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Abstract

We study repeated bidding in multi-unit dis-
criminatory (pay-as-bid) auctions for a single
bidder with per-round utility equal to value
minus « times payment, where « € [0,1] is a
cost-of-capital parameter. The bidder aims
to maximize cumulative utility over T’ rounds
subject to a total budget B. The problem is
challenging even without budgets: the action
space is exponential in the bidder’s maximum
demand M, and the valuation vector (context)
varies over time. Exploiting a decomposition
of utility across units, we develop polynomial-
time learning algorithms based on shortest
paths in a directed acyclic graph, obtaining
sublinear regret under both full-information
and bandit feedback. In the bandit setting,
the regret is independent of the number of
contexts due to complete cross-learning: ob-
serving the utility of the chosen action under
the realized context reveals the utility for the
same action under all counterfactual contexts.
With budget constraints, when the average
normalized per-round budget p = % < 1,
we design a coupled primal-dual algorithm in
which the DAG-based procedure uses dual-
adjusted edge weights for primal updates,
while online gradient descent updates the dual
variable, yielding p-approximate sublinear re-
gret. Finally, we give implementations whose
per-round time and space are independent of
the number of contexts, enabling scalability
to large or even infinite context spaces.

1 INTRODUCTION

Multi-unit discriminatory auctions, also known as pay-
as-bid (PAB) auctions, are commonly used in treasury
auctions (Brenner et al., 2009) and electricity mar-
kets (Maurer and Barroso, 2011). In this format, K
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identical units of an item are sold to bidders who may
demand multiple units, and each winning bidder pays
exactly what they bid for each allocated unit. The
well-known first-price auction (FPA) is a special case
of PAB auction when K = 1.

Bidding in PAB auctions is notoriously challenging.
Unlike truthful mechanisms such as VCG (Vickrey,
1961; Clarke, 1971; Groves, 1973), reporting one’s true
valuation is not optimal in PAB auctions (Ausubel
et al., 2014). Even under restrictive assumptions like
common priors and equilibria play, computing optimal
strategies is intractable due to the multi-dimensional
nature of valuations (Kasberger and Woodward, 2025).
The complexity is further amplified in repeated settings
with budget constraints. Here, bidders must adapt to
strategic or even adversarial competitors, time-varying
valuations, navigate an exponentially large bid space
(even with discrete bids, as is common in practice),
and resolve the “spend-or-save” dilemma, where bud-
get allocation today affects outcomes in the future.
These challenges underscore the need for efficient and
computationally tractable bidding strategies for budget-
constrained bidders in repeated PAB auctions.

1.1 Owur Contributions

We design bidding algorithms for a budget-constrained
bidder in repeated multi-unit PAB auctions.

Modeling. We consider the bidder’s utility as value
minus « times payment, where « € [0, 1] is a cost-of-
capital parameter (Balseiro et al., 2019b). This unifies
two existing common behavioral models: traditional
profit mazimizers (o = 1) and value mazimizers (o =
0) (Balseiro et al., 2021b; Lv et al., 2023; Deng et al.,
2024). We model the budget as a hard constraint,
requiring it to be satisfied for every realized sequence
of auctions, as is common in practice (Wang et al.,
2023; Castiglioni et al., 2024). While prior works have
focused on the setting where competing bids are drawn
i.i.d. from a distribution (Feng et al., 2023; Han et al.,
2024), we allow the competing bids to be generated
adversarially. The individual bids are integral multiples
of € € (0,1), reflecting the minimum bid increments in
real-world auctions such as eBay (eBay, 2026) and U.S.
Treasury auctions (Hortagsu et al., 2018).
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We focus on no-overbidding (NOB) strategies, which
require that cumulative bids never exceed cumulative
valuations (see Definition 1). This ensures that the
bidder’s utility is non-negative, regardless of the com-
peting bids. For bidders with o = 1, prior work often
imposes a stricter per-unit NOB condition (Markakis
and Telelis, 2015; Galgana and Golrezaei, 2024), which
can be highly suboptimal when o < 1. Our cumulative
notion of NOB is therefore more general and necessi-
tates new techniques for designing bidding algorithms.

No Budget Constraints. We first study the offline
problem of computing the hindsight-optimal strategy
without budget constraints, assuming the competing
bids are known in advance. The main challenge is
that the number of NOB strategies grows as O(e~M),
where M is the bidder’s maximum demand. To address
this, we exploit that the bidder’s utility decomposes
across units. Leveraging this structure, we construct
an edge-weighted directed acyclic graph (DAG) of size
poly(M,1/¢) in which each s—d path corresponds to
a NOB strategy and the associated path weight is an
affine transformation of that strategy’s total utility. So,
computing the optimal offline NOB strategy reduces
to finding a shortest path in the DAG (Theorem 3.1).

In the online setting, valuation vectors are drawn i.i.d.
across rounds from a distribution D supported on V.
We first consider the case where |V| is finite (and small),
and later extend the results to large or infinite context
spaces. Treating each valuation vector v € [0, 1] as
a context, the bidder maps each context to a NOB
strategy (action) and, building on the offline reduction,
maintains one DAG per context. The bidder then per-
forms exponential-weights updates over s-d paths using
a variant of the weight-pushing method of Takimoto
and Warmuth (2003). Under full-information feedback,
all the competing bids are revealed ez post,' allowing
the bidder to update all DAGs. This algorithm does
not require knowledge of D and achieves O(M3/2y/T)
regret, independent of |V| (Theorem 3.2).2:3

In the bandit setting, only the bidder’s allocation is
revealed after each auction. Under such limited feed-
back, a naive contextual bandit approach that updates
only the DAG corresponding to the realized context
typically incurs an unavoidable O(+/]V|) dependence
in the regret bound. In contrast, in our setting the
realized utility under the observed context helps infer
counterfactual utilities that can be leveraged to update

IStrictly speaking, it suffices to reveal the top K compet-
ing bids (equivalently, the top K + 7, bids overall), where
r¢ is the number of units won by the bidder in round ¢.

2Here, O(-) hides logarithmic factors in 1/e.

3Since v € [0,1], the per-round utility lies in [0, M].
Rescaling utilities by 1/M to lie in [0, 1] (as is standard in
online learning) scales all stated regret bounds by 1/M.

all contexts, yielding complete cross learning between
contexts, a notion introduced by (Balseiro et al., 2019a).
As a result, our regret bounds are independent of |V|.
Specifically, when the context distribution D is known,
we exploit this knowledge to construct edge-weight es-
timators (cf. Eq. (11)), obtaining a regret bound of
O(M?2e=3/2\/T) (Theorem 3.3). When D is unknown,
we obtain a slightly weaker bound of O(M2e=172/3)
(Theorem 3.4). Additionally, we establish a regret lower
bound of Q(M+/T) (Theorem 3.5).

With Budget Constraints. Having addressed the
unconstrained regime, we turn to the case where the
bidder has a total budget B = pMT over T rounds.
This introduces a long-term constraint that couples
decisions across time. Under NOB and the payment
rule, the per-round payment is at most M, so when
p > 1 the budget never binds and the problem reduces
to the unconstrained setting. The interesting regime is
p < 1, where the bidder must actively pace spending.

Prior work on budget-constrained bidding has primar-
ily focused on single-item auctions and has developed
primal-dual based algorithms where the dual variable
acts as a pacing multiplier that directly scales values
to set bids (Balseiro and Gur, 2019; Gaitonde et al.,
2023; Lucier et al., 2024). In contrast, we develop a
coupled primal-dual framework tailored to multi-unit
PAB auctions. Building on Castiglioni et al. (2022a),
we integrate the dual variable into our DAG-based pri-
mal regret minimizer via dual-adjusted edge weights
(cf. Eq. (16)), while updating the dual variable using
online gradient descent. The resulting algorithm jointly
balances utility maximization and budget feasibility,
yielding p-approximate regret of order O(Ry/p), where
Ry is the regret of the underlying primal algorithm.

Efficient Implementation. We next give efficient
implementations of our learning algorithms for the full
information setting and bandit setting with unknown
context distribution that preserve the regret guaran-
tees stated above while making the per-round time and
space complexity independent of the number of con-
texts |V|. Thus, the algorithms remain tractable even
for very large or infinite context spaces. The key ob-
servation is that edge utilities are affine in the context
and decompose across edges, allowing us to maintain
edge-specific coefficients shared across all contexts. In-
stead of a separate DAG for each v € V, we use a super
DAG whose edge set contains the edges of all context-
dependent DAGs and has the same order of size. We
then update the shared coefficients on the super DAG
each round, while keeping the core exponential-weights
update via weight-pushing unchanged. The resulting
per-round time and space complexity is O(|E|), where
|E| = O(M?/€3) is the number of edges in the super
DAG (see Section 5 for details).
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1.2 Related Works

Balseiro and Gur (2019) showed that, under adver-
sarially varying competing bids, no-regret learning is
impossible even in second price auctions (SPA): no algo-
rithm can guarantee a competitive ratio better than the
average per-round budget, p. Castiglioni et al. (2022a)
studied FPA and obtained p-approximate sublinear re-
gret. Castiglioni et al. (2022b) proposed a unified meta-
algorithm that achieves best-of-both-worlds regret guar-
antees—simultaneously robust to adversarial sequences
and near-optimal in stochastic environments—for both
FPA and SPA under budget and return-on-investment
constraints. Castiglioni et al. (2024) showed that when
p is unknown, similar guarantees can be obtained by
using weakly adaptive primal and dual regret mini-
mizers, i.e., algorithms that ensure sublinear regret on
every interval [t1,t2] C [T]. We extend this line of
work by studying repeated PAB auctions under budget
constraints in the adversarial setting.

Recently, several works have studied learning to bid
in repeated multi-unit auctions (Branzei et al., 2023;
Golrezaei and Sahoo, 2025; Potfer et al., 2024). The
closest to ours is Galgana and Golrezaei (2024), who
study repeated PAB auctions and provide polynomial-
time learning algorithms for profit maximizers (a = 1).
While our work builds on and generalizes theirs, it
differs substantially in the problem formulation, as-
sumptions, algorithmic techniques, and learning guar-
antees. We defer a detailed comparison to Table 1 in
Appendix A, which also discusses further related work
on multi-unit auctions, online learning under resource
constraints, and cross-learning in multi-armed bandits.

2 MODEL

Notations. For n € N, let [n] = {1,2,...,n}. Let
I[-] denote the indicator function, i.e., I[X] =1 if the
proposition X is true and 0 otherwise. We write X <Y
if X < CY for some absolute constant C' > 0, and
define X 2> Y analogously. For any e € (0,1], let
Z. = {ke: k € Z>o}. For a given integer M, define
B .= {bEZéMO[O,l}M: by > - ZbM},i.e.,theset
of all nonincreasing bid vectors on the e-grid.

2.1 Pay-as-Bid Auctions

In a PAB auction, there are K identical units and
bidders may demand multiple units. We study the
bidding problem from the perspective of a single bidder
whose maximum demand is M € [K]. The bidder has
a private valuation vector v € [0,1]" with diminishing
marginal returns, i.e., v1 > --- > vy (Goldner et al.,
2020). The valuation vector v is drawn from a distribu-
tion D supported on V. For simplicity, we assume V is

finite; in Section 5 we extend the results to infinite con-
text spaces. For any v, define the cumulative valuation
vector W € RY where W; = Y7 _, v, Vj € [M].

Allocation and Payment Rule. The bidder sub-
mits a vector of bids b = [b1,...,by] € B sorted in
non-increasing order. Each bid is an integral multiple
of ¢, reflecting the discretization used in real-world auc-
tions (e.g., increments of $0.01). For b = [by,..., b,
define B € B as the cumulative bid vector where
B; = Zézl bg,Vj. The competing bids are denoted by
B_ and the bid profile is 8 := (b; 3_). The auctioneer
elicits bids from all the bidders and the multiset of the
top K bids are called winning bids. Ties are resolved
according to a fixed, publicly known deterministic rule,
such as favoring lower indexed bidders (Nisan et al.,
2011; Chiesa et al., 2015). The bidder is allocated one
unit for each of their bids in the multiset of winning
bids. The total number of units allocated to the bidder
under bid profile 8 is denoted by x(3). If the valuation
vector is v = [vy,...,vps], the total value obtained by
acquiring x(8) units is Vv (8) := Wa(s) = 3, <.(8) Vs
and total payment is the sum of the accepted bids of
the bidder, i.e., P(8) := Byg) = ngx(ﬁ) b;.

The bidder intends to maximize their quasilinear utility
function Uy (). Formally, for a bid profile 8 = (b; 3_)
and cost of capital a € [0, 1],

Uv(B) := Vv (B) — aP(B). (1)

The utility function in Eq. (1) captures two well-studied
bidder behavioral model. The traditional profit maxi-
mizer model is obtained when oo = 1 (Borgers, 2015),
while oo = 0 corresponds to the value maximizer model,
which has gained attention in the context of autobid-
ders (Balseiro et al., 2021a,b; Deng et al., 2024).

Definition 1. For a given v, b = [by,bs,...,by] is
a no-overbidding (NOB) strategy if for all ¢ € [M],
Bg < Wg, where Bg = Zj:l bj and Wg = Zﬁ:l Vj.
The collection of all NOB strategies corresponding to
any v € Vis By, C B.

Assumption 1. The bidder follows NOB strategies.

Our notion of NOB in Assumption 1 is standard in
multi-unit auctions (Christodoulou et al., 2016). In
prior work on profit-maximizing bidders, a more restric-
tive per-unit NOB condition of b; < v; for all j can
be imposed without loss of generality (Markakis and
Telelis, 2015; Galgana and Golrezaei, 2024). But this re-
striction can be highly suboptimal when o < 1 (see Ap-
pendix B.1). Assumption 1 ensures that U, (3) > 0 for
all B_ and « € [0,1].* To see this, fix any v, a € [0, 1],

4If we normalize the utility of the outside option (not
participating in the auction) to 0, this is referred to as
the individual rationality (IR) or participation constraint.
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and competing bids B_. For any NOB strategy b,
let B = (b;B_). Then Uy(B) = Vy(B) — aP(B) =
Wa(s) — aBygy = 0. Moreover, for any overbidding
strategy, i.e., 3¢ € [M] such that By > W,, there ex-
ists a competing bid profile for which Uy () < 0 (see
Appendix B.2). As competing bids can be adversarial,
bidders follow NOB strategies to ensure that Uy (-) > 0.

Example 1. Consider a PAB auction with K =5 iden-
tical units and € = 0.1. The bidder’s maximum demand
is M =5, and v =1[1,0.9,0.7,0.6,0.4]. Suppose their
submitted strategy is b =[0.9,0.9,0.7,0.6,0.5]. It can
be verified that B; < W;,Vj € [M] implying b is a NOB
strategy. Suppose B_ =[1,0.8,0.4,0.3,0.2]. Thus, the
winning bids are [1,0.9,0.9,0.8,0.7] and the bidder is
allocated 3 units (corresponding to the underlined bids).
Hence, for any a € [0,1], V4 (8) =1+0.94+0.7=2.6
and P(B8) = 0.9+ 0.9+ 0.7 = 2.5 which implies that
Uy (B) = 2.6 — 2.50 > 0.

2.2 Problem Statement

We study the bidding problem for a single budget-
constrained bidder in a repeated setting over T' rounds,
where a PAB auction is conducted in each round. The
bidder has a fixed budget B, and the total expenditure
across the 7" rounds must not exceed B. Following prior
work on budget-constrained bidders, we assume that
B = pMT for some constant p > 0 (Balseiro and Gur,
2019; Gaitonde et al., 2023; Castiglioni et al., 2024).

In round ¢ € [T, the bidder first observes their valu-
ation vector v € V, sampled i.i.d. from the distribu-
tion D, and then submits bt € B,:. If the competing
bids are 3" , the resulting bid profile is 8' = (b*; 8").
Given cost of capital a € [0,1] and allocation z(3")
units, the bidder’s value V¢ (8"), payment P(3"), and
utility Uy:(3") are defined as before. After each auc-
tion, the bidder receives feedback and updates their
bidding policy for future rounds. We consider two stan-
dard feedback models: in the full-information setting,
all competing bids 3" are revealed, whereas in the
bandit setting, only the allocation z(3") is observed.

Baseline. We compare the bidder’s performance
against the optimal stationary policy subject to budget
constraints. Let IT be the class of policies that maps
valuation vectors to bidding strategies:

H:{W:V—> UBV, s.t.w(v)er}.

vey

The baseline in this setting is the expected utility sub-

For a broad class of auctions, bidders adopt NOB strate-
gies precisely to satisfy the IR constraint (Bhawalkar and
Roughgarden, 2011; De Keijzer et al., 2013).

ject to budget constraints over T rounds:

T
OPT := max 3 E [Uy: (n(v); B°)]

well -
t=1

T

s.t. Z P(r(v");BL) < pMT.

t=1

(OpT)

Recall that the competing bids are adversarially chosen.
The baseline assumes prior knowledge of the competing
bids and finds the optimal policy 7* € II, where the
expectation is taken with respect to the context dis-
tribution D. The choice of baseline is consistent with
prior works on repeated auctions (Balseiro et al., 2019a;
Schneider and Zimmert, 2023; Kumar et al., 2024).

Performance Metric. We distinguish two regimes
depending on p: (i) p > 1 and (ii) p < 1. When p > 1,
the budget constraint is automatically satisfied. This is
because, under the NOB assumption and the auction’s
payment rule, we have P(3") < Vy:(8") < M for all
BY . Hence, the total payment over T rounds is at
most MT implying the budget constraint never binds.
Equivalently, we can treat this regime as unconstrained.
The benchmark is

T
OPT, == r;lgﬁ(tz:; E [Uy (W(vt);,ﬁt_)] ,  (OPT-NB)

and performance is measured via (standard) regret:

T
Reg,,,(T) := OPT,;, — Y E[Uy:(8")] .
t=1
When p < 1, the problem resembles adversarial bandits
with knapsacks (BwK) (Immorlica et al., 2022; Kessel-
heim and Singla, 2020). In this regime, the standard
choice of performance metric is p-approximate regret:

T
p-Reg(T) :=p-OPT — > E [Uy(8")] .
t=1
Our goal in the remainder of the paper is to design
algorithms that guarantee sublinear (p-approximate)
regret, i.e., Reg,,(T) = o(T) and p - Reg(T') = o(T).

3 NO BUDGET CONSTRAINT

As stated earlier, we first consider the regime p > 1,
which is equivalent to the setting without budget con-
straints. As will become clear in Section 4, the algo-
rithms developed for this regime are a crucial building
block for handling the case p < 1.

3.1 Offline Setting
To design our online algorithms, we begin by solving

the offline optimization problem in (OPT-NB), which
provides key structural insights.
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Lemma 3.1. For p > 1, an optimal stationary policy
7* € II for (OPT-NB) satisfies

T

7 (v) € arg Inax Z Uy(b; 8Y), YwweV. (2
V=1

Motivated by Lemma 3.1, we study the offline opti-
mization problem above for a fixed valuation vector
v = [v1,...,0p] € V, which will in turn guide the
design of our online algorithms.

Let ,B:ff ) denote the &t smallest bid among the top K
competing bids in round ¢, i.e., among all bids excluding
those of the bidder under consideration. If the bidder
wins r units in round ¢, then for each s € [r] it must
hold that b, > ,6':7(; ) (assume the tie-breaking rule
is incorporated in the indicator function in Eq. (3)).

Therefore, for any b = [by,...,by] € By,
M .
Uu(b:BL) = Y (v —aby) -1ty = 89| (3)
j=1

Summing Eq. (3) over all ¢ € [T] yields the objective
in Eq. (2). Moreover, Eq. (3) shows that this objective
decomposes across units, a property we exploit to solve
the offline problem efficiently.

3.1.1 Constructing the DAG

Since |By| = O(e~™M), naively enumerating all strate-
gies is infeasible. Instead, for each context v € V we
construct a context-dependent edge-weighted DAG of
size poly(M, 1/e), which will be crucial for computing
the optimal policy 7*(v) in Lemma 3.1. In particular,
computing 7*(v) is equivalent to finding a shortest
(minimum-weight) s—d path in this DAG. Finally, we
introduce the notion of a super DAG—a slight modifi-
cation of the context-dependent DAGs—which will be
useful for the analysis in Section 3.2 and is central to
our efficient implementations in Section 5.

Context-Dependent DAG. Fix v € V. The
(context-dependent) DAG G(Ny, Ey,wy) consists of a
source node s, a destination node d, and M interme-

diate layers. Layer ¢ corresponds to choosing the ¢tP
bid.

Nodes. A node in layer £ is a triple (¢, by, s¢), where
b€ Z.NJ0,1] and

s €Z, and sy < Wy, (4)
recalling that W, = Z§:1 v; and Z, denotes the set of
nonnegative integral multiples of . The constraint sy <

W, enforces the NOB assumption. For convenience,
define the source as s = (0, 00, 0).

Edges and weights. Edges exist only between consecu-
tive layers. A directed edge from (¢ — 1,by_1,S¢—1) to
(£,bg, sp) exists if

bi—1 >b; and sp=s-1+ by (5)

The weight edge e = (¢ — 1,by_1,50-1) — (€, by, s¢) is

wy(e) == Z

t=1

1 — (vg — aby) - I[bz > ﬁ:fﬂ

6
T a (6)
All edges from nodes in layer M to the destination
node d have weight 0.

Size of the DAG. In layer ¢, we have by € Z. N [0, 1]
and sy € Z. with s, < W, < £. Thus, the number of
possible values for b, is O(1/€) and for s, is O(¢/e),

so layer ¢ contains at most O(% . f) = O(Eé) nodes.

Summing over ¢ € [M] yields [Ny| = O (Af;)

For edges, fix a node (¢ — 1,by_1,s¢—1) in layer ¢ —
1. Condition in Eq. (5) implies that the choice of by
uniquely determines sy, so the out-degree is O(1/e).

Therefore, |Ev| = O(INy|- 1) = O(Af—;), and hence
the DAG has size poly(M, 1/e).

(2,0.2,0.4)

(5= (0,00, ))——{((1,0.2,0.2)

Figure 1: DAG for M = 2 with ¢ = 0.2. Nodes are
(€,b¢, 5¢) with s¢ = Y25 b; < Wy, where Wy = 0.5
and W5 = 0.55. Each layer ¢ chooses one bid and
enforces monotonicity (bye—1 > by) and NOB condition
(s¢ < Wy). The blue path corresponds to b = [0.2,0.2].

We now state the main result of this section, which
establishes a one-to-one correspondence between s—d
paths in the context-dependent DAG G (Ny, Ey,wy) and
NOB strategies in By, .

Theorem 3.1. There is a bijection between s—d paths
in G(Ny, Ey,wy) and strategies in By .

(Path «+ strategy). A path p = s — (1,b1,51) —
<o = (M, by, spr) — d corresponds to the strategy
b = [b1,...,bp] € By. Conversely, any strategy b =
[b1,...,bp] € By corresponds to the unique path p
stated earlier with s; = _, by for all j € [M].

(Path weight). Let p be the path corresponding to
b= [bl, N ,b]\/[]. Then

() = S (o) = LT Zﬁl ;Jv(b;ﬁ,)_

ecp
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In particular, mazimizing Ethl Uy(b; BL) overb € B,
is equivalent to finding o shortest (minimum-weight)
s-d path in G(Ny, Ey,wy). Moreover, since [Ny| < |Ey|,
a shortest path in G(Ny, Ey,wy) can be computed in

O(|Ey|) = O(M?/€3) time and space.

Super DAG. The super DAG G(N,E) has the same
layered structure as the context-dependent DAG
G(Ny, Ey,wy), but is independent of the context. In
G(Ny,Ey,wy), a node (¢, by, sg) must satisfy s, € Z,
and sy < Wy, where W, = Ele vj. In the super DAG,
we replace this with the context-free constraint

sg€”Z, and sp <V/. (7)

Because W, < { for all v € V, every node and edge fea-
sible in G(Ny, Ey, wy) is also feasible in G(N, E). So, for
every v € V. we have N, C N and E, C E. Moreover,
for any v € V, G(N,E) has the same order of size as
G(Ny,Ey,wy): [N| = O(M?/e?) and [E| = O(M?/é?).

3.2 Online Setting

We now build upon Theorem 3.1 to design a no-regret
algorithm for the online setting, where a PAB auction
is conducted in each round ¢ € [T7].

3.2.1 Full Information Feedback

In the full-information setting, after each round ¢ the
bidder observes the competing bid profile 8% . In fact, it
suffices to reveal only the top K competing bids, equiv-
alently the top K +7¢ bids in 8, where 74 is the number
of units won by the bidder in round ¢. We model the
problem as contextual online learning: each valuation
vector v € V is a context, and upon observing v, the
bidder selects a strategy in By,. By Theorem 3.1, there
is a bijection between strategies in B, and s—d paths
in G(Ny, Ey,wy). A natural idea is therefore to treat
each path as an expert and run a no-regret algorithm
such as Hedge (Freund and Schapire, 1997).> However,
a naive implementation is computationally infeasible,
since it requires tracking O(e~#) experts. To circum-
vent this, we exploit the combinatorial structure of the
action space and use a dynamic-programming-based
variant of the weight-pushing method of Takimoto and
Warmuth (2003), which maintains weights on edges
rather than entire paths.

Overview of the Algorithm. The bidder main-
tains a context-dependent DAG G*(Ny, Ey, wy ) for each
v € V. At the beginning of round ¢, the bidder observes
vt ~ D and updates the edge probabilities {¢% (¢)}ccE,
for all v € V based on the previous-round values

5This is referred to as Ezpanded Hedge (Koolen et al.,
2010) and as expanded exponential weights (EXP2) in
Audibert et al. (2014).

{¢t1(e)}ecE,. Let wi(e) denote the weight of edge
e € Ey in round ¢ (for any v € V), and let 7; be the

learning rate. Set np = 1 and, for all ¢t > 1, ; := n?il'

To compute ¢ (-), set T51(d) = 1 and compute T%(.)
bottom-up as follows. For every u € Ny,

M= 3 (T ) [0l s o))

v:u—vEE,
cexp(—ny wiH(u — ’U))) . (8)

Then, for every edge e = u — v € E,,, update

Ft 1
8 (e) = [65 )" o1 E ; (9)
As we show in the proof of Theorem 3.2, the updates in
Egs. (8) and (9) recovers the standard Hedge algorithm
by setting n, = n for all ¢t € [T]. When 7, time-decays,
the update rule corresponds to the Decreasing Hedge
algorithm (Mourtada and Gaiffas, 2019).

From Eq. (8) and Eq. (9), it is easy to verify that the
edge probabilities ¢¢ (u — -) form a valid distribution
over the out-neighbors of u. This motivates sampling
edges sequentially in a Markovian fashion over M + 1
steps. Starting at node s, select an outgoing edge
s — u with probability ¢.(s — u) and transition to
node u, repeating the process until the destination d is
reached. The s-d path obtained in this manner maps
to a strategy in B+ as specified in Theorem 3.1, which
the bidder then submits. After the auction concludes,
the bidder observes 3" and sets the edge weights in
all the DAGs. Specifically, for each v € V, and edge
E,>e= (6—1,[)571,84,1) — (f, bg,S() in layerf € [M],
the edge weight is set as

. 1— (v — Ozbz) . ||:bg > ﬁ:ff):|
= . 10
0 ! (10)
All edges from nodes in layer M to the destination node
d have weight 0. Note that in this setting, the bidder
does not require knowledge of the context distribution
D, and thus we may assume that D is unknown. The
learning algorithm is formally presented in Algorithm 1.

cexp(—nwy(e)) -

Theorem 3.2. In the full-information setting without
budget constraint, Algorithm 1 runs in O(|V|M?/e3)
space and time per round. For e € (0,1) and any
non-increasing sequence {n; }1_, with n; > 0,

Mlog(1/e
Reg,(T) 5 2201 MQZ??
If e = \/ "5 Vi, then Reg,,,(T) < M3/%\/Tlog 1/e.
Alternatively, if n, = n = 101%41T/6Nt, the same regret

bound (up to constants) is also achieved.

5The variant with 7, o t~1/2 is called an anytime algo-
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Algorithm 1 No Budget Constraints (Full Information)

Require: Set of valuation vectors, V, learning rates n; >
0,Vt > 1. Define o = 1, ¢%(e) = 1 and wl(e) =
0,Ve € Ey,Vv € V.

1: fort=1,2,... do

2: Observe an i.i.d. valuation vector sample v ~ D .

3: Construct G*(Ny, Ey,wy) without weights Vv € V.

4: for v eV do

5 Obtain edge probabilities ¢% (-), Vv € V following

Eq. (8) and Eq. (9).

6: Define initial node u = s and path p’ = s.

7 while u # d do

8: L Sample v with probability ¢! (u — v).

9: Append v to the path p’; set u < v.

10: Map pt =5 — (1,b1,81) = - = (M, bar, s01) — d,

and submit b’ = [b1,...,bn].
11: Set edge weights per Eq. (10) for all v € V.

3.2.2 Bandit Feedback

Known Context Distribution. In the bandit set-
ting, the bidder observes the context v?, selects a bid
b! ¢ By¢, and after the auction observes only the al-
location z(8"). A natural approach is to treat this
as a contextual bandit problem: maintain a context-
dependent DAG for each v € V and update only the
DAG corresponding to the realized context v? using
unbiased edge-weight estimators &%, (e).” However, this
incurs an undesirable O(1/[V]) multiplicative depen-
dence in the regret bound. We next exploit the struc-
ture of the utility function to obtain regret guarantees
independent of |V].

We observe that the utility of a submitted strategy
b reveals its counterfactual utility under every other
context v/ € V. Specifically,

M
Uy (b BL) = Uy (b5 L) + (0] = vy) -1 by = B-9].

j=1

All quantities on the right-hand side are observable
whenever b is submitted in round ¢, even under bandit
feedback. Thus, submitting b reveals its utility under
all contexts, yielding complete cross-learning (Balseiro
et al., 2019a). This, in turn, allows us to construct
edge-weight estimators for all context-dependent DAGs.
Accordingly, the bidder runs Algorithm 1, replacing
w! (e) by its estimator @! (e) as in Eq. (11).

In round ¢, suppose the bidder observes v* and submits
strategy b’ € By:. If the corresponding path is p? (see
Algorithm 1, Line 10), then for any v € V and e € E,,

& (e) = <)

q'(e)

rithm (Lattimore and Szepesvéri, 2020), since it attains the
optimal regret bound with no prior knowledge of T'.

"This is referred to as the S-EXP3 algorithm (Bubeck
and Cesa-Bianchi, 2012).

e € p'], (11)

where w! (e) is defined in Eq. (10), and

¢'(e) =) Pv'=v] Y Plp'=pv'=v].(12)

vey pEP, e€p

Here, &, denotes the set of s—d paths in G(Ny, Ey,wy ),
and ¢'(e) is the unconditional probability that edge
e is selected in round t, averaged over v ~ D. Thus,
computing Eq. (11) requires knowledge of the context
distribution D. The estimator resembles the standard
importance-weighted bandit estimator, but with edge-
marginal probability ¢!(e) in the denominator. The
main computational bottleneck is therefore evaluating
q'(e), which we show can be done in O(|]V|M?/€®) time
and space (see Appendix C.4).

Theorem 3.3. In the bandit setting under known con-
text distribution and no budget constraint, Algorithm 1
with the estimator in Eq. (11) runs in O(|V|M?/€3)
space and time per round. For any e € (0,1) and
non-increasing sequence n; > 0,

Mlog 1 M3 &
Reg,,(T) < Mlog1/e +— ) -
nr S

If e = 4py/ Y i, Reg,,(T) < M\ /Tlog1/e.

Alternatively, if o, = n = ﬁ\/ 531077351/6,%, the same

regret bound (up to constants) is also achieved.

Unknown Context Distribution. Recall that knowl-
edge of the distribution D was crucial for constructing
the unbiased estimator @: (e) in Eq. (11). For unknown
D, several changes are necessary.

Edge weights. For the purposes of regret analysis, we
now maintain gains rather than losses. In any round ¢,
for veVandedgee= (¢ —1,bp-1,80-1) = (¢, be, s¢)
in layer ¢ € [M], we define

, a+ (v — aby) - I[bg > 5:55)}
wy(e) = Ta . (13)

All edges from nodes in layer M to d have weight 0. As
in Eq. (10), we have w!(-) € [0,1] in Eq. (13) as well.
Estimator. If the observed context in round ¢ is v =

v/ € V, then for any v € V and e € E,,, we define

St (e) = w‘t,(e). e cpt
v(€) @ lleep'], (14)

where

pl.(e) = Z Plp! = p|vi =v/]. (15)

peEL, 1 e€Pp

Here, p!,(e) is the probability of selecting edge e in
round ¢, conditional on the observed context v'.
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Variance control. The estimator in Eq. (14) may suffer
from high variance when p!, () becomes too small. To
mitigate this, we mix the exponential-weights distribu-
tion with a uniform distribution over a carefully chosen
set of paths. For each v € V, we construct a edge path
cover Cy, (Gyorgy et al., 2007; Golrezaei and Sahoo,
2025) which is a collection of s—d paths in G(Ny, Ey, wy)
such that every edge e € E,, lies on at least one path
p € Cy. In round ¢, after observing v¢ = v/, the bidder
selects a path according to a mixture strategy:

(i) with probability 6 € (0,1], sample uniformly at
random from Cy/;
(ii) with probability 1 — §, sample using exponential

weights oc exp(n; Ei;ll Wy (p))-

Constructing an edge path cover (EPC). Since in any
round ¢t we only need the EPC for the realized context
vt we avoid constructing and storing one for every
v € V. Instead, when v? = v/, we fix a deterministic
canonical way to reach each node from the source and
the destination from each node in G(Ny/, Ey/, wy) (e.g.,
via parent pointers from a topological pass). These
pointers define, for each edge e = (u,v), a canonical
s—d path through e: take the canonical s — u prefix,
traverse e, and then the canonical v — d suffix. Let Cy/
denote the resulting multiset of canonical s—d paths,
one per edge, so that |Cy/| = |Ey/|. We then sample an
edge uniformly at random using reservoir sampling in
one pass over Ey. and output its associated canonical
path by following the pointers. This avoids explic-
itly materializing Cy+ and runs in O(|Ey/|) time using
O(|Ny/|) space. The detailed sampling method appears
in Algorithm 4, and the full procedure for the unknown
context distribution setting is given in Algorithm 3.

Theorem 3.4. In the bandit setting under unknown
context distribution and no budget constraints, Algo-
rithm 8 runs in O(|V|M?/€3) space and time per round.
For any € € (0,1), using 6 € (0,1] and non-increasing
sequences My < ﬁa, where |E| is the number of edges
in the super DAG, we get

Mlog 1 M2|E| &
Reg,,(T) < ;)g /E+ 5‘ |Zm+MT5.
T =1

_ 1/3
. M|E|log1/e _ s
If 6 = min <1, (7‘ |Jog 1/ ) ), and ny = 3

M>?T?/3(log 1/e)'/3 N
€ €

Regnb(T) 5

Lower Bound. We conclude this section by estab-
lishing a regret lower bound showing that our learning
algorithms in the full information setting and bandit
setting with known context distribution are optimal in
their dependence on T' (up to logarithmic factors).

Theorem 3.5. Fiz any o € (5,1]. There eists a
sequence of competing bids [ﬁi]te[ﬂ such that, in the
setting without budget constraints, every learning al-
gorithm incurs E[Reg,,(T)] = QMVT) in the full-
information setting. This implies an equivalent lower
bound in holds the bandit setting.

4 WITH BUDGET CONSTRAINT

Having developed polynomial-time learning algorithms
for the unconstrained regime, we now turn to the
budget-constrained case, i.e., p < 1. Since the bids
can be adversarial, the performance metric in this set-
ting is p-approzimate regret: p- Reg(T) = p- OPT —
Z;‘F:l E[Uy:(8")], where OPT is defined in (OPT).

Primal-dual algorithms are commonly used to pace bid-
ders’ spending under budget constraints: in each round,
the primal step produces a bid by scaling the bidder’s
value using the current dual variable (a pacing multi-
plier), and the dual variable is updated via a gradient-
based method (Balseiro and Gur, 2019; Gaitonde et al.,
2023; Lucier et al., 2024). However, in multi-unit PAB
auctions the optimal bid can be a nontrivial function
of the entire valuation vector, so this simple “scale-the-
value” primal update is no longer appropriate.

For ease of exposition, we focus on the full-information
setting; the bandit case is deferred to Appendix C.7.
The algorithm is inspired by the expression for the La-
grangian of the (OPT) which is of the form: £(m, A\) =
i1 {EUye (w(v'); B)] = AP(m(v"); B1)} + AB where
A > 0. Following Castiglioni et al. (2022a, 2024);
Fikioris and Tardos (2023), we can restrict A € [0, %}
Overview of the Algorithm. We consider a primal-
dual based algorithm consisting of two subroutines: a
primal regret minimizer (primal RM) and a dual regret
minimizer (dual RM).

Primal RM. We use Algorithm 1 as the primal RM
with one crucial change: we replace Eq. (10) by dual-
adjusted edge weights, i.e., for any v € V, round ¢,
and edge e = (£ — 1,bp_1,80-1) — (£, by, s¢) in layer
¢ € [M], define

1 (w0~ (o4 A)bo) [be > B2
1+a+1/p

wy(e) = , (16)
where \; € [0,1/p] is the dual variable. All edges from
layer M to d have weight 0. Since vg, by € [0,1] and
At <1/p, wl(e) € [0,1]. To build intuition for Eq. (16),
consider the unconstrained setting where the primal
RM samples a path that maximizes utility. With dual-
adjusted edge weights, the primal RM samples a path
that maximizes utility minus \; times payment, thus
penalizing strategies that result in higher spending.
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Dual RM. We use the standard online gradient descent
algorithm (Zinkevich, 2003) with affine cost functions
gt - A\ as the dual RM where

gr = —(P(b%8L) — pM) € [-M,pM], Vt>1.

The dual variables are updated following Eq. (17). Note
that the dual RM always operates in the full informa-
tion setting, independent of the primal RM’s feedback
model. The procedure is presented in Algorithm 2.

Algorithm 2 Budget Constraint (Full Information)

Require: Define \; =0, By = pMT and dual learning
rates (; = ﬁ,w > 1.

1: fort=1,2,... do

2: Observe an i.i.d. valuation vector sample v ~ D.

3: if B, > M then

4: Submit b’ € B, per Algorithm 1, Line 3 to 10.
> Under bandit feedback, this line is altered. See
details in Appendiz C.7.

else

| Submit b* = 0.

Observe P(bt;ﬂt_) and set: Biy1 = By — P(bt;,Bt_).

Set edge weights w,(e) per Eq. (16) for all v € V.

Update the dual variable as follows:

A1 = e+ G(P(BY) — pM)]y . (17)

Here, [z]% = min(b, max(z,a)) is the Euclidean pro-
jection operator on the interval [a, b].

Theorem 4.1. Algorithm 2 runs in O(|V||[E|) =
O(|V|M?/€3) space and time per round and for any
€ € (0,1) achieves

where RE is

) %ﬂ\/Tlog 1/e in the full information setting.

° p]g—jz\/Tlog 1/e in the bandit setting with known
context distribution.

M2T?3(log1/e)'/2 | M*logl/e . . .
° (p‘zg /€) p‘z% L in the bandit setting

with unknown context distribution.

5 LARGE NUMBER OF CONTEXTS

In Section 3, we gave learning algorithms whose regret
bounds are independent of the number of contexts |V|,
but whose per-round time and space complexity scale
as O(|V]). This is acceptable when |V| is small, but in
practice the context space may be large or even infinite.
Now, we give implementations that preserve the same
regret guarantees while making the per-round time
and space complexity independent of |V|. We focus on

the unconstrained regime (p > 1), although the same
implementation extends directly to the case p < 1.

We start with the super DAG G(N, E) from Section 3,
which has the same layered structure as the context-
dependent DAGs G(Ny, Ey, wy) but is independent of
the context. Recall that, for every v € V, E, C E.

Key Idea. The efficient implementation relies on three
properties: (i) utility is affine in the context, with coeffi-
cients shared across all contexts; (ii) utility decomposes
over edges (Eq. (3)); and (iii) the weight-pushing al-
gorithm efficiently maps cumulative edge weights to
a sampling distribution over paths (Algorithm 1). As
a result, after observing feedback ez post, each round
only requires updating a common set of coefficients.

It remains to show that the edge weights are affine
in the context. For ease of presentation, consider the
full-information setting. For each v € V and each edge
e=(—1,bp_1,80-1) — (£, by, s¢) in layer £ € [M],

1= (v — ab) 1 [br > B2
1+a
=: 2" (e) ve + vl (e).

Wt (e) =
((10) restated)

Edges from layer M to d have weight 0, where

1[be = B27]

xt(e) = - )
14+« ) (18)
1+ abil [ > A2
oo ,
y'(e) = T a

The coefficients (x!(e), y*(e)) are context-independent:
they depend only on the edge e and the competing
bids in round t. Therefore, once {z*(e),y"(e)}, g are
known, the edge weights for any context-dependent
DAG G(Ny, Ey,wy) can be recovered for every v € V.
The details of the efficient implementation is presented
in Appendix D.

6 CONCLUSION

We studied repeated bidding in multi-unit pay-as-bid
auctions with budget constraints. In the unconstrained
setting, we developed DAG-based algorithms with poly-
nomial time and space complexity that obtain sublin-
ear regret under multiple feedback models. For the
budgeted setting, we built on these ideas to design a
primal-dual framework achieving p-approximate sublin-
ear regret. Important directions for future work include
obtaining O(v/T) regret in the bandit setting with un-
known context distribution for combinatorially large
action spaces, and understanding the equilibrium and
market dynamics induced when all budget-constrained
bidders use such no-regret learning algorithms.
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A Additional Related Works

Multi-unit auctions are a special class of combinatorial auctions in which identical units of a single good are
allocated. Examples of multi-unit auctions include emissions permit auctions (Cramton and Kerr, 2002; Alvarez
et al., 2019), Treasury auctions (Nyborg et al., 2002; Garbade and Ingber, 2005; Elsinger et al., 2019), procurement
auctions (Cramton and Ausubel, 2006), and wholesale electricity markets (Tierney et al., 2008; Fabra et al., 2006).
The two most prominent payment rules in multi-unit auctions are the (a) uniform price rule, where each bidder
pays the same per-unit price (usually the lowest accepted bid or the first rejected bid) and (b) discriminatory
price rule, where each bidder pays their bid for each unit they receive. While the revenue ranking between these
formats is often ambiguous (Baisa and Burkett, 2018; Ausubel et al., 2014), uniform price auctions are favored
for their perceived fairness (since all bidders pay the same per-unit price) and simplified bidding (Friedman, 1959;
Feng et al., 2026), whereas discriminatory price auctions are preferred for their transparency in payments.

For repeated uniform price auctions, Branzei et al. (2023) study profit maximizers (« = 1) and obtain sublinear
regret bounds; these were later improved in the bandit setting by Potfer et al. (2024). Golrezaei and Sahoo (2025)
study the same auctions for value maximizers (o = 0) and give efficient learning algorithms with O(\/T) regret
under both full-information and bandit feedback. More recently, Potfer and Perchet (2025) compare the hardness
of learning in uniform-price and PAB auctions for profit maximizers under stochastic competing bids.

Table 1: Comparison between Galgana and Golrezaei (2024) and this paper.

Facet Galgana and Golrezaei (2024) This paper
Bidder’s objective Profit-maximizing (o = 1) Cost-of-capital parameter « € [0, 1]
Notion of NOB WLOG, Per-unit NOB (b; < vj) Must enforce cumulative NOB for general o;

per-unit NOB can lose an O(M) factor when
a < 1; see Appendix B.1

Offline optimization Dynamic-programming graph based on  Edge-weighted DAG whose nodes encode both
per-unit NOB condition bid values and the cumulative sum of bids
along the path; edges enforce cumulative NOB.
Naive extension of Galgana and Golrezaei
(2024) becomes shortest path in a DAG with
multiple constraints, which is NP-Hard in gen-
eral (Garey and Johnson, 1979).

Budget constraints - Considered

Context distribution Known Both known and unknown

Horizon knowledge (T) Assumes known T (or uses doubling trick No prior horizon knowledge required when
for unknown T°) distribution is known. In the full informa-

tion setting, this yields a best-of-both-worlds
behavior: constant regret in the stochastic
setting while remaining adversarially robust

Bidding in repeated second-price auctions (SPA) with budgets has been extensively studied in the stochastic
setting (Balseiro et al., 2015; Balseiro and Gur, 2019; Balseiro et al., 2023; Feng et al., 2023), where O(v/T) regret
rate is achievable. These works leverage the truthfulness of SPA and adopt primal-dual frameworks in which the
dual variables serve as pacing multipliers. Chen et al. (2024) studied an alternative budget management approach
known as throttling and proposed a near-optimal throttling algorithm for SPA. For non-truthful auctions in the
stochastic setting, Gaitonde et al. (2023) designed a learning algorithm with O(T3/%) pacing regret relative to the
optimal pacing multiplier, while Aggarwal et al. (2025) used the best Lipschitz bidding function as a benchmark
and achieved O(v/T) regret. Similarly, Wang et al. (2023) proposed a primal-dual algorithm for FPA that attains
O(VT) regret against the best budget-feasible strategy.

Bidding in repeated environments naturally fits within the bandits with knapsack (BwK) framework, a multi-armed
bandit problem with global resource constraints (Badanidiyuru et al., 2018; Immorlica et al., 2022; Kesselheim and
Singla, 2020). The BwK model has been generalized to handle arbitrary reward and resource functions (Agrawal
and Devanur, 2019), contextual information (Badanidiyuru et al., 2014; Agrawal et al., 2016), and combinatorial
semi-bandit feedback (Sankararaman and Slivkins, 2018). In the stochastic setting, BWK admits vanishing 6(\/T )
regret, whereas in the adversarial case, no algorithm can achieve better than an O(log T') competitive ratio without
additional assumptions. When the budget satisfies B = Q(T'), Castiglioni et al. (2022a) obtain p-approximate
sublinear regret, where p = %. A related benchmark, conceptually similar to uniform spending, is studied by
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Braverman et al. (2025), who also establish sublinear regret guarantees.

Balseiro et al. (2019a) introduced cross learning in contextual bandits, where the reward observed after playing
an action in one context reveals (possibly partial) information about the reward that the same action would
have obtained in other contexts. When such counterfactual rewards are revealed only for a subset of contexts,
this is referred to as partial cross learning; when they are revealed for all contexts, it is termed complete cross
learning. Balseiro et al. (2019a) model this structure via a directed graph over contexts and derive sublinear
regret guarantees under both stochastic and adversarial reward and context models, with rates governed by graph-
dependent parameters. Subsequently, Schneider and Zimmert (2023) studied the unknown context distribution
setting with adversarial rewards and a polynomial number of arms, achieving an O(v/T) regret bound (improving
over the O(T?%/?) bound in Balseiro et al. (2019a) for this regime). More recently, Huang and Huang (2025)
refined the analysis of the algorithm in Schneider and Zimmert (2023) and obtained high-probability guarantees.

B Omitted Details

B.1 Suboptimality of the Alternate No-Overbidding Rule

We give an example to show that the alternate notion of per-unit no-overbidding (NOB), b; < v;,Vj € [M], which
is considered without loss of generality for profit maximizers (o = 1), can be suboptimal in bidders with cost of
capital o < 1. To see this, fix o < 1. For any € € (0, ﬁ], let
v=[1,1-2Me,...,1 —2Me e R}.

Consider an auction with competing bid profile 3_ in which each bid is b =1 — 2Me + e¢. Any b which satisfies
by < vy, VL € [M] can obtain at most 1 unit as by < vo = 1 — 2Me < b. To obtain the one possible unit, it is
necessary that b; > b. Thus, the utility of the bidder is

Uy(b;B_)=1—ab; <1—a(l —2Me+e¢).
Now, define b’ € B in which each entry is 1 — 2Me + 2¢. For any j € [M],

j j
Bj=> by=(1—-2Me+2)j and W; =Y vy =1+ (j—1)(1—2Me)
=1 =1

It can be verified that b’ is a NOB strategy per Definition 1 as B; < W;,Vj € [M], and obtains M units since
b<1—2Me+ 2¢e. Thus,

Uy(b;8_) =1+ (M —1)(1 —2Me) — aM(1 — 2Me + 2¢) .

Hence,

Uy (b’;8_) S 1t (M —1)(1 —2Me) —aM(1l —2Me+2¢) (1 —a)(M —2M (M — 1)e)
Uy(b;B_) — 1—a(l —2Me+e¢) N 1—a+a2M —1)e
0.9M(1—a) _
- 1-0laa ~

B.2 Overbidding May Result in Value < Payment

We show that for any overbidding strategy b, there exists a competing-bid profile 3_ such that U,(8) < 0.
Counsider a bidder with o = 1. Recall that if b is an overbidding strategy, then there exists ¢ € [M] such that
By > W,.

Fix such an ¢ and consider a competing-bid profile 3_ in which the top K — ¢ competing bids are 2b;, and the
remaining competing bids are all equal to some ¢ € (0, %]7 where 0 is an integer multiple of e. Under this
profile, the bidder wins exactly ¢ units. Hence, V(3) = W, and P(8) = Zé b; = By, which implies that

=1
Us(8) = W, — By < 0. ’
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C Omitted Proofs

C.1 Proof of Lemma 3.1

For any 7 € II, the objective function in Eq. (OPT) is

T
D EUv(r(v) B =D Y PV =v]-Uy(r(v);8L) = Y PV =v]- Y Uy(n(v); BL),
t=1 t=1vey vey t=1
where the last equality follows as v? is sampled i.i.d. from the distribution D in each round. Since p > 1, the
budget constraint is trivially satisfied. As the objective function is separable in v, the optimal stationary policy
7" satisfies 7% (v) € argmax,(yyep, Zthl Uy (m(v); BL).

C.2 Proof of Theorem 3.1
(Path + strategy). In G(Ny, Ey,wy), consider a s-d path,

p=s— (1,b1,51) = -+ = (M,byp, s0m) — d, (19)
mapped to the strategy b = [by,...,by]|. We claim that b € By. Assume by = oo and sy = 0.

By construction, by € Z. and by_1 > by, V¢ € [M]. Furthermore s, ® Sp_1+by = sy = Zz

j=1bj as so = 0.

4)
Hence, By = Zﬁ‘:l bj = sp < Wy, VL € [M] which implies that b is a NOB strategy corresponding to the valuation
vector v per Definition 1. Hence, b € B,.

To show bijection, consider any b = [b1,...,bp] € By. With this strategy, associate the s-d path stated in
Eq. (19), where S; = >")_, by, Vj € [M].

We show that p is a valid path in the DAG, i.e., each of its nodes and edges exist in G(Ny,Ey,wy). As b € By,
bj € Zcand s; =Y _, by < W;,Vj € [M]. Hence, all nodes in p exist in the DAG. Furthermore, by > -+ > by,
and sy = sy—1 + by, V€ € [M] which implies that all the edges exist in p.

(Path weight). Let p = s — (1,b1,81) = -+ — (M, b, sar) — d be the path corresponding to b = [by, ..., by].
The weight of path p is

M

wy(p) = Zwv(e) = Zwv((j = 1,bj-1,85-1) = (J,bj,55))
ecp j=1

M T 1= (v —aby) [y > A7

(6)
:ZZ l+a

(3 MT - 31, Uy (b; BL)
1+a '

Hence, maximizing Z;‘le Uy(b; B") over b € B, is equivalent to computing the shortest (minimum-weight) path
in the DAG.

Space and Time Complexity. Since G(Ny, E,,wy) is a DAG, the shortest path in the DAG can be computed
in O(INy| + |Ey]) = O(|Ey|) = O(M?/€®) space and time complexity since |Ny| < |Ey|.

C.3 Proof of Theorem 3.2

Fix v € V. Recall that the probability of selecting a path p in round ¢ given vt = v is

PL(p) :=Plp" = plv' =v] =[] dL(e). (20)

ecp
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For any edge e = u — v € E,, the edge probabilities are

Iy (v)
I‘f,_l(u) ’

Pl (e) = [y ()] - exp(—nuwy ' () - ((9) restated)

where I')~1(d) = 1 and for I';~1(-) is computed recursively in a bottom-up fashion as follows:

Do) = 3 T () [6 7 (u— o))" - exp(—ml (u = ). ((8) restated)

viu—vEE,
Here, n9 = 1 and

Tt
Nt—1

v = vE>1. (21)

Now, consider a naive implementation of the Decreasing Hedge algorithm. In this case, the probability of selecting
path p in round ¢ given vt = v is
t—1
exp(—1n Y —y wy(p))
—1
ez, XP(—1 Do g Wi (p'))

where &, is the set of all s-d paths in G(Ny, Ev,wy) and wi(p) = > ., wy(e). Note that if 7, = 7, Vi, then
Eq. (22) describes the action selection probability under the classical Hedge algorithm.

PL(p) =

; (22)

Lemma C.1. For anyt € [T], v € V, and p € Py, PL(p) = PL(p). In words, in any round t, and v € V,
the probability of choosing path p € P, under Algorithm 1 is same as that under the naive Decreasing Hedge
algorithm.

We first establish a few preliminaries necessary to prove Lemma C.1.

Claim 1. For any t € [T], v € V, and p € &,

Bt g~ [P ()" exp(—mw (p)
e, [PV (0] exp(—mw " (7))

)

where 4 is per Eq. (21), where we define ﬁ?,(p) :=1and wl(p) =0forallveVandpe L.

Proof. For any t € [T], veV, and p € L,

t—1

(o) 2 exp(—me Yo - L 1(10))
Dpre, XP(—1 3oy wi(p'))
_ep(m i ws(p) - exp(—ml ()

Ypes, exp( Dy iwé(p )) - exp(—miwl (#))
exp(—-1 -1 Y23 wi(p)) - exp(—muwt ! (p))
Dprem, eXP(— I LT ws(p) - exp(—newd (p'))
PY (0] exp(—mwi™ (b))
e, P ()] exp(—nwt ™ (1))

where the last line follows from Eq. (22) corresponding round ¢ — 1. O

Claim 2. For any node u € Ny, let &, (u) be the set of paths starting at « and terminating in d. Then,

Ft 1 Z H¢t 1 exp( ntwt 1(6)).

pEP,(u) ey
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Proof. We prove the result by backward induction. For the base case, I'.~!(d) = 1. Suppose the result holds true
for all the nodes in layer ¢ + 1 for some 0 < ¢ < M. Then, for any node u in layer ¢,

w3 T ) [0 (= o)) - exp(—md (u - v))

viu—v€EE,

> ( > Tl @) - exp(—mwl 1(@))) 04w — )] - exp(—mwlH (u = v))

viu—vEEy peP, (v) ecp

ST L6 e - exp(—nmewl ™ (e)).

pe Py (u) e€p

Here, the second equality follows from the induction hypothesis. O

Having all the necessary pieces, we now prove Lemma C.1 by induction on round ¢.

(22)

Proof of Lemma C.1. For t =1, 5‘1,(33) = |g},v|. Fort =1,
0
) @) M)
by ( ;
= 07w

where the last equality holds as w9(-) = 0 and ¢%(-) = 1. Recall that I'{(d) = 1 and by Claim 2,

1
2y

[Ns)= Y 1=|2(s) = |2y = PL(p) =
peEP(s)

Hence, we have that PL(p) = PL(p). Suppose the result holds for any round ¢ — 1, i.e., PL~(p) = P5~1(p). Then,

L) E T e

ecp

QL e -esmtnede) -
e=u—vEP v

= P ) explomad () T

where the last line follows as PL~1(p) = PL=1(p) = [l.c, #5 ' (e). Now, recall that Ty (d) = 1 and by Claim 2,
ris) = >0 T @ -exp(—nwtte) = S P HE) - exp(—nwt ().
p' € P, ecp’ p'ePy
Combining everything together and using Claim 1, we get that
[Py (p)]" - exp(—mewt ()
Yy P - exp(—mwt (1))

which is the desired result. O

PL(p) = =PL(p),

Regret Analysis. For any v € V and n > 0, define

1 1
ot = —1
Vo= og(%|

Then,

! () — L H(ny) = %log ( > pez, Pt S wi(p) )

S pres, oXP(—1 Yamt wi (1)
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B (Zpegv exp(—1 Yoy w3 (p)) -exp(—ntwi(p))>
S e, eXP(—ne Y sy wi(p))

—log | > PL(p)-exp(—nuwl(p))

pePy

1
=—log [ > PL(p)-exp(—mwl(p))

Mt pe2,
By Eq. (20), P (p) = P[p! = p|vi =v]. For x >0, e <1 — z + 22. Thus,
q)t _(bt—l <l1 Pt_ t 1— t 2 t 2
v(nt) v (nt) = m og Z [p - p‘V - V]( ntwv(p) +ntwv(p) )
PEPy

log L+ Y Pt = plv! = vi(=mw (p) + fwy (p)°)
pEP

Since —mwi, (p) + 17wy (p)” > =1, X pesmp, Plp' = p|v! = V(=i (p) + 07wl (p)?) > — 5. Moreover, log(1+z) < z

for all x > —1. Thus,

oL () — L () < = D P =pIv = vIwh(p) +m D> Plp’ =plv' = v]wl (p)?
peﬁzv pE.@V

Summing from ¢t = 1 to t = T and using ®%(n;) = 0, the left hand side becomes

> (@ () — @5 (m)) = @ (nr) — DY (m) + z_: (@3 (1) — ©% (1e41)) -
t=1

t=1
By Theorem 3.1, there is a bijection between paths p € &, and strategies b € B,,. Recall that

II= {7‘( V= U By s.t. w(v) € Bv}.
vey
Composing this bijection with the policy mapping, we define a path-based policy class as follows:
M={7: v | 2, st.7(v) e 2.}
vey
By construction, there is a one-to-one correspondence between 7 € IT and 7 € II. So, for any 7 € ﬁ,

® () > - log oxp (e St G ) ) =~ S )

t=1

a t t—1 log |2, | d t o~ — t t
= ) (@hL(m) — @5 () = -2 =) Wk (7)) + > (Bh(ne) — Bh(nera)) -
=1 ir =1 =1
This implies
log |2y —
pel Zw )+ 3 (@ () — @)
t=1
T
= > Pl =p +Z Y Pl'=plv' = vimwi(p)*
t=1 pe 2, t=1 pe

Claim 3. For any v € V and ¢ € [T], ! (n) is non-decreasing for n > 0.

(23)
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Proof. Recall that ®%(n) = % log (% > pes, XD (—77 22:1 wy (p))) Define

9(n) = log Z exp (—nZ@(M) ,

p€37‘

such that ®%(n) = g(n)/n. Note that g(n) is convex because it is the composition of a convex function (LogSumExp)
with an affine map of n,—n Zs:l wi(p), plus a constant, —log |2 |. As ®(n) is differentiable, we have

ng'(n) — g(n)
[ ()] = PR
n
Define h(n) = ng’(n) — g(n) which implies h'(n) = ng” (). As g(n) is convex and twice differentiable, g”(n) > 0

which implies for n > 0, h'(n) > 0, i.e., h(n) is a non-decreasing function. Furthermore, 2(0) = —g(0) = 0. Hence,
h(n) > 0, for all n > 0 which implies [®% ()]’ = h(n)/n > 0,¥n > 0. Thus, ®(n) is non-decreasing in n > 0. [

Since 17 > My1, by Claim 3, we have ZtT;ll (®L (n:) — ®L(ne41)) > 0. Thus, after rearranging and using the fact
M
that |Zy| < (%) , Eq. (24) becomes

T T T
- Mlogl/e

D> P =plvt = viwh(p) = D> wh(®(v) S Mlogl/e +)° ) Pt =plv' = vinwl (p)®.  (25)

t=1 pe 2y =1 e t=1 pe 2,

Recall that for edge e = (¢ — 1,bg—1,80-1) = (¢, be, s¢) in layer ¢ € [M], the edge weight is:

1= (ve — ab) 1 [br > 82|
N 1+« ’

M — Uy (b; 8-
— W)= Y ute) @ M)

ecp

((10) restated)

; (26)

where b € B, is bidding strategy corresponding to the path p € £,. Using the facts that wi(p) < M and
existence of a bijective mapping between policies in II and II, Eq. (25) becomes

T T
> Uu(m(v);82) =D Y Pb! =blv! = v]U,(b; 8)
t=1 t=1 beB,

M log 1
< (14 a) | Mg /6 M2Z77 S P = biv: = v]

t=1 beB,,

Mlog 1

=(1+a) o8 /6 MZZm
" t=1

Taking expectations with respect to the randomness of the valuation vectors, and using the facts that o < 1, and
that the choice of m was arbitrary, we obtain

Reg,;,(T) = OPT,;, — Y E[Uy(8")]

t=1
T T
(OPT-NB) Mlog 1/6 9
= max) EUw(n(v):80)] - ) ElUs +M Z%
t=1 t=1
t .t . o log1/e
where 8" = (b; 82),Vt > 1. Setting 1, = 2> and using the fact that Zt Lo < 2VT, we get

Reg,,(T) < M3/2\/Tlog1/e.
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Space and Time Complexity. The main bottleneck of implementing Algorithm 1 in the full information setting
is updating the edge probabilities, ¢% (-) for all the contexts. For a fixed v € V, updating ¢ (-) requires a forward
pass and a backward pass over the edges E,. Thus, Algorithm 1 requires O(|V| - maxyey |Ey|) = O(|V|M?/e3)
space and time per round.

C.4 Proof of Theorem 3.3

Recall that for any v € V, e € Ey and ¢ € [T],

Wy(e) = == l[e e p'], ((11) restated)

where ¢*(e) = >° ), P[V! = V] 3, c 5, .ccp PP = p[v' = v]. Then,
Lemma C.2. Foranyv €V, e€Ey andt € [T,

1. &L (e) is well defined,

v

)
2. Wi(e) €10,00),
3. E[@L(e)] = wi(e), and
4. E[@{(e)?] < qt%e)

Here, the expectation is taken with respect to the randomness in contexts as well as the learning algorithm
conditioned on the history up to round t.

Proof. Fix any v €V, e € Ey and t € [T].

1. Without loss of generality, assume P[v? = v] > 0.8 This implies that ¢’(e) > 0, since every e € E, lies on
some path p € £, and every p satisfies P[p! = p|v! = v] > 0. The edge probabilities updates in Algorithm 1
ensure that P[p’ = p|v! = v] > 0 for all subsequent rounds ¢. Hence, . (e) is well defined.

2. The result follows directly from the definition in Eq. (11).

3. Since

Eflfecp]] =) Pv'=v] > PP =pv' =vI=d(e),

vey peEPe€p
we get that E[@! (e)] = wi (e).
4. By definition,
t ()2
1

B (0] @ 9 e e e pt]] < , 27
[ ( ) ] qt(e)Q [ [ H — qt(e) ( )

where the first inequality follows as 0 < wl(e) <1 (see Eq. (10)).
O

Following the proof of Theorem 3.2 up to Eq. (25),° for any stationary policy 7 € II, we have
T T
DD Pl =pv = VIRl (p) - D DL (F(Y))
t=1pe P, t=1

8Tf there exists context v € V such that P[v! = v] = 0, consider V' = V'\ {v}.
9The analysis of Theorem 3.2 up to Eq. (25) only requires &b (-) > 0 which is ensured by Lemma C.2 (2).
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Mlogl/e Z Z Plp v]ntﬁi(P)Q
t= 1p€(9z
DT o .
t=1 peZ, e<p

where the last line follows due to Cauchy-Schwarz inequality.

Taking expectations with respect to the randomness of contexts and Algorithm 1 conditioned on the history and
using Eq. (27), we have

~

D2 3 P = bV = V() - el () € e Y Y P =Y

t
t=1 pe P, t=1 peP, ecp q (e)

Relating the path weights in the DAG to the utility using Eq. (26) and leveraging the bijective mapping between
policies in IT and II, the left hand side becomes

T T
> Uy(m(v) Z Z =b|vt = v]Uy(b; 8.
t=1 beB,

t=1

Taking expectations with respect to the contexts and the history, we get

[M]=

Reg,(T) = Y E[Uv:(r(v'); BL)] = D E[Uwe(8")]
=1 t—1
Mlogl/e 1
S LM | P =Y s Y PR e =]
nr t=1 vey e pPEP, ecp
Define E := | J, ¢y Ev. This implies

Pvi=v] > Ph'=pv' =V

it VGV peEFe€p

T
Reg,(T) < 2I0BL/E | 23y Z
=1 ece !

(12) M log 1/6 i
nr
Mlo 1/e
ML 43
To bound |E|, recall the super DAG G(N,E) constructed in Section 5 and that E, C E for all v € V. Hence,
E =Uyey Ev C E. Moreover, [E| = O(Mz) Since, |E| < |E|, we have

Mlogl/e M3 &
Reg,,(T) < 7g/+ M -
nr € =1

Setting 1, = ﬁ\/ % and using the fact that Zt 1 \[ < 2T — 1, we get

2

M* —
Reg’nb( ) g 3/2 Tlog 1/6
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Space and Time Complexity. In this setting, the main bottleneck of implementing Algorithm 1 is computing
q'(e) (equivalently >° 5 ..c, P[p* = p|v' = v] for each v € V) per Eq. (12). For a fixed v € V and e € Ey,

(20)
Y. Phi=piv=v= > [l (29)
pEPye€p pEPe€pe’ep
Leveraging Golrezaei and Sahoo (2025, Theorem 4.4), for any v € V, Eq. (29) can be computed in O(|Ey|) time

and space per round. Hence, Algorithm 1 runs in O(|V| - maxyey |[Ey|) = O( \VIEéWZ) time and space per round.

C.5 Proof of Theorem 3.4

We first present the learning algorithm in the bandit setting with unknown context distribution.

Algorithm 3 No Budget Constraint, Bandit Setting, Unknown Distribution

Require: Set of valuation vectors V, learning rates 1, > 0, § € (0, 1]. Define no = 1,¢%(e) = 1 and wi(e) = 0,Ve €
Ev,Vv e V.

1: fort=1,2,...,7T do

2: Observe an i.i.d. valuation vector sample v ~ D.

3: Construct G*(Ny, Ey,wy) without weights Vv € V.

4: Sample Z; ~ Unif{0, 1].

5: if Z, <6 then

6: |  Obtain path p’ using Algorithm 4.

T else

8: for veVdo

9: Obtain edge probabilities ¢%(-), Vv € V using Eq. (8) and Eq. (9), with w’(-) replaced by —&L(-), where

L @L(-) is defined in Eq. (14).

10: Define initial node u = s and path p’ = s.

11: while u # d do
12: L Sample v with probability ¢!, (u — v).
13: Append v to the path p’; set u < v.
14: Map p* = s — (1,b1,8) = --- — (M, bar, ) — d, and submit b’ = [b1, ..., bas].
15: | Set edge weights per Eq. (14) for all v € V.

Recall that for any v € V, e € Ey and t € [T], if vl = v/, the estimator is given as

@t e) = wf/(e)
v( ) Pf,/(e)

e e p'], ((14) restated)

where w},(e) is per Eq. (13), and py,(e) = 3o c 5 ,..ep PlP* = pIvI = V'].

Lemma C.3. Foranyv €V, e €k, and t € [T,
1. &Gt (e) is well defined,
~ E
2. Bl (e) € [0, 5],
3. E[@i(e)] = wi(e), and

~t ()2 |El
4 E@t(e)?) < L.
where E is the set of edges in the super DAG G(N,E) constructed in Section 3. Here, the expectation is taken with
respect to the randomness in contexts as well as the learning algorithm conditioned on the history up to round t.

Proof. Following the proof of Theorem 3.2, it is easy to verify that Algorithm 3, Line 7 to Algorithm 3, Line 13
implements the Decreasing Hedge algorithm. Concretely, the probability of selecting path p, given the context
vi=v'is

t

5[Pt + - eXP(Wt 25;11 (‘AL)\SI' (P)) .
e, eXpn ey &5 (9))

(30)
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Algorithm 4 Sample a Random s-d Path
Require: Context-dependent DAG G (Ny/, Ey/, wy/) with source s and sink d

1: Compute a topological order of G(Ny-, Ey/, wv )

2: Compute canonical pointers parS[-] (one s—wu path for each u)

3: Compute canonical pointers parD[-] (one u— d path for each u)

4: e — 1; k<+0

5: for all e = (u,v) € Ey in a fixed order do > reservoir sampling
6: L kek+1

7

8:

With prob. 1/k, set e* < (u,v)
return PATH(s —u;parS) || e* || PATH(v — d; parD)

Hence, from the description of Algorithm 3, we get

CouNTp € Cy/]

Plp' = plv' = v/} = (1-0) P! = plv! = v] 45— PEEE, (31)
where COUNTI[p € Cy/] is the number of times p appears in the EPC Cy/
1. If vt = v/, then
p= Y P opiviovize 3 CRTRESd, b #2)

pPELP,1:€€p PEP,1e€p

where the second inequality follows as every edge e is contained in at least one path p € Cy+ by definition of
EPC and the third equality holds as |Cy/| = |Ey/|. Since p’,(e) > 0, the estimator in Eq. (14) is well-defined.

2. Since, wi(-) € [0,1] per Eq. (13), by the definition of the estimator in Eq. (14), it follows that &'(e) > 0. By
using the result from previous part and the fact that |E,/| < |E|, we have

I B -V -
@ sge T <5

&
~
—~

3
~—
mi

s
<\ ~

3. Taking expectations with respect to all randomness in contexts and the learning algorithm conditioned on
the history up to round ¢,

E[@ (e () Y Plv Pole) _ (e).

v'ey

4. By definition of the estimator in Eq. (14),

t 1
E[@L (e)?] = Wi (e)? Pvt:V’-p"/(e)g Pvi=v] ——
(e =0 3P =) G < SR =V e
(32) IEy| Ev| _ |E]
t ! v v
VZ,EVP[V =Vl S sma e s

where the first inequality holds true as wt (-) € [0,1].

Regret Analysis. For any v € Vand >0, § € (0,1] and ¢ € [T}, let

® ()= oz | o 3 exp< Z%))

peP,
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So, for some 7; < ﬁ and ¢ € (0,1],

DY (ne) — @4 (me)
(Zpe@v exp( Yoy @5 (p)) - exp(md (p)) )

1
= —log T
Doprean, exp(e >y W3 (p)

Mt

= Zlog | 3 Pt =plvi = v] - exp(n@ (p))
pe@v

< —log | Y P'=plv =v] (1 +np) + 770 (p)°)

1 ~ ~ ~
= —log [1+ D Pl = plv' = v]- (@l (p) + 1205 (p)?)

e
k=3
m
Q
N~~~

(i) 1 .
< —log [ 1+ 37 Pl = plvi = v]@h(p) +
"t PEPy PEPy

= 1-6 Z P[pt = p|vt = v]@f’(p) + M Z P[pt = p|vt — v]@i(p)2
pePy 3
Here, (i) uses e” <1+ + 2 for # < 1 because for 1, < y7igr, any v € V and p € Py,
® ot (o) 2 E| _ nMIE
ntwi(p) =M wa,(e) < ntz% < WTH <1.
ecp cep

where the first inequality follows from Lemma C.3 (2). The inequality (i) holds

~ P[pt = p|vt = V] _ 9 . COUNT[p = CV] P ¢ _ t _
E_ iyt — ] B [ < P =plv' =]
Plp" =plv' =v] = = < =

and (i7i) is true as log(1 4+ z) < z,Vz > —1. Summing over ¢t = 1,...,T, the left hand side becomes

T-1

D (@) — @4 m)) = L (nr) — @ (m) + Y (RL (1) — L (441))

t=1 t=1

By definition, ®% (1) = 0. Recall the definition of the policy class II from Eq. (23). For any 7 € ﬁ,

T
1 1
ol(nr) = —log [ = > exp (77T§ @3(13))
nr B ——1

PEPy
_1 1 Lo
> log | 1 e UT;Wv(W(V))
T
_ _k’g?lfm + 3 G FW)). (33)

By Claim 3, ®!(-) is an non-decreasing function which implies that ®¢ (n;) > ®% (1) for 7 > n,11.1° Hence,

T
(33)
S (@ () - @) > —BIA

=1 nr

T
YT E(v)).

100bserve that the proof of Claim 3 does not rely on the sign of the coefficient of 7 in the exponential.
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Thus, we have

10g | Py| | <~ ~t =
+ Wy (m(v
L)
1 L T
< 1-3 Z Plp’ = p| +Zm Z = p|v! = v]@! (p)?
t=1peP, t=1 peP?
1 r r
< 1-9 Z P[pt:mvt:"]‘:’i@)“‘MZTlt Z P[pt:p|vt:v]2@t
t=1pePy t=1 pePy e€p

where, the last inequality holds due to Cauchy-Schwarz inequality. Taking expectations over the randomness of
the contexts and of Algorithm 3, conditioned on the history, and using Lemma C.3 (4), we have

10g\9’ | ET:W

I /\

+
3 ¢ E
T35 [ 20 D0 Pl =l = VIl () £ MY e Y Pl =plv =]y e

t=1 pe P, t=1 peP,, ecp

T = T
M?|E
< (303 P = v = vt )+ S )
t=1

where E is the set of edges in the super DAG. Multiplying both sides by (1 — d), rearranging the terms and using
the fact that wi (7(v)) < M, we get

T =1

T T = T
_ log|2y|  MZE|
¢ b ot — ult
STwh @) =3 D Pl = plvt = vwl (p) < + == Y+ MT.
t=1 t=1 pe P,
Recall that in this setting, the weight of edge e = (¢ — 1,bp_1, s¢—1) — (¢, be, s¢) in layer £ € [M] is:

a+ (v — aby) - 1 {bg > ﬁ:ff)]
N 14+« '

P 4\ @) Ma+Uy(b;B")
= sl = Tt @

((13) restated)

)

where b € B, is strategy corresponding to the path p € &,. Due to the bijective mapping between policies in
IT (defined in Eq. (23)) and II, we have

= t d t t t log |2y | MZ‘E d
g Uy(m(v); _fE E Pb* =b|v' =v|Uy(b; 3 ) < AT E + MT6
(m(v); BL) Ly o [ | JUv(b; B2) S n

t=1 nr t=1

Mlog 1 M2|E| &
< Mlogl/e M| ‘Zm+MT5,
nr 0 =1

where the last line follows since || < ( YM . Taking expectations with respect to the contexts and the history,
and maximizing over the policies in II, we have

T T
Mlogl/e M2|E\
Reg, (T Z |- > E[U, . > me+ MTS.
t=1 t=1 t=1
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Suppose for allt > 1,9, =n = ﬁ%l' Then, for T > Ty =: M|E|log 1/¢, set

5 (MIEllog1/e 13
= (e

Note that n; < ﬁ since § < 1. Recall from Section 3 that [E| = O(M?/€®). Hence, for T > Ty,

Reg(T) 5 M1 log 1/

€

Since regret in any round is bounded by M, the regret in the first T rounds is at most M7Ty. Hence,

M?>T?/3(log1/e)'/3 N M*log1/e

Regnb(T) S 3

€ €

Space and Time Complexity. In this setting, the bidder alternates between two modes depending on the mixing
parameter §. If the bidder samples a path from an EPC, the per-round time and space complexity is O(M?/€3) (see
Algorithm 4). If instead the bidder follows the exponential-weights updates, the complexity matches the bandit
setting with known context distribution, namely O(|V|M?/e3). Therefore, the overall per-round time and space
complexity is O(|V|M?/e3).

C.6 Proof of Theorem 3.5

We build upon and generalise the proof of regret lower bound for FPA in Han et al. (2024) intended for profit
maximizers (a = 1). We construct a stochastic adversary whose distribution makes it harder for the bidder to
determine their optimal bid.

Concretely, let V= {v}, K =M and v =[1,...,1] € RM. Assume ties are always resolved in favor of the bidder
in consideration and the cost of capital o € (%, 1]. Define

B*=lc,....d and B2 =[y,...,vd, (34)

where
« 1

>, = —
T % -1 T aly-1)

It is easy to verify that v > 1 and

_ g
ye

-7 1
a2y —1) =0

since f(x) = 5757 is decreasing over v € (1,00).

Consider the following two scenarios:

Scenario 1. In this scenario, for every t € [T, the competing bids 3" are:

IBt _ /81.’ w.p. %+67
B 8%, wp. 19,

Scenario 2. In this scenario, for every t € [T, the competing bids 3" are:

IBt _ /81.’ Ww.p. %_67
- ,8<_>, W.p. %—!—5,

for some ¢ € (0, i) to be determined shortly. Assume the randomness used in different rounds are independent.
( 1

Then, for ¢ € (0, 3),

< 16762

2
1+26> < 816 <
1-26

KL(P||Q) = T - KL(BERN(0.5 + §)||BERN(0.5 — 8)) = 276 log (1 —
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where the first inequality follows from log(%) < % By Tsybakov (2009, Lemma 2.6),

1-TV(P,Q) > %exp (—-KL(P||Q)) > %exp (—1676%) .

Now, we inspect the separation between the two scenarios. Observe that

mas Ep[Uy (b 80)] > EplUs(fe, s 0] = (5 +6) M(1 o),

v

nax Eq[Uv(b; BL)] > E[Uv([7e, ..., 7e]; BL)] = M(1 = yac).

Now, we aim to compute maxpep, E(piq)/2[Uv(b; B)]. Since v = [1,...,1],

]gréaéx E(P+Q)/2[Uv(b; ,@i)] < E(P+Q)/2[Uv(b§ /32)]

b:lzblIg'{'i'XZszO
1 M
- 5(2(1 —ab;) - (I[b; > ye] + 1[b; > CD) ,

i=1

Thus, we can only consider threshold strategies of the form b; = [vye,...,v¢,¢, ..., ] that contain j entries of e
and M — j entries of ¢ for j € {0,...,M}. For any j € {0,..., M},
1 , 1
Ep a2l by BL)] = 5 (M(1 - ac) + (1 — ac(2y — 1)) = 3 M(1 - ac),

since ac(2y — 1) = 1. Hence, maxpep, E(p+Q)/2[Uv(b;,32)] < %M(l — ac). For any b € By,
Jmax Ep[Uy (b BL) = Uy(b: BL)] + Jmax Eq[Uy(b%; BL) —Uy(b; BL)]
> max Ep[Uy(b%; BL)] + max Eq[Uy (b5 B1)] - 2 max E(pi.q)/2[Uv(b5 L))

T breBy
— (%—|—5>J\4(1—0¢C)-|-J\4(1—7ac)—‘M(l_oéc):M'(l_oéc)é:%7
"y_

where the last line uses ae(2y — 1) = 1.

Thus, any b € B, incurs a total regret of % under P (Scenario 1), or a total regret of % under

y—1
Q@ (Scenario 2). By two-point method from Tsybakov (2009, Theorem 2.2),

- MTé(y—1) MTé(y—1)

E(p+q)/2[Reg,,(T)] > 1 (1-TV(P,Q)) > 2 1) P (—1676%)

Setting 6 = ﬁ7 we get E(piq)/2[Reg,,(T)] = QM VT).

C.7 Proof of Theorem 4.1

Before analyzing regret, we first state the necessary changes in Algorithm 2 in the bandit setting.

Known context distribution. The algorithm is identical to Algorithm 2, except that edge weights w! (e) are
replaced with their unbiased estimators from Eq. (11), where w (e) is defined in Eq. (16).

Unknown context distribution. For any v € V, round ¢, and edge e = (£ — 1,by_1,8¢—1) — (£, by, s¢) in layer
£ € [M], the edge weight is

o+ 1/p+ (o0 — (o Abe) 1o > 8]
wy(e) = l+a+1/p ’ (35)

with the edge weights of all edges between later M and d as 0. Here \; € [0,1/p] is the dual variable, ensuring
wi(e) € 0,1]. In this case, the bidder computes the strategy in Algorithm 2, Line 4 via Algorithm 3, using the

v

estimator in Eq. (14) with w!(e) per Eq. (35).

Regret Analysis. We begin with the following result about the primal regret minimizer:



Learning to Bid in Discriminatory Auctions with Budget Constraints

11 we have:

Lemma C.4. For any sequence of dual variables {\;};>1 where A, € [0, ;

T

glggtﬂE[th(ﬂ(vt) ;BL) — AP (x(

MP(B)] SRp (36)

pr?ﬂ

o~
I
-

where B = (b'; B"),Vt > 1 and R% is

° M3/2 T'log1/e in the full information setting.

° %\/Tlog 1/€ in the bandit setting with known context distribution.

M2T2?/3(log 1))t/ + M*log1/e
ped

e in the bandit setting with unknown context distribution.

Proof. We prove the result for the full information setting. The results in the other settings follows accordingly.
Following the analysis of Theorem 3.2 up to Eq. (25), we get

a a Mlogl/e
D PR =plvi = v (p) = Y wh(F(v) S Z > Pl =plvh = vinwl (p)®.
t=1pec2, t=1 t=1pe2y

Using the definition of edge weights in Eq. (16), we get

t _ t _ M — (Uv(b;/@i) - AtP(b;ﬂi))
p)_zwv<e>_ 1+Ol+1/p .

ecp
Then, continuing with analysis of Theorem 3.2 and using the fact that 1+ a+1/p < 3/p since o < 1 and p < 1,
we get the desired regret bound. O

Furthermore, the OGD algorithm (dual regret minimizer) satisfies the following regret bound:
Proposition C.1 (Hazan (2016)). Let ¢ > 0,Vt > 1 be the learning rate in round t. For any fized X € [0, %],

T
Regp (T Z —pM)(A = M\) S

t=1

+M? Z G- (37)

where B" = (bt; B"),Vt > 1. Setting {; = W yields Regp (T) < M4 X L

Let 7 = min{t € [T] : By < M}, the stopping time of Algorithm 2. If no such round exists, define 7 =T Let the
primal regret upper bound (the right hand side of Eq. (36)) up to 7 be denoted as R%. Rearranging Eq. (36) we
get,

T

ZE wi >r§131%<t 1E[u (v BL) — AP (n( +ZE>\t —R7. (38)

Similarly, define the OGD regret bound up to round 7 as R}, = Mf. Rearranging Eq. (37), we get

STNPBY) 2 pM(A\ A+ D AP(BY) —Rp,. (39)

Substituting in Eq. (38), we get

ZE v (8] 2 max ) ElUy (W(vt);ﬂ’i)—AtP(W(vt);ﬁi)]Jr; [PM () - 1+ZAE Rp ~ Rp
= max S E[Uve(m(v'); B) + Ai(pM — P(n( —I—Z)\E R: — ApMT. (40)

el
S
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Define
OPTY, = max Z E[Uye (m(v?); B2)] (41)
Tt = argmaxz E[Uy: (r(v"); BY)] (42)
mell 5

In words, OPT},, is the maximum utility obtained by a stationary policy in IT over first 7 rounds without the
budget constraints and 7* is the stationary policy achieving it. Then,

Claim 4. For any sequence of competing bids {,@t_}tzl, dual variables {A\;};>1 and p < 1, we have
max ¥ E[Uy(7(v'); BL) + X\e(pM — P(n(v'); 82))] > p- OPT],

mell
t=1

where OPT], is defined per Eq. (41).

Proof. By definition,
max E[th (W(Vt);lﬁZ) + Xe(pM — P(TF(vt) v fz vt ) + )\t<pM P( ( ) ﬂi))],

mell
t=1

(43)

where 7* is per Eq. (42) and L € IT is the policy that maps all valuation vectors to the bidding strategy 0. Now,
consider two cases:

1. Suppose >_;_, E[Uye(7*(v?); BL) — \iP(7*(v?); B))] > 0. Then,
max Y E[Uy: (7(v); BL) + At (pM — P(n( ] > ZE v (T (V1) BL) + M(pM — P(x*(v'); BL))]

30
TR

2 Z E[Uve (7" (v'): BL) = (1 = p)AP (" (v'); BL)]
> Y EUwe(m(v): BL) = (1 = p)Use(n” (v); BL)]

— > EUu(r (v L)
t=1
= p-OPTI,

Here, the second mequahty holds as P(7*(v?); B ) < M and third inequality holds because by assumption,
Soiot ElUve (m*(v1); BL)] = 307, EAP (7 (v

e
2. Suppose > ;_, E[Uye(m*(v'); BL) — \iP(7*(v?); BL))] < 0. Setting 7 = L in the right hand side of Eq. (43),
max ¥ E[Uy:(7(v'); BL) + M\e(pM — P(n(v?); BL))] > pMZ E[\¢]

Il
™4 =1

> pY ENP(re(v');BL)]
t=1

> p Y E[Uye(r*(v1); BL))]

=p-OPTy},
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Substituting the result of Claim 4 in Eq. (40) and rearranging, we get
ZE v (8) = AP(8"] 2 p- OPTF, — R}y — Rp — AoM7
Claim 5. Recall that OPT is the optimal value of (OpT). Then, OPT;, > OPT — M (T — 7).

Proof. With slight abuse of notation, define

OPT?® := max E[Uy¢(m(v'); B)] such that Z P(r(v'); B%) < pMT.
=i t=1

Observe that OPT], > OPT" because OPT" is the optimal objective value of the constrained problem whereas
OPT/, is the optimal objective value of the unconstrained problem.

Let 7' € T be the policy that maximizes (OPT). Then,

OPT = E[Uve(n!(v");B2)]+ D E[Uye(n(v');8)] such that > P(rl(v');8°) < pMT
t=1 t=7+1 t=1
T T
<Y E[Uye(n"(v'); B)] + M(T — 7) such that Y P(al(v');81) < pMT

<max ¥ E[Uy:(r(v'); B )]+ M(T —7) such that Z P(r(v'); B.) < pMT

mwell
t=1 t=1
—OPT" + M(T —7).
Hence, OPT™ > OPT — M(T — 7) = OPT’, > OPT — M(T — 7). O

Hence, by Claim 5, we have

T T
STEU(BY] = D EUw (B8] 2 p- (OPT — M(T — 1)) + Z AE[P —Rp — ApMr.

t=1

If 7 =T, set A\ = 0. Rearranging the terms and substituting the value of RE yields

M~\T
p

T
p-Reg(T) = p-OPT — Z E[Uv:(8")] S

t=1

On the other hand, if 7 < T, 3°7_, P(B8") + M > pMT. So,

(44)

D E[Uve(B)] 2 p- (OPT — M(T — 7)) + M(pMT — M) — R}, — Rp — ApMr.
Setting \ = %,

T
S E[Ug(8)] 2 p- (OPT = M(T — 7)) + M(T — 7) — % R}, — RD.

t=1

Rearranging,

T
M
p-Reg(T) = p-OPT — > E[Uy:(8")] < pM(T —7) = M(T — 7) + " + R, +Rp
t=1

= p-Reg(T )<?+7+R

where the last inequality follows as p < 1 and 7 < T. Combining with Eq. (44), we get the desired regret bound.
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D Efficient Implementation

D.1 Full Information Setting
In the full-information setting, for each v € V and each edge e = (¢ — 1,by—_1, s¢—1) — (£, bs, s¢) in layer £ € [M],

1= (v — aby) - 1[br > B2¢]

1+a =: z'(e) ve + y'(e). ((10) restated)

wy(e) =
All edges from nodes in layer M to the destination node d have weight 0, and

1[oe = B0
 lta

1+ abe -1 [be = 82|
- 1+« '

((18) restated)

z'(e) = — ) y'(e)

Having defined the coefficients zt(e) and y*(e), we now describe how to update them across rounds. To this end,
for each edge e define the cumulative (scaled) coefficients

T'(e) =~ ZIS(€)7 y'(e) ==~ 295(6)7

for t > 1, and let 7°(e) = 7°(e) = 0. It follows that

7'(e) = ”T* 1) — miaat(e), (45)
7'e) = ”T* 71 (e) — 1yt (e). (46)

Overview of the Algorithm. The algorithm is similar to Algorithm 1 but differs in three key ways: (i) how we
instantiate context-dependent DAGs (cf. Algorithm 1, Line 3); (ii) how we compute the sampling probabilities
#L(+) (cf. Egs. (8) and (9)); and (iii) how we set the edge weights across contexts (cf. Algorithm 1, Line 11).
Concretely:

(i) On-the-fly instantiation. We instantiate the context-dependent DAG only for the current context vt = v,
rather than for all v € V.

(i) Computing ¢! (-). For any v, set T5"1(d) = 1 and compute I';"1(-) bottom-up. For each node u =
(6 —1,bs—1,50-1) € Ny, define

Iy (u) = > Iy () - exp (@ (e) ve + 57 (e)). (47)

v=(£,bg,s¢): u—v=:e€E,
Then, for each edge e = ({ — 1,by_1,50_1) — (£, b, s¢) € Ey, set

. Pf/_l(f’ b@yse)
Ty —1,bp—1,50-1)

(e) = exp (T () ve + 77 (e)) (48)

Computing ¢’ (-) for any v only requires maintaining the shared coefficients {Z*~*(e), 7 "' (e)},cg. Once ¢l (-) is
available, we sample a path p in a Markovian fashion as in Section 3.

(iii) Updating shared coefficients. Finally, instead of explicitly instantiating per-round edge weights as in
Eq. (10), we update the shared coefficients using Eqs. (45) and (46).
The complete algorithm is given in Algorithm 5. Our main result is the following.

Theorem D.1. In the full-information setting without budget constraints, Algorithm 5 implements Algorithm 1
using O(|E|) = O(M?/e3) time and space per round, while achieving the same regret bound.
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Algorithm 5 No Budget Constraints (Full Information) — Efficient Implementation

Require: Learning rates 7; > 0,Vt > 1. Define 1o = 1. For all e € E, define z°(e) = 7°(e) = 0.
1: fort=1,2,... do
Observe an i.i.d. valuation vector sample v’ ~ D. Suppose vi = v.
Construct G*(Ny, Ey,wy) and obtain edge probabilities ¢% (+) following Eq. (47) and Eq. (48).
Define initial node u = s and path p* = s.
while u # d do
Sample v with probability ¢% (u — v).
Append v to the path p’; set u < v.
Map pf =5 — (1,b1,81) = -+ = (M, barr, sm) — d, and submit bl = [b1,...,bu;].
Update z'(e) and 3’ (e) for all e € E per Eq. (45) and Eq. (46) respectively.

D.2 Bandit Setting

Known Context Distribution. In this setting, for any edge e = (£ — 1,bp_1, s¢—1) — (¢, bs, s¢), the edge-weight
estimator @! (e) in Eq. (11) can be written as @¢ (e) = zt(e) - vy + y'(e), where

fl[be Zﬁ:fﬂ e € pf] L (1+abg.|[bg zﬁ:ff)}).ueept]
foita) 0 VO= @ (1t a) '

The main computational bottleneck is evaluating q*(e), the unconditional probability of selecting edge e in round
t, which requires taking an expectation with respect to the context distribution D (cf. Eq. (12)). In Appendix C.4,
we give a procedure to compute ¢'(e) in O(|V| - maxyey |[Ey|) = O(|V| [E|) time. Whenever ¢'(e) can be computed
more efficiently, the same implementation ideas used in the full-information setting apply directly here as well.

z'(e) =

Unknown Context Distribution. Recall that in this setting, depending on the mixing parameter ¢ € (0, 1],
the algorithm either (i) samples a path from the EPC associated with the realized context, or (ii) samples
according to exponential-weight updates; see the overview in Section 3.2.2 and the full procedure in Algorithm 3
in Appendix C.5.

In case (i), sampling from the EPC corresponding to the realized context can be implemented on the fly and
requires O(maxyey |Ev|) = O(|E|) time and space per round (as discussed in Section 3.2.2). In case (ii), the
shared-coeflicient idea from the full-information setting extends to the bandit setting with minor modifications.

Recall that for edge e = (¢ — 1,bp—1,50-1) = (¢, be, s¢) in layer ¢ € [M], and valuation vector v, we defined

o+ (’Ug — Ozb[) . |{bg > ,6:7(5)}
1+« '

wt(e) = ((13) restated)

All edges from nodes in layer M to the destination node d have weight 0. If vt = v/, the edge-weight estimator in
this setting is

ol (e) = wy(€) e e p'], ((14) restated)
where pi/(€) = 3 ",c »_,.cep PIP* = p[v' = v']. Following ideas similar to the full information setting, for v € V,
and edge e = (€ — 1,bp—1, s0—1) — (£, bg, s¢) in layer £ € [M], we can express
@y(e) =a"(e) - ve +y'(e),
where
|[be > ﬁ:ff)} e € pt]
pe(€)(1 +a)

(o= aby1[b = BZP]) - 1fe € ]

- Y= P @ ) | )

rl(e) =

Theorem D.2. In the bandit setting under unknown context distribution without budget constraints, Algorithm 6
implements Algorithm 3 using O(|E|) = O(M?/e3) time and space per round, while achieving the same regret
bound.
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Algorithm 6 No Budget Constraint, Bandit Setting, Unknown Distribution — Efficient Implementation

Require: Learning rates n; > 0, § € (0,1]. Define no = 1. For all e € E, define z°(e) = 7°(e) = 0.
1: fort=1,2,...,T do
2: Observe an i.i.d. valuation vector sample v’ ~ D. Let vl = v’.
3 Sample Z; ~ Unif{0, 1].
4 if Z; <6 then
5: | Construct G*(Nys, Eys,wy) and select path p‘ using Algorithm 4.
6: else
7 Construct G*(Ny/, Ey/,wys) and obtain edge probabilities ¢%,(-) following Eq. (47) and Eq. (48).
8 Define initial node u = s and path p’ = s.
9: while u # d do
10: Sample v with probability ¢, (u — v).
L Append v to the path p’; set u + v.
12: Map p* = s — (1,b1,8) = --- — (M, bar, i) — d, and submit b = [b1, ..., ba].
13: Update 7' (e) and 5*(e) for all e € E per Eq. (45) and Eq. (46) respectively, where z*(e) and y*(e) are defined in
Eq. (49).

Proof. Observe that once the coefficients {z(e),y"(e)} g are available, the Hedge-style updates in Algorithm 6
follow the same structure as in the full-information implementation (cf. Algorithm 5). Together with the sampling
subroutine described in Algorithm 4, this shows that Algorithm 6 is equivalent to Algorithm 3. Thus the regret
bound remains the same in this setting.

To obtain the space and time complexity, note that if the algorithm samples a path uniformly at random, this can
be done in O(|Ey/|) time via Algorithm 4. If instead it performs exponential-weight updates, then for the realized
context v, the edge marginals {p, (€)}ccg,, can be computed in O(|Ey/|) time and space (see Appendix C.5). The
remaining steps mirror the full-information implementation and likewise take O(|Ey/|) time and space. Therefore,
the overall per-round complexity of Algorithm 6 is O(|E|) in both time and space. O

D.3 Proof of Theorem D.1

The key idea of the proof is to show that Algorithm 5 is an efficient implementation of Decreasing Hedge
(equivalently, Algorithm 1) and, crucially, that its time and space complexity are independent of the number of
contexts.

Recall that in the full-information setting, for each v € V and each edge e = (¢ — 1,by—1,50-1) — (£, be, $¢) in
layer ¢ € [M], the edge weight is of the form

wy(e) = 2" (e) ve +y'(e)
and all edges from nodes in layer M to the destination node d have weight 0. Here,
1[be = 627]
1+«

1+ aby- |[bg > ﬁ:(f)]
B 1+ a

z'(e) = - ;o y(e)

We further defined , .
T'(e) := —Ms1 Z$S(€)7 g'(e) = —ner1 Zys(€)7
s=1 s=1

where 7%(e) = 3°(e) = 0. This gives

ate) = MHL 1) — pypiat(e), ((45) restated)
Mt
7' (e) = % 77 e) — neyt(e). ((46) restated)
¢
Recall that wg(p) = >_ c, wy(e). Then, for any p = s — (1,b1,81) = -+ = (M, by, sm) — d,

o S () = (& (p), V) + 7). (50)
s=1
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where x*~1(p) € RM and the ! coordinate corresponding to e = (£ — 1,by_1,50-1) — (£, by, s¢) is

[ﬁtfl(p)]e /x\t 1(6), and @\t 1 ZAt 1
ecp

Recall that in round ¢, the probability of selecting a path p is PL(p) = []
(6 —1,bp_1,80-1) — (£, by, s¢) € Ey, the edge probabilities are

Fffl(f, bg, Sz)
L= 1,be—1, 50-1)

ccp v (€), and for any edge e =

¢, (e) = exp(z' ' (e) - ve + 7" (e)) - ((48) restated)

where T':"1(d) = 1 and for I'."1(-) is computed recursively in a bottom-to-top fashion for every u = (£ —
1,be—1,50-1) € Ny:

Iy (u) = > I (v) - exp(@ L (e) - ve + 712 (e)) . ((47) restated)

v=(£,bg,s¢):u—v=:e€E,

Here, no =1 and v, =

probability of selecting [;ath p in round ¢ is

t

Bt (p) = _ OPCm T ()

= a2 ,
Y prean, eXD(— o) wi(p))
where £, is the set of all s-d paths in G(Ny, Ey,wy). To show that Algorithm 5 is an efficient implementation of
Decreasing Hedge, we prove that P{,(p) = Py (p). Since Py (p) = [ ¢, ¢\ (e) and

((22) restated)

/P\t (p) (2:2) eXP( Tt Zs 1w (p)) (5:0) eXp(< t— 1(P),V>+§t*1(p))
v preﬁﬂv exp( mZ 11w8(p )) Zp/e@vexp(&t_l(p’),V}—|—§/\t—1(p’))’

it suffices to show that

G DR ), V) 5 p)
Lo = = G v 77 )

To this end, we first show the following result (similar to Claim 2):

Claim 6. For any node u = (¢ —1,by_1,80-1) € Ny, let F,(u) be the set of paths starting at v and terminating
in d. Then,

=i Z Hexp ze) o + 7 e))
pE Py (u) eEp
where e = (k — 1,bg_1,55-1) — (k, bk, sk) is an edge between layer k — 1 and layer k for £ < k < M.

Proof. We prove the result by backward induction. For the base case, I';~!(d) = 1. Suppose the result holds true
for all the nodes in layer ¢ for some ¢ € [M + 1]. Then, for any node v = (¢, by, s¢) in layer £, we have

oY Z Hexp ) v+ 7). (51)
pEP, (v) e'EPp
where e = (j — 1,b;_1,8;—1) = (4, b;, s;) is an edge between layer j — 1 and layer j for £ +1 < j < M. Thus, for
u=(—1,by_1,8¢—1) in layer £ —1,

rt(u) 2 > Iy () - exp(@ () - ve + 577 (e)

v=_4,bg,s0):u—v=:e€E,

Dy (X L@ vy 47D el ) v+ 7€)

v=(£,bg,sp):u—v=:e€E, peP,(v)e'Ep

= Y LG @) v+ 7).

pE Py (u) ech
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Hence, the probability of sampling path p in round ¢ when the context is v is

TN b, se)
Fz’_l(e - 17 b(—la 35—1)

[IEACS 11 exp(@ 1 (e) v+ 1(e)

ecp e=(l—1,by—1,50—1)—>(€,be,s0)EP
| () ~t—1 ~t—1
= exp(x e)- vy + e
() p(@ (e) v +7 7 (e))

e:(ffl,bg_l,S(_l)ﬁ(f,bg,Sg)Ep

exp((X' " (p),v) + 7" (p))
Lt (s) ’

where the last inequality follows from the definition of X!~ (p), 7~ (p) and the fact that I't~!(d) = 1. Finally, by
Claim 2, we get that

Lo s) = Y [Texp@ e v+ 77 He) = Y exp(® ), v) +5 (1)

p/egveep P/Eg)v
Thus,
H ¢t (6) _ exp(<§til(p)av> + gtil(p))
e U Tpes, (X1 V) + 7 1(0)

which was the desired result.

Space and Time Complexity. Constructing the context-dependent DAG G (N, Ey, wy) for the realized context
and performing the updates in Eqs. (47) and (48) require O(|Ey|) time and space. Sampling a path takes O(M/e)
time. Updating the shared coefficients via Eqs. (45) and (46) requires O(|E|) time and space, where |E| denotes
the number of edges in the super DAG. Since |E,| < |E| for all v € V (and in fact the two are of the same
order), the overall per-round complexity of Algorithm 5 is O(|E|) in both time and space. In particular, the
implementation is independent of |V|, and thus applies even when the context space is infinite.
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