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Abstract

We propose a family of random feature maps for scalable kernel machines defined over low-
dimensional subspaces in high dimensions, i.e., over the Grassmannian manifold. This is
typically useful in a machine learning context when data classes or clusters are well rep-
resented by the span of a few data points. Classical Grassmannian kernels such as the
projection or Binet—Cauchy kernels require constructing full Gram matrices for practical
applications, leading to prohibitive computational and memory costs for large subspace
datasets in high dimensions. We address this limitation by computing specific random fea-
tures of subspaces. These combine random rank-one projections of the subspace projection
matrices with bounded non-linear transforms—periodic or binary—to tame the resulting
heavy-tailed distribution. We show that, in the random feature space, inner products ap-
proximate well-defined, rotation-invariant Grassmannian kernels, i.e., depending only on
the principal angles of the considered subspaces. Provided the number of random features
is large compared to the subspace intrinsic dimension, we show that this approximation
holds uniformly over all subspaces of fixed dimensions with high probability. When the
non-linear transform is periodic, the approximated kernel admits a closed-form expression
with a tunable behaviour bridging inverse Binet—Cauchy and Gaussian-type regimes, while
the binarised feature has no known closed-form kernel but lends itself to even more com-
pactly represented one-bit subspace features. Moreover, we show how structured rank-one
projections, leveraging randomised fast Fourier transforms, further reduce the random fea-
ture computational complexity without sacrificing accuracy in practical experiments. We
demonstrate the practicality of these techniques with synthetic experiments and classifica-
tion tasks on the ETH-80 dataset representing visual object images from different viewpoints.
The proposed random features recover Grassmannian geometry with high accuracy while
reducing computation, memory, and storage requirements. This demonstrates that rank-one
embeddings offer a practical and scalable alternative to classical Grassmannian kernels.

1 Introduction

There exist many supervised and unsupervised learning tasks where data classes or clusters are better rep-
resented by low-dimensional subspaces spanned by the instances of a specific class of data. This assumption
arises naturally in a range of contexts such as image and video processing (Watanabe & Pakvasal [1973;
Basri & Jacobs, 2003} [Rao et al., |2010; [Liu et al., [2013; Ji et al., 2015)), wireless communications (Schwarz &
Tsiftsis, 2021)), dynamic subspace modelling and signal processing (Srivastava & Klassen) [2004; |Saad-Falcon
et al.l 2024; |[Jayasumana et al., [2015). Implicitly, this means that, rather than working with separate data
points in a Euclidean space, we now find ourselves dealing with data belonging to the Grassmannian manifold
G(k,n), the set of all subspaces of dimension & in R™.

In supervised learning, provided one accesses enough training data, kernel machines (e.g., SVM, regression
(Bachl, [2024)) can learn arbitrary complex function or classification boundaries thanks to an appropriate
positive-definite kernel, i.e., a similarity score computed over all pairs of data and stored in a Gram matriz. In
the context of Grassmannian data, there exist numerous kernels to quantify similarity between Grassmannian
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elements (see e.g., (Harandi et al.,[2014) for a list of such kernels), hence allowing for complex learning tasks
(Hamm & Lee| 2008} (Wolf & Shashua, |2003)).

Although effective in theory, kernel machines suffer from a scalability drawback. As noted in [Rahimi &
Recht| (2007, large datasets (with N samples) require handling an N x N Gram matrix, hence requiring
O(N?) (possibly costly) evaluation of the kernel and an O(N?) memory cost. A first fix to this problem is to
approximate the Gram matrix, e.g., from a low-rank approximation as in the Nystrém method (Drineas &
Mahoneyl, 2005; Bach & Jordanl 2005). However, this leaves the cost of computing N? pairwise comparisons
before the approximation. Random features provide another efficient solution directly approximating the
kernel: each data point is embedded into a Euclidean space thanks to random projections, possibly coupled
with non-linear functions (e.g., periodic, binary). In this space, mere inner products between random
features approximate, with a controlled error, a specific kernel between pairs of initial data points (Rahimi
& Recht, 2007). For Grassmannian data, the compressive sensing literature provides us direct random
feature constructions (Foucart| 2016; |(Candes & Planl 2011) (see Sec. . We can embed Grassmannian
data by vectorising and projecting them onto a few random Gaussian matrices, their number scaling with
the intrinsic dimension of G(k,n) (Li & Gul [2018]). However, the cost of such dense Gaussian projections
makes this approach prohibitive both computationally and in terms of memory.

Main contributions. In this work, we propose novel random features adapted to Grassmannian data. More
precisely, each subspace P € G(k,n) is represented by its orthogonal projector P = UU'", and is probed
through m independent rank-one quadratic measurements of the form a, Pb;, where a;,b; ~iiq. N(0,1,).
Stacking these measurements defines the rank-one projection (ROP) feature map ¢ "P(U) = (a] UU "b;)7"
whose empirical inner product is an estimator of the projection kernel but exhibits heavy-tailed concentration.
To control this behaviour, we compose 1 P with bounded non-linear functions. Using the sign function yields
binary random features ¢* = sign o1)™P, whose empirical kernel £ (U, V) = L (*(U),¢*(V)) converges
uniformly, with high probability, to a well-defined, positive-definite and rotationally invariant Grassmannian
kernel x* that depends only on the principal angles between two subspaces (Conway et al., [1996; Harandi
et all 2014]). Although no explicit closed form is known for x*, we show that it can be expressed as a
function of the related projectors P=UU " and Q = VV' | with

K’i(Uv V) =1- %EK(PQ,QQ),

where £ (u, v) is the angle between two vectors u and v and g ~ N(0, I,,). This semi-explicit characterisation
of k* will allow us to get an intuitive understanding of the behaviour of k* with respect to the principal
angles between subspaces. Using instead the complex exponential defines periodic random features ¥° =
exp(iw 1 ™°P), for which the expected kernel admits the closed form

k(U V) =E@°(U),¢°(V)) = [T}, (1 +w?sin?6;)"",

where {6, };?:1 are the principal angles between U and V. In both cases, we show that inner products of
the random features provide unbiased estimators of the target kernels and satisfy uniform approximation
bounds over V(k,n) (the set of orthonormal bases of dimension k& in R™) if m = O(kn) (up to log factors),
yielding scalable Grassmannian kernel approximations with controlled error. This process is illustrated in

Fig.

Beyond statistical guarantees, we evaluate the computational and memory efficiency of the proposed random
feature constructions. While classical Grassmannian kernels require O(NN?) kernel evaluations and storage
for an N-sample Gram matrix, and dense random embeddings of projectors incur O(n?) cost per feature,
the proposed bounded ROP-based features can be computed in O(kmn) operations and stored using O(mn)
memory. Moreover, the uniform approximation results established in Secs. and show that m = O(kn)
random features (up to logarithmic factors) suffice to control the approximation error, yielding overall com-
plexities that scale linearly with the ambient dimension. We further show in Sec. [6] that these costs can
be significantly reduced by replacing Gaussian probing vectors with structured random transforms inspired
from (Choromanski et al.l 2016)), leading to feature maps computable in O(km logn) operations with drasti-
cally reduced storage. A detailed comparison of computational and memory complexities for all considered
methods is provided in Sec. [f] and the practical impact of these gains is illustrated experimentally in Sec. [§]
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Figure 1: Schematic representation of the proposed method. Data points are assumed to belong to low-
dimensional subspaces of R”. Subspaces are represented by their orthonormal bases, which are then embed-
ded into a Euclidean space. Inner products in this space approximate well-defined Grassmannian kernels
allowing for learning tasks to be performed efficiently.

The rest of the paper is organised as follows. We start by providing the essential tools for navigating
the geometry of G(k,n) as well as key reminders on random feature construction for kernel machines in
Sec. [2l The limitations met by two direct designs of linear random features of Grassmannian elements are
developed in Sec. 8] We provide in Sec. [f] two solutions to these limitations by composing linear rank-
one projections with non-linear, bounded functions, i.e., the sign and the periodic imaginary exponential
functions. We provide uniform error guarantees on the possibility to approximate specific Grassmannian
kernels with the corresponding binary and periodic random features. We dwell upon structured random
feature schemes in Sec. [0} and then highlight how our approach connects with existing works, such as the
lineage of subspace classification, in Sec. [7]] We finally show in Sec. [§ how our approach allows for the
classification of Grassmannian data, before concluding. We postpone to appendices all technical proofs that
would otherwise slow the flow of reading.

Notations and conventions We find it useful to gather here some notations, concepts and conventions
used throughout this paper. As we target global complexity analyses, many of the bounds developed in this
work depend on constants, denoted by C, ¢, ¢, ¢”, ... > 0, whose values may vary from one line to another. We
denote matrices and vectors with bold symbols, e.g., A € R™*"™ x € R™, and scalar values with light symbols.
The identity matrix in R™ is I,,. The m X n zero matrix is denoted 0,,x.,, and we omit the dimensions
when clear from the context. The angle between two vectors u and v reads £(u,v), and the ¢s-norm of wu is
|u]|. The scalar product between two matrices in R”*" A and B is (A, B) = tr(A" B) = (vec(A), vec B),
where vec A € R denotes the vectorisation of A. The related Frobenius norm reads |Al2= (A, A). The
cardinality of a finite set S is denoted |S|. The standard normal and Rademacher £1 distributions read
N(0,1) and U(=+1), respectively, and the multivariate normal distribution in R™ (with identity covariance) is
N(0,1I,). We use the shorthand i.i.d. to define identically and independently distributed random quantities
(variables, vectors or matrices). The groups of orthogonal matrices and rotations in R™ are denoted by
O(n) and SO(n), respectively, while O is reserved for the complexity symbol. Finally, as this work considers
several types embeddings, we reserve the symbol ¢ for all deterministic embeddings, e.g., those used in the
kernel trick, and the symbol 1 for all the random embeddings used to define random features.
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2 Background and preliminaries

This section provides the tools needed to navigate the Grassmannian manifold G(k,n) as well as a brief
introduction to random features for kernel machines in supervised learning.

2.1 The Grassmannian manifold

represents the set of k-dimensional subspaces of R™.

Mathematically, the Grassmannian manifold G(k,n)
(1,3) contains all the lines through the origin in a three

For example in the case where k =1 and n = 3,
dimensional space.

Each subspace P € G(k,n) can be represented as the span of an orthonormal basis U € R"¥F je. P =
span(U), where U is a matrix with orthonormal columns, i.e., it belongs to the Stiefel manifold V(k, n)

V(k,n) :={V e R . V'V =I,}.

If the subspace is provided through a collection of vectors {x; }5\;1 C R™ such that the rank of the data
matrix X = (z1,...,2y) € R"™¥ equals k, then U can be obtained, for instance, from the QR or the SVD
factorisation of X.

A subspace P is not uniquely represented by a basis U. In fact, any basis U’ = U R obtained by transforming
the columns of U with an orthogonal matrix R € SO(k) is also a basis of the subspace. However, each
subspace of G(k,n) can be represented by the unique projector P = UU" such that P2 = P = P and
rank P = k, and we define

G(k,n) ={P R : P> =P =P" rank P = k},

which is the projector representation of G(k,n). This representation of G(k,n) is invariant to the choice of
basis: rotating the columns of U leaves P unchanged, since UR(UR)" = UU T for any orthogonal matrix
R. In this work, we often identify a subspace P € G(k,n) with its projector P € G(k,n).

An alternative but equivalent characterisation views G(k, n) as a homogeneous space O(n)/(0(k) x O(n—k)),
identifying each subspace with a set of orthogonal transformations mapping a fixed reference plane onto it.
While this Lie-group formulation offers valuable geometric insight, it will not be needed in what follows.

Equipped with these representations, we can now define notions of distance and similarity between subspaces,

which will serve as the basis for learning methods on G(k,n).

2.2 Grassmannian distances

Distances between elements of G(k,n) may be derived from their principal angles. Intuitively, in G(1,n), the
set of lines through the origin, comparing two lines amounts to looking at the angle they form. In higher
dimensions, two k-dimensional subspaces P, Q € G(k,n) form k principal angles 0 < 61, ...,0; < m/2. These
angles are recursively defined, for an increasing index 1 < ¢ < k, as

1Pill2= llgill2= 1,

if 4 > 1, thenpiij :qiqu =0, Vj <.

cos(b;) = max max plq; st {

More directly, for two bases U,V € V(k,n) of P, Q, respectively, the cosines of these angles are also the
singular values of U V. If P and Q have dimension k and k’ with k # k', one can define min(k, k') principal
angles with the same definitions as above (Mandolesi, [2021)).

Among the existing distances on G(k,n), two are most relevant to our work. The projection distance,
koo 1/2
dp(P,Q) = (Ti,sin®6)" = J-||P— Q] r,
which amounts to the distance of the projectors P and @, and the Binet-Cauchy distance,

dpc(P,Q) = (1 —[I5, cos®6;)"/% = (1 — pdet(PQ))"/?,
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where the pseudo-determinant pdet(M) of any rank-r matrix M is defined by (Florescu) 2014} p. 529)

pdet(M) = }5% t" " det(M +tI,,), (1)

with pdet(PQ) =det(U'V)2if P=UU" and Q =VV .

The distance dpc quantifies how the squared volume of the basis V' projected onto U (as measured by
det(UTV)?) deviates from the (unit) value it takes when P = Q. We can also mention the geodesic
distance, i.e., the length of the shortest curve in G(k,n) connecting two subspaces, which is the most natural
notion of distance on the manifold

do(P.Q) = (X1, 69",

These distances are crucial to compare elements of G(k,n) and will later be used to define similarity measures
and kernels between subspaces.

2.3 Grassmannian kernels

We are interested in solving problems on G(k,n) by embedding elements into a Hilbert space using kernel
functions. Such kernel functions must respect specific criteria as explained in |Scholkopf & Smola) (2002)) in
the case of general kernels and in |Harandi et al.|(2014) for Grassmannian kernels.
First, the kernel must be positive-semidefinite to allow its use in kernel machines.

Definition 1 (Positive-semidefinite kernel). Let X be a non-empty set. A symmetric function k : X x X — R

is called positive-semidefinite if, for any N € N, any choice of points x1,...,xnx € X, and any real coefficients
N N

Cls- 0N, we have 05—y 3 i cicik(xs, x;) 2 0.

Second, as we target kernels defined over subspace bases, they must be independent of the orthonormal bases
of V(k,n) used to represent the compared subspaces of G(k,n).

Definition 2 (Well-defined Grassmannian kernel). A well-defined Grassmannian kernel is a positive-definite
function k : V(k,n) x V(k,n) — R that measures similarity between subspaces of G(k,n) independently of
the bases chosen to represent them. Formally, given two orthonormal bases U,V € V(k,n), k satisfies

k(U,V)=k(UR,VR'), VYR,R €SO(k),
where SO(k) denotes the special orthogonal group in RF.

Finally, the kernel must not change if both compared subspaces are similarly rotated in R™ (Wong, [1967)).
Definition 3 (Rotational invariance). A Grassmannian kernel x : V(k,n) x V(k,n) — R s rotationally
invariant if, given any two bases U,V € V(k,n) of the subspaces P, Q € G(k,n),

#(U,V) = k(RU,RV), VR € SO(n).

A direct consequence of the rotational invariance is the following important fact.

Theorem 4. A rotationally invariant Grassmannian kernel k : V(k,n) x V(k,n) — R only depends on the
principal angles of the compared subspaces, i.e., given two bases U,V € V(k,n) of the subspaces P,Q €
G(k,n) and their k principal angles {0;}%_,, there exists a function f such that k(U,V) = f(61,...,0k).

This theorem is a direct consequence of (Wong, 1967, Thm. 3) (see also (Conway et al., [1996))).

Two examples of well-defined, positive-semidefinite, rotationally invariant kernels on G(k,n) are the projec-
tion kernel xP (Hamm & Lee} [2008) and the Binet-Cauchy kernel kB¢ (Wolf & Shashual, [2003). Given two
subspaces P, Q € G(k,n) related to projectors P, Q and bases U,V € V(k,n), respectively, both kernels
relate to their homonymous distances:

K‘p(U’ V) = ||UTV||%‘: k— dP(Pa Q)27 (2)
kBO(U,V) :=det(U" V)2 =1 — dpc(P, Q). (3)
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Both kernels are linked to a classical embedding of the Grassmannian manifold allowing us to prove that they
are psd, i.e., there exists an embedding ¢ : V(k,n) — R%, with a possibly very large dimension d, such that
the considered kernel k can be recast as k(U, V) = (p(U), $(V')). In particular, the projection kernel arises
as the Frobenius inner product between orthogonal projectors, corresponding to the projection embedding

P.UeV(k,n)— ¢P(U)=UU" € G(k,n), (4)

with d = n?. Similarly, the Binet-Cauchy kernel is given by inner product of the Pliicker embedding which
represents each basis of V(k, n) by its d = (Z) possible k x k minors (Harandi et al}2014). Such an embedding
is never constructed explicitly in practice due to its high computational costs.

Let us also mention that beyond these two standard kernels, a larger family of positive-semidefinite, rotation-
ally invariant Grassmannian kernels can be constructed by composing classical Euclidean kernels with the
projection or Pliicker embeddings. In particular, [Harandi et al.| (2014) show that applying radial basis func-
tion (RBF), Laplace, polynomial or binomial kernels to those embeddings yields well-defined Grassmannian
kernels. A great example is the projection RBF kernel

rrer(U, V) =exp (=[P — Q|%), with v >0, (5)

which depends only on the Frobenius distance between projectors and is positive-semidefinite on G(k,n). As
we show in Sec. the periodic kernel x° introduced in this work recovers this projection RBF kernel in
the small-frequency regime, thereby providing a random-feature approximation that naturally interpolates
between linear and RBF-type Grassmannian similarities.

In supervised learning with kernel machines, that is, when one must learn a given kernel model from N
instances {U;}Y; C V(k,n) of pre-computed bases of subspaces {P;}¥; C G(k,n) (e.g., from an initial
dataset of vectors), an N x N Gram matrix K with entries K;; := x(U,;,U;) must be constructed to
allow learning the model parameters. This involves a memory complexity of O(N?) as well as O(N?)
calls of the kernel function. However, from the closed form kernels xP and xBC€, each call has a respective
computational complexity of O(k?n), since U'V = (u/ v;)F ;= € R** involves k? inner products in R”,
and O(kn + k3) since computing the determinant of a k x k matrix has complexity O(k®). The total
complexity of computing the Gram matrix is thus of O(k*nN?) and O((k*n + k3)N?) for the projection and
the BC kernels, respectively. For large values of N, computing and storing the Gram matrix can thus be
challenging.

2.4 Random features for kernel machines

In supervised machine learning with kernel machines (such as kernel SVM or kernel regression (Bachl 2024))),
a well-established strategy to circumvent the issue of storing and computing full Gram matrices is the use
of random features (RF), introduced in the seminal work of [Rahimi & Recht| (2007)).

Given a d-dimensional data space X C R%, these methods involve building an explicit, m-dimensional random
embedding
YixeX —(x) e R™,

or feature map, such that, for any two samples x,z’ € X, the (scaled) inner product (or empirical kernel)
Rz, ') == L(p(x), (') is an unbiased estimator of a specific kernel function x(z, '), i.e.,

Er(z,2') = LE((2), v(2) = n(x, o).

T

For instance, the random Fourier features, defined by ¢ (x) = (exp(iw, x))’"

j—1, allows one to estimate, thanks
to Bochner’s theorem, the Gaussian or Laplacian kernels if the m frequencies (or probes) {w;}"™; C R? are
drawn i.i.d. from a Gaussian or Cauchy distribution, respectively (Rahimi & Recht} 2007; [Boufounos et al.|

2017; [Liu et all, 2022).

Once a random feature map is available, the learning algorithm can operate directly, with bounded errors, in
the labelled random feature space {(1/(z;), y;)}Y, C R™x Y (for some label space ))) of an N-sample labelled
dataset {(x;,y,;)}Y, C X x Y. This is possible if we can bound the deviation between the inner product
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(¥(x),v(x’)) and the kernel x(x, '), (e.g., with variance analysis or measure concentration tools (Vershynin,
2018)) either on a given sample pair or uniformly over all of them in (a subset of) X x X. Consequently,
random features turn non-linear kernel machines into linear learning methods eliminating the need to store
an N x N Gram matrix.

In practice, this shifts the cost from storing the full Gram matrix to storing the m-dimensional random
features of each instance instead of their raw representation. One must, however, store the m random
“probes” (i.e., vectors or matrices) used to compute ¢ to compute it on any new data, i.e., at inference time.
The challenge addressed in the next section is therefore to design fast random feature maps with reduced
storage, while preserving the Grassmannian geometry.

3 Linear random features over the Grassmannian

In this section, we present two linear random feature maps over subspaces of G(k,n), that enable us to
approximate the projection kernel kP between two subspaces (see Sec. . These two maps are inspired
by the compressive sensing of structured matrices (Candes & Plan| 2011; [Foucart), [2016)) and the context of
compressive covariance estimation from quadratic sampling (Chen et al., [2015)). As explained below, while
each of them has clear limitations, they define a benchmark from which we develop new random features in

Sec. [l

3.1 Dense random projections

One can first embed each k-dimensional subspace P € G(k,n) by projecting its projector P € G(k,n) onto
dense unstructured n x n random matrices. If P is known through a basis U € V(k,n), then projecting the
well-defined P = ¢P(U) = UU " (as well as any other function of P) respects the Grassmannian geometry.
Formally, this random projection reads

T: XeR™" = ¥(X)=((¥;,X))~, €eR",

where the n x n probing matrices ¥; have Gaussian entries i.i.d. as N'(0,1). Embedding elements of V(k, n)
can then be done by composing ¥ with the projection embedding ¢P, i.e., defining the dense random feature
map

Y =Top?:U cV(k,n) — U(¢pP(U)) € R™. (6)

Interestingly, when we consider two bases of two k-dimensional subspaces P and Q, inner products in the
space mapped by ¥ 9 are unbiased estimators of the projection kernel xP. Indeed, if U and V are their
respective n X k orthonormal bases, then, defining the empirical kernel (U, V) := L(p 4(U), v 4(V)),

ERWU,V) =5 S0 E(0P(U), ) (¥, 0P (V) = (9P(U), (V) = kP(U, V),

since E vec(¥;) vec(¥;)" = I,> by design.

One can also study how these inner products deviate from the projection kernel by invoking the compressive
sensing literature (Foucart| [2016). The mapping ¥ is indeed known to embed low-rank matrices into R™
with a controlled distortion on their Frobenius norms (Candes & Plan, |2011)). Given some distortion level
0 < & < 1 and provided m = O(6-2kn) (up to log factors), the mapping ¥ respects, with high probability,
the restricted isometry property, or RIP(d, R(k,n)), over the set R(k,n) of n x n rank-k matrices:

A =)IX[E < 5 IWX)E < A+0)|X[F VX €R(Ekn). (RIP)

|
m
The RIP allows us to reach a uniform approximation of the projection kernel xP through < with distortion
0k, as expressed in the following proposition.

Proposition 5 (RIP = uniform kernel approximation on G(k,n)). If the mapping ¥ : R"*™ — R™ respects
the RIP(6, R(2k,n)) for some distortion 0 < 0 < 1, then,

RY(U,V) - sP(U, V)| <k, VYU,V €V(k,n).
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Proof. Writing P = UU " and Q = VV'', by the polarisation identity, x?(U,V) = (P,Q) = (1P +
Ql%-1P-Q|%) and R4 (U, V) = (|| (P+Q)|3—|[¥(P—-Q)|3). Since ¥ respects the RIP over R(2k, n),
a set which includes the matrices P£Q, we get (U, V) < (P, Q)+ ([|[P+Q|*+[|[P-Q|?) < (P,Q)+kSd,
since | P||%= Q3= k and ||P + Q|7+ P — Q||7= 4k. We obtain the lower bound similarly. O

Having an approximation error bounded by dk instead of § in Prop. [5|is a severe limitation. From a rescaling
argument, if we rather target, with high probability, the uniform error

RYU,V) - rP(U,V)|< s, YU,V €V(k,n),

then ¥ must respect the RIP(6/k, R(2k,n)), which thus happens with high probability provided m =
O(572k3n). Consequently, the resulting feature map ¢ is not scalable in practice. First, each matrix
¥, € R"*" contains n? entries, globally requiring the storage of O(mn?) real numbers. Second, evaluating
each feature (¥;,¢P(U)) in (6]) costs O(n?) operations, so also a total of O(mn?) operations for the m
projections.

Consequently, evaluating ¢ 9 with m = O(§~2kn) components to estimate xP through A has memory and
computational complexities of O(6~2k3n?), which can be worse than a single evaluation of both xP and B¢
for small values of k < n.

3.2 Lighter random features with rank-one projections

There exists another random feature map with reduced computational cost and storage compared to dense
random projections and that respects the Grassmannian geometry. Given a subspace P of G(k, n) with basis
U € V(k,n), another random feature map %™, named rank-one projections (ROP) (Chen et all |[2015; |Cai
& Zhang, [2015; Delogne et al., [2023), can be built from a collection of rank-one random matrices A; = a;b;
defined with m Gaussian random vectors a;, b; ~ N(0,1,,), i.e.,

PP U eR™F  —  ¢™P(U) = ((Ai,¢"(U)) =a]UU b)) ;. (7)

Crucially, as for U, the feature map P, which is defined over ¢P, is invariant to the choice of basis U; it
depends only on the subspace P. Moreover, one can compute the components of ¢ ™P(U) with complexity
O(kmn) by computing all the k-dimensional vectors a; := U "a; and B, := U ' b;, 1 < i < m, with storage
and computational complexities O(kmn), and then evaluating all the inner products ¥,°?(U) = «; B, in

3
O(km) computations. This makes ROP both geometrically sound and computationally practical.

Interestingly, like for ¥ again, given two k-dimensional subspaces P, Q € G(k,n) with bases U,V € V(k, n),
the empirical kernel

RYOP(U,V) = o (P (U), 9P (V)), (8)
is an unbiased estimator of the projection kernel xkP(U, V). Indeed, we observe that
LE(rP(U), (V) = & 37, Eal ¢P(U)bib! ¢P(V)a; = & 37 E(a] 9P (U)$P(V)a,)
=L L tr(UU'VVT) = [UTV|3=sP(U,V),
where we used the cyclic property of the trace.

Unfortunately, while K™P can estimate kP on average, the quality of its estimation is low. This was already
stressed in (Chen et al., |2015; |Cai & Zhang), 2015) by observing that ¢ ™P cannot satisfy the usual RIP.
Indeed, each term of the sum composing mk™P has the same distribution as the random variable

Z:=(@'UU'b)(a"VV'b)=a'Ba'TF,

where a,b ~;i;q. N(0,I,) gives the projections « := U'a and B = U b onto U, and similarly for the
projections @’ and B’ onto V. This is mainly the product of four (correlated) Gaussian random vari-
ables. The random variable Z has thus distribution tails that are heavier than the sub-exponential random
variables (Vershynin, 2018]). As highlighted in Bong & Kuchibhotla (2023), this places our estimator in a
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sub-Weibull (with parameter 1/2) regime, where deviations are still controlled, but they decay much more
slowly than the exponential-type rates enjoyed by sub-exponential random variables.

Consequently, on any fixed subspace pair P, Q of G(k, n) with respective bases U,V € V(k,n), one can expect
that the empirical kernel K*P(U, V'), which amounts to averaging m i.i.d. copies of Z, will deviate from
a fixed bias from xP(U, V') with a failure probability decaying as exp(—cy/m). This is significantly slower
than the rate exp(—cm) reached in sub-exponential regimes, e.g., through RIP random matrices (Foucart,
2016); this also prevents us of approximating P uniformly over all subspaces of G(k,n) with a number of
projections m set to O(kn), the number of free parameters in any projector of G(k,n).

4 Bounded ROPs for Grassmannian kernel approximations

One can both remove the computational complexity and storage limitations of dense random projections
and the heavy-tailed distribution of rank-one projections by composing ROPs with a bounded, non-linear
function. Practically, given a bounded function g : R — K (with K equal to R or C), with |g(\)|< 1 for all
A € R without loss of generality, we apply it componentwise to the rank-one projection operator ¢ P, i.e.,
we define

Y9:U €V(k,n) — g(v™P(U)) e K™, (9)

This raises several central questions. First, which kernel x is reached in expectation by the empirical kernel
rRIU,V) = i@g(U),wg(V)), U,V €V(k,n).

Is it a valid kernel with respect to the Grassmannian geometry? And can we uniformly bound the related
approximation error between k9 and x97

Among the many possible choices of g, we focus on two specific examples. The first is the sign function,
g(A) = sign(A) equals to 1 if A > 0 and to —1 otherwise. It is inspired by the one-bit compressive sensing
literature (Boufounos & Baraniukl [2008; [Jacques et al.l [2013; [Foucart, |2016) and yields very light binary
random features 1)* := signo )™P with codomain in {£1}™, i.e., each subspace is encoded over no more
than m bits. The second is reminiscent of the random Fourier features (Rahimi & Recht, |2007) and applies
the complex exponential map, g(A) = exp(iwA) for some frequency w € R, to ¥ ™P, i.e., we define the periodic
random features ¢°(U) := exp(iwy*™P(U)) for any subspace P with basis U € V(k,n). We now study in
detail these two cases.

4.1 Binary random features over G(k,n)

To define the binary random features ¢* : V(k,n) — {£1}™, we thus set g(-) = sign(:) in (9), i.e., given the
m random vectors a;, b; ~;iiq. N(0,I,), with 1 <i < m,
P (U) = (sign(a:qﬁp(U)bi)) C . UeVkn). (10)

i=1

This provides the empirical kernel
RH(U,V) = (= (U),0*(V)),
and, given any pair of bases U,V € V(k,n), we are interested in the kernel

(U, V) :=E[(p=(U),y=(V))]. (11)

The binary codomain of ¢* offers the advantage of reducing the cost of storing and possibly transmitting
subspace random features: each of the m random features requires a single bit instead of a floating-point
number. This is especially valuable in settings where bandwidth or memory is constrained (e.g., embedded
devices or distributed systems). Moreover, binary vectors enable extremely fast bitwise operations, making
both storage and computation far more efficient than in the full-precision case.

Unfortunately, when k& > 1, there is no known closed form for x*. However, this kernel is valid as shown in
the following proposition.
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Proposition 6 (Validity of xk*). For bases U,V € V(k,n) whose subspaces form the principal angles
01,...,0k, the kernel k* is positive-definite, symmetric and only depends on these principal angles, i.e.,
KE(U,V) = f(61,...,0k) for some function f. Moreover, given g ~ N(0,1,),

K5(U, V) =1-2EL(¢P(U)g,¢"(V)g), (12)

with £(u,v) the angle between two vectors u and v.

Proof. By design, x* is obviously symmetric. Regarding its positive-semidefiniteness, we observe that, given
an arbitrary number of N elements U+, ..., Uy in V(k,n), with P; := UZ-UZT7 the Gram matrix K € RV*¥V
whose entries are K;; = k*(U;,U;) is such that for any ¢ € RV, ¢"Ke = E(¢'p)? > 0, with p € {£1}V
such that p; = sign(a ™ P;b).

Regarding the angular dependency of the kernel, since for any n x n matrix M each component of 1) P (M)
is distributed as @’ Mb, with a,b ~;;q4. N(0,1,,), by exploiting the rotational invariance of these random
vectors, we have

k*(U,V) = Esign(a' Pb)sign(a’Qb)
= Esign(a” RPR"b)sign(a’ RQR"b) = k*(RU, RV),

for any orthogonal matrix R € O(n). Therefore, from T hm k*(U, V') only depends on the principal angles
between U and V. Finally, the expression is a simple consequence of the arcsin law used in |Van Vleck
& Middleton| (1966, sec. 3, eq. 17) or Grothendieck’s identity in [Vershynin| (2018] Lem. 3.6.6), i.e., we show
easily that, by the law of total expectation,

k*(U,V) = E[sign (a' (Pb)) sign (a' (Qb))] = %Earcsin( b’ PQb ),

1P| Qb]]

which shows the result. O

While we do not know any closed form formula for k%, (12)) in Prop. |§| provides a noteworthy interpretation:
1 — k*(U, V) is proportional to the average angle made by the projections of a Gaussian random vector
on U and V. Interestingly, a similar concept was introduced in (Ji et al., [2015) where the angle §(U, V)
between U and V is defined as 6(U, V) = arccos (£ Zle cos?0;), a form of non-linear averaging of the
principal angles and the angular similarity between these two subspaces as £*™(U,V) =1 — %H(U, V).

Note that, in the specific case where k = 1, the kernel has, however, a closed form.

T

Proposition 7. For two vectors u,v € R" such that ||u|= ||v||= 1, with P = uu',Q = vv', and for

RE(U,V) defined as earlier, we have

2
Eff*(u,v)] = (1-2), (13)
where 0 is the single principal angle between P and Q (or more simply, the angle between w and v).

Proof. For k = 1, the projections of g ~ N(0, I,) onto the two subspaces are Pg = au and Qg = bv, where
a=wu'gand b =v'g are correlated Gaussian random variables with E[a] = E[b] = 0 and E[ab] = cos 6.
The angle between Pg and Qg is therefore 6 iff ab > 0 and 7 — 6 if ab < 0. Let p = P(ab > 0), then
E[L(Pg,Qg)] = 0p + (v — 0)(1 — p). On the other hand, since sign(a)sign(b) = 1 if ab > 0 and —1
otherwise, E[sign(a)sign(b)] = 2p — 1. For correlated Gaussians with correlation cos 6, E[sign(a) sign(b)] =
2 arcsin(cos ) = —% (see [Rose & Smith| (2002), p.230). Hence 2p —1 =1 — 2?9 and therefore p = 1 — %.
Substituting in the expectation above gives E£(Pg,Qg) = 6(1 — %) +(m— 9)% Inserting this quantity into
of Proposition@ we obtain £*(U, V) =1— 2EL(Pg,Qg) = (1 — 279)2. O
We now address the question of bounding the approximation error of k* relatively to x*. We can first
observe the following concentration phenomenon, i.e., a pointwise approximation error bound on a fixed pair
of subspaces.

10
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Proposition 8 (Pointwise approximation error of k* by K*). Given a pair of subspaces in G(k,n) with
bases U,V € V(k,n), the m-component binary random feature map ¥* in (@ related to m i.i.d. Gaussian
random vectors aj,b; ~ N (0,1I,), and an error § > 0, we have

P(|L (p*(U),*(V)) — 62U, V)| < §) > 1 — 2exp(—Limd?).

Proof. The proof is a direct application of Hoeffding’s inequality (see e.g., (Vershyninl 2018)) since given the
random variables
X; = sign(ajTij)sign(ajTij), 1<j<m,

all X;’s are i.i.d., bounded, and E[f*(U, V)] =E> "L, X;/m = x*(U,V). O

Second, we can show that K* provides a uniform approximation of k* over all subspace pairs in G(k,n).

Proposition 9 (Uniform approximation error for K * ~ k*). Let § > 0 and C,C’, ¢ > 0 be absolute constants.

If

2

m > Co*nklog({s),

then, with probability exceeding 1 — C’ exp(—cé?m),

sup [R¥(U,V)—-x*(U,V)| = sup \%(wi(U),wi(V» —kE(U,V)| <4
U,veV(k,n) U,veV(k,n)

The proof of this proposition is postponed to App.[A] It requires some specific tools to tackle the disconti-
nuities of the map *.

Prop. |§| thus shows that having a binary feature map ¥* with m = O(kn) components, i.e., with m greater
than the intrinsic dimension of each subspace of G(k, n), allows us to approximate, with high and controlled
probability, the expected kernel k* of k-dimensional subspaces by the empirical kernel k* reached by mere
inner product of the random features of the two subspaces.

4.2 Periodic random features over G(k, n)

The second bounded function that we are going to apply to the ROP operator ¢ *°P is the complex exponen-
tial, i.e., g(+) = exp(iw-) for some frequency w € R. The resulting periodic random feature map 1° = gow) P
is reminiscent of the random Fourier features from [Rahimi & Recht| (2007) composing random projections of
vectors with a periodic non-linear function; given the m random vectors a;, b; ~ii.q. N(0,1,), 1 <i < m, it
is defined as m
Yo (U) = (exp(iw a;'—qSP(U)bi))‘ v U eV(k,n). (14)
i=
One can then show that the empirical kernel &° := -L(1)°(U),°(V')) between two k-dimensional subspace
bases U,V € V(k,n) is an unbiased estimator of the following kernel.

Proposition 10 (Validity of k°). Given U,V € V(k,n), with principal angles 61, ..., 0k between them, and
1° defined as above, the kernel k° is positive-definite, symmetric and only depends on the principal angles
between the two subspaces U and V. Moreover,

k(U V) :=ER°(U,V) = [[;_;(1 +w?sin?0;)" L. (15)
Proof. The symmetry and positive-semidefiniteness of x° are proven similarly to the one of k*. Regarding

the dependence of k° to the subspace principal angles, we first note that, given U,V € V(k,n) and the
random vectors a, b ~;i;q. N(0,I,),

k°(U,V)=E&°(U,V) = Eexp(iwa' (P — Q)b),

with the projectors P = UU' and Q= VV . The rotational invariance of the random vectors a and b
thus shows that x° is rotationally invariant, i.e., k°(U, V) = k°(RU, RV'), for any rotation R € SO(n).
From Thm k°(U, V) only depends on the principal angles between U and V. Moreover, following |[Conway

11
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et al| (1996), we can always apply a rotation R such that U and V are “rotated” to make angles +6,/2
around the identity, i.e.,

UT = (Cv Sa 0k><n—2k) € kan, ‘/—r = (C, 7570]0(”_2]6) c ka’ﬂ7
with C = diag (cos(01/2),...,cos(0;/2)) and S = diag (sin(01/2),...,sin(0x/2)).

Using this representation, a few computations show that, up to a permutation matrix IT € {0,1}"*" P —Q
is block-diagonal with k independent 2 x 2 blocks, i.e., P — Q = II' 11, with

I‘::bdiag<sin01 ((1) é),sin%(? é),...,sin&k <(1) é),O,...,O)GR”X",

where we append as many zeros as necessary to get an n X n matrix. Since the distribution of the vectors
a and b is permutation invariant, a' (P — Q)b is distributed as a'T'b, so that k°(U,V) = Eexp(ia'T'b).
However, since a ' I'b = Z§:1 sin @a;(ag;ba11 + azj4+1b2;), we get from the independence of the components
of a and b,

(U, V)= H?ZlEexp(iagjbng sin 6;)E exp(iby;jag,+1 sinb;)
— IT5_, (Eexp(isin8,g9'))?,

with g, ¢" ~i.i.q. N(0,1). Defining u = (g + ¢')/V2, v = (g — ¢')/\/2, we observe that gg’ = 3 (u? — v?) with
independent u,v ~ N(0,1), i.e., 2gg’ is the difference of two independent y2-distributions with one degree
of freedom. Since for any t € R Ee™X = (1 — 2it)~1/2 if X ~ x2, we obtain for any o € R,

Eexp(iagg’) = (1 —ia) " Y2(1 +ia)~ Y% = (14 a?)~ /2.

Meaning that, k°(U, V) = H?Zl (E exp(iw g¢’ sin Hj))2 = H?Zl(l +w?sin? 0;) 1, which completes the proof.
O

Remark 11. While the periodic random feature ° defined in is complex, the resulting kernel k° is
real, i.e., the imaginary part of k° vanishes in expectation. Moreover, we show easily that the 2m-component
periodic random feature map

@)= (5000 (10
provides also an unbiased estimator of k°(U, V) via =(°"(U),v° (V) since
(' (U), 4" (V)) = R[{y°(U), v°(V))].

Just like we did for k* we now consider the approximation error we make by replacing k° by K°. We
first study a bound on the pointwise approximation error, i.e., the absolute error made on a fixed pair of
subspaces.

Proposition 12 (Pointwise approximation error of xk° by K°). Given two subspace bases U,V € V(k,n),
the m-component periodic random feature map ° in and related to m i.i.d. Gaussian random vectors
a;,bj ~N(0,1,), and an error § > 0, we have

m

P(12(0°(U), 9°(V)) = (U, V)| < §) > 1 — dexp(—1md?).
Proof. Defining the m i.i.d. complex random variables X; := ¢°,(U)y°;(V), for 1 < j < m, we have
mk°(U, V) =3 X;, me®(U, V) =31 EX; and
Pllr°(U, V) = r*(U,V)|> 4]
<Pl X0 RXG) = Re2(U, V)2 6/V2 + Pl Y08, S(XG) — k(U V)[= 6/v2].
Since max(|R(X,)|, |S(X;)|) < 1, Hoeffding’s inequality provides
Pllo5 20, R(X;) — Re°(U, V)[= 6/v2] < 2exp(—3md?),

and similarly for the imaginary part. Gathering the bounds provides the result. O

12
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Armed with these results we can now attack the uniform bound in the same way as we did for k*. The
statement and the proof follow a very similar pattern.

Proposition 13 (Uniform approximation error for k° & k°). Given a distortion § > 0, and some absolute
constants C,C",c > 0, if
m > C6 >nklog(wVkn/é),

then
sup |R°(U,V)—kr°(U,V)|= sup
U,vVev(k,n) U,Vev(k,n)

= (e (U),4°(V)) = w°(U, V)| <6
with probability at least 1 — C" exp(—cd?m), for some absolute constant c,co > 0.
Proof. The proof for this proposition is delayed to appendix [B] O

We conclude this section by studying the shape and properties of the kernel £° and its dependence to the
frequency parameter w; in particular, we show below that this parameter determines two specific regimes
where x° is either close to the projection kernel or to a kernel that is reminiscent of the Binet-Cauchy kernel.
The first regime is valid at large frequency.

Proposition 14 (Large-frequency regime of k°). Let us consider two subspace bases U,V € V(k,n) with
projectors P and Q and principal angles 0 < 01 < --- < 0p < 5. We have

limey—s 400 w2k k2 (U, V) =[]

b (sin20,) L = pdet(P(I, — Q)P)".

Proof. This is a direct consequence of . O

Interestingly, one can relate the shape of k° in this large-frequency limit to an extension of the Binet-Cauchy

kernel. Generalising this kernel to subspaces U; and U, of different dimensions (k; and ko, respectively)

and principal angles {02-};211(161’@), through the definition

. 2%k L in(ky,k 2 nr
limg, 400 w**k°(U, V) := szl( 1R2) cog 07,

we get, under the conventions of Prop. [14] and if k < n/2,
KU, V) = s, V)T

since U and V' then make k principal angles {50, };‘le (Mandolesi, 2021} Knyazev & Zhu, [2012). Following
a previous interpretation, this shows also that, in this regime, the kernel x°(U, V') is inversely proportional
to the volume made by the basis U when projected onto V.

The second regime is reached at small frequency. We show below that x° then mimics a radial basis function
(RBF) kernel (see Eq. (f)).

Proposition 15 (Small-frequency regime of k°). Let us consider two subspace bases U,V € V(k,n) with
projectors P and Q. We have

|5°(U, V) — exp (— 3w?||P — Q[3)] < 2w'|P — Q% < kuwt.

Proof. Given the two subspace principal angles {9]-}?:1, since logk®°(U,V) = — Z?:l log(1 + w?sin? 6;)

and [log(1 + t) — t|< t2/2 for any t > 0, we get |logr°(U,V) + w? 2?21 sin? 0;|< Fw* 25:1 sin 0; <

twt Z§=1 sin? @;. Therefore, since |e* — e¥|< max(e¥, e¥)|u — v| for real u and v, we get
|k°(U, V) — exp(—w? Z?zl sin? 6;)] < 1wt Z?:l sin? 0;,

where we used the fact that, by design, x°(U, V) < 1, and exp(—w? Zle sin? @;) < 1. The result is obtained
by observing that 2 Z?Zl sin?0; = |P — Q|%. O

13
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In summary, Props. [L4] and [15| show that k° can adopt two distinct behaviours: at large frequency (w > 1)
k°(U,V) is related to a variant of the Binet-Cauchy kernel between U and the orthogonal subspace v+t
it is also more sensitive to small changes in the subspace principal angles. By contrast, at low-frequency
w, k° is well approximated by a RBF kernel in the projection distance |[P — Q||r. This gives a function
more tolerant to small variations of angles. These characteristics are numerically confirmed in Sec. 8]
when comparing 2-dimensional subspaces. In practice, choosing w amounts to trading off sensitivity to fine
geometric variations against stability.

5 Computational and memory complexity analysis

The rapidity and efficiency with which we compute the two random feature maps ¢* and 9° (introduced in
Sec. [4)) on subspaces of G(k,n) depend on those of the ROP projection operator ) ™P.

A priori, when we compute the m-component ROP ¢ ™P(U) of a subspace basis U € V(k,n), each compo-
nent 1 < j < m of ¥ ™P requires storing O(n) values from the random generation of the probing vectors
aj,b;j ~iiqa N(0,I,). It also needs O(kn) operations from the cost pf computing ajTUUTbj from the
inner product of a; := UTaj and l_)j = UTbj. This way of factoring the computation also requires storing
O(km) intermediate values, those from the k-component vectors a; and Bj, and an additional computational
complexity O(km) for the intermediate inner products evaluation. Consequently, the projection of one sub-

space into R™ through 1 ™P needs a total storage of O(mn + km) values and a computational complexity of
O(kmn + km) = O(kmn).

Regarding the complexities of 1% and 1°, considering that evaluating their respective non-linear functions
brings negligible extra computations, we established through Props. [ and that we must take m =
O(6~2kn) random features, up to log factors, to ensure that the approximation error of the target kernels is
uniformly bounded by § > 0. The overall memory complexity of * and ¢° is thus O(6~2(kn? + k*n)) with
a computational complexity of O(§~2k%n?).

Overall, for large values of k and n, these complexities are smaller complexities than those of the dense random
projections ¥ introduced in Sec. Since dense random projections require us to pick m = O(6§~2kn)
projections to approximate the projection kernel with uniform error §, they have a complexity O(5~2k3n?)
for both storing the m probing matrices of size n? and computing the m dense projections.

Nevertheless, the computational and memory complexities of ¥ "™P may still be large for large datasets of
subspaces in high dimensions.

6 Faster random features over G(k,n)

A specific line of work has shown that random projections of vectors performed by dense random matrices can
be replaced by compositions of fast orthogonal transforms and random diagonal sign matrices, creating vec-
tors that behave similarly to i.i.d. Gaussian vectors at a lower computational cost. Examples include the Fast
Johnson—Lindenstrauss Transform (Ailon & Chazelle, |2009)), the Fastfood construction for random features
(Le et al., 2013), the BCH-code based JL embeddings (Ailon & Liberty}, |2009), Orthogonal Random Fea-
tures (Yu et all |2016)), or Hadamard blocks for compressive covariance sketching (Vayer et al.,[2023]). While
differing in detail, these methods share a common leitmotif: a small number of random diagonal matrices
mixed with fast transforms (Hadamard or Fourier), sometimes organised in blocks to generate large numbers
of structured random vectors. In particular, the use of a small number of successive Hadamard—diagonal
compositions has been studied explicitly in the context of structured random projections, with theoretical
and empirical evidence that as few as three such blocks already yield distributions close to Gaussian (Bojarski
et al.l |2017; |Choromanski et al., [2016)).

We decide to adapt this philosophy to rank-one projections of low-rank matrices (obtained from low-rank
subspace projectors) by adopting the method proposed in (Choromanski et al., 2016} [Yu et al.| [2016; [Vayer
et al., [2023). Mathematically, given a subspace basis U € V(k,n) (with projector P = UU ') made of
k orthonormal vectors U = (ui,...,ux), defining 7" = [m/n], we pick the m probing vectors {a;},

14
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and {b;}7-, involved in ¢"P(U) as the m first columns of two n x Tn matrices G := [Gy,...,G] and

G = [GY,..., G/, respectively. Each n x n matrix Gy, G}, 1 <t < T, are i.i.d. as the random matrix G
whose distribution is defined by the following S-factor generative model:

G = n [}, (diag(e;)H), withe,... €5 ~iia. €, (17)

with the normalised Walsh-Hadamard matrix H € {+1/y/n}"*" N O(n), and € an n-length Rademacher
random vector with entries i.i.d. as #(£1). The normalisation /n in ensures that the columns of G
have squared norm n, which is also the expected squared norm of a Gaussian random vector in R™.

For small values of S (typically S = 3), picking m columns of G (or é/) is known to generate an n x m
matrix W' with similar properties to an n x m Gaussian random matrix, e.g., W satisfies the Johnson-
Lindenstrauss lemma with high probability (Ailon & Liberty} 2009).

Thanks to this specific design of the ROP probing vectors, to project the subspace U, we first compute, for
1<i<k,

(afu)fey = S(G w), (b w7y, = S(G Twy). (18)

J J=1-
with § € {0,1}™*T™ the selection matrix extracting the first m components of any vector in R7™. From
the structure of G and G and the use of the fast (butterfly) Walsh-Hadamard transfor computing
éTui and E/Tul- forall 1 <i<kin requires O(SkTnlogn) = O(Skmlogn) operations, and storing
O(SkTn) = O(Skm) Rademacher components (from (7)) as well as the storage of the O(km) intermediate
values computed in . The final multiplication by S has negligible complexity.

Next, we form the fast, structured ROP operator
k m
P(U) = (Z a}“i“%j) 4
i=1 I=

= (ajuuTy)

which needs an extra O(km) operations.

The whole computation of 15" (U) requires a total storage of O(Skm) values, and a total computational
complexity of O(Skmlogn) operations. In practice, we find that using more than S = 3 provides no
significant gain. This empirical observation is consistent with the findings in (Yu et al., |2016, Equation 5)
or [Vayer et al.| (2023, Section 3.1), where triple Hadamard blocks are shown to be sufficient for sketching
covariance matrices.

Therefore, considering that S = (1), and assuming that the results of Props. |§| and still hold when
* and 1° rely on ¢ P if we take m = O(6~2kn) random features (up to log factors) to ensure that the
approximation error of the target kernels is uniformly bounded by ¢ > 0, we can state that the computation
of both type of random features, binary or periodic, requires a total storage of O(6~2k?n) values, and a total
computational complexity of O(§~2k%*nlogn) operations.

We summarise the computational and memory costs of the various random feature maps introduced so far
in Tab. [

7 Related Works

Representing data through low-dimensional subspaces is a well-established method. It arises naturally in
applications such as representing images invariant under different illuminations (Basri & Jacobs| 2003),
motion segmentation (Rao et al. 2010), and dynamic subspace modelling (Liu et al) 2013; McGonigle
& Peng) 2021} Jiao et al., 2018]). In such settings, the object of interest is not individual samples but the
subspace they span, leading naturally to the Grassmannian manifold G(k,n) as the underlying representation
space.

IWe used the implementation developed for (Andoni et al[2015) and available at https://github.com/FALCONN-LIB/FFHT.
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Random feature | # of features m Memory Computation | Error bound | Target kernel
Dense ¥ O(5~2k3n) O(§72k3n?) O(5~2k3n?) Prop. [5 Proj. kernel kP
Binary ¢* O(672kn) O(572(kn? + k2n)) | O(67%k*n?) Prop. [9 New kernel: x*
Periodic ¢° O(672kn) O(572(kn? + k2n)) | O(672k*n?) Prop. (13 New kernel: x°
Structured (D ¢*') | O(672kn) (assumed) | O(6~2kn) O(672k?nlogn) | (assumed) Various: k*, k°

Table 1: Computational and memory complexities per instance for k-dimensional subspaces of R™ to get a
uniform approximation error § > 0 between the empirical kernel and the related target kernel.

Early supervised classification methods for subspace-valued data relied on nearest-subspace algorithms, no-
tably the CLAFIC approach of [Watanabe et al.| (1967); Watanabe & Pakvasal (1973)), which represents each
class by a reference subspace and assigns labels by projecting new instances into the reference subspaces.
More recent works embed subspaces into Euclidean spaces allowing efficient nearest-neighbour search. In
particular, Basri et al.| (2011) and |Ji et al.| (2015) propose deterministic and binary embeddings based on
vectorised projection matrices, approximately preserving the projection distance and enabling scalable clas-
sification.

Beyond distance-based methods, Grassmannian kernel machines are powerful tools for learning from subspace
data. Classical kernels defined through principal angles have been extensively studied in [Harandi et al.
(2014). While effective, these kernels suffer from poor scalability, as kernel-based learning requires forming
and storing an N x N Gram matrix, which quickly becomes prohibitive for large datasets (Rahimi & Recht,
2007]).

Several works have addressed this limitation through randomised representations. A first line of work ap-
plies random projections to vectorised projection matrices, relying on the Johnson-Lindenstrauss lemma to
provide guarantees for control distortion (Basri et al., 2011; \Ji et all [2015). A complementary approach,
analysed in |Li & Gul (2018]), directly projects subspaces using dense Gaussian operators to embed G(k,n)
into a lower-dimensional Grassmannian G(k,m) while approximately preserving pairwise distances. Al-
though theoretically appealing, these approaches rely on dense random matrices and incur O(n?) storage or
computation costs, limiting their applicability in high dimensions.

Binary and quantised measurements have also been explored for subspace estimation and search. In Wang
et al.[(2013]), the authors propose a Grassmannian locality-sensitive hashing (LSH) scheme based on random
one-dimensional subspaces, resulting in binary codes that preserve neighbourhood structure for approximate
nearest-subspace search. More recently, |Chi & Ful (2017) introduce a simple sensing framework for recov-
ering a principal subspace from binary measurements, demonstrating that accurate subspace estimation is
possible without transmitting full data vectors. These works highlight the effectiveness of random angular
comparisons and quantisation, though their focus lies on retrieval or subspace recovery rather than kernel
approximation.

Closest in spirit to the present work is Wang et al.| (2018) who propose random projection operators for fast
nearest-subspace search, probing subspaces using random directions to construct compact summaries. While
conceptually related to our use of random rank-one projections, their goal is efficient retrieval rather than the
construction of random features whose inner products approximate Grassmannian kernels with theoretical
guarantees.

In contrast to existing approaches, we combine kernel methods with carefully designed rank-one random
projections to construct scalable random feature maps for Grassmannian data. Building upon preliminary
binary sketching ideas introduced in [Delogne & Jacques (2025), we develop bounded random feature con-
structions that yield well-defined, positive-definite Grassmannian kernels depending only on principal angles,
and establish uniform approximation guarantees. These properties allow kernel-based learning on subspaces
at a computational and memory cost that scales linearly with the ambient dimension, enabling practical
large-scale applications.
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Figure 2: Top: geometry of the periodic Grassmannian kernel ° for k = 2 for various w. Bottom: comparison
between the projection, Binet-Cauchy and sign kernels (all normalised to [0,1]) with k& = 2.

8 Experiments

In this section we demonstrate experimentally the results developed in theory in the previous section. We
start with some experiments to confirm the results in expectation of our kernels. We then give a basic
analysis of the efficient random embedding methods introduced in section 6] Finally, we demonstrate on a
real dataset how our kernel approximations can be used in a real setting.

8.1 Analysis of kernels

We first illustrate the geometry of the periodic Grassmann kernel in the simple case k = 2. Using the closed
form expression, we evaluate x° on a uniform grid of principal angles (01, 0) € [0,7/2]? and display the
resulting 200 x 200 heatmaps for three values of w € {0.1,1,10}.

We also execute the same experiment using the exact projection kernel P, the Binet-Cauchy kernel B¢
and the empirical sign kernel k*, evaluated with the formula of Prop. [6] The corresponding heat maps are
illustrated in the lower row of Figure 2] We see that all four kernels share the property of being large when
the principal angles are small but their behaviour varies slightly as shown by the level curves. x2€ and x°
with large w show more sensitivity for small angles, kP, k* and x° with reasonable w are well spread, and
k° with small w shows a lot less sensitivity to large angles. This confirms that x° gives a trade-off between
a locally and a globally sensitive similarity metric on G(2,n).

8.2 Analysis of the structured embedding

In this experiment, we investigate how the depth S of the structured Hadamard—diagonal sketch influences
the behaviour of individual rows of the resulting random projection matrix. For a fixed dimension n and
a fixed row index j, we consider the random vector u = \/ﬁe;rG, where G is generated according to the
model in , and e; denotes the j-th canonical basis vector of R". For increasing values of the number
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Figure 3: Top: Empirical distribution of a row of the structured Hadamard—diagonal sketch for increasing
numbers of Hadamard blocks S. Bottom: Q-Q plots comparing the row-wise distribution to a standard
Gaussian.

of Hadamard blocks S, we examine the empirical distribution of the entries of w, which corresponds to the
distribution of the coefficients of a single row of the structured sketching matrix.

Figure [3[ shows both the empirical histograms of the row entries (top) and the corresponding Q-Q plots
against a standard Gaussian (bottom). For S = 1, the distribution is clearly non-Gaussian. As S increases,
the empirical distributions progressively smooth out and become increasingly symmetric, while the Q-Q plots
approach the identity line. Already at S = 3, the row-wise distribution closely matches a Gaussian.

These observations empirically support the use of S = 3 Hadamard-diagonal blocks to generate structured
random projections with an approximately Gaussian distribution. This corroborates earlier findings on
structured matrices (Choromanski et al., 2016; Bojarski et al.2017). In all subsequent experiments, we will
therefore fix S = 3 unless otherwise stated.

8.3 ETH-80 Classification

We evaluate our methods on the ETH-80 dataset, which consists of 80 objects grouped into 8 superclasses
(e.g., apple, car, cow), each object being captured from 41 viewpoints under moderate illumination variations.
Figure [4] illustrates the hierarchical structure of the dataset, with multiple images per object and multiple
objects per superclass. All images are resized to 32 x 32 pixels, converted to greyscale, so that n = 32 x 32 =
1024.

Throughout this section, we will work under the hypothesis that each object can be assumed to lie in a
k-dimensional linear subspace of R™. Given a collection of images for a given object, we stack them into a
data matrix X € R"*"i and extract an orthonormal basis U € R™** by retaining the k leading left singular
vectors of X. Unless otherwise stated, we fix £k = 9, in line with the empirical observations reported in

et all, 2015)

We consider two classification settings of increasing difficulty. In the first one, superclass (8-way) classifica-
tion, each object is represented by a single subspace, but labels are given at the superclass level. This setting

18



Under review as submission to TMLR

Superclass 1

Figure 4: Structure of the ETH-80 dataset

results in a small number of subspaces and is useful to assess the approximation quality of the proposed
approximated kernels. In the second one, object (80-way) classification, each object constitutes its own class.
To increase the number of available subspaces and stress the computational aspects of kernel evaluation,
multiple subspaces are generated per object by subsampling images.

For both settings, we compare the exact projection kernel xP to its random approximation & ™P, evaluate
the binary kernel kK * (for which we do not have a closed-form x* available), and compare the periodic kernel
K ° to its exact version k°. All experiments are further repeated with the structured variants of the rank-one
projections introduced in Sec. [6}

8.3.1 Superclass (8-way) classification

In this first setting, we perform superclass classification on ETH-80, following a similar experiment as
. Each object is represented by a single k-dimensional subspace, while labels are assigned at
the superclass level. For each superclass, we randomly select 7 objects for training and 3 for testing. This
makes a total of 56 training subspaces and 24 test subspaces. Subspaces are constructed as described above,
keeping k£ = 9 dimensions. Test subspaces are built independently from the corresponding test objects.

We begin by evaluating the exact projection kernel kP and the exact periodic kernel x°, both of which reach
perfect classification accuracy on this task. This confirms that the problem is well suited to subspace-based
representations and kernel methods. We then replace these exact kernels with their approximated versions
using both unstructured and structured variants.

To compare embedding sizes across methods, we show the results as a function of the oversampling ratio
defined as p = [, where m denotes the embedding dimension. Small values of p correspond to compressed
representations, p =~ 1 to embeddings of comparable size to the original basis, and p > 1 to overcomplete
embeddings. In the following experiments, we focus on p = 0.05 and p = 0.20, which already provide good
accuracy results.

Figure [5a] shows the classification accuracy as a function of p, while Tab. [2] summarises runtimes and ac-
curacies for the two selected values of p. As expected, increasing p improves the accuracy of all random
embedding methods, with unstructured embeddings converging quickly towards the performance of the ex-
act kernels. Structured embeddings show the same behaviour, although requiring larger embedding sizes to
reach similar accuracy, but with more compact representations.

From a computational perspective, this setting is too small for random embeddings to fully show their
strength. With only 56 training subspaces, exact kernel computation is already fast, and unstructured
embeddings do not yet accelerate the procedure. Structured embeddings are consistently faster than un-
structured ones, but the overall gains remain modest in this setting. This experiment is therefore primarily
a validation of the approximation behaviour of the proposed kernels. The computational benefits of random
embeddings will become apparent when the number of subspaces increases, as shown in the next section.
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Figure 5: ETH-80 superclass classification: (a) unstructured embedding and (b) structured embedding.

‘ Method ‘ p ‘ Total time (s) ‘ Accuracy (%) ‘
Exact kernels (no embedding)
Projection kernel xP — 0.2633 100.00
Periodic kernel x° — 0.2381 100.00
Random embeddings at two oversampling ratios
ROP 0.05 / 0.20 | 1.3211 / 5.3102 98.12 / 99.79
Binary ROP 0.05 /0.20 | 1.3211 / 5.3111 93.12 / 96.04
Periodic ROP 0.05 / 0.20 | 1.3240 / 5.3145 93.54 / 93.75
Structured 0.05 / 0.20 | 0.1046 / 0.1963 94.79 / 93.54

Structured Binary 0.05 / 0.20 | 0.1048 / 0.1972 92.29 / 96.46
Structured Periodic | 0.05 / 0.20 | 0.1055 / 0.2025 94.79 / 93.54

Table 2: Superclass classification. Total time includes embedding computation and SVM training/evaluation.
Results averaged over 20 runs with different random embeddings.

8.3.2 Object (80-way) classification

We now turn to the object classification task, in which each individual object constitutes its own class. This
setting is significantly more complex, both in terms of classification difficulty and computational cost, and
is well-suited to highlight the advantages of the approximated kernels.

For each object, the 41 images are randomly split into 28 training images and 13 testing images. From
the training images, we randomly select 15 images to construct a k-dimensional subspace, keeping & = 9
dimensions. This procedure is repeated 10 times per object, yielding 10 training subspaces in G(9,1024) for
each of the 80 objects. At test time, a single subspace per object is built from the remaining 13 images,
still with & = 9. This ensures that no test image contributes in any way to the construction of the training
subspaces.

As in the previous setting, we first evaluate the exact projection kernel kP and the exact periodic kernel x°.
While both kernels achieve strong classification performance, the cost of computing the corresponding kernel
matrices now becomes substantial due to the large number of subspaces involved, with computation times
close to one minute under our experimental conditions.

We again evaluate the approximated versions of these kernels, using both unstructured and structured
embeddings. Classification accuracy as a function of the oversamplingratio ratio p is shown in Fig. [0 with
unstructured embeddings shown in Fig. [a] and structured embeddings in Fig. [fb} Runtimes and accuracies
at the same oversampling ratios p = 0.05 and p = 0.20 as in the superclass setting are summarised in Tab.

The accuracy trends are consistent with those observed previously: increasing p improves performance for
all random methods, although larger embedding sizes are required in this more complex setting to approach
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Figure 6: ETH-80 object (80-way) classification: (a) unstructured embedding and (b) structured embedding.

‘ Method P ‘ Total time (s) ‘ Accuracy (%) ‘
Exact kernels (no embedding)
Projection kernel <P 52.8856 98.75
Periodic kernel x° — 58.7874 90.00
Sketched methods at two oversampling ratios
ROP 0.05 / 0.20 | 24.1868 / 85.2087 | 84.19 / 94.06
Binary ROP 0.05 / 0.20 | 24.2049 / 85.2449 | 72.25 / 91.75
Periodic ROP 0.05 / 0.20 | 24.3763 / 86.4142 81.38 / 92.31

Structured (HDHD) | 0.05 / 0.20 | 1.8729 / 4.0203 | 83.00 / 92.38
Structured Binary 0.05 /0.20 | 1.8925 / 4.0837 72.13 / 91.25
Structured Periodic | 0.05 / 0.20 | 1.9967 / 5.2383 83.00 / 92.38

Table 3: Sub-class classification. Total time includes sketch computation and SVM training/evaluation.
Results averaged over 20 runs with different random sketches.

the accuracy of the exact kernels. Unstructured embeddings eventually get to the performance of the exact
projection kernel, but at the cost of increased computation time, which can exceed that of the deterministic
kernels.

In contrast, the structured embeddings reach excellent classification accuracy while being substantially faster
than the exact kernels. In particular, for p = 0.05 and p = 0.20, structured embeddings run much faster
compared to exact kernel computation. This experiment clearly demonstrates the computational advantages
of structured random embeddings in large-scale Grassmannian kernel methods.

9 Conclusion

In this work, we proposed random feature methods for approximating Grassmannian kernels, both from the
theoretical and computational standpoint. We started from the observation that dense random projections
are impractical in high dimensions due to their memory and computational costs and introduced asymmet-
ric rank-one projections (ROP) as a lightweight alternative for constructing kernel approximations on the
Grassmannian manifold.

Since ROP measurements have heavy tails, we combined them with bounded non-linear functions to obtain
stable kernel estimators with controlled concentration. We first focused on the sign function that led to a
compact representation with statistical guarantees, although it does not admit a closed-form expression for
the associated kernel. We also discussed how the complex exponential function yielded a new closed-form
Grassmannian kernel. For both constructions, we provided approximation guarantees with explicit control
of the probability of failure uniformly over all pairs of subspaces.
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We further demonstrated the practical relevance of these random embeddings through experiments on a
real-world image dataset. Both the basic ROP and its sign and periodic variants achieved high classification
accuracy using embeddings as small as 5% of the original subspace representation size. Using structured
random mappings enabled additional computational gains while preserving accuracy, making these methods
particularly well suited for kernel-based classification with random features in large-scale settings.

Several directions are still open for future work. From a theoretical perspective, a better understanding
of the empirical results for unbounded ROP despite its heavy-tailed nature would be of interest, as would
the study of alternative bounded non-linear functions leading to potentially new kernel approximations.
The structured embedding strategy also calls for a dedicated theoretical analysis to better characterise its
performance. Finally, optical computing offers another promising way to further accelerate these random
projections by implementing Gaussian-like rank-one measurements directly in hardware (Saade et al., |2016)).

A Proof of Prop. 9

Since ¥* = signo 1 P is discontinuous, it is not straightforward to prove a uniform bound on the error of
the approximation £ * ~ k*, i.e., Prop. [0} We thus need to study the stability of ¢* in different ways, e.g.,
we need to know the probability that it could be discontinuous within a small neighbourhood. Let us first
observe what is the stability of a related random mapping applied to vectors, i.e., € R" + sign(a'x).
Lemma 16. Let Co(u) = {x € R" : L(x,u) < a} be a cone of azis uw € S"~! and half aperture 0 < a < 7.
Given the random map 1 : * € R v sign(a'x) with a ~ N(0,1,,), we have P[yp ¢ CO(Co(u))] = 1 if
a>m/2 and

Pl ¢ CO(Ca())] < \/2(tano)yii, if0<a<n/2

where CO(S) denotes continuous functions on a set S.

Proof. The proof is adapted from (Tachella & Jacques, Corollary 12). We first observe that 1 is discontin-
uous over C,(u) iff |a"u|< €||a| with € := sina. Therefore, by the rotational invariance of the Gaussian
distribution we can choose u = (1,0,...,0)" and the probability above amounts to computing

2

2
p=Pla1 < 2all?) = Pla} < 19y (a3 + ...+ a2)] = EePla? < 1y €l€].

where £ ~ x?(n — 1) is independent of a;. This gives

2
Pla} < roeny€lé] < /2 r VE = /2 (tan o) VE
Observing that E¢v/€ < /Ee& < v/n— 1 < y/n by Jensen’s inequality gives the result. O

For this result, we can show that, when the projectors of two subspaces are close in Frobenius norm, each
component of the binary random features related to 1* coincide with high probability.

Lemma 17 (Local stability of the binary embedding). We consider the subspace P* € G(k,n) and the
random vectors a,b ~ N(0,1,). Define the map ¢ : M € R™ ™ s sign(a' Mb), the ball BY (M*) =
{M € R™™™ . |M — P*||p< €} of radius € > 0 and centred on M* € R™ ™ and the neighbourhood
N(P*) :=BE(P*)NG(k,n). Then,

P[3P.Q € N.(P) : i(P) # ¥(Q)| = P ¢ CON.(P"))| < 4zthel .

Proof. First, we can assume P* = bdiag(Ig, 0, _kxn—r) from the rotational invariance of @ and b. Second,
we note that since ¢ is the sign of a linear functional, it fails to be continuous on N(P”) if and only if there
exist P,Q € N (P”) such that ¢(P) # (Q). Therefore,

pe =Pl ¢ CON(P))] = P[IP,Q € No(P") : %(P) # ¥(Q)]
=P[3P,Q € N.(P") :sign(a' (Pb)) # sign(a’ (Qb))].
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Given a parameter p > 0 to be fixed later, let us define the event
& ={IP"b|> plbl},
which also defines b, the distribution of b|€,. Therefore, by the laws of total probability and expectations,
p. = PP, Q € N,(P*) : sign(a” (Pb)) # sign(a” (Qb))[<,] PIE,]
€Y L e T s T C C
1+ P[3P,Q € N.(P*) s sign(a” (Pb)) # sign(a (QV))|€5] PIES]
P3P, Q € N.(P*) : sign(a’ (Pb)) # sign(a’ (Qb))IE,] + PIE:]
— EyPo[3P,Q € N.(P") : sign(a” (PV))) # sign(a (QU)|Y] + PIES].
However, if P € N (P*), then the vectors 8 = Pb’ and B8 = P*b’ are at most ¢ := ¢||b’|| far apart since
1B = B%= (P — P)V|< ||P— P*||p||b'||< €||b’||, while, similarly, v = Qb is at most ¢ far apart from
B*. Therefore,
pe < EyPa[3B,7 € BZ(B7) : sign(a’ B) # sign(a’~)[b] + P[E]]
<EyPalv ¢ CO(BZ(87))I6] + PES,

where 1 : & € R” = sign(a ), and B2 (u) is the fo-ball of radius ¢ around a vector u.

Let us observe that B2 (8") is contained in a cone with a half aperture a respecting sina = €/||8*||=
ellt'||/||1P*b'||< €/p, since the support of b’ is fixed by £,. Therefore, from Lem. [16 . provided that € < p, we

have
- « ep—? ep—t
By Pal ¢ COB2(B")Ib] < Bor\/2 = v = /2 (= Feyen v
Let us now bound P[£5]. Using the structure of P, we have

2

PIES) = P[0, 02 < p?[BlI) = P[00, 07 < 125 Sy b7 = PIX? < 12577,

where X? and Y? are two independent y2-distribution with k& and n — k degrees of freedom, respectively.
However, again by the law of total expectation

X 2
PlES] = Ey2Px:[X? < $£5Y7). (19)
2 Enikyy—1 (A k1 —¢/2 : P -y kot
However, for any A > 0, P(X? < A?) = (22T(5))~" [;7 t2 te /2dt. Since [ t2~te™/2dt < (2/k)AF, this

shows that P(X? < A?) < 2*5(1“(% +1))7"A\*. With the Stirling bound, i.e., D(¥ +1) > (£)%, we get
P(X? < A?) < (%)= 5 Ak, Therefore, injecting this bound in with \ =

(19), we get

2

PIES] < (£)/2(r20 ) 2E(Y )42

Since, by Jensen and from the moments of a 2 _,-distribution, (E(Y?)¥/2)2 < E(Y?)F = H?Zl(n +k —27),
we get the crude bound E(Y?)*/2 < (n + k)*/2. Therefore

Pl < (5)"" (1) 0 - (28)""

We decide now to set
2 _ 2/k__k 1
pm=e / 3e(n+k) < 3
As observed above, we must impose the condition € < p. Since k > 1, our choice provides 3p* > €2/*k/(e(n+

k)), which shows that € < p is met if €2 < ez/km, i.e., if

k
k 2k—2
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Therefore, with this setting we get

Notice that, from ,

_1 Ne=n %
€/p=c¢e k\/3e%§ BeeYth < L 1 2/p2> 2= 1 g%.

Gathering all the bounds provides then,

-1 _1n+k _1./ntk _1
peg\/g(li:gppﬁ\/ﬁ+€<%€l k%\/ﬁ+6<%61 k n%\/ﬁ<461 kn+k.

Notice finally that if does not hold, then

1—1 ntk n+k 4 VEk
4k N >4e—\/E >33\/m>17

showing the vacuity of the bound on p,; this allows us to forget the condition on e. O

A simple rescaling allows us to simplify the last lemma (the proof is left to the reader).

Corollary 18 (Local stability of the binary embedding (Simplified)). Under the conventions and conditions
of Lem.[17, for § > 0, we have

P[i/; ¢ CO(Nyy0) (P*))} < 8, with n(d) := (W\/fk)(;)ﬁ’

Lem. [I7] and Cor. [1§] give the probability of sign flip for one element in the measurement vector when P is
moved around within e. The next lemma will further characterise the probability of having at most a certain
number of flips in the full measurements vector for a small perturbation of P.

Lemma 19. Under the conventions introduced in Lem. given an integer m, we consider m random maps
i« P € G(k,n) — sign(a; Pb;) with a;,b; ~i;q4. N(0,1,), 1 <i<m. Given § > 0, the function 1(J)
defined in Cor. |18, and P* € G(k,n), we have

P[Hi L ¢ CONGs)(P7)} > 25m] < Cexp(—c6?m),
for absolute constants C,c > 0.

Proof. For each 1 < i < m, define the binary random variable Z; = 1[¢); ¢ CO(N,(5)(P*))], with 1[€] being
equal to 1 if the event & is true, and to 0 otherwise. By Cor.[I8] we have ps := EZ; < §. The random variables
Z; are independent and bounded, hence sub-Gaussian. Therefore, from (Vershynin, |2018, Prop. 2.6.1 and
Theorem 2.6.2), for any p > 0,

P35 Zi > dm+ pm] < P32, Zi > mps 4 pm] < C exp(—cp®m),
for some absolute constants C, ¢ > 0. Choosing p = ¢ yields
P>, Z; > 20m] < Cexp(—cd?m).

O

In addition to the previous stability properties, our proof also uses the possibility to cover the space of
projectors.

Proposition 20 (Covering G(k,n)). Given e > 0, there ezists a covering N. C G(k,n) of G(k,n), i.e., such
that
VP € G(k,n), 3P* € N.: |[P — P*||r<e,

whose cardinality is bounded by |N.|< (18Vk/e)2n+DE,
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Proof. The set G(k,n) is included in the set R¥ (k,n) := R(k,n) N VEBE" of n x n rank-k matrices with
Frobenius norm bounded by v (since if P € G(k,n), rank(P) = k and || P||z= vk), one can cover G(k,n)
from a covering of R¥ (k,n). Indeed, given two compact sets A C B in a metric space (X, d) with distance d,
if B.)y C B is an ¢/2-covering of B, i.e., such that for any @ € B there is a ' € B, /5 such that d(x, z') < €/2,
then one can build an e-covering A. C A of A with | A< |B, 2] (see e.g., (Vershynin, 2018, Chap. 4)). From
(Candes & Plan, 2011, Lem. 3.1), there exists an e/2-covering of R(k,n) "B ", with d set to the Frobenius
distance, whose cardinality is bounded by (18/ e)(2"+1)k. This means that, by rescaling the set diameter by
Vk, there exists an e/2-covering of R¥ (k,n) with cardinality bound (18v/k/e)"*+D¥ and thus, from the
considerations above, there exists an e-covering N, C G(k,n) with [N.|< (18Vk/e)Znt1k, O

We can now use previous lemmas to provide the final proof for Prop. [J] that we restate here for simplicity.

Proposition (Prop. [J] (restated)). Let § >0 and C,C’,c > 0 be absolute constants. If
> C5 2nk log(k”—)
then, with probability exceeding 1 — C” exp(—cd?m),

sup [R*(U,V)—r*(U,V)|= sup \%(1/)*(U),1/)1(V)> — kU, V)| <4
U,veV(k,n) U,veV(k,n)

Proof. Given a radius € > 0 to be fixed later, we know from Prop. that there exists an e-covering
N. C G(k,n) of G(k,n) with cardinality |N.|< (18vk/e)2" Dk We also consider the set V. C V(k,n) such
that for any U* € V., P* := U*U"" € N,, and where we ensure that each P* is represented by only one
basis in V,, i.e., [Ve|= [Nc|. This does not mean, however, that V. is a covering of V(k,n).

The general objective of this proof is thus to upper bound, with controlled probability, the approximation
error [K=(U,V) — k*(U, V)| for all pairs of subspace bases U,V € V(k,n). Let us first observe that, given
P*=U"U"T and Q* = V*V*T the closest projectors in N, to P=UU" and Q = VV ", one can upper
bound this error with 3 terms and target the following objective bound:

|7€\i(U,V) — Kli(U, V)| < T1 + T2 +T3 < 5,
where mk*(U, V) = (¢=(U),y*(V)), s*(U,V) =E&*(U, V), and the three terms

Ty =R*(U,V)-&*U" V"), TLa=[R*U"V")-s=(U" V),
Ty = [k*(U*, V*) — 5(U, V).

We now handle these three terms separately, enforcing each of them to be at most §/3. The two first terms
will be bounded conditionally to two probabilistic events (defined below), respectively, & and &;, while the
last term is deterministic. By union bound, the final approximation error will thus have a probability failure
summing the probabilities of failure of the two first events.

(a) Bound on Ty: Given the random vectors a;, b; ~iiq. N(0,I,) and the mapping ¥ P e G(k,n) —
sign(a; Pb;), 1 <i < m, defining the feature map 1*, the first term 7} can be upper bounded by

Ty < LY |sign(a] Pb;)sign(a; Qb;) — sign(a; P*b;)sign(a; Q*b;)|
= 2 X0 1vi(P)i(Q) # (P )9i(Q7)]
<2 X Li(P) # i(P) or $:(Q) # Q)]
< 3 X a(P) # (P + 2 3000 1i(Q) # vi(Q7))]
< 2N U ¢ CON(P))] + 2 30, 1 ¢ CON(Q)))-

where V. (P*) = BE(P*) N G(k,n) is an e-ball centred on P*. Defining the first event

&= {VP e No: [{i: s ¢ CONL(P')} < 150m},
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it is clear that if & holds, then T} < §/3, for all possible P, Q, P* and Q™.

From Cor. setting € = n(6/12), we find by union bound over all elements of N /12y that, for some
C,c>0,

PIES] < ClWNys/1zlexp(—cd?m) < Cexp((2n + 1)klog(18: k=) — cd®m)

< Cexp(enk log(W‘/Em)) —c8%m).

(b) Bound on Ty: Regarding the second term T%, we can ensure that T < §/3 for all possible P, Q, P* and
Q" if this event holds:

& = {YU*, V* € Ve, |2 (*(U*), 9= (V")) — 6= (U, V*)| < &},

with € = 1(6/12). From Prop. |8/and a union bound an all possible pairs of bases picked in V, x V., we known
that, for some C, ¢, ¢ > 0,

P[ES] < 2Ny /12) [Pexp(—1/2md?) < Cexp(enk log(n(é/%)) —6%m).

(c) Bound on T5: Finally, regarding T5, we can bound with several calls to the triangular inequality, so that,
for all possible P, Q, P* and Q*,
T3 < LY Elsign(a; Pb;)sign(a; Qb;) —sign(a; P*b;) sign(a; Q*b;)|
i BRI (P)%i(Q) # vi( P*)di(Q")])
2P[Y(P)¢(Q) # ¥ (P)(Q)]
2P[(P) # (P*)] + 2P[4(Q) # ¥(Q")]
= 2P[y) ¢ CO(Njy(512) (P™))] + 2P[9h & CO(Nyy(5/12)(Q )],

with 1 : P € G(k,n) ~ sign(a' Pb) for a,b ~ N(0, I,,). Finally, Lem. [17| allows us to conclude that

2Py & CO(Nyys/12)(P))] + 2P ¢ CO(Ny(s/12)(Q7))] < 46/12 = 6/3.

<
<

Final bound: Gathering the three terms T3, T3, and T3, we can finally state that

sup [R¥(U,V)—-r*(U,V)| <6,
U, VeV(k,n)

with a failure probability given by

Prait = P(EF) + P(E5) < Cexp(enk log(;itfigy) — ¢/6%m).

Therefore, imposing m > C6 %nk log(W‘/Eu)), we get pri < Cexp(—cé?m). Since, using the expression
of n,

log(7ifey) < log(vVk) + 1 log(B9E ) < Clog(#5),

the condition on m simplifies into the stronger condition

m > Co~2nklog(15).
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B Proof of Prop. 13

Proposition (Prop. 13| (restated)). Let § > 0 and let C,c,co > 0 be absolute constants. If
m > C6 2nklog(Vkwn/é),

then

s [REUV) - (U, V) = sup
U,veV(k,n) U,veV(k,n)

L), v° (V) (U, V)| <6
with probability at least 1 — cexp(—cod>m), for some absolute constant c,co > 0.

Proof. Given a radius € > 0 to be fixed later, we know from Prop. [20] that there exists an e-covering
N. C G(k,n) of G(k,n) with cardinality |NV.|< (18Vk/e)2"TDk As in the proof of Prop. @ we consider a
set V. C V(k,n) such that for any U* € V., P* := U*U*" € N, and such that each P* € A/, is represented
by a unique basis in V., i.e., |Ve|= [N

The proof proceeds in a similar way to that of Prop. [0} by decomposing the approximation error into three
terms and then controlling each term separately. For arbitrary U,V € V(k,n) and associated net points
U*,V* € V., with projectors P* = U*U*T and Q* = V*V* T, we write

|/I€O(U, V) — I’io(U7 V)| < T1 + T2 + T3,
with T} := |R°(U, V) —k°(U*, V)|, Ty := [r°(U*, V") —r°(U",V*)|, and T3 := |[°(U*, V") —r°(U, V)].
We now bound each of the three terms by /3 in order to ensure a total approximation error bounded by 0.

(a) Bound on Ti: Let us first consider the event & := {-L ZTZl(Ha]H%—i—Hij%) < 3}. Since aj,b; ~iid.
N(0,1I,,), the random variable Z := ZTzl(Ha]H%—i—Hij%) is distributed as a x3,,,-distribution with 2mn
degrees of freedom, and EZ = 2mn. Moreover, by the Laurent—Massart inequality (Laurent & Massart,
2000, Lemma 1), there exist absolute constants ¢ > 0 such that

P(&1) = 1 — exp(—cmn). (21)

Let us assume that & holds. For any P,Q € G(k,n), let f(P,Q) := % Z;n:l exp (iwa;r(P — Q)b;), and
P*, Q" € G(k,n) be associated net points with ||P — P*||p< € and ||Q — Q*||r< €. Then

mT =m|f(P,Q) — f(P",Q")|< Xj-, |exp (iwa] (P — Q)b;) — exp (iwa] (P* — Q")b;)|.
Using |exp(iz) — exp(iy)|< |z — y| for any x,y € R, we obtain
m|f(P,Q) — f(P",Q")|<wX [, la] (P~ P") — (Q — Q"))bj|.
Hence, by the triangle inequality,
F(P,Q) ~ f(P*, Q)< & X7, (la] (P — P)bsl+|a] (@ -~ Q")by).

Using Cauchy-Schwarz gives |a] (P — P*)b;|= |(P — P*, ajbjT>|< |P— P*| p|lajll2|lb;ll2, and similarly for
Q. Using [P — P"||r< ¢ [|Q - Q"[r< e and [z [lylI< (lz]*+]y]*)/2 yields

Ty =[f(P,Q) - f(P", Q)< %5 Y200, llajl2llbjlla< 457 3052, (laslI3+1b;13)-

Therefore, under the event &, T1 < 3wne. In particular, choosing € = ﬁ ensures 17 < %.

(b) Bound on Ts: We now control the second term Ts. For any fixed U*, V* € V., with associated projectors
P* =¢P(U”) and Q" = ¢P(V™), Prop. [12] ensures the existence of absolute constants C, ¢ > 0 such that

IP(\E"(U*,V*) — KU, VY| = g) < Cexp(—cmd?).
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Let us define the second event & = {VU*,V* eV, |[R(U", V") —r°(U", V)| < %} Since |Ve|= [N, a
union bound over all pairs U*, V* € V, yields

P(E5) < CIN|*exp(—cmd?).

Using the covering bound from Prop. with the value of € = §/9wn set above, we have |N|<
(18Vk/e)?ntDE < (162wv/kn/5)?*TDk and hence, for some absolute constants C,C’, ¢ > 0,

P(&5) < Cexp (C'nk log(wVkn/d) — cm52>.
In particular, updating the constants, if
m > C6 >nklog(wVkn/é),

then P(E5) < O’ exp(—cmd?). Under this condition, Ts < % simultaneously for all pairs of U*, V* € V, with
probability at least 1 — C’ exp(—cmd?).

(¢) Bound on Ts: We now control the deterministic term
T3 = |s°(U,V) - (U, V7).

Let us define for P,Q € G(k,n), h(P,Q) = exp (iwa' (P — Q)b), so that x°(U,V) = E[h(P,Q)]. By
linearity of expectation and the triangle inequality,

Ts <E[[h(P,Q) — h(P",Q")|].
Using again |exp(ixz) — exp(iy)|< |z — y|, we obtain by Cauchy—Schwarz
[n(P.Q) —h(P*,Q")|< w(la" (P — P*)bl+|a™(Q — Q")b]) < w(||P — P*[|r+(|Q — Q"||r)l|all2]bll2,
so that, taking expectations, using E[||al|2||b]|2] < n and the value of € set above,
T3 <w(|P = P*||p+|Q — Q7|lr)E[llall2[bll2] < 2wne < 50 < 34,
which holds uniformly over all U,V € V(k,n).

Final bound: We now combine the bounds T7 < §/3, T> < §/3, and T3 < §/3 obtained above, as well as the
probabilities (by union bound) and conditions under which they hold. We proved that P[T} < §/3|&1] = 1 and
P[Tz < §/3|&] = 1, with also P[T5 < §/3] = 1. Therefore, P[T} + T + T3 > §] < P[T1 > §/3] + P[Tz > §/3].
However,
P[Th > 6/3] =1 —P[T1 < 0/3|&:]P[&1] — P[T1 < 6/3[EFPET] = 1 — P[&1] — P[T < 6/3|E7|P[ET] < P[ET],
and, similarly, P[T5 > /3] < P[€5]. This shows that, for some constants C,C’, ¢ > 0, provided that
m > C6 >nklog(wVkn/é),

with probability exceeding 1 — P(£f) — P(E5) > 1 — C’ exp(—c§?m), we have

sup |R°(U,V)—r°(U,V)|=T1 +To+ T3 <9,
U,VeV(k,n)

which concludes the proof. [
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