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Abstract

Standard agentic UQ evaluations can hide trace-
level failure modes. AUROC, AUPRC, risk—
coverage, Trajectory ECE, and scalarized Tra-
jectory Brier evaluate rankings, binwise cali-
bration, or collapsed trajectory summaries, but
none strictly elicit the prefix-conditioned success-
probability process ¢z = P™(Y=1 | H;). The
result is a practical diagnostic failure: a confi-
dence trace can appear acceptable under standard
metrics while being badly mis-scaled for deferral,
reflection, human handoff, or cost-weighted de-
cisions. We characterize this theoretically and
empirically. Theoretically, Trajectory ECE is
resolution-blind and scalarized Trajectory Brier
under common aggregators is not strictly proper
for the trace. Empirically, on Tau2-Bench, Platt
recalibration changes AUROC by only A/SE ~
0.3 while changing a strictly proper trajectory
score by A/SE = 43; on WebShop, complete-
only evaluation drops 47.08% of the assumption-
valid working sample—dropped trajectories are
roughly 3 x longer—and censored-aware scoring
changes the reported score. As a fix, we intro-
duce the Trajectory Proper Score (TPS), a strictly
proper trajectory-level evaluator built from any
strictly proper binary score and positive trajectory
weights, with a conditional-projection extension
for administratively censored prefixes. Experi-
ments on StrategyQA, Tau2-Bench, HotpotQA,
and WebShop show that evaluator choice can shift
benchmark conclusions by margins far larger than
bootstrap uncertainty.

1. Introduction

For benchmarks to support formal claims about agent perfor-
mance, their scores must target the quantity those claims are
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meant to certify. Agent runs unfold over multi-step traces,
and when they break, they rarely break at the obvious mo-
ment. Diagnosing what went wrong requires looking at the
trace itself, not only the final score. In agentic uncertainty
quantification, however, standard evaluators do close to the
opposite: AUROC and AUPRC measure rank discrimina-
tion on a collapsed trajectory summary, Trajectory ECE
checks binwise calibration of a collapsed scalar, and scalar-
ized Trajectory Brier scores a single aggregated probability.
Each is informative about what it measures, but none strictly
elicits the per-step probability trace that downstream uses
of agent uncertainty (deferral, reflection, human handoff, or
cost-weighted action selection) actually consume.

Recent agentic UQ work has moved from final-answer un-
certainty toward trajectory-level signals, including stepwise
calibration, propagated uncertainty, and trajectory confi-
dence aggregation (Zhao et al., 2024; Duan et al., 2025;
Zhang et al., 2026; Wang et al., 2025). These methods
mark an important shift, but they leave open a foundational
question. A benchmark score is only useful as evidence
about model reliability if the score is tied to a well-defined
statistical target. In agentic UQ, that target should be the
prefix-conditioned probability of eventual task success, not
merely a rank ordering or collapsed trajectory summary.

We argue that the missing object is a strictly proper evalua-
tor for the prefix-conditioned probability process. Existing
trajectory evaluations typically rely on AUROC, trajectory-
ECE, or scalarized trajectory-Brier. These are useful diag-
nostics for particular summaries: AUROC measures rank
discrimination, ECE measures binwise marginal calibration,
and scalar Brier scores a collapsed binary probability. None
of them, however, strictly elicits the full process (F})7_,,
where F} is the agent’s reported probability of eventual task
success from the current prefix. This distinction matters:
two agents can induce similar rankings while assigning very
different probabilities, and downstream interventions such
as deferral, reflection, or human handoff depend on the
probability scale, not only on rank.

The forecast object in this paper is deliberately simple.
At step t, after observing history H;, the agent reports
F; € [0,1], interpreted as the probability that the task will
eventually succeed. The truthful target is

@ =P"(Y =1|Hy),
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the continuation-success probability under the evaluation
law. This process need not be monotone: a calibrated agent
should lower F; after a harmful action and raise it after
acquiring useful evidence (Kirchhof et al., 2025).

We make the following contributions.

1. Failure-mode characterization. We formalize agentic
uncertainty evaluation as strictly proper elicitation of
the prefix-conditioned success process ¢; = P™ (Y =
1| H;), and define the weighted trajectory score

T
TPS(Fi.r,Y) = Zwt Sep(F,Y).
t=1

2. Censored extension. We extend the trajectory score
to censored traces via conditional projection onto the
observable prefix. In the binary agentic setting this
reduces to an exact censored score parameterized by a
single continuation-success weight q.

3. Evaluator failure modes. We show that common
trajectory evaluators target weaker objects: trajectory-
ECE is resolution-blind, scalarized trajectory-Brier is
proper only for a collapsed scalar rather than the full
prefix-conditioned trace, and complete-only evaluation
has no native score for trajectories with unobserved Y.

4. Reproducible benchmark triggers. Empirically, we
exhibit two reproducible benchmark triggers: Tau2-
Bench recalibration leaves rank-based metrics nearly
unchanged while shifting a strictly proper trajectory
score by tens of bootstrap standard errors, and Web-
Shop complete-only evaluation drops 47.08% of the
assumption-valid working sample, changing the re-
ported score once administratively censored prefixes
are included.

This paper treats evaluator mismatch itself as a failure mode.
We do not propose another uncertainty predictor; we ask
whether a reported confidence trace means what it says once
it is used as a probability stream. TPS is agnostic to the
source of the signal: verbal confidence, token-probability
features, post-hoc calibrators, and predictor-side agentic UQ
methods such as SAUP, UProp, and AUQ can all be evalu-
ated once expressed as prefix-conditioned success probabili-
ties.

2. Related Work

Strictly proper scoring rules provide the classical language
for evaluating probabilistic forecasts. A proper score re-
wards truthful probability reporting, and a strictly proper
score makes the truthful report the unique optimum; Gneit-
ing and Raftery (Gneiting & Raftery, 2007) characterize reg-
ular proper scores as those generated by a convex function.

In the binary case, proper scores admit threshold-mixture
representations (Schervish, 1989); the beta family S, g uses
this view to recover log and Brier scores as special cases
while allowing bounded asymmetric cost shaping (Buja
et al., 2005). Calibration—resolution—uncertainty decompo-
sitions further show why marginal calibration is not enough:
a forecast can be reliable on average while carrying little
resolution about the outcome (Murphy, 1973; Degroot &
Fienberg, 1983; Brocker, 2009). This distinction is central
for agentic UQ, where an evaluator should reward informa-
tive prefix-conditioned probabilities rather than only binwise
calibration. Our complete-data trajectory score applies this
binary scoring-rule machinery at each prefix and aggregates
the resulting scores with positive weights.

Proper scoring under censoring has been studied mainly
in survival analysis, where right-censored event times re-
quire observable-data extensions of complete-data scores.
Rindt ef al. (Rindt et al., 2022) prove that a censored log-
score extension is strictly proper for right-censored sur-
vival times, while Blanche et al. (Blanche et al., 2019)
show that common survival metrics, including C-index vari-
ants and integrated Brier-style scores, can fail propriety.
Yanagisawa (Yanagisawa, 2023) systematizes this view by
extending multiple proper scoring rules to censored ob-
servations and identifying when the required censoring
weights are valid. Our censored extension borrows this
conditional-projection view, but targets a different forecast
object: F; = Pr(Y = 1| H,), the probability of one fixed
terminal outcome from the current agent prefix, rather than
a cumulative event-time distribution. Thus the trace may
rise or fall as evidence, mistakes, or recovery occur, unlike
the monotone CDF target in standard survival analysis.

Agentic uncertainty quantification has so far focused mainly
on producing uncertainty signals. Local predictors include
verbalized confidence (Han et al., 2024), token-level mea-
sures such as log-probability and predictive entropy (Ma-
linin & Gales, 2021; Duan et al., 2024), and semantic en-
tropy over sampled responses (Kuhn et al., 2023). More
recent agentic methods move from local signals to trajectory-
level uncertainty: SAUP propagates step uncertainty with
situation-aware weights (Zhao et al., 2024), UProp stud-
ies how uncertainty is inherited across multi-step decision
chains (Duan et al., 2025), AUQ evaluates trajectory con-
fidence aggregators such as ®1a5¢, Pave, and ®pin (Zhang
et al., 2026), and STeCa uses step-level calibration signals
for agent learning (Wang et al., 2025). These methods de-
scribe how uncertainty signals are produced, propagated,
or used; we ask how to evaluate them once expressed as
prefix-conditioned success probabilities.

Evaluation practice has not kept pace with the predictor side.
UProp evaluates uncertainty with AUROC and selective-
prediction metrics such as AUARC, while AUQ evalu-
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ates trajectory-level confidence aggregators with trajectory-
ECE and trajectory-Brier. These metrics are useful di-
agnostics, but they target weaker objects: AUROC and
AUPRC measure ranking, AUARC/AURC-style metrics
measure selective-prediction ordering, ECE measures bin-
wise marginal calibration of a scalar aggregate, and scalar-
ized Brier is proper only for the aggregate confidence value
supplied to it. Static-classification work has already shown
that ECE is sensitive to binning and can obscure calibra-
tion structure (Kumar et al., 2020; Vaicenavicius et al.,
2019). Recent risk-control work is complementary: it re-
fines decision-control diagnostics, whereas TPS targets
strict elicitation of the full prefix-conditioned probability
trace (Traub et al., 2024). In agentic settings, the issue is
sharper because the trajectory is first aggregated before the
diagnostic is applied. We formalize this gap in Theorems A
and B. We treat these gaps as evaluator failure modes: set-
tings in which a standard diagnostic can look acceptable
while the underlying confidence trace remains mis-scaled
as a probability stream.

3. Preliminaries

An agent executes a task over up to 7" steps. At each step
t, it observes oy, takes action a;, and emits a scalar forecast
F; € [0,1]. The prefix history is

ht - (007a07 .. 'aot)v

and H; := o(H;) is the natural history filtration, H; C
-+ C Hrp. A valid step-t forecast is H;-measurable. This
filtration view is consistent with the standard partially ob-
servable Markov decision process (POMDP) framing of
agent interaction (Kaelbling et al., 1998): F} can be viewed
as the agent’s belief state marginalized onto the binary
success/failure partition. This is a prequential forecasting
view (Dawid, 1984): forecasts are evaluated sequentially as
information accumulates, but here each forecast targets the
same eventual binary outcome rather than a new observation
at each time step.

The forecast sequence is not a cumulative distribution func-
tion and need not be monotone: a calibrated agent may
lower its forecast after a harmful action and raise it after
acquiring useful evidence.

Fix an evaluation law P™ over full trajectories, induced
by the benchmark distribution, environment randomness,
tool randomness, and the fixed evaluation policy 7. All
conditional probabilities and expectations below are taken
under this law. For readability, we suppress the superscript
« and write [P and [E unless policy dependence is important.
Let Y € {0,1} denote the terminal task outcome. The
truthful continuation-success process is

q =PY=1[H:) =E[Y | Hy]. ey

Equivalently, (¢;)7_; is the martingale of the terminal out-
come with respect to the history filtration: its current value is
the best conditional prediction of the final outcome given the
current prefix. Operationally, g; is the continuation-success
frequency one would obtain by re-rolling many completions
from the same prefix under the same evaluation law. It is
not the agent’s reported confidence; it is defined by P. Un-
der complete observation, Y is observed at termination and
Y, =Y for all ¢: the target event does not change, only the
information available about it.

For censored trajectories, let 7* denote the step at which
the task outcome becomes determined and let C' denote the
exogenous termination step, such as a fixed step budget
or compute budget. Let X denote the task description or
instance, which we take to be included in the initial history
H,. We observe

Z =min(T*,C), A=1(T*<C).

We write z, 9 for realized values of Z, A. If A = 1, the
trajectory is complete and Y is observed. If A = 0, the
trajectory is administratively censored at prefix Z and Y is
unobserved.

Throughout, H; denotes the random history at step ¢, while
h denotes a realized history. The stopped history is denoted
Hyz,and Fy.z := (Fy,. .., Fyz) denotes the forecast prefix
observed before termination. We write gz = P™(Y =1 |
H z) for the stopped random variable and ¢, for its realized
value on a trajectory censored at step z.

Assumption 1 (Non-informative censoring).

T 1C|X.

Assumption 1 requires that, conditional on the task instance,
the external termination mechanism is independent of when
the trajectory outcome would have been determined. This
covers fixed step budgets and fixed compute budgets. It
is violated by adaptive monitor-driven stopping, where a
trajectory is stopped precisely because it appears likely to
fail.

Assumption 2 (Administrative stop).

Y L (C,A) | Hy.

Assumption 2 requires that, once the stopped prefix is
known, the fact that administrative censoring occurred at
step Z carries no additional information about the eventual
outcome. In other words, the observable prefix may be in-
formative about success or failure, but the administrative
stopping event itself is not.

We use reward-oriented scoring rules, so larger scores are
better. A binary scoring rule S(p, y) is proper if, condition-
ally on Hy,

Epr[S(qr,Y) | Hi] = Ep=[S(p, Y) | Hi]
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for every H;-measurable forecast p, and strictly proper if
equality implies p = ¢; almost surely. We instantiate .S with
the beta-family scores S, 3 derived from the Schervish—
Buja threshold-mixture construction (Schervish, 1989; Buja
et al., 2005), using mixing measure v(dc) = c*~(1 —
¢)?~1 dc. The family is strictly proper for all o, 5 > 0 and
includes Brier (up to positive affine equivalence) and the
log score as a limiting strictly proper endpoint; asymmetric
choices o # 3 provide cost-shaping. Explicit formulas,
boundary behavior, and the proof are in Appendix J.

4. Proper Scoring Rules for Agentic UQ
4.1. Trajectory score under complete observation

Let wy.7 be a fixed evaluator-chosen weight schedule over
trajectory steps, with w; > 0 and, for reporting convenience,
Z;‘le wy = 1. These weights are not uncertainty predic-
tions; they encode which prefixes the evaluator wishes to
emphasize. Uniform weights score every prefix equally,
while front-loaded weights emphasize early prefixes, where
miscalibration can shape later actions, observations, and
opportunities for recovery (Dziri et al., 2023; Wang et al.,
2025).

We define the Trajectory Proper Score (TPS) as the
weighted lift of a strictly proper binary score to the prefix-
conditioned forecast process:

T
TPS(Frr,Y) =Y w; Sap(F,Y). 2)

t=1

TPS is the fix for the diagnostic failure modes characterized
in Section 5: it scores the adapted probability trace itself
rather than only a collapsed trajectory summary. The name
is meant to emphasize that this is a family of trajectory-
level proper scores rather than a single fixed scoring rule:
any strictly proper binary score S, g, combined with any
fixed positive weight schedule w;, yields a strictly proper
trajectory evaluator. We use subscripts to denote particular
members, such as TPS)og, TPSpyier, and TPSg(3 4). Our
default instantiation is the normalized linear front-loaded
schedule

2(T —t+1)

T(T+1)

For variable-length trajectories, 7; denotes the evaluated
horizon of trajectory : the realized terminal length for com-
plete trajectories and the administrative budget/observed
stop length for naturally censored max-step trajectories. The
schedule w;; is constructed separately within each 7; and
normalized over ¢t = 1,...,T;; in artificial censoring, the
original T;-normalized weights are truncated at Z; and are
not renormalized over the observed prefix. Uniform weight-
ing is included as a robustness check in the experiments.
The strict-propriety result below does not depend on this

Wy =

particular schedule; it requires only that the weights are
fixed exogenously and strictly positive.

Theorem 4.1 (Strict propriety under complete observation).
If So g is strictly proper and wy > 0 for all t, then TPS is
strictly proper for the prefix-conditioned success process:

Ep~ [TPS(q1.7,Y)] > Ep« [TPS(Fy1.7,Y)],
with equality if and only if F; = q; a.s. for every t.

The proof is by conditional strict propriety at each filtra-
tion level and summing nonnegative regrets with positive
weights; see Appendix A.

In our experiments we report log, Brier, and Beta(2,4) as
representative members of the same proper family: log is the
canonical unbounded default, Brier is the bounded symmet-
ric baseline, and Beta(2,4) is a bounded asymmetric member.
Appendix J also gives their cost-shaping interpretation.

4.2. Censoring as conditional projection

We now extend TPS to trajectories whose final outcome is
not observed. Let

gZ = U(HZ7 Z7 A, AY)

be the sigma-field generated by the stopped trajectory, the
censoring indicator, and the observed terminal outcome on
complete trajectories. The term AY records Y when A = 1
and contributes no outcome information when A = 0. If
Y is already included in Hz on complete trajectories, this
term is redundant.

For a stopped prefix ending at Z, define the observable-
prefix version of TPS by

z
TPS*™ 0 5(Friz, Y Z) i= Y _w; Sap(F,Y).
t=1

The weights w; are inherited from the full trajectory score
and are not renormalized over the observed prefix; this pre-
serves comparability between complete-only and censored-
prefix scores.

The abstract censored TPS is the conditional expectation of
this observable-prefix complete-data score given the stopped
trajectory:

TPS®™2 , 5(F1.2;Gz) :=

3
E]}»w TPSObSa,ﬁ(F1:27Y;Z) ‘ gZ . ( )

Theorem 4.2 (Abstract censored propriety on the observable
prefix). If the per-step score S, g is proper under complete
observation, then TPS®™* | o is proper for the observ-
able prefix Fy.z under the stopped-data law. Strictness,
when available, is restricted to the observable prefix.

The proof is the conditional-expectation projection/tower-
property argument; see Appendix C.
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4.3. Exact reduced censored beta score

The preceding reduction yields a directly interpretable
censored extension of TPS in the oracle case where the
continuation-success weight gz is available. We write
TPSeemexact apd TPS™SMPIe for censored extensions of
TPS: the superscript indicates how the unobserved out-
come is handled, while the subscript continues to indicate
the binary score family. We define

TPSy ™ (F1.2;G2)

=Y wi[AS.s(F,Y)
=1 @

+(1- A)(qzsm(pt, 1)

+(1 —qz)sa,B(Ft,O))]

Here qz := P™(Y = 1 | Hz) is the stopped continuation-
success process defined in Section 4.2.

Theorem 4.3 (Exact reduced censored beta score). Under
Assumptions 1-2, TPSZﬁ%’exaCt is proper for every proper
beta-family member. If Sy, g is strictly proper and w; > 0
for all observed steps, then TPS;‘fz’exaCt is strictly proper
on the observable prefix F1.z.

Appendix C proves the explicit reduced form, which reduces
at the logarithmic endpoint to the corresponding soft-label
log score on censored prefixes. Appendix H.2 validates this
exact qz-weighted construction with Monte Carlo continua-
tion rollouts.

4.4. Simple censored score for operational evaluation

The exact reduced score requires the continuation-success
weight g for censored prefixes. When this weight is not
estimated, we use the pessimistic operational approximation

qz = 07
which scores a censored prefix through the failure-side
branch of the binary score. Equivalently, this sets the cen-
sored posterior success weight in (4) to zero:

TPSI " (F1.2;G2)

= Zwt |:A Sa,ﬂ(FtaY) (5)

t=1

+(1—A)Sas(Fi,0)].

At the logarithmic endpoint, the same failure-side reduction
gives the simple censored-log score used as our primary

operational censored evaluator:

TPScen,simple (FlzZ; gZ)

log

- A{Y log F;
let“ e ©)

~+

) log(1 — F, t)}
+(1—A)log(l — Ft)].
When interpreted as a proper score, TPS®™™Ple elicits
the pseudo-label target

my = E]}»w [AY | ,Ht},

not the original continuation-success target ¢; = P™(Y =
1 | Ht), unless the missing success mass is zero. We
therefore use TPS®™*MPI¢ only as an explicit pessimistic
qz ~ 0 approximation to the exact reduced score. The
logarithmic instance is our primary operational censored
evaluator on WebShop; Brier and Beta-family instances are
reported only as robustness checks. Appendix C gives the
pseudo-label target result and proof.

5. Evaluator Failure Modes for Agentic UQ

5.1. Failure modes hidden by standard evaluators

We isolate three evaluator failure modes: calibration-
invariance failure, in which rank-based diagnostics return
nearly the same verdict on probability streams that dif-
fer substantially in scale; scalarization failure, in which
trajectory-level diagnostics elicit a collapsed scalar rather
than the full trace; and complete-only censoring failure,
in which evaluators silently drop stopped prefixes whose
outcomes are unobserved.

Each failure mode reflects a gap between the forecast ob-
ject a standard evaluator actually targets and the full prefix-
conditioned probability process. We organize common
agentic UQ evaluators by that object: a rank ordering, a
binwise-calibrated scalar, a collapsed probability, or the
full prefix-conditioned probability process. Formally, The-
orem A shows that T-ECE can tie non-truthful resolution-
losing forecasts with the truthful process, while Theorem B
shows that scalarized proper losses elicit only C' = ®(Fy.7),
not the full trace. Calibration-invariance follows from the
known monotone invariance of AUROC, while complete-
only censoring is a structural limitation of standard diagnos-
tics rather than a separate propriety theorem.

AUROC and rank metrics. AUROC evaluates whether
a scalar trajectory score ranks successful and unsuccessful
trajectories correctly. It is invariant under any strictly mono-
tone reparametrization of the scalar score C' = ®(Fy.1)
supplied to it (Hanley & McNeil, 1982). Thus AUROC can
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distinguish useful ordering from useless ordering, but it can-
not distinguish well-scaled probabilities from overconfident
or underconfident monotone distortions. The same issue
applies to other rank- or threshold-based diagnostics such
as AUPRC and risk—coverage/AURC: they are useful dis-
crimination diagnostics, but they do not elicit the probability
trace.

Trajectory ECE. Trajectory ECE (Zhang et al., 2026) col-
lapses the forecast trace to a scalar C = ®(F.r) and
checks whether empirical success rates match average con-
fidence within fixed bins. A forecast that is right on average
within every bin scores zero T-ECE, regardless of whether
it separates successful from failed trajectories within those
bins. This distinction matters: a proper forecast must not
only be calibrated on average (Reliability) but also con-
centrate probability mass where outcomes differ (Resolu-
tion). T-ECE measures only the first component of this
calibration—resolution—uncertainty decomposition (Murphy,
1973; Brocker, 2009; Degroot & Fienberg, 1983) and is
blind to the second. Concretely, the truthful process ¢ and
its binwise average G = Ep-[q | bin(g)] can both achieve
T-ECE= 0, even though G discards all within-bin discrimi-
native information.

Trajectory Brier and scalarized proper scores. Brier
and log loss are strictly proper for a single binary prob-
ability forecast. When a trajectory is first collapsed to
C = ®(F1.7) and the proper score is applied only to C,
however, the resulting scalarized score elicits the collapsed
scalar, not the full trace. Common AUQ-style aggregators,
including ®@ias¢, Pavg, Pmin. and weighted averages, can
therefore hide or reward non-truthful intermediate forecasts.
The scalarization result is sharper: ®),5-Brier is proper but
not strictly proper for the trace, while ®,¢-, ®min-, and
®,,-Brier can make the truthful trace strictly suboptimal.

Each evaluator above is well suited to what it measures: AU-
ROC, AUPRC, and AURC for rank discrimination; T-ECE
for binwise marginal calibration; and scalarized Brier/log
scores for a collapsed scalar probability. The gap is spe-
cific: none of them strictly elicits the full prefix-conditioned
success-probability process (g;). TPS fills this gap under
complete observation; TPS(”y exact oxtends it to the observ-
able prefix under admlnlstratlve censoring.

5.2. Reporting convention

These diagnostics also have no native score for trajecto-
ries with unobserved Y': censored traces must be discarded,
continued, or mislabeled before they can be applied. On
long-horizon tasks this can mean evaluating only the cases
the agent completes, precisely where miscalibration is least
likely to surface. A complete agentic UQ evaluation re-
ports TPS for complete trajectories, or TPS{y ©XaCt (the
exact gz-weighted reduced censored score) for censored

prefixes when gz is available, as the primary proper score.

When ¢ is not estimated, TPS ™™ (the log endpoint

of TPSC™simPley is reported as an operational censored-log
approximation. AUROC, AUPRC, AURC, and T-ECE are
reported as diagnostic complements. Predictor calibration
status, weight schedule, and, for censored data, the cen-
soring assumption and exclusion criteria should always be
disclosed.

6. Experiments

The preceding sections give theory-level predictions about
what common benchmark diagnostics and TPS elicit. We
now ask whether this mismatch is large enough to change
empirical verdicts on real agent benchmarks. We use these
predictor streams to probe evaluator behavior, not to rank
uncertainty methods. We treat the main experiments as
reproducible benchmark triggers: each is a minimal setup
on real agent traces under which an evaluator failure mode
becomes operationally visible.

Setup. Experiments use Gemma 4 31B in a fixed ReAct har-
ness on Tau2-Bench, StrategyQA, HotpotQA, and WebShop.
We evaluate five per-step probability streams: verbal con-
fidence, completion-token probability, completion-entropy
confidence, action-span token probability, and action-span
entropy confidence, plus a base-rate reference. Primary anal-
yses use log score with linear-front weights and cross-fitted
Platt calibration where reported. Predictor formulas and
transparency tables are in Appendix F; calibration is in Ap-
pendix D; preprocessing, prompts, and hyperparameters are
in Appendix K; and robustness sweeps are in Appendix I.

6.1. Trigger 1: calibration invariance on Tau2-Bench

We test whether rank-based evaluation and proper trajectory
scoring remain aligned when a forecast stream is recali-
brated. We take the model’s verbal confidences on Tau2-
Bench, which are heavily saturated near {0.90,0.95,1.00},
and compare the raw stream with a Platt-recalibrated version.
The base-rate stream F; = ¢ serves as an uninformative ref-
erence. If AUROC and TPS, (the log endpoint of TPS,
i.e. « = = 0) led to the same practical verdict, recalibra-
tion should not separate them by many bootstrap standard
errors.

Figure 1 shows the opposite. Let A/SE denote the raw-to-
Platt change divided by its paired bootstrap standard error.
Recalibration changes AUROC by only —0.010 (A/SE ~
0.3), while improving TPS;., by 5.67 nats (A/SE ~ 43).
The corresponding AUPRC and AURC changes are also
small relative to the TPS;,, shift. Under TPS,,, the raw
stream lies 5.66 nats below the base-rate reference; the
Platt stream lies 0.008 nats above it. Appendix E repeats
the comparison with the rank-metric input held fixed by
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TPSiog
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Figure 1. Tau2-Bench calibration gap (n = 201). Raw verbal
confidence (orange), Platt-recalibrated confidence (blue), and the
base-rate reference (green). Whiskers are 95% bootstrap intervals;
shaded regions are worse than base rate. Right is better; T-ECE is
reversed and TP S, uses a broken axis.

construction; AUROC/AUPRC/AURC are identical across
transforms while TPS,, spans 5.7 nats.

After calibration, verbal confidence barely exceeds the base-
rate reference, improving probability scale but not discrimi-
nation. AUROC treats the raw and recalibrated streams as
nearly equivalent because their rankings are nearly equiv-
alent, while TPS,,, detects that one stream is badly mis-
scaled as a probability forecast. This distinction matters
whenever F} is consumed as a probability for deferral,
thresholding, human handoff, or combination with a cost
model.

6.2. Controlled censoring validation

Before applying the censored estimator to natural trun-
cation, we validate it under artificial censoring on com-
plete StrategyQA, Tau2-Bench, and HotpotQA trajectories.
Appendix I shows that the closed-form prefix-swap/tail-
omission decomposition matches the directly computed
Tpseensimple _ ppgeomplete gifference to numerical pre-
cision across score families, weight schedules, censoring
rates, and datasets. The validation also predicts the sign
regime used to interpret WebShop: low-confidence cen-
sored prefixes receive mild failure-branch corrections, while
overconfident censored prefixes are penalized sharply.

6.3. Trigger 2: complete-only evaluation on WebShop

We next move from artificial censoring to naturally truncated
agent traces. WebShop is the relevant case: many trajec-
tories hit the benchmark step budget before an outcome is
observed. Of 500 trajectories, 192 parse-error truncations
are excluded as informative censoring. These parse failures
arise from the agent’s own malformed output and plausibly
correlate with task success, so treating them as administra-
tive censoring would violate the non-informative censoring
assumption. The working sample contains n = 308 trajec-
tories: 163 completed trajectories with observed outcomes
(6 = 1) and 145 administrative max-step stops (§ = 0), for
a 47.08% administrative-censoring rate.

The censored subset is structurally different from the com-
pleted subset. Admin-censored trajectories are 3x longer
on average than completed ones (30.0 vs. 9.88 observed
steps), consistent with harder tasks exhausting the step bud-
get. Yet verbal confidence does not materially separate
the two subsets (AF = —0.007): the predictor is nearly
flat along a difficulty axis visible in the stopping pattern.
Complete-only evaluation therefore discards a large, struc-
turally harder subset of the benchmark. Figure 2 shows this
selection diagnostic alongside the primary score shift. We
report

Apraotice = TPScensored—ext - TPScomplete—onlyv

with positive values meaning that censored-aware evaluation
gives a higher average score than complete-only evaluation.

Our main reported result uses Platt-calibrated verbal con-
fidence scored with the log rule and linear-front weights.
Complete-only evaluation uses only the 163 completed tra-
jectories and gives T{P\Scomplete_only = —0.816 nats; the
simple censored extension also includes the 145 max-step
prefixes and gives T/P\Scensored_ext = —0.657 nats. The
paired shift is +0.159 nats, with a 95% bootstrap CI of
[+0.133,40.188]. This is an evaluator effect, not an im-
provement in task performance: the additional trajectories
have unobserved outcomes and are scored under the failure-
side g, ~ 0 approximation. Normalized by the 47.08% cen-
soring rate, the shift is +0.337 nats, close to the controlled
artificial-censoring value on Tau2 reported in Section 6.2
(+0.404 nats).

Across the score-family and weight-schedule sweep, the
sign pattern is stable: all non-reference predictor rows are
positive except completion token probability, the only pre-
dictor with F© > 0.5. Under log score with linear-front
weights, this predictor receives a —2.07 nat shift. The pat-
tern is consistent with the artificial-censoring analysis in
Section 6.2: low-confidence censored prefixes receive a
mild failure-branch correction, while overconfident cen-
sored prefixes are penalized sharply. Thus censored-aware
scoring changes not only the average score, but also how
different confidence regimes are treated.

7. Conclusion and Limitations

For theory and benchmarking to form a virtuous cycle,
benchmark scores must elicit the quantities they are used
to certify. Standard agentic UQ evaluators have diagnostic
failure modes: rank-based diagnostics can be nearly invari-
ant to probability-scale miscalibration; trajectory-ECE and
scalarized trajectory-Brier elicit weaker objects than the
prefix-conditioned process (g¢;); and complete-only eval-
uation discards stopped prefixes whose outcomes are un-
observed. Theorems A and B make the first two failures
formal, while the Tau2-Bench and WebShop experiments
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Figure 2. WebShop natural censoring. Panel A compares complete-
only and simple-censored scores; the primary verbal-confidence
score shifts by +0.159 nats with 95% CI [+-0.133, 4+-0.188]. Panel
B shows the selection diagnostic: admin-censored trajectories are
longer, while verbal confidence barely separates completed and
censored subsets. Whiskers are 95% bootstrap intervals.

show that these failures are operationally visible on real
agent benchmarks. TPS, built from any strictly proper bi-
nary score and positive trajectory weights, is a strictly proper
trajectory-level evaluator that elicits (¢;), giving a verified
fix for the trace-scoring failure modes identified here.

Censoring further changes the evaluation population. When
benchmarks impose step budgets, complete-only evaluation
silently discards truncated trajectories. On WebShop, the ad-
ministratively censored subset is structurally different from
the completed subset, and censored-aware scoring changes
the reported score by 0.159 nats with a 95% confidence
interval excluding zero. Together with the Tau2-Bench re-
calibration result, where TPS),, moves by A /SE =~ 43
while AUROC moves by only A/SE a 0.3, these results
show that evaluator choice is not cosmetic when F; is con-
sumed as a probability for deferral, thresholding, reflection,
or human handoff.

The framework has two main limitations. First, the censored
extension requires non-informative administrative censor-
ing (Assumptions 1-2); adaptive monitor-driven stops and
parse-error truncations violate these assumptions and re-
quire informative-censoring methods such as IPCW or dou-
bly robust extensions. Second, the present construction
targets binary terminal outcomes; partial credit, graded suc-
cess, multiple objectives, and vector-valued rewards require
extensions beyond the binary proper-score framework de-
veloped here.

Empirically, our triggers are demonstrated with one model
and one ReAct-style harness. Broader validation across
model families, agent architectures, and tool environments
is important future work for mapping where these evaluator
failure modes appear in practice. This broader coverage
question is separate from the evaluator-side propriety claims
established here.

Impact Statement

This paper presents work whose goal is to advance theory-
backed benchmark evaluation of agentic Al systems. Better-
calibrated uncertainty estimates could support safer deploy-
ment by enabling principled deferral and human-handoff
policies, while improved evaluation methodology could also
indirectly accelerate the deployment of more capable au-
tonomous agents. We do not release a new model, dataset, or
deployment system, and the primary contribution is method-
ological, so immediate direct harms are minimal. Con-
cretely, our results help practitioners detect when an agent’s
uncertainty stream is unsuitable for the deferral, handoff,
or risk-control purpose they intend it for, even when stan-
dard rank- or calibration-based diagnostics report acceptable
values.
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Appendix
A. Proof of Theorem 4.1 (Complete Observation)

We give the full proof of Theorem 4.1 and record three remarks clarifying the filtration argument, the prequential interpreta-
tion, and the role of the underlying binary scoring-rule family.

Proof. Let Fi.7 be any adapted forecast sequence with F} H;-measurable, and let
q =P (Y=1|H,).

The trajectory weights w;.r are fixed by the evaluator and satisfy w; > 0 for every ¢. By linearity of expectation,

T
Ep+ [TPS(Frp,Y)] = wi Epr [Sa,p(F1, V). 7
t=1

Fix a step t. Since F} is H;-measurable and Y | H; has Bernoulli parameter ¢;, conditional strict propriety of the binary
score gives
Rt = E[pvr [Sa_ﬂ(qt,Y) — Sa,[}(Fta Y) | /Ht} 2 0 a.s., (8)

with equality if and only if F} = ¢; a.s.

Multiplying (8) by w; > 0, taking expectations, and summing over ¢ yields
T
> " wi Epr [Re] = Epr [TPS(qr.7,Y)] — Epr [TPS(Fr.1,Y)] > 0. )
t=1

Thus the truthful process ¢1.7 maximizes expected trajectory score.

It remains to show uniqueness. If equality holds in (9), then each term in the nonnegative weighted sum must be zero:
Ep-[R:] = 0 for every t. Since R; > 0 a.s., this implies R; = 0 a.s. for every t. By the equality condition in the per-step
strict propriety statement, F; = g; a.s. for every t. Hence ¢;.7 is the unique maximizer of expected trajectory score, up to
almost-sure equivalence. O

Remark A.1 (Step dependence does not affect the proof). The forecasts (F1, ..., Frr) may be arbitrarily dependent across
steps, and every step may target the same terminal outcome Y. The proof does not require independent step labels or
independent forecast errors. The key point is conditional: at each filtration level H,, the reported forecast F; is measurable
with respect to the information available at that step, and the conditional law of Y is Bernoulli with parameter ¢;. Strict
propriety is therefore applied separately inside each conditional expectation, and the resulting nonnegative regrets are then
aggregated with positive weights.

Remark A.2 (Prequential interpretation). The construction is prequential in spirit: the evaluator scores a sequence of
probability forecasts as information accumulates along the interaction history. It differs from classical one-step-ahead
prequential forecasting because all forecasts target the same terminal binary outcome Y, rather than a sequence of distinct
future observations. Accordingly,

G = Ep=[Y | Hy]

is the truthful success probability given the information available at step ¢. As the history grows, this conditional probability
can increase or decrease depending on what the agent observes or does. This is why no monotonicity assumption is needed.
A truthful success forecast may rise after useful evidence or successful tool use, and may fall after a harmful action or failed
observation.

Remark A.3 (Role of the binary scoring-rule family). Theorem 4.1 assumes that the per-step binary score S, g is strictly
proper. That property is established for the beta family in Appendix J. The proof above uses only the consequence
of that result: for any #;-measurable forecast F}, the conditional expected score is uniquely maximized by reporting
qr = PW(YZI | Ht)

Gneiting—Raftery gives the convex-function characterization of proper scores; the binary specialization yields the Savage
form; and the Schervish threshold-mixture representation gives a convenient route to strict propriety for beta-family scores
whose mixing measure has full support on (0, 1). The logarithmic endpoint is handled as the usual strictly proper binary log
score.
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Remark A.4 (Scope of the fixed-weight statement). The theorem is stated for a fixed evaluated horizon and fixed positive
evaluator weights. Length-specific reporting conventions, such as using a normalized linear-front schedule separately for
each observed complete trajectory length, should be read as applying the same theorem within each fixed length convention.
Stopped or censored prefixes are handled by the separate conditional-projection construction in Appendix C.

B. Proofs of Theorems A and B

The results in this appendix should not be read as dismissing rank metrics, ECE, or scalarized Brier scores. AUROC,
AUPRC, and risk—coverage evaluate ranking; ECE diagnoses binwise marginal calibration; and proper binary losses such as
Brier and log loss are proper for a single scalar forecast. The negative results below show only that these evaluator families
do not strictly elicit the full prefix-conditioned forecast process (q;).

B.1. Theorem A: T-ECE is Resolution-blind

Let C = ®(Fy.1r) € [0,1] be a scalar trajectory confidence obtained from a forecast trace by an aggregator ®, and let
B ={Bi,..., Bk} be a fixed partition of [0, 1]. The population trajectory ECE is

K
T-ECEp(C) = Y P™(C € By) [Ep-[Y | C € By] —Ep«[C | C € By|. (10)
k=1

This is a calibration functional, not a single-observation scoring rule.

The Reliability—Resolution—Uncertainty decomposition (Murphy, 1973; Degroot & Fienberg, 1983; Brocker, 2009) states
that, for a negatively oriented proper loss L and scalar forecast C,

Ep~ [L(C,Y)] = Epr d(C, Ep=[Y | C]) —Ep= d(Ep-[Y | C],Y) +d(Y,Y), (11)
N—_——
Reliability Resolution Uncertainty

where d is the associated Bregman divergence and Y = Ep= [Y]. T-ECE evaluates the Reliability component only: it asks
whether empirical success frequencies match average confidence within bins. It does not penalize loss of Resolution, the
component that distinguishes an informative truthful forecast from an uninformative but calibrated one.

Theorem A (T-ECE is resolution-blind). There exists a data-generating distribution and a non-truthful forecast process
G # q almost surely such that
T-ECEg(®(G1.7)) < T-ECE5(®(q1:7))-

Moreover, binwise marginalization of the truthful forecast can preserve zero binwise calibration error while strictly reducing

Resolution whenever the truthful conditional probability varies within bins.

Proof. It suffices to take T = 1. Let H € {a,b}, with P"(H = a) = P"(H = b) = 1, and let

P"Y=1|H=a)=0.2, P"(Y=1|H=10)=038.
The truthful forecastis ¢(H) = P™(Y =1 | H). Since Ep-[Y | ¢ = p] = p, the truthful forecast achieves T-ECE(q) = 0
for any binning that separates or contains these forecast values without inducing binwise miscalibration.
Now define the constant forecast G(H) = 0.5. Since the marginal success rate is

Ep-[Y] = 3(0.2) + 1(0.8) = 0.5,

we have Ep-[Y | G = 0.5] = 0.5, and hence T-ECE(G) = 0. Thus G ties the truthful forecast under T-ECE despite G # ¢
almost surely.

The difference is Resolution. Under the Brier divergence, the constant forecast has zero Resolution, while the truthful
forecast achieves
1(0.2-0.5)* 4+ £(0.8 — 0.5)> = 0.09 > 0.

T-ECE is blind to this distinction.

12



Evaluator Failure Modes in Agentic UQ

The same phenomenon holds more generally for forecasts that replace ¢ by its conditional average on the cells of a fixed bin
map. Such forecasts preserve binwise marginal calibration by construction, but remove within-bin variation. Whenever ¢ has
positive within-bin variance, this averaging strictly reduces the Resolution term in (11), while the T-ECE functional in (10)
does not penalize that loss. Therefore T-ECE is not strictly proper for the full prefix-conditioned forecast process. O

B.2. Theorem B: Scalarized proper losses are not strictly proper for the trace

Let L(p,Y) be a negatively oriented strictly proper binary loss, so lower expected loss is better. Given an aggregator @,
define the scalarized trajectory loss

Lo(Frr,Y) = L(®(F.1),Y). (12)

This includes scalarized trajectory Brier as the special case L(p,Y) = (p — Y')2. The issue is not that Brier or log loss are
improper for a single binary probability; they are proper for that scalar. The issue is that applying them after a deterministic
collapse ®(F7.7) changes the elicited object from the trace (F}) to the scalar C = ®(F.7).

Write

qar = Ep~[Y" | Hr]
for the conditionally optimal scalar input to a strictly proper binary loss given the final observed history. In the two-step
examples below, ¢ = ¢o.

Theorem B (Scalarized proper losses elicit the collapsed scalar, not the trace). Let L be a strictly proper binary loss and let
® be one of the AUQ-style aggregators Prast, Pave, Pmin, or a linear aggregator

T T
@, (Fi.r) = Zthn wy > 0, Zwt =1,
=1 =1

with at least two positive weights.

(i) Non-uniqueness. For each of these aggregators, there exists a data-generating distribution and an adapted non-truthful
trace G1.7 # qu.7 such that

Ep~ [Lo(Gr.7,Y)] = Epr [Lo(qr.7, Y)).

Hence the scalarized loss is not strictly proper for the full trace.

(ii) Strict suboptimality. For ®,.g, ®min, and any ®,, with T' > 2 and at least two positive weights, there are data-
generating distributions for which the truthful aggregate ®(qy.1) differs from the conditionally optimal scalar ¢ on a
positive-probability event, and an adapted non-truthful trace G1.7 can achieve that scalar optimum. In such cases,

]E[pﬂ [[:@ (Gl:T7 Y)] < ]E]pw [E(b (q1:T7 Y)]

For @, part (i) holds but part (ii) does not: the truthful trace is optimal, but not uniquely optimal, because the prefix is
invisible to the loss.

We prove the aggregator-specific cases below.

COROLLARY B1: ®,4 IS PROPER FOR THE LAST SCALAR, NOT STRICTLY PROPER FOR THE TRACE

Let

(I)last(Fl:T) - FT-
Then Lo, (F,Y) = L(Fr,Y) depends only on the final forecast. By strict propriety of L, the expected loss is minimized
by Fr = gr. However, any adapted trace G.7 satisfying G = ¢r and Gy # ¢; on a positive-probability set for some

t < T achieves the same expected loss as the truthful trace. Thus ®1,4-Brier, and likewise any last-step scalarized proper
loss, is proper for the collapsed final scalar but not strictly proper for the full trace.
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COROLLARY B2: ®,,, CAN MAKE THE TRUTHFUL TRACE STRICTLY SUBOPTIMAL

LetT = 2. Let ¢ = 0.5, and let
q2 € {0.7,0.3}

with each value occurring with probability 1/2, where Ep=[go | H1] = ¢1 = 0.5 by the law of iterated expectations. This is
a valid prefix-conditioned success process.
For the truthful trace,
Q1+ q
(I)avg(q) = 2

But, conditional on Hs, the strictly proper scalar loss is minimized by reporting ¢ = g2, not (q1 + g2)/2.

€ {0.6,0.4}.

Define an adapted non-truthful trace

G = 0.5, Gy = 2q2 — 0.5 € {0.9, 0.1}.
Then
_Gi1+Gy
2
Thus G achieves the conditionally optimal scalar ¢} = g2, while the truthful trace does not. For the Brier loss, the truthful

aggregate is off by 0.1 on every realization, so it incurs an excess conditional loss of 0.1 = 0.01. Hence the truthful trace is
strictly suboptimal under ®,,,-Brier.

(I)avg (G) = q2-

COROLLARY B3: ®,;;, CAN MAKE THE TRUTHFUL TRACE STRICTLY SUBOPTIMAL
Use the same two-step process as above:
q1 = 0.5, g2 € {0.7,0.3}.
For the truthful trace,
® 10 (¢) = min(q1, ¢2) € {0.5,0.3}.

Define an adapted non-truthful trace
Gl = 1u G2 = Q2.

Then
q)min (G) = q2.

On the event go = 0.7, the truthful scalar is 0.5, while the non-truthful scalar is the conditionally optimal value g7 = g2 = 0.7.
Computing the non-truthful minus truthful Brier loss on this event gives

(0.7 -0.7)% = (0.5 — 0.7)* = —0.04.

On the event g3 = 0.3, both aggregates equal 0.3. Therefore the non-truthful trace has strictly smaller expected Brier loss.
The non-minimum step G; = 1 is invisible to the scalarized score, so the aggregator can reward inflation of non-minimum
prefixes.

B.3. Weighted-average aggregators
Let

T T
O, (Fi.r) = Zthn wy > 0, Zwt =1,
=1 =1

with at least two positive weights. Choose indices 7 # j such that w;, w; > 0, and choose ¢ # 0 small enough that

ws
Gi=qi+ec, Gj=gq——

J

remain in (0, 1) almost surely, with G; = ¢, for all ¢ ¢ {4, j}. Then
B(G) = Bulg) as.

14
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while G # ¢. Thus any such weighted-average scalarization fails strict propriety for the trace by non-uniqueness.

The strict-suboptimality clause follows under the achievability condition in Theorem B: whenever the truthful weighted
aggregate ®,,(q1.7) differs from the conditionally optimal scalar on a positive-probability event, and an adapted non-truthful
trace can make ®,,(G1.7) equal that optimum, strict propriety of the scalar loss implies

Ep~[Lo,, (G1.7,Y)] < Epr[Ls, (q1.7,Y)]-

w

The average-aggregator construction above is the special case w; = wy = % Therefore the averaging pathology is not
specific to the unweighted mean.

No deterministic scalarization used in existing agentic UQ work, including last, average, minimum, or weighted average,
strictly elicits the full prefix-conditioned success-probability process. The issue is not that the underlying scalar score is
improper; the issue is that scalarization changes the elicited object.

C. Censored Proofs

This appendix proves the censored propriety results and records the plug-in approximation criteria used to interpret the exact
reduced score.

Proof of Theorem 4.2. For a stopped prefix ending at Z, the observable-prefix complete-data TPS is
z
TPSObS(x,B (Fl:Za Y7 Z) = Z th(¥76 (Fta Y)
t=1

By complete-data propriety applied to the observable prefix, for any adapted forecast process F}.z,
Epe [ TPS*0 5(a1.2, Y3 Z)| = Ber | TPS™™ o 5(Fi2, Y3 Z)]
By definition of the abstract censored score and the tower property,

Epr {TPscen’absa,ﬁ(mzz; gz)} = Ep~ [EIP“ [TPSObSa,ﬂ(CIl:Z7 Y;Z) | gz” = Ep~ [TPSObSa,ﬂ(CIl:Zv Y; Z)} )

Epe [ TPS™, 5(F1.7307)| = Bpr [Bpr [TPS™ o o(F1.2, Y Z) | G| = Bor [ TPS™ o 5(Fi2,Y; 2)] .

Substituting these identities into the complete-data inequality gives

Ep~ [TPSCEH’abSa,ﬁ(QLZ; gz)} > Ep~ {Tpscen’absa,ﬁ(Flzz; gz)} ;

which proves propriety of the abstract censored TPS on the observable prefix. [

Remark C.1 (Strictness is restricted to the observable prefix). Censored observations contain no information about forecasts
after the stopping step. If two forecast processes agree on F}.; but differ on the unobserved tail Fz 1.7, they induce the
same conditional projection onto Gz. Therefore no censored score can be strictly proper for the full unobserved sequence
Fy.p without additional information about the tail. All strictness statements in the censored setting are consequently
restricted to the observable prefix F}.z.

We next record the branch-specific posterior weight that connects the abstract projection to the exact reduced binary form.

Proposition C.2 (Branch-specific posterior identification). On the censored branch A = 0, define
D =P(Y =1|Gz, A =0).

Under Assumption 2,
ny =P7(Y =1|Hyz) =gz

Equivalently, the full posterior success weight given Gz is

Ny =P(Y =1|Gz) =AY + (1 - A)gqz.
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Proof. On complete trajectories, A = 1, recall that Gz = o(Hz, Z, A, AY). Thus the stopped-data sigma-field contains
the realized outcome through AY =Y. Hence

PP(Y=1|Gz)=Y on {A =1}

On censored trajectories, A = 0, the outcome is unobserved. By Assumption 2, the administrative stopping information
adds no outcome information beyond the stopped history:

P (Y =1]Gz,A=0)=F"(Y = 1| Hz) = 4z,
where the last equality is the definition of the continuation-success target. Combining the complete and censored branches

gives iy, = AY + (1 — A)gz. O

Since Y € {0, 1}, the abstract censored score admits the binary decomposition
TPS“™™, 5(F1.2;Gz) = 1 TPS* 0 5(Frz, 1; Z) + (1 = n) TPS™™q 5(Fu.2, 05 Z). (13)

Using Proposition C.2, this decomposition is exactly the complete branch plus the ¢z-weighted censored branch in (4).

Proof of Theorem 4.3 (Exact reduced censored beta score). We show that TPS(CXE%’exaCt is the explicit reduced form of the
abstract conditional projection.

On the complete branch, A = 1, the realized outcome Y is observed. Therefore the conditional projection of the
observable-prefix complete-data score is simply

zZ
Z "UJtSa’ﬁ(Ft, Y)
t=1

On the censored branch, A = 0, the outcome is unobserved. By (13) and Proposition C.2, the posterior success weight on

the censored branch is n(ZO) = qz. Thus the conditional projection is

Z
S w0 (02805 (Fr 1) + (1~ 42)S0,5(F,0)]

t=1
Combining the complete and censored branches gives exactly

zZ
TPS(;e,Igexact(Fl:Z; gZ) = Zwt [ASQ,B(Ft7Y) + (1 — A) (QZSQ,B(FIH 1) + (1 — QZ)SQ,,B(Ft; 0))},

t=1
which is (4).
At the logarithmic endpoint, the exact reduced score is

z
TPSlcsg’exaCt(FLZ;gz) = Zwt [A{YlogFt+(l—Y) log(1—Fy)}+(1—A){gz log F;+(1—qz)log(1—F})}|. (14)

t=1
Propriety follows because this score is algebraically the abstract censored projection from Theorem 4.2. Hence its expected
score is maximized by the truthful process q;.z.

If S, is strictly proper and w; > 0 for all observed steps, strictness holds on the observable prefix. By the tower-property
identities above, the expected regret of TPS®y**°* equals the expected observable-prefix complete-data regret. Although
Y is unobserved on censored branches, it is well defined under the full-data law. Thus strictness can be checked through the
complete-data regret.

For each step, define the conditional proper regret
Ri(F) = qi{Sa.8(at, 1) = Sap(Fr, 1)} + (1 = ¢){S.5(q:,0) = Sa,(F, 0)}.
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By strict propriety of S, g, Ri(F}) > 0, with equality if and only if F; = ¢, almost surely. The expected observable-prefix

complete-data regret is
T

Bpr| Y 1{t < Z}wiRy(F)|.

t=1

Every term in this sum is nonnegative, and w; > 0 on observed steps. If the total regret is zero, then R;(F;) = 0 almost
surely on {¢ < Z}. Therefore
Fi=q as.on {t < Z}.

Thus TPSZ‘T%’exaCt is strictly proper for the observable prefix, but not for the unobserved tail. O

Proposition C.3 (Target of the simple censored score). For any strictly proper binary score S, g, the simple censored score
in (5) is strictly proper for the observable pseudo-label target

my :=Ep- [AY | H ] =P (A =1,Y = 1| Hy),
on the observed prefix. It is strictly proper for the original continuation-success target gz = P™(Y = 1| H,) if and only if
PT(A=0,Y=1|H;) =0
almost surely for the observed steps; equivalently, whenever P™(Y = 1| H;) > 0, PT(A=0]| H, Y =1) = 0.

Proof of Proposition C.3. The simple censored score replaces the unobserved outcome by the pseudo-label
pemle . AY.
For the logarithmic endpoint, the per-step simple score is
SEmple — Ay log Fy + (1 — AY) log(1 — F).
Conditioning on the available history gives
Ep~ [S5™P | 4,] = my log Fy + (1 — my)log(1 — Fy),my = Ep= [AY | H,].
This conditional expected log score is uniquely maximized at

Ft = M.

The same argument applies to any strictly proper binary score S, g. Conditional on H;, the pseudo-label AY" has Bernoulli
mean m;. A strictly proper binary score is therefore uniquely optimized by reporting m;. Summing over observed steps
with positive weights preserves strict propriety for the observable pseudo-label target m;.

Finally,
G—m =P (Y =1|H) P (A=1Y=1|H) =P (A=0,Y =1|Hy).

Thus the simple censored score elicits the original continuation-success target g; exactly if and only if
PT(A=0,Y=1|H;)=0

almost surely, equivalently
PT(A=0]|H:, Y =1)=0

on histories where P™(Y = 1 | H;) > 0. This is precisely the zero missing-success-mass regime represented by the
failure-side gz ~ 0 approximation on censored prefixes. O

Remark C.4 (Plug-in propriety criterion). Suppose the exact censored score is implemented with an estimated continuation-
success weight ¢z on censored prefixes. Define the soft surrogate outcome

i;Z =AY + (1 - A)Z]\Z
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At an observed step t < Z, the plug-in per-step score has conditional mean
Epr |YzSa,6(p 1) + (1= Y2)Sa,5(p,0) | He| .
Let _
at :— EPT\' [YZ | Ht}

By binary strict propriety, the conditional expected plug-in score is optimized at p = a;. Therefore the plug-in score
preserves propriety for the original target ¢, at step ¢ if and only if

Ep~[Yz | Hi] = 1.

In particular, if gz = gz on censored prefixes, then
Yz =AY + (1 — A)gz = Ep-[Y | Gz].
Since H; C Gz on observed steps t < Z, the tower property gives
Epr [V | Hi] = Box [Bpe[Y | Gz] | Hi] = Boe [V | Hi] = qs.

Thus exact gz estimation is a clean sufficient condition for preserved propriety, while the general criterion is the conditional-
mean equality above.

Remark C.5 (Regret decomposition under plug-in error). Let
Ty = ]E[[m [}N/Z | Ht] —qt
be the conditional-mean bias of the plug-in surrogate at an observed step. For any p € [0, 1], define the binary score contrast

D(p) = Saﬁ(pa 1) - Sa,ﬂ(pa 0)

The per-step expected plug-in regret relative to reporting p decomposes as

Ep~ [?Z{Sa,ﬁ(%a 1) = Sapp 1)} + (1 — ?Z){Sa,ﬁ(‘ha 0) = Sa,5(p,0)} | Ht} = R;(p) +r:(D(q:) — D(p)),

where
R (p) = q{Sa.p(a; 1) — Sap(p, )} + (1 — q){Sa,5(a,0) — Sa,s(p,0)} = 0.

is the oracle proper regret. For interior bounded beta-family members («, 8 > 0), the contrast D is bounded by some
constant B, g < 00, 50
re(D(a:) = D(p))| < 2Ba plr-

After summing with weights wy, this gives an approximate-propriety bound over the observable prefix: the plug-in score
differs from the oracle proper regret by a perturbation proportional to the conditional-mean bias |r;|. The logarithmic
endpoint is unbounded, so this bounded-error statement applies only to interior beta-family members.

D. Calibration Procedure

We recalibrate per-step forecast streams using single-split cross-fitted Platt scaling. The procedure is applied consistently
across the experiments whenever a Platt-calibrated predictor variant is reported. This appendix documents the split
construction, logit-space feature transform, weighted logistic fit, monotonicity safeguard, and cross-fitting procedure.

Cross-fitting design. We use a single 50/50 trajectory-level split rather than K'-fold cross-fitting so that each calibrated
stream is produced by only two held-out calibration maps. With K independent fits on weak signals, fold-specific slopes
can be unstable or sign-inconsistent; concatenating those maps can introduce non-monotone calibrated outputs.

Splitting. Trajectories are partitioned into two equally sized halves stratified by outcome label Y. Within each label,
trajectories are ordered by a stable trajectory identifier and alternated between halves, yielding approximately balanced
success/failure distributions in both splits. All per-step records inherit the split assignment of their parent trajectory, so no
within-trajectory information leaks across the calibration split.
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Feature construction. Each raw per-step forecast F; is first clipped into [, 1 — ¢] with e = 10~% and mapped to log-odds:

F;
Tpaw = logit(Fy) = log(1 tF > .
— I

Within each training split, a weighted mean pit,,in and weighted standard deviation o,,i, are computed from .y, using the
same linear-front step weights w; used by TPS. The standardized feature is

Lraw — Mtrain

T = )
max(Tirain, 1076)

Held-out trajectories use the training split’s fi¢rain and orain; NO statistics from the held-out half enter the standardization.

Weighted logistic fit. Within each training split we fit
Peal = sigmoid(a + bx)

by weighted maximum likelihood on per-step records, where sigmoid(u) = (1 + e~%)~!. The fit uses sample weights w;
and an Lo penalty of A = 1.0 on the slope b only. Sample weights are not class-balanced; the calibrator targets the empirical
Bernoulli success labels rather than an artificial 50/50 prior.

Monotone non-decreasing fallback. If the fitted slope satisfies b < 0, we set b = 0 and
a = logit(gtrain)7

where ¥iqin 1S the weighted in-train success rate. This enforces a non-decreasing mapping and prevents pathological sign
flips on signals with no usable resolution. The intercept-only fallback returns the in-train base rate at every input. After
computing pea1, a final e-clip to [1076,1 — 10~°] is applied before scoring.

Cross-fitting. The model fitted on split A is applied to split B, and the model fitted on split B is applied to split A. Each
trajectory is therefore calibrated by a model that did not observe its parent split during training.

Numerical stabilization. Verbal-confidence streams concentrate near {0.90,0.95, 1.00}, so their log-odds span a range
dominated by the e-clip jump from logit(0.95) = 2.94 to logit(1 — ) ~ 13.82. Per-split standardization prevents this
clipped boundary from dominating the logistic fit. The Ly penalty A = 1.0 is used to shrink unstable slopes on small
calibration splits with weakly informative signals. Calibrating with the same linear-front weights as TPS aligns the calibrator
with the weighted objective used during evaluation.

Diagnostics on Tau2-Bench verbal confidences. The procedure was applied to the n = 201 uncensored Tau2-Bench
trajectories used in the calibration-invariance experiment, with empirical success rate y = 0.443.

Quantity Value

Split A slope b 0.2639 (no fallback)
Split B slope b 0.2213 (no fallback)
Fallback triggered No

Raw values 0.90, 0.95, 1.00 map to 0.33,0.34,0.47
Calibrated probability range [0.33,0.47]

Table 1. Single-split Platt calibration diagnostics on Tau2-Bench verbal confidences. Both splits return positive finite slopes, so the
monotone fallback is not triggered.

The corresponding metric changes are summarized in Section 6.1; this table reports only calibration diagnostics.

Limitations. We use single-split Platt scaling as a simple recalibration device, not as an optimal calibrator. Alternative
monotone or nonparametric calibrators such as isotonic, beta calibration, or Venn—Abers may produce different calibrated
streams. The fixed-rank robustness check isolates the structural evaluator claim by holding the rank-metric input fixed, so
the rank-vs-TPS gap does not depend on Platt scaling.

The procedure is validated primarily on the Tau2 verbal-confidence stream. Other predictors admit the same procedure
mechanically, but their slopes and calibrated ranges differ and are reported in Appendix F. Weighted standard deviation can
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be small on highly saturated streams; in that case the oyain > 1075 floor activates and standardization degenerates. This
floor was not active in our runs, but it is a known failure mode for streams with effectively a single unique value. When the
evaluator weight schedule changes, for example from linear-front to uniform, the calibrator must be refit with matching
weights; otherwise the calibration-target mismatch is conflated with the intended score-family or weighting comparison.
Finally, the cross-fitted procedure produces two distinct (a, b) pairs for the same predictor, so trajectories in different splits
are calibrated under slightly different mappings. This is a known property of held-out calibration rather than an error: every
reported calibrated trajectory is scored under a map fitted without using that trajectory’s outcome.

E. Fixed-Rank Sensitivity Analysis

To check that the calibration-invariance gap in Section 6.1 is not a Platt-scaling artifact, we repeat the comparison with the
input to the rank-based metrics held fixed. On the same Tau2 traces, we compute one trajectory scalar r; = ®(F;3'7, ) from
the raw stream and reuse this same r; for AUROC, AUPRC, and AURC in every row. Only the per-step probability stream
evaluated by TPSy,, is transformed.

We apply five transforms chosen to span qualitatively distinct probability-scale distortions: identity, affine compression
g(x) = 0.4 4+ 0.2z, square root, square, and the empirical Platt mapping from Section 6.1, covering linear, sublinear,
superlinear, and learned rescalings. AUROC, AUPRC, and AURC are identical by construction across all five, while TPS),q
spans 5.7 nats. The label-free affine compression provides the cleanest contrast: it shifts the probability scale without using
any outcome information, yet the rank metrics remain fixed. The gap is structural to rank-based evaluation, not a property of
any particular calibrator.

F. Predictor Transparency Tables

This appendix reports complete-observation predictor transparency tables for StrategyQA, Tau2-Bench, and HotpotQA.
All rows in this appendix have an observed terminal outcome Y'; administratively censored and informatively terminated
trajectories are excluded here and handled separately in Appendices I.1, 1.2, and G. Thus, this appendix is restricted to the
uncensored evaluation setting of §4.1.

These tables are provided for transparency rather than for predictor selection. They document how the reporting convention
of §5.2 applies across the full predictor pool and across three complete-observation datasets. They also distinguish per-step
probability streams, which are valid inputs to TPS, from AUQ-style scalar aggregators, which collapse a trajectory before
evaluation and therefore fall outside the domain of TPS.

Sample definition. The transparency tables are restricted to completed trajectories for which the benchmark returned a
terminal success/failure label. The resulting samples are StrategyQA (n = 2229), Tau2-Bench (n = 201), and HotpotQA
(n = 1529). Trajectories ending because of step-limit exhaustion, parser failure, tool-interface failure, or environment
termination without a clean task label are excluded from this appendix and handled in the termination audit and censored-
analysis appendices. For predictors defined only on action spans, the available sample may be slightly smaller; such cases
are noted in the corresponding table captions.

Per-step predictor pool. For each dataset, we report five per-step confidence streams, all stored on [0, 1] with larger values
indicating higher predicted probability of eventual task success. These are: verbal confidence; completion-token probability;
completion entropy confidence; action-span token probability; and action-span entropy confidence. The completion-level
streams are computed over the full generated step, while the action-span streams restrict the signal to the parsed action that
the agent commits to executing. We also include a constant empirical base-rate stream, F; = ¢, as an uninformative reference.
Each non-constant stream is shown in raw form and, when available, after single-split cross-fitted Platt recalibration. The
recalibration procedure is described in Appendix D.

Verbal confidence is the scalar probability of success that the model self-reports at each step, parsed from the structured
confidence field and clipped to [0, 1]; missing or malformed confidence fields yield a missing per-step value. Completion-
token probability is the mean chosen-token probability across all tokens generated at that step, capturing how peaked the
next-token distribution was on average over the model’s entire reasoning-plus-action output. Completion-entropy confidence
measures the same step’s distributional uncertainty as the average per-token Shannon entropy over the top-5 candidates, in
nats, and inverts it to a confidence via 1 — H/ In 5. Action-span token probability and action-span entropy confidence are
the same two signals restricted to the tokens in the parsed committed action: the completion variants reflect confidence over
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the entire deliberation, while the action-span variants isolate confidence in the action the agent actually executes.

Metrics. All metric columns carry an explicit orientation arrow. AUROC and AUPRC are failure-oriented, with positive
class Y = 0, and are computed from a scalar trajectory risk summary. AURC is reported as a risk—coverage diagnostic,
with lower values better. Trajectory ECE is reported as tie-aware quantile-binned calibration error with 10 bins. Scalarized
trajectory Brier is the AUQ-style trajectory reliability diagnostic computed on the same scalar trajectory summary. The TPS
columns are reward-oriented, so higher values are better, and score the full per-step probability stream using normalized
linear-front weights.

A small AUROC change between raw and Platt rows should not be read as a violation of AUROC’s monotone-invariance
property. That invariance applies to a single global monotone transformation. Our Platt rows are cross-fitted: separate
fold-specific calibration maps are fit and then pooled, so inter-fold scale differences can perturb pooled trajectory rank-
ings slightly. The fixed-rank robustness check in Appendix E isolates the theoretical invariance case by holding the
AUROC/AUPRC/AURC input scalar fixed by construction.

Scalar AUQ-style aggregators. AUQ-style scalar aggregators such as ®ja5t, Pavg, and Py, produce one scalar per
trajectory rather than an adapted per-step probability stream. They are therefore not scored by TPS. We report them in a
separate scalar-predictor table using only scalar-compatible diagnostics: AUROC, AUPRC, AURC, trajectory ECE, and
scalarized trajectory Brier. The TPS entries are omitted because these scalar predictors do not claim to provide the full
prefix-conditioned process (F)7_;.

F.1. Per-step predictor transparency

Tables 2—4 report complete-observation metrics for per-step confidence streams. These predictors fall within the domain of
TPS, because they provide a probability-like value at each trajectory prefix. For all three tables, AUROC, AUPRC, and
AURC are failure-oriented scalar diagnostics; T-ECE is tie-aware quantile-binned calibration error with 10 bins; T-Brier is a
scalar trajectory diagnostic; and the TPS columns score the full per-step stream using normalized linear-front weights. All
scalar diagnostics use the front-weighted normalized trajectory summary, matching the default linear-front TPS weighting
convention.

Predictor AUROC 1t AUPRC?T AURC| T-ECE| TBrierl TPSiog T TPSgrier T TPSg(2,4) T
Verbal confidence (raw) 0.701 0.354 0.092 0.201 0.170 -0.569 -0.178 -0.00387
Verbal confidence (Platt) 0.709 0.334 0.090 0.055 0.128 -0.425 -0.128 -0.00262
Completion entropy confidence (raw) 0.598 0.199 0.115 0.022 0.131 -0.434 -0.132 -0.00263
Completion entropy confidence (Platt) 0.599 0.197 0.115 0.029 0.131 -0.432 -0.132 -0.00263
Completion token probability (raw) 0.594 0.193 0.116 0.060 0.135 -0.453 -0.136 -0.00263
Completion token probability (Platt) 0.595 0.192 0.116 0.030 0.132 -0.433 -0.132 -0.00263
Action-span entropy confidence (raw) 0.537 0.173 0.144 0.081 0.140 -0.817 -0.145 -0.00263
Action-span entropy confidence (Platt) 0.556 0.187 0.140 0.022 0.133 -0.436 -0.133 -0.00263
Action-span token probability (raw) 0.543 0.176 0.141 0.106 0.144 -0.921 -0.148 -0.00263
Action-span token probability (Platt) 0.553 0.185 0.139 0.019 0.133 -0.436 -0.133 -0.00263
Base-rate constant 0.500 0.158 0.158 0.000 0.133 -0.436 -0.133 -0.00263

Table 2. StrategyQA complete-observation predictor transparency (n = 2229, § = 0.842). The table reports the per-step confidence
streams evaluated under the conventions stated above.

F.2. Scalar AUQ-style predictors

Table 5 reports scalar AUQ-style trajectory predictors. These rows collapse a trajectory to a single scalar before evaluation,
so they are reported only on scalar-compatible diagnostics: AUROC, AUPRC, AURC, T-ECE, and T-Brier. T-ECE again
denotes tie-aware quantile-binned calibration error with 10 bins. These predictors are outside the domain of TPS, which
scores adapted per-step probability streams.

G. Termination Mechanisms and Parse-Error Sensitivity

The censored trajectory extension requires that censored trajectories are stopped by an administrative mechanism: the
stopping event is externally imposed and is not itself evidence about the unobserved final outcome beyond what is already
contained in the observed prefix. In our benchmark setting, step-budget terminations satisfy this assumption most plausibly
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Predictor AUROC T AUPRC?T AURC| T-ECE| TBrierl TPSiog ' TPSgrier T TPSg(2,4) T
Verbal confidence (raw) 0.623 0.668 0.479 0.537 0.532 -6.351 -0.543 -0.00929
Verbal confidence (Platt) 0.611 0.693 0.490 0.082 0.240 -0.679 -0.243 -0.00744
Completion entropy confidence (raw) 0.558 0.620 0.509 0.463 0.460 -1.419 -0.465 -0.00927
Completion entropy confidence (Platt) 0.552 0.591 0.526 0.066 0.246 -0.687 -0.247 -0.00760
Completion token probability (raw) 0.543 0.613 0.520 0.495 0.491 -1.641 -0.494 -0.00928
Completion token probability (Platt) 0.534 0.579 0.536 0.045 0.247 -0.687 -0.247 -0.00760
Action-span entropy confidence (raw) 0.583 0.643 0.483 0.503 0.496 -4.083 -0.518 -0.00928
Action-span entropy confidence (Platt) 0.583 0.658 0.518 0.082 0.245 -0.685 -0.246 -0.00757
Action-span token probability (raw) 0.567 0.633 0.491 0.521 0.516 -4.712 -0.531 -0.00929
Action-span token probability (Platt) 0.587 0.666 0.513 0.105 0.245 -0.685 -0.246 -0.00756
Base-rate constant 0.500 0.557 0.557 0.000 0.247 -0.687 -0.247 -0.00760

Table 3. Tau2-Bench complete-observation predictor transparency (n = 201, g = 0.443). The large raw-to-Platt change in TP S, for
verbal confidence reflects probability-scale correction rather than a comparable change in rank-oriented diagnostics. The small AUROC
shift (0.623 — 0.611) arises because cross-fitted Platt calibration pools fold-specific monotone maps, which can perturb inter-fold
rankings; this does not contradict the single-transform rank-invariance argument.

Predictor AUROC 1T AUPRCT AURC| T-ECEJ TBrierl TPSiog T TPSprier T TPSg(2,4) T
Verbal confidence (raw) 0.556 0.463 0.377 0.318 0.344 -2.642 -0.356 -0.00689
Verbal confidence (Platt) 0.544 0.477 0.385 0.075 0.242 -0.677 -0.242 -0.00647
Completion entropy confidence (raw) 0.596 0.504 0.346 0.321 0.343 -1.048 -0.345 -0.00693
Completion entropy confidence (Platt) 0.596 0.507 0.346 0.037 0.237 -0.671 -0.239 -0.00640
Completion token probability (raw) 0.588 0.494 0.348 0.352 0.365 -1.201 -0.367 -0.00694
Completion token probability (Platt) 0.589 0.499 0.348 0.036 0.238 -0.673 -0.240 -0.00642
Action-span entropy confidence (raw) 0.541 0.440 0.374 0.371 0.380 -2.135 -0.388 -0.00694
Action-span entropy confidence (Platt) 0.585 0.486 0.351 0.043 0.240 -0.675 -0.241 -0.00646
Action-span token probability (raw) 0.538 0.438 0.375 0.386 0.392 -2.517 -0.398 -0.00695
Action-span token probability (Platt) 0.575 0.476 0.356 0.032 0.240 -0.676 -0.241 -0.00646
Base-rate constant 0.500 0.417 0.417 0.000 0.243 -0.679 -0.243 -0.00649

Table 4. HotpotQA complete-observation predictor transparency (n = 1529, § = 0.583). The small AUROC shift for verbal confidence
(0.556 — 0.544) is due to cross-fitted Platt calibration pooling fold-specific monotone maps, which can perturb inter-fold rankings; this
does not contradict the single global monotone-transform invariance used in the calibration-invariance argument. Action-span rows use
the available complete action-span subset where applicable.

Dataset Scalar predictor AUROC 1 AUPRCt AURC| T-ECE| T-Brier.)
StrategyQA  AUQ Pjast raw 0.752 0.349 0.083 0.089 0.128
StrategyQA  AUQ P,y raw 0.717 0.367 0.088 0.126 0.138
StrategyQA  AUQ @i, raw 0.684 0.300 0.101 0.306 0.235
StrategyQA  AUQ &, Platt 0.749 0.366 0.081 0.061 0.120
StrategyQA  AUQ .., Platt 0.714 0.335 0.089 0.044 0.123
StrategyQA  AUQ ®,in Platt 0.682 0.288 0.099 0.036 0.126
Tau2-Bench AUQ ®i,s raw 0.536 0.589 0.539 0.555 0.552
Tau2-Bench AUQ P,y raw 0.628 0.704 0.478 0.549 0.545
Tau2-Bench AUQ ®in raw 0.606 0.628 0.500 0.511 0.502
Tau2-Bench AUQ P, Platt 0.534 0.596 0.540 0.001 0.239
Tau2-Bench AUQ ., Platt 0.604 0.682 0.494 0.079 0.240
Tau2-Bench AUQ ®pin Platt 0.572 0.618 0.512 0.060 0.243
HotpotQA  AUQ Py,s¢ raw 0.546 0.458 0.394 0.409 0.407
HotpotQA  AUQ P,y raw 0.564 0.475 0.374 0.345 0.360
HotpotQA  AUQ ®Pin raw 0.557 0.456 0.383 0.280 0.326
HotpotQA  AUQ & Platt 0.546 0.459 0.394 0.104 0.256
HotpotQA  AUQ ., Platt 0.545 0.468 0.384 0.034 0.241
HotpotQA  AUQ i, Platt 0.546 0.460 0.387 0.033 0.241

Table 5. Scalar AUQ-style trajectory predictors on the complete-observation samples. These predictors are not assigned TPS values
because they collapse the trajectory before evaluation and therefore do not provide the full prefix-conditioned probability stream (F})7—;.
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because the stopping rule is fixed by the evaluation harness in advance, independently of the agent’s behaviour.

Parser failures, by contrast, are treated as informative failures of the interaction protocol rather than administrative censoring.
A parser failure occurs because the agent emitted malformed or non-executable output. This is not merely an unobserved
continuation; it is evidence that the agent was struggling with the task or tool interface. Including such trajectories as
right-censored observations would violate Assumption 2 by mixing model-formatting failures with task-level uncertainty
calibration. We therefore exclude parser failures from theorem-backed censored scoring and report their frequency here as
an assumption-discipline audit.

We separate terminations into three categories:

* Benchmark-completed trajectories. The benchmark produced a proper terminal outcome Y € {0,1}. These
trajectories enter complete-observation scoring (§ = 1).

» Step-budget trajectories. The trajectory reached the fixed benchmark step budget before the benchmark produced a
terminal outcome. The stopping rule is externally imposed and budget-determined, so these trajectories are eligible for
censored scoring (0 = 0, administratively censored).

¢ Parser-failure trajectories. The agent emitted malformed output that the harness could not execute or score. The
stopping mechanism is informative, so these trajectories are excluded from both complete-observation and theorem-
backed censored scoring.

Step budgets. The maximum step budgets were fixed in advance for each benchmark: 7 steps for HotpotQA, 16 steps
for StrategyQA, 50 steps for Tau2-Bench, and 30 steps for WebShop. These budgets were empirically chosen based on
benchmark difficulty and then held fixed across trajectories within each benchmark. Thus, a step-budget termination means
that a trajectory reached the benchmark-specific fixed budget before a terminal success/failure label was produced; it does
not mean that the evaluator stopped the trajectory adaptively based on the agent’s apparent performance.

G.1. Termination audit

Table 6 reports the stop-reason breakdown for every dataset used in this paper. The max_steps column counts trajectories
that reached the benchmark-specific step budget stated above.

Dataset Step budget Total CleanY max_-steps parse_error Other Uncensored n
StrategyQA 16 2,290 2,229 59 2 0 2,229
Tau2-Bench 50 278 201 1 0 76 201
HotpotQA 7 2,000 1,529 458 13 0 1,529
WebShop 30 500 163 145 192 0 163

Table 6. Termination audit by benchmark. Step budgets are fixed ex ante for each dataset. WebShop is the only dataset used for the
natural-censoring analysis.

For Tau2-Bench, the 76 “Other” non-clean terminations consist of 70 tool_error and 6 env_terminated trajectories.
Because no final task label is observed and the stop reason is not a fixed administrative budget, these trajectories are excluded
from both the uncensored transparency sample and theorem-backed censored scoring.

The predictor-transparency appendix uses only trajectories with clean terminal outcomes for StrategyQA, Tau2-Bench, and
HotpotQA. Thus, the sample sizes in Appendix F correspond to the rows with observed Y': StrategyQA n = 2229, Tau2-
Bench n = 201, and HotpotQA n = 1529, with minor predictor-level variation when action-span signals are unavailable
for a row. The WebShop natural-censoring experiment uses the working sample of 308 trajectories after excluding parser
failures: 163 complete trajectories with observed Y, plus 145 step-budget trajectories treated as administratively censored.

G.2. Parse-error sensitivity analysis

The consequential parse-error case is WebShop. Of 500 attempted WebShop trajectories, 192 ended in parser failure, 163
terminated with an observed outcome, and 145 hit the fixed step budget. The censored WebShop analysis therefore uses the
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working sample
Nwork = 163 + 145 = 308,

with administrative-censoring rate

145
— =47.08
308 %,

and excludes the 192 parser-failure trajectories.

This exclusion follows directly from Assumption 2. Step-budget termination is imposed by the benchmark and is therefore a
plausible administrative censoring mechanism. Parser failure, however, is generated by the agent’s own malformed output
and is plausibly correlated with task difficulty, tool-use failure, and eventual success probability. Treating parser failures as
right-censored observations would convert an informative failure mode into an administrative censoring event.

As a contra-assumption sensitivity check, we re-ran the primary WebShop configuration (verbal confidence, log score,
linear-front weights) treating all 192 WebShop parser-failure trajectories as administratively censored at the step where
parsing failed. This inflates TPS by approximately 0.04 nats relative to the working-sample estimate, consistent with the
directional prediction: parser-failure trajectories tend to be long and low-confidence, so including them shifts the sample
mean in the same direction as the assumption-consistent censored subset. The qualitative conclusion is unchanged, but the
result confirms that the assumption-disciplined working sample is the conservative analysis choice.

H. ¢, Estimation and HotpotQA Audit

The exact reduced censored score in Theorem 4.3 depends on the stopped-prefix continuation-success probability
qz = ]P)W(Y =1 | 7‘[2)

This appendix describes operational estimators for ¢z and reports a Monte Carlo continuation audit on naturally max-step
HotpotQA prefixes.

H.1. Operational strategies for ¢~
There are three practical ways to estimate the nuisance quantity q.

Direct Monte Carlo continuation. Resume each censored prefix under the same model, harness, and stopping rule, and
estimate

1
~MC __ (m)
——E Yy,
1 m=1

This is the direct rollout estimator of the conditional terminal-success probability from the stopped prefix. It is the analogue
of Monte Carlo policy evaluation, where expected returns are estimated by averaging sampled returns, and it is also used in
recent LLM-agent work to estimate step-level rewards by continuation sampling (Sutton & Barto, 1998; Wang et al., 2025).
It is best suited to benchmarks where the prefix state can be resumed exactly and continuation rollouts are inexpensive.

Plug-in nuisance model. Train a separate estimator
e = gy (Hyz, Z, metadata)

on prefixes with known continuation outcomes, then apply it to censored prefixes. This treats gz = P™(Y = 1| Hyz) as
a conditional-mean nuisance function. Estimating such nuisance functions separately from the target score is standard in
semiparametric and missing-data settings, and modern practice often uses flexible ML nuisance estimators with sample
splitting or cross-fitting to reduce overfitting bias (Bang & Robins, 2005; Chernozhukov et al., 2018). In our setting, the
nuisance model must be kept separate from the uncertainty predictor being evaluated; otherwise the evaluator and predictor
under test are no longer cleanly separated. Remark C.4 gives the conditional-mean criterion required for plug-in exactness.

Hybrid audit. Run Monte Carlo continuation on a subset of censored prefixes, train a plug-in nuisance model on those
audited labels, and apply the plug-in estimator to the full censored set. This combines the rollout-based estimate of gz with
a scalable nuisance-modeling step, following the same principle as using audited outcomes to train an outcome-regression
nuisance model (Bang & Robins, 2005; Chernozhukov et al., 2018).
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When exact state resumption is unavailable, we recommend the hybrid or plug-in route: audit a resumable subset when
possible, train a nuisance estimator for gz on audited or completed prefixes, and keep this estimator separate from the
uncertainty predictor being evaluated. If neither continuation nor a credible nuisance model is available, Tpgeensimple
should be reported only as the declared ¢z ~ 0 failure-side approximation, not as the exact censored score.

H.2. Monte Carlo audit on HotpotQA

We audit the exact reduced score on HotpotQA, where max-step prefixes can be resumed from the stopped state. We
sampled 100 naturally max-step prefixes and generated up to ten continuation rollouts per prefix under the same ReAct
harness. Continuation branches are used only to estimate @/IE, the scored forecast stream Fj 1.7, is frozen from the original
source-prefix predictor record.

After excluding prefixes with fewer than five valid resolved non-parse continuations, the audit retains 87 prefixes. The
retained prefixes have 8.92 valid resolved branches on average, and the mean number of parse-error branches excluded
per prefix is 0.115. The canonical source-prefix join ensures that the scored prefix forecast is identical across continuation
branches:

m
max |F™ _ psource| _
p it it
7,m,t

For a censored prefix ¢, the simple and exact-MC log scores are

Z;

TPS; P = % “wit Siog(Fie, 0), (15)
t=1
Z;

TPS; e ME =N "y [ Stog(Fit, 1) + (1= 35 Siog(Fir, 0)] - (16)
t=1

The paired correction has the closed form

Z;
. : Fz
Ai _ TPSZC‘CmCXEwt_MC . TPSgCn,Sl!nplC — (/]q%/[,zc z :wit IOg — ;“t ] (17)
t=1 v

Thus the sign of the exact-minus-simple correction is governed by the weighted prefix log-odds.

Conditional-projection identity. The exact-MC score should equal the branch-average complete-prefix score:

M;ralid Z
cen,exact-MC __ 1 (T”)
TPS =—— E E Wit Stog (Fit, Y;).
i m=1 t=1

This identity holds numerically in the audit. On the primary predictor,

branch

max | TPSce™exactMC _Tpg, =1.1x1071F,
1

and the maximum error is at most 9 x 106 across all retained reported predictors. This verifies numerically that the
implemented score realizes the conditional projection used in the censored-score derivation.

Estimated ¢~ distribution. The estimated continuation-success probabilities are heterogeneous across HotpotQA max-step
prefixes. The mean is ¢3¢ = 0.240, with 95% bootstrap CI [0.152, 0.327]. The median is 0, 67.8% of retained prefixes
have ?}40 = 0, and 23.0% have Q{}/IC > 0.5. Thus the stopped-prefix distribution contains both deeply stuck prefixes and a
recoverable upper tail.

Primary score comparison. Table § reports the primary comparison for Platt-cross-fitted verbal confidence with linear-front
weights. The exact-MC score is lower than the simple approximation by 0.105 nats, with a 95% bootstrap CI excluding zero.
By Eq. (17), this direction is expected because the calibrated HotpotQA max-step prefixes mostly have weighted prefix
log-odds below zero.

Predictor-level robustness. Table 9 reports the exact-minus-simple correction across the predictor pool. The same negative
correction appears for every Platt-calibrated predictor under both linear-front and uniform weights, while raw saturated
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Diagnostic Value
Mean gy 0.240 [0.152, 0.327]
Median g© 0.000
Fraction with g3 = 0 67.8%
Fraction with g2 > 0.5 23.0%

Table 7. Estimated continuation-success probabilities on 87 retained HotpotQA max-step prefixes. Brackets give the 95% bootstrap CI for
the mean. The distribution has a large mass at zero and a recoverable upper tail.

Quantity Value 95% CI
—~_cen,simple

TPS P —0.469  [—0.485, —0.457]
—~cen,exact-MC

TPS ’ —0.574 [-0.619, —0.530]
Acxact—simple —0.105 [—0.148, —0.065]

Table 8. Exact-MC versus simple censored log score on HotpotQA max-step prefixes. Primary predictor: Platt-cross-fitted verbal
confidence, linear-front weights. Bootstrap intervals use 1000 prefix-level resamples.

predictors generally show the opposite sign. This is exactly the behavior predicted by Eq. (17): the correction is controlled
by the weighted prefix log-odds, not by the identity of the predictor.

Unresolved-branch sensitivity. The audit is stable to adversarial handling of unresolved continuation branches. Treating
the unresolved branches as failures gives Acxact—simple = —0.101 nats; treating them as successes gives Acxact—simple =
—0.158 nats. Both sensitivity analyses preserve the sign and keep the confidence interval away from zero.

The exact gz-weighted censored score is operationally computable on real stopped prefixes. On HotpotQA, Monte Carlo
continuation yields nontrivial stopped-prefix success probabilities, the exact score differs materially from the simple ¢z ~ 0
approximation, the correction direction follows the prefix log-odds algebra, and the conditional-projection identity holds to
numerical precision.

I. Score-Family and Weight-Schedule Sensitivity

This appendix reports score-family and weight-schedule sensitivity for the artificial-censoring validation in Section 6.2 and
the natural-censoring WebShop analysis in Section 6.3. The primary experiments use log score with linear-front weights
unless otherwise stated. Here we vary both the trajectory-weight schedule and the binary score family.

Weight schedules. All schedules are normalized over the full trajectory length T™:

T
Zwt =1.
t=1

For censored prefixes, we use the same full-trajectory weights and truncate the sum at the observed stopping step Z; weights
are not renormalized over the observed prefix. Thus

Z
Zwt <1,
t=1

with strict inequality when the trajectory is censored before the full trajectory length.

As a practical convention, uniform weights are appropriate when every prefix is equally decision-relevant; linear-front or
exponential-front weights are appropriate for early-warning, deferral, or intervention settings; and linear-back weights are
appropriate when late-stage confidence is the primary object. The weight schedule should be chosen before scoring and
reported as part of the evaluation protocol.

‘We evaluate four schedules:

¢ Linear-front:

2T —t+1)
- T(TH+1)
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Predictor Weights Simple  Exact-MC Aexact—simple

Verbal confidence, Platt linear-front  —0.469 —0.574 —0.105[—0.148, —0.065]
Completion entropy, Platt linear-front  —0.437 —0.598 —0.162[—0.224, —0.100]
Completion token prob., Platt  linear-front —0.452 —0.598 —0.145[—0.209, —0.093]
Action-span entropy, Platt linear-front —0.523 —0.619 —0.096 [—0.134, —0.059]
Action-span token prob., Platt  linear-front —0.525 —0.620 —0.095[—0.135, —0.062]
Base-rate constant linear-front —0.596 —0.645 —0.049 [—0.066, —0.033]
Verbal confidence, Platt uniform —0.427 —0.558 —0.132[—0.186, —0.082]
Completion entropy, Platt uniform —0.433 —0.600 —0.166 [—0.238, —0.104]
Completion token prob., Platt  uniform —0.448 —0.599 —0.150[—0.217, —0.099]
Action-span entropy, Platt uniform —0.477 —0.604 —0.127[-0.171, —0.080]
Action-span token prob., Platt  uniform —0.480 —0.605 —0.125[-0.175, —0.080]
Verbal confidence, raw linear-front —1.925 —1.287 +40.638 [+0.337, +1.018]
Completion entropy, raw linear-front —2.054 —1.591 +0.463 [+0.307, +0.632]
Completion token prob., raw linear-front —2.465 —1.888 40.577 [4+0.376, +0.786]
Action-span entropy, raw linear-front —3.487 —2.685  +0.801 [+0.521, +1.125]
Action-span token prob., raw  linear-front —4.190 —-3.213  4+0.977 [4-0.629, +1.367]

Table 9. Predictor-level exact-gz audit on 87 retained HotpotQA max-step prefixes. Scores are log-TPS rewards in nats. The exact-
minus-simple correction is negative for all Platt-calibrated reported predictors under both weight schedules, and positive for raw saturated

streams under linear-front weights, consistent with the prefix log-odds formula in Eq. (17). The conditional-projection identity holds to
branch

numerical precision across all rows (max; |TPS§°“’C’“"“’I\/IC - TPS; | <9x10716).

This is the primary schedule used in the main experiments. It gives larger weight to early prefixes, where miscalibrated
uncertainty can affect subsequent planning, tool use, reflection, or deferral.

¢ Uniform: )
Wy = T .
This treats all prefix positions equally.
* Exponential-front:
2—(t—1) 2—(t—1)
wy = = .
COxLien 201-27T)

This is a more aggressively front-loaded schedule: each raw step weight is half the previous one.

¢ Linear-back:

2t
Wy = —————

T(T+1)

This is the mirror of linear-front and gives larger weight to later prefixes.

Score families. We report three score families: log, Brier, and Beta(2,4). The log score is the primary censored row.
Brier and Beta(2,4) are robustness rows under the same failure-side TPSe™simple approximation. They should be read as
operational sensitivity checks, not as separate theorem-level censored propriety claims for the simple ¢z ~ 0 approximation.

L.1. Artificial-Censoring Validation

On complete StrategyQA, Tau2-Bench, and HotpotQA trajectories, we artificially hide outcomes at length-stratified rates
r € {0.25,0.50,0.75}, score the observed prefixes with TPS°°™™PI° and compare against the complete-data trajectory
score. Because the true outcome is available for every trajectory, the estimator’s behavior can be checked exactly against
closed-form predictions rather than treated as a black-box approximation.

For each artificially censored trajectory, the score change decomposes into two analytic terms. The prefix-swap term replaces
the success branch on the observed prefix with the failure branch; for the log score its stepwise sign is log(1 — F}) — log F,
which flips at F; = 0.5. The tail-omission term drops the unobserved suffix and is always non-negative. Across 69,336
evaluated combinations of trajectories, censoring rates, score families, and weight schedules, the closed-form decomposition
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matches the directly computed TPSce™simple _ Tpgeomplete gifference to numerical precision, with maximum absolute
error 4.4 x 10716,

At the dataset level, the same decomposition explains the observed signs and magnitudes. Under log score with linear-front
weights at 7 = 0.75, StrategyQA is in a high-confidence/high-success regime and yields Ayean = —0.675 nats. Tau2
has calibrated forecasts concentrated below 0.5, so the prefix-swap contribution turns positive, yielding +0.161 nats.
HotpotQA is the intermediate case: the negative successful-trajectory prefix-swap is partly offset by positive failure-side and
tail-omission terms, yielding 4+-0.056 nats. The mean shift scales approximately linearly with censoring rate across all three
datasets.

For the original continuation-success target, the theorem-backed censored score is the exact qz-weighted reduction in
Section 4.3. The simple censored score used here is the operational gz ~ 0 approximation from Section 4.4; Proposition C.3
identifies its pseudo-label target, and the artificial-censoring experiment characterizes its bias relative to complete-data
scoring. Brier and Beta(2,4) are reported as robustness checks under the same failure-side approximation, not as separate
theorem-level censored propriety claims. Thus TPSeensimple jg not a uniformly pessimistic lower bound on the complete-
data score. Its shift can be positive or negative, but the direction is analytically decomposable.

Table 10 reports the artificial-censoring robustness sweep at » = 0.75, varying both the score family and the trajectory-weight
schedule.

The weight schedule changes the magnitude, but not the main regime-level pattern. Front-loaded schedules amplify the effect
of early censored-prefix replacement; linear-back shifts weight toward later prefixes and therefore usually attenuates the
shift when early prefixes dominate the correction. StrategyQA remains negative across all schedules, Tau2-Bench remains
positive across all schedules, and HotpotQA remains the boundary case: log-score rows stay positive, while bounded or
asymmetric rows near zero can change sign under different schedules.

Here TPS™Pet i the complete-data mean TPS at 7 = 0, and Apeay 18 the mean shift under TPSCenSImPle palative to the
complete-data score. The final column reports the mean shift separately on failure and success trajectories.

L.2. Natural Censoring on WebShop

The WebShop working sample contains 308 trajectories after excluding parse-error terminations as informative censoring:
163 completed trajectories with observed outcomes and 145 administratively censored max-step prefixes. The administrative-
censoring rate within the working sample is 47.08%. The primary WebShop configuration in Section 6.3 is Platt-calibrated
verbal confidence scored with log score and linear-front weights:

TPScomp = —0.8156,  TPScen-ext = —0.6570,  Apractice = +0.1586,

with 95% bootstrap CI [+0.1334, +0.1879].

Table 11 reports the full predictor—score-family—weight-schedule sweep in compressed form. The four underconfident
or near-base-rate Platt predictors have positive Apractice across all score families and schedules. The completion-token
probability predictor is the only non-reference predictor with F' > 0.5, and it is negative across all twelve score-family—
weight cells.

Overconfident predictor block. The completion-token probability predictor is separated because it is the only non-reference
predictor with calibrated mean forecast above 0.5. Its Apyactice 1S negative for every score family and weight schedule, and
its magnitude changes little across schedules. This matches the artificial-censoring decomposition: under the failure-side
branch, overconfident censored-prefix forecasts are penalized.

Sign stability across predictors. Table 13 summarizes the sign of Ay actice across the five non-reference predictors. Across
the 5 x 3 X 4 = 60 non-reference predictor-score—weight cells, 48 are positive and 12 are negative. All 12 negative cells
correspond to completion-token probability, the only predictor in this sweep with F' > 0.5.

Margin sensitivity relative to the base-rate reference. Table 14 reports the log-score margin of verbal confidence over
the base-rate reference. The censored extension reduces the margin under every weight schedule. Under exponential-front
weights, the margin changes sign.
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Dataset Score Weight schedule TPpgeomplete Amean (Ay=o0, Ay=1)
StrategyQA  log linear-front —0.4186 —0.6746 (+0.319, —0.862)
StrategyQA  Brier linear-front —0.1283 —0.2862 (+0.117, —0.362)
StrategyQA  Beta(2,4) linear-front —0.0026 —0.0073 (40.003, —0.009)
StrategyQA  log uniform —0.4169 —0.4197 (+0.544, —0.601)
StrategyQA  Brier uniform —0.1278 —0.1905 (+40.202, —0.264)
StrategyQA  Beta(2,4) uniform —0.0026 —0.0051 (40.005, —0.007)
StrategyQA  log exponential-front —0.4203 —0.7657 (40.198, —0.947)
StrategyQA  Brier exponential-front —0.1288 —0.3232 (40.071, —0.397)
StrategyQA  Beta(2,4) exponential-front —0.0026 —0.0083 (+0.002, —0.010)
StrategyQA  log linear-back —0.4147 —0.2306 (+40.820, —0.429)
StrategyQA  Brier linear-back —0.1275 —0.1126 (+0.300, —0.190)
StrategyQA  Beta(2,4) linear-back —0.0026 —0.0030 (+40.007, —0.005)
Tau2-Bench log linear-front —0.7210 +0.3032 (+40.061, +0.591)
Tau2-Bench Brier linear-front —0.2617 +0.1309 (+0.017, +0.266)
Tau2-Bench Beta(2,4) linear-front —0.0082 +0.0030 (+40.001, +0.006)
Tau2-Bench log uniform —0.7185 +0.3598 (+0.117, +0.649)
Tau2-Bench Brier uniform —0.2607 +0.1468 (+0.033, +0.283)
Tau2-Bench Beta(2,4) uniform —0.0081 +0.0037 (+0.002, +0.006)
Tau2-Bench log exponential-front —0.7480 +0.3078 (+0.007, +0.666)
Tau2-Bench Brier exponential-front —0.2717 +0.1379 (+0.002, +0.300)
Tau2-Bench Beta(2,4) exponential-front —0.0087 +0.0034 (+40.000, +0.007)
Tau2-Bench log linear-back —0.7030 +0.3924 (+0.180, +0.646)
Tau2-Bench Brier linear-back —0.2549 +0.1536 (+0.051, +0.275)
Tau2-Bench Beta(2,4) linear-back —0.0078 +0.0040 (+40.003, +0.006)
HotpotQA  log linear-front —0.6771 +0.0558 (+0.196, —0.044)
HotpotQA  Brier linear-front —0.2420 +0.0070 (+0.077, —0.043)
HotpotQA  Beta(2,4) linear-front —0.0065 —0.0020 (40.003, —0.006)
HotpotQA  log uniform —0.6767 +0.1703 (+0.310, +0.070)
HotpotQA  Brier uniform —0.2418 +0.0519 (+0.122, +0.002)
HotpotQA  Beta(2,4) uniform —0.0065 —0.0003 (+0.005, —0.004)
HotpotQA  log exponential-front —0.6774 +0.0225 (+0.161, —0.077)
HotpotQA  Brier exponential-front —0.2422 —0.0059 (+0.064, —0.055)
HotpotQA  Beta(2,4) exponential-front —0.0065 —0.0025 (+40.002, —0.006)
HotpotQA  log linear-back  —0.6765 +0.2725 (+0.434, +0.157)
HotpotQA  Brier linear-back —0.2418 +0.0907 (+0.171, +0.034)
HotpotQA  Beta(2,4) linear-back —0.0065 +0.0013 (+40.006, —0.002)

Table 10. Artificial-censoring robustness at = 0.75. The table reports the complete-data TPS and the mean shift under TP

S(:en,simple
s

with the shift also reported separately on failure and success trajectories. StrategyQA is negative across all rows, Tau2-Bench is positive

across all rows, and HotpotQA 1is an intermediate regime in which bounded or asymmetric rows near zero can change sign.
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Predictor Weight schedule  ATPSio; ATPSprier ATPSgeta(2,4)
Verbal confidence linear-front +0.1586 +0.0766 +0.00060
Verbal confidence uniform +0.1559 +0.0736 +0.00072
Verbal confidence exponential-front  40.1520 +0.0735 +0.00047
Verbal confidence linear-back +0.1463 +0.0707 +0.00036
Completion entropy confidence linear-front +0.1585 +0.0776 +0.00054
Completion entropy confidence uniform +0.1573 +0.0769 40.00054
Completion entropy confidence exponential-front  40.1567 +0.0769 +0.00047
Completion entropy confidence linear-back +0.1601 +0.0783 4-0.00058
Action-span entropy confidence linear-front +0.1623 +0.0797 +0.00057
Action-span entropy confidence uniform +0.1623 40.0797 4-0.00057
Action-span entropy confidence exponential-front +0.1623 +0.0797 +0.00057
Action-span entropy confidence linear-back +0.1623 40.0797 40.00057
Action-span token-prob. confidence linear-front +0.1623 +0.0797 +0.00057
Action-span token-prob. confidence uniform +0.1618 +0.0793 40.00056
Action-span token-prob. confidence exponential-front +0.1623 +0.0797 +0.00057
Action-span token-prob. confidence linear-back +0.1623 +0.0797 +0.00057
Completion token probability linear-front —2.0686 —0.1175 —0.00241
Completion token probability uniform —2.0700 —0.1182 —0.00243
Completion token probability exponential-front —2.0686 —0.1175 —0.00241
Completion token probability linear-back —2.0686 —0.1175 —0.00241
Base-rate reference linear-front +0.1623 +0.0797 40.00057
Base-rate reference uniform +0.1623 +0.0797 +0.00057
Base-rate reference exponential-front +0.1623 +0.0797 +0.00057
Base-rate reference linear-back +0.1623 +0.0797 +0.00057

Table 11. WebShop natural-censoring robustness across predictors, score families, and weight schedules. Entries are Apractice =

— —
TPScen-ext — TPScomp. Positive values mean the censored extension gives a higher score than complete-only evaluation; negative values
mean it gives a lower score.

Score  Weight schedule  TPScomp TPScenext Apractice 95% CI

log linear-front —2.5255 —4.5941 —-2.0686 [-2.7092, —1.3721
log uniform —2.5233 —4.5932 —2.0700 [—2.7496, —1.3661
log exponential-front ~ —2.5255 —4.5941 —2.0686 [—2.8006, —1.4609
log linear-back —2.5255 —4.5941 —2.0686 [—2.7303, —1.4200
Brier linear-front —0.3091 —0.4266 —0.1175 —0.1590, —0.0750
Brier uniform —0.3081 —0.4263 —0.1182 —0.1615, —0.0749
Brier exponential-front ~ —0.3091 —0.4266 —0.1175 —0.1577, —0.0734
Brier linear-back —0.3091 —0.4266 —0.1175 [-0.1622, —0.0761
Beta(2,4) linear-front —0.00656 —0.00897 —0.00241 [—0.00304, —0.00182]
Beta(2,4) uniform —0.00651 —0.00894 —0.00243 [—0.00310, —0.00183]
Beta(2,4) exponential-front —0.00656 —0.00897 —0.00241 [—0.00307, —0.00183]
Beta(2,4) linear-back —0.00656 —0.00897 —0.00241 [—0.00306, —0.00178]

Table 12. WebShop natural-censoring robustness for Platt-calibrated completion-token probability. This predictor has F' ~ 0.70 and is the
only non-reference predictor with uniformly negative Apactice across score families and weight schedules.
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Predictor F  linear-front uniform exponential-front linear-back
Verbal confidence (Platt) 0.38 + + + +
Completion entropy conf. (Platt)  0.38 + + + +
Action-span entropy conf. (Platt)  0.38 + + + +
Action-span token prob. (Platt) 0.38 + + + +

Completion token prob. (Platt) 0.70

Table 13. Sign of Apractice for non-reference predictors on WebShop. Each sign summarizes the corresponding score-family rows under
that weight schedule. The sign is determined by the predictor’s confidence regime rather than by the choice of score family or weight
schedule.

Weight schedule TP\Swmp — TP\Sbase TP\Scen,ext — fP\Sbase Shrinkage  Rank change?

linear-front +0.0123 +0.0086 —-30% No
uniform +0.0301 +0.0237 —21% No
exponential-front +0.0079 —0.0025 rank flip Yes
linear-back +0.0476 +0.0316 —34% No

Table 14. Verbal-confidence margin over the base-rate reference under log score. The censored extension reduces the margin under every
weight schedule; under exponential-front weights, the margin changes sign.
J. Beta-family Scoring Rules

This appendix records the strict-propriety argument for the beta-family score used in Section 3, describes its boundary
behavior, and explains how the parameters (v, 3) act as cost-shaping choices. It also notes how the same score can be used
as a calibration loss under a fixed evaluation law.

Throughout this appendix, S, g denotes the per-step binary score, while TPS denotes its trajectory-level weighted lift.

J.1. Strict propriety of the beta family

Recall that the beta-family score is
! P
Sa,ﬁ(pa 1) = _/ Ca_l(l — C)ﬁ dc, Saﬁ(l% 0) = _/ (1 — C)B—l de.
p 0

Strict propriety. The score is defined by the Schervish-Buja threshold-mixture construction with mixing measure
v(de) = ¢ 11 — )P tde.

For @ > 0 and 3 > 0, this density is strictly positive on every open subinterval of (0, 1). Hence the mixing measure has full
support on (0, 1). By Schervish’s characterization of binary proper scores, a threshold-mixture score is strictly proper if and
only if the mixing measure assigns positive mass to every open subinterval of (0, 1). Therefore S, s is strictly proper for all
a, B> 0.

The Brier score corresponds to @ = 3 = 1, up to positive affine equivalence:

1—p)? 2
S11(p, 1) = Gt %

9 3 Sl,l(pao) = -

Thus maximizing S ; is equivalent to minimizing the usual Brier loss.

The logarithmic endpoint is obtained as the limiting endpoint o« = 8 — 0. We treat it as the standard binary log score,
Sig(p, 1) =logp,  Sieg(p,0) = log(1 - p),
which is strictly proper by direct verification. If Y | H; ~ Bernoulli(g;), then the conditional expected log score is
qelogp + (1 — qt) log(1 — p).
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Its derivative is
[

p 1-p’

which vanishes uniquely at p = ¢;, and its second derivative is negative on (0, 1). Hence the log score is strictly proper. [J

J.2. Boundary behavior

The log score is unbounded at the wrong boundary:
Siog(p,1) = —00 asp — 0, Siog(p,0) = —00 asp — 1.

In implementations, we therefore clip reported probabilities to [e, 1 — €], with € = 10~°, before computing any log score.

Interior beta-family members are bounded on [0, 1]. The two wrong-boundary floors are finite:

1
Sa,p3(0,1) = —/0 Y1 —-¢)’de=—-B(a,B+1),

and .
Sa,5(1,0) = —/ (1 —¢)tde=—-B(a+1,8),
0

where B(-, -) is the beta function. Thus, unlike the log score, interior beta-family members cap the penalty for near-certain
wrong forecasts.

This distinction matters empirically because agentic confidence streams can be saturated. Verbal-confidence predictors, for
example, often cluster near 0.95 or 1.00. Log score penalizes such saturation sharply when the trajectory fails, whereas
bounded beta-family members saturate at a finite penalty. This is why the experiments report log as the canonical unbounded
default, Brier as the bounded symmetric baseline, and Beta(2,4) as a bounded asymmetric sensitivity check.

The boundedness of interior beta-family members also explains the scope of the approximate-propriety statement in
Remark C.5. The contrast

D(p) = Sa-ﬂ(pa 1) - Soz,ﬁ(pv O)

is bounded for o, 8 > 0, but not for the log endpoint. Hence finite plug-in error bounds for misspecified censored weights
apply cleanly to interior beta-family members and require additional clipping or boundedness conditions for log score.

J.3. Cost-shaping interpretation

The parameters («, ) do not determine whether the score is proper. Strict propriety follows from full support of the mixing
measure. Instead, («, 3) determine how the proper score weights different threshold mistakes.

In the Schervish threshold-mixture representation, each threshold ¢ € (0, 1) can be viewed as a cost-sensitive threshold
rule. The rule penalizes a forecast according to whether the reported probability falls on the wrong side of threshold c. The
beta-family mixing measure

v(de) o< 11 = ¢)P~tde
controls how much weight is assigned to each threshold region.

Smaller « relative to 3 shifts mass toward lower thresholds. This places more weight on mistakes associated with reporting
success probabilities above thresholds that the eventual failed trajectory does not justify. In agentic settings, this is the
overconfident-success regime: the agent reports a high probability of eventual success, but the trajectory fails. Such errors
can delay reflection, deferral, or human handoff.

Larger « relative to /3 shifts weight toward higher thresholds and can emphasize underconfidence on successful trajectories.
This may be appropriate when unnecessary interventions are costly and the system should be encouraged to proceed when
success is likely. The Brier score, corresponding to « = 3 = 1 up to positive affine equivalence, is the symmetric bounded
case.

Beta(2,4) provides a bounded asymmetric instance of the beta family. Together with log and Brier, it lets us compare an
unbounded default, a bounded symmetric score, and a bounded cost-shaped score.
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J.4. Proper scoring rules as calibration losses

A strictly proper scoring rule can also be used as a calibration-aware loss. Under the reward orientation used in this paper,
the corresponding trajectory-level loss is the negated score:

T
ﬁtraj,a,B(Fl:Ta Y) = - Z W Sa,B(Ftv Y)
t=1

For complete trajectories, minimizing this expected loss is equivalent to maximizing the expected TPS. By Theorem 4.1,

the unique population optimum is
F,=q=P"(Y =1|H,;) foreveryt.

Thus the same mathematical object can be used either as an evaluator of an existing uncertainty stream or as a loss for
training a confidence head, post-hoc calibrator, or uncertainty probe under a fixed policy.

This differs from optimizing trajectory ECE. An optimizer minimizing ECE is rewarded for marginal calibration within bins,
not for the resolution that proper scoring rules require. It can therefore fail to recover the full prefix-conditioned probability
process even when binwise calibration error is small.

The («, 8) parameters provide a risk-preference interface for the loss:

* Overconfident success predictions on failed trajectories (p — 1, Y = 0) can delay reflection, deferral, or human
handoff. A bounded asymmetric member with & < 3 can emphasize this regime while avoiding the unbounded log
penalty.

» Excessive underconfidence on successful trajectories (p — 0, Y = 1) can trigger unnecessary interventions. A choice
with @ > 3 can emphasize this regime.

* When the two directions are treated symmetrically, Brier (« = 8 = 1) and log are natural defaults, with Brier bounded
and log unbounded.

Distinction from policy optimization. Using —TPS as a calibration loss is not the same as using it as a policy-optimization
or RLHF reward. The propriety theorem fixes the evaluation law and scores forecasts under that law. If the policy itself is
optimized against the score, it may change the distribution of histories being evaluated, conflating policy improvement with
calibration. We therefore use —TPS as a loss for confidence heads, post-hoc calibrators, or uncertainty probes under a fixed
policy, not as a standalone RLHF reward.

Censored trajectories. For complete trajectories, —TPS, 3 is a valid calibration loss for any strictly proper beta-family
member. For censored trajectories, the exact reduced censored loss requires the continuation-success weight q:

qz = PW(Y =1 | Hz)

When gz is available or consistently estimated, the exact reduced score in Eq. (4) can be negated and used as the
corresponding censored calibration loss. When gz is unavailable, the simple failure-side approximation qz =~ 0 gives
fTPSZeg’Slmple. As Proposition C.3 shows, this simple loss is proper for the pseudo-label target

me =P"(A=1Y =1|H,),

not for the original continuation-success target ¢;, unless the missing success mass is zero. Thus TPS™SMPIe jg ap
operational approximation, while TPS®™**2° s the strictly proper censored score.

K. Implementation Details

Model and inference. All trajectories were collected from google/gemma-4-31b-1it accessed through Open-
Router (Google DeepMind, 2026). Token-level log-probabilities at every step are the raw materials for the completion-token
and action-span predictors. Table 15 summarizes decoding settings; all values are shared across datasets.

Agent harness. All benchmarks used an AUQ-UAM-style ReAct harness (Yao et al., 2023b) eliciting four structured
fields at every step: <think>, <action>, <confidence>, and <explanation>. The <confidence> field is the
verbal-confidence predictor. Up to two repair attempts were allowed per step before a parse-error termination was recorded.
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Hyperparameter StrategyQA / Tau2 / HotpotQA / WebShop
temperature 0.2

top-p 1.0

top-logprobs 5
max_completion_tokens 64,000

reasoning enabled

Table 15. Decoding hyperparameters.

Missing predictor values. We do not impute missing per-step forecasts. Malformed or missing structured confidence
fields are handled by the harness retry logic; if parsing still fails, the episode is assigned stop reason parse_error
and is excluded before predictor construction. For residual predictor-level missingness, the raw predictor may record a
missing value, but the evaluator requires a numeric stepwise stream at every scored prefix. A trajectory with a nonnumeric
value is skipped for that predictor row rather than partially scored or filled with a default. Thus each reported TPS row
evaluates complete numeric forecast streams for that predictor; any predictor-specific sample variation is part of the reported
transparency convention.

Datasets and run settings. Table 16 summarizes per-dataset configurations. The Tau2 user simulator (Qwen 2.5 7B
Instruct) is part of the benchmark interaction environment; it is not the uncertainty-emitting agent scored by TPS. All
sampling used seed 42. Tau2-Bench (Barres et al., 2025) uses a 90-task base-split sample from the airline/retail/telecom
domains. StrategyQA (Geva et al., 2021) uses the full wics/strategy—qga test split. HotpotQA (Yang et al., 2018) uses
a 2000-task sample of the fullwiki validation split. WebShop (Yao et al., 2023a) uses the 500-task fixed evaluation
subset.

Dataset Tasks Completed Max steps Seed Retrieval / action interface

StrategyQA 2,290 2,229 16 42 Local ES (top-k=3, 420 char obs.)
HotpotQA 2,000 1,529 7 42 Local ES (top-k=5, 420 char obs.)
Tau2-Bench 90 201 50 42  Benchmark-native tools; 120-step env. cap
WebShop 500 163 30 42 Text env.; 1,000-product catalog

Table 16. Per-dataset run configuration. Tau2 reports 201 completed from a 90-task base split (multiple episodes per task). WebShop
working sample is 308 (163 completed + 145 admin-censored) after excluding 192 parse-error terminations.

System prompts. The four prompts below are reproduced verbatim. Across all benchmarks, the <confidence> field is
defined identically: a number in [0, 1] representing the probability that the task will eventually be solved correctly from the
current state.

StrategyQA

You are a question-answering agent. You solve yes/no questions by searching a
Wikipedia-backed corpus.

You may use two tools:

1. Search[query]: retrieval from the configured Wikipedia backend. Use it to
discover a relevant page/paragraph and load current passage context.
2. Lookup [keyword] : local context scan only (no network). It scans the currently

loaded passage from the last Search and returns a matching span.

When you have enough information, end with: Finish[yes] or Finish[no]
At every step, use this exact format:

<think>your reasoning about what to do next</think>
<action>Search[...] or Lookup[...] or Finish[yes/no]</action>
<confidence>0.XX</confidence>

<explanation>one sentence explaining your confidence</explanation>
Rules:

- confidence is a number between 0.0 and 1.0 representing the probability that this
task will eventually be solved correctly from the current state.

- Always output all four tags: think, action, confidence, explanation.
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— Use Lookup only after Search has loaded a passage context.

— Prefer Lookup on the current passage before issuing another Search.
- The final answer must be exactly yes or no.

- explanation must not be empty.

- Be concise.

HotpotQA

You are a question-answering agent. You solve multi-hop questions by searching a
Wikipedia-backed corpus.

You may use three tools:

1. Search[query]: retrieval from the configured Wikipedia backend. Use it to
discover relevant pages/passages and load context.

2. Lookupl[keyword]: local context scan only (no network). It scans the currently
loaded passage and returns a matching span.

3. Finishl[answer]: terminate with a free-form final answer string.

At every step, use this exact format:

<think>your reasoning about what to do next</think>

<action>Search[...] or Lookup[...] or Finish[answer]</action>
<confidence>0.XX</confidence>

<explanation>one sentence explaining your confidence</explanation>

Rules:

- confidence is a number between 0.0 and 1.0 representing the probability that this
task will eventually be solved correctly from the current state.

- Always output all four tags: think, action, confidence, explanation.

— Use concise targeted search queries; multi-hop questions often require evidence from
multiple pages.

— Use Lookup after Search to extract precise spans from current context.

- The final answer should be short and direct.

- explanation must not be empty.

- Be concise.

Tau2-Bench

You are a customer-support agent operating in the tau2-bench domain: {TAU2_DOMAIN}.
Follow this domain policy exactly:

<domain_policy>

{TAU2_POLICY}

</domain_policy>

You may only use these benchmark-native tools:

<tool_catalog>

{TAU2_TOOL_SPECS}

</tool_catalog>

At every step, output exactly four tags:

<think>brief reasoning</think>

<action>Tool[tool.-name, {...valid JSON object...}] or Respond["..."]</action>
<confidence>0.XX</confidence>

<explanation>one sentence</explanation>

Rules:
- Use Tool[...] only with a listed tool name and a valid JSON object for arguments.
— Use Respond["..."] to send a plain-text message to the user.

— Output exactly one Action per step.

- confidence must be a number between 0.0 and 1.0.

- explanation must be a non-empty short sentence explaining your confidence.
— Output only these four tags and no extra fields.

— Keep think concise and task-focused.

WebShop
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You are solving a WebShop text-environment task from split: {WEBSHOP_SPLIT}.

At every step, output exactly four tags:

<think>brief reasoning</think>

<action>Search[query] or Click[target]</action>
<confidence>0.XX</confidence>

<explanation>one non-empty sentence explaining your confidence</explanation>

Rules:

— The action must be exactly one of: Search[...] or Click[...].

- Use Search[...] to submit a search query when the search bar is available.

— Use Click[...] with a target that exactly matches one of the provided clickable
targets.

- Always emit an <action> tag, even when uncertain.

- Do not emit any other action formats (no Tool[...], Respond[...], Finish[...], JSON,

or plain text actions).

- confidence must be a number between 0.0 and 1.0.

- explanation must be non-empty.

- Do not output extra tags or extra text outside the four required tags.

— Do not repeat search plans or narrate multiple alternatives; choose the single next
action.

Reproducibility. Predictor extraction formulas are in Appendix F; parse-error exclusion rules and termination categorization
are in Appendix G.

L. Existing Assets and Licenses

We used only existing model, benchmark, retrieval, and software assets for evaluation, and we do not introduce a new
dataset, model, or benchmark as a contribution. The language-model trajectories were generated with Gemma 4 31B
accessed through OpenRouter; the hugging face model card lists the Gemma 4 31B model under the Apache 2.0 license. The
StrategyQA benchmark is used under the MIT license reported by its official repository. Tau2-Bench is used under the MIT
license reported by its repository. HotpotQA is used under the CC BY-SA 4.0 license reported by the benchmark website.
WebShop is used under the MIT license reported by its official repository. The Wikipedia text indexed for local retrieval is
used under Wikipedia’s content terms, including CC BY-SA 4.0 and GFDL. These assets are used only for evaluation and
retrieval in the reported experiments.
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