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ABSTRACT

Transfer learning is an essential technique when sufficient data comes from the
source domain, while no or scarce data is from the target domain. We develop
estimators that achieve minimax linear risk for linear regression problems under
the distribution shift. Our algorithms cover different kinds of settings with
covariate shift or model shift. We also consider when data are generating from
either linear or general nonlinear models. We show that affine minimax rules are
within an absolute constant of the minimax risk even among nonlinear rules for
various source/target distributions.

1 INTRODUCTION

The success of machine learning crucially relies on the availability of labeled data. The data
labeling process usually requires much human labor and can be very expensive and time-consuming,
especially for large datasets like ImageNet (Deng et al., 2009). On the other hand, models trained on
one dataset, despite performing well on test data from the same distribution they are trained on, are
often sensitive to distribution shifts, i.e., they do not adapt well to related but different distributions.
Even small distributional shift can result in substantial performance degradation (Recht et al.| 2018
Lu et al., [2020).

Transfer learning has been an essential paradigm to tackle the challenges associated with insufficient
labeled data (Pan & Yang| |2009; |Weiss et al.l 2016} [Long et al., 2017)). The main idea is to make
use of a source domain with a lot of labeled data (e.g. ImageNet), and to try to learn a model that
performs well on our farget domain (e.g. medical images) where few or no labels are available.
Despite the lack of labeled data, we may still use unlabeled data from the target domain, which
are usually much easier to obtain and can provide helpful information about the target domain.
Although this approach has been integral to many applications, many fundamental questions are
left open even in very basic settings.

In this work, we focus on the setting of linear regression under distribution shift and ask the
fundamental question of how to optimally learn a linear model for a target domain, using labeled
data from a source domain and unlabeled data (and possibly some labeled data) from the target
domain. For various settings, including covariate shift (i.e., when p(x) changes) and model shift
(i.e., when p(y|x) changes), we develop estimators that achieve near minimax risk (up to universal
constant factors) among all linear estimation rules. Here linear estimators refer to all estimators
that depend linearly on the label vector; these include almost all popular estimators known in
linear regression, such as ridge regression and its variants. When the input covariances in source
and target domains commute, we prove that our estimators achieve near minimax risk among all
possible estimators.
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A key insight from our results is that, when covariate shift is present, we need to apply data-
dependent regularization that adapts to changes in the input distribution. For linear regression, this
can be given by the input covariances of source and target tasks, which can be estimated using
unlabeled data. Our experiments verify that our estimator has significant improvement over ridge
regression and similar heuristics.

1.1 RELATED WORK

Different types of distribution shift are introduced in (Storkey, 2009; Quionero-Candela et al.,
2009). Specifically, covariate shift occurs when the marginal distribution on P(X) changes from
source to target domain (Shimodaira), [2000; [Huang et al., 2007). Wang et al.| (2014); [Wang &
Schneider| (2015) tackle model shift (P(Y'| X)) provided the change is smooth as a function of X.
Sun et al.| (2011) design a two-stage reweighting method based on both covariate shift and model
shift. Other methods like the change of representation, adaptation through prior, and instance
pruning are proposed in (Jiang & Zhai|, 2007). In this work, we focus on the above two kinds of
distribution shift. For modeling target shift (P(Y")) and conditional shift (P(X|Y")),/Zhang et al.
(2013) exploits the benefit of multi-layer adaptation by some location-scale transformation on X.

Transfer learning/domain adaptation are sub-fields within machine learning to cope with distri-
bution shift. A variety of prior work roughly falls into the following categories. 1) Importance-
reweighting is mostly used in the covariate shift. (Shimodairal 2000; Huang et al.l 2007; (Cortes
et al., 2010); 2) One fruitful line of work focuses on exploring robust/causal features or domain-
invariant representations through invariant risk minimization (Arjovsky et al.; 2019), distributional
robust minimization (Sagawa et al.,2019), human annotation (Srivastava et al., 2020)), adversarial
training (Long et al., 2017;|Ganin et al.| 2016)), or by minimizing domain discrepancy measured
by some distance metric (Pan et al., 2010; |[Long et al., |2013; Baktashmotlagh et al.,|2013; |Gong
et al.,[2013} [Zhang et al., 2013 |Wang & Schneider, 2014) ; 3) Several approaches seek gradual
domain adaptation (Gopalan et al.,|2011;|Gong et al., [2012; Glorot et al., [2011; [Kumar et al.,|2020)
through self-training or a gradual change in the training distribution.

Near minimax estimations are introduced in|Donoho|(1994) for linear regression problems with
Gaussian noise. For a more general setting, Juditsky et al.|(2009) estimate the linear functional
using convex programming. [Blaker (2000) compares ridge regression with a minimax linear
estimator under weighted squared error. |[Kalan et al.[(2020) considers a setting similar to this work
of minimax estimator under distribution shift, but focuses on computing the lower bound for linear
and one-hidden-layer neural network under distribution shift. A few more interesting results are
derived on the generalization lower bound for distribution shift under various settings (David et al.|
2010; Hanneke & Kpotufe,|2019;|Ben-David et al., [2010; [Zhao et al., [2019).

2 PRELIMINARY

We formalize the setting considered in this paper for transfer learning under the distribution shift.

Notation and setup. Let ps(x) and pr(x) be the marginal distribution for & in source and target
domain. The associated covariance matrices are X g, and X7. We assume to have sufficient
unlabeled data to estimate Y7 accurately. We observe ng, ny labeled samples from source and
target domain. Data is scarce in target domain: ng > ny and ng can be 0. Specifically, Xg =
[w) |zg ||z, ]" € R™, with z;,i € [ng] drawn from pg, noise z = [21, 22, - - Zng) |, 2 ~
N(0,02). ys = [y1,Y2, s Yns] € R"S, with each y; = f*(x;) + z; (X7 € R"7*4 and
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yr € R"" are similarly defined). Denote by f)s =X ;f Xs/ng the empirical covariance matrix
(Throughout the paper we assume data is centered: E, ;[x] = E,,. [x] = 0). The positive part of
a number is denoted by (). We consider both linear (f*(x) = ' 3*) and general nonlinear
ground truth models. When the optimal linear model changes from source to domain we add a
subscript for distinction, i.e. , 3% and 3. We use bold () symbols for vectors, lower case letter
(z) for scalars and capital letter (A) for matrices.

Minimax (linear) risk. In this work, we focus on designing linear estimators ﬁ = Aygﬂ for
parameter 3* € B. Our estimator is evaluated by the excess risk on target domain, with the worst
case B3* in some set B: Lp(B) = maxg-cp Eyg ||21T/2(ﬂ(y5) — 3%)||?. Minimax linear risk and
minimax risk among all estimators are respectively defined as:

Rr(B)= min Lg(B); Ry(B)=minLg(B).
3 linear in y g B
The subscript “N" or “L" is a mnemonic for “non-linear" or “linear" estimators. Ry is the
optimal risk with no restriction placed on the class of estimators. R, only considers the linear
function class for B Minimax linear estimator and minimax estimator are the estimators that
respectively attain Ry, and Ry within universal multiplicative constants. Normally we only

consider B = {8]3]|]2 < r}. When there is no ambiguity, we simplify 3(ys) by 8.

Our meta-algorithm. Our paper considers different settings with distribution shift. Our methods
are unified under the following meta-algorithm:

Step 1: Find an unbiased sufficient statistic ﬁs for the unknown parameter.
Step 2: Find By, a linear operator applied to 3ss that minimizes L (Bym)-

For each setting, we will show that ﬁMM achieves linear minimax risk R, (asymptotically or in
fixed design). Furthermore, under some conditions, the minimax risk Ry is uniformly lower

bounded by a universal constant times LB(,@MM).

Outline. In the sections below, we tackle the problem in different settings. In Section [3| we design
algorithms with only covariate shift: 1) ny = 0 and f*(z) is linear (Section [3.1)); 2) ny = 0
and f*(x) is a general nonlinear function (Section ; 3)ny > 0and f* is linear (Section .
Finally, we cope with the model shift for linear models (3§ # B7) in Section

3  MINIMAX ESTIMATOR WITH COVARIATE SHIFT

In this section, we consider the setting with only covariate shift. That is, only ¥g (marginal
distribution pg()) changes to X1 (pr(x)), but f* = E[y|x] (conditional distribution p(y|x)) is
shared. We first consider the case when f* is a linear map: = — x ' 3* and then consider the
problem with approximation power.

'A € RY*™ may depend in an arbitrary way on X5, ng, or L. The estimator is linear in the observation .
2With samples ys, a statistic t = T(ys) is sufficient for the underlying parameter 3 if the conditional
probability distribution of the data ys, given the statistic t = T'(ys), does not depend on the parameter 3*.
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3.1 COVARIATE SHIFT WITH LINEAR MODELS

We observe ng samples from source domain: ys = Xg8* + 2,z ~ N(0,02I) and no labeled

samples from the target domain. Our goal is to find the minimax linear estimator BMM(yS) = Ayg
with some linear mapping A that attains Ry, (B).

Following our meta-algorithm, let ﬁsg = —E Ixt g yg,l be an unbiased sufficient statistic for 3*:
R 1 . . .
Bss =—35' Xdys = —EngSTXSB* + —Enggz
ns ns ns
* L e 1o * o’ S—1
=6"+ —Xg Xgz~N (8", —X5" |. (D
ns ns

The fact that 855 (ys) is a sufficient statistic is proven in Claimfor a more general case, using
the Fisher-Neyman factorization theorem. Here we consider X g as fixed values, and randomness

only comes from noise z. We prove that the minimax linear estimator is of the form ,BMM =C Bss
and then design algorithms that calculate the optimal C.

Claim 3.1. The minimax linear estimator is of the form B = C’,éssfor some C € RI¥4,

Warm-up: commutative covariance matrices. In order to derive the minimax linear estimator,

we first consider the simple case when 1 and Sg are simultaneously diagonalizable. We apply
Pinsker’s Theorem (Johnstonel 2011) and get:

Theorem 3.2 (Linear Minimax Risk with Covariate Shift). Suppose the obgervations follow se-
quence model ys = Xs3* +z,z ~ N(0,021,). If Sy = Udiag(t)U " and X5 = X;—Xg/ng =
Udiag(s)U, then the minimax linear risk

B=Ays B € Vi

where B = {8]||8|| < r}, and A = \(r) is determined by % Zle Si(\/ﬁ/)\ — 1)y =12 The
linear minimax estimator is given by:

2 4.
Ry (B) = min maxIEHE /2(,6' B|? = Z%ti (1)‘> 7
7 S Si +

. ~ , R R 1.
Buy = S 2U(I — diag(A/VE)) LU TS5 Bgs, where Bss = azslxgys. )

Since r is unknown in practice, we could simply view either r or dlrectly A as the tumng parameter.
We compare the functionality of A with that of ridge regression: B3z = arg ming E 5 L Xs8 —

ysl? + 318l = (Bs + M)~ X ys/ns. For both algorithms, X is to balance the bias and
variance: )\ = 0 gives an unbiased estimator, and a big A gives a (near) zero estimator with no
variance. The difference is, our estimator shrinks some signal directions based on the value of
t;. The estimator tends to sacrifice the directions of signal where ¢; is smaller. Ridge regression,
however, respects the value of s;. A natural counterpart is for ridge to also regularize based on
t: let BRp o = argmin =28 = S5 X Tys)|12 + AlIBI% = (S1 + AI)~'S7Bss. We will
compare their performances in the experimental section.

3Throughout the paper ﬁ)gl could be replaced by pseudo-inverse and our algorithm also applies when n < d.
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Non-commutative covariance matrices. For non-commutative covariate shift, we follow the
same procedure. Our estimator is achieved by optimizing over C: By = CBss:

Rp(B)= min maxE|[S1/*(8 - 8|3
B=Ays B"€B

2
— min  max {||21T/2(C—I)ﬁ*||§ + UTr(le/chslcTle/Q)} (Claim 3.1)
B=Cpss I1B*[I<r ns
2 A
— min {7’27 + “Tr(le/chSlcTle/Q)} st (C—D)TSp(C—1) = 71 3)
T, ns

Unlike the commutative case, this problem doesn’t have a closed form solution, but is still solvable:

Proposition 3.3. Problem (3)) is a convex program and thus solvable.

We achieve near-optimal minimax risk among all estimators under some conditions:

Theorem 3.4 (Near minimaxity of linear estimators). When Xg, X1 commute, or X is rank 1, the

best linear estimator from @)) or (3) achieves near-optimal minimax risk: Lg (BMM) =R.(B) <
1.25RN(B).

Note that Ry < Ry, by definition. Therefore 1) our estimator BMM is near-optimal, and 2) our

lower bound for Ry is tight. Lower bounds (without matching upper bounds) for general non-

commutative problem is presented in (Kalan et al.| [2020) and we improve their result for the
ti

commutative case and provide a matching algorithm. Their lower bound scales with % min; >
1

ns
potentially arbitrarily larger when max; X and min; £ are very different. We defer our proof to
the appendix.

for large r, while ours becomes = > . z— Our lower bound is always larger and thus tighter, and

Remark 3.1 (Benefit of minimax linear estimator). Consider estimators from ridge regres-
sion: Brp = argmingE 5-[| Xs8 — ys® + 21BI%. There is an example that Ry,(B) <
O(d=Y*Ly (Bl)e\R)) even with the optimal hyperparameter . EI

Remark 3.2 (Incorporating the randomness of source and target features). For clean presentation
purposes, in the main text we assume to have access to Xp. In practice, we will need to estimate
Y1 by finite unlabeled samples from target domain. In Appendix[C]1 we show that our estimator
remains near-optimal if we have > d unlabeled target samples under some standard light-tail
assumptions.

Theorem is comparing our estimator with the optimal nonlinear estimator using the same data
X from the source domain. In appendix[Clwe compare our estimator with a stronger notion of
linear estimator with infinite access to ps and show that our estimator is still within multiplicative
factor of it.

3.2 LINEAR MINIMAX ESTIMATOR WITH APPROXIMATION ERROR

Now we consider observations coming from nonlinear models: ys = f*(Xg) + z. Let 8§ =
argming Eqp . on(0,02)[(f*(®) + 2 — B x)?], and similarly for 3;. Notice now even with
f* unchanged across domains, the input distribution affects the best linear model. Approximation
error is ag(x) = f*(x) — x ' B% and vice versa for ar.

“Note this goes without saying that our method can also be order-wise better than ordinary least square, which
is a special case of ridge regression by setting A = 0.
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Define the reweighting vector w € R" as w; = pr(x;)/ps(x;). We form unbiased estimator via

Bus =arg min{3_ P (57— i)} = (X diag(w) Xs) (X3 ding(uw)ys).

Claim 3.5. BLS is asymptotically unbiased and normally distributed:
5 wy d _ _
Vns(Bs — Br) = N (0,57 Exnpr [pr(@) /ps (@) (ar(@)® + 0 )za T |S3).
Denote by m(x) = ar(x) + z. We want to minimize the worst case risk:

1/2
min maXIEHZ/(ﬁ Bill?
B=Cpus PTEB

~—

d . 1/2 - 1 -1 pr(z
—min max A0 -1 + —Tr(CE- E, . [———=
in max {ISYA(C - DB3IE + L THCT7 B (1

_mln{H(C D)"Sp(C = 1)z +iTr(cz EPT[”T(“’ m(m)QmT}E;lcTzT)}
ps(x)

m(zx)’zx 1S 1CTOr) }

\/\_/

Therefore our estimator is ﬁMM — C,BLS, where C finds

C « arg mlcp {7" T+ — < pT — w;rBLS)2:ciw;r, ET10T2T02T1>} 4)

st. (C—=DTEp(C—1) =< TI.
Claim 3.6. Let B = {8]||8|| < r}, and f* € F is some compact symmetric function class:
f € F & —f € F. Then linear minimax estimator is of the form C’BLS for some C. When C
solves Eqn. @), Li(Buu) asymptotically matches Ry, (B), the linear minimax risk.

By reducing from yg to BLS we eliminate n — d dimensions, and this claim says that X ;fys is
sufficient to predict 37.. We note that f* is more general than a linear function and therefore the
lower bound could only be larger than Ry (5) defined in the previous section.

3.3 UTILIZE SOURCE AND TARGET LABELED DATA JOINTLY

In some scenarios we have moderate amount of labeled data from target domain as well. Then
it is important to utilize the source and target labeled data _]omtly Letys = Xg08* + zs, Yr =

XrB* + zr. We consider Xg, XT as deterministic variables, E Xs ys/ns ~ N(8*, < 3 _1)

' ng
and 3 1X;Fr yr/ny ~ N(B*, < ) Therefore conditioned on the observations ygs,yr, a

? nT

sufficient statistic for 8* is Bsg 1= (nsfls +nrSr) N Xdys + X yr).

Claim 3.7. BSS is an unbiased sufficient statistic of (3% with samples ygs,yr. ,355 ~
N(B*,0%(ns¥s + nr¥r)™").

Algorithm: First consider the estimator ,éss = (nsﬁls + an]T) Yxd sYs+ XT yr). Next find
the best linear function of Gss:

Bum = arg min 2+ o?Tr((nsSs + neSr) 1CTErC), st (C—1)TSp(C—1) <7

\T

Proposition 3.8. The minimax estimator B is of the form CBss for some C. When choosing C'

with our proposed algorithm and when Xg commutes with X1 and ¥, we achieve the minimax
risk Ry, (B) < 1.25RN(B).



Under review as a conference paper at ICLR 2021

4 NEAR MINIMAX ESTIMATOR WITH MODEL SHIFT

The general setting of transfer learning in linear regression involves both model shift and covariate
shift. Namely, the generative model of the labels might be different: yg = Xs8% + 2zs, and
yr = X7B} + zr. Denote by 6 := 3% — 37 as the model shift. We are interested in the minimax
linear estimator when ||d]| < ~ and ||34|| < 7. Thus our problem becomes to find minimax
estimator for 87 € B = {B]8|| < r} from ys, yr.

Algorithm: First consider a sufficient statistic (8s,Br) for (8%,8). Here Bs =
N — * o2 ¢ 2 N — x o2 $—

S5 Xdys/ns ~ N(Br + 6, 2%5"), and By = X' X yr/ny ~ N(Bf, &-%1"). Then

consider the best linear estimator on top of it: 3 = A;Bs + AyBr. Write A = {5||8]| < 4} and
Lya(B) := maxg: cp.oea | S (8 — B3|

Rp(B,A):=  min  Lga(B)
B=A18Bs+A2Br
< min  max AT (Ay + Ay — D)BL|% +2|2Y2 4,62 5)
< min o {21854+ Ae — DBFIP + 202 449 (
o? S—1 4T o’ S—1 4T
+ I Tr(A S5 AT ) + T Tr(A S5t A )} (AM-GM)
ns nrt

= min {2I5Y/2((A1 + Az — D)3 + 253 41 3
1,42

0'2 A 0’2 A
+ET1~(A1251A1T) + ETY(AQZTIA;) =: TB,A(AI,AQ)} )

Therefore we optimize over this upper bound and reformulate the problem as a convex program:

2 2
(A1, As) + argmin {2&7‘2 + 2092 + TTr(A S5 AT + ”Tr(AgzglA;)}
Aq,A2,a,b ns nr

s.t. (Ay + Ay = D)"Sp(A; + Ay — I) < al, A{ SpA; < bI. (6)
Our estimator is given by: ,éMM = /1163 + /12 BT .ASince BMM is a relaxation of the linear minimax
estimator, it is important to understand how well By performs on the original objective:
Claim 4.1. Ry (B,A) < L a(Bum) < 2RL(B, A).
Finally we show with the relaxation we still achieve a near-optimal estimator even among all

nonlinear rules.

Theorem 4.2. When X1 commutes with )y s, it satisfies:

L a(Buw) = | mas (5% (B — B7) > < 27RN (B, A).
8

Here Ry (B, A) = ming, . MaXg: eB.5eA HZ;/Q(B — B5)|l is the minimax risk.

Proof sketch of Theorem[.2] For the ease of understanding, we provide a simple proof sketch
when Y g = X are diagonal. We first define the hardest hyperrectangular subproblem. Let
B(T) = {b : |8i] < 7} be a subset of B and similarly for A(¢). We show that Ry (B,A) =
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maxrep,cea Ro(B(T), A(€)), and clearly Ry (B, A) > maxrep,cea Ry (B(T), A(C)). Mean-
while we show when the sets are hyperrectangles the minimax (linear) risk could be decomposed
to 1-d problems: Ry (B(7),A(C)) = >, Rr(7i, (). Each Ry (7, (;) is the linear minimax risk
to estimate f3; from x ~ N (3; + d;,1) and y ~ N(5;, 1) where |3;| < 7; and |6;] < ¢;. This 1-d
problem for linear risk has a closed form solution, and the minimax risk can be lower bounded
using Le Cam’s two point lemma. We show Ry, (74, (;) < 13.5RN (7, (;) and therefore:

1 ~ Claim[L.T] Lemma[B.2]
—L < A = A
5 Ba(Bvm) < Rp(B,A) TE%%EARL(B(T), (€)
Prop@a Lemma[B.6]
= R (7, G < 13.5 ) Rn(7:,¢
PR D TGS g 135D ()

Prop[B-4]b
= 13.5T€rg%>éA Ry (B(7),A(C)) < 13.5RN(B, A).

0.45 —+— S-ridge —— S-ridge
i -»- Tridge

signal strength vir

(a) covariate eigen-spectrum (b) signal strength (c) model shift

Figure 1: Performance comparisons. (a): The x-axis « defines the spread of eigen-spectrum of Y g:
s; o< 1/i%,t; o< 1/i. (b) x-axis is the normalized value of signal strength: | X1 3*||/r. (c) X-axis
is the model shift measured by -y/r. Performance with standard error bar is from 40 runs.

5 EXPERIMENTS

Our estimators are provably near optimal for the worst case 3*. However, it remains unknown
whether on average they outperform other baselines. With synthetic data we explore the per-
formances with random 3*. We are also interested to investigate the conditions when we win
more.

Setup. We set ng = 2000,d = 50,0 = 1, = v/d. For each setting, we sample (3% from standard
normal distribution and rescale it to be norm r. We assume to know 7. We compare our estimator
with ridge regression (S-ridge) and a variant of ridge regression transformed to target domain

(Tridge): B 7 = argmin L [21/%(8 — S5 X Tys) |2 + MBI = (S + AI) ™' S fss.

Covariate shift. In order to understand the effect of covariate shift on our algorithm, we consider
three types of settings, each with a unique varying factor that influences the performance: 1) covari-
ate eigenvalue shift with shared eigenspace; 2) covariate eigenspace shift with fixed eigenvaluesﬂ;

SWe leave this result in appendix since performance appears invariant to this factor.
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3) signal strength change. We also have an additional 200 labeled data from target domain as
validation set only for hyper-parameter tuning.

Model shift. Next we consider the problem with model shift. We sample a random & with norm ~y
varying from 0 to 7 = v/d and observe data generated by ys = Xs(3% + ) + 25 € R?900 25 ~
N(0,1) and yr = X184 + zr € R 23 ~ N(0,1). We compare our estimator with two
baselines: "ridge-source" denotes ridge regression using only source data, and "ridge-target" is
from ridge regression with target data.

Figure|l|demonstrates the better performance of our estimator in all circumstances. From (a) we
see that with more discrepancy between g and X7, our estimator tends to perform better. (b)
shows our estimator is better when the signal is relatively stronger. From (c) we can see that with
the increasing model shift measured by ~y/r, ridge-source becomes worse and is outperformed by
ridge-target that remains unchanged. Our estimator becomes slightly worse as well due to the less
utility from source data, but remains the best among others. When ~y/r & 0.2, our method has the
most improvement in percentage compared to the best result among ridge-source and ridge-target.
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A OMITTED PROOF FOR MINIMAX ESTIMATOR WITH COVARIATE SHIFT

A.1 PINSKER’S THEOREM AND COVARIATE SHIFT WITH LINEAR MODEL

Theorem A.1 (Pinsker’s Theorem). Suppose the obervations follow sequence model y; = 67 +
€izi,€; > 0,1 € [d], and © is an ellipsoid in R?: © = O(a,C) = {0 : >, a?0? < C?}. Then the
minimax linear risk

R(©) := min max E||§(y) — 0*|?

6 linear 0*€©

=Z€?(1 —ai/1)+,

where = p(C) is determined by

d
2 2
> ai(p - ai)y =C*.
i=1
The linear minimax estimator is given by

0; (y) = ciyi = (1 — ai/1)+yi, @)
and is Bayes for a Gaussian prior wc having independent components 0; ~ N(0,72) with
* = 2 i — 1)
T € (p’/ ai +-
Our theorem [3.2)is to connect our parameter 3* to the 8* in pinsker’s theorem. First we show that
reformulating the problem from a linear map of n dimensional observations ygs to a linear map on
the d-dimensional statistic Bsg is sufficient, i.e., Claim

Proof of Claim[3-1] This is to show that if B(ys) := Ayg is a minimax linear estimator, each
row vector of A € R¥*" is in the column span of Xg. Write A = A; XJ + A;W T where

W e R**(=4)_columns of which forms the orthonormal complement for the column space of
Xs. Equivalently we want to show Ay = 0. We have

Rr(B) = min max E [[2;/%(8 - 8)?
B=Ay B B

= min maXEHElT/Q((A1X§ + AW N ys — 8|7

A1,A2 B*EB

o 1/2 T * T *\ (12 : T _
= min max E |27/ ° (41X g (XgB" + 2) + AW 'z — 3")||° (Since W' Xg = 0)
Al,Azﬂ*eB

= mi S A XTI Xs — DB+ E |2 2A, X ] 2|2

min ma {[/97/(4, X Xs — DB + B[54, X ] 2]

FE|SY2 AW T 2|2 + E <21T/2A1X§z, EIT/QAQWTz>}
(Other cross terms vanish since E[z] = 0)

= min max {22 (A XT X5 — DB*P + B[S} A X3 2] + B[ 274, W 2|, }
1,42

where the last equation is because

E(2/*MX{z T ;W T2) = E |Tr [S° A XT 22W AT 5r |

12



Under review as a conference paper at ICLR 2021

=Tr [9%4, X7 E[zzT]WAZTzT] = 2Ty [2;/ 24 xiwalsy] =o.
Clearly, at min-max point, without loss of generality we can take Ay = 0. O
Formally the proof for Theorem [3.2]is presented here:

Proof of Theorem[3.2] To use Pinsker’s theorem to prove Theorem 3.2} we simply need to trans-
form the problem match its setting. Let yr = ZlT/zflngSTys/ns = 0} + zr, where 0}, =
UTSY?3* and zp ~ N (0, 02diag([t;/si]e_,)/ns). The set for 6% is © = {0]||S5"/2U6]| < r},
ie,©={0]>,07/t; <r*}.

Now with Pinsker’s theorem, 8(y7); = (1 — 1/(1/%:))+ (yr); is the best linear estimator for 6%,
where p = u(r) solves

o & Vii 1 2
@;& (= Z2)+=r" (8)

Connecting to the original problem, we get that the best estimator for ZlT/ QE* is U(I —
wdiag([L/VEL)yr = U — fdiag([1/VEYL)UT Sy S5 X ys /ns.
O

A.2  OMITTED PROOF FOR NONCOMMUTE COVARIANCE MATRICES

Convex program. Our estimator for 3* can be achieved through convex programming:

Proof of Proposition[3.3] First note the objective function is quadratic in C' and linear in 7, there-
fore we only need to prove the constraint S = {(C,7)|(C' —I)"S7(C — I) < 71} is a convex set.
Notice for (Cy1, 1), (Ca,72) € S,ie., (C; — I)TSr(C; — I) < ;1,0 € {1,2}. We simply need
to prove for C,, 1= aC + (1 — a)Cy, 7 == Tia+72(1 — ), (Co — I) T 87(Cy — I) =< 741 for
any « € [0, 1]. First, notice (C; — Cy) T S7(Cy — Cq) = 0. Next,
(Co —D)TS7(Co — 1)
=a(Cy = D)"S7(Cr = 1)+ (1 —a)(Co— 1) "S7p(Cy — 1)
—a(l—a)(Cy — Ca) "2 (Cr — Cy)
=<a(Cy = I)"S7(Cr = 1)+ (1 — a)(Cy — I) T S7(Cy — 1)
<Tol.

O

Benefit of our estimator. Compared to ridge regression, our estimator could possibly achieve
much better (d~'/*) improvements:

Proof of Remark[3-1} We consider diagonal covariance matrices S = diag(s), X = diag(t),
o = 1. First we calculate the expected risk obtained with ridge regression: Bgg = (XgX s/n+

13
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M) X Jys/ns ~ N((Zs + M) 7188, 1/ns(Xs + M) "2Xs).
Lis(Bw) = max By |54 (Baw(ys) = B

—g,}aXIIZ ((is+M)’1is— np* ||2+Tr( (Es+AI) *Ss¥r)

Vitis; tsz
= a. _— .
mixr ( Y Vit +Zn5 37,

Z

Compared to our risk:

1 1

Rp(B) = ——(1-—=
L( ) ng Sz( \/E’,U/)J”
where £ Zz 17s, (/L \/7) 2. Letr? = ﬁ , s, =1,Vi,t; =1,Vi € [d()},ti = d71/2,d() <
i < d, where dy = dl}[ T~ ~ d'/*. Then u = 1, and Rp(B) = 1n/4. In this case,

. 2 \/Esz t; 31
— (Si+A ) zns —

) 2 , 2
:minmax\/a< Vi —\/E) +Zit71> min@)\i_i_ﬁ 1
p ns 1

A ion \1+2A (I+X)27 X n (1+X2 n (1+XN)?
L Vd.
—2n
Therefore miny Lz(83g) > d*/* Ry (B)/2. O

Near minimax risk. Even among all nonlinear estimators, our estimator is within 1.25 of the
minimax risk:

Proof of Theorem[3.4] First we note that for both linear and nonlinear estimators, it is sufficient to
use ﬁss instead of the original observations yg. See Lemmam 2|and its corollary. Therefore it
suffices to do the following reformulations of the problem.

When ¥ g and X7 commute, we formulate the problem as the following Gaussian sequence model.
Recall £g = Udiag(s)U T, 57 = Udiag()UT. Let 8* = UTS4/?3*, and y = U T3/ *Bss ~
N (6%, %diag(t/s)). Our objective of minimizing ||21T/2 (B(ys) — B*)| from linear estimator is

equivalent to minimizing || (6(y) — 6*)|| = ||6(y) — 6*|| from linear estimator.

The set for the parameter that satisfies * = UTElT/Qﬂ*, |1B*|| < risequivalent to ||Z;1/2U0* || <
r < |0 /+/ti|| < ris an axis-aligned ellipsoid. Then we could directly derive our result from
Corollary 4.26 from Johnstone| (201 1). Note that this result is a special case of Theorem @] and
we have provided a detailed proof in Section B} Therefore here we save further descriptions.

For the case when X7 = aa’

RL(B) = jmin maxB(a’(Bys) -~ 8")"

is rank-1, the objective function becomes:

14
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Then the result could be derived from Corollary 1 ofDonoho|(1994), which reformulate the problem
to the hardest one-dimensional problem which becomes tractable.

O

In the proof above, we equate the best nonlinear estimator on yg as the best nonlinear estimator on
Bss. The reasoning is as follows:

Lemma A.2 (Sufficient statistic is enough to achieve a best estimator). Consider the statistical
problem of estimating 3* € B from observations y € ). B (>- -compact. IfS(y)isa suﬁ‘iczent

statistic of (3%, then the best estimator that achieves mlng maxp é(ﬁ B*) is of the form /6 =
f(S(y)) with some function f, for any loss £ : ) — [0, 00).

This Lemma is restated from Proposition 3.13 from Johnstone| (201 1J).

Corollary A.3 (Corollary of Lemma [A.2). Under the same setting of Lemma RN (B) is
achieved with the form 3 = f(S(y)).

A.3 OMITTED PROOF WITH APPROXIMATION ERROR

Unbiased estimator for 3;.

Proof of Claim[323]
Bus — By =(XJ diag(w)Xs) "' (X{ diag(w)y) — B
=(XJ diag(w)Xg) Y (X4 diag(w)(XsB5 + ar + 2)) — B
=(Xg diag(w) Xs) ™ (X g diag(w)(ar + z))

Notice Emwps [CL‘CLT(JS) ;;gé:;] a:NpT

[za
the minimizer of [(3) = Eqp, || f*(z) —
TIB;“)] = 0, ie, Egvpr [:caT( )] =

pr(zi ) T
wﬂ"PS Zl 1 ps(w wzwi EJNPT Z] 1

r(x)] = 0. This is due to the KKT condition for
Blx|” at B7: Vpf(B") = 0 = Eanp [2(f* -
0. Next we have: Eg,ps[Xddiag(w)Xs] =
[z;2]] = ngEy. Therefore

Brs — B — N(0, nl*SE}l Eanpe [pr (@) /ps (@) (ar(2)® + 0%)za T]571).

O
Proof of Claim[3.6] Recall XS = [ Tzg |- |2} ]T € R™*4 with x;, Vi € [n] drawn from pg,
and ar = [ar(x1), ar(x2), - ar(x, ]r eR", y = [y(x1),y(x2), - ,y(z,)]" € R™, noise

z=y—f"(X) w= [pT(wz)/ps(wz
To prove the, we only need to show the minimax linear estimator Ay is achieved of the form
A; X Tdiag(w), i.e., the row span of A is in the row span of X " diag(w).

. 1/2 _oax2
Ry(B) =min | max oy, <[|27 (4y ~ B7))

. 1/2 . % 2
=min _max B[S *(AX — 1)8; + Aar + A2)]

15
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. 1/2 . * 2
=mpn - amax {157/ (E[AX] ~ 1) + E[Aar]) 3

+E S} (AX — EIAX])BF|? + E|=Y* (Aar - Eldar))|? + E |2* Az|*}
Write A = A; X "diag(w) + AW T, where X € R"*4 and W € R™*("~4) forms the orthogonal
complement for the column span of diag(w)X. Therefore X " diag(w)W = 0, and W' W =

I,—q. Also, notice Eq, s [X "diag(w)ar] = nEgpy [xar(x)] = 0. Therefore plugging it in
R (B), we have:

Ry(B) =min {155 (41 By [X ding(w) X] ~ D)7 + A2 E[W T ar])

+E|23/2A, (X T diag(w) X — E[X T diag(w)X]) 85>
+E|S 2 AW T ar — EW  ar))|?
+o?E [ 2124, X T diag(w)|? + 0* E ||21T/2A2H2}

— mi Y2 ((AyngSy — 1B + Ay E[W T 2
1, 855 1P (AinsPr = DB + A2 EOV ar I

+E|[SH %A (X diag(w)X — Z7)85 ) + E S AW ar — E[W  ar))|?
+02E |22 A, X T diag(w)|? + 0> E ||21T/2A2H2}

We could view E[W "ar] and W "ar — E[W Tar) separately. First notice at min-max point,
if E[W Tar] = 0, the minimizer Ay should be O since it only appears in the third and last non-
negative terms. If E[IW "ar] # 0, the cross term of the bias should be non-negative, or otherwise
since both f* and — f* are in the set, ar, 37 could be replaced by —ar, —37- and the loss increases.
Clearly in this case As should also be 0 at min-max point. O

A.4 OMITTED PROOF FOR UTILIZING SOURCE AND TARGET DATA JOINTLY

Sufficient statistic.

Proof of ClaimB7} Denote by Bs := 33'XJys/ns ~ N(B%, %ﬁ?gl) and By :=
S XL yr/ne ~ N (8%, %i;l). We use the Fisher—Neyman factorization theorem to derive

the sufficient statistics. The likelihood of observing B3s, B from parameter 3* is:
p(Bs, Br; B) =ce™ ot Bs=B7)Bs(Bs—B") =5 (B—B")Sr (Br—A")
=cg(B*,T(B*))M(Bs, Br),

* A T, ng & np & _ * o
where g(8*,T(8*)) = ¢~ (¥ ~Pss) (788s+7E5r) 7 (B"=Bss) and ¢ is some constant. Therefore
it’s easy to see that T'(3*) = (3ss is the sufficient statistic for 3*. O

Proof of Claim[3.8] With similar procedure as before, and notice zg and zr are independent,
we could first conclude that the optimal estimator is of the form 3 = AEnggys /ns +

B X Jyr/nr ~ N((A+ B)B*, S ASG AT + £ B BT).

. 1/2/4  g%\(2
RL(B)*I‘EIJIB}EI}%%EZHET B—=69|
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i 1/2 . P
min max {[|2Y/2(4 + B~ g’

1« 1 .
+U2Tr((%AZ§1AT + nTBleBT)zT)}

1 . 1 .
s 1/2 2 2 2 —1 4T —1pT
—A,%I{HE PA+B-D|2r +0o Tr((,-AS5' AT+ - BEL'B )ET)}

Take gradient w.r.t A and B respectively we have:
2
VA(IS2(A+ B = DIr*) + —2rAS5" =0
S
2
=V5(IS/2(A+ B - DIr*) + —SrBE;! =0
T

Notice the first terms are equivalent. Therefore %Aigl = %Bi;l thus the optimal B is of the

form C(XJ ys + X7 yr) for some matrix C, thus finishing the proof. O

B OMITTED PROOF WITH MODEL SHIFT

Definition B.1 (Orthosymmetry). A set © is said to be solid and orthosymmetric if 0 € © and
|Ci| < |0;| for all i implies that ¢ € ©. If a solid, orthosymmetric © contains a point T, then it
contains the entire hyperrectangle that T defines: O (1) = {0||6;| < 7, Vi} C ©.

Proof of Claim First notice for any estimator 3, it all satisfies

L a(B) <rpa(B) <2Lpa(B). )

The first inequality is straightforward with the same reasoning of AM-GM as the derivation of
(). As for the second inequality, we take a closer look at (3). Notice that when mMaxgr c¢B,6A
is achieved, the cross term has to be non-negative, or otherwise one could flip the sign of 37,

to make the value larger. Therefore at maximum ||ElT/2((A1 + A — D)BH|I? + ||21T/2A16||2 <
HZCIF/Q((Al + A - 1)B5 + E;/2A16||2, and notice the remaining parts are all non-negative.

Therefore rz A (8) < 2Lg A (3).

Now let 8% = argming_, , .\ 1,4, L5,a(8). We have:

~  (a) «
Rp(B,A) =L a(B") < L a(Bvm)
o . () A% o Q%
<rg,a(Bum) < re.a(B*) < 2L A(B") =2RL(B,A).
The inequality (a) is by definition of 3* while (b) is from the definition of By O

B.1 LOWER BOUND WITH MODEL SHIFT

In order to derive the lower bound, we abstract the problem to the following more general one:

17
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Problem 1. For arbitrary diagonal matrix D € R*2 o ly-compact, solid, orthosymmetric,
and quadratically convex sets ©, A C RY, let

oo ([ P4 [ o macs)

Let R;,(©,A, D) and Ry (O, A, D) be the minimax linear risk and minimax risk respectively for
estimating 6 within the distribution class Po a.p:

Rp(©,A,D)=  min max 7p(6),
0:R?—© linear P€Pe,a,D

RN(©,A, D) = i 0).
N( ) é:i{glgePeIggi,Drp()

Here rp(0) := Eqyp ||0(z) — O(P)||2. We want to derive a uniform lower bound for Ry with
Ry, ie, Ry > p* Ry, where p* is universal and doesn’t depend on the choices of D, © or A.
Before proving the lower bound, we establish its connection to our considered problem:

Remark B.1. Suppose X5 = Udiag(s)U " and Xp = Udiag(t)U " share the same eigenspace.

Recall our samples a ~ /\/(Zg/2 (B +6),0%1),b ~ N E;«/Zﬁ}, o%I). Our goal to uniformly
lower bound Ry (r,~) by R (r,) is essentially Problem|l| where

Ry (r,7) := min max E|[5/? 3(a,b) — 8|2,
L(r,7) 3 linear 1821 <7 18] <~ 1227(B(a, 8) = A7)

Ry (7,7) :=min max E|xY?(A a,b) — 3%
N i o IS (Ba.b) - )]

Proof of Remark[B.1} Our target considers samples drawn from distributions & ~ N (E}g/ 2By +
8),021),y ~ N(2/*B3.,0°1).

a Udiag(s'/?)UT (8% + &) a?I| 0
5 | (| el 7 | [ o] ) e caea

T ; 1/2\77T (3% I
| Grate | v (| et A D L) e < st e

Leta = U'a/o,b = U'b/o,0 = {0||diag(t'/?)0| < r}, A = {||diag(s~/?)d| < ~}.
6=UTxY?B:.6 =UTSY?s, and D = diag(s'/2t~1/2). We get:

T . 1/2\17T (3*
orife | ([ et | [otr]) e <visn e

@{Z} ~ Pgsp ;:NQ D0é+6 },[%D,He@,ée&

Let Poap = {Pssp|0€©,6 €A} Since U is an invertible matrices, observing
UTa/o,UTb/o instead of a, b has no affect on the performance of the best estimator. Also

O, A are axis-aligned ellipsoid and thus satisfy orthosymmetry. Therefore our problem is essen-
tially reduced to Problem I} O
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Lemma B.2. Ler O(1) = {010; < 7;,Vi, 0 € O} and similarly for A(¢) = {8]6; < (;,0 € A},
D is some diagonal matrix.

RL(©®,A;D)= sup Rp(O(7),A(),D), and
TEO,LEA

N(©,A;D)> sup Ry(O(7),A(C),D).
TEO,LEA
Write samples drawn from some Pg 5 p € Po.a.p as (z,y) : € ~N(DO +68,1),y ~N(0,I).
Lemma B.3. The minimax linear estimator 0 : (x,y) — Ax + By has the form 04 4(x,y) =
> aixi + Y, by, for some a, b € R?. Namely,

R.(©,A, D) = inf Oub).
( )= ggax | rp(bap)

Proof. According to the proof of Proposition[B.4]a, by discarding off-diagonal terms, the maximum
risk of any linear estimator 84 p over any hyperrectangles ©(7), A(¢) is reduced.

045)> 0.; - :
GGG(g%éA(C) TPG,J,D( A7B) = 06@(3,3;5}{6A(C) TPG,J,D( dlag(A),dlag(B))

Further we have:

min max 7p, 04 ) >min max rp, O diac( A) dine(B
AB 0€6,5€A 0..0(04.8) A rE0.LeA 0eo(r) SEA(Q) 0.0 (Odiag(4) dins(5))

=min max 7p ]
ab 9cO,(eA 0.6.0(0ab)

>min max rp, éAB.
T C 6e0,5en 00.0(04.5)

Therefore all four terms have to be equal, thus finishing the proof. O

Notice ©(T) and A(C) are hyperrectangles in R?. Therefore we could decompose the problem to
some 2-d problems:

Proposition B.4. Under the same setting as Problem!

) RL(G)( ZRL TzaC’u u

IfHAAJg (z,y) = Ax + By is minimax linear estimator over Po(+),a(¢),D, then necessarily A, B
must be diagonal.

b) RN(G)( ZRN Tis Gis zz)

Proof of Proposition|B.4|a . First review our notation:

"Pos.0(04,8) =E(ay)nry s 104.5(2,y) — 6]
=Eon(D0+6,1)y~N(0.1) | AT + By — 6|
=|A(D8 + &) + BO — 6||> + Tr(AA") + Te(BB")
=|(AD + B — )8 + Ad||* + Tr(AA") + Tr(BB").
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Our objective is

Rr(©(1),A(C), D) := %%lee@(g%}émc) TPe 5. (04.B)

We will show that restricting A, B to be diagonal will not include the RHS value.

For any 7 € O(1),¢ € A(C), let set V(F,¢) = {(8,0)|(0:,6:) € {(7:,¢), (=T, —C;)}} be the
subset of vertices of ©(7) x A(C). Let w(7, ¢) be uniform distribution on this finite set. Due to
the symmetry of this distribution, we have

Erze 0 =0,i € [d],
Er(r.c) 0 = 0,i € [d],
B, r.e 0i0; = Limy77,i € [d],
B, (s 0i0; = 1i=;C7 i € [d),
Er(r.g) 0i65 = LicjTils, i € [d].

We utilize the distribution to find the explicit value of the maximum (in fact the maximum will
only be obtained inside the vertices set V (7, ¢) ):

0.5 TPos (04,8) > Er(z.6) P50 (04.5)
=E, (76 (AD + B —1)0 + AS||” + Tr(AAT) + Te(BB")
=Tr((AD+B —~1)E[#0"|(AD + B —1)") + Tr(AE[§6 " |AT)+
2Tr((AD + B —1)E[@§ "]A") + Tr(AAT) + Tr(BB")
=Tr((AD + B —I)" (AD + B — I)diag(7?)) + Tr(A" Adiag(¢?))
+ Tr((AD + B — I) " Adiag(7¢)) + Tr(AAT) + Tr(BB')

=" I(AD + B — 1), ;7 + A iG> + Tr(AAT) + Te(BBT)
> Z((A'L’LD” + Bii — )7 + Aii(y)* + A% + B,

=||(diag(A)D + diag(B) — I)8 + diag(A)d||* + Tr(diag(A)?) + Tr(diag(B)?), -
(V(68,0) € V(7,¢))

= n(la)cg) | (diag(A)D + diag(B) — )0 + diag(A)d||? + Tr(diag(A)?) + Tr(diag(B)?)
V(F,

Therefore we have:
R.(0(7),A(¢), D) :=mi 0
L( (T)7 (C)7 ) %%96(—)(%%)EA(C) TPe,a,D( A7B)

=min max max_ T 0
A,B 7cO(1),CeA(¢) 0V (F,{) PB,&,D( A,B)

> min max max _ rp OAd-( A).diag(B
B 7co(D)Cen(c) (0.6 et (5.0) e,a,D( iag(A),diag( ))
= min max Po 51 (Oab)-

acRe,beRe 0€O(T),6€A(¢) 7 '
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Next, since the optimal solution on the minimizer is always obtained by diagonal A, B, it becomes
straightforward that each axis could be viewed in separation, thus finishing the proof for part a.

The nonlinear part is a straightforward extension of Proposition 4.16 from Johnstone| (2011).
O

Theorem B.5 (Restated Le Cam Two Point Theorem |Wainwright| (2019)). Let P be a family of
distribution, and 0 : P — © is some associated parameter. Let p : © x © — R be some metric
defined on © and ® : R, — R is a monotone non-decreasing function with ®(0) = 0. For any
a € (0,1),

. 11

i > —P(= _

inf ;16117;@(,0(97 0PN 2 jmax_ 52(5p(0(P1), 0(F)))(1 ~ a),
s.1. ||P1n — PQnHTV < a.

Lemma B.6. Consider a class of distribution P ¢ s = {Pp 5| Pss,s := N([s0+0, 0], 1), 0] <
7, 10| < ¢}. Define

Rp(7,¢,s) = min max Egop,,. (0(z)—0)?
( ) 0 linear 101 <7,16|<¢ T 0,5, ( ( ) )

and Ry (7,(, s) = min Eanrp, . (0(z) —0)?

in  max
6 10]<7,]8]<¢

We have
RL(Ta Cv 3) S 27/2RN(7—a <7 5)7 VC: s> 07 7> 0.

Proof of Lemma|B.6] We first calculate an upper bound of R;, and connect it to a lower bound of
Ry.

Rp(7,¢,s) =min max [(as+b—1)0 + ad]® + a® + b*
ab |8]<T,[6]<(C

:migl(|as +b— 1|7+ |a|¢)* + a® + V?
Sming(as +b—1)27% +2a%¢? + a® + b2
a,

By some detailed calculations, we get the RHS is equal to:
272(2¢% + 1)
272(s2 +2¢2 + 1) +2¢2 +1
1+4¢2 )
2417

<min{1, 272

For simplify this form, we could see that

Next, we use Le cam two point theorem to lower bound Ry (7, (, s) where the metric p is Euclidean
distance and ® is squared function. Therefore

11
> —(=(0; — 62))%(1 —
By (7.¢.9) = o<l <sie{1,2} 2(2(01 b)) (1= o)

S.t. ||N([891 + (51,91]T,12),N([892 + (52,92]T,[2)||TV < a.
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Since the total variation distance is related to Kullback-Leibler divergence by Pinsker’s inequality:

[ -ll7v < /2 Dgkr(-|-), it's sufficient to replace the constraint as:
Dir (N([s01 4 61,01] ", I2) [N ([s02 + 62,02] T, I2) ) < 202,

1
Z(6; — 69)3(1 —
1< B8 ey 301 02 (1)

S.t. (591 + 51 — (802 + 62))2 + (91 — 92)2 S 20&2
c2
Z(1—

\c\sg%{\szg 8 @)

s.t. (sc+d)? + ¢ < 202

Recall Ry, < min{1,27%, 15},

We first note that ¢ < 472 and setting « = 0 we have Ry > 72/2 > 1/4Ry,. For In the following
we look at other cases when the bound for ¢? is smaller.

When 2¢ > sc, will set d = —sc and ¢? = 2a2. Let o = 2/3 for large 7 we get : ¢2(1 — ) /8 =
2/27 > 2/27Ry..

When 2¢ < sc we set d = —2¢ and require (sc — 2¢)? + ¢ < 2a?. We have (sc — 2¢)? +

c? = 5%2c2 +4¢% — 4¢sc + ¢ < 522+ 4¢% - 8(% + ¢ = (5% + 1)c? — 4¢2. Therefore as

202 +4¢2
5241

c?>8/9 I;ff > 8/9Ry,. Therefore in this case Ry > % Ry.

we set ¢2 =

, the original inequality is satisfied. Again by setting « = 2/3 we have

O

C DISCUSSIONS ON RANDOM DESIGN UNDER COVARIATE SHIFT.

In the main text, we present the results where we consider X g as fixed and X7 to be known. In this
section, we view both source and target input data as random, and generalize the results of Section
[3|while training is on finite observations and testing is on the (worst case) population loss, under
some light-tail properties of the input data samples.

C.1 RANDOM DESIGN ON TARGET COVARIANCE MATRIX

In Section |3} we consider the case when X7 is known exactly. This could be viewed as the fixed
design setting where training and testing are on the same set of data. In this section, our analysis
will include the estimation error on observing finite unlabeled samples of target domain. Let
Xr =[x, a:,w]T € R %4 be ng; (Here U stands for unlabeled data and is used to distinguish
from nr labeled target samples) data samples where x; ~ pr, and we will use the unlabeled target
samples to conduct estimation. We let ET = X}r Xr/ny.

Let L to denote the worst case excess risk measured on the observed target samples: Lz (B) =

L || X1 (B(ys) — B*)||2. To find the best linear estimator that minimizes L, our

maXIB*eg ]E'.’JS E
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proposed algorithm becomes:

2
C + min {r% + “Tr(z;/chglcTle/Q)} st (C=D)"Sp(C—1)=<7I.  (10)
T, ns

And set ,@ = C'flnggyS /ns. We want to show that in spite of the existence of estimation error
due to the replacement of 7 with S, our generated 3 performs well on the worst-case population
risk Ls(8) := maxg- Eys Exopr [T (B(ys) — B8*)||? and achieves minimax linear risk (up to
constant multiplicative error).

In this section we assume that the data samples is light tail:

Definition C.1 (p?-subgaussian distribution). We call a distribution p to be p*-subgaussian when
there exists p > 0 such that the random vector T ~ P is p>-subgaussian. p is the whitening of p
such that T ~ p is equivalent to x = Y/2% ~ p, where Y. is the covariance matrix of p.

Notice that here the subgaussian parameter is defined on the whitening of the data, and p doesn’t
depend on how large || ]|, is.

Theorem C.2. Fix a failure probability § € (0,1). Suppose target distribution pr is p*-
subgaussian, and the sample size in target domain satisfies ny > p*(d + log%). Let
B D Ys — C'f]nggys where C'is defined from Eqn. Then with probability at least
1 — & over the unlabeled samples from target domain, and for each fixed X g from source domain,
our learned estimator 3(ys) satisfies:

Lo(B) < (1-+ 0 21D 5 ay
Specifically, when X1 commutes with S oris rank 1, we have:
Ls(B) < (1.25+O(\/’W))RN(B). (12)

Similarly all other results in the paper could be extended to random design with finite samples X .

Proof of Theorem The proof relies on the two technical claims|C.3] [C.4]

Let ,C;'R be the optimal linear estimator on L, i.e., LB(BR) = Ming jinearin ys L8(B) = R (B).

Ls(B) < (1+ O(\/W))M(B) (Claim [C4)
<(1+ 0(\/ w))is(ﬁk) (from definition of 3)
<1+ oy /2 0e W) oy (ChimC)
<1+ Oy B/ 1y — (14 oy LU,

(from w < 1, and definition of B R)

8 A random vector « is called p>-subgaussian if for any fixed unit vector v of the same dimension, the random
. . . . T _ 2 2
variable v " @ is p?-subgaussian, i.e., E[e*? (@ E[m])] <e* P /2 (Vs e R).
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From Theorem 3.4 we know Ry (B) < 1.25Ry(B) when X7 is rank-1 matrix or commute with
Y which further finishes the whole proof. O
Claim C.3 (Restated Claim A.6 from |Du et al.| (2020)). Fix a failure probability § € (0, 1), and
assume n. > p*(d + 1og(1/5)) Then with probability at least 1 — % over the inputs 1, . .., Ty,

ifx; ~ pandpis a p?-subgaussian distribution, we have

n n

where ¥ = Eqp[zx '],

With the help of Claim[C.3| we directly get:

Claim C.4. Fix a failure probability § € (0,1), and assume ny > p*(d + log(1/9)), Xr =
[®1,- - ,wnU]T € R4 satisfies ®; ~ pr where pr is p?-subgaussian. We have for any
estimator (3:

(- OM PAd+1081/0)) )1 () < Ls(B) < (1+ 0<\/ P+ 10g(1/0))y) (),

nu nu

with high probability 1 — /10 over the random samples Xr.

Proof of Claim Recall

Ls(B) = maxBys -1 Xr (Blys) - 6

Li(8) = max By, |54 (B(ys) - B
Therefore for any estimator B, it satisfies
Ls(B) — Ls(B)
=(Blys) — B) " (Ss — $s)(Blys) - B7)

50<\/ P F1081/0)) 30y — 34T (Blys) - BY)

ny
4(d + log(1/6 N
:O(\/p(g(/)))LB(ﬁ)’
ny
which finishes the proof. O

"When this is not satisfied the result is still satisfied by replacing O(\/M) with

O(max{ ”4(‘1“?(1/6)), p2(d+l(;lg(1/5)) }). For cleaner presentation, we assume 7 is large enough and
simplify the results.
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C.2 RANDOM DESIGN ON SOURCE DOMAIN.

In the main text or the subsection above, the worst case excess risk is upper bounded by 1.25R v,
which is achieved by best estimator that is using the same set of training data (Xg, ys). Here we
would like to take into consideration the randomness of X ¢ and compare the worst case excess risk
using our estimator with a stronger notion of linear estimator.

For this purpose, we consider estimators that are linear functionals of yr := Zé/ 26* + 2z €
RY 2 ~ N(0,02%/ngly) (this 02 /ng is the correct scaling since X Xg/ng is comparable to ).
We consider the minimax linear estimator with yr and with access to >g, and we compare our
estimator against this oracle linear estimator. This estimator is not computable in practice since X g
must be estimated, but we will show that our estimator is within an absolute multiplicative constant
in minimax risk of the oracle linear estimator.

To recap the notations and setup, let
A A 1 R .
Lp(B) =max By, — | X7(B(ys) — B,
B ny
L (B) =max Eys Eznpy la " (B(ys) — B,

Lpr(8) = max By, Eanpy " (B(yr) — B>

Our target is to find the best linear estimator using ﬁg( A) (trained with X7) and prove its per-
formance on the population (worst-case) excess risk L (B) is no much worse compared to the
minimax linear risk trained on yr and Xg.

Theorem C.5. Fix a failure probability § € (0, 1). Suppose both target and source distributions
ps and pr are p?-subgaussian, and the sample sizes in source domain and target domain satisfies
ns,ny > p*(d + log %) Let C be the solution for Eqn.(10), and set ﬁ(ys) — C’flng;—ys.
Then with probability at least 1 — § over all the unlabeled samples from target domain and all
the labeled samples X s from source domain, our estimator ,é (yr) yields the worst case expected
excess risk that satisfies:

W“MHOMWHM> it Las(B).

ny nr B linearin yr

Ls(B) < |1+ O(\/

Proof of Theorem For each matrix C' € R4*4, we first conduct bias-variance decomposition
and rewrite each worst-case risk with linear estimator in terms of a matrix C. When 3(ys) =
CEnggyS, we have:
2
~ ~ ~1/2 o N A ~
Ls(B) =|IS3/%(C = D)2, + —Tr(ErC85'CT) = 1(0),
2
. o &
Ls(B) =I57(C = DIyr* + —Tr(2rC85'CT) =2 1(C),

Similarly, when ﬁR = CE;l/QyR, we have:

2
N ag _
Lrs(B) =|S12(C — D)2, + FTr(ZTCZleT) =: 1(C).
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Claim C.6. Fix a failure probability § € (0,1), and assume nyr,ng > p*(d + log(1/6)), Xg €
Rs¥d X1 € R™ X4 gre respectively from ps pr which are both p*-subgaussian. We have for
any matrix C € R¥*4;

(1- o<\/ P10/ iy < ey < 1+ o<\/ P s/ ),

nuy nuy

with high probability 1 — /10 over the random samples Xr.

1 O(W«iﬂ%u/é»))l(o) <o) <1 +O(VWMW)7

ns ns

with high probability 1 — §/10 over the random samples Xg.

Proof of Claim We omit the proof of the first inequality since it’s exactly the same as proof of
Claim

For the second line, we have:

e e

<O(W<d+log<l/6>>)l(0)_

> ng

Therefore we prove the RHS of the second inequality. The LHS follows with the same proof
techniques. O

Now let C' be the minimizer for [(C'), and Cg be the minimizer for [z(C).

1(C) <(1 +0(\/W‘(M))i(é) (w.p. 1 — /10 due to Claim [C.6)
<(1+ 0(\/ M%(IM))[(CR) (Due to the definition of C)
<(1 +0(\/W))2l(%) (w.p. 1 — §/5; due to Claim[C.6)
=(1+ 0(\/ W%(QM))Z(CR) (since ny is large enough)
(140 \/p4<d+ Log(1/3)) 1 o Ww Log(1/5) . 0

(w.p. 1 —35/10; due to Claim|C.6)
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nu nr

- ”WWHM”WWHW&))) minln(C).

This finishes the proof. O

D MORE EMPIRICAL RESULTS

We include some more empirical studies. In the main text our results have small noise. Here
we show some more results with larger noise, and also the case with varied eigenspace. For the
following results, we use ¢ = 10 and 7 = 0.2/d. Other meta data remains the same as presented
in the main text. Figure 2] (a)(b) show similar phenomenon as the small noise setting presented in

08 —+— Seridge —— Seridge

-»- Tridge -»- Tridge
x —e— minimax

0.26

relative excess risk
excess risk

relative excess risk

-10  -05 0.0 0.5 1.0 15 2.0 0.00 005 010 015 020 025 030 035 80 85 90 95 100 105 110 115
a signal strength |Us - Urle

(a) covariate eigen-spectrum (b) signal strength (c) covariate eigenspace
Figure 2: (a): The x-axis « defines the spread of eigen-spectrum of ¥g: s; o< 1/i%,¢; < 1/i. (b)

x-axis is the normalized value of signal strength: || X7 3*||/r. (c) X-axis is the covariate shift due
to eigenspace shift measured by ||Us — Ur|| r.

the main text. From Figure 2] (c) we see no particular relationship between the performance of each
algorithm with eigenspace shift.

D.1 EXPERIMENTS WITH APPROXIMATION ERROR

Finally, we conduct empirical studies with nonlinear models.

Setup. We choose ng = 2000,d = 50. Let 0201 78 088 g
Xg € R2000x50 pe generated randomly under R
Gaussian distribution A (0,Xg). We also gener- o
ate a small validation dataset from target domain:
Xcy € R390X50 sampled from N(0,X7), yov =
*(Xev) + zcv, with zcy ~ N(0,0%1). We choose 015
Ai(Zg) x i,A(X7) o 1/i, and the eigenspace o1e
for both >g and 7 are random orthonormal ma-

trices. (||Zs]|%2 = ||Zr|% = d.) The ground S o

truth model is a one-hidden-layer ReL.U network: o )

f*(z) = 1/da” (Wz),, where W and a are ran- FlguFe 3: The X-axis is noise level o anq y-
domly generated from standard Gaussian distribution. 218 1 the excess risk (with approximation
We observe noisy labels: ys = f*(x) + z, where ©ITOD)-

Zi NN(O,O'Q).

£ (x) - BTx|?
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Estimating weights pr-(x)/ps(x).  Since the generated data samples are Gaussian, the absolute

weights for pr(x) /ps(x) = 4/ % exp(32T(Eg" — E3')x). However, this absolute value has

an exponential factor and can amplify the noise level. Meanwhile, when one multiplies both
Xs,ys by 10, the ground truth 8 doesn’t change but the absolute value for pr(x)/ps(x) will
change drastically. This discrepancy highlights the importance of relative magnitudes (among
samples) instead of the absolute value Kanamori et al.|(2009).

To obtain a relative score, we first estimate the absolute value of pr(x)/ps(x) by I(x) =

xT(igl — i;l)m. We then uniformly assign the weight for each sample by 10 discrete values
1,2,3---10 based on their scoring /(x) and then rescale the reweighting vector properly.

We implement our method (Eqn. [)) using the estimated weights as above. Refer to Figure 3]
for the results. The baselines we choose are ordinary least square ("OLS" in Figure (@), ridge
regression (Legend is "Ridge") and classic weighted least square Kanamori et al.|(2009) (Legend
is "Reweighting"; ﬁLs in our main text). For both ridge regression and our methods, we tune
hyperparameters through cross-validation. All results are presented from 40 runs where the
randomness comes from f* and the eigenspaces of g, Y.
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