A € R®. The key observation of|Dupuy et al.|(2019) is that the negative
log-likelihood of 7 at parameter value A is given by

L(AR) 2 —(ca, )+ W;(A) where Wz(A)2 sup <cA,n>—fKL(n|d®B),
e (&,p) 2

and &, B are the marginals of 7. For ease of notation, unless stated otherwise, we write W = W5.
So, computing the maximum likelihood estimator A for the cost corresponds to minimizing the
convex ‘loss function’ A — £ (A, i), which, by regarding W; as a convex conjugate, can be seen as
an instance of a Fenchel-Young loss, a family of losses proposed in Blondel et al. (2020) . We write
the parameterization as

S
Q:AeR —cy=) AjCj, where C;e€ (X x%¥).
j=1
A relevant example are quadratic loss functions, so that for 2 c R%, & c R%, given A e RN1*%,
ca(x,y) = x" Ay. In this case, s = dd, and for k = (i, j) € [d1] x [do], Ci(x,)) = Xiyj-

£,-10T To handle the presence of noisy data (typically coming from the sampling process),
various regularization approaches have been proposed. In this work, we focus on the use of
¢ -regularization|Carlier et al.| (2023) to recover sparse parametrizations:

argmin%(A), where %(A) £ Al + £ (A, 7). (i0T-¢1 (1)
A

Kantorovich formulation Note that W (A) is defined via a concave optimization problem and
by Fenchel duality, one can show that (iOT—/¢; (7)) has the following equivalent Kantorovich
formulation|Carlier et al.| (2023):

argmin & (A, f,8), where (A f,8) = #(Af,8+AlAl, and (Hoo)
Af.g

2(f(x)+ g+ PA(x, y)
£

j(A,f,g)é—f[f(x)+g(y)+¢>A(x,y)) dﬁ(x,y)+gfexp( da(x)dp(y).

Based on this formulation, various algorithms have been proposed, including alternating mini-
mization with proximal updates|Carlier et al| (2023). Section[F|details a new large scale solver that
we use for the numerical simulations.

2.1 INVARIANCES AND ASSUMPTIONS

Assumption 1. We first assume that & and % are compact.

Note that _# has the translation invariance property that for any constant function u, _#(f +u,g -
u,A) = _#(f,g,A), so to remove this invariance, throughout, we restrict the optimization of
to the set

= {(A,f, g eR x L*(a) x L*(B); fg(y)dﬁ(y) = 0}. 2)

Next, we make some assumptions on the cost to remove invariances in the iOT problem.
Assumption 2 (Assumption on the cost). @) Ex,y~asplClx, y)Clx, y) 71> Id is invertible.

(ii) ||C(x, ¥) || < 1 for @ almost every x and §-almost every y.

n this work, we restrict to linear parameterizations, although the same loss function can also be applied
to learn costs with nonlinear parameterization, e.g. via neural networks/Ma et al.[{(2020).
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(iii) forall k, [ Ci(x, y)da(x) =0 for B-a.e. y and [ Ci(x,y)dB(y) =0 for a-a.e. x.

Under these assumptions, it can be shown that iOT has a unique solution (see remark after Propo-
sition[2). Assumption[2](i) is to ensure that c4 = ®A is uniquely determined by A. Assumption|2]
(i) is without loss of generality, since we assume that «, 8 are compactly supported, so this holds
up to a rescaling of the space. Assumption|2(iii) is to handle the invariances pointed out in|Carlier]
et al.[(2023) and|Ma et al.| (2020):

FAfe=4Afg) = ca+t(fog=ca+(fog. 3

As observed in|Carlier et al.| (2023), any cost can be adjusted to fit this assumption: one can define
Ci(x, ) = Cr(x, ) — ur(x) — v (y)

where uy(x) = [Cr(x,y)df(y) and vi(y) = [Cr(x,y)da(x) — [Ci(x,y)da(x)df(y). Letting

®A =Y ArCk, we have ((f—Xr Acur) ® (8- Li Axvr)) + PA = (f ® g) + PA. So optimization

with the parametrization @ is equivalent to optimization with ®.

NB: For the quadratic cost cx(x, y) = x; y;j for k = (i, j), condition (iii) corresponds to recentering the

data points, and taking x — x— [ xda(x) and y — y— [ ydf(y). Condition (ii) holds if [ x| v || y| <1

for a-a.e. x and B-a.e. y. Condition (i) corresponds to invertibility of Eg[xx '] ® Eg lyy'l.

2.2 THE FINITE SAMPLE PROBLEM

In practice, we do not observe 7t but n data-points (x;, y;) id ffori=1,...,n, where i = Sink(cy, €).
To recover A, we plug into iOT—-¢; the empirical measure 7, = %Z?:I 0x;,y; and consider the
estimator
ApcargminA|All; + £(A, 7#,), (i0T—41 (7))
A

As in section[2.1} to account for the invariance (@), when solving (fOT—7, (7 ,)), we again centre the
cost parameterization such that for all i, ¥.I"_, Ci(x;, y;) = 0 and for all j, Z;‘Zl Ci(xi,yj) =0. Note

also that iOT—¢1 () can be formulated entirely in finite dimensions. See Appendix[B|for details.

3 THE CERTIFICATE FOR SPARSISTENCY

In this section, we consider the problem (iOT—/¢, (7)) with full data 7 and present a sufficient
condition for support recovery, that we term non-degeneracy of the certificate. For simplicity

of notation, throughout this section denote W £ W;. Under non-degeneracy of the certificate
we obtain support recovery as stated in Theorem [3} a known result whose proof can be found
e.g in|Lee et al.[(2015). This condition can be seen as a generalization of the celebrated Lasso’s
Irrepresentability condition (see e.g.Hastie et al.|(2015)) — Lasso corresponds to having a quadratic
loss instead of Z (A, #), thus ViW(A) in the definition below reduces to a matrix. In what follows,

we denote u; £ (u;);e; and Ury = (Ui, j)ie1, jej the restriction operators.
Definition 1. The certificate with respect to A and support I ={i: A; #0} is

23 2 VAW (A, n (VW (A) )~ sign(A). ©)
We say that it is non-degenerate if ||(z};) ¢ oo < 1.
The next proposition, whose proof can be found in Appendix|C.1} shows that the function W (A) is
twice differentiable, thus ensuring that[C)is well defined.
Proposition 2. A— W (A) is twice differentiable, strictly convex, with gradient and Hessian

* 2 * 6]1:14
VAW(A) =D s, V4WA) =D ﬂ(x'y)
where 1 4 is the unique solution to (1) with cost c4 = D A.

We remark that strict convexity of W implies that any solution of must be unique,
and by I'-convergence, solutions A* to converge to A as A — 0. The next theorem, a
well-known result (see (Lee et al.,|2015, Theorem 3.4) for a proof), shows that support recovery
can be characterized via z}.
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Theorem 3. Let i = Sink(cy,€). If z:% is non-degenerate, then for all A sufficiently small, the solution

A* to {OT—¢, (7)) is sparsistent with | A* — A|| = 6(A) and Supp (A*) = Supp(A).

3.1 INTUITION BEHIND THE CERTIFICATE @

Implication of the non-degeneracy condition The non-degeneracy condition is widely studied
for the Lasso problem Hastie et al.| (2015). Just as for the Lasso, the closer ’(z}) ,-‘ is to 1, the more

unstable is this coefficient, and if ‘(z}) ,-| > 1 then one cannot expect to recover this coefficients

when there is noise. Note also that in the Lasso, the pre-certificate formula in roughly the
correlation between coefficient inside and outside the support I. In our case, the loss is more
complex and this correlation is measured according to the hessian of W, which integrates the
curvature of the loss. This curvature formula is however involved, so to gain intuition, we perform
a detailed analysis in the € — 0 and - > oo for the Gaussian setting where it becomes much
simpler (see Section|5.1).

Link to optimality conditions The certificate z% can be seen as the limit optimality condition
for the optimization problem as A — 0: by the first order optimality condition to
, A is a solution if and only if A —%VL(A*) € 0|l A, ll;, where the subdifferential for
the 1 norm has the explicit form 0 || All; = {z; lzlloo <1, Vi€ Supp(A), z; = sign(Ai)}. It follows

z* can be seen as a certificate for the support of A% since Supp(A*) © {i; \zﬂ = 1}. To study the

support behavior of A* for small A, it is therefore interesting to consider the limit of z* as A — 0.
Its limit is precisely the subdifferential element with the minimal norm and coincides with
under the nondegeneracy condition:

Proposition 4. Let z} = —%VL(A;L) where A* solves {iOT—¢, (7)). Then,

lim 2" = 227 £ argmin {(z, (VAW (A) ' 2)r; z€ 3l Al } (MNC)
A—0 A z
Moreover, ifz% is non-degenerate, then z%““ = z}.

4 SAMPLE COMPLEXITY BOUNDS

Our main contribution shows that (C) is a certificate for sparsistency under sampling noise:

Theorem 5. Let 7 = Sink(cy, €). Suppose that the certificate z} is non-degenerate. Let 5 > 0. Then,

for all sufficiently small regularization parameters A and sufficiently many number of samples n,
A<1 and max(exp(C I 4], /E)\/log(llé)/l_l, \/log(ZS)) <vn,

for some constant C > 0, with probability at least 1 — §, the minimizer A,, to is sparsistent with

A with Supp(Ap) = Supp(A) and | A, — A||, SA+ \/exp(C IA], /e)log1/8)n 1.

Main idea behind Theorem|5| We know from Theorem |3|that there is some Ay > 0 such that
for all A < Ay, the solution to has the same support as A. To show that the finite sample
problem also recovers the support of A when 7 is sufficiently large, we fix A € (0, A¢] and consider
the setting where the observations are iid samples from the coupling measure 7. We will derive
convergence bounds for the primal and dual solutions as the number of samples n increases. Let
(Acor foor 8oo) minimise (#oo). Denote Foo = (foo (Xi)) iefnlr Goo = (8oo(¥j)) jein and

1 2
Poo = —5 (Poo(xiy Y Disjetnl, - Where  poo(x, y) = exp z((DAoo(x;y)"'foo(x)""goo(y)) .

Let A, minimize i0T—¢,(f,). Then, there exists a probability matrix P, € R}*" and vectors
F,,Gp € R" such that P,, = = exp (% (@, An+ F, ® Gy)). In fact, (Ay, Fy, Gp) minimize the finite
dimensional dual problem given in the appendix. Now consider the certificates

1, . 1, ,
Zoo=z‘1> (pca®f—7#) and Zn=z‘1>n(Pn—Pn)-
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Note that z, and z, both depend on A; the superscript was dropped since A is fixed. Moreover,
Zoo is precisely z! from Propostion By exploiting strong convexity properties of _¢,, one can
show the following sample complexity bound on the convergence of z,, to z, (the proof can be
found in the appendix):

Proposition 6. Let n = max (log(llé)l’z,log(Zs)) for some 6 > 0. For some constant C > 0, with
probability at least 1 -8, || ze — znlloo < exp(C|| 4|, /€)1og(1/&)A n"2 and

1 1 ~
1An — Asoll3 + - Y (Fn— Foo)? + - Y (Gn—Goo)s Seexp(C || A 1e)log1/6)n™".
i j

From Proposition[4] for all A < A for some A sufficiently small, the magnitude of z,, outside the
support of A is less than one. Moreover, the convergence result in Proposition@ above implies
that, for n sufficiently large, the magnitude of z,, outside the support of A is also less than one.
Hence, since the set {i ; (z,); = 1} determines the support of A,, we have sparsistency.

5 GAUSSIAN DISTRIBUTIONS

To get further insight about the sparsistency property ot iOT, we consider the special case where
the source and target distributions are Gaussians, and the cost parametrization c4(x, y) = x" Ay.
To this end, we first derive closed form expressions for the Hessian Giff (A) = ViW(A). Given
a=N(mg,Zq) and f = A (mg, Zp), it is known (see Bojilov & Galichon|(2016)) that the coupling
Z% z )) for some X € R1*% 1n this case, W
z 2

can be written as an optimization problem over the cross-covariance X Bojilov & Galichon|(2016).

density is also a Gaussian of the form 7 = A ((ﬁz), (

W(A) = sup (A,Z)+§logdet(2ﬁ—ZTZ;12), )

TeRd xd2

with the optimal solution being precisely the cross-covariance of the optimal coupling 7. In
Bojilov & Galichon| (2016), the authors provide an explicit formula for the minimizer X to (4), and,
consequently, for VIW(A):

1

_1 52 2
2=3aAA(AATZGAN) 2 A-1eAPT where AZ|(Zg+ ZATZ;IA*'T ) (5)

By differentiating the first order condition for W, that is A" = ¢71(Z B >3 32"y, Galichon
derives the expression for the Hessian in terms of X in (5):
VW(A) =04 = £ (22 " T @2z +T) " (AT oA™Y, (6)

where T is such that Tvec(A) = vec(A"). This formula does not hold in when A is rectangular or
rank deficient, since A" is not differentiable. In the following, we derive, via the implicit function
theorem, a general formula for d 4% that agrees with that of Galichon in the square invertible case.

Lemma 7. Denotings as in (5), one has

-1
VZW(A) =¢ (32 (Zp-ZTZ D) e (Zq - zz[;lzT)‘l +(AT® A)TT) @
This formula given in Lemma|[7]provides an explicit expression for the certificate (C).

5.1 LIMIT CASES FOR LARGE AND SMALL €

This section explores the behaviour of the certificate in the large/small € limits: Proposition [g]
reveals that the large € limit coincides with the classical Lasso while Proposition[9|reveals that the

small epsilon limit (for symmetric A >0 and X, = 25 = Id) coincides with the Graphical Lasso. In
the following results, we denote the functional in (i0T—¢; (7)) with parameters A and € by &, 3 (A).

Proposition 8 (¢ — cc). Let A be invertible and let it = Sink(c3, €) be the observed coupling between
a=N(mg,Zq) and =N (mg,Zg). Then,

lim 2 = (25 ® Za)(,n ((Zp @ Z)u,n) " sign(A)r. (8)
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Moreover, for Ao > 0, given any sequence (¢ ;) j and Aj € argmin y F¢ 3 /¢; (A) withlim;_ € = oo,
any cluster point of (Aj); isin

. 1 -~
argmin Ao | All + -1 0 2/*) (A~ A)11% ©)
AcRdxd 2

Interpretation As € — oo, the KL term forces 7 to be close to the independent coupling a ® f and
in the limit, iOT is simply a Lasso problem and the limit in (8) is precisely the Lasso certificate
Hastie et al.|(2015). Here, the cross covariance of 7 satisfies €2 = A+ 0 (¢) ( in the appendix),
so for large ¢, sparsity in A indicates the independence in the coupling between a and .

Proposition 9 (¢ — 0). Let A be symmetric positive-definite and let & = Sink(c3, €) be the observed
coupling between a = N (mgy,1d) and = N (mg,1d). Then,

lin%zg = (A\_l ® A\_l)(;y])((;i_l ® A\_l)([y]))_l sign(ﬁ)l. (10)
E—

Let Ay > 0. Then, optimizing over symmetric positive semi-definite matrices, given any sequence
(ej)j and Aj € argmin 4, o Fe 1o¢; (A) withlimj_.oc € j = 0, any cluster point of (Aj) is in

1 1 ~
argmin A || All; — = logdet(A) + - (A, A_1>. (11)
A>0 2 2

Interpretation In contrast, € — 0, the KL term disappears and the coupling i becomes de-
pendent. Naturally, the limit problem is the graphical lasso, typically used to infer conditional
independence in graphs (but where covariates can be highly dependent). Note also that the
limit is precisely the graphical Lasso certificate[Hastie et al.| (2015). Here, (Remark[25]in the
appendix) one show that for (x, y) ~ 7, the conditional covariance of x conditional on y (and also
vice versa) is £ A~! + @ (£). Sparsity in A can therefore be viewed as information on conditional
independence.

5.2 NUMERICAL ILLUSTRATIONS

In order to gain some insight into the impact of € and the covariance structure on the efficiency
of i0T, we present numerical computations of certificates here. We fix the covariances of the
input measures as Z, = Xg = Id,, similar results are obtained with different covariance as long
as they are not rank-deficient. We consider that the support of the sought-after cost matrix
A=61Id, +diag(Gl,) — G € R"™" is defined as a shifted Laplacian matrix of some graph adjacency
matrix G, for a graph of size n = 80 (similar conclusions hold for larger graphs). We set the shift § to
be 10% of the largest eigenvalue of the Laplacian, ensuring that C is symmetric and definite. This
setup corresponds to graphs defining positive interactions at vertices and negative interactions
along edges. For small €, adopting the graphical lasso interpretation (as exposed in Section|5.1)
and interpreting C as a precision matrix, this setup corresponds (for instance, for a planar graph)
to imposing a spatially smoothly varying covariance C~!. Figure illustrates how the value of
the certificates z; ; evolves depending on the indexes (i, j) for three types of graphs (circular,
planar, and Erdés—-Rényi with a probability of edges equal to 0.1), for several values of . By
construction, z; ; =1 and z; j = —1 for (i, j) connected by the graph. For z to be non-degenerate,
it is required that |z; ;| < 1, as i moves away from j on the graph. For the circular and planar
graphs, the horizontal axis represents the geodesic distance dgeoq (i, j), demonstrating how the
certificates become well-behaved as the distance increases. The planar graph displays envelope
curves showing the range of values of z for a fixed value of dgeod (i, j), while this is a single-valued
curve for the circular graph due to periodicity. For the Erd6s—Rényi graph, to better account for the
randomness of the certificates along the graph edges, we display the histogram of the distribution
of |z;,j| for dgeod(i, J) = 2 (which represents the most critical set of edges, as they are the most
likely to be large). All these examples show the same behavior, namely, that increasing € improves
the behavior of the certificates (which is in line with the stability analysis of Section[5.1} since
implies that for large ¢, the certificate is trivially non-degenerate whenever X4, 2 are diagonal),
and that pairs of vertices (i, j) connected by a small distance dgeqq (7, j) are the most likely to be
degenerate. This suggests that they will be inaccurately estimated by iOT for small €.
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Figure 1: Display of the certificate values z; ; for three types of graphs, for varying €. Left, middle:
plotted as a function of the geodesic distance dgeoq(i, j) on the x-axis. Right: histogram of z;, ; for
(i, j) at distance dgeoq (i, j) = 2.

Figure[2|displays the recovery performances of £!-iOT for the circular graph shown on the left of
Figure(l| (similar results are obtained for the other types of graph topologies). These numerical
simulations are obtained using the large-scale iOT solver, which we detail in Appendix|[F} The
performance is represented using the number of inaccurately estimated coordinates in the esti-
mated cost matrix C, so a score of 0 means a perfect estimation of the support (sparsistency is
achieved). For € = 0.1, sparsistency cannot be achieved, aligning with the fact that the certificate z
is degenerate as depicted in the previous figure. In sharp contrast, for larger ¢, sparsistency can
be attained as soon as the number of samples N is sufficiently large, which also aligns with our
theory of sparsistency of £!-iOT since the certificate is guaranteed to be non-degenerate in the
large € setting.

— N=100

# wrongly estim. pos.

Figure 2: Recovery performance (number of wrongly estimated position) of /!-iOT as a function
of A for three different values of .

Figure [3|in the appendix displays the certificate values in the case of a non-symmetric planar
graph. The graph is obtained by deleting all edges on a planar graph with i < j. We plot the
certificate values as a function of geodesic distances dgeoq (i, j) of the symmetrized graph. The
middle plot shows the certificate values on i = j (where the actual edges are constrained to be
and nondegeneracy requires values smaller than 1 in absolute value for dgeoq (i, j) = 2). The right
plot shows the certificate values on i < j where there are no edges and for nondegeneracy, one
expects values smaller than 1 in absolute value for dgeod(i , j) = 1. Observe that here, the certificate
is degenerate for small values of dgeoq (i, j) when € = 0, meaning that the problem is unstable at
the “ghost” symmetric edges. As € — oo, the certificate becomes non-degenerate.
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CONCLUSION

In this paper, we have proposed the first theoretical analysis of the recovery performance of ¢!-iOT.
Much of this analysis can be extended to more general convex regularizers, such as the nuclear
norm to promote low-rank Euclidean costs, for instance. Our analysis and numerical exploration
support the conclusion that iOT becomes ill-posed and fails to maintain sparsity for overly small €.
When approached from the perspective of graph estimations, unstable indices occur at smaller
geodesic distances, highlighting the geometric regularity of iOT along the graph geometry.
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Figure 3: Display of certificate values for a non-symmetric planar graph, for varying € with edges
only for i > j. Middle/Right: plots of the certificate values as a function of the geodesic distance
dgeoa(i, J) of the symmetrized graph. The middle plot show the values when restricted to i = j. The
right plot shows the values restricted to i < j (where there are no edges).

A INTERPRETATIONS OF THE LOSS FUNCTION

As mentioned in Section |2} the loss £ (A,#) can be recovered via maximum likelihood (ML)
estimation (Dupuy et al.} 2019} Proposition 1) and be regarded as an instance of a family of losses
called Fenchel-Young losses. For the sake of completeness, this section explains this in more
detail.

A.1 MAXIMUM LIKELIHOOD INTERPRETATION

The map A — Sink(cy, €), where Sink(-,) is defined in Section[2} can be seen as parameterizing a
set of measures which are absolutely continuous with respect to @ ® 8. By the standard duality

result (see[Nutz] (2021)):

1) The density of Sink(cy, €) is given by dSink(c,€)/d(a ® B) = exp(ca + fa + ga), where fu
and g, solve the dual problem, i.e, sup; . [ fda+ [gdf— [exp(ca+f+gd(a®f)+1;

2) The values of the primal and dual problems agree and are equal to — [ fada — [ ga dp.

Combining these two facts we obtain that
dSink(ca,€) £
-1 ———————— | =—=ca—fa—-ga=—-ca+ sup (cap,m)——KL(mla® pP)=—csq+ W;3(A),
( Ao P ) A—fa—8a A mw};ﬁ) A 5 B A+ Wy
where Wj is defined in as in Section[2] Finally, taking expectation with respect to 7 yields
O (dSink(cA,E)
daef)

thus establishing the connection with ML estimation.

E(x,y)~n )] =Ex,p~i| — ca] +Exp~a [ Wa(A)] = —(ca, 1) + Wz (A) = L (A7),

Bilevel interpretation Note also that

£ ~
argmin £ (A, #) = argmin—{ca, T —7m4) — EKL(HA|d ® f)
A A

= argmin —(ca, 7 —74) — %KL(ﬂAI& o)+ %KL(ﬁld Yo
A
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where 4 = argminne%(d $) (ca, ) —KL(7|a ® ,3). Since 7, w 4 have the same marginals,

N N 2 X AN A 4
(cayi—ma)={ca+ fa+8a,t—T4a) = 5(108(7TA/(C¥ ®P), A—Aa).
We therefore have
argmin £ (A, #) = argminKL(#|m4), where my= argmm(cA, m)y—KL(|d@ ® ,6)

A A €U (@,p)

A.2 FENCHEL-YOUNG LOSS INTERPRETATION

It is argued in|Blondel et al.| (2020) that, associated to a prediction rule of the form

§(0) = argmax (0, u) — Q(w),
pedom(Q)

there is a natural loss function that the authors term Fenchel-Young loss and that is given by
La(0;y) £ Q" (0) +Q() - 0, ).

With this in mind, let Q() = KL(t|a ® B) + t9(q,5) (1) where 144, (-) is the indicator function of
9 (a, §), and note that

Z (A7) = La(ea; 1) — Q7).

Since, for the purposes of minimization with respect to A, the term Q(#) is irrelevant, we see
that finding a minimizer of (i{OT—/; (7)) amounts to finding a minimizer of the /; regularized
Fenchel-Young loss associated with KL(:|a ® 8) + % @,p) ().

B THE FINITE SAMPLE PROBLEM

As mention in Section we do not observe the full coupling 7 = Sink(c3, €), but only the the

empirical measure 7, = % ?:1 Ox;, y; with (x;, y;) iid 7i. We show here that the problem iOT—/¢ (7 ,)
can be formulated entirely in finite dimensions as follows. Let

H(PIQ) £} P; j(log(P;,;/Q;,j) — 1)
ij
Note that 7, has marginals 4, = % ?:1 Oy, and En = % ;‘:1 0y,;. We can interpret 7, as the matrix

b, = %IdnX » and the “noisy” primal problem can be equivalently written as

1 1
min sup A[Al+(@,A, P~ Pn)——H(P) st. Pl=—1 and P'1=-1, (2,
AeR PERan n n

where we write H(P) = H(Pl L1®1) and ®,A = Y1 ACk, where Cj = (Ck(x,,y,)), jelnl €
R™*". Note that the finite- d1mens10nal problem has the same invariances as , S0, we
will take Cy. to be centred so that for all i, }-;(Cy);,; = 0 and for all j, Zj(Ck)i,j = 0. The finite
sample Kantorovich formulation is

LAf Hn(AEG) where £,(AFG) £ J2(AFEG)+AlAlL and (Hn)
HGES

In(AEG) ==Y (FioGj+@,4);;)( P,, ZZexp (F,-+G,-+(<1>nA),-,j ,
i,j

and we restrict the optimization of over #, = {(A,EG) e R* x R" x R"; YiGj= 0}.

C PROOFS FOR SECTION[3]

C.1 PROOF OF PROPOSITION[2] (DIFFERENTIABILITY OF W)

For the strict convexity of W(A) see Lemma 3 in[Dupuy & Galichon|(2014). The gradient formula
can also be found in Dupuy & Galichon| (2014) and trivially follows from the envelope theorem
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because the optimization problem W (A) has a unique solution. We will only give a proof of the
Hessian formula.

The formula for the Hessian follows from the formula for the gradient provided we show that
the density 7 4 is continuously differentiable with respect to A. The fact that we can swap the
order of the operator ®* and partial differentiation follows from the conditions for differentiability
under the integral sign which holds since the measures are compactly supported. Without loss of
generality, let € = 1. Then, the optimizer in W (A) is of the form|Santambrogio| (2015):

TA(X,y) =exp (uA(x) +va(y) + cA(x,y)),

where u4(-) and v4(-) satisfy
up(x) = —logf@ exp(vA(y) +cA(x,y))dﬁ(y), a-a.s.

va(y) = —log f% exp (uA(x) +calx, y)) da(x), p-as.

It is known (see e.g. [Nutz] (2021)) that the functions u,(-) and v4(:) inherit the modulus of con-
tinuity of the cost (in this case the map (x,y) — ca(x,y))) and, hence, since we are assuming
the measures to be compactly supported, it follows that u4 € [%(a) and vy € Lz(ﬁ). Moreover,
if (14, v4) solve these two equations then, for any constant ¢, the pair (44 + ¢, v4 —¢) is also a
solution and, hence, to eliminate this ambiguity we consider solutions in .# = L?(a) x L% (B), where

L3(B)={ge L*(B); [gdP(y) =0}.

To show that W is twice differentiable, since VW (A) = ®* 1, it is sufficient to show that A — 14
and A — v, are differentiable. To this end, we will apply the Implicit Function Theorem (in Banach
spaces) to the map

F: 7 xR® — [(a) x L*(f)

u apy)

da(x)

—
)

u+log [, exp|v(y) +calx, y)
v+log [-exp|u(x) +calx, y)

v
A
since we have F(us,v4,A) = 0. The partial derivative of F at (ugs,va4,A) , denoted by
0y,0F(ua,va,A),is the linear map defined by

(0uwFua va, )£, = (£ + f@ PaCYIEY) B, g+ f% qax ) fDdax),  (12)
where

eXp(VA(y)+CA(3ny)) exp(uA(x) +cA(x,y))

palx,y) = and ga(x,y) =

Ja exp (vA(y) +calx, y)) ap(y) Ja-exp (UA(Y) +calx, y)) dp(x) .

Note that, since F(ua,va,A) =0, pa(x,y) = qalx, y) = ma(x, y). Moreover, since 7 4 has marginals
a and B, it follows that

((£,8),(0uuF s va, D)(f.8))

= f f?da(x)+ f 2f()g(mA(x, y) d(a® f)(x,y) + f g dpwy). 13)
xX X xHY 128

2
= [ (r+g0) matap dias py)
X x¥Y

This shows that 8, , F(ua, v, A) is invertible - the last line of[13]is zero if and only if f ® g =0 and
since g € Lg (B) it follows that g =0 and f =0.

To conclude the proof we need to show that (6 wvFUa,va, A))71 is a bounded operator (see e.g.
Deimling (2010) for the statement of IFT in Banach spaces) and to show this it is enough to show
that, for some constant C,

|(ouoFunvan)is.0] = Cler.0)0.
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This follows from@] and the fact that there exists a constant C such that w4(x, y) = C for all x
and y (see e.g. INutz (2021) for the existence of C). In fact, from g € L% (B), we obtain [(f(x) +

gy?da® P)(x,y) = I(f,g)l? and, hence,[13]implies that

((£,8),(0uoF s, va, A)(£,8)) = CI(F, )12

and from Cauchy-Schwarz applied to the left-hand-side we obtain

” (au,uF(uA, UA,A))(f, g) ” =>Cl(f, 2,

thus concluding the proof.

C.2 CONNECTION OF THE CERTIFICATE WITH OPTIMIZATION PROBLEM (i{OT—/¢ (7))

As mentioned in Section the vector z* provides insight into support recovery since Supp(A*) <
{i; z? = +1}. In this section, we provide the proof to Proposition which shows that as A con-
verges to 0, z* converges to the solution of a quadratic optimization problem 1» that we term
the minimal norm certificate.

Note that the connection with can now be established by noting that if the minimal norm
certificate is non-degenerate then the inequality constraints (which correspond to the complement
of the support of A) in can be dropped since they are inactive; in this case reduces
to a quadratic optimization problem with only equality constraints and whose solution can be
seen to be (C) which will thus be non-degenerate as well. The converse is clear. So, under non-
degeneracy, ll can be seen as the limit optimality vector and determines the support of A* when
A is small.

To prove Proposition we first show that the vector z* coincides with the solution to a dual

problem of (iOT—7 (7).
Proposition 10. Let W™ be the convex conjugate of W. Problem (OT—¢, (1)) admits a dual given

by
argmin W* 2y, —12) subjectto |zl <1, (14)
Z

where ﬁxy = ®*j . Moreover, a pair of primal-dual solutions (A;L, zA) is related by

A =-iv, 2t and M ed|AM. (15)
Proof. Observe that we can write Z (A, #) as

LA R)=W(A) —f

X x

@(‘DA) (x, ) dft = W(A) —(@* 7, A)p = W(A) — (A, Zy).

The Fenchel Duality Theorem (see e.g. Borwein & Lewis|(2006)) yields a dual of (i0T—¢; (7)) given
by

argmin W* (£, — w) + Al - )" (w).
w

To conclude the proof just note that the Fenchel conjugate of A| - ||, is the indicator of the set
{v:|Vlleo < A} and make a change of variable z 2 1/Aw to obtain The relationship between
any primal-dual pair in Fenchel Duality can also be found in|Borwein & Lewis| (2006).

O

Proof of Proposition[4 We begin by noting that W* is of class C? in a neighborhood of £ xy and
that

. -1
VW (£ = (VW) (16)
To see this, note that Proposition[2|together with the assumption on 7 implies that

2oy = VW(A).
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Moreover, since W (A) is twice continuously differentiable and strictly convex (see Proposition
, it follows (see e.g. Corollary 4.2.9 in Hiriart-Urruty & Lemaréchal| (1993)) that W* (") is C? and
strictly convex in a neighborhood of 2, and that holds.

Now observe that, since VIW* (ﬁxy) =VWw* (VW(E)) = A, we can rewrite d ”2”1 as

0| A||, =argmin{ -z, VW*(£,,)) subjectto [zlloo<1 17)
z

Observe that since z#*?%¢ are uniformly bounded vectors due to the constraint set in there is

a convergent subsequence converging to some z*. We later deduce that all limit points are the
same and hence, the full sequence z converges to z*. Let A, be such thatlim, , ¢ zM = z* and
let z° be any element in 8 | A ;. We have that

A ) 1 A A
(=% VW* By < (=2, VW*(E,)) < A—(W* Sy = Anz) - W)
n

1) e 3
< A—(W By = Anz°) - W(ny)),

n

where the first inequality is the optimality of z°, the second inequality is the gradient inequality
of convex functions and the last inequality follows from the optimality of z*. Taking the limit as
A, — 0 we obtain that

(=2 VW* (Ex))) = (= 2", VIW* (E4y)),
showing that z* €0 || A || 1- We now finish the proof by showing that
(2, VW Ea)2" ) < (2,92 W* )2, (18)

Since W*(-) is C? in a neighborhood of £ xy» Taylor’s theorem ensures that there exists a remainder

function R(x) with limxﬁixy R(x) = 0 such that

. e A ‘e .
(=2, vw (zxy)>+7”(zﬂn,vzw Ex)2' )+ RExy + A2t mA2
1 * (< * [ 1 * [ * [
=—(W* (S~ Anzt) - W (zxy))s/l—(w By = A2’) - W* (£1))
n n
. A . .
==, VW* E ) + f(zo,vzw* Exp)2") + RExy + 21,2013
. A ‘e .
<(=2',vw (zxy)>+7”(z°,vzw Exp)2") + RExy + 21,2013,
where we used the optimality of z° and of z*». We conclude that

1 A A 1 ) .
5(zﬂn,vzw* Ex)2M) + RExy + Anz* ™Ay < 5 (& VAW E)2) + RExy + An 2 A,

Taking the limit establishes Since z° was an arbitrary element in 8 || A||;, we obtain that the
limit of z}» is

z* = argmin<z, (V2W(ﬁ))_1z> subjectto z€d| A,
Z

where we used Finally, observe that z* was an arbitrary limit point of z* and we showed that
all limit points are the same; this is enough to conclude the result. O

D PROOF OF PROPOSITION[6]

The proof of this statement relies on strong convexity of _#,. Similar results have been proven in
the context of entropic optimal transport (e.g. (Genevay et al.| (2019); Mena & Niles-Weed (2019)).
Our proof is similar to the approach taken in|Rigollet & Stromme|(2022).
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Let (Aoo, foor 8oo) minimize (Zo)). Note that pooa ® f with
Poo(X, ) = exp % (@A (X, 1) + foo X) + 8o (1))
minimizes ((0T—7; (#)). Let
Py = %(poo(xi»yj))i,jv Foo = (foo(x))i and  Geo = (8oo(¥))) -

Note that by optimality of Ac, [l Asoll; < || A, — this can be seen by comparing the objective

(ilOT—¢, (7)) at As, and A. Moreover, due to the uniform bounds on foor 8o from Lemma Poo 1S
uniformly bounded away from 0 by exp(—C/A) for some constant C that depends on 7.

Let P,, minimise (£2,)), we know it is of the form
1 2
P, = —exp|- (®,A,+F,®Gy)|.
n €

for vectors A, F,,, Gy,.

The ‘certificates’ are ®* ¢, and z,, = @} ¢, where

1 1 N
(poozi(pooaébﬁ—ﬁ) and (pn:Z(Pn—Pn).

Note that z,, = ®* oo = —%VA.,%(AOOJ%). The goal is to bound ”db*(poo -0, ||Oo so that nonde-
generacy of z,, would imply nondegeneracy of @} ¢,. Note that @}, P,, = ®*77,,. So, by the triangle
inequality,

* * 1 * * 1 * A A
[ oo~ @500 o < 1 10" (oot ) ~ @5 Pu] o+ 1 [ a0
1 1 1
< 105 oo~ 0Py + 5 97 (oo ® B) @ P+ 1 [0 (a1
The last two terms on the RHS can be controlled using Proposition and are bounded by

O (tn~1?%) with probability at least 1 — & (exp(— t2)) for t > 0. For the first term on the RHS, letting
Z = Poo— Py,

n
Z Clxi, yj)Zi
ij=1

0720 =

[e o]

2

i,j

1 2 2
< ”C”oo\J ) Z (eXp (E(q)nAn +Fp® Gn)) —€xXp (E((DnAoo + Fo ® Goo)))
ij

Let L2 2(|®,, A, + Fy @ Gp) lloo V 1@ Aco + Foo ® Goo)lloo)- According to the Lipschitz continuity of
the exponential

2

=) |exp| =@, An+Fn®Gp)|—exp| = (P, Aco + Foo ® Goo) (19)
n* i3 € £ .
L] ij
4 L/
e)gz);z €) Z((‘DnAn+Fn€BGn) —((I),,AOO+FOO@GOO))§J 20)
ij
12exp(L/e) [ 1 ) 1 , 1 ,
< — Q2 (ﬁ Z((DnAn —Pp )i+ P Z(F,, —Foo)i + - Z(Gn - Goo)j @2n
i,j i 7

By strong convexity properties of ¢, and hence %, it can be shown (see Prop|[14) that is
upper bounded up to a constant by

e L exp(L/€) (K (Foo, Gooy Aco) = Hn(Fp, G, Ap))

s%( [772@50,) ™ | 10420 (Aco, Foor Goo) + Ao ||

18
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+ 1|07 21 (Acor ooy Goo) ||* + 11| 06 21 (Acor Fooy G ||2)

where éo = %(d)*fr — O* (Poo ® B)) € 0| A ll; . By Lemmaand Lemma L=0(|| A, with
probability at least 1 — @ (exp(—2)) if A > tn™2. Finally,
104,21 (Aco: Foor Goo) + Aéco) | = [| @5 P + D} P + Al |
<2([|0;P- 0" 7|* + [ @} Poo — 0" (poor® B)|*)
2

S|~

1 n
""6an(Aoo,Foo,Goo>||§=;Z(l_
i=1

n
Y Poo(Xir¥j)
j=1

2
1 n 1 n
1106, Ao For Gl | = 7 32 (1= X2 peatnyp)| |
nj=1 niz1
We show in Propositions and [20|that these are bounded by @ (t>n~!) with probability at
least 1 — O (exp(— %)) and from Proposition assuming n 2 log(2s), |(n’2CDZd>n)’1 H <1 with
probability at least 1 — @ (exp(—n)).

So, for some constant C >0, A ||(I>*(poo - dD;‘l(pnnoo Sexp(C ”2”1 /6)\/#5 with probability at least

1—exp(—1t?). The second statement follows by combining our bound for with the fact that
[(n~2@;@,) 7| S 1.

In the following subsections, we complete the proof by establishing the required strong convexity
properties of _#, and bound V_¢,, at (A, Foo, Goo) Using concentration inequalities. The proofs to
some of these results are verbatim to the results of Rigollet & Stromme, (2022) for deriving sampling
complexity bounds in eOT, although they are included due to the difference in our setup.

D.1 STRONG CONVEXITY PROPERTIES OF _#,

In this section, we present some of the key properties of _#,,. Recall that since we assume that «, 8
are compactly supported, up to a rescaling of the space, we assume without loss of generality that
forall k, |Ci(x, )| < 1.

Lemma 11. Ler A, minimize {OT—2, (i ,)). Assume that for some constant Cy >0,
texp(Cy/e)n”z < Amin(1, || 4]],),
then with probability at least 1 — O (exp(—t?)),
IAnll <2 4]

Proof. Let A be a minimizer to ({OT—-¢,(7,)). By optimality of A, A |All + ZL(A,7i,) <A ”A”1 +
ZL(A, #p). Writing P, = Lld and @,A = (£} _, AkCi(xi,¥)))

1 n
“n i,j=1’

A & ~ ~
Al AN = (P, @A) + (RO A) = S H(P) < A |All, + £ (A #,) (22)
for all P satisfying the marginal constraints P1 = %]l and P71 = %]l.
Note that since jf(ﬁ, #)+KL(Ala® B) =0,
L(Afn) = LA Rp) - L(AR) -KL(#|a® f) (23)
= —(DA, 7t — 7t,) + W, (A) — W;(A) - KL(#|a ® B). (24)

The first two terms can be shown to be @’(n_%): Indeed,

~ 12 ~ ~
(@A, f—ftp)==Y Z;, where Z; 2 ((A C(x;,y))-EA Clx;,y)))
i=1

is the sum of n terms with mean zero. Moreover, | Z;| < 2||A|. By Lemma (@A, R —fi,) <
with probability at least 1 — 2 exp(—#?).

19



Published as a conference paper at ICLR 2024

The bound R ~ .
W5, (A) - W;(A) =0 (exp(=Cle)tn™2)

with probability 1 —@ (exp(£?)) is a due to the sample complexity of eOT Rigollet & Stromme] (2022).
Plugging this back into (22), we obtain

AIAlL < /1||A||1+@(n7)+ (H(P) - KL(ﬁ|a®ﬁ))+§<ﬁn,©nA>+<R®nA>1 (25)
I T

It remains to bound the terms 77 and T>. Intuitively, if i = pa ® B has density p, then we can show
that 1, > =0 (n~ 2) by choosing P = Q,, 2 n2 P,y =1
satisfy the marginal constraints Q,, 1 ~ 1 -1 and Q= 1 .. 1 (this approximation can be made precise

using Proposmon . So, we 1nsert 1nt0 the above 1nequahty P = Q, with Q, being the projection
of Q, onto the constraint set e 2, L1..

However, Q,, will only approximately

By (Altschuler et al.}[2017, Lemma 7), the projection Q,, satisfies

~ 1 1
[Qn-Qul,<2|Qnl-—1 M-=1 (26)
n n
By Proposition[16} with probability at least 1 — @ (exp(~ %)),
2
1 1 5|1 & 1 & |1 & t
1-=1| ==Y |- i <\ T XlT 2 =0\ —=|
Jort =31l - &5 Zpwro-t|=\ G E o 1) -o ()
Similarly, || Q1 — 11|, = @(n"?) with high probability.
Note that
~ S n ~
[(Qn—=Qun @] =3 Y Ar(Cp)i,j(Qn—Qui; 27)
k=1i,j=1
< max||Cilloo 14111 | Qn = Qn, (28)
Moreover,
(Pn = Qu, @nA) < ANl @7, (P~ Qn)| 29)

By Proposition[19]and[20} with probability at least 1 — @ (exp(~ %)),
E|®iP, -0 4| =0(tn™?) and E|®LQ,-® | =0(tn"2).
So, we have T, < Cn~z lAll;.

We now consider the term T; in (25). Since p is uniformly bounded from above by exp(C/¢) and
from below with constant exp(—C/¢) for some C > 0, one can check from the projection procedure
of|Altschuler et al.| (2017) that Q,, is also uniformly bounded from above by # exp(C/€) and away

from zero by # exp(—C/e) for some C > 0. So,
|| <|H(Qn) - HQp)| + |HQu) —KL(|a ® p)]| (30)
S e ||Qn— Qul, + | HQn) - KL(Gla @ B)| (31)

We can use the bound (2 .i to see that ||Qn Qn”1 < t/\/n with probability at least 1 —exp(—t?).
To bound T3 = H(Qn) —KL(#t|a ® B), note that Moreover,

n n
E[T3] = ( ZZlog(ﬁ(xi,yj))ﬁ(x,-,y,-))— f log(p(x, ) p(x, y)da(x)dB(y)

nn-1) 1 & . .
( —l)flog(p(x WP, y)da(x)dp(y) + P Y E(log(p(xi, yi)) p(xi, yi))
i=1
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< ? flOg(ﬁ(x, y))ﬁ(X,y)da(x)dﬁ(y) + F flog(”j(x’ y))ﬁ(X, y)zda(x)dﬁ(y)
1
<~z (7o~ 1) [ logpix, mday)
Therefore, by the bounded differences lemma[15with

1 n n
[z = Y. > log(p(xi, yj) pxi, y)) —flog(ﬁ(x,y))ﬁ(x,y)da(x)dﬁ(y)
i=1j=1

where z; = (x;, y;). Then, letting z; = z} for all j # i, the bounded differences property is satisfied
with

f(z1,.zn) = f(z2),..e, 20)

1 n n
== | X+ |(log(pxi, y) plxi, yj) —log(p(x}, y ) P}, 1))

= =1
J#i
. 2
s—4( Ploo+ 1 )éc.
n
So, with probability at least 1 — 2exp (=), | T3| < # + %\)ﬁ“’m.

In summary, with probability 1 — & (exp(— %),
Co(exp(Ci/e)t

(A-CatexpCireyn™? 1Al < A[ A, + 7

for some constants Cj, C; > 0. So, choosing

Cgtexp(Cllf)rf% <min(A/4,1 ||ﬁ||l 12),

we have R
Al <2 | Al

with probability at least 1 — exp(—?).

Lemma 12. Let (A, F, G) minimize {Z). Let C4 = @, A. Then,
Fi € [-31Callo, ICallo]  and G € [-2]|Callo,2ICalloo]-

Moreover, exp(4]Calleoe™) = exp(%(F,-+Gj+(<I>,,A)i,j)) > exp(—6(Calloe™). Note that
ICallo < Il All1.

If (A, f,8) minimize [Hw). Let ca = ®A. Then, for all x,y
fx) el-3lcalloo,llcalles] and g(y)e[-2lcalloo,2llcallool-
Moreover, exp(4llcalloo€™1) = exp (% (fo+g+@A); ;) =exp(-6licalloe™).

Proof. This proofis nearly identical to (Rigollet & Stromme, 2022, Prop. 10): Let A, F, G minimize
(A£u).

By the marginal constraints for P, £ - (exp (2 (F@ G+ ®,,4))), j givenin ,

1 2
1= ;Zexp(;(@A(xi,yj) +F;+Gj)
i

(32)

2 1 2
=exp Z(— Calloo + Fi) Z;exp(ZGjle)zexp g(‘ Calloo + F3)

J
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where we use Jensen’s inequality and the assumption that }_ jGj=0 for the second. So, F; < [|Calls
for all i € [n]. Using the other marginal constraint for P,, along with this bound on F; implies that

1 2 2
1= ;Zexp (@A, yp) + Fi +G,-)) < exp(g (2 ||CA||OO+GJ-)))
i

S0, Gp,j = —2[Calloo-

To prove the reverse bounds, we now show that }_; F; is lower bounded: Note that since H(P) = -1,

by duality between and (A,),
£ € 1 1 € 2
ICalloo + 3= (®,A, P) - EH(P) = —;;Fi - ;;Gj + ﬁ%exp (E(Fi +Gj+ ((DnA)if)

By assumption, . ; G; =0 and }; ; exp (%(F,- +Gj+(@,A4);) = n2. So,
1
=Y Fiz-lCallco.
n-

By repeating the argument in (32), we see that

2
1=zexp2/e(—Call + Gj)) exp (E ZF,- zexp2/e(-2Calloo + G))-
i

S0, Gj <2[|Callo and F; = =3[ Call -
The proof for is nearly identical and hence omitted. O

Similarly to (Rigollet & Stromme} 2022, Lemma 11), we derive the following strong convexity bound
for #p:

Lemma 13. The functional ¢, is strongly convex with

In(AF,G) 2 #n(AFG)+(V 2,(A EG), (A, F,G) - (A EG)

exp(—L/e) (1 2 1 2 1 a2)  (33)
+ SPELD (Lo, a- )2+ [F-F 2+~ [6-G[E),
forsomeL=0(||All v | A]|,).
Proof. To establish the strong convexity inequality, let
h(E F(A-DA+tA (-0 f +tf,(1-0g+1tg).
It suffices to find é > 0 such that for all £ € [0, 1],
1 1 1
n'(1) = 6(? [®n(A- )5+ - |E-F'|5+ ~lG- G5 (34)
Let Z; L2((1-F+tFYe(1-1G+tG)+((1-t)DA+ tdA"). Note that
2 2
h'(1) = o Y exp (E(Zt)i,j) (Fl—F; + G} — G; + (@A) j — (@A); j)* (35)
Lj

Since [[calloo V llcalloo < L, by Lemma[12} | Ztll oo S licalloo V Icalloo- SO,
2
W'(1)> — exp(-Lle) Y (F{=Fi+Gj=Gi + (@A)~ (@A) ).
L]
By expanding out the brackets and using }_; G; = 0 and since Cy, are centred (X;(C);,; = 0 and
¥ ;(Cp)i,j = 0), (34) holds with & = 2 exp(~L/e). m

Based on this strong convexity result, we have the following bound.
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Proposition 14. Let (A, F,, G,) minimise %, then for all (A, F,G) € & such that n—2 exp(Fo G+
®,, A) satisfy the marginal constraints of (2%,)),

exp(—L/¢g) ( 1
€

1 1
Fn(AE,G) = Hn(An, Fu, Gp) = — D, (A= AR5+ - IF = Full5 + - ||G—G’,,||§).

and

ZH(A;F;G) _Zn(An’Fny Gn) <

L/
2L -2 @0 01504, EG) 20

+1||0r Zn(A E G|+ n||dc #(A F,G) ||§).

where L=0C (| All; v | Anlly)-

Proof. By strong convexity of _#,, we can show that for any (4, f,g), (A, f',g") € & and any
¢edllAll,
Hn(AF,G) = K (A EG)+(V 2, (A EG), (A, F,G)— (A EG)+ A(&, A' - A)
6(1

1 1
T O R el Ay el )

(36)

where § = w with L =6 (| Al v ||A]|,). The first statement follows by letting (A, F,G) =
(Ay, Fn, Gp) in the above inequality.

To prove the second statement, let

M=V _#,(AEG), (A, F,G)— (A EG)+A(, A'— A)

2\ n?

By minimising over (A, F’, G), note that

6(1 1 1
+3 [z leaa- 0134 5 |F-F I3+ J6-GE).

1
M- (72104204 EG) + 20|10,y + 105 I A E G+ 1|06 2 A EG3),
So,
1
-M< (In72@} 0| 040 (A E G+ 2D | + 0|0k 20 (A EG| + n|0c 7u (A, EG)[3)

Finally, note that #,(A,EG) — #,(A,F,G') = X, (A,FG) — X,(Ap, Fn, Gp) by optimality of
An, Fy, Gy O

D.2 CONCENTRATION BOUNDS

Lemma 15 (McDiarmid’s inequality). Let f : X" — R satisfy the bounded differences property:

/
SUP | £ (X1, -0, Xim1, Xiy Xig1see s Xn) = F(X1yeees Xim1, Xy Xig1,-, Xn) | S €.
xieX

Then, given X1, ..., X, random variables with X; € &, forany t > 0,
P f(X1,..., Xn) —E[f(X3,..., Xp)]| = D) < 2exp(-2£°/ (nc?).

Given random vectors X and Y, denote Cov(X,Y) =E(Y —E[Y], X —E[X]) and Var(X) = Cov(X, X).
Proposition 16. Let n have marginals a and B and let p = d(z—gﬁ)' Let (x;,y;) ~ & where #& has
marginals a, . Assume that | p|_, < b. Then,

2
1 1 & (b+1)2
sha ] |«

i=1

E

and
n

2
n 1
> (1 -= p(xi,yj)) <
=1

(t+b+1)>?

1
n nig n

j i=
with probability at least 1 — exp(—t>/ (4b%)).
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Remark 17. The bounds also translate to an £; norm on the marginal errors, since by Cauchy-
Schwarz,

1-—3 plx,y))| <
niz

2
\J > ;(h;Zp(xl,yﬂ) .

j=1 i=1

Moreover, by Jensen'’s inequality [E% Z}Ll [1 —%Z;’zl p(x,-,yj)‘ < \/[E ] - L1 lz:’ lp(x,,y])) .

Proof.

1 1 &
El~ Fij;ZIIE((l—p(xi,yj))(l—p(xk,yj))).

i (1— - Z p(xi, yj) )2

For each j € [n], we have the following cases for u; 2E((1-plx, YDA = plxg, yi)):

1. i=k=j, then uj =E(, )~ (Poo(x,y) — 1)?. There is 1 such term.

2. i=jand k # j, then uj = E(x y)~#,z~a ((1 - p(x, ))(1 - p(2,¥))) = 0. There are n— 1 such
terms.

3. i#jand k= j, then uj =E(y)~4xa ((1 - p(x,))(1 - p(2,¥))) = 0. There are n— 1 such
terms.

4. i=kandi#j,thenu;=Ey.qy-p(1-p(x, ))? and there are (n— 1) such terms.

o1

. I, j,k all distinct. Then, u; = 0 and there are (n - 1)(n - 2) such terms.

Therefore,
1 1 , n-1 )
—3 Z (A= pxi, y)A=pe,y)) = 2 —SExy~2(pl,y) -1+ 7[Ex~a,y~ﬁ(1 -px, )
k=1

Using |1 - p(x, y)| < b+ 1 gives the first inequality.

Note also that letting V = %Z;’zl (a- p(xi,yj))) iz = [ rra- p(xl,y]))) We will
apply Lemmato f(z1,...,zp) = IVIl. Let V' = ZZ?—l ((1 - p(xi,y.))) _where x;,y; = x, ¥, for

= i) i

i,j =2. Then, for all vectors u of norm 1,

(u, V'-v) = Zu, Z(p(x,,y, = p(xi, y)))
:1 l—

noo]
= u1; Z(p(xﬁ-,yi) —pxi, y)+ Y uj;(p(xj,y}) - plx1,y))
i=1 =

h o
Z_Zu] \/—

So, by the reverse triangle inequality, ||| V]| - | V'||| < 2b . It follows that

n PV <P ren T PEIVI S i P e n BNV <07+ b+ D).

with probability at least 1 — exp(—t?/(4b?)) as required.
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D.2.1 BOUNDS FOR THE COST PARAMETRIZATION

In the following two propositions (Prop [20] and [I9), we assume that @, is defined with Cy =
(Cr(x1,¥1))i,j and discuss in the remark afterward how to account for the fact that our cost Cy in

(£2,) are centered.

Note that the following classical result is a direct consequence of Lemma

Lemma 18. Suppose 21, ..., Zy,, are independent mean zero random variables taking values in
Hilbert space # . Suppose there is some C > 0 such that for all k, | Zi || < C. Then, for all t > 0, with

probability at least 1 —2exp(—1),
2

<

8C%t
m

ZZk

m =1

Proposition 19. Let C =max,,y |C(x,y)|. Let (x;, ). | be iid drawn from 7. Then,

. 8Ct
|@; P -0 7| < ve
n
with probability at least 1 — 2 exp(—t?).
Proof. Direct consequence of Lemma[18] O

Proposition 20. Lett>0. Let (x;,y;)_, be i.i.d. drawn from 7, which has marginals a, 3. Let
pP= nz(p(xl,y]))” 1 wheren has marginals a,  and p = d(a@ﬁ) Then, [E”@ P-®* (pa@ﬁ)”
on™Y and
|0 -0 pas pl <
P Vi

with probability at least 1 — 2 exp(—2 2/ (64 || p ||io))

Proof. Let h(x,y) £ p(x,y)C(x, y), then

1 n n
= Z h(xj,y))+ Y h(xi,y})

i=1

i#]
and )
E[®;P- " pa®f] = ;A* (pft—pasp)
It follows that
E|@,P-0" pas | = = @ (pi - pas )| + Var@; P
and

1 n
Var(®,P)=— Y Cov(h(x;,yx), h(x¢, yr))
n i ike=1

Note that Cov(h(x;, yx), h(x¢, yx)) = 0 whenever i, j, k, ¢ are distinct and there are n(n—1)(n—
2)(n-13) = n* —6n% + 1212 — 6n such terms, i.e. there are 61 — 1212 + 61 nonzero terms in the
sum. It follows that Var(®} P) = @(n™!) if | C| and p are uniformly bounded.

To conclude, we apply Lemmawith fz1,...,20) = ||d>flP—(D*pa®ﬁ“ and z; = (x;,y;). Let
X(z1,...,2,) =@, P—®* pa ® B. Then, Note that for an arbitrary vector u,

(u, X(z1,22,...,2n) —X(Zi,zz,---,zn» = Z(Z uk(h(xivyj) - h(x;’y;)))
i \k=1

n S n S
Z Y uglhixi, y1) - h(x,,yl))) Z(Zuk(h(xl,y,) h(x'l,y})))

k=1
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<8n~!ullsup |Cx, | |||l
X,y

So, f(21,22,...,2n) — f (2}, 22,...,2n) <8171 || p|| o,

1+¢
O, P-®*pae

I pasp| < 7=
with probability at least 1 —2exp(—21%/(64 || p ||io))

O

Remark 21 (Adjusting for the centred cost parametrization). In the above two propositions, we
compare ®; P = Zi,j Cr(x;,yj)P; j with O* 1 = ka(x, y)dn(x,y) for P being a discretized version

of 1. The delicate issue is that in l) Cy is a centralized version of Cj = (Cr(x;, ¥i)ij- In
particular,

” 13 . 13 . 1 A& .
Ce=Cr—=Y (Cij—— D (Crij + —ZZZ(Ck)i,j-
iz iz j=li=1

Note thatif P1 =11 and PT1 = 11, then

M:

. 1 &
Y (Cr)i,jPij = (Cu)ijPij— pe) Z Clc)k,j
0 0 j=

1k
This last term on the RHS is negligible because ®* (a ® ) = 0 by assumption of Cy being centred:
Note that

1 n n
_ZZZ Ck)k]—q) ( ]lnxn)
Applying the above proposition,

< m+log(n)
vn

with probability at least 1 — exp(—m). So, up to constants, the above two propositions can be
applied even for our centralized cost C.

1 A& .
2 Z Y Coj—P" (@®p)
j=lik=1

D.2.2 INVERTIBILITY BOUND

Recall our assumption that M = E(x,y)~aeplC(x, y)C(x, y) 11 is invertible. In Proposition we
bound the deviation of ®},®,, from M in the spectral norm, and hence establish that it is invertible
with high probability.

We will make use of the following matrix Bernstein inequality.

Theorem 22 (Matrix Bernstein). |\ Tropp et al|(2015) Let Zi, ..., Z, € R**¢ be independent symmetric
mean-zero random matrices such that | Z;| < L foralli € [n 1. Then, forall t =0,

1
E ;Z,- <\/2010g(2d)+§L10g(2d)

whereo? = ||L_ E[Z2]].
Proposition 23. Assume thatlog(2s)+1<n. Lett> 0. Then,

1
n2

with probability at least 1 — @ (exp(—t2)).

log(23) t

t

LD, — M” <

Proof. Recall that ®,A = Y AcCi, where Cy is the centred version of the matrix C; =
(Ci(x;,¥))i,j- That s,

N 1 A 1 A 1 .
(CKi,j = (Cri,j— . ;(Ck)f,j - ;(Ck)i,m t ;;(Ck)[,m- (37
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For simplicity, we first do the proof for (®,A); j = ¥ AxCr(x;, y;), and explain at the end how to
modify the proof to account for @, using the centered Cy.

First,

1 1 12
TP - M—; ( Y Clxi, yClxi,y) ' — f C(x;, y)C(x1, y) " dB(y) (38)

1
; f C(x;, y)C(x1,¥) " dB(y) - f C(x, y)C(x,y) "da(x)dp(y) 39)

To bound the two terms in (39), let Z; £ [ C(x;,)C(x1,)Tdf(y) - [ C(x,)C(x, ») T da(x)df(y)
and observe that these are i.i.d. matrices with zero mean. By matrix Bernstein with the bounds

IZil <2and || Z?| <4,
< v/ 8log(2s) . 2log(2s) <4 log(2s)
vn 3n n

1 n
E ;izzlzl

assuming thatlog(2s) < n

For the two terms in (38),

1241 &
i Y (; Y Clxi, y))Clxi,y) " - f C(x;,y)C(x;, yﬁdﬂ(y)) (40)
i=1 j=1
1 1 &1 & - -
ZZC(x,,yl)C(x,,y, ;Z EZC(xi,yj)C(xi,yj) —fC(x,-,y)C(x,-,y) dp(y)
=1| " j=1
i %
41
2 1 T
S—+—; Z[E —Z(C(xl,y])C(xl,y] —fC(xi,y)C(xi,y) dﬁ(y)) (42)
nc = |n 1]1
J#i

Foreachi=1,...n,let Y; = C(x;, y;)C(x;, y;) - [ C(x;,y)C(xi,y) T dB(y) and observe that condi-
tional on x;, {Y] }j 4 are iid matrices with zero mean. The matrix Bernstein inequality applied to

1 . .
-1 Zj(—:[n]\{i} Y] lmplles that

Z v, \/810g(23)+210g(23) <4 log(s)
n- ]G[n \(i} / n-1 3n-3 n

assuming that log(2s) < n—1.

Finally, we apply Lemrna to f(z1,...,2n) = #‘Dfﬂ)n - M” Let @, u=Y, ukC(x;.,yl’.) with
x; = x; and y; = y; for i > 2. For each vector u of unit norm,

1 * AN 1 & & T 12 I
(@0 = @) @, w = — 3 Y [y Ty - |eeh vyl 43)
i=1j=1
1 & T,.12 btz Ly T 12 1T -1
:;;'C(Xi»yl) ul’ - |c, y) T ul +ﬁzz|0(x1,yj) ul —|C(x1,yj) u| <4n”l. (44)
i= Jj=

So,
log(ZS) t

t

1
H;CDZ%—M <8

with probability at least 1 — exp(—2%/16).
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To conclude this proof, we now discuss how to modify the above proof in the case of the centered
cost Cy, thatis ®, A =Y AcCy where Cy is as defined in (37). Note that in this case,

1, 1 1
— (@3 P = — Z Cre(xi, y))Ce(xir yj) +— Z Co(xp, ¥g) Z Cr(xi, y)) (45)
n n? i,j=1 p,q=1 i,j=1
1 n n 1 n n n
——32 ZCe(xp,y, ZICk(xi,y,)——gz ZCe(xl,yq) ZICk(xi,yj))
: : = =1 =1 j=
(46)
We already know from the previous arguments that
n
—= 2 Ck(xi»yj)cé(xi;Yj)—M” =0(y/log(s)/n).
i,j=1
For the last term in (45), let A = {(i,j,p,q); i € [nl,j € [nI\{i}, pe [nI\{i, j} g€ (n\{i, ], p}}.
Note that A has n(n—1)(n—2)(n—3) terms, and A€ = [n] x [1] x [1] x [1] has @ (n®) terms. Therefore,
we can write
1 n
E F Z C(x,,,yq) Z C(xzyy])
pg=1 i,j=1
1 1
<—E| Y ClyyChyp) | +E|— Y ‘C(xp,yq)C(x,‘,yj)TH
(0, j,p@EN (i,]j,p,q)ENC
1 _
$F|E Z C(xp;J/q)C(xi’yj)T +0(n 1)
(i, j,p,qEN

where the second inequality is because there are 0 (n®) terms in A€ and we used the bound that
[C(x,»)| = 1. Moreover,

1
—E

" Y Clp y)Clxiy) "

(i,j,p e

<IEYY Y

i jelitpelij}

Y C(xp,yq)C(xi,yj)T”.

n=3 geliip)

Note that conditional on i, j, p,

1
n-3 Y Clxpyg)Clxiyj) '] =fC(xp,y)dﬁ(y)C(xi,yj)T=0
qé{i.j.p}

by assumption that C(x, y)dB(y) = 0. So, we can apply Matrix Bernstein as before to show that

! 1</log(s)n—1.

E[—E
A similar argument can be applied to handle the two terms in (46), and so,

P
1
< y/log(s)/n.

?(D;;(Dn -M
The high probability bound can now be derived using LemmalI5]as before. O

E[

Y Clpy)Clxiyp|
(i,j,p, QA

E

E PROOFS FOR THE GAUSSIAN SETTING

Simplified problem To ease the computations, we will compute the Hessian of the following
function (corresponding to the special case where 2, =1d and Zg = Id):

W4 2 sup(4, ) + ¢ ~ logdet(ld-=73). @7)

To retrieve the Hessian of the original function note that, smce log det(Zg— >3 1%) =log det(Z ﬁ) +

logdet(ld - X
and, hence,

ZZTZ IZZ 2) a change of variable £ £ b ZZZ 2,shows that W(A) = W(Z AZ )

B B

1 1 - 1 1 1 1
VZW(A) = (25 ®z§)v2W(z;Az;)(zg ®X2). (48)
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By the envelgpe theorem, VW (A) = £, where  is the maximizer of 1! thus reducing the compu-
tation of V2TV (A) to differentiating the optimality condition of Z, i.e.,

A=¢lzad-="T3)" L (49)

Recall also that such a X has an explicit formula given in (5).

Lemma 24.

VI (A) =¢(20d-2T5) e (d-322N) '+ (AT o AT) ! (50)
and X isasin @) and T is the linear map defined by Tvec(X) = vec(X ).
ProofofLemma Define G(Z,A) £ 2(0d-2"2)"! — ¢ 1A. Note that a maximizer ¥ of
satisfies G(Z, A) = 0. Moreover, 05G is invertible at such (X, A) because this is the Hessian of

logdet(Id — =" X), a strictly concave function. By the implicit function theorem, there exists a
function f: A— X such that G(f(A), A) =0 and

Vf=0sG)10,.G=¢"10:G)""1.

It remains to compute 95 G at (f(A), A):
At an arbitrary point (X, A) we have

0sG=(1d-2"2) 'eld+(IdeX)ds(Id-2"5)7!
=(d-2")'eld+(Ide ) ([d-2'2) e @d-2'2)™)(E e ld)T+(dex"))
and at (f(A), A), i.e, with Z(Id - 2TX) ™! = ¢! A, we can further simplify to
0sG=1d-2"2) e @d+Z1d-=") 12T +e2(AT 0 AT
By the Woodbury matrix formula,
d+zdd-=2"3) 2T =gd-==")'=1d+ A=".

So,
0:G=1d-2"Y) e d-==2")t+£72(AT @ AT,

thus concluding the proof. O

We remark that from the connection between W (A) and W (A), i.e.,[48] we obtain Lemmal7]as a
corollary.

E.1 LIMIT CASES

SVD representation of the covariance To derive the limiting expressions, we make an ob-
servation on the singular value decomposition of Z: Let the singular value decomposition
of Abe A= UDVT, where D is the diagonal matrix with positive entries d;. Note that A =

(Id+ £ (ATAN2 = V(d+ 5 D)2 V. Moreover, A and AT A commute, 50
1
2 4T aybyi A _ E AT e r2) _Ent|l vt ypyT
= AN AT AN A= S A = U (Id+ZD') 5D |vT=uDvT, 51)

where D is the diagonal matrix with diagonal entries

di=.||1+ e el (52)
t 4d? i
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E.1.1 LINKWITH LASSO: LIMIT AS € — 0o
Note that
£ 4d12 £ d; d3

di=—\|1+—t——=—"-—"L10(E>) -0, &—o0. 53
"7 2d; e 2d; e &€ ™) (63)

It follows that lim,_.o, = = 0 and hence, eV2W (A) — Id. So, the certificate converges to

EpeZa)in(Ep® Za)([,]))_l sign(A);. (54)

Proof of Proposition[§ The iOT problem approaches a Lasso problem as € — oo. Recall that in the
Gaussian setting, the iOT problem is of the form

€
argmin 7 (4) = A Ally + (4, Ze,a— X, 5) + 7 logdet (Zp-2) 423 26 4) (55)
" : :
where I 4 satisfies - 2] \Z3'%, 4 =215, 4 A1, So, we can write

argmin F(A) £ A Al +(A, Zea— 2, ) + glogdet (e3;'5eaA7Y) (56)
A

Let

s

Nl

1 1 ~ _1
Xéngzg and S, 4=2,2%: 4%

From ll , if X has SVD decomposition W = Udiag(di)VT, then
$.a=UDVT, where D =diag(d;)

and
. od dd
di=——-—+0(E™).
e €
So,
1. 1
logdet(eZ,'Z 4A™Y) = logdet [e2,° S, A X122
=logdet (U diag(1-d?/e* +G(e™))UT)
1
=logdet (diag (1 - d?/e* + O (™)) = = IX1I% +6(e™).
Also,

EEen—Z. 3 A =€Eea—2, 3, X) =(X - Xo, X) +O(e72).
So, assuming that A = Ay/¢,

eF(A) = Ao I Al +(X = Xo, X) ~ | XIIE+6(e7%) (57)
11 NE 11 |2
=AollAlL+ | (5@ I(A-A)| -2 |(E5eI)A +0(™?) (58)
F
The final statement on the convergence of minimizers follows by Gamma-convergence. O

E.1.2 LINK WITH GRAPHICAL LASSO

In the special case where the covariances are the identity (Z, = Id and Zg = Id) and A is symmetric
positive definite we have that X is also positive definite and Galichon’s formula (5) holds (since A
is invertible) and hence the Hessian reduces to

-1
(EVZW(A)) =(AeA)(z ezl +T). (59)
&

Moreover, if A admits an eigenvalue decomposition A = UDU T, then X admits an eigenvalue
decomposition = = UDU T with entries of D given by . Note that it follows that limg_o X =1d
and, hence, lim,_o(Z7'® X1+ T) =1d + T, a singular matrix with the kernel being the set of
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asymmetric matrices. So, the limit does not necessarily exist as € — 0. However, in the special case
where A is symmetric positive definite, one can show that the certificates remain well defined as
£ — 0: Let Sy be the set of matrices v such that v is symmetric and S_ be the set of matrices ¢
such that v is anti-symmetric. Then, (VZW (A))~'(S;) c S; and (V2ZW (A))~1(S_) c S_. Moreover,

-1

(%VZW(A)) ls, =(A®A) (Z'ex ' +1d),
-1

(%VZVV(A)) s =(A® A) (2 ez ~1d).

Since the symmetry of A implies the symmetry of sign(A), we can replace the Hessian given in (59)
by (A® A)(Z~' ® 27! +1d) and, hence, since lim,_ X = Id, the limit as € — 0 is

lim 7 = A e A (A @ AN ) sign(A) . (60)
e

This coincides precisely with the certificate of the graphical lasso:

argmin(S, ©) —logdet(®) + 10|, .
00

Proof of Proposition|[9 The iOT problem with identity covariances restricted to the set of positive
semi-definite matrices has the form

argminZ, 1 (A), where F.1(A) 2 1Al +(A Se -5+ glogdet(ld —31 5, (6D)
A>=0

where I — ZET,AZE,A = X, 2A"L. From the singular value decomposition of 2. 4,i.e., , we see
that if A is symmetric positive definite, then so is 2, 4. Plugging the optimality condition, i.e.,
I- Z;AZE,A = EZE,AA’l, into , we obtain

. €
argminA [|All; + (A, Ze 4 —2) + > logdet(sAilZg,A)
A>0

=argminA | Al — glogdet(A/E) +e(A, (Zgn— /ey + glogdet(ZE_A)
A=0

Let A = €Ay for some Ay > 0. Then, removing the constant % logdet(eld) term and factoring out ¢,
the problem is equivalent to

1 ~ 1
argmin Ag || All; — Elogdet(A) +(A, e_l(ZE,A 2N+ Elogdet(ZE,A)
A=0

Assume that £ =3 ¢,4- From the expression for the singular values of 2., 4 in ll , hote that
€
Tea=1d— EA_I +0(€?).

S0, lime—o(Zea— 2, p)/e=—5 (A7 - A~1). The objective converges pointwise to

1
2
1 1 F-1_ a1
Ao llAlly — Elogdet(A) + E(A, AT AT,
and the statement is then a direct consequence of Gamma-convergence. O

Remark 25. Note that from , we have X =1d — %A‘l + @ (£2). So, in this case, the covariance of
7 is
Id Id-5A"1+0(%)
Id-£A'+0(%) 1d '
For (X,Y) ~ m, The Schur complement of this is the covariance of X conditional on Y, which
is €A™l + @ (). So, up the ¢, one can see A~! as the “precision" matrix of the covariance of X
conditionalon Y.
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F LARGE SCALE ¢!-10T SOLVER

Recall that the iOT optimization problem, recast over the dual potentials for empirical measures,
reads

Lo 1 £ 2
/i%fG;;F,- +Gi+ @y A);; + ﬁ%exp(g(ﬁ +Gj+(q>nA)l-,,-)+A||A||1.

To obtain a better-conditioned optimization problem, in line with|Cuturi & Peyré|(2016), we instead
consider the semi-dual problem, which is derived by leveraging the closed-form expression for
the optimal G, given F.

.1 € 1 2
g,llg;;ﬂ +(@pA);; + E;log;;exp(g(ﬂ + (qanA)l-,j) +A1AlL.

Following/Poon & Peyré|(2021), which proposes a state-of-the-art Lasso solver, the last step is to
use the following Hadamard product over-parameterization of the #! norm

2 2
113 vz
==

I All; = min

UoeV

where the Hadamard productis Uo V £ (U;V;);, to obtain the final optimization problem
AUV

. 1 € 1 2 A A
inf =Y Fi+(@,(UoV);;+—) log—) exp|=(Fi+@,(UoV));;|+=IUI3+=IVI5.
n+ n* ne € 2 2

This is a smooth optimization problem, for which we employ a quasi-Newton solver (L-BFGS).
Although it is non-convex, as demonstrated in Poon & Peyré| (2021), the non-convexity is benign,
ensuring the solver always converges to a global minimizer, (F*,U*, V*), of the functional. From
this, one can reconstruct the cost parameter, A* L2UroV*.
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