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Abstract

In this paper, we propose a provably efficient natural policy gradient algorithm
called Spectral Dynamic Embedding Policy Optimization (SDEPQ) for two-player
zero-sum stochastic Markov games with continuous state space and finite action
space. In the policy evaluation procedure of our algorithm, a novel kernel embed-
ding method is employed to construct a finite-dimensional linear approximations
to the state-action value function. We explicitly analyze the approximation error in
policy evaluation, and show that SDEPO achieves an O(ﬁ) last-iterate conver-
gence to the e—optimal Nash equilibrium, which is independent of the cardinality
of the state space. The complexity result matches the best-known results for global
convergence of policy gradient algorithms for single agent setting. Moreover, we
also propose a practical variant of SDEPO to deal with continuous action space and
empirical results demonstrate the practical superiority of the proposed method.

1 Introduction

Two-player zero-sum stochastic Markov games (2p0s-MGs) has been the focus of research across a
range of research communities. In this problem, two players select their actions based on the current
state simultaneously and independently. Player one aims to maximize the return based on the reward
provided by the environment, while player two aims to minimize it. For 2p0s-MGs with finite state
space, tabular methods [Alacaoglu et all, 2022, Baiand Tin, PO20, Daskalakis'ef all, D020, Wei ef all,
D071, Zhao“et-all, PO77] represent the state-action value function with tables, which results in a
sample complexity depending on the cardinality of the state spaces.

To deal with 2p0s-MGs with complex state space, researchers recently employ function approxi-
mations of the state-action value function to deal with large-scale discrete/continuous state space,
including linear function approximations [Xie_ef-all, P02, Chen"ef all, 2027], kernel function ap-
proximations [IunchiTief all, D027, Oiu et all, PO071]] and general function classes such as neural
networks [[in"ef-all, D022, Huang et all, PZ021]. Basically, these methods use samples to construct
the function approximations and update the policies with value iteration. Theoretical analyses show
that these methods possess sample complexities independent of the state space’s cardinality. Note
that these methods fail to explicitly utilize the dynamics information of the underlying environments
and only achieve a sub-optimal sample complexity O(e’z) to find an e—optimal Nash equilibrium
for 2p0s-MGs with known system dynamics.

In this paper, we introduce a spectral dynamic embedding method, which explicitly uses the dy-
namics information to approximate the state-action value functions, and propose an efficient natural-
policy-gradient-type algorithm, called Spectral Dynamic Embedding Policy optimization (SDEPO),
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State Iteration Last-iterate =~ Horizon

Dynamic Space Reference Complexity  Convergence Length

Finite Alacaoglu et al] [2022] ?(ﬁ) Yes Infinite

Zhao ef all [20272] 0(0_717)3_6) Yes Infinite

Xie ef all [2020] O(L2H2) No Finite

T
Infinite - S e?

Huang et al] [2021] O(42) No Finite

Oiu et all [2021] O No Finite

[lunchi i et all [2022] 19) ( H;m ) Yes Finite

Cen_ef all [2021] O (1_17)36) Yes Finite

B Finite Wei ef all [2021] 19) (%) Yes Infinite

Zhang et al] [2027] o) Yes Finite

Infinite This Work O(=y2) Yes Infinite

Table 1: Comparison of policy optimization methods for finding an e-optimal NE of two-player
zero-sum episodic Markov games in terms of the duality gap. Here, H refers to the horizon length
and d is the dimension of their features. For simplicity, we ignore the problem-dependent constant.

for 2p0s-MGs. In particular, the spectral dynamic embedding method directly constructs truncated

linear approximations to the transition dynamics of a Markov game in a kernel space, and imple-

ments dynamic programming to calculate the state-action value function approximation. The supe-
riority of spectral dynamic embedding has been justified in single agent setting [Ren ef-all, D77,

2023]. We leverage two kernel feature generation methods for the truncated approximation, namely

random feature generation and Nystrom feature generation, and analyze the approximation error of

these two methods during policy evaluation. Our contributions lie in the following folds.

1. We present a truncated kernel-based linearization method for the state-action value function ap-
proximation in two-player zero-sum Markov games with continuous state space. With the ran-
dom/Nystrém feature generation, this method automatically generates truncated kernel represen-
tation from system dynamics, bypassing the difficulty of kernel feature decision existed in other
kernel approximation methods. By integrating the acquired kernel features into the temporal dif-
ference learning process, we estimate the state-action value functions through the least square
policy evaluation. Leveraging the obtained value functions, policy improvement can be achieved
through the natural policy gradient descent/ascent approach.

2. We establish rigorous analysis of the approximation error in the truncated value-function approx-
imation and the statistical error induced in policy improvement procedure with finite samples.
Our theoretical analysis demonstrates that SDEPO achieves a near-optimal O(ﬁ) last-iterate
convergence to the e-optimal Nash equilibrium for 2p0s-MGs with continuous state space and
finite action space, where +y represents the discounted factor. This complexity result matches the
best-known results for the policy gradient algorithm to achieve global convergence in the single
agent setting.

Moreover, we also propose a practical variant of SDEPO to deal with continuous action space and

empirical results demonstrate the practical superior performance of the proposed method.

1.1 Related works

RL methods for 2p0s-MGs. There is a large body of literature on MARL for two-player MGs.
Alacaoglu et al] [2027], Daskalakisef all [P020], Zhao ef-all [Z027] focus on the tabular setting, i.e.,
the state-action space can be represented by a table with moderate size To address the challenge of
continuous state spaces, many researchers have designed algorithms based on function approxima-
tion. Xie"ef-all [2020], Chen ef all [2027] investigated methods based on linear function approxi-
mation, using a set of linear features to represent the state transition function and reward function.
in“efall [P027], Huang et al] [Z021] employed general function approximation for MGs with low
multi-agent Bellman eluder dimension and MGs with a finite minimax Eluder dimension. Although



these algorithms yield strong theoretical guarantees, they are computationally inefficient. lunchi T
ef-all [2027], Oiu et all [2071] studied learning MGs with kernel approximation. Their approachs
assume that there are a set of (possibly infinite-dimensional) kernel features that span the transition
function or value function space. However, finding a good set of kernel features is a very challenging
task, making their assumption difficult to satisfy. Additionally, infinite-dimensional kernel features
are infeasible to compute, so their method requires finite-dimensional approximation, and the errors
caused by finite-dimensional approximation currently lack analysis.

Tabular methods for 2p0s-MGs where system dynamics are known. As shown in Table [, a par-
allel line of research aims to solve 2p0s-MGs with system dynamics known. For the infinite-horizon

discounted setting, Weief all [Z021] proposed an optimistic gradient descent ascent (OGDA) method

~ 3
which achieves a last-iterate convergence at an O (%) iteration complexity. Cen_efall [2021]

established linear last-iterate convergence of entropy-regularized OMWU. For the finite-horizon
episodic setting, Zhang et all [2027] showed that the modified optimistic Follow-The-Regularized-
Leader method finds an e-optimal NE in O (H%l) iterations and Cen_ef all [2073] proposed a single-
loop policy optimization algorithm that implies the last-iterate convergence with an iteration com-
plexity of O (H?S) However, their methods are all confined to tabular setting, whereas our method
can handle problems in continuous state spaces.

RL with Function Approximation. Function approximation in single-agent RL has been exten-
sively studied in recent years to achieve a better sample complexity that depends on the complexity
of function approximators rather than the size of the state/action space. One line of work studies RL
with linear function approximation [[Yang and Wang, 019, lin"ef-all, P2020]. Typically, these meth-
ods assume the optimal value function can be well approximated by linear functions, and achieve
polynomial sample efficiency guarantees related to feature dimension under certain regularity con-
ditions. Another line of works studied the MDPs with general nonlinear function approximations
[Jiang et al], 20T, Min"ef-all, POZ2T]. Jiang et all [Z0T/], lin“efall [ZOXT] present algorithms with
PAC guarantees for problems with low Bellman rank and low BE dimension, respectively. We note
that MGs are inherently more complex than MDPs due to their min-max nature and it is generally
difficult to directly extend these results to the dual-player dynamic setting of MGs.

2 Background and Preliminaries

In this section, we present the necessary definitions that will be adopted throughout the paper. In
Section 11, we formally describe the setup for two-player zero-sum stochastic Markov games with
simultaneous moves. In Section I, We briefly introduce the background knowledge about positive
definite kernels and their decompositions.

2.1 Simultaneous-Move Markov Games

A two-player zero-sum stochastic Markov games with simultaneous moves is defined by the tuple
(S, A1, Az, r, P, v), where S is the state space, A; is the set of actions that player ¢ € {1,2} can
take, r is the reward function, P is the transition function and v € [0, 1) is the discounted factor. At
each step t, given the state s € S, P1 and P2 take actions a € A; and b € As, respectively, and then
both receive the reward (s, a, b). The system then shifts to a new state s’ ~ P(+|s, a, b) according to
the transition kernel. Throughout this paper, we assume for simplicity that S = R%, A; = Ay = A
and that the rewards r(s, a, b) are deterministic functions of the tuple (s, a, b) taking value in [—1, 1];
generalization to the setting with A; # A and stochastic rewards is straightforward.

Denote by A = A(.A) the probability simplex over the action space 4. A stochastic policy of P1 is
a sequence of functions 7 := (7; : S — A);. Ateach step ¢ and state s € S, P1 takes an action
sampled from the distribution 7;(s) over .A. Similarly, a stochastic policy of P2 is given by the
sequence 7w := (m, : S = A)q.

For a fixed pair of policies (7, x) for both players, the value and Q (a.k.a. action-value) functions
for the above game can be defined as following:

VTE(s): = E[Zytr(st,at,btﬂso = s}

t=0
Q?7£(Saa7b) L= E[Z’ytr(stvatvbtﬂso =S,a0 = a7b0 = b:|7
t=0

where the expectation is over a; ~ T (+|st), by ~ m,(*|s¢) and sp1 ~ P(-|s¢, at, be).



In the zero-sum setting, for a given initial state sg, P1 seeks to maximize Vﬁﬂ(so) whereas P2 aims
to minimize it. Accordingly, we introduce the value and Q functions when P1 plays the best response
to a fixed policy 7 of P2: V*T(s) = maxzV™%(s) and Q*%(s,a,b) = maxzQ™%(s,a,b).
Similarly, when P2 plays the best response to P1’s policy 7, we define V™*(s) = min, V™= (s)
and Q™*(s,a,b) = min, Q™%(s, a,b).

A Nash Equilibrium (NE) of the game is a pair of stochastic policies (7*,7*) that are the best
response to each other, which we write as V7 T (s) = V*T (s) = V™ *(s). NE always exists
for discounted two-player zero-sum Markov Games [Filarand Vrieze, DOT7]. Correspondingly, let
V*(s) := V7 = (s) and Q*(s,a,b) := QT "= (s,a,b) denote the values of the NE. In practice, we
always seek to find an e—optimal Nash equilibrium, which is a pair of stochastic policies (7, ) that
satisfies Eq.,,, maxq 5 V7 %(s) — VI () < e. for a initial state distribution .

We are interested in finding a one-sided e—optimal Nash equilibrium, similar to Alacaoglu et all
[2027], Zhao ef-all [P022], Daskalakisef all [2020], Zhang et all [20T9]. In particular, for the initial

state distribution 19, we seek 7,,,, such that E,,,, maxz V™" Tout (s) — V*(s) < e.
We assume that the transition function satisfies the following assumption.

Assumption 1. For each (s¢,as,b;) € S x A x A, we assume that
St+1 = f(st,at, bt) + €t, where € ./\/(07 O'2Id).

The function f : S x A x A — § describes the general dynamics and {e;}{2, are independent
Gaussian noises. In other words,

£ (se, ae, be) — serls
- 202 )

(D

P(st41]5¢, a, by) o exp(

2.2 Positive definite kernels and two decompositions

To efficiently represent the continuous state space of 2p0s-MGs which can not be handled by tra-
ditional tabular methods, it is common to embed the continuous state space into a kernel space. A
widely used kernel is the positive definite (PD) kernel.

Definition 1 ((Positive-Definite) Kernel [Mohri, DOTS]). A symmetric function k : X X X — R is
said to be a positive definite kernel if for any {x1,...,xn} C X, the matrix K = [k(x;,2;))i; €
R™*™ s symmetric positive-definite.

PD kernels admit many decompositions, such as Bochner decomposition [Devinafz, T953], Mercer
decomposition [Merced, T909], Canonical decomposition [Sfochel, T997] and Kolmogorov decom-
position [Ghaemief-all, P071]. Among these decompositions, Bochner decomposition [[Devinafz,
1953] and Mercer decomposition [Mercer, T90Y] have recently draw significant attention since they
lead to efficient, low-dimensional approximations of the kernel, reducing computational complexity
[Cincefafl, 2O21].

Definition 2 (Bochner decomposition [Rudin, P0T7] and Mercer decomposition [Merced, T909]).
Let X C R? be a compact domain, i a strictly positive Borel measure on X, and k(z,2') =
G(x — 2') a bounded continuous shift-invariant positive definite kernel. Then, k(x,x') admits
Bochner decomposition, i.e. there exists a non-negative measure w, such that

Gz —2') = /}Rd p(w)exp (iw (z —2')) dw, 2)

and Mercer decomposition, i.e. there exists a countable orthonormal basis {€;}5°, of Lo(p) with
corresponding eigenvalues {o;}32,,° such that

k(z, ') =) oiei(w)ei(2'), 3)
1=1

where the convergence is absolute and uniform for all (x,z') € X x X. Without loss of generality,
we assume g1 > 0o > --- > 0.

2Given a probability measure  defined on X C R?, we denote Lo ) as the set of functions f : X — R
such that [, (f(z))?du(z) < oc.



112
It can be verified that the Gaussian kernel, k(x,2') = exp(— ”T;; H ), meets the conditions in
the above definition, and it admits both a Bochner decomposition and a Mercer decomposition
[Ren"ef-all, Z073]. Note that according to the Bochner/Mercer decomposition, the kernel can be
represented with infinite basis. Practically, one can construct finite-dimensional approximations to
the positive-definite kernel based on the Bochner/Mercer decompositions with random/Nystrom fea-
tures [Rahimi and Rechi, PO0X, Williams and Seegei, Z000], respectively. Recently, Ren ef-all [2073]
utilize a finite-dimensional approximation to represent the environment in stochastic nonlinear con-
trol problems and showed its superior performance, motivating our work.

3 Policy Optimization with Spectral Dynamic Embedding

In this section, we begin by introducing spectral dynamic embedding to represent the environment
of the Markov game. This approach allows us to express the Q)-function for any policy pair with in-
finite dimensional features. Subsequently, we develop finite-dimensional approximated features for
computational tractability. With these features, each player conducts least square policy evaluation
to estimate the ()-function of current policy pair based on the generated features and then improve
the policy by natural policy gradient based on the estimated ()-function. This leads to Spectral
Dynamic Embedding Policy Optimization (SDEP0O) in Algorithm B.

3.1 Spectral Dynamics Embedding

By interpreting the state transition function (II) as a Gaussian kernel, we can decompose the tran-

sition function of a Markov game using Bochner decomposition and Mercer decomposition, as de-

tailed below.

Lemma 1 (Spectral Dynamic Embedding). Consider any o € [0,1). Denote ko(z,2') =

(1—o?)|lz—a|?
202

sition and Mercer decomposition.

Let

) forany 0 < a < 1. We can decompose k,,(x,x') using Bochner decompo-

sab wa(sab> (Tfsab))}
Yulor,b) = { ( Vi-a? Vi—a? )|
Xw(s') = )eos(v/1 — a?wT '), sin(v/1 — a?w T ')
where go (f(s,a,b)) = exp(o‘Ql(‘lfisiM), w o~ N(O,U*QId), and p,(s') =

d las' 12 - . S . Lo
« / ag
@roTyarz €XP (fw is a Gaussian distribution for s' with standard deviation Z.

exp (—

Using Bochner decomposition, we have
P(S/|S7 a, b) :]EOJN.N'((),G'*zLj) [d)w(s7 a, b)TXUJ(S,)] = W’w (57 a, b)7 Xw (S/)>N(O,g—21d) . (4)

Let 11 be a strictly positive Borel measure on S. By Mercer’s theorem, k., admits a decomposition
Sforany (z,x') € X [Fasshaue#, POT1]:

33/) :Zaa,iea,i(z)ea,i(xl)v {ea,i} a basis for EQ(N)' (5
=1

We denote ko (z,2") = (€a(T),€a(T'))e, where €4,i(x) = \/Tai€a,i(z) for each positive integer
i.
soUl); (fned

ad 1—a?

wM(&av b) =

]
) () = pa(s)ea ()T

Then, , ,

P(S ‘Saa7b) = <7/)M(37aab)7XM(S )>52' (6)
The tunable parameter « offers advantages for theoretical analysis and can also be leveraged to
enhance empirical performance.

Let ¢, (-) = [¢w(),7(-)] and @par(-) = [¥ar(+),7(+)]. The ¢, (-) and ¢pps(+) are named as Bochner
Spectral Dynamic Embedding and Mercer Spectral Dynamic Embedding, respectively. These em-
beddings form infinite-dimensional bases of the ()-function for arbitrary policy pairs, allowing for a
linear representation of the Q)-function.

3The ¢5 norm is the usual norm for square-summable infinite-dimensional vectors v indexed by the positive

integers, such that [|v||7, = Y52, vi.
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Algorithm 1 Random Features Generation

Data: Transition Model s’ = f(s,a,b) + € where ¢ ~ N(0,0%1;), Reward Function r(s,a,b),
Number of Random/Nystrém Feature m

Result: ¢(-, -, )

Sample i.i.d. {w;};cpm) Where w; ~ N(0,07214) and construct the feature

Pe(s,a,b) = W [sin(wjf(s,a, b)/V1-— oz%,cos(wjf(s,a,b)/ﬂ)}

i€[m] ’

(7
set ¢(s,a,b) = [(s,a,b),r(s,a,b)].

Algorithm 2 Nystrom Features Generation

Data: Transition Model s’ = f(s,a,b) + € where e ~ N(0,0%1,), Reward Function r(s, a,b),
Number of Random/Nystrom Feature 1, Number of Nystrom Samples nnys > m, Nystrom
Sampling Distribution fiNys

Sample 7,y random samples {x1, . . ., Znys } independently from S, following the distribution zinys.

Construct nyys-by-n,ys Gram matrix given by KZ.(’;.N-"S) = ka(xi, x;).

Perform eigendecomposition on the Gram matrix K (nys) {7 = AU, with AL > o> A
the corresponding eigenvalues.
Construct the feature

o b)) b
wnys(saavb) g (f >0 ZUZ Zk (aﬁg, (S C; ))] P (8)

denoting

Nnys

Z 1€[m]

set ¢(s,a,b) = [Ynys(s,a,b),r(s,a,b)].

Lemma 2. For any policy pair, there exist weights {9”’*} (where w ~ N(0,0721,)) and ¢9M €l
such that the corresponding value function satisfies

Q™ (s,a,0) = (Gu(5,0,0),00%) g 2y, = <¢M(s’a’b)’9@£>e

We provide the proof of this section in Appendix [Al.

2

3.2 Finite-dimensional truncated Embedding

Basically, a desirable feature embedding method should provide a good approximation to the under-
lying dynamics of MGs with a modest feature dimension. However, the dimension of both Bochner
and Mercer spectral dynamic embedding is infinite, which is computationally intractable, motivating
us to investigate the finite-dimensional embeddings.

We construct finite-dimensional truncations of Bochner and Mercer embedding using random fea-
ture [Renef all, P077] and Nystrom feature [Willtams and Seegei, Z000], respectively, to provide
efficient finite linear approximations to represent the transition kernel. As show in Algorithm [ and
Algorithm [, random feature is the Monte-Carlo approximation for the Bochner embedding and Nys-
trom feature approximates the subspace spanned by the top eigenfunctions of the Mercer embedding
via eigendecomposition of an empirical Gram matrix. A detailed derivation of the Nystrom method
is provided in Appendix B. We analyze the approximation error due to using the finite-dimensional
basis in Appendix D. The finite-dimensional embedding is a crucial component of our algorithm,
Spectral Dynamic Embedding Policy Optimization (SDEP0), which is given as Algorithm B.

3.3 Policy Optimization with Finite-dimensional Embedding

After generating the finite-dimensional embedding, SDEPO is divided in two stages. It finds an ap-
proximate solution 7, in Stage 1, which is then utilized in Stage 2 to derive an approximate solution
7. In each stage, there are two main components: policy evaluation and policy improvement. Least
square policy evaluation is conducted for estimating the state-action value function of current policy
pair upon the generated finite-dimensional truncation features Q™+ %+ (s, a,b) = ¢(s,a,b) T w™ T,
In the policy improvement procedure, based on the approximated value function, the natural policy
gradient method is used to adjust the policy of each player iteratively in an alternating fashion.



Algorithm 3 Spectral Dynamic Embedding Policy Optimization (SDEPO)

Data: Transition Model s’ = f(s,a,b) + & where ¢ ~ N(0,0%1,), Reward Function r(s, a, b),
Number of Random/Nystrom Feature m, Number of Nystrom Samples nyys > m, Nystrom
Sampling Distribution pinys, Number of Sample 7, Factorization Scale «, Learning Rate

Result: 7,

s Generate ¢(s, a,b) using Algorithm @ or Algorithm .
Initialize 6y = 0, = 0 and 7o (+|s) = my(+|s) = Unif(A) forall s € S.
6 fork=0,1,--- ,K do

Stage 1
7 Initialize Oy,0 = Ok, 0y, o = 0 and T o(-|s) = Tr(-[s), w4 o(-|5) = @, (|s) forall s € S.
8 fort=0,1,--- T —1do
Sample i.id. {si,ai, bi, 57, a3, 0 }icn) with policy pair 71,7, , where s; =
f(si,ai,bi) +¢.
10 Initialize g, 4,0 = 0.
11 for/=0,1,---,L—1do
12 Solve
~ . T 2
Wi ¢,1+1 = arg min Z (d(sisai,b;) ' w—r(si, a;,b;) —vo(s}, aj, bf) U/k,t,z) .09
i€[n]
13 Update ak7t+1 = alﬁt =+ T]Ibkﬂg,L, Qk,t+1 = Qk,t — mi;kyt,L and
Tre+1(als) o exp(Epor, ,(1s)[0(s, 0, )] Ok i+1), 10)
B Ek,t+1(b|s) X eXP(Ea~ﬂ,,,(-\s) [¢(3a a, b)}TQk,Hl)-
4 | Ouputm, =+ 37 7,
Stage 27/
15 | Initialize ) o = 0 and 7, ((-|s) = Unif(A).
16 fort=0,1,---, T —1do
17 Sample i.i.d. {si, a;, b, s}, a}, b }ic[n) With policy pair 7, ,, 7y, where s} = f(s;, ai,b;) + €.
18 Initialize (Ak,t’o =0foralls € S.
19 for/=0,1,--- ,L —1do
20 Solve
. _ . L \2
Cotip1 =argmin Y <¢(5i7 a;, bi) (=7 (siyai, b)) —v9(si, aj, bf) Ck,t,z) - (1D
¢ i1€[n]
21 Update @;MH = ?;C’t + x4,z and
- T
W;ﬂ,t+1(a| 5) eXP(Ewa (|s )[¢(5 a, b)] 9k,t+1)~ (12)
2 | Output7y = ™, » Where t € [T] is selected uniformly at random.

Tt41 is updated as

- 1
Tipa(fls) =arg  max (7(-18), B, (1) [H(5, 7b)}Tw“"’L>+5KL(7T(-IS)IIﬂ(-|S))

yielding the following closed-form solution,
Try1(als) o< Ti(als) exp (IEZ,NL(_‘S) (6 (5,a,b)] " nuw™ vﬂf,) = exp (EbNL(_‘S) [¢(s,a, b)]TGtH)

where ;1 = ZE:O nw™ i 1 is updated by similar update rule.

Note that in SDEPO, each player is required to have knowledge of their opponent’s strategy, which
is crucial for effective policy optimization and is a common requirement in numerous existing al-
gorithms for Markov games. [Xie ef-all, 2020, Chen efall, 2027, lunchi Tief all, 2077, Alacaoglu
et all, P07



4 Theoretical Results

The major difficulty in analyzing the convergence of SDEPO is that the policies of both players
evolve at each iteration, leading to non-stationary in the environment for each player. Additionally,
there exists a certain level of estimation error in the transition and Q-function for each player. As
a consequence, the vanilla proof strategy of convergence of policy optimization used in majority of
the literature is no longer applicable.

In this section, we provide rigorous investigation of the impact of the approximation error for policy
evaluation and derive the convergence of policy optimization. We first specify the commonly used
assumptions [fMiand Berfsekad, POOR, hin_ef_all, 2020, Agarwal et al), Z021l, Abbasi-Yadkori ef all,
20719, Renef all, 2023], under which we derive our theoretical results below.

Assumption 2 (Regularity Condition for Dynamics). For the dynamic function f, there exists a
constant cy, such that || f(s,a,b)|| < cj foralls € S,a € A,be A

Assumption 3 (Regularity Condition for Stationary Distribution). The stationary distribution vz
for all policy pair (T, ) has full support, and satisfies the following conditions with Y1, T3 > 0:

Amin (Evs, [0(5,a,0)¢(s,a,b)"]) > Ty,
Auin (EVM [¢>(s,a,b) (6(s,a,b) — ’yE,,?l(j)(s’,a’,b’))TD >,

Assumption 4 (Regularity Condition for Feature). The features {¢.,(s,a,b)}(sap)esx.Ax.A and
{0w(5,a,b)}(s,a,0)eSx Ax.A are linearly independent.

First, we have the following bound on the error for policy evaluation. For convenience, we focus
solely on the error for least square policy evaluation in Stage 1. A similar analysis can be conducted
for policy evaluation error in Stage 2. We decompose the error for policy evaluation into two parts,
one is the approximation error due to the finite number of features, and one is the statistical error due
to the finite number of samples. Combine the approximation error and the statistical error, we have
the following bound on the error for policy evaluation. Detailed proof can be found in Appendix D.
Theorem 1. Let L = O(logn). Denote o := sup, ,, W and Qg = ¢ wr. With
probability at least 1 — §, we have that for the random features,

G Gom?
=0 <<1—v>2m * <1—v>r%rm> ’ ()

o Gom?
=0 ((1 iy (1 m‘%rm> ' (1

As shown in Theorem T, Nystrém method improves the approximation error from O(m~!) to

O(n,, yls,) with a mild assumption to make in the kernel literature (cf. Theorem 2 in [Belkin, DOTR]).

Then, we provide the error analysis for policy optimization. We remark that in the following proof
we assume the action space |.A| is finite for simplicity. The following assumption assumes that
the selection probability of each action is positive under each state, which is a commonly used
assumption in the analysis of policy gradient type methods [Alacaoglu et all, 2022, Lan, 20237
Assumption 5. There exists a constant ¢ such that, for any policy iterate pair Ty, 7, for any state
action tuple s, a, b, it holds that Ty (a|s) > ¢ > 0,7, (bls) > ¢ > 0.

We now present the result for policy optimization. We use Perolaf_ef all [P(ITS]’s error propaga-
tion framework, which needs the results in each stage. The detailed proof of it can be found in
Appendix B. First, we analyze the error in the Stage 1 of Algorithm B.

Lemma 3. Denote Qi1 = Q" "%-1, T°Q°1° = Equz(|s)bon(|s)[Q(5,a,b)]. Let Assump-
tion B hold. In Stage 1 of Algorithm B,

T, AT,
| - Q3|

Vr,m
and for the Nystrom features,

T AT,
om0z

nyss

v,

E |\max7TQr_17), — min 7T Qr_17
T jus

1 1 A _ n
<710 7+2 Th—1Tg 1 __ Th—1Tg 1 + .
_77T gQ HQ Q |‘l/?k71,1k71 2(1 _,7)2

“This assumption can be removed if we use a S—greedy mixed version of Ty, - As the f—greedy mixed
policies are shifted with the original ones, we provide the convergence analyses of SDEPO with S—greedy
exploration in Appendix ET.




This result shows how the error in the approximation of the ()-function and the learning rate n impact
the optimization performance in Stage 1. Next, we turn to Stage 2 and provide an upper bound on
the one-sided error.

Lemma 4. Let Assum[lztlon B hold and g be a state distribution. In Stage 2 of Algorithm B,

T ZE‘SNHO [Vﬂ'k ﬂk( ) Vﬂk,ﬁﬂk(s)

log = P —
: ( c BT S )
—) o

<
11—~ \ 9T (1

Building on the results from Stage 1 and Stage 2, along with the policy evaluation error, and using the
error propagation framework from Perolafef-all [ZOTS], we can now derive the overall convergence
result for the policy optimization process. Specifically, we obtain the following proposition, which
quantifies the iteration complexity required to reach a near-optimal solution:

Proposition 1. Let L = O(logn) and T = \/SELE (s + =l + =) Jor

log 1/(, o g8 m3
random features and T’ = \/ Tog (1 ’Y)2 + =) + (I_W)Tsz\/ﬁ)for Nystrom features.

Iteration complexity to get Ex..,,, [maxz V™% (s) — V*(s)] < eis O(W)

Proposition [ shows the iteration complexity to one-sided NE and it can be directly extended to
establish a two-sided NE by applying the algorithm with the roles switched [[Zhao“ef-all, PO27].

5 The Practical variant of SDEPO

Many practical 2p0s-MGs not only have continuous state spaces but also continuous action spaces,
such as such as real-time strategy games [[Vinyals et all, P0TY, Berneref all, P20UTY9] and robust policy
optimization [Pinfaefall, ZOT7]. Note that the natural policy gradient update (1) and (I2) in SDEPQ
involve the expectation w.r.t. the action, which is generally intractable for continuous action space.
Hence, we propose a practical variant of SDEPO, named SDEPO-NN, to deal with continuous (or large-
scale discrete ) action space. SDEPO-NN utilizes neural networks in policy 7 and the state-action
value function approximation (), detailed in Algorithm B.

Based on the spectral dynamic embedding ¢, we parameterize the Q@ function of player one
as Qg(s,a,b) = 7r(s,a,b) + ¢(s,a,b)"0 and parameterize the @ function of player two as
Qe(s, a,b) =r(s,a,b)+¢(s,a,b)" 0, and train Q7 and @, by minimizing the soft Bellman residual.

We restrict the players’ policies Ty and ,, to Gaussians with the reparametrization trick, i.e., a; =

fa(et; st) and by = fE(e;; s¢) where ¢; and €, are input noise vectors, sampled from a Gaussian.
The policy parameters can be learned by minimizing

J(B) = By ey [108 75 (Fers s0)ls0) = Qs T (fzlews so)l ) my (Fulel sls)]

and

() = By ey [108 7 (Fulels s0)ls0) = Q, (s, T (flews so)l ) my (el sls))]

Whiere D is the replay buffer, and 7 Ty and 7, are defined implicitly in terms of f@ and fy, respec-
tively. - -

Note that tabular methods [[Alacaoglu et all, 2022, Bai_and Tin, 020, Daskalakis_ef all, 2020, Wei
ef_all, D071, Zhao“ef-all, P077] can discretize the state/action spaces to handle applications with
continuous state/action spaces. However, directly applying such methods often incurs the curse
of dimension and requires an excessive amount of computation resources even for a small size
problem. On the other hand, although there exist theoretical-guaranteed methods for 2p0s-MGs
with continuous state and action space, they all involve a computational intractable subroutine, i.e.,
O1u_et al] [2021], IinchiTi—efall [Z027] need to solve a difficult *find_ne’/’find_cce’ subroutine,
and [in“efall [2027], Huang et al] [Z02T] have to tackle a comprehensive constrained optimization
problem.

6 Numerical verification

In this section, we present two experiments to evaluate our methods. The first experiment focuses on
a simple zero-sum Markov game featuring a continuous state space and a finite action space, aiming



to validate the convergence of SDEPQ. The second experiment adapts a multi-agent scenario inspired
by the simple push [Cowe ef all, POT7], where both the state and action spaces are continuous, to
assess the effectiveness of SDEPO-NN.

In the first experiment, we designed a simple zero-sum Markov game with a continuous state and
finite action space (S = R, | Al = 5). The state space is partitioned into 42 distinct intervals: one inter-
val for (—oo, —10), 40 intervals evenly spaced by 0.5 units in the range [—10, 10), and one interval
for (10, 00). In the 4-th interval, the transition dynamics are defined by P(s,a,b) = f(s,a,b) + ¢,
where € ~ N(0,1), and f(s,a,b) = € 4., With €; 4 ~ Unif(—10.5,10.5). The reward function
is 7(s,a,b) = € ,,, where ¢ ,;, ~ Unif(—1,1). The initial state distribution is assumed to be
uniform over [—10.5,10.5].

We ran SDEPO for 120 iterations, and measured the convergence of m by metrics in Proposition
M. As shown in Figure I, SDEPO with random features and Nystrom features both converge after
60 iterations. We discretized the state space of this environment and compared it with OFTRL
[Zhang et all, 2027], a tabular method where the environment is known. We adopted the parameter
settings recommended in [Zhang et all, Z027] and adjusted the environment to a 100-horizon setting.
As shown in Figure [, our method demonstrated superior convergence in this environment. This
likely stems from the fact that OFTRL operates on the discretized state space, whereas our method
computes on the original state space.

4 S —— SDEPO wiith random features
h SDEPO with Nystrom features.
--- OFTRL

30 10
Iteration k

Figure 1: Performance illustration of SDEPO and OFTRL for solving the random generated Markov
game.

Next, we conduct experiments on an adapted version of simple push [Cowe efall, POT7], wherein
both the state and action spaces are continuous. This problem consists of two agents and one land-
mark. Each agent receives a reward for proximity to the landmark while ensuring the other agent
remains distant. Thus, agents must learn to stay close to the landmark and simultaneously push the
other agent away. At each time step, a noise € ~ N(0, 02 1,) is added to the state.

We implemented SDEPO-NN with random features (SDEPO-NN,;) and Nystrom features
(SDEPO-NN,,,), comparing them against methods where Q functions do not utilize spectral dy-
namical embedding (NPG-NN). Table [ shows the results of winning rate after training by 20000
iterations with varying noise levels. It is evident that SDEPO-NN, ; and SDEPO-NN,,,, largely outper-
forms NPG-NN, which shows the effectiveness of the spectral dynamical embedding.

Winning NPG-NN SDEPO-NN, f SDEPO-NN,,,,
rate
NPG-NN 49.69%/47.7% 5.23%/0.55% 5.16%/0.59%
SDEPO-NN,; | 95.13%/99.37% | 50.35%/49.95% | 49.74%/49.94%
SDEPO-NN,,,; 6 95.38%,99.38% 49.69%/49.95% 50%/49.84%

Table 2: Comparison of winning rates between NPG-NN, SDEPO-NN,.;, and SDEPO-NN,,,,; in Simple
Push with o = 0.1/0.01. The results before and after / correspond to ¢ = 0.1 and 0.01, respectively.

7 Conclusion

In this paper, we propose a provably efficient natural policy gradient algorithm for two-player zero-
sum stochastic Markov games with continuous state. We analyze the approximation error and con-
vergence of the algorithm. To deal with continuous action spaces, a practical variant is provided and
demonstrates superior performance. A possible direction is to extend our methods to independent
learning setting.
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A Derivation of Spectral Dynamic Embedding

In this section, we derivate spectral dynamic embedding and then prove the Q-function for arbitrary
policy pair can be linearly represented by the feature functions {¢,,(s, a,b)} withw ~ N (0, U2Id)
and ¢pr(s,a,b) € £s.

_ (1*a2)\|r*I’HZ>
202
forany 0 < a < 1. We can decompose k. (x,x") using Bochner decomposition and Mercer decom-

position. Let

Lemma A.1 (i.e. Lemma ). Consider any « € [0, 1). Denote ko (x,z') = exp (

R CCCTLH P CIFICUD B CUF (U |
Q 1— a2 1—a?
Xeo(8') = pa(s)[cos(v/1 — a2w '), sin(v/1 — 2w’ s')]T,

where go (f(s,a,b)) = exp(%), w ~ N(,07%1;), and p,(s') =

d 12 . . . . . . . . .
(QW:WeXp (—%) is a Gaussian distribution for s' with standard deviation Z. Using

Bochner decomposition, we have
P(S/|S, a, b) :EWNN(O,O'_zfd) ["/}w(37 a, b)TXw(SI)] = (1/Jw(8> a, b)7 Xw(s/)>_/\/(0’g—2]d) y (15)

By Mercer’s theorem, k,, admits a decomposition for any (z,2') € X:
ko (1'7 1'/) = Zaa,iea,i(x)ea,i(x,)v {ea,i} a basis for Lo (M) (16)
i=1

We denote ko (z,2') = (€u(x), €a(x’))e, where €, ;(x) = \/Ta.i€a,i(x) for each positive integer

i.8

T

Yar(s,a,b) = 9o (f(s7a7b))éa (f(s’%b

) T
Oéd 1 _ Oé2 > 7X]VI(S/) = pa(s/)éa (5/)
Then,
P(s’\s,a,b) = <w1ﬂ(svaa b)vXJVI(s/»Kg' (17)

Proof. For Bochner decomposition, we first notice that Vo € (0, 1), we have

|W—f@m®ﬁ>

202

11 ey (O S DI (P
P 202 P 202(1 — a?) P 2(1—a?)o2 )
(18)

P(s'|s,a,b) o< exp (

The factorization of the transition P(s’|s, a, b) in (3) can thus be derived from the property of the
Gaussian kernel by applying Bochner decomposition in Lemma I to the second term in (IX).

For the Mercer decomposition, the proof is analogous, where here we apply Mercer’s theorem to
decompose the middle term in terms of the kernel k,,

2
2\ || o _ f(s,a,0) 2
L (o fsab) (1-on) | - Hee| (1~ a?)s' — f(s.a,b)|
S, ——=- ]| =exp| — =exp | — .
@ 1- a2 P 202 P 202(1 — a2)
O
5The ¢2 norm is the usual norm for square-summable infinite-dimensional vectors v indexed by the positive

integers, such that [|v||7, = Y52, vi.
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Let ¢, (-) = [¥u(-),r(-)] and ¢rr(-) = [¢ar(+),7(+)]. Here we prove the Q-function for arbitrary
policy pair can be linearly represented by the feature functions {¢.,(s, a,b)} with w ~ N (0, 0%14)
and ¢pr(s,a,b) € £s.

Lemma A.2 (i.e. Lemma ). For any policy, there exist weights {05} (where w ~ N'(0,021,))

and Hif € U5 such that the corresponding value function satisfies

QF)E(Svavb) = <¢w(5aavb)vHz,E>N(O,J—2Id) = <¢)M(S,CL, b)79§47£>22

Proof. Denote fi,,(*) = [Xw(-),0] ", par(-) = [L,xae ()] T, 0 = 10,0, 1], 0, 0 = [1,0,0,...]7 €
£5. Our claim can be verified easily by applying the decompositions to Bellman recursion:

Q™%(s,a,b) =1r(s,a,b) +Ep [V?’E(s/)] (19)
= <¢w(s,a, b), 0, —l—w/suw(s’)Vﬁﬂ(s’)ds’ >N

(0,0-214)

o
0,

= <¢J\I(57aab)70r,M+7/ HM(S’)VF’E(SI)CZ5'>,
s &

T,
91\/]

where the second equation comes from the Bochner decomposition and the third equation comes
from the Mercer decomposition.

O

B Derivation of Nystrom method

Consider a bounded and continuous positive definite kernel k(x, y) defined on a compact space S,
along with any probability measure p on S, e.g. the punys considered in Algorithm B. Mercer’s
theorem guarantees the existence of eigenvalues {o;}32, and orthonormal eigenvectors {e;}3%; C
Lo(p1) such that for any j € N and any = € S, the following holds:

[ K )dn(s) = e, (o) 0)

The Nystrom method provides an approximation of the Mercer eigendecomposition of k(z,y) =
>oi2y ajej(x)e;(y) in the form

for some positive integer m. Here, the pairs where the (6;, é;) are determined through a numerical
approximation of the eigenfunction problem outlined (Z0). We will now describe the procedure in
detail.

Recall that ny,ys refers to the number of samples used to construct the Nystrom features. For sim-
plicity, in the sections of the Appendix that address Nystrom approximation results, we denote
N 1= NMyys, unless otherwise noted. It is important not to confuse this n with the n used to represent
the number of samples for statistical learning of the Q-function. Suppose we draw n independent
samples X" = {z,}7_; from S according to the distribution ;. For any eigenfunction e;, the
eigenfunction problem from (Z0) can be numerically approximated by:

% Z k(x,xzs)ej(xs) = oje;(x), (21a)
s=1

1 i(e'(at N1 (21b)

n s=1 ’ ) .
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Let K™ € R"*™ denote the Gram matrix where (K™),.. = k(z,.,z,), and let the eigendecompo-
sition of K™ be K(™U = AU with U orthogonal and A diagonal. To satisfy (ZId), the condition
must hold for all z € X™. Specifically, for any € [n], we should expect

n

1
= Z k(zr,zs)ej(xs) ~ oje;(2y) (22)

n
s=1

for any eigenfunction e;(-) and its corresponding eigenvalue o of (-, -). For any eigenvector u; of
the Gram matrix K (™, we have the relation

% Z k(x,,xs)(us)s = %(Ui)w

It is therefore natural to extend u; € R™ to an eigenfunction é; by setting é;(xs) = (u;)s for any
z, € X™, and for other z, define

éi(x) == )\% Z_; k(x,25)(u;)s,

with associated eigenvalue % To satisfy the orthonormality condition from (ZIH), since
1 n . ) 1 n ) 1
gzei(.’lﬂ‘s) = EZ(’U@)S = gv
s=1 s=1

we scale

Kiﬁ Zk(m,xs)(ui)s.

Using these scaled eigenfunctions, we define the Nystrom approximation k™ of the original kernel
k as

é4(x) = vnéi(x) =

n

];.ﬂ(x’y) = Z

i=1

n

é(@)éily) = k(z, X7) (Z 1u.uT> k(X 2), (23)

N ¢
i=1 "

3|2

where k(z, X™) is a row vector with components k(z, z), and k(X™,y) is a column vector with
components k(zs,y). Based on (P3), for any m < n, we then define the rank-m Nystrém approxi-
mation as

m

7 1

Fon (0, 9) = Fo(w, X7 i | k(X" @), 24

m(.y) = k(z, )<;Aiuuz> (X", ) (24)

which is the rank-m Nystrom kernel approximation used in the paper. Since it can be written as
kjﬁn (.13, y) = @nys(l")TQOnys(y), Where

1

(pnys)i() = VoW

we can view @nys(-) € R™ as the rank-m Nystrom features corresponding to the Nystrom approxi-
mation.

u; k(X™,), Vi€ [m)], (25)

C The performance difference lemma

Lemma C.3 (Performance difference lemma. See [Alacaoglu et all, P022]). For any policies
1, T, T and any state Sq,

1
VTE(sg) — VT2 (s) = E]ES'Nd:&'l<]Eb~z(~|s)Qﬂ2’E(S» 5 b),m1(|s) — ma(:]s))

where dZ0 7™ (s) = (1 — ) >op2 o V'P™ ™ (s¢ = s|so), where P™ ™ (s; = s|sq) denote the proba-
bility that s; = s after starting at sg and following the policies 7, and 5.
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D Error analysis for Policy Evaluation

We provide a brief outline of our overall proof strategy for policy evaluation. For convenience, we
focus solely on the error for least square policy evaluation in Stage 1. A similar analysis can be
conducted for policy evaluation error in Stage 2.

We decompose the error into two parts, one is the approximation error due to the limitation of our
basis (i.e., finite m in Line 0 of Algorithm [ and Line B of Algorithm D), and one is the statistical
error due to the finite number of samples we use (i.e., finite n in Line I of Algorithm B). For
notational simplicity, we omit 7, = and use v to denote the stationary distribution corresponding to
7,7 in this section. For the ease of presentation, we omit the polynomial dependency on ¢y and
focus on the dependency of other terms of interest.

D.1 Approximation Error

We start by deriving a bound on the approximation error when representing the @)-function for a
given policy pair using an imperfect, finite-dimensional feature set. In such cases, the best possible
approximation, denoted as Q, is the solution to a projected Bellman equation (cf. Yu"and Berfsekas
[Z008]), which is defined as follows: given any (possibly finite-dimensional) feature map ® :=
{#(s,a,0)}(s,a,p)esx.Ax A- the approximation Q@™ is defined by:

QO™ =1y, ®(r + PTEZQP™T), (26)
where v represents the stationary distribution under 7, 7, and the operator P™7 is given by
(PF’Ef)(& a, b) = E(s’7a’,b’)~P(s7a,b)X?XEf(S/7 Cl/, b/) (27)
and II,  is the projection operator as defined as
I, Q = argmin E, (Q(s,a,b) — f(s,a,b))*. (28)
féE€span(P)

Our focus on Qg is motivated by the fact that the least-squares policy evaluation step in Algorithm
B (see equation (IT)) recovers (7, if the number of samples, n, goes to infinity. The effect of a finite
sample size n on the statistical error will be discussed later.

Next, we present our bound on the approximation error for the random and Nystrom features. We
begin with the random feature approach, which . To do so, we first need the following technical
result, which relies on the following technical lemma, adapted from Lemma 1 in Rahimi and Rechi
[CO0R].

Lemma D.4 (cf. Lemma 1 from Rahimi_and Rechf [200R]). Let p be a distribution on a space (,
and consider a mapping ¢(z;w) € RY. Suppose

£ (@) = /Q p(w)B(w) T (s w) o,

for some vector B(w) € R where sup, ,, |B(w) T ¢(x;w)| < C for some C > 0. Consider {w;}¥_,

drawn iid from p, and denote the sample average of f* as f(x) = + Zszl B(wr) T d(x; wy). Then,

for any & > 0, with probability at least 1 — § over the random draws of {w; }*_,,

\//X (f(x) - f*(x))zdu(x) < \/C? (1 +1/2log ;) .

Based on Lemma D4, we derive the approximation error with random features.

Proposition D.1 (Q-Approximation error with random features). We define the feature map ®¢ for
random features as follows

q)rf = {[%f(& a, b)a T’(S, a, b)]}(s,a,b)eSXAXAa (29)
where ¢(s, a,b) is defined in (@) in Algorithm B. Then, for any § > 0, with probability at least
1 — 6, we have that

T T, = YGa
TE— Qe |l =0 7————= 30
HQ Q(I)rf v <(1 _ 7)2\/@) 9 ( )

where || - ||, is the Ly norm defined as || f||,, = [ f*dv, and Qg’f is defined in (08).
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Proof. By leveraging the contraction property and the results from Yuand Berfsekas [ZO0R], we
establish the following bound:

v AT,
o= - i

1 _ _
, ST o7 - a7, (3D

where II,, ¢, is defined as in (ER). By definition II,, ¢, is contractive under || - ||,. Note that

Q™= (s,a,b) = r(s,a,b) + YEw N (0,0-214) [%(&a,b)T/ po (8) V(s )ds’
S

Using Holder’s inequality, along with the fact that [|[V™|| . = O((1 — v)~!), and denoting BT =
Js 1w (s)VTE(s")ds', we have for every w that

1827 ]| = O =17
Additionally, recalling that ¢, (s, a,b) = [¢. (s, a,b),r(s,a,b)], we have

sup | dw(s,a,b)TBTE < sup )\qu(s,a,b)hHﬁf,zHoo

((s,a,b),w) ((s,a,b),w

since the coordinate in 35 corresponding to the reward part of ¢, (s, a, b) is 0. Noting

b
sup  |¢u(s,a,b)]1 <2 sup M{;a’))
((s,a,b),w) (s,a,b) &

)

we conclude that

Sup(s,a,b) g(x(f(sa a, b)))

sup |¢w(s>a7b)—rﬂz£| < sup |¢w(svaa b)|1 Hﬁf’lﬂm =0 ( Ozd(l p

((s,a,b),w) ((s,a,b),w)
Applying Lemma D4, we obtain the following bound:
Y SUP o 9a(f(5,a,D))
(1 —~)y/m
Substituting (32) into (B1) completes the proof. O

|@7= — 11,0,Q7=], =0 < 42

As shown above, the approximation error for random features decreases at a rate of O (mfl/ 2) with
high probability as the number of random features m increases.

Next, we turn to the approximation error for Nystrom features. To establish this result, we first
present the following key finding.
Lemma D.5 (cf. Lemma 8 from Renef-all [2073]). Consider the following Mercer decomposition

(Ol’l S) Ofka('a )
ko(z,2') = Zaiei(x)ei(x'), (33)
i=1

where {e;}52, forms a countable orthonormal basis for Lo(pnys) with corresponding values
{0:}2,. Let X" = {xl}:l;yf be an i.i.d nyys-point sample from pinys. In addition, let Ay >
Ay >0 > )\nnys denote the eigenvalues of the (unnormalized) Gram matrix K (nys) i jts eigende-
composition K" )U = AU where UTU = U" = I. Suppose that oj, \; [nnys S exp(—B51/")
for some B > 0 and h > 0. Suppose that n.ys > 3 and that | (21log nnys)h/ﬂhj < m < Npys.

nys

Consider the rank-m kernel approximation fezm constructed using Nystrom features, defined as
follows:

ko (5,8) = Puys(5) " nys (1), (34)
where pnys(-) € R™ and is defined as
1
(Pnys)i() = —=u, ka(X™™=,"), Vi€ [m], (35)

v
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where w; denotes the i-th column of U, and k(X ™=, ) denotes a Nnys-dimensional vector where
(ko (X™vs, ) = ko(xe,-); for details on how @nys(-) is derived, see Appendix B. Then, for any
0 > 0, with probability at least 1 — 6,

/s \/<k“ - k:”") (x, %) dpinys(z) = O

Leveraging Lemma D3, we can now derive the following result for the approximation error associ-
ated with Nystrom features.

> 1)\Z-+ ! =0<1>. (36)
Nnys

n Nnys
i=ml | nys nys

Proposition D.2 (Q-Approximation error with Nystrom features). Suppose all the assumptions in
Lemma 03 hold. Suppose also that we pick the sampling distribution ji,ys such that

Hnys (JZ) = Pa (I) (37

We define the feature map ®, for the Nystrom features as follows:
(I)nys = {[wnys(sa a, b)7 ’I“(S, a, b)]}(s7a7b)63><.,4><A7 (38)

where yys(s,a,b) € R™ is defined in (BR) in Algorithm B. Then, for any 6 > 0, with probability at

least 1 — 0,
~ YGa ~ YGa
<O—2 V<o ),
v ((17)2nnys>_ ((17)2m)

where || - ||, is the Ly norm defined as ||f|, = [ f?dv, Qg’fys is defined in (B8), and G, =
o (f(sdvavb))
- .

Q?,z _ O™
nys

Sups,a,b

Proof. Following the analysis at the beginning of the proof of Proposition DI, and using the con-
traction property along with results from [Yir and Berfsekas [200R], we have the following bound:

T, T AT T 1 T, 7T T, 7
|om=-@3z||, < 1= o™=~ s, 072, (39)
where II, 3, . is defined as in (EX).

nys
Next, we need to bound the term HQ?’E — H,,’%YS Q?’EHV. Starting from (B4), and recalling the def-

inition of ¢pys(-) from (B3), we express our Nystrom approximation of the kernel k,, (s’ , %)
as

Jelte <3/7 M) = Puys(5) " P <M> . w

1—a?

suggests the following Nystrom-based approximation for the @)-function:

Since we have ¥nys(s, a,b) = go(f(s,a,b))enys (f(s’“’b)) , where 1,4 (+) is defined as in (B), this

[ Puys(s)VTE(s" )pa (s’)ds’> ’

QR (5,0.0)i= (5 0.0) 4 (s, 0.) i

It is important to note that this approximation is a valid solution to the objective:

argmin [E, (QF’E(s,a, b) — f(s,a, b))Q.
S€span(Puys)
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Thus, we have

[T, (@7%) = @72, <
(L VT4

T
1/)nys(sa a, b de

V‘

- / P(s' | 5,a,b)V™E(s")ds’
S v

vH(g(f(adb)))(/s D) oV )

- [t v, )

—a?
/ ]%;zr;,ys S,, f(57a72b) 7]{0 SI, f(57a7 b)
S 11—« 1— Oz2
T
Using the one-to-one correspondence between Reproducing Kernel Hilbert Spaces (RKHS) and PD
kernels, we can express the kernel function £, as an inner product in the corresponding RKHS, H,_, .
Specifically, we have

Pa(s')ds 41)

v

—
7 f(S,CL,b) f(83a7b) - 1 T
Nnys !/ — XTL 7 . XTL /
km (8’ ].—0[2 ka( 1_a2 ? )1:1 )\iuzuz ku( 75)

By choosing pinys = pa(z), continuing from (&), we have

— Mnys Sab) ,f(S,CL,b)
- '/ e () - (2 )

S (B2 ) e,

o(s")ds'

— (ko (fl(S_aas)> Ko (8', N, | Pals)ds )
=’ IACAE f";’f)«)fz:w(s’,)—ka(s: eS|

IN
o
o>~
s
VR
—=
| CIJ
Nk
N o
~—
n—\:c;\
Q“Q
Y=
N———
=
|
o>~
3
E
~—
=
Vo)
=
=
B

v

IN

(ko — k™) (s, 8" )dpa (s')

v

To move from the second-to-last line to the last line, we used the fact that k. (-,-) < 1. Next,
applying Lemma D3 and using the decay assumption on the eigenvalues from both the Mercer
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expansion and the empirical Gram matrix, we obtain a probabilistic bound. Specifically, for any
0 > 0, with probability at least 1 — , we have

7 < ( /S V(o — é%*YS)(sf,s')u(s’)ds') ~0 <niy) .

Thus, by combining (E) with the bound on 73, we conclude the desirf,d result, demonstrating that
the error introduced by the Nystrom approximation decays at the rate O(1/n,ys). O

Remark D.1. As demonstrated by the proposition above, a key advantage of the Nystrom method
is its ability to reduce the approximation error to O(( nyg)) where n,ys represents the number of
samples used to construct the Gram matrix for generating Nystrom features. This rate of O(( Dyh))
consistently outperforms the O(1/m) where m is the number of features, since SDEPO is designed to
select m < nyys. The only requirement for this improvement is that the eigenvalues of the empirical
Gram matrix and Mercer expansion meet certain decay assumptions, which is a standard assumption
to make in the kernel literature (cf. Theorem 2 in Belkin [20TR]).

D.2 Statistical Error

We now present the bound on the statistical error arising from using a finite number of samples, n.
The result holds for both Nystrom and random features.

Proposition D.3. For each policy pair {7, } encountered in the algorithm, let Qg% denote the
policy given by

QAZ:% (S’ a, b) = (z)(sv a, b)Tva

where wy, is defined as in (0l), and ® can either be the reward concatenated with the Nystrom or
random features, i.e. either ®yys or ®yp. Then, for sufficiently large n, there exists an universal
constant C' > 0 independent of m, n, L and (1 — ~) ™Y, such that with probability at least 1 — §, we
have

Cgsm®polylog(m, L/6)
(1=TiT2v/n

ot (42)

where we recall Qg’ﬂ is defined as in (Z8).

Proof. To simplify the presentation, let us define ® as the concatenation of ¢(s,a,b) across all
(s,a,b) € S x A x A, and define the operator P™ as

(PF7Ef>(sv a, b) = E(s’,a’)wP(s,a,b)X?ng(5/7 a/7 bl)

Additionally, define w as the solution to the equation:
W = (B, [¢(s,a,b)¢(s,a,b)"])
(EU [QS(S, a, b) (7’(8, a, b) + ’YE(S/,H/,b’)NP(s,a,b)X?Xl |:¢(3/7 a,v b/)Tw} )]) 3

and let Q(s, a,b) = ¢(s,a,b) 0. It is straightforward to observe that 0 is the fixed point of the
population (i.e., n — o0) projected least square update (IIl). Furthermore, we can express w as

-1

= (E [ s, a,b) gb(s,a,b) *’YE(S’,a’,b')NP(s,a,b)XFXEQS(S/’a/’b/))—r})_1

B, [¢(s,a,b)r(s, a,b)].

For the sake of brevity, we will omit the subscript when v refers to the Lebesgue measure. We define

I1, and P™T as the empirical counterparts of IT, and P™T, respectively. Under the update rule (ICT),
we have the following relations:

iy =1L, (r + yPTEDady),
Q1w =11, (r + yPTdw),

21



which lead to

(0 — Wypq) = (I, — IL)r + y(I, PTE)® (0 — 1) + (I, PTT — 1L, P77 B,

Applying the triangle inequality, we can bound this as:

|@(@ — wei1)l, < v I1B(@ — )|, + H (HV _ ﬁy) ,

i H (HVPM 1 M) Dy

)
174

where we use the contractivity under || - ||,.. Telescoping over ¢, we have

- N . . 1 .
2o ), <" [0 o), + 3 ||~ T0) 7

v

7maXH( P 1 P”) Dby
].*"}/IG[L v

The following proof follows the same reasoning as Appendix E in Ren'ef-all [2073]. O

Proposition D3 shows that the statistical error of the linear components can be broken down into two
parts. The first part, v~ HQ?’E

, arises from initializing with wy = 0 and decreases as the number
v
Cg% m3polylog(m,L/d)
. : , . L (1=nTitavn -
represents the statistical error from using a finite sample size and diminishes as n increases. By
choosing L = ©(logn), we can balance both parts, resulting in an estimation error that decreases at
a rate of O(n~'/2) with high probability.

of least-squares policy evaluation iterations L increases. The second part,

D.3 Total Error for Policy Evaluation

Combine the approximation error in Proposition Dl and Proposition D72 with the statistical error
from Proposition D3, we obtain the following bound on the total error for least-squares policy
evaluation:

Theorem D.1 (i.e. Theorem D). Let L = ©(logn). With probability at least 1 — §, we have that
for the random features P,

_ az ~ J gém?
I _ O =0 @ + a , 43)
HQ Qq’mLHy (1=v)2y/m  (1—=)Y2Tey/n
approx. error stat. error

and for the Nystrom features

~ ~6
T AT = Ja go/m
QTK‘ T Qﬂ—’l — O +
H enerL], (1= (1— )2/
approx. error stat. error

Proof. This result follows directly from the triangle inequality, i.e.,
HQF,E _ Qg:lL ) < HQRE _ ngz ) + HQZJ _ QZ,EL )

The first term, representing the approximation error, is bounded by Proposition D and Proposi-
tion D2 for random and Nystrom features, respectively. The second term, capturing the statistical
error, is bounded by Proposition D3. O

Theorem Dl provides the estimation error bound for the QQ-function using least-squares policy eval-
uation, applicable to both random and Nystrom features. The result reveals a key tradeoff between
the approximation error and statistical error. For random features, increasing the number of features
m enhances the ability to approximate the original infinite-dimensional function space, as reflected

by the 0 ( ) approximation error term on the RHS of (£3). However, this improvement comes at
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the cost of needing more learning samples n during policy evaluation to effectively train the weights,
as indicated by the O (7—%) statistical error term in (E3). For Nystrom features, this tradeoff may be

better especially since the approximation term scales as O(1/n,ys) < O(1/m) while thestatistical
error term remains the same as with random features. As a result, the Nystrom method offers a better
approximation error rate with additional mild assumption.

E Convergence analysis of SDEPO

In this section, we denote Qy_; = Q" "Zv—1 and use the notation 7°Q°7°® =
Eana(-ls) b (-1s) [@(s, a, b)].

To establish the convergence of the policy optimization procedure, we follow the error propagation
framework from Peralaf ef all [P0T9], which consists of two key stages:

Stage 1: Identify an approximate solution m;, such that
Emax7*Q}_ym} — minmax7Q}_ym° = ef(s),
T s T
where the expectation is taken over the randomness of the algorithm used to generate ;..

In our analysis, we bound the stronger quantity, which is called duality gap

E | max7Q}_yaf — minmiQf_x°| > e5(s),

where the bound follows from the definition of Nash equilibrium, as min, T Qr—17T
min, maxzTQk_17.

IN

Stage 2: Identify an approximate solution 77, such that
VTREL(5) — EVTHEE (s) = eb(s),
where the expectation is over the randomness of the algorithm used to generate 7.

Following the analysis in Perolaf ef all [Z0T5], we conclude that there exists a constant C, such that

_ k _ _ k
Eompi {mngw,zk(s) - V*(s)} <Cl—— s Ed(s) +eh(s) +——|. @4
T 1 Y JjELl,-- k—1 1 Y

First, we analyze the error in the Stage 1 of Algorithm B.
Lemma E.6 (i.e. Lemma B). Let Assumption O hold. In Stage 1 of Algorithm B,

E [maX?TQkNTk - minﬁkaﬂf}
T jus

1 1 A _ n
< 1 _ 2 Tk—1Tp 1 __ Thk—1Tp_1 e X
—T]T Ogg + HQ Q H The—1:T—1 + 2(1 7,}/)2

Proof. Denote @ = Qy_1. Recall the notation 7T°Q°1® = E,z(.|s),b~n(-|s) (@ (S, a,b)]. First by
definition of 7;, and the standard formulation for the duality gap, we have for all s

T

T
S B 1@, 7)) ~ 2 D (B 1@, B, ]5)
t=1

t

S|

fSQSEk_ ﬁZQSES:

Il
-

[
Nl=
E

(Eonr, ,(19Q(8:a; ), T(-[8) = T.e(|5))

- <Ea~Fk,t(-\s)Q(57 * b)7 E(|S) - Ek,t("s»'
From the update rule of 7y, , , it holds for all k, s, 7 that

(VEL(m 41,05 0) + 1o, [Q7F 51 (s, 0,)], 2 (]8) = @ 441 (]8)) 2 0.

Il
=
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Applying the three-point identity yields:
KL(x(|s), Ty 111 (- [5)) < KL(x(]s), x4 (-[8)) = KL(mg 141 (]5), g o (|5)
(B, Q7161 (5,0, ) = QT 161 (s, a, )] (- |8) — g 441 (-[9))
1B, [Qr—1(5, 0, )], m(|s) — mp 141 (-]5))-

We can bound the inner products using Cauchy-Schwarz, Young’s and Pinsker’s inequalities,

77<]E(1N?k71 [Q%kil’ﬂk_l (87 a, ) - Q%kil’ﬂk_l (57 a, )}7l(|8) - Ek,t+1('|5)>
<2 QT B — QT

Th—1>Tk—1

N(Banm,_, [QTF 1 T-1(s,a,-)], &
:77<Ea~?k,—1 [Qﬁkilﬂk*l (S, a, ')}vﬂ

+77<]EG‘N?1€71 [Qﬁk_1’£k71 (57 a, ')]7lk,t('|5) - Ek,t+1('|s)>
2
T h—1,T U
ST](]EGN?k—l [Q Bk (87 a, )}7

(:s) = g o (-]5)) + 20—~ + KL(my 11 (-]5), 7p (-] 5))

=

Combining these estimates gives us:

(Eanm, o [QT 1T (s,a,0)] @y (+]5) — @ (:[s)) + %KL(E('|S),M¢+1('|S))
2

IN

1 AT 1,7 T —1,T n
EKL(E('|S),£1¢,¢('|S)) 2@ — QT e |+ 21— )2

Summing these inequalities results in:
1 & -
T ZGEO’NF’“‘ [Qﬂpk’t’ﬂk’t (S, a, )} ) Ek,t<'|s) - E( |S)>
t=1

1 ATk —1,T Tk — 1,7 n
SR E B) + 2IQT 5 = QP e+ g

1 1 A _ n
<71 _ 2 Tek—1T 1 __ Tk—1T) 1 o
< loe TRl “ A (=

O

This result shows how the error in the approximation of the )-function and the learning rate 7 impact
the optimization performance in Stage 1. Next, we turn to Stage 2 and provide an upper bound on
the one-sided error.

Lemma E.7 (i.e. Lemma B). Ler Assumption B hold and o be a state distribution. In Stage 2 of
Algorithm B,

1 Z
ZESNHO [Vﬂ T (5) — Vet T (s)
t=1

el

1
1 log - n At —
< = Thto e — Q7 k0 Tk ]|, , .
“1—n ( nT * (1—7)? e © | kk>

Proof. By the update rule for ﬂm 41, for all s and 7, we have that
KL((:[5), Ty 111 (|s) < KL(T(-]5), 3 1 (-]5))
= (Eprr, [Qﬂ’“z" (8,5 D), T(-[8) = Th 41 (-8)) = KL(T) 441 (-[5), Th o (]5))
= KL(T(|5), T 1(18)) = (B, [Q7F0 7% (5,,8) = QTr T (5, b)] T(-|s) = Tk, 01 (]5))
= 1B, [Q7 0 (5, D), T(-|s) = Th 141 (1)) = KL(Th 141 (1), T o (]))
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We can bound the inner products using Cauchy-Schwarz, Young’s and Pinsker’s inequalities

<Eb~‘n’k[ka * ﬂ—k( Sy ) QWk v ﬂ-k( S, ab)]vﬁ(‘s) —f;€7t+1('|5)>
< OWQrhems — QThemill, )

and
(B, [Q7F 07 (5, )], 7(-[5) = T} 141 (-5))
= — (B, [Q7F4 7 (5, b)), 7 (:[5) — 7 (]5))
= (B, [Q750 5 (5, b)), 7 1 (1) = T 141 (-]9))
< — B, [Q7R0 (5, b)], 7(-|5) — T, (]3))

2 T 4T 2
n ”Q k't’ik(svaab)” =
+ B) + KL(,/T;C,t+1(’|S)7Tr;c,t('|5))

Consequently, we have that

1

(o, [QT%0Tx (s, -, 0)], 7 (+[8) =T, 1 (-] 5)) + %KL(f('|S)7f;c,t+l('|5))|
]_ = A= —/
< KL(R ) + O(IQ7 ™ (5, D)5 + | QTve e = QFhe ey )
Summing the inequality, we get
1« _
T O (o, [Q75 (5, b)) 7 (s) =T () (45)
t=0
1 7’] ~—/ —
< = = _ Tht Tk — () k,t %,
_UTKL(w,nM) + (e QT — QT (46)

By the performance difference lemma, we obtain

T T 1 A —x _
VTS (50) — VR (30) = T, (B, 1@ (5D Cs) — T (1)
50

O
Proposition E.4. Let Assumption B hold and 11y be a state distribution,
By [max Vs (s) = V*(s)]
<0 CK (IOgé + n +77‘|ka_1,gk 1 Qﬂk 1,0 IH
T\ @ =2 T (1 -7)? Tt
A= — "YK
et T — Tkt Tk -

e
where C'is a problem-dependent constant.
Proof. Inserting the results of Lemma Ef,I.emma E7 to (E4) gives the result. O

- — logl/c 1 Ja 8 m3
Let L = O(logn) and T = \/ Tog ((1_7)2 + (1—’3)2\F + T f) for random fea-
ogl/c g 76 m3 .

tures and T' = \/llfgléf((l_l,y)z + (1_;7)‘5nnys + (1779)‘1{“2\/5) for Nystrom features. Combin-

ing the error of policy evaluation in Thegrem D1, we have that the iteration complexity to get
Eopo [maXF VT (s) — V*(s)] < e€is O(ﬁ)
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E.1 proof with 5-greedy exploration

In this section, we are going to use S—greedy policy to avoid Assumption B. Let us define the
modified policies with greedy exploration

T=(1-pB)7+BUnif(A), #=(1-B)x+BUnif(A)

Now we are going to sample with the 7, 7 and the algorithm will read as Algorithm B.
Lemma E.8. In Stage I of Algorithm B,

E |max7TQr—17), — min T Qr_17
n 32v8

1 1
< + + — log —
21=9)  (1Q=9)2* nT

7Tk 1,7, _
PR Qs

Proof. Denote QQ = Qy_1, Q = Q%"'*l’ik—l. First by definition, it holds for all s

fSQslz _ ﬁZQsEs

T
=3 (B, 19 @5, B, TC13) = Tia(19)) — (Bam 1) Qs> 0,7), 1) = (1))

T ) .
:% Z [<Eb~ﬂ'k A ( Q( 8y )7 ( |S) _ﬁk,t('|8)> - <]Ea~fk1t(<|s)Q(3’a7 '),E("S) _ﬂk’t('|s)>}

For the error terms note

(i, ,(19)[Q(5,b) — Q(s, -, B)], 7(:|s) = 7 (-]s))
< 2|[Epr, ,(5)Q(S, ) — ( s 0) || o

< 2ymax|Byp(fsan V71 (s) - VT ()|

< 2V||V?k—lylk,1 _ V%fwhﬁk,lnm
1675
T (=)

where the last step is due to the Lipschitzness of the value function due to performance difference
lemma and that the policies 7 —1, @), and Tx_1,m;,_, differ at most by 3.

By three point identity, we have
KL(x(|s), Ty, 141 () < KL(m(-]s), 7y, 1 (-|5))
+ 77< aN‘ﬂ';, 1 [Q B (57 a, ) - Q(Sa a, )]vl(|5) - Ek,t+1("s)>

(B, 3, [Qs 0, )L x(]s) = T sy (19))
_KL(Ek,t+1(| y T t(| ))-

Again we use Cauchy-Schwarz and Youngss inequalities

Bz, Q7 1 (5,0, )= Q5,0 )], m(13) ~ 141 (19)) < 29[ Q72 E12 Q|

Th—1Ek—1
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Algorithm 4 Spectral Dynamic Embedding Policy Optimization with 3-greedy exploration

Data: Transition Model s’ = f(s,a,b) + € where ¢ ~ N(0,0%1,), Reward Function r(s, a,b),
Number of Random/Nystrém Feature m, Number of Nystrom Samples nyys > m, Nystrom
Sampling Distribution pinys, Number of Sample n, Factorization Scale «, Learning Rate 7

Result: 7,

23 Generate ¢(s, a, b) using Algorithm [ or Algorithm D.

Stage 1: Initialize 0y = 0, = 0 and o (-|s) = my(:|s) = Unif(A) forall s € S.
24 for k=0,1,--- , K do
25 fort =0,1,--- ;T —1do

26 Initialize 0,0 = Ok, 0 o = 0 and T o(-|s) = Tr(-[s), 4 o(-|5) = @, () forall s € S.

27 Sample i.i.d. {(54,04, b4, 87), a3, b} }icpn) With policy pair %kﬂg,ﬁk}t, where s, =
f(si,ai,b;) +e.

28 Initialize Wy ¢ 0 = 0.

29 for(=0,1,---,L—1do

30 Solve

. . N2
Wk t,1+1 = arg min Z (6(si,ai,b;) Tw — (i, a5,b;) — vo(s}, al, b)) Tidgp)

w

i€[n]
(47

31 Update Oy 141 = Okt + nt,L. Oy 41 = Oy — Nk, and

Th,e11(als) o< exp(Byr, (15 [¢(5,a,0)] O 111), (48)

ﬂk7t+1<b‘3) X eXp(]EaNFk,tHs) [Qb(sv a, b)]TQk,t+1)' (49)

L e
32 Output T, = 7 >, _q Ty, ;-
33 Stage 2: Initialize ?;c,o =0and 7, o(-|s) = Unif(A).
fort=0,1,---,T—1do
34 Sample i.i.d. {(si,ai,bi,5;),a}, bj}icpn) With policy pair %Z,ﬁk, where s; = f(s;,a:,b;) +
€.
35 Initialize (i ;0 = 0.
36 for/=0,1,---,L —1do
37 Solve
. . 2
Ckyt)l+1 = arggnin Z (¢(Sia ag, bl>TC - T(Sia A, bl) - ’7¢(S;7 a;a b;)TCk,t’l)
i€[n]
(50)

38 Update ?;MH = ?;Qt + 1Crr.r and

. —

71';@7t+1 (als) o< exp(Epmr, (-1s)[¢(5, @, b)]T9k7t+1). (51)
39 Output 7, = 7, ;, where t € [T] is selected uniformly at random.




Using these estimations, we have that

(E WM[C:?A’“ B (s a,0)], m (fs) — m(]s)) + %KL(E('|5)’Ek,t+1("3))

— . . [ Trk ud —
gnKL@(\s),zk,t(w)HQ(l o T2l R Qs

Summing the inequality, we get

T ~
F 3B, 07551 5,0, 21 19) (1)

1 % —1,R
<rTTKL(7r o) + 2Q7 B = QL
1 n AT
710 + 5y T 2lQT e = Ql,
g |.A‘ ( ) 7]” QH Th—1Tk—1

Thus

E lmax7TQg_1my, — minﬂquE
s

n 3298
< =1 M| OTE- 1 Ex—1 — Q..
<ot ey et s,

Lemma E.9. In Stage 2 of Algorithm B,
E 3 V() — Vho T (50)
T
t=0
log | A] n V8 Q™= = Qlloy

Tl A=y (1-9)3 77(1—7)3+ 1—v

Proof. Denote Q) = Qﬁvt’ik. By the update rule of the algorithm,
KL(T(-]5), Ty 141 (|5)) < KL(T(:|s), 73, (-]5))
— 1B, [Q70Fx (5, D) T([8) = Th 141 (5)) = KL(Th 141 (18), T s (1))

= KL((1s), T p41(18)) = KL(Thy 11 (1), T (15))
— (Eps, [Q7EE (5,-,8) = Qs, -, B F(-|s) — T 14 (15))
— Bz, [Q(s, b)), T o (]3) = Thpy (15))
— B, [QT5 B (s, -, D) T(|5) — T 1 (]5))
— (Eps, [Q(5, ) — QT (s,, b, T |s) — Th 1 (1))

We bound the inner products similarly

DBz, Q75 (5, b) = Q(s, D) T(13) — Thss1(15)) < OIIQT B ~ Q)

A 2
N(Epz, [Q(s,,0)], Ty o (-]8) = Thpia (]5)) < 2(1777%2 + KL,y (1) (19)
and ) -
By, [QUs, ) = QThe (s, D] T 1) = Ty (1) < 7=



Algorithm 5 Spectral Dynamic Embedding Policy Optimization with Neural Networks

Data: Transition Model s’ = f(s,a,b) + & where ¢ ~ N(0,0%1,), Reward Function r(s, a, b),
Number of Random/Nystrom Feature m, Number of Nystrom Samples nyys > m, Nystrom
Sampling Distribution piNys, Factorization Scale «, Learning Rate 14¢¢0, and ncritic

Result: 77, 7

1 Generate ¢(s, a, b) using Algorithm I or Algorithm D.
2 Initialize 75, 7y, Qﬂ’ Q "

3 for each iteration do
4 for each environment step do

5 | Sample {(s;, a;, bi, s}, aj, b) } to replay buffer.

6 for each gradient step do

7 Update 6,0 by minimizing eqs. (83) and (82), respectively.
8 Update 1), 1 by minimizing eqs. (&) and (B2), respectively.

Consequently, we have that

- _ _ 1 _ _
(Bpr, [QTr0 %k (s, 0)], T(+[5) = 7 1 (+]5)) + ;]KL(W(-\S), Th41([9))] (52)
< LRLRC), T C15)) + O by +1Q7e0m =Gl ) 69)
= T =7 =
By the performance difference lemma

1

_ -
1— 5 s~d:§’1k

VT (50) — VTho T (50) = (Bprum, (1) Q700 (s, -, b), T (-|s) = T o (-]5)-

Summing the inequality, we get

T
1 T v T
ET;V Rk (50) — VR Tk (50)

., A (54)
<0 log |A| U W, jQ = = Qlluy o,
T A=y (L) (1 =9)? 1—~
O
Proposition E.5. For the output of player2,
By [max Vs (s) = V*(s)]
CK logg n VB . ~
<0 = + + nl| QTR 0T — QTR TR,
((1 = ’Y)Q( nT (1=7)?  nl—7)? ” e
Al ~ N ’yK
Thk—15Tg 1 __
+77||Q * QHV#k—l"ikfl)—’_ 17) .
where C'is a problem-dependent constant.
Proof. Combining Lemma E8,Lemma E™ and (B4)) gives the result. O

F SDEPO with Neural Networks

To deal with continuous action space, we propose a practical variant of SDEPO, named SDEPO-NN, to
deal with continuous (or large-scale discrete ) action space. SDEPO-NN utilizes neural networks in
policy 7 and the state-action value function approximation (), detailed in Algorithm B.
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Specifically, we parameterize 7, = with ), 1 and parameterize Q, Q with 0,0, respectively. Based

on the spectral dynamic embedding proposed in our paper, we parameterize the Q function as
Qg(s,a,b) = r(s,a,b) + ¢(s,a,b) " and parameterize the Q function as Qe(s, a,b) =r(s,a,b) +

¢(s,a,b) "0

The @ function is trained to minimize the soft Bellman residual

_ 1 — -
J(a) = E(s,,at,bt,sé,a;,b;)ND i(Qﬁ(sta g, bt) - Q@(sta G, bt))2 5 (55)
with
Qg(se,a,by) = 1(s¢, ar,by) +v[Qg(sy, ay, by) — alogmy(ay]sy)]. (56)

Similarly, The Q function is trained to minimize the soft Bellman residual

1 A
J(0) = E(s,a0,b1,5, 0] b))~D {2(629(% ag, by) — QQ(St, ag, bt))z] , (57)
with
Qg(st, ag,by) = (s, ae, by) + 'V[Qg(si7a27 by) — alogﬂﬂ(bﬂs;)]. (58)

We restrict the policy to Gaussians and the policy parameters can be learned by minimizing

— . exp(EthEw [Q9 (8t7 y bt)]
IO) = Been | KL mglsn = 59
and
ex Eatwff Sty Aty *
TW) = B [KL (mws» e ”)] , (60

where D is the replay buffer, Zy 1 (s;) and Zy 2(s;) are normalization factors for the distributions.

To lower variance, we reparameterize the policy using a neural network transformation a; =
f(et;s¢) and by = fi5(e€j; s¢) where €; and €, are input noise vectors, sampled from a Gaussian.
We can now rewrite the objectives in Equations B9 and B as

J() = Egud cr il [logﬁy(f@(ﬁt; se)|se) — Qolse, Ty (fp(ee se)lse), my (fu (et St)lst))}

(61)
and
J(¥) = Equp ercjmn [IOglg(fg(E;g; st)|se) — Qo(se, Ty (fp(ees se)lse), my (fu(er; 5t)|3t))}
(62)

where Ty and ,, are defined implicitly in terms of f@ and fy, respectively.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: Introduction @
Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these
goals are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: Our assumption may be difficult to verify for compliance. It is left to our
future work to derive theoretical guarantees without this assumption.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means
that the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The au-
thors should reflect on how these assumptions might be violated in practice and what
the implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the ap-
proach. For example, a facial recognition algorithm may perform poorly when image
resolution is low or images are taken in low lighting. Or a speech-to-text system might
not be used reliably to provide closed captions for online lectures because it fails to
handle technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to ad-
dress problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: Section @

Guidelines:

The answer NA means that the paper does not include theoretical results.

All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

All assumptions should be clearly stated or referenced in the statement of any theo-
rems.

The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a
short proof sketch to provide intuition.

Inversely, any informal proof provided in the core of the paper should be comple-
mented by formal proofs provided in appendix or supplemental material.

Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main
experimental results of the paper to the extent that it affects the main claims and/or conclu-
sions of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Section B

Guidelines:

The answer NA means that the paper does not include experiments.
If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps
taken to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture
fully might suffice, or if the contribution is a specific model and empirical evaluation,
it may be necessary to either make it possible for others to replicate the model with
the same dataset, or provide access to the model. In general. releasing code and data
is often one good way to accomplish this, but reproducibility can also be provided via
detailed instructions for how to replicate the results, access to a hosted model (e.g., in
the case of a large language model), releasing of a model checkpoint, or other means
that are appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all sub-

missions to provide some reasonable avenue for reproducibility, which may depend

on the nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear
how to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to re-
produce the model (e.g., with an open-source dataset or instructions for how to
construct the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer: [Yes]
Justification: We release code of our experiment and it can reproduce experimental results.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not
be possible, so No is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

e The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: Section B
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of
detail that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropri-
ate information about the statistical significance of the experiments?

Answer:
Justification: Section B

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.
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* Itis OK to report 1-sigma error bars, but one should state it. The authors should prefer-
ably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis of
Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: Section B
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments
that didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: Section B
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: Section [
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact spe-
cific groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
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13.

generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitiga-
tion strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA|
Justification: the paper poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by re-
quiring that users adhere to usage guidelines or restrictions to access the model or
implementing safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: We cite the original paper that produced the environment.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the pack-
age should be provided. For popular datasets, paperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the li-
cense of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New Assets

Question: Are new assets introduced in the paper well documented and is the documenta-
tion provided alongside the assets?
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Answer: [Yes]
Justification: Code is well documented.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can
either create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and Research with Human Subjects

15.

Question: For crowdsourcing experiments and research with human subjects, does the pa-
per include the full text of instructions given to participants and screenshots, if applicable,
as well as details about compensation (if any)?

Answer: [NA|

Justification: the paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.

* Including this information in the supplemental material is fine, but if the main contri-
bution of the paper involves human subjects, then as much detail as possible should
be included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, cura-
tion, or other labor should be paid at least the minimum wage in the country of the
data collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: the paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.

* Depending on the country in which research is conducted, IRB approval (or equiva-
lent) may be required for any human subjects research. If you obtained IRB approval,
you should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity
(if applicable), such as the institution conducting the review.

36



	Introduction
	Related works

	Background and Preliminaries
	Simultaneous-Move Markov Games
	Positive definite kernels and two decompositions

	Policy Optimization with Spectral Dynamic Embedding
	Spectral Dynamics Embedding
	Finite-dimensional truncated Embedding
	Policy Optimization with Finite-dimensional Embedding

	Theoretical Results
	The Practical variant of SDEPO 
	Numerical verification
	Conclusion
	Derivation of Spectral Dynamic Embedding
	Derivation of Nyström method
	The performance difference lemma 
	Error analysis for Policy Evaluation
	Approximation Error
	Statistical Error
	Total Error for Policy Evaluation

	Convergence analysis of SDEPO
	proof with -greedy exploration

	SDEPO with Neural Networks

