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Abstract

While neural networks can enjoy an outstanding flexibility and exhibit unprece-
dented performance, the mechanism behind their behavior is still not well-
understood. To tackle this fundamental challenge, researchers have tried to restrict
and manipulate some of their properties in order to gain new insights and bet-
ter control on them. Especially, throughout the past few years, the concept of
bi-Lipschitzness has been proved as a beneficial inductive bias in many areas. How-
ever, due to its complexity, the design and control of bi-Lipschitz architectures
are falling behind, and a model that is precisely designed for bi-Lipschitzness
realizing a direct and simple control of the constants along with solid theoretical
analysis is lacking. In this work, we investigate and propose a novel framework for
bi-Lipschitzness that can achieve such a clear and tight control based on convex
neural networks and the Legendre-Fenchel duality. Its desirable properties are
illustrated with concrete experiments to illustrate its broad range of applications.

1 Introduction

1.1 Background

Nowadays, neural networks have become an indispensable tool in the field of machine learning and
artificial intelligence. While they can enjoy an outstanding flexibility and exhibit unprecedented
performance, the mechanism behind their behavior is still not well-understood. To tackle this
fundamental challenge, researchers have tried to restrict and manipulate some of their properties in
order to gain new insights and better control on them. Especially, throughout the past few years, the
concept of sensitivity has been proved as a beneficial inductive bias in many areas.

Sensitivity can be translated into the concept of bi-Lipschitzness, which combines two different
properties, namely, Lipschitzness and inverse Lipschitzness. The former describes the maximal, and
the latter the minimal sensitivity of a function. Bi-Lipschitzness is attracting interests in various fields
not only as it proposes a promising solution to avoid unexpected and irregular results caused by a too
sensitive or too insensitive behavior of the trained function, but also as it achieves an approximate
isometry that preserves geometries of the input dimension (Li et al., 2020). It plays an essential role
in generative models such as normalizing flows to guarantee invertibility (Behrmann et al., 2019),
in uncertainty estimation to prevent the recurrent problem of feature collapse (Liu et al., 2020a;
Van Amersfoort et al., 2020) and in inverse problems (Kruse et al., 2021) to assure the stability of
both the forward and inverse function (Behrmann et al., 2021).
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Unfortunately, the appropriate design and effective control of bi-Lipschitz neural networks are far
from simple, which hinders their application to prospective areas. First of all, the estimation of
bi-Lipschitz constants is an NP-hard problem (Scaman and Virmaux, 2018). Second, the design
of bi-Lipschitz models is even harder as we cannot straightforwardly extend existing Lipschitz
architectures that exploit some unique properties of the concept to inverse Lipschitzness and keep
their advantages, and vice-versa. Finally, the control of bi-Lipschitz constants requires particular
attention as it is a question of manipulating two distinct concepts in a preferably independent and
simple manner.

Currently existing bi-Lipschitz models still present some issues in terms of design or control. On
the one hand, some lack theoretical guarantees because they impose soft constraints by adding
regularization terms to the loss function (Van Amersfoort et al., 2020), or because their expressive
power is not well-understood and may be more limited than expected. On the other hand, others
restrict bi-Lipschitzness on a layer-wise basis (Behrmann et al., 2019; Liu et al., 2020a). Particularly,
this means these approaches can only build in the essence a simple bi-Lipschitz function employed
as a layer of a more complex neural network. In practice, this kind of parameterization impacts the
generalization ability of the model or leads to loose control (Fazlyab et al., 2019). They can also
contain so many parameters affecting sensitivity to the same extent that controlling all of them is
unrealistic and fixing some may affect the expressive power. See Section 2 for further details.

Therefore, taking into account both the potential and complexity of this inductive bias, we first and
foremost need a model that is precisely designed for bi-Lipschitzness realizing a direct and simple
control of the constants of the overall function more complex than a single layer neural network
equipped with solid theoretical analysis. In this work, we investigate an architecture that can achieve
such a clear and tight control and apply it to several problem settings to illustrate its effectiveness.

1.2 Contributions

Our contributions can be summarized as follows. First, we construct a model bi-Lipschitz by design
based on convex neural networks and the Legendre-Fenchel duality, as well as a partially bi-Lipschitz
variant. This architecture provides a simple, direct and tight control of the Lipschitz and inverse
Lipschitz constants through only two parameters, the ideal minimum, equipped with theoretical guar-
antees. These characteristic features are illustrated and supported by several experiments including
comparison with prior models. Finally, we show the utility of our model in concrete machine learning
applications, namely, uncertainty estimation and monotone problem settings and show that it can
improve previous methods.

Organization In Section 2, we will first explain in more detail existing architectures around bi-
Lipschitzness. In Section 3, we will develop our model followed by theoretical analyses. The next
Section 4 will be devoted to experiments and applications of our proposed method.

Notation Throughout this paper, the Euclidean norm is denoted as || - || for vectors unless stated
otherwise. Similarly, for matrices, || - || corresponds to the matrix norm induced by the Euclidean
norm. For a real-valued function F' : R™ — R, VF is defined as (3f(z)/0x1,...,0f(x)/0x,)7,
and VT F as its transpose. When the function is a vector F' : R™ — R", then its Jacobian is defined
as V' F = (0f;/ 0x;); ;. The subderivative is denoted as Jsyp.

2 Preliminaries

In this section, we explain mathematical backgrounds and existing bi-Lipschitz models to clarify the
motivation of this work.

2.1 Definition

Let us first start by the definition of bi-Lipschitzness.

Definition 2.1 (bi-Lipschitzness). Let 0 < L; < Ly. f : RY — R* is (L, Ly)-bi-Lipschitz if
Lillz —yl| < | f(z) — f(v)|| < Lal||z — y|| holds for all z,y € R'. The right (left) inequality is the
(inverse) Lipschitzness with constant Lo (L1). Ly and Lo are called together bi-Lispchitz constants.
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Figure 1: Results of fitting y = 502 with a Lipschitz model (SN (left) or our model (right)), where
the Lipschitz constant is constrained by an upper bound L. L = 50 (red line) is where an L-Lipschitz
model with perfect tightness and expressive power should achieve a 0 loss for the first time. SN
achieves this only from around L = 100 while ours at L = 50. See Appendix G.4 for further details.

Several interpretations can be attributed to this definition. Bi-Lipschitzness appears when we want to
guarantee a high sensitivity and a high smoothness for better generalization such as in uncertainty
estimation. This can be also regarded as a quasi-isometry with a distortion of Lo /L1, which means
that the structure of the input is relatively inherited in the output as well. Moreover, since a bi-
Lipschitz function is by definition invertible, the inverse Lipschitz can be interpreted as the Lipschitz
constant of the inverse function. Therefore, controlling the bi-Lipschitz constants is beneficial for the
stability of both the forward and inverse.

2.2 Desired Features for a Controllable Inductive Bias

In order to gain new insights of a problem and a predictable behavior of the bi-Lipschitz model, it is
primordial that bi-Lipschitzness works as an inductive bias with high controllability and theoretical
foundation. For this goal, the following points are of particular interest: (a) bi-Lipschitzness
guaranteed by design, (b) theoretical bounds on the bi-Lipschitz constants, (c) tight bounds, (d)
independent control of the Lipschitz and inverse Lipschitz constants, (¢) a minimal number of hyper-
parameters to tune, (f) theoretical guarantee on the expressive power and (g) direct parameterization
of the optimized variables (in the sense of Definition 2.3 of Wang and Manchester (2023)).

2.3 Related Works and Bi-Lipschitz Models

There are currently three methods that are mainly employed to achieve and control bi-Lipschitz neural
networks. See Appendix A for a brief overview on Lipschitz and inverse Lipschitz architectures.

Regularization The first one is based on a regularization method (Gulrajani et al., 2017; Van Amers-
foort et al., 2020). It adds to the loss a term that incites bi-Lipschitzness. While the method is simple,
the resulting function may not be bi-Lipschitz at the end of the training, we have no theoretical
bounds on the bi-Lipschitz constants and cannot achieve a real control of them.

i-ResNet The invertible residual network (i-ResNet) of Behrmann et al. (2019) is based on the
composition of several (1 — Lgy,, 1 + Ly, )-bi-Lipschitz layers of the type f;(x) = « + g;(x), where
g; is Lipschitz with constant L, < 1. The Lipschitz g; can be constructed by layer-wise methods
such as spectral normalization of weights (SN) (Miyato et al., 2018). However, this kind of layer-wise
control of (bi-)Lipschitzness is known to be loose in general (Fazlyab et al., 2019). See Figure 1
for an illustration. The i-ResNet has limited expressive power as it cannot represent the function
y = —x (Zhang et al., 2020), and the construction of g; risks to introduce more restriction on the
expressive power in practice (Anil et al., 2019). A similar model, the Lipschitz monotone network
(LMN) of Nolte et al. (2023) combines the GroupSort activation function with SN to create g;. These
approaches requires to adjust the Lipschitzness of each weight during the training process, which
may be sub-optimal (i.e., no direct parameterization).

BiLipNet The concurrent work of Wang et al. (2024) also provides a bi-Lipschitz neural network
(BiLipNet), which was mainly used for creating a Polyak-Lojasiewicz function useful in surrogate
loss learning. It extends the Lipschitz architecture of Wang and Manchester (2023). The BiLipNet
is constructed as the composition of monotone Lipschitz layers and orthogonal layers. The former
layer is realized based on a direct parameterization of the IQC theory of Megretski and Rantzer



(1997). While they can achieve a certified control of the bi-Lipschitz constant, theoretical guarantee
on its expressive power is lacking. Moreover, BiLipNet composes many layers which may harm the
tightness of the bounds.

Therefore, current models fail to satisfy the desired features of Subsection 2.2. Notably, all these
points cannot be satisfied as long as we rely on the simple layer-wise control which offers too
conservative bounds and a number of tunable hyper-parameters proportional to that of the layers
in general. In this work, we will establish a bi-Lipschitz architecture that satisfies almost all these
expected attributes mentioned above. In terms of mathematical foundations, it takes inspiration from
the inverse Lipschitz architecture of Kinoshita et al. (2023).

3 Bi-Lipschitz Neural Network

We introduce our novel bi-Lipschitz model, followed by some theoretical analyses and discussion.

3.1 Additional Definitions

We clarify notions of smoothness, convexity and the Lengendre-Fenchel transformation (LFT) which
will be a core process in our construction.

Definition 3.1. Let v > 0. F': R™ — R is y-smooth if F' is differentiable and V F is ~-Lipschitz.
Definition 3.2. Let > 0. F : R™ — R is p-strongly convex if F'(z) — & ||| is convex.

Definition 3.3. Let F' : I — R a convex function over I C R™. Its Legendre-Fenchel transformation
F* is defined as F* () := sup, ¢ {(y, ) — F(y)}.

3.2 Construction of Bi-Lipschitz Functions

We extend the approach of Kinoshita et al. (2023) and propose a method that creates bi-Lipschitz
functions, where it is sufficient to control two parameters to manipulate the overall bi-Lipschitzness
without needing to dissect the neural network and control each layer, a feature that existing methods
for (bi-)Lipschitzness cannot deliver. The first step is to notice that the gradient of a real-valued
p-strongly convex function becomes p-inverse Lipschitz, and that of a y-smooth function y-Lipschitz
by definition. Therefore, we aim to compose a function which is both strongly convex and smooth.
Interestingly, the LFT of a 1//3-strongly convex function is S-smooth. This leads to our main theorem.

Theorem 3.4. Let F' be a closed 1/ 3-strongly convex function and o > 0. Then the following function
is a-strongly convex and o + (3-smooth: sup,cr {(y,z) — F(y)} + §||z||*. Thus, its derivative is
(@,  + B)-bi-Lipschitz which equals f*(z) := argmax, {(y,z) — F'(y)} + a=.

See Appendix B.2 for the proof. The term «/2||z||? has the effect of turning a convex function into
an a-strongly convex function by definition of strong convexity. This f*(x) constructed as described
in the above theorem is precisely the bi-Lipschitz model we propose in this paper.

3.3 Implementation of the Forward Pass

Based on Theorem 3.4, we can create a bi-Lipschitz function parameterized by neural networks, and
thus applicable to machine learning problems. Here, we clarify the implementation of a strongly
convex function and the LFT. The overall explicit formulation of our bi-Lispchitz neural network
(BLNN) is already shown in Algorithm 1 for convenience.

Strongly Convex Neural Networks A p-strongly convex neural network can be constructed
by adding a regularization term to the output of the Input Convex Neural Network (ICNN) from
Amos et al. (2017). The resulting structure can be written as Fy(y) = 2, + & ||y[|*, where z;41 =

gi(Wi(z)zi + m(y)y+ b)) (i=0,...,k—1). {Wi(z)}i are non-negative, Wéz) = 0, and all functions
g; are convex and non-decreasing. This architecture is a universal approximator of p-strongly convex
functions defined on a compact domain endowed with the sup norm (Chen et al., 2019). Note that any
other choice for the convex architecture is possible. This is only an example, also employed in Huang
et al. (2021) and Kinoshita et al. (2023). Indeed, we could opt for a convolutional version by using

the convolutional ICNN proposed by Amos et al. (2017).




Algorithm 1: Forward pass of (a, §)-BLNN

Input: input data z, an ICNN Gy with parameters € and constants o, 5 > 0
Output : image of x by an («, a + 3)-bi-Lipschitz function

Step 0: Construct %—strongly convex function Fy(y) = Gy(y) + ﬁ”y”2
Legendre-Fenchel transformation Step: Find y; () = argmax, {(y, ) — Fp(y)}
Gradient Step: Compute f5(z) = V, (Fy (z) + ||z[]?) = y5(2) + oz

return f; ()

Algorithms for LFT By Theorem 3.4, we only need to compute the optimal point of the LFT, i.e.,
Yy (x) := argmin, {Fp(y) — (y, )}, which is a strongly convex optimization. This computation is
thus rather fast, and we can use various algorithms with well-known convergence guarantees such
as the steepest gradient descent (Shamir and Zhang, 2013; Bansal and Gupta, 2017). Such convex
solvers will generate for a fixed x a sequence of points {y;(x)}+=o,... 7, and its last point will be
an estimate of y;(x). However, this kind of discrete finite time approximation could compromise
the bi-Lipschitzness of the whole algorithm. The bi-Lipschitz behavior of y;(z) can be explicitly
described for the steepest gradient descent as follows. For other algorithms, see Appendix C.2.1.

Theorem 3.5. Let the symbols defined as in Algorithm 1. Consider the steepest gradient descent
of sup, {(y, ) — Fp(y)} generating points {y;(z)}+ at the t-th iterations and y; (x) is the global
maximum. If Fy is p-strongly convex and ~y-smooth then the point im;_, y(x) is (1/~,1/u)-bi-
Lipschitz without any bias. Moreover, withny = 1/(u(t+1)) as a step size and yo(x;) = yo as initial
point, then for all z;, x;, ||Ye41(z:) — yer1(x;)|| < h(t)||x; — x;|| where limy_,o0 h(t) = 1/p.

See Appendix C.2.2 for the concrete formulation of A(t) and the proof. The above theorem guarantees
that the optimization scheme will ultimately provide a y;(x) that is bi-Lipschitz with the right
constants. This was not trivial as a bias may have persisted due to the non-zero step size. More
importantly, this statement offers a non-asymptotic bound for Lipschitzness. This is greatly useful
when we theoretically need to precisely assure a certain degree of Lipschitzness such as in robustness
certification against adversarial attacks (Szegedy et al., 2013). The step size 7y = 1/(u(t + 1)) can
be precisely calculated as 4 = 1/ for an («, 5)-BLNN. Experimental results suggest a similar
behavior for inverse-Lipschitzness. Note the strong convexity of F' is always satisfied in our setting
and smoothness can be fulfilled if we use an ICNN with softplus activation functions log(1 + e*).
Since this simple gradient descent has been thoroughly analysed and assured to properly behave in
practice as well, we will employ it as the algorithm of LFT in the remainder of this paper.

3.4 Expressive Power

As we mentioned earlier, layer-wise approaches realize a bi-Lipschitz neural network by restricting
the sensitivity of each layer. Nevertheless, this kind of construction may be sub-optimal as it does
not take into account the interaction between layers, limiting more than expected the expressive
power, which was often not considered in the original papers. Layer-wise bi-Lipschitz approaches
cannot inherit the proofs and properties of the original network, which makes the understanding of
their behavior more difficult. As for our model, the («, 3)-BLNN, we can guarantee the following
universality theorem.

Theorem 3.6. For any proper closed a-strongly convex and o + B-smooth function on a compact
domain, there is a BLNN without taking the gradient at the end, i.e., sup,{(y,r) — (Go(y) +

llyll?/(28))} + a||z||?/2 where Gy is an ICNN with ReLU or softplus-type activation function, that
approximates it within € in terms of the sup norm.

Thus, after taking the gradient, we can create a sequence of functions that converges point-wise to
any function which is « + S-Lipschitz, a-strongly monotone (Definition B.12) and the derivative of
a real-valued function. See Appendix B.3 for the proofs and further discussion.

3.5 Backward Pass of BLNN

The most straightforward way to compute the gradient of a BLNN is to track the whole computation
of the forward pass including the optimization of the LFT and back-propagate through it. However,



this engenders a crucial bottleneck since back-propagating over the for-loop of the optimization
involves many computations of the Hessian and the memorization of the whole computational graph.
Nevertheless, if the activation function of the ICNN is chosen as softplus, the convergence of the LFT
is quite fast making this strategy scalable to moderately large data.

Interestingly, when Fy := F'(-; #) is C?, the backward pass can be computed only with the information
of the core ICNN, which means we do not need to track the whole forward pass involving many
recurrent computations:

Theorem 3.7. Suppose a loss function L : z — L(z), and the output of the BLNN is f*(x; ) :=
VEj(z) + az as defined in Algorithm 1. If F is C* and F* is differentiable, then the gradient

Vg L(f*(x;0)) can be expressed as =V | L(z) { Vo F (y* (x;0); 9)}71 0p VyF(y*(x;0);0).

See Appendix B.4 for the proof and formulation with more complex architectures. In practice,
coding is simple since we can directly employ the backward algorithm provided in libraries such
as Pytorch (Corollary B.19). The advantage of this second method is threefold. First, it can reduce
the computational and memory cost of the backward process as it does not depend on the iteration
number and involves fewer matrix manipulations. Second, this leaves the freedom to choose the
optimizer to calculate the LFT, while the brute force method requires the gradient to be tracked during
the optimization process, which is a feature that many current solvers do not provide. Third, this

method approximates the gradient by taking the derivative along the true curve at a point yé,t) (x)
close to y; (), which is a fair approximation. In contrast, the brute force method approximates the

gradient based on the recurrent computation of yét) () but we do not know whether this is really a

good estimate.

3.6 Comparison with Deep Equilibrium Models

Interestingly, our BLNN can be regarded as a bi-Lipschitz version of a broader family of models
called deep equilibrium models (DEQs) from Bai et al. (2019). A DEQ is an implicit model whose
output z is defined as the fixed point of a neural network hy, i.e., z = hg(z,z), where x is the
input. Similarly, the output of our algorithm can be re-formulated as finding the solution z of
z = — VFy(z) + z which corresponds to a DEQ with hy(z,x) = x — VFy(z) + z. The general
properties of a DEQ concerning the computational complexity (both time and space) are thus also
inherited in our model. One major difference is that the iteration to find this fixed point z is in our
case unique and guaranteed to converge, which addresses one of the main concerns of general DEQs.
We believe this interpretation is promising for future work to increase the generality of our model as
it enables to converge to the larger flow of work around DEQs and apply the various improvements
for DEQs researched so far. However, we will not pursue this direction further since our primary goal
is to develop a bi-Lipschitz model with direct and simple control.

3.7 Increased Scalability and Expressive Power: Partially BLNN

Despite all the theoretical guarantees mentioned above and the correspondence of the proposed
method to DEQs, its main drawbacks persist in computational efficiency and expressive power.
However, these weaknesses can be alleviated by imposing the bi-Lipschitz requirement on a limited
number of variables. This can be realized by using the partially input convex neural network (PICNN)
instead of the ICNN in our architecture (Amos et al., 2017). A PICNN is convex with respect
to a pre-defined limited set of variables. Based on this architecture, we can proceed similarly to
Algorithm 1 and obtain a partially bi-Lipschitz neural network (PBLNN). See Appendix F.2 for
further details. As a result, all heavy operations such as the LFT and the gradient are applied on
this smaller set of variables, which makes the architecture much more scalable to higher dimensions.
Moreover, a PICNN with £ layers can represent any ICNN with k layers and any purely feedforward
network with k layers, as shown in Proposition 2 of Amos et al. (2017). This also enhances the
expressive power of our model with larger liberty on the precise construction of the architecture.

3.8 Computational Complexity

Regarding the time and space complexity of our model, it is largely equivalent to that of a DEQ (Bai
et al., 2019) except that the core function is the derivative of a neural network, which adds some
computational burden. In Figure 2, we present a comparison of the computational complexity in
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Figure 2: Comparison of the time (left) and space (right) complexity for a single iteration between a
traditional feedforward network and various BLNN variants.

floating point number operations (FLOPs) and memory for a single iteration between a traditional
feedforward network and various BLNN variants: BLNN (with brute force backpropagation), BLNN
with Theorem 3.7, PBLNN with only one variable constrained to be bi-Lipschitz. Comparing
our model with Theorem 3.7 to a traditional feed-forward neural network, we can conclude that
their difference is only a factor of order 10. Theorem 3.7 greatly contributes to reducing both
computational and space requirements (improvement of order of 10 and 102, respectively). This
explains the scalability of our model to large datasets. Finally, the PBLNN clearly decreases the
complexity of the model by limiting the number of variables we impose bi-Lipschitzness. See
Appendix H.1 for details on the experimental setup.

3.9 Discussion

Our bi-Lipschitz model BLNN (and PBLNN) possesses interesting properties. First, it provides by
design a theoretical bound of the bi-Lipschitz constants. Some methods cannot necessarily afford
this. Furthermore, it enables a direct parameterization of the overall bi-Lipschitzness through the
addition of two regularization terms with respective coefficients « and S at different outputs. This
translation of bi-Lipschitzness into strong convexity plays an indispensable role as we do not disturb
the formulation of the core function, do not track the transformation of the input down to the output
and only have two hyper-parameters to monitor, the strict minimum. As a result, we can create
bi-Lipschitz functions with known expressive power and more complex than a single layer which
others had to compose many times to create a deep bi-Lipschitz neural network. We also avoid the
risk of losing tightness in the bounds of the bi-Lipschitz constants caused by this kind of layer-wise
parameterization. Therefore, our model satisfies the desired points of Subsection 2.2.

While the PBLNN solves several issues of the BLNN, optimization inside the forward pass is still
an expensive procedure. Nevertheless, there are plenty of approaches to accelerate the LFT and
backpropagation through approximations as well. Since the objective function of the LFT is always
strongly concave, its convergence speed does not depend on the dimension, and the only bottleneck is
the computation of the gradient information of the objective function (i.e., the ICNN). Approximations
by zeroth-order methods can improve the procedure, for example. Moreover, amortizing the LFT
as Amos (2023) did may also be a promising simplification of the forward pass. On the other hand,
backpropagation through the whole forward pass can also be simplified based on Theorem 3.7. For
instance, the Hessian matrix can be replaced by its diagonal or upper triangular elements, making
the inversion operation easier. Other improvements, including those for the backward pass, can be
adapted from research on DEQs (Bai et al., 2019).

Another limitation, which is overcome by the PBLNN, is that the BLNN cannot represent a function
that is not the gradient of a convex function. However, such a type of function is the core of
machine learning problems related to optimal transport (Santambrogio, 2015) and some physical
systems (Huang et al., 2021). In the following chapter, we will show that our model can be applied
to various problems and its performance is not overshadowed by these limitations. In short, it is a
necessary price to pay to gain a bi-Lipschitz model with features such as known expressive power
and high controllability so that it can outperform other methods with looser constraint but lower
controllability and fewer guarantees. Indeed, if we define the unit of a bi-Lipschitz model as the basic
architecture that requires the minimal number of hyperparameters, i.e., one for Lipschitzness and one
for inverse-Lipschitzness, most existing models are limited to constructing simple (bi-)Lipschitz units
with low expressive power (e.g., only linear) and they have to compose those units to achieve higher
expressive power, which leads to looser bounds. In that sense, our model still has a higher expressive



Table 1: Tightness of Lipschitz bound when fitting f(z) = 2 (z < 0), x + 1 (x > 0) . Mean over
five trials. See Table 5 for further results.

Models L=5 L=10 L=50
SN 80.1% 689% 32.5%
Orthogonal  75.1% 48.9% 14.6%
AOL 659%  46.5% 15.4%
SLL 77.6%  50.0% 15.7%
Sandwich 84.3%  602% 164%
LMN 100.0% 98.5%  26.0%
BiLipNet 98.0%  58.9% 6.8%

Ours 100.0% 99.4%  99.9%

Figure 3: Results of fitting f(z) =z (r < 0),  + 1 (x > 0) with SLL (left), Sandwich (middle)
and our method (right) with a specified Lipschitzness of 50. See Figure 16 for further details.

power and tighter bounds than other (bi-)Lipschitz units as ours can with only one unit produce
complex functions and its parameterization is not layer wise. Now, if we can afford to sacrifice the
tightness of the bounds to further increase expressive power, we can proceed like other methods by
stacking multiple BLNNs or combining them with other architectures to suit the characteristics of the
problem at hand (see Appendix F).

Further substantial extensions of our method can be found in Appendix F, such as generalization to
different input and output dimensions, to non-homogeneous functions and to other norms.

4 Experiments

Experimental setups can be found in Appendix H and codes in https://github.com/yuri-k111/
Bi-Lipschitz-Neural-Network. Further detailed results are summarized in Appendix G.

4.1 Bi-Lipschitz Control

In this subsection, the goal is to empirically verify that (i) our model achieves a tight control of
bi-Lipschitz constants, and (ii) it provides new beneficial behaviors different from other methods. We
focus on simple problems as they effectively convey key ideas.

Tightness of the Bounds Here, we verify the quality of the bi-Lipschitz bounds when the model
undergoes training. Especially, we focus on the Lipschitz bound since it is the most affected by the
approximation of LFT, and there exist many works to compare with it. Inspired by the experiment
of Wang and Manchester (2023), we aim to learn the function f(z) = z (x < 0), z + 1 (z > 0)
that has a discontinuity at x = 0. We take as comparison the LMN (Nolte et al., 2023), the
BiLipNet (Wang et al., 2024) and the i-ResNet network represented by its substructures: spectral
normalization (SN) (Miyato et al., 2018), AOL (Prach and Lampert, 2022), Orthogonal (Trockman and
Kolter, 2021), SLL (Araujo et al., 2023), Sandwich (Wang and Manchester, 2023). The Lipschitzness
of each model is constrained by a constant L. A model with a tight Lipschitz bound should achieve
that upper bound around x = 0 in order to reproduce the behavior of f. The percentage between the
empirical Lipschitz constant and the imposed upper bound L can be found in Table 1. Interestingly,
our method is the only one that achieves an almost perfect score for all settings, while for others the
tightness is decreasing. This can be understood as the result of the direct control of bi-Lipschitzness
without relying on the information of the individual layers and the construction which uses only
direct parameterizations. See Figure 3 for a visualization and Appendix G.2 for more results.
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Figure 4: Results of fitting the linear function y = x with (from left) AOL, Sandwich, BiLipNet and
our method with a specified Lipschitzness of 1000. See Figures 17 and 18 for further results.
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Figure 5: Uncertainty estimation with the two moons data set with several models. Blue indicates high
uncertainty, and yellow low uncertainty. (d)-(f) are with DUQ+BLNN, where (c, 3) are clarified.

Flexibility of the Model If we can underestimate the Lipschitz constant of the target function as the
previous experiment, we may also overestimate it. In this case, we observe that previous methods are
influenced by the imposed Lipschitz bound presenting high fluctuations in the learned representation
or slower learning speed. This is illustrated when learning the identity function y = x with a Lipschitz
constraint of L = 1000 in Figure 4. Our model can learn without any problem and the learning
speed is hardly affected by L. This may be due to the way we control the Lipschitz constant of the
model. In layer-wise models, the Lipschitz constant is adjusted by scaling the input, while in ours
we add a regularization term at the end, resulting in different loss landscapes with seemingly better
regularization performance for the latter strategy. See Appendix G.3 for more results.

4.2 Uncertainty Estimation

We now illustrate that our model can be efficiently used in areas where bi-Lipschitzness already
plays an essential role as an inductive bias. In the estimation of uncertainty based on a single neural
network, out-of-distributions and in-distributions points may overlap in the feature space making them
indistinguishable. Imposing inverse Lipschitzness on the underlying neural network of the architecture
is thus important as it can avoid this phenomenon called feature collapse. Lipschitzness is also
beneficial to improve the generalization performance. In one of the state-of-the-art approaches called
deterministic uncertainty quantification (DUQ) from (Van Amersfoort et al., 2020), bi-Lipschitzness
is constrained through a regularization method. Therefore, we can replace the gradient penalty with
a hard restriction by changing the neural network to a BLNN, resulting in a method we call here
DUQ+BLNN. See Appendix E for a precise formulation of this method and theme.

Two moons The first experiment we lead is with the two moons dataset. Here, we compare
DUQ+BLNN with the deep ensembles method (Lakshminarayanan et al., 2017), DUQ and a DUQ
with no bi-Lipschitz regularization (DUQ with no reg.). Results are plotted in Figure 5. The ideal
scenario is for the boundary of the yellow area to be as close as possible to the training data. As we
can observe, by adding a bi-Lipschitz constraint, the area of certainty is decreased around the training
data. DUQ+BLNN with («, 8) = (2,4) achieves a tighter area than DUQ. We chose the value of «
and (3 based on a grid search. We took the hyper-parameters with the highest accuracy and « since a
higher « is expected to create a tighter yellow area as shown in Figure 5. Note this strategy only relies
on the training data, and such strategy is possible thanks to our direct and simple parameterization of
the bi-Lipschitz constants. This clearly shows the advantage of the unique features of our model. See
Appendix G.6.1 for further results and discussion on this experiment.

Fashion-MNIST Next, we use real world data of FashionMNIST (Xiao et al., 2017), MNIST (Le-
Cun and Cortes, 2010) and NotMNIST (Bulatov, 2011). The task is to learn to classify FashionMNIST,
but at the end of training we verify whether the uncertainty of the model significantly increases when
other types of data such as MNIST or NotMNIST is given to the model. This task to distinguish
FashionMNIST from MNIST datasets is known to be a complicated task (Van Amersfoort et al.,
2020). We compute the AUROC for the detection performance. The result is shown in Table 2. Our



Table 2: Out-of-distribution detection task of FashionMNIST vs MNIST and FashionMNIST vs
NotMNIST with DUQ and DUQ+(0, 3)-BLNN. Means over five trials.

Models Accuracy BCE AUROC MNIST AUROC NotMNIST
DUQ 0.889 0.064 0.862 0.900
DUQ+BLNN 0.899 0.060 0.896 0.964

Table 3: Comparison of our model with state-of-the-art monotone models in benchmark datasets.
Means over three trials. Results of LMN and SMNN are from the original papers. BF = BlogFeedBack,
LD = LoanDefaulter, HD = HeartDisease, Acc. = accuracy. See Table 9 for complete results.

Models COMPAS (Acc.) BF(RMSE) LD (Acc.) HD (Acc.) AutoMPG (MSE)

LMN 69.3 % 0.160 65.4 % 89.6 % 7.58
SMNN 69.3 % 0.150 65.0 % 88.0 % 7.44
Ours 69.4 % 0.157 65.5 % 90.2 % 7.13

model achieves not only higher performance for FashionMNIST but also better detection of MNIST
and NotMNIST dataset. See Appendix G.6.2 for further results and discussion on this experiment.'

4.3 Partially Monotone Settings

Sometimes, it happens that we have preliminary knowledge on some type of monotone behaviors
of the dataset (Nolte et al., 2023). For example, COMPAS (Angwin et al., 2016), BlogFeedBack
LoanDefaulter (Nolte et al., 2023), HeartDisease (Janosi et al., 1988) and AutoMPG (Quinlan, 1993)
are benchmark datasets that possess a monotone inductive bias on some variables. See Nolte et al.
(2023) for further details on the dataset. As a result, it is more efficient to tune the architecture
of the trained model so that it successfully reflects this inductive bias, and various models have
been proposed to address this challenge. This is another field where we can apply our architecture
that can create monotone (or inverse Lipschitz) functions. We can also control the Lipschitzness to
improve the generalization performance. We compare our PBLNN with two state-of-the-art methods:
LMN (Nolte et al., 2023) and SMNN (Kim and Lee, 2024) in Table 3, and with other models in
Table 9 as well. As we can observe, our model is competitive with the others.

Generalization and Scalability Test Furthermore, we used the dataset provided by Nolte et al.
(2023), CIFARI101, which is a slight augmentation of the original CIFAR100 dataset and designed
to exhibit a monotone behavior with respect to one variable. We adopted their training scheme,
utilizing the entire dataset for training and intentionally overfitting the data in order to assess both the
scalability and expressive power of the model. Successfully, we achieved a 0 loss and 100% accuracy
for this experiment, and the convergence was faster than that of Nolte et al. (2023). This illustrates
the high scalability and expressive power of the PBLNN.

5 Conclusion

We built a model called BLNN based on convex neural networks and the LFT so that bi-Lipschitz
functions more complex than a single layer can be constructed and its bi-Lipschitz constants manipu-
lated through the coefficient of two regularization terms added at different outputs. That way, BLNN
not only achieves such a tight, direct and simple control but also provides rigorous straightforward
analysis on the expressive power and on approximations involved in practice. We illustrated with
experiments its distinctive advantageous features compared to prior models. While the primary focus
of this paper was to establish a framework suited for solid analyses and for the practical control
of bi-Lipschitzness, it is, of course, essential to complement this effort with more varied machine
learning applications in future work. We still believe this work on its own contributes to the further
exploitation of bi-Lipschitzness in prospective fields and to the deeper understanding of neural
networks by delivering a model with unique features for the control of this central inductive bias.

'We also tried to combine DUQ with BiLipNet but could not find competitive parameter settings.
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A Lipschitz and Inverse Lipschitz models

In this appendix, we review existing architectures that aim to control the Lipschitzness and inverse
Lipschitzness separately as existing bi-Lipschitz models borrow a lot of ideas from prior works on
Lipschitzness and inverse Lipschitzness. Moreover, this appendix may constitute a reference for
future bi-Lipschitz architectures.

Let us start by the Lipschitz property which has been extensively researched over the past few years.

A.1 Lipschitzness
A.1.1 Definition

Definition A.1 (Lipschitzness). Let L > 0. f : R — R* is L-Lipschitz (continuous) if || f () —
FfW)|| < L||x — yl| holds for all x,y € R'. L is called the Lipschitz constant and denoted as Lip( f).

As we can observe, this definition represents the concept of maximal sensitivity with respect to
the input as changes in the input upper-bounds changes in the output. This is also referred to as
smoothness since when the function is differentiable the Lipschitz constant upper bounds the Ls-norm
of its Jacobian.

A convenient property which is often used in Lipschitz constrained neural networks is its closure
under composition and addition. Thanks to these properties, the problem of Lipschitz regulation can
be decomposed into smaller ones for neural networks constructed by the composition and addition of
many simple layers.

A.1.2 Models

Due to its omnipresence in the field of machine learning, especially in the certification of robustness
against adversarial attacks, Lipschitz constrained neural networks have been the focus of many
prior works. Interestingly, their realization greatly varies, delivering different solutions for the same
ultimate goal.

A.1.3 Gradient Clipping

One of the earliest works trying to control Lipschitzness in the context of machine learning proposes
to clip the weights of the function to lie within a range of [—c, c] after back-propagation (Arjovsky
et al., 2017). Consequently, the set of possible parameters would be limited to a compact set, meaning
that the overall function is guaranteed to be Lipschitz with a constant dependent on c. However, we
cannot precisely know this value, and Miyato et al. (2018) pointed out this kind of brutal restriction
favors low-rank weights, leading to a serious decrease of the expressive power of the neural networks.

Regularization Another simple approach but quite effective is to add a regularization term to the
loss function so that the behavior of the overall function is encouraged to become Lipschitz in a
certain way. On the one hand, we can introduce a regularization term which penalizes the whole
gradient of the network as Gulrajani et al. (2017) did in the context of Wasserstein GAN (Arjovsky
et al., 2017) with the following term:

E,[(|VF ()2 - 1)%]. )
On the other hand, we can just focus on the weights. For example, Cisse et al. (2017) proposed a
Lipschitz architecture called the Parseval network which uses the following regularization term:

[WTw —1°.
As a result, all the weight matrices are incited to become orthogonal, which means 1-Lipschitz.

The main downside of these regularization methods is that they can only impose soft constraints
and cannot provide any theoretical guarantees on the Lipschitzness of the neural network. This is
crucial in some cases such as adversarial attacks where sensitivity has to be exactly controlled. While
the implementation is not so complicated as we only need to add a term to the loss function, the
computational cost heavily depends on the formulation of the regularization term. Moreover, penalty
on the whole gradient like that of equation (1) may not be truly efficient since the expectation can
only be computed for a limited number of points, which means that it is unclear whether or not the
regularization effect will propagate throughout the whole function.
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Spectral Normalization The Lipschitz constant of a linear layer is equivalent to its largest singular
value since

Wz —Wy| < [[W(z —y)ll < [W]lllz -yl
As a result, the problem amounts to normalizing the spectral norm of the weights. This is one of the
most famous approaches in this sector. The estimation of the largest singular value is thus crucial for
this technique, and power iteration is often used in practice.

Once we evaluated the spectral norm of each layer, we can for example normalize it (Miyato et al.,
2018):

W =V/|VI,
or rescale only weights whose norm is above a certain threshold A (Gouk et al., 2021):
1

=—F=V.

max(1, [[V]|2/A)
This can be applied to most types of layers used so far in practice including convolutional layers
which are only in essence linear operators (Farnia et al., 2019).

During training, since the weights are constantly changing, it is not realistic to exactly compute the
spectral norm at each iteration. Nevertheless, it has been observed that weights evolve more slowly
than the convergence of the power-iteration. As a consequence, we can only execute a few steps of
the power-iteration at each step and at the end of training arrive at linear layers normalized as desired.
This drastically reduces the computational cost.

Spectral normalization enables us to simplify the problem of Lipschitz control of the overall function
into that of the singular value of the linear units, as the overall Lipschitz constant becomes the
product of the spectral norm of each layer. However, it has been repeatedly shown that this approach
considerably overestimates the true Lipschitz constant of the whole function (Fazlyab et al., 2019).
For example, consider the composition of the following two matrices:

_( 100 0 _( 1/100 0O
A—( 0 1/100)’ B—( 0 100)'
The spectral norm is determined by the direction of the maximal expansion of the layer but this
direction may not be aligned throughout all the layers, especially when there is a nonlinear activation

function between each of them. As a result, it engenders a gap between the overall maximal sensitivity
and the product of that of each layer, and an intentional control becomes really difficult.

Similarly, since we are manipulating layers without taking into account the complex interaction
between each other, the magnitude of the gradient may vanish (Anil et al., 2019). Indeed, when the
weights are restricted to be 1-Lipschitz, the norm of the gradient can only decrease through the layers
during the backward pass, leading to potential vanishing gradients (Anil et al., 2019). Notably, it
was proved that this kind of 1-Lipschitz neural networks with spectral normalization and with ReLU
activation functions cannot represent the absolute value |x| (Anil et al., 2019) which is 1-Lipschitz.

In short, layer-wise spectral normalization risks overestimating the general Lipschitz constant, which
is problematic if we want to control it, may result in the problem of vanishing gradient and introduce
issues into the expressive power of the neural network.

Orthogonalization The problem of vanishing gradient can be solved by restricting the matrices to
be orthogonal since the eigenvalues of an orthogonal matrix always equal 1. The fact that all matrices
are isotropic help to stabilize the training (Prach and Lampert, 2022). This leads to a large body of
work that investigates orthogonal linear layers.

There exist several direct realizations of orthogonality. For instance, Xu et al. (2022); Huang et al.
(2020) uses the form of

W= (Vv
Singla and Feizi (2021) provides a parameterization with a skew matrix V' as follows:
W=exp(V-VT).

The latter method needs to approximate the exponential operator with a finite sum. Anil et al. (2019)
also construct an orthogonal weight from matrix power series:

Apy1 = Ay (I+;Qk+--~+(—1)p( _;/2 )QI;;>7
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where Q) = I — A A. Orthogonal convolutional layers are also studied (Li et al., 2019; Wang
et al., 2020), and other realizations were considered based on Cayley transform including convolu-
tions (Trockman and Kolter, 2021; Yu et al., 2022).

The Almost-orthogonal layer (AOL) (Prach and Lampert, 2022) reduces the computational cost of
creating orthogonal layers by approximating them by the following formulation:

—-1/2
W = Vdiag [ > _[VTV];
J
Empirically, these weights were nearly orthogonal at the end of the training.

In order to create L-Lipschitz functions, we can simply multiply the output or input by L. Never-
theless, while orthogonal layers are able to stabilize the training, this regularization destroys the
information about the spectrum by setting all the singular values to one. Moreover, the problem of
looseness of the Lipschitz bound persists since nonlinear activations are considered apart, and we do
not know how they interact with the linear layers.

Nonlinear Lipschitz Layer So far, we have reviewed methods that deal with linear layers. Recently,
some that incorporate nonlinear functions have started to appear.

Meunier et al. (2022) suggest to use residual type layers of the form
fl@)=a—2/|W|*W o(Wz +b),

where W T o(Wz + b) is the derivative of s(Wx + b) and s is a 1-smooth convex function so that
s’ = o. This type of layer is guaranteed to be 1-Lipschitz. This has been generalized by Araujo et al.
(2023) who built a nonlinear layer of the form

f(z) = Hx + Go(Wx + ).
If there exists a diagonal matrix A with non-negative scalars that satisfies
v —H"H+2aWT'AW —H'G — (a+B)WTA “ 0
~GTH — (a+ B)AW 20 -GTG =

where o is slope restricted to [«, 5], then f(x) is /7-Lipschitz. Especially, wheny = 1, H = 1
and G = —2WT~1, where T is a diagonal with non-negative entries so that 7' > WTW, the
corresponding layer is called SDP-based Lipschitz Layer (SLL). A choice of T is

Ty => W Wlijq5/ai,
j=1
where ¢; > 0. See Theorem 3 of their work for further detail.

Fazlyab et al. (2019) proposes LipSDP which estimates the Lipschitz constant of a multi-layer neural
network through a semi-definite programming (SDP). It is based on a SDP derived from an integral
quadratic constraint. Suppose we reformulate the simple multi-layer neural network as

BX = o(AX +b), f(z)=CX +by,

where o is [, 3] slope-restricted, X = (2 ,z{, -+ ,2])T,
W, 0 - 0 0
o wy -- 0 0
A= ) . ) R
0 0 - Wi 0
0 I, 0 - 0
0 0 I, --- 0
B - . . . . 9
0 0 0 I



and
C=(0,...,0,Wg), b=(bg,....b,_)".

Now, if there is a diagonal matrix A with non-negative entries such that

ALy, O - 0

AN [ —2a8A +B)A A o 0 - 0

(5) CaXin “S00)(5)+ + o =
o 0 --- wWiw,

is satisfied, then f is ,/y-Lipschitz.

Wang and Manchester (2023) provides a direct parameterization for this SDP. Its 1-layer version is
called the Sandwich layer and formulated as follows:

f(@) = V24T 0o (V20 Bz 4 b),

where A and B are produced from the Cayley transformation of an arbitrary matrix with correct
dimensions, and W is a diagonal matrix with positive entries.

While these methods provide new interesting possibilities to parameterize Lipschitz functions, they
are mainly layer-wise, still leading to overestimation of the overall Lipschitz constant, or use the
typical structure of the Lipschitzness, meaning that we cannot extend them to bi-Lispchitzness for
our purpose. Notably, the SDP-based approach that comes from Fazlyab et al. (2019) cannot handle
more general structures such as skip connections.

A.2 Inverse Lipschitzness
A.2.1 Definition

Definition A.2 (inverse Lipschitzness). Let L' > 0. f : R! — R? is L'-inverse Lipschitz if
1f(x) = f)ll = L'||= -yl

holds for all x,y € R'. L' is called the inverse Lipschitz constant and denoted as invLip(f).

The above property implies that an inverse Lipschitz function is always injective, which means that it
has an inverse which is 1/L’-Lipschitz.

The inverse Lipschitzness is a mathematical description of the minimal sensitivity of the function. By
increasing the inverse Lipschitz constant, we can dilute the function and make it more sensitive to
small changes of the input. Unfortunately, the inverse Lipschitzness is not closed under addition as
we can understand with the simple example of 0 = x — .

A.2.2 Models

To the best of our knowledge, the only model that was built specially for the control of inverse
Lipschitzness is that of Kinoshita et al. (2023). The same model was used earlier by Huang et al.
(2021) but for the construction of normalizing flows compatible with Brenier’s theorem in optimal
transport.

Kinoshita et al. (2023) observed that the derivative of an a-strongly convex function is a-inverse
Lipschitz. As a result, they propose a model of the type

v (F(x) + %HxHQ) — VF(z) + az, ?)

where F' is any convex function parameterized by a neural network. This approach has the interesting
property that we do not need to know what happens between the layers as we only add a term to the
output, which is possible thanks to the convexity of F'. That is, a layer-wise control is not required,
resulting in a simple and tight control of the inverse Lipschitz constant thanks to the fact that before
taking the derivative F’ can also freely reproduce any convex function that is not necessarily strongly
convex. In our work, we start from this model and extend it to bi-Lipschitzness.
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A.3 Bi-Lipschitzness
A.3.1 Definition

Finally, a function which is both Lipschitz and inverse-Lipschitz is called bi-Lipschitz. Note that by
definition the inverse Lipschitz constant cannot exceed the Lipschitz constant.

Definition A.3 (bi-Lipschitzness). Let 0 < L; < Lo. f : R! — R is (Ly, Lo)-bi-Lipschitz if
Lifle =yl < [[f(x) = fW)]l < Lellz —yll

holds for all x,y € R'. L and Ly are called together bi-Lispchitz constants.

A.3.2 Applications

Several interpretations can be attributed to this definition. Here, we provide some examples with
clearer explanations of the importance of bi-Lipschitzness which were omitted in the main pa-
per. In these applications, both Lipschitzness and inverse Lipschitzness are useful, or sometimes
indispensable, and Lipschitzness alone becomes insufficient.

1. Injectivity and Out-of-Distribution Detection: Bi-Lipschitz functions are injective thanks
to inverse Lipschitzness. This helps distinguish out-of-distribution and in-distribution data
in the feature space, making uncertainty estimation possible (Van Amersfoort et al., 2020).
Without inverse Lipschitzness, the problem of feature collapse can occur and compromise
the detection of outliers. The inverse Lipschitz constant can control the sensitivity to
out-of-distribution points. Please see Appendix E for further details on this topic.

2. Quasi-Isometry and Dimensionality Reduction: Bi-Lipschitz functions can be regarded as
a quasi-isometry, meaning that the structure of the input is inherited in the output as well.
This property is used for adequate dimensionality reduction or embeddings (Li et al., 2020).

3. Invertibility and Solving Inverse Problems: Bi-Lipschitz functions are invertible, and the
inverse Lipschitz constant serves as the Lipschitz constant of the inverse function. In
that sense, imposing inverse Lipschitzness helps guarantee good properties of the inverse
function, just as Lipschitzness assures them for the forward function (Behrmann et al., 2021).
This aspect is used to create normalizing flows (Behrmann et al., 2019) and solve inverse
problems (Kruse et al., 2021).

4. Balancing Sensitivity and Robustness: Bi-Lipschitz functions can avoid overly insensitive
behavior with respect to their input by controlling the inverse Lipschitz constant. An overly
invariant function is also vulnerable to adversarial attacks, as pointed out by Jacobsen et al.
(2019). To the best of our knowledge, the application of bi-Lipschitzness in this direction is
underexplored, but this concept may provide an effective solution.

A.3.3 Comparison with Prior Models

In this section, we compare our model BLNN with other models in more details.

Convex Potential Flow If we set & = 0, we obtain a BLNN whose output is V Fy, the derivative
of the LFT of a 1/3-strongly convex ICNN Fjy in terms of Algorithm 1. Since the BLNN is still
injective, it has an inverse which is only V Fy. As a consequence, in applications where we need to
compute the inverse, this model can provide an interesting solution since we can create invertible
functions with known inverse. This model was precisely used by Huang et al. (2021) in the context
of normalizing flows. It is equivalent to that of Kinoshita et al. (2023), but the motivation is different.
Ours can thus be regarded as an extension of their model as well.

Residual Network Interestingly, our model ultimately takes the form of ax 4+ g(x), which can be
compared with a residual network. The main differences are that the skip connection is scaled by
o and that the formulation of g is restricted to derivatives of convex functions. These two features
were crucial components for a direct parameterization of the bi-Lipschitz constants. Behrmann et al.
(2019) composed many layers of the form of a residual network to guarantee high expressive power
to their invertible residual network. This superposition of layers is only sub-optimal as it leads to a
looseness in the bounds of the bi-Lipschitz constants of the overall function and it is not enough to
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represent some functions such as y = —x. In a sense, our work shows that by restricting ourselves to
the derivative of convex functions, this kind of heuristics is not necessary at all and that this condition
leads to tighter control.

B Proofs of Statements and Further Discussion

In this appendix, we provide further details and proofs of statements in the main paper.

B.1 Additional Definitions

We first remind some definitions.
Definition B.1. Letr v > 0. F' : R™ — R is v-smooth if F' is differentiable and

IVF(z) = VE(y)ll < [z =yl
holds for all x,y € R. That is, VF is y-Lipschitz.

In the remainder of this chapter, we will concisely refer to a smooth function when we do not need to
specify the smoothness constant. Furthermore, in this work, we will often deal with smooth convex
functions. For this type of function, there exist four equivalent characterizations. See Appendix D for
the proof.

Theorem B.2. Let v > 0and F : R™ — R a differentiable convex function on a convex domain.
Then the following are equivalent:

1. Fis y-smooth in the meaning of Definition B.1:

IVE(z) = VF(y)| <vllz -yl

2. The following holds for any x,y € domF':
(VE(x) = VF(y)" (z —y) <ollz —yl*.
3. The following holds for any x,y € domF':

F(y) < Fa) + V@) (y —2) + S|y — |

4. (co-coercivity) The following holds for any x,y € domF':

(VE(z) = VF(y)) (z —y) > %IIVF(I) ~ VF(y)|*.

Convexity and strong convexity is defined as follows:
Definition B.3. F': R™ — R is convex if

Fte + (1= t)y) <tF(z) + (1 - )F(y)
holds for all t € [0,1] and x,y € domPF.
Definition B.4. Let po > 0. F : R™ — R is pi-strongly convex if F'(z) — &||z||? is convex.
We also introduce the Lengendre-Fenchel transformation which will be a core process in our con-

struction.

Definition B.S. Let F' : I — R a convex function over I C R™. Its Legendre-Fenchel transformation
F* is defined as follows:

F*(x) = b;éx;{@,@ - F(y)}. 3)
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B.2 Construction of Bi-Lipschitz Functions: Proof of Theorem 3.4

The first step is to notice that the gradient of a real-valued L-strongly convex function F' becomes
L-inverse Lipschitz as pointed out by Kinoshita et al. (2023).

Proposition B.6. Let F' be an a-strongly convex differentiable function. Then VF is a-inverse
Lipschitz.

Proof. Since F is a-strongly convex,
!
F(y) > F(x) + VF(@) " (y = 2) + Sy — =
Similarly,
!
F(z) > F(y) + VF(y) (2 = y) + 5z =yl
By summing both inequalities side by side, we obtain
T
allz —yl|* < (VF(z) = VF(y)) (z—y) < |VE(z) = VE(y)llly — =],
where we used Cauchy-Schwarz inequality for the right inequality. As a result,
[VE(z) = VF(y)| = allz -yl
O

Therefore, an a-strongly convex neural network can be first built, and then its gradient calculated in
order to construct a neural network which is guaranteed to be a-inverse Lipschitz. Now, since the
derivative of a smooth function is Lipschitz by definition, we can similarly proceed to construct a
function which is both Lipschitz and inverse Lipschitz. That is, we aim to compose a function which
is both strongly convex and smooth.

Interestingly, smoothness and strong convexity are closely related through the Legendre-Fenchel
transformation.

Proposition B.7. If F' is a closed 1/ 3-strongly convex function. Then its Legendre-Fenchel transfor-
mation is 3-smooth.

See Zhou (2018) for a proof. Importantly, the smoothness of the Legendre-Fenchel transform does
not depend on that of F' as long as it is strongly convex. This means that this statement holds also for
strongly convex neural networks with ReLU activation functions, and consequently non-differentiable.

Proposition B.8. The resulting function F'* of a Legendre-Fenchel transformation is also convex as
long as its domain is convex.

Proof. Forallt € [0,1] and 21, z2 € domFE™,
F*(txy + (1 — t)xa) :suI; {{y,tx1 + (1 — t)as) — F(y)}
S

=sup {t ((y, 1) = F(y)) + (1 = 1) (g 22) — F(y))}

yel
Stztér; (y,21) — F(y)} + (1 —1) 2161]? (y,x2) — F'(y)}

=tF*(21) + (1 — ) F*(x2).

This leads to the following statement.

Theorem B.9. Let F be a closed 1/3-strongly convex function and o > 0. Then the following
function is a-strongly convex and o + (B-smooth:

F*(@) =sup {{y. ) = F)} + 5 o]
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Fo(y): 1/B-strongly convex neural network

Legendre Transformation

Fy(x): B-smooth convex neural network

1

Fy(x) + g llx||?: @+ B-smooth & a-strongly convex neural network

1 Derivative

(a, a + B)-bi-Lipschitz neural network

Figure 6: Construction flow of bi-Lipschitz neural network through Legendre-Fenchel transformation
and Brenier map.

Proof. Since F is a closed 1/3-strongly convex function, we know that F™* is convex and 3-smooth.
Now clearly F* 4 &||«||? is a-strongly convex by definition of strong convexity. Moreover, since

|V (F* @)+ Slal?) = 9 (F(w) + Sl | = IVF* (@) + aw = (VF*(3) + ap)
< IVF*(2) = VE*(3)]| + low — ay]
< (B+a)lz — gl
F* + ¢||z|? is o + B-smooth. O

Corollary B.10. Suppose F* is constructed as Theorem B.9, then VF* is (o, o + (3)-bi-Lipschitz,
and f* := VF*(x) = argmax, {(y,z) — F(y)} + ax.

See Zhou (2018) for a proof of VF*(x) = argmax, {(y, =) — F(y)}. See Figure 6 for a summary
of the construction flow. (

Remark B.11. This construction can only handle functions with the same input and output dimensions.
However, this is a common problem in bi-Lipschitz architectures such as that of Behrmann et al.
(2019). It can be addressed by using a composition of bi-Lipschitz functions which will be explained
in Appendix F.

B.3 Expressive Power of BLNN

In this subsection, we discuss the expressive power of BLNN. It is crucial for this type of construction
to clarify this. As we mentioned earlier, layer-wise constraints realize a bi-Lipschitz neural network
by restricting the sensitivity of each layer. Nevertheless, this kind of construction is only sub-optimal
as it limits the expressive power of the function more than expected. For instance, neural networks
with spectral normalization and ReLU activation functions cannot represent y = || (Anil et al., 2019),
and an invertible residual network cannot express the linear function y = —x (Zhang et al., 2020),
which were not mentioned in the original paper (Behrmann et al., 2019). Layer-wise bi-Lipschitz
approaches cannot directly inherit the proofs and properties of the original network, which makes the
understanding of their behavior more difficult.

As for our model, the («, 3)-BLNN, we can prove that

1. Before taking the gradient, our model can approximate any a-strongly convex and « + [3-
smooth functions on a compact domain endowed with the sup norm (Theorem 3.6).

2. After taking the gradient, we can create a sequence of functions that converges point-wise to
any function which is o + S-Lipschitz, a-strongly monotone (see Definition B.12) and the
derivative of a real-valued function.

The proof is almost straightforward thanks to the fact that our model only makes modification at the
output of the core neural network, and we can build on the proofs of previous works (Chen et al.,
2019; Huggins et al., 2018).

Definition B.12. A monotone function f : R! — R! is defined as (f(z) — f(y),x —y) > 0.
Furthermore, f is a-strongly monotone if (f(z) — f(y), = —y) > aflz — y|*.
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B.3.1 First Part: Proof of Theorem 3.6

Theorem B.13. For any proper closed a-strongly convex and o + [3-smooth function on a compact
domain, there is a BLNN without taking the gradient at the end, i.e., sup,{(y,z) — (Go(y) +
llyll?/(28))} + l|z||?/2 where Gg is an ICNN with ReLU or softplus-type activation function, that
approximates it within € in terms of the sup norm.

Proof. From Proposition 3 of Huggins et al. (2018), we already know that for any convex function on
a compact domain, there is an ICNN with ReLU or softplus-type activation function that approximates
it within € in terms of the sup norm.> The key point in this proof is to show that the Legendre-Fenchel
transformation does not deteriorate the approximation quality and that introducing strongly convexity
and smoothness constraints does not cause any unexpected limitations on the expressive power.

Let f be a proper closed a-strongly convex and o + -smooth function. Since f(z) is a-strongly
convex and a+ 3-smooth, f () — 5 ||z||* becomes a convex -smooth function. Indeed, by definition
of strong convexity, f(z) — §||z[|* is convex. Moreover,

(Vf(z) —ax = (Vf(y) —ay),z —y) < Bllz —y*

As a result, by definition of smoothness (Theorem B.2), f(z) — $[/z/|? is 8-smooth. Now, since
f(z) = f(z) — 2||z|? is a proper closed convex function, f** = f (Theorem 12.2 of Rockafellar
(1997)). That is, the Legendre-Fenchel transforms is an involution. Taking f *, we obtain a 1/(-
strongly convex function. Similarly, f*(y) — ﬁ ||y||2 is convex. Therefore, there exists an ICNN f
so that

sup

y

) (70 - 21ﬁ|yll2>’ <e

or

Flo)+ 5 - f**<y>\ <e. @

sup
y

This precision is preserved after Legendre-Fenchel transformation. Indeed, if we define f ; as the
2
, then

Legendre-Fenchel transformation of f(y) + % Ily
sup |f5(z) — [ (2)| < e )
x

which is equivalent to B
sup |f5(x) — f()] < e
x

This can be derived as follows:

f3(z) =sup {<ya 7= (f(y) " 21,6”‘”2) }
—sup { ) = (o) + @) = (F) + 55107 |
o {tner- o) +ow {7+ - (7 + 1) |
<f@) +e

where we used the definition of f**(x) and equation (4) for the last inequality. Since we can change
the role of f and f* and the above inequality holds for all , we obtain inequality (5). Finally, by
adding o|z[|*/2 to f5(x), we obtain a function that approximates f within e

sup f3(2) + allz)|?/2 - f(z)| =sup 1f3(z) = (f(z) — allz]?/2)]
=Sgp\f5($) — f(2)]

<e.

Here, a softplus-type activation function is a function s that satisfies the following conditions: s > ReLU,
s is convex and |s(z) — ReLU(z)| — 0 as |z| — oo (Chen et al., 2019).
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In order words, f is the ICNN that creates a BLNN (before derivation) that approximates f within
€. O

As we can conclude, our model with parameters a and /3 (before taking the gradient) can approximate
any a-strongly convex and o + §-smooth functions on a compact domain endowed with the sup
norm. Importantly, the approximation quality of the BLNN equals that of the model we use to create
the core convex function.

B.3.2 Second Part

The second point of this section is proved by the following theorem.

Theorem B.14 (Huggins et al. (2018), Theorem 2 adapted). Suppose G : R — R a proper convex
function and almost everywhere differentiable. If there is a sequence F,, : R® — R of BLNN before
taking the derivative so that F,, — G. Then, for almost every x € R, VF, () — VG(x).

If a monotone function can be represented as the derivative of the real-valued function, then it is the
gradient of a convex function. Hence, we can use the above theorem.

Remark B.15. The existence of such sequence F,, is assured by Theorem B.13 since we can let F,
approximate G with a uniform error of 1/n on the compact domain [—n, n)?.

Therefore, an («, §)-BLNN can represent any « 4 3-Lipschitz a-strongly monotone (i.e., (o, « + 3)-
bi-Lipschitz) function that is the derivative of another function almost everywhere.

B.3.3 A Brief Discussion on the Expressive Power of BLNN

In this section, we briefly discuss the difference between the whole set of bi-Lipschitz functions
and the expressive power of the BLNN and the possibility of designing an architecture that can
approximate any bi-Lipschitz functions based on our model.

There are three relevant classes of functions: (1) bi-Lipschitz functions, (2) monotone bi-Lipschitz
functions, and (3) cyclically monotone bi-Lipschitz functions. Our model can represent any function
of class (3) since cyclically monotone bi-Lipschitz functions are equivalent to the class of derivatives
of (strongly) convex functions (Rockafellar, 1970). In dimensions larger than 1, these three classes
are different: f(x,y) = (—y, ) isin (1) but not in (2), and f(z,y) = (z + 2y, y) is in (2) but not in
(3). Current bi-Lipschitz models are supposedly in class (1) or (2), like that of Behrmann et al. (2019)
and Nolte et al. (2023). Here, we will only focus on bi-Lipschitz functions with the same input and
output dimensions, as most of the bi-Lipschitz models fall into this category. Let us now discuss how
class (3) can be used to produce functions of class (1) (and (2)).

First, if we suppose the function can be represented by the gradient of another real-valued function,
class (1) and (3) are equivalent. Interestingly, under this condition, we can provide an even stronger
statement based on Theorem 2.1 of Zlobec (2005). It says that If f : R™ — R is continuously
differentiable and its derivative is Lipschitz on a convex set /i with some Lipschitz constant L, then
there are a convex function C(x) on K and a > L so that f(z) = C(z) — az " /2. In other words,
under the condition that a function can be written as the gradient of another real-valued function,
class (3) is equivalent to all Lipschitz functions up to a quadratic concave term. Therefore, our model
can still express a quite large family of functions.

Next, the condition of being the gradient of a function can be interpreted as being rotation-free,
ie.,, V.x FF = 0. It is known that any vector field can be decomposed into a rotation-free and
divergence-free component (Hodge decomposition theorem) under some regularity conditions. In R3,
this means that a function f in class (1) can be decomposed as follows:

f=VxA+VB

where A is a vector field, and B a scalar function. From the other direction, we can takeV B as
a function of class (3), and A as an arbitrary function with bounded gradient. That way, we can
reproduce a large variety of functions so that f is bi-Lipschitz without necessarily being representable
as the gradient of another function. The choice of A is still ambiguous so that f is effectively
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bi-Lipschitz with explicit bi-Lipschitz parameter control, but we believe this approach is promising
for the generalization of our method.

In conclusion, while our model may have theoretically restrictive expressive power, it still leaves a
large liberty to express more general bi-Lipschitz functions both in theory and practice.

B.4 Backward Pass of BLNN

In this subsection, we provide the explicit formulation of the gradient of the BLNN with respect
to the parameters. The first half considers the simple BLNN and the second a more complete case
analysis with a complex architecture where BLNN is only one component of it.

B.4.1 Proof of Theorem 3.7
First of all, the gradient of the loss with respect to the parameters can be more concretely formulated
as follows:
Lemma B.16. Suppose a loss function L : z — L(z), and the output of the BLNN is f*(x;0) :=
V. Fj(x) + ax as defined in Algorithm 1. Then the gradient can be expressed as follows:

Vg L(f*(@30)) = VI L(x) {V] VoF" (@:0)} ©)
where z = f*(x;0).

This is only an application of the chain rule. Now, interestingly, Vo F*(x; ) can be written as a
function of the core ICNN F as the following statements shows.

Theorem B.17. Suppose F and F'* are both differentiable, then the following holds:
VoI (2;0) = —0pF(y*(2;0);0), )

where Oy is the partial derivative with respect to 6.

Proof. Since, y*(r;0) = argmax, c; {(y, z) — F(y;0)}, y* satisfies the following stationary point

condition:
Vy {{y"(2:0), x) = F(y"(2:0);0)} = = = V, F(y(z;6);0) = 0. ®
Now, taking the derivative of F'* (;0) = (y*(x;0),z) — F(y*(z;0); 0) with respect to 0 leads to:
Vo F™ (;0) = Vo{< “(@;0), 1) = F(y"(2;0);0)}
= (Vo y' (:0)) "o — 0 F(y" (:0);0) — (Vg 5" (2:0)) "V F(y" (:0);0)
= (Voy"(@;:0) @ = 9pF(y" (2:0);0) — (Vg y"(2;0)) @

= —0pF(y*(x;0);0),
where we used equation (8) for the last equality. O

This results in the following representation of the gradient (Theorem 3.7).

Theorem B.18. Suppose a loss function L : z — L(z), and the output of the BLNN is f*(x;0) :=
VFj(x)+ oz as defined in Algorithm 1. If F' and F** are both differentiable, then the gradient can
be expressed as follows:

Vo L(f*(2:0)) = =V L(z) {V2F(y"(;0);0)} ' 95 V, F(y* (x30); 0). ©)

Proof. From Lemma B.16 and Theorem B.17, we know that
Vo L(f*(2;0)) =V L(2) {V] Vo F*(x; 9)}
=~ V. L(2)9 Vo F(y* (2;0): ).
Continuing the procedure, we obtain:
Vo L(f*(x;0)) = — V. L(2)93 Vo F(y"(x;6);6)
— VI L(2)Vay*(2:0)99 V, F(y* (2:6);6)
— VL) {V2F(y* (2;0):0)} " 05 V, F(y*(2;6);0),

where in the last equality, we used the fact that y; = V,Fj and V, Iy are inverse with respect to
each other (Zhou, 2018). O
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Figure 7: A generalization of an architecture including our model.

Therefore, we can compute the gradient without back-propagating through the whole optimization
process of the Legendre-Fenchel transformation but only with the information of the ICNN Fjy. In
practice, the following observation facilitates even more coding since we can directly employ the
backward algorithm provided in libraries such as Pytorch.

Corollary B.19. Under the assumptions of Thoerem B.18, the gradient of the loss L is equivalent to
the following real-valued function:

—V;—L(f* (x; 0.requires_grad_(F))) {ViF(y; (2); 0.requires_grad_(F)) } ! VyF(ys(2);0),

where 6.requires_grad_(F) indicates that this 0 is considered as a constant and not a parameter to be
differentiated with respect to.

B.4.2 A more complete case analysis

In practice, a model may possess a more complex architecture where parameters to be optimized
do not only come from the ICNN but also from other components. Consider the schema of Figure
7. Mathematically, this can be formulated as follows. Suppose 6, ¢ and 1 are parameters, f(z;6)
is a BLNN, h(d; ¢) is a parameterized function like a neural network, and L(z,w;) is a real-
valued function returning the loss. In this problem setting, the overall loss can be expressed as
L(f(h(d; ¢);0), h(d; ¢);1). This means, for a model that incorporates a BLNN, we can classify
parameters into three groups:

1. those that define the ICNN used in BLNN,
2. those that define the transformation whose output is transferred to the input of the BLNN,
3. and those that are unrelated to the BLNN.

For instance, this formulation includes VAEs with a BLNN for the underlying neural network of the
decoder. The derivative of the first group of parameters was already discussed above, and that of the
last one is straightforward. As for the second family, we can proceed in a similar way as Theorem
B.18.

Theorem B.20. Suppose a model with loss included L(f*(h(d; ¢);0);1). The output of the BLNN
is f*(x;0) := VFy (z) + ax as defined in Algorithm 1. If F and F** are both differentiable, then the

gradient of ¢ can be expressed as follows:

VoL (f* (h(d: 6): 0), h(d: 6):¥) =V L(z2:) [{VEF(y"(2:0):0)} " +al| V] h(ds )
+ V. L(z,2;9)V  h(d; ),
where z = f*(h(d; ¢);0) and x = h(d; @).

Proof. We can proceed similarly as the previous theorems. By chain rule,

Vo L(f*(h(d; $);0), h(d; §);v) = V] L(z,w; 1)V | f*(h(d; ¢);0) + V., L(z, w; )V § h(d; ¢),
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where z = f*(h(d; ¢)) and w = h(d; ¢). The second term does not require further computation. We
will focus on the first term.

Vi 7 (h(d; 6);0) ==V, {V.F; (h(d; ) + ah(d; ¢)}
=V, " (h(d; );0) + Vjah(d; ¢)
=V y* (@:0)V i h(d; ¢) + V, ah(d; ¢)
= [{V;F(y*(x, 0); 9)}_1 + OLI} V;h(d; o).

This provides the desired result. O

To summarize, gradients used for the update of each type of parameters can be written as follows:

Corollary B.21. Let L := L(f*(h(d; ¢); 8), h(d; ¢); ). Then under assumptions of Theorem B.20,

Vo L= VI L(z,a;9) {V2F(y" (2:0);0)} ' 95 V,F(y*(x;0); ),
VIL=VIL(ew0) [{V2F( (2:0::0)} " + 01| VIh(d:6) + V] Lz 2:0)V h(d: ),
ng = ng(z,x;w),

where x = h(d; ¢) and z = f(h(d; ¢);0).

C Algorithms for Legendre-Fenchel Transformation

In this appendix, we discuss the implementation of the LFT as an optimization problem and properties
derived from the choice the optimization algorithm. As a reminder, we suppose that a convex
solver generates for a fixed z a sequence of points {y;(z) }+=o,... 7 based on the objective function
(y, ) — F(y), converging to the true optimizer y*(z) := argmax, {(y, =) — F'(y)}.

C.1 Influence of Approximate Optimization on Bi-Lipschitz Constants: Experiments

We first run experiments with the following common convex solvers: steepest gradient descent
(GD), Nesterov’s accelerated gradient (AGD) (Nesterov, 1983), Adagrad (Duchi et al., 2011), RM-
Sprop (Hinton et al., 2012), Adam (Kingma and Ba, 2015) and the Newton method. We calculated
the bi-Lipschitz constants of the generated curve y;(z) for each optimization scheme at each iteration
t. F was chosen as a two-dimensional ICNN with two hidden layers. The activation was set as the
softplus function log(1 + exp(x)). The derivative of the softplus function is the sigmoid function,
which means the overall convex neural network becomes smooth. At the output of the ICNN, we
added a regularization term ||| /(2 x 10) so that the overall function becomes 10-strongly convex
as well. As a result, the Legendre-Fenchel transformation is also smooth and strongly convex with
respective constants ¢’ and c that we estimated beforehand. In other words, the Lipschitz and inverse
Lipschitz constants of the function y;(x) with respect to « should converge to ¢’ and ¢, respectively.
As for the step size, we chose one so that the corresponding convex solver converged. For a p-strongly
convex objective function, it is known that GD converges with a decreasing step size of ﬁ Thus,
we chose this for GD but also for Adam and RMSprop since it helped the algorithm to converge. For
Adagrad, we set it as i, for the Newton method as 1 and for AGD as 1/c¢, the smoothness constant of

the objective function. Results are shown in Figures 8 and 9. See Appendix H for further details on
the experimental setup.
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Figure 8: Evolution of bi-Lipschitzness (Lipschitz: left, inverse Lipschitz: right) through the iteration
of several optimization algorithms: GD (top row), AGD (middle row) and Newton (bottom row).
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Figure 9: Evolution of bi-Lipschitzness (Lipschitz: left, inverse Lipschitz: right) through the iteration
of several optimization algorithms: Adagrad (top row), Adam (middle row) and RMSprop (bottom
IOW).

As we can observe, the simple gradient descent, AGD, Adagrad and the Newton method perform
well in the perspective of conservation of bi-Lipschitzness while RMSprop and Adam are not able
to provide such feature, especially for the inverse Lipschitz constant. This incites us to use GD for
simplicity or Adagrad as convex solver of the Legendre-Fenchel transformation.

C.2 Influence of Approximate Optimization on Bi-Lipschitz Constants: Theoretical Analysis

Now that we have an idea of the behavior of well-known convex solvers, we proceed to the theoretical
analysis of the approximation quality of optimization schemes concerning the bi-Lipschitz constants
predefined in our model. The aim is to clarify when bi-Lipschitzness is preserved and to evaluate the
effective bi-Lipschitz constants through the iterations.
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C.2.1 Proof for General Algorithms

Here, we focus on deriving a general non-asymptotic bounds, i.e., the evaluation and evolution of the
bi-Lipschitzness of y;(z) for a finite period of timer for general optimization algorithms. This is a
crude bound.

Theorem C.1. Let the symbols defined as in Algorithm 1. Consider an optimization scheme of
sup, {(y, ) — Fp(y)} generating points {y;(x) }+ that achieves an error of ||y:(x) —y* (v)|| < €(t, x)
after t iterations, where y*(x) is the global maximum. Then, for all z;, x; such that ||z; — x;|| > 0
ford >0,

F$(@) = 130 ()

[ =4

a— (e(t,z;) +e(t,x;))/0 < I <a+ B+ (e(t,x;) +€(t,z;)) /0,

where fét) (x) := yi(x) + ax is the finite time approximation of f;(x).

Proof. Concerning the upper bound,

167 @) = £ @l =llwe (i) + oz — (wele;) + az)|
<allz; — 2l + [lye(z:) — ye ;)]
<allz; — x5l + llye (i) — v (@)l + ly™ (@) — " ()|
+ 1y (25) = ye(a)|
<allzi — ;]| + e(t, i) + [ly"(zi) —y" ()] + €(t, )
<allws — x| + et ) + [VFg (w:) — VG ()| + €, z;)
<allz —ajll + e(t, zi) + Bllw — x| + €(t, z;)
=allzi — ;|| + Bllzi — ajll + e(t, zi) + e(t, z5),
where Fy is the Legendre-Fenchel transformation of Fy.
As for the lower bound, we begin by evaluating (y:(x;) — ye(z;), ; — x;).
(e(i) — ye(s), @i — wj) =(ye(@s) — y* (i), wi — 25) + Y (@) — y" (25), 23 — ;)
+ (v (x5) — (@), 2 — ;)
> = llye(wi) = y™ (@a)lllwi — ;]
+ (VFy (2i) = VF (2;), 2 — ;)
= ly™(x;) — ye(w;)lllwi — ;]
> — elt,zi)la — 2y + (VEF () - V(2,2 — )
— e(t, )@ — ;|
> —e(t, i)z — x| — ety zj) s — a5,

where for the last inequality we used that for any convex function (V Fj (x;) -V Fj (2;), x;—x;) > 0.
Now since fe(,t)(x) =y(z) + ax

t t
(fo () = 1§ (@) s = 23) ={un () + aws — (ynlay) + awy), 25 — )
=(ye(ws) — yel)), 2 — 25) + allw; — 25
>allz; — @) — et wi)llwi — 25l = e(t, 2))lws — ;]
. . ¢ ¢ ¢ t
By Cauchy-Schwarz inequality, ( é ) (25) — é Nz;), 25 — ;) < ||f(§ (i) — 9( V@) — a5]].
Thus, we finally obtain
t ¢
167 @) = 13" )l > allas = a5 = eltse0) = et 7).
In order to derive the inequalities of the statement, it suffices to divide all sides by ||z; — «;|| and use
|lz; — x;|| > 6 on the two obtained bounds.

Since €(t, ) — 0 as ¢ — oo for any optimization scheme that converges, we can recover an arbitrarily
close approximation of a and o 4 3, the inverse Lipschitz and Lipschitz constants, with enough
number of iterations. This is a general bound that can be applied to any algorithm with known
behavior. Below, we provide two concrete evaluations applied to the gradient descent.
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Corollary C.2. Suppose Fy is p-strongly convex and x — ||Osur Fo (y1)|| < G(z). If we employ
gradient descent with n, = 1/(u(t + 1)) as a step size and a fixed initial point yo = 0, €(t,z) =

2G(x)/(u\/t). Therefore,

O y_ (O
a — 2(Gas) + G(x,))/(6pV/T) < Ifo (ws) = fo ()l < a+ B+ 2G(x) + Glay)) )/ (6uvr).

2 — ;|
Proof. This follows from Lemma 1 of Rakhlin et al. (2012). L]

A similar bound can be provided when x — ||0sub Fo(y:)|| < G(z) is satisfied almost surely. See
Lemma 2 of Rakhlin et al. (2012).

Corollary C.3. Suppose Fy is u-strongly convex and ~y-smooth. If we employ gradient descent with
t/2
Nt = 1/ as a step size and a fixed initial point yo, we can choose €(t,x) = ( - {:—2) llyo(z) —
y*(@)|1%
Proof. Since F' is vy-smooth, h(y) = (y,x) — F(y) is vy-smooth and p-strongly concave. As a result,
[ye+1 =y II° =llye +nVR(ye) = y*[I?
=llye —y* 11> = 20(Vh(ye), ye — y*) +1° [ VR(y)|?
=llye —y* 11> = 20(Vh(ye) = VA(Y*),ye — y*) +1*[Vh(ye) — Vh(y")|
* 1 * *
<llye = y*|I* - 2n§||Vh(yt) = Vh(y)|I? +n*Vh(y:) — Vh(y")|?

* 1 *
=llye —y*II” — ?IIVh(yt) — Vh(y")|?

*|12 /1’2 *|12
<|lye —y*|| —gllyt—y l

2

1
(1= %) - w12

2\ t+1

u .
:(L,ﬁ) o — °II%

where we used that Vh(y*) = 0 for the third equality, the co-coercivity of smooth convex functions
for the first inequality, and inverse Lipschitzness for the second inequality. O

This is a crude estimation of the bi-Lipschitz constants. As long as we assume that all values can only
take discrete ones with intervals bigger than 9, then this theorem provides a meaningful evaluation.
For example, during training this does not pose a problem since the number of training data is usually
finite. Technically speaking, we will not have any problem in practice either as the computer also
deals with discrete values.

The limitation of the above theorem appears once we authorize infinite precision as we could take two
values arbitrarily close to each other, i.e., § — 0, leading the lower and upper bound to explode. This
makes the model prone to adversarial attacks. One way to remedy this is to evaluate the Legendre-
Fenchel transformation for some discrete values and interpolate with some bi-Lipschitz functions
(e.g., linear) so that the whole function satisfies the expected bounds.

Ideally, we would like to derive a bound of the type
£y (@) = £ (@)

[z = 4]

(s — 2l 0) < | < (s 51, 8), (10)
where h; and ho converge as ||z; — x;|| — 0 and converge to 0 as ¢ — co. We could not achieve this
in Theorem C.1, which is predictable as we did not take into account the similarity of the optimization
paths of z; and z; and derived the bounds by isolating each point. The next step is thus to take into
account this closeness. Nevertheless, this kind of analysis is more involved and we do not know if it
is applicable to all optimization schemes. This could explain the existence of some algorithms where
the bi-Lipschitzness do not evolve as desired as we have pointed out in Figure 9.
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C.2.2 Proof of Theorem 3.5

The following theorem shows the first half of the statement of Theorem 3.5. That is, we show that in
the limit there is no bias for GD in terms of bi-Lipschitz constants.

Theorem C.4. Let the symbols defined as in Algorithm 1. Consider an optimization scheme of
sup, {(y, z) — F(y)} generating points {y;(z)}: at the t-th iterations. If F' is p-strongly convex,
v-smooth and twice differentiable and we employ gradient descent with a step size 1 so that the
discrete optimization converges to the global maximum y*(x), then for all ©

1
— 2V, Yoo(w) <
5

==

Proof. The recurrence relation of GD is as follows:

Yir1(x) = ye(@) +me{z — Vy F(y(x))} -
Since F' is twice differentiable, we can take the Jacobian of both sides:
V(@) = Viy(@) +m {1 = ViF(y(2))Viy(2)} .
By replacing y:41(x) and y:(x) by yoo () as the sequence is converging by hypothesis, we obtain

Voo (@) =V Yoo (@) + 1 {I = VEF (Yoo (2)) V] Yoo (2) }
={I = V2F (Yoo ()} V] Yoo (@) + 1]

Therefore, sinceV>, F'(y) is invertible as 1 < V2 F(y),

V. oo (2) = {V2F(yee ()}

By using p1 < V2F(y) <+, we arrive at the desired result. O
y gH "

Remark C.5. Note that y.(x) and y*(x) are different in the sense that the former is defined by the
limit (t — o0) of the recurrence relation of the optimizer, while the latter is defined as the global
maximum of sup, {(y, x) — F'(y)} which also satisfies V, F'(y*(x)) = . In short, they differ in the
Sformulation and explicit dependence on z.

Since F' is p-strongly convex and y-smooth, its Legendre-Fenchel transform is 1/~-strongly convex
and 1/p-smooth, leading to a (1/+, 1/u)-bi-Lipschitz function by taking the derivative of the latter.
This behavior is inherited by the optimization scheme in the limit of ¢ — oo as the above theorem
shows. The point is that there is no bias, which may have occurred if the influence of the step size
persisted in the final result. A similar result can be obtained for AGD. For the others, the analysis is
more complicated as the gradient is accumulated throughout the iterations. Since our main interest is
non-asymptotic behavior, we will not further develop this.

We will now prove the second half of the theorem and show that equation (10) can be actually
established for some parameter settings at least for Lipschitzness.

Theorem C.6. Let the symbols defined as in Algorithm 1. Consider an optimization scheme of
sup, {{(y, ) — F(y)} generating points {y:(x)}; at the t-th iterations and y*(z) is the global
maximum. If F' is p-strongly convex and ~y-smooth and we employ gradient descent with 1, =
1/u(t + 1) as a step size and yo(x;) = yo as initial point, then for all x;, x;

lyes1 () = yegr () || < /1 = 2+ 02y lye (i) — ye(xj) || + ne |z — x5

As a result,
lye1 (i) = yea ()| < hE) |l — a4,
where
tli>IIolo ht) = i
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Proof. Let us first prove the recurrence relation of the statement. Throughout the proof, we use the
following notations:

Ay = yi(x:) — yt(fj)»
Az = x; — x5,
ADy := VF(y; () — VF(yt(mj)).

Since
1Aye 1]l = |Ay: — neADy + Az < [|Ays — e AD|| + nel| Az, (11)

it suffices to evaluate ||Ay; — n: AD;||. Now,
1Aye — e AD* =[| Aye|l* — 20 (Aye, ADy) + 0 [ AD ||*
<[ Ayel® = 2nep]| Aye|| + 1 | ADg |2
<A = 2mep]| Ayel® + 17| Ayl
= (1= 2mp + 07 [|Aye ||,

where for the first inequality we used that F' is p-strongly convex, i.e., (VF(y) — VF(y' ),y —y') >
||y — v'||? and for the second inequality we used that F is y-smooth.

As p <~y always holds,
L=2np+n*y" =1=2npu+n’w” +0*(v* — 1) = (1 — mp)> + n°(v* — %) > 0.

As a result
Ay — e AD|| < /1 = 2nn + 02| Ay ]

By substituting this to equation (11), we obtain

[AYe1]l < /1= 2000 + 0772 | Ayl + nel| A,
which was the desired inequality.

Next, we assume ||Az|| > 0 and divide both sides by | Az||. Denoting o := p||Ayes ||/ ||Az]], we

arrive at
appr <A/ 1 —2mp + n2y2o + nep.

We want to show that lim;_, ., oy = 1.

By the above-mentioned argument when ¢ > 1, we can further develop this as follows:

gy A1 =2+ 2o + e

:\/(1 —mp)? + 0 (y? = pPag +mep

1 2(~2 _ ;2 2
< {(1—7716,11)-1-7725(’y K )} o + Nep
2 1—mp

2

L7 (v = 1)
= (L —=mp) + s ————pox +Mpu.
{ 2 1—mp

Since i = 1/(t + 1), we get
R T 1
at+1_{t+1+ > S Mt

By multiplying both sides by ¢ + 1, defining A; := toy and k := v2/u? — 1(> 0), we can conclude
that

k1
A1 < (1 + 2t2> Ay + 1. (12)

Let us prove that from equation 12, we have

A <t

w\z
Nl
??'M—‘

1;[ exp( ) (13)
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forallt =1,2,.... We will proceed by mathematical induction.

Whent = 1, Ay = «;. Since || Ay || = ||Ayo — noADg +noAx|| and the initial point was a constant
independent of x;, ||Ay1|| = nol|Az|| = iHAmH Thus, A; = ay = 1. This means, equation (13) is
satisfied.

Now suppose equation (13) holds for ¢ = m. Then by equation 12,

Kk 1

k1 e k1
§<1+2m2) m+§zk 11 eXp<2Z,2> +1

k1 k1 K 1 k1
<m4——+ (14— )2 = 2= 1
_m+2m+(+2m2> 527 1l eXp(m’?) +

m—1
< +1+H/1+ Hl K 1 H Hl
m ——4exp|l-— | | = - exp | ==
= om P 92 ) |2 2k Ploi

Therefore, by mathematical induction equation (13) holds forallt =1,2,.. ..

Finally, since

and

we can conclude that

t—1
<t + 5> -1 % Hk<i§t71 exp (%%2)
- t
t—1 1 1
:t + 52 k=1 % €XP Zk<i§t—1 (%F)
t

AU N K
<t+ 52 —1%®XP 5%

t
<t+0(logt)
- t
=1 (t = o0).

O

This theorem proves that the generated curve y;(z) at a fixed time ¢ is Lipschitz with a constant that
converges to the true value with a convergence speed of O(logt/t). This theorem is interesting as it
not only guarantees that y; (x) is bi-Lipschitz through the whole iteration and converges to the desired
values but also is equipped with a non-asymptotic bound offering a concrete convergence speed and a
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value at each iteration. The advantage of this proof is that setting the step size as n; = 1/(u(t + 1))
is realistic, since in our setting we know the strong convexity constant which corresponds to 1/3. In
practice, the convergence of the bi-Lipschitz constants seems to be faster, which means that there
may exist tighter bounds but we let this investigation for future work since our goal was to just assure
a convergence with good properties.

As for the lower bound, we could not prove a similar property for GD. Nevertheless, we can guarantee
that it will not diverge to —oo when ||z; — z;|| — 0 as

(e(w:) = ye(wy), @i — 25) < =llye(wi) — ye(wy)|[ [l — 24
and ||y¢(x;) — yi(z;)|| was just proved to be upper-bounded by a constant. We let further theoretical

investigation for future work. Since GD shows and assures rather good performance, we will mainly
use this algorithm in this paper.

C.2.3 Analogue of Theorem 3.5 with optimal step size

An analogue of Theorem 3.5 can be shown with a different step size, i.e., n = 1/, where 7 is
the smoothness constant of the objective function. This step size is optimal as it assures the fastest
convergence. However, in practice, it is actually useless as estimating the smoothness constant -y for
the step size is computationally demanding and during training this constant is constantly changing.
Only after training, it suffices to estimate y once, and all forward passes can be executed with this
step size and convergence speed. The theorem is as follows:

Theorem C.7. Let the symbols defined as in Algorithm 1. Consider an optimization scheme of
sup, {(y,z) — F(y)} generating points {y:(x)}, at the t-th iterations and y*(x) is the global

maximum. If F' is p-strongly convex and ~-smooth and we employ gradient descent with n, = 1/~ as
a step size and yo(x;) = yo as initial point, then for all z;, x;

L
e (@) — yesa ()] < (1 - 7) e ) — vee)l| + melles — 511

As a result,
[ye+1(2i) = yesr (@) < @)z — 241,
where
lim h(t) = l
t—o0 M

Proof. Let us first prove the following inequality:

VF _VF /’ o > /’Lly
(VE(y) W)y —v) ==

If o = , then by strong convexity of F',

1
IIy—y'II2+mHVF(y) ~VF@)II>. 14

2
1284 m2 M me
VE(y)—VEY),y—y) > ully—vI°=——lly—v [P+ —ly—v|*
(VE(y) (v') = | u+7” | M+7|| |

However, since i = 7, we have ully — ¢'|| = ||VF(y) — VF(y')]|. Thus, the above inequality leads
to

FT
Bty
When y > p, since F is p-strongly convex and y-smooth, F'(y) — 4 |y||* is convex and vy — 11 smooth.

This is straightforward from Definition 2 of Theorem B.2. Now, by applying Definition 4 of Theorem
B.2to F(y) — 5llyl|, we obtain

1
(VE(y) = VEW ),y —v) > ully -y |> = y—y|”+ mIIVF(y) - VE®W)|*

1
(VF(y) —py — (VEWY) — ')y —y') > HI\VF(y) —ny — (VF(y) — py') ||
By developing both sides, we arrive at
(VE(y) =VFW )y —y) —uly—y'|I?

- ﬁ {IVE(y) = VEW)II? = 2u(VF(y) = VF( ),y —y') + 1y = /|7 }-
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Rearranging the terms, we have

’Y+N<

wy 2 1 N2
VF VEW),y—y) > ——Iy -y |+ ——IVF(y) - VE@)|",
po— (y) = VF(y') ) 7_MII | 7_MII (y) @)l

which leads to
1
VE@y) - VEW ),y —y) > Ly — /|2 + ——|VF(y) — VF)|
(VE(y) @)y —y) u+7”y Yl MJFWH (y) Bl

Let us now prove the recurrence relation of the statement. Throughout the proof, we use the following
notations:

Ay = yt(fm) - yt(Ij)»
Az = x; — x5,
AD; := VF(y(x;)) — VF(yt(xj)).

Since
||A?Jt+1|\ = HAyt — e AD;y + UtAﬂUH < ||Ayt - mADtH + 77t||A37H7 (15)

it suffices to evaluate |Ay; — n:AD;||. Now,

1Aye — e AD|* =[| Aye|[* — 2ne(Aye, ADy) + 7 | AD: |

Y 1
<[|Ay:||* = 21, <||Ayt||2 + IIADtII2> +np|AD|?
Bty w+

2ntw> 2 ( > 2
=|1-— + - 1
( L+ | Ay Ne | Mt it [AD|

where we used inequality (14) for the inequality.

Since we set gy = 1/,

2 1/1 2
|Ays — nADy|? < (1 o ) 1A + 1 ( - ) |AD, |2
W+ Y\ Wty
% 1/1 2
< (1= 2 )P+ 2 (3= 2 )P

(1—) ™~
v

where for the second inequality we used that = — m <0(u<vyand|VF(y) — VEY)| >

wlly — || (inverse Lipschitzness). Substitutlng this to equation (15), we conclude that

|Ayea] < (1 - 7) Ayl + mllAc]

as pu/v < 1.

Since ||Ay1|| = ||Ayo — n0ADg + noAz|| and the initial point was a constant independent of z;,
1Ay = nollAz| = L[|Az], and

=
Ayl < = (1 — > Ax
| Ayl 5 > 5 |Az]].

=0

Finally,

; Iy 1/—’7:3 -
tg@onAmsv;(l 7) I8l = (g Ly = sl
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Figure 10: Evolution of the number of iterations needed for the gradient descent of the Legendre-
Fenchel transformation to satisfy the stopping condition during training, with two regimes for the
choice of initial points: a fixed or adaptive initial points during training on the FashionMNIST dataset
from Appendix G.6.2.

C.3 On the Choice of the Initial Point

In practice, as the iteration proceeds and 6 evolves, the objective function changes. That is, the
value of argmax, {(y, x) — Fp(y)} for the same training data x differs between each training epoch.
However, it is often observed that the evolution of the weights is relatively slow. This means that the
objective function does not change too much compared to the previous time. As a result, in order
to accelerate the computation, we can use the final estimation of argmax, {(y, z) — Fy(y)} of the
previous epoch as the initial point of the next epoch. This may be a really simple trick, and there
could exist more involved methods, but Figure 10 illustrates that this approach is already effective.
See Appendix H for further details on the experimental setup. We also leave this research of better
approaches for future work.

D Equivalent Definitions of Smoothness under Convexity
In this Appendix, we prove Theorem B.2 by showing a more general theorem extended to dual norms.

D.1 Theorem and Proof

Dual norms are defined as follows:
Definition D.1. The dual norm of a norm || - || is defined as

lyll« = sup{(z,y) | [l«f| = 1}

Let us now prove the following theorem. When the norm in question is Lo, its dual is also the same
and we arrive at the initial statement.

Theorem D.2. Let~y > 0, || - || and || - ||« a pair of dual norms, and F : R! — R* a differentiable
convex function on a convex domain. Then the following are equivalent:

D1I. The following holds for any x,y € domF':
IVE(z) = VE(y)ll« < yllz =yl

D2. The following holds for any x,y € domF':
(VF(z) = VF(y),z —y) <lle -yl

D3. The following holds for any x,y € domF':
gl
Fy) < F(2) + VE(@) " (y = o) + 5y - .
DA. (co-coercivity) The following holds for any x,y € domF':

(VE(z) = VF(y)) (z—y) > %IIVF(SU) — VF(y)l:.
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Proof.
Dl.= D2.

When = = y, the inequality trivially holds. When x # v, this is straightforward by the Cauchy-
Schwarz inequality, since

(VF(@) = VF(),o =) =z =yl (TF@) = VF @), =)

<|lz = yllsup {(z, VF(z) = VF(y)) | [|z[| = 1}
=llz = ylllIVF(z) = VF(y)|-

SFY”I _y||27

where we used D1. in the last inequality.
D2.= D3.

Consider the function G(t) := F(x + t(y — x)), which is well-defined as the domain of F is convex.
Since F is differentiable and F(y) = G(1),

d

F(y) =G(0) + /0 LGt

= (0)+/ (VF(x +t(y — x)),y — x)dt
0
:F(a:)—|—<VF(a:),y—a:>+/0 (VF(x +t(y —x)) — VF(z),y — z)dt

<F(@)+(VPa)y—a) + [ o -yl
—F(@) + (VF(x),y —2) + Sz =yl

where we used D2. for the inequality.
D3.= D4.

Consider the following function:
Fo(2) = F(z) = (VF(2),2),

which is a y-smooth function. Moreover, since F' is convex, x is the minimizer of F;,. Consequently,
the following PL inequality generalized to dual norms holds:

F.(x) = igf F,(w)

<inf { F(2)

= int inf {
{

(V)0 = 2) + 3w = 2|}
Fu(2) + (VEs (). o) + g 1v]}

N
Fo(2) + t(VFy(2),0) + 5152}

. 1 2}
= inf < F.(2) — — ((VFy(2),v
it {F.) - 5 (TR).0)
1

=Fy(2) — EHVFGE(Z)”zv

where we used D3. for the inequality. Since this holds for all z, by substituting z = y, we obtain
1 1

QIIVF(y) ~VF(@)|%= EHVFgE(y)Hf < Fo(y) — Foz) = F(y) — F(z) = (VF(2),y — 7).

Since we can interchange x and y, we also have

%IIVF(y) —VF ()| < F(x) = F(y) = (VF(y),z —y).
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Summing side by side these two inequalities, we arrive at
1
SIVE@) = VE@)|; < (VF(2) = VE@),z ~y).

D4.= DI.
When x = y, the inequality trivially holds. When = # y, by Cauchy-Schwarz inequality,

%HVF(ZJ) ~ VE(@)|f <(VF(z) = VF(y).x —y) < [|[VF(2) = VE(y)|]lz —y]|-

E Uncertainty Estimation

E.1 Background

Deep neural networks are nowadays used in many applications such as self-driving cars and large
language models. However, in the real world, they are constantly subjected to a large amount of
ambiguous scenarios, and assuring fail-safes is a top priority. One approach to realize this is to
design the agent so that it quantifies the reliability of its own outputs and behavior, while achieving
high performance. However, it is well-known that usual deep neural networks over-confidently
extrapolate to unknown data or poorly perform in uncertainty tasks. As a result, the quantification of
uncertainty has become the subject of many research, leading to Bayesian neural networks (Neal,
2012), Monte Carlo dropouts (Gal and Ghahramani, 2016) and deep ensembles (Lakshminarayanan
et al., 2017). Unfortunately, these methods quickly become computationally expensive as they require
to process multiple forward passes or to retain distribution samples over a large number of parameters.
Furthermore, such ensemble methods cannot in the essence avoid that all constitutive members make
the same mistake or place high confidence on the same out-of-distribution data.

Therefore, a line of work that concentrates on the uncertainty estimation using a single neural network
has recently started to draw attention (Liu et al., 2020a; Van Amersfoort et al., 2020). In these works,
they are interested in quantifying the uncertainty through a single forward pass and analyzing its
behavior. On their own, they can not only provide new methods with low computational cost but also
address the challenges of ensemble methods as successful individual agents can again be integrated
in those models.

Thanks to these works, some properties necessary for an accurate uncertainty quantification have been
discovered. Notably, bi-Lipschitzness is an indispensable inductive bias. Intuitively, bi-Lipschitzness
guarantees the neural network to be distance aware, i.e., distance is moderately preserved between the
input and the feature space, resulting in correct detection of out-of-distribution points. Without this
property, it is known that the problem of feature collapse occurs, which refers to the phenomenon that
out-of-distribution and in-distribution points overlap in the feature space, making out-of-distribution
detection impossible in principle (Van Amersfoort et al., 2020).

E.2 DUQ

We will focus on a recent model proposed by Van Amersfoort et al. (2020) as it is a model that has
been shown to perform as well as deep ensemble methods that are the state-of-the-art in this area. It
also performs well on the FashionMNIST dataset.

Their model is called Deep Uncertainty Quantification (DUQ) and is mainly used for classification
tasks. The idea is to create a class c represented by a centroid e, and to calculate the distance K,
between a data point and all centroids. The data will be classified as the label of the closest centroid to
that point. They draw inspiration from the radial basis function kernel. The mathematical formulation

of K is as follows:
l||I/ch€(x) - 6c”2
Kelfoa)ec) =exp { - 2L L0 -t

where fy is a general neural network also called feature extractor, W, is a weight matrix, and o is a
hyper parameter called length scale.
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The loss function is the sum of the binary cross entropy over all classes. During the training, the
centroids are updated by the following rule:

Nc,t :VNc,t—l + (1 - ’Y)nc,tv
Met =YMet—1 + (1 - W)O—ichO(xc,t,i)a
€e,t :mc,t/Nc,ta

where n. is the number of data points assigned to class ¢, x. ¢ ; is the i-th element of the minibatch
corresponding to class ¢, and « is a hyper parameter (van den Oord et al., 2017).

Bi-Lipschitzness was incorporated through a gradient penalty term as follows:

A{llvmgm?l}.

The discussion about this regularization can be found in Section 2. By deleting this regularization
term, and replacing the neural network fy by our bi-Lipschitz neural network, we obtain a model
called here DUQ+BLNN.

F Extensions

F.1 Extension 1: Different Input and Output Dimensions

With only one BLNN, we can only provide an output that has the same dimension as the input. This
is a common problem in bi-Lipschitz models. In this extension, we provide an architecture that
extends to a more realistic case with different input and output dimensions. While we will lose many
theoretical guarantees we have provided so far, some will be retained. Furthermore, throughout this
paper, we will show that this method works well in practice.

The idea follows Wang et al. (2021) and Kinoshita et al. (2023). Let f;(-;61) and f5(+; 02) be two
BLNN with input (and output) dimension d; and ds, respectively. By composing them as
[ (Dfi(501);02), (16)

where D is a da x d; matrix with all diagonal components to 1, we obtain a function with input
dimension d; and output dimension ds. Note that if d; < d5 then the whole bi-Lipschitz property is
preserved.

On the other hand, if d; > ds then the Lipschitzness remains at least. Nevertheless, this parameteri-
zation (16) can represent any bi-Lipschitz function [ : R4 — R92 with d; > d. It suffices to set f3

as the identity map and consider the extension [: R4 — R% whose image coincides with that of
in the R%>-dimensional subspace. This remains bi-Lipschitz like [. Therefore, this representation is
reasonable to some extent.

The gradient computation can also be explicitly formulated as follows:
Theorem F.1. Suppose a model with loss included

L= L(f3(Df; (h(d; $); 61); 02), h(d; §); ),

where fi := VF;(x1;01) + canry and f3 := VF}(x9;02) + asxs are two C? BLNN defined in
Algorithm 1 with input dimensions di and ds, respectively. D is a dy X dy diagonal matrix with all
diagonal elements set to 1. If I' and F'* are both differentiable, then the gradients with respect to
each parameter can be expressed as follows:

VoL =—VILZ:D (V2P (yi(2:61);01)} " 95 VyFi(yi (x;01):61),
Vo, L =— V! L(z,z;¢) {VZF2(?J§(1U; 02); 92)}_1 09, Vy Fa(y3 (w3 02);02),
VoL =V L(z,2;9)22DE1Vyh(d; ¢) + V. L(z, 2;9)V § h(d; ),

VL =V Lz z;0),

where 21 := {V?%Fl(y}‘(x;ﬂl);ﬁl)}fl + ail, 55 = {V%Fg(yg(w;ﬁg);eg)}fl + al, z =
[3(Dfi (h(d; ¢); 61); 02), w := Df7(h(d; $); 61) and x := h(d; §).
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F.2 Extension 2: Non-Homogeneous Functions

As pointed out by Jin and Lavaei (2020), in some cases, we may have knowledge of specific
physical constraints or requirements to design a non-homogeneous control of the sensitivity like in
physics-informed neural networks (Raissi et al., 2019). However, the current model imposes the same
bi-Lipschitz constraint for each dimension. In the linear case, this corresponds to bounding all the
eigenvalues of the matrix with the same constants from above and below respectively. For example,
consider the following function:

f(z1,22) = (221,100z2).

If we can only choose 1 parameter for Lipschitzness, then it would be 100. However, this ignores the
non-homogeneity of each dimension and their sparseness. In the above example, the Lipschitzness
with respect to x1 is only 2. Therefore, we would like to be able to control the bi-Lipschitzness of the
function with respect to each dimension of the input.

This can be executed by introducing a diagonal matrix A and B instead of « and 3 in our model. That
is, instead of adding «||z||2/2 and ||y|%/(23) (see Algorithm 1), we add = " A%z /2 and y " B~2y/2,
respectively, which makes possible a more flexible control of the sensitivity of the overall function.
The drawback is that we obtain more parameters to tune, but this can be avoided by designing these
matrices as parameters to learn throughout the training too.

In the same idea, it may also be interesting to impose the convexity requirement on a limited number
of variables. The Legendre-Fenchel transformation is then executed on those variables solely. As a
result, we obtain partially bi-Lipschitz functions. This idea of incomplete convexity can be realized
by the partially input convex neural network (PICNN) proposed by Amos et al. (2017). A PICNN
f(x,y;0), convex only with respect to y with L layers, can be formulated as follows:

Uiyl =i (quz + l;i) ;
Ziv1 =0i (Wi(z) (zz- ® [Wi(w)ui + bl(.z)]+>
+ WY (y ® (Wi(y“)ui + bgy))) + W, 4 bi) (i=0,...,L—1),
fla,y;0) =21, uo =z,
where © denotes the Hadamar product, only Wi(z) are non-negative, g; are convex non-decreasing
and W = 0.
F.3 Extension 3: General Norms

In this paper, we mainly discussed notions of Lispchitzness, inverse Lispchitzness, strong convexity
and smoothness in terms of the L2-norm. However, in some cases, it may be more interesting to
work in other norms such as the L., norms (Zhang et al., 2022). In this extension, we briefly discuss
how other norms can be introduced in our theoretical framework and its advantages. The previous
extension can be regarded as such an example where the Ls norm was changed to a weighted Lo
norm. Here, we treat the more general case. In this section, || - || will denote a general norm.

The dual norm can be defined as follows.
Definition F.2. Let || - || be a norm. Its dual || - ||« is defined as follows:

[yll« == sup{(z,y) | [l=] = 1}

For example, the dual of the L,-norm for any p > 1 is the L,-norm such that 1/p + 1/¢ = 1.
Definitions of strong convexity and smoothness are accordingly modified as follows:

Definition F.3. Let o > 0. F' : R™ — R is p-strongly convex with respect to a norm || - || if for all
te€[0,1]
W
Fte+ (1= t)y) <tF(z) + (1 =) F(y) = St = )]z -y
Definition F4. Let v > 0. F : R™ — R is y-smooth with respect to a norm || - || if F is differentiable

and
Fly) < F(a) + (VF(2),y — ) + 2 [lz =yl
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Then, the following theorem holds:

Theorem F.5 (Shalev-Shwartz and Singer (2010), Lemma 18). If F' is a closed and p-strongly convex
function with respect to a norm || - ||, then its Legendre-Fenchel transformation F* is 1/ u-smooth
with respect to the dual norm || - ||..

Following Theorem D.2, the Legendre-Fenchel transformation of a closed and a-strongly convex
function with respect to a norm || - || satisfies:

IVE*(x) = VF*(y)|| < Bllz = yl|+ (17)

This means that by taking the derivative, we obtain a monotone Lipschitz function with respect to the
dual norm. If || - || = || - ||1, then || - ||« = || - ||o and we arrive at a Lipschitzness in terms of the L
norm which is preferred in some situations (Zhang et al., 2022). We can thus create convex smooth
functions with a relatively wide choice on the norm.

In many applications, since all norms are equivalent in a finite dimensional vector space, it may not
be interesting to be able to deal with different norms. 3 In other words, controlling the sensitivity of a
function f in terms of a norm || - || can be executed simply through the calculation of the Ly-norm as

Cillz =yl < [lz = ylla < Coflz —y].

where C and (), are constant independent of x. However, it turns out that usually C; and C are
dependent on the dimension. For example, between the L, and L, norms where p > g, the following
holds:
1/q—1
l2llp < llzllq < 0"/ 22|,

As aresult, in high dimensional spaces, the equivalence of norms may become impractical as we will
need to deal with extremely large or small values when translating the requirements into Lo norm,
making the training unstable. The main advantage of our approach is that we can avoid this as we can
directly characterize the function in any desired norm without any dependency on the dimension.

On the other hand, the control of the lower bound (inverse Lipschitzness) becomes more difficult.
Indeed, when p = 1 or p > 2, the L, norm is not strongly convex with respect to its own norm (Acu
et al., 2023). As a result, we cannot similarly proceed like our approach for the Ly norm and introduce
the generalized inverse Lipschitzness.

Note that adding the squared norm «||z(|3/2 to a function F™* satisfying equation (17), will lead for
the lower bound to

allz = ylf < (VF*(2) + allall2/2) = V(F*(y) + allyll2/2), 2 — y)
but for the upper bound to
(V(F*(2) + allzll2/2) = V(F*(y) + allyll2/2), 2 — y) <Bllz — y|* + allz — y]3
<(Coa+ B)|lz — |,

where the constant Cs of the left hand side is highly dependent on the dimension. In high dimension,
this may attenuate the importance of 3, making control of the Lipschitzness difficult and unclear in
practice.

The above discussion is rather theoretical. We let concrete applications, as well as deeper investiga-
tions for future work. However, this may be a promising avenue since we can use other norms and
the dependency on the dimension is completely dropped.

F.4 Extension 4: Improved Expressive Power through Superposition and Combination

Superposition As mentioned in the main paper, while the expressive power of our bi-Lipschitz unit
is constrained to « + S-Lipschitz, a-strongly monotone functions which are themselves the derivative
of a real-valued function, this can be alleviated by superposing several BLNNs. For example, we have
tested to fit the sign function, and the composition of 5 BLNNs could achieve an accuracy around 0.

?Any two norms || - [|(1y and || - ||(2) on a finite dimensional space X over C are equivalent. That is, there
exist constants C1 and Cy so that forall z € X, C1||z||1) < [|z]l(2) < Collz||(1)-
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Table 4: Out-of-distribution detection task of CIFAR10 vs SVHN with DUQ and BLNNconv.

Models Accuracy Loss AUROC SVHN
DUQ 0.929 0.04 0.83
BLNNCconv then DUQ 0.930 0.04 0.89

Combination Another solution to improve the expressive power of our BLNN is to combine it
with other architectures. While there may be various approaches, our model could be used as a
pre-processing module for difficult tasks since the BLNN is by definition bi-Lipschitz which means
that the geometric properties of the input data is relatively preserved in the output as well. Therefore,
for some problems, we could implement a model where we first process the data through a BLNN and
then transfer it to other networks. For example, we conducted an experiment using the convolutional
version of BLNN (BLNNconv) on the problem of uncertainty estimation (as in Subsection 4.2)
with the CIFAR-10 vs. SVHN dataset to illustrate the scalability of our method (Van Amersfoort
et al., 2020). For this problem, we implemented the model so that we first process the data through
BLNNconv and then transfer it to the DUQ. The result compared to DUQ can be found in Table 4. Our
model is not only scalable to large-scale networks but also improves out-of-detection performance
(the AUROC of SVHN). Using BLNNconv instead of the fully connected BLNN also improved the
computation time (e.g., 2.5 times faster for the 5 first iterations).

F.5 A Simpler Architecture

In this work, the Legendre-Fenchel transformation was used in order to provide a direct and single
parameterization of the Lipschitzness in contrast to prior methods that controlled it on a layer-wise
basis. At the expense of losing this benefit, it is also possible to characterize Lipschitzness at each
layer. This may be more practical and faster to apply in some contexts. In this case, we will have to
control the spectral norm of all the weights. Since we calculate the derivative, the relation between
the overall Lipschitz constant and that of each layer is complex though. We provide it in the following
proposition as reference.

Proposition F.6. Define the ICNN Gy as follows
Zi4+1 = g,(WZ(Z)Zz + Wl(y)y + b,) (Z = 0, ey ]{3 — 1),
Go(y) = 2,

where g; is a 1-Lipschitz function, with bounded and Lipschitz derivative. Then the Lipschitz constant
of VGy can be obtained by solving the following set of inequalities, where «y, is the Lipschitz
constant:

o1 =Lip(Vgy) W3
Br =W,
is1 <NV oo W 200
+ {Lip(Van) W 38: + 2Lin(Vg) [ W 2 [W 2} 5
+ Lip(Vai) W13
Bin <IW o + W]l (i=1,...,k=1).

Proof. Let us denote, z;(y) the i-th layer of the ICNN with input y. By construction,

[Vyzit1(y1)—Vyzit1(y2)||
_ vai (Wi(z)zi(m) + W,»(y)y1 + bi) (Wi(z)vyzi(yl) + Wz‘(y))

—ng- (Wi(z)zi (yg) + Wi(y)yg + bz) (Wi(z)vyzi(yg) + W;y)) H .
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By defining h;(y) := Vg, (Wi(Z)Zi (y) + WPy + bi), we can further develop as follows:

197501 00) = Vyzisa ()]l < |

|

hely )WV ziln) = halu2) WV 2|

Ry = hily W
The second term of the right hand side becomes:

hi(y1) W = hiya) W)

?

<Lip(Vgi) HWZ-(Z)zi(yl) + Wy + b — (Wi(Z)Zi(yQ) + Wy + bi)
<Lip(Vga) W (IWNlz:(1) = 2:0) |+ IW s = 2]
As for the first term,
hi(y1) WV 2 (1) — hi(y2)Wi(Z)vyzi(y2)H
=RtV zulw) = i) WV )
+hi(y) W Vi) = b ()W 200 |
s (1) = ha) WV 26+ V9l IWSE 125 (510) = Vyzi(w) |
<Lip(Vgs) (W 124(1) = ()l + W2l = well) IW2 1920

Vgl W NNV 2i (1) — Vyzi(y2)lls

where in the last inequality we used the definition of h;(y).

sl

On the other hand, we have
192 < WLV y2ill + W2
By replacing ||V, z; || by 5;, we obtain
B < IWEBi—r + W

Since z;(y) is differentiable,

1zi(y1) — zi(y2) | < Bi-
Finally, by setting cv; := || Vy2i11(y1) — Vy2it1(y2) ||/ lly1 — y2|| and substituting the results into
the first inequality, we obtain the desired result. O

Remark F.7. Note that in the above theorem g; has to be not only convex non-decreasing but also
1-Lipschitz with bounded and Lipschitz derivative. The layer-wise formulation requires thus further
conditions on g; that were unnecessary in the BLNN (Algorithm 1). This means that our original
model has more freedom and flexibility than the above simple approach.

G Additional Experiments
See Appendix H for further details on the setup of each experiment.

G.1 Simple Estimation of Bi-Lipschitz Constants at Initialization

First of all, we verify that BLNN behaves as expected with different values of o and 5. We set all g;
as ReLU or softplus functions. The Legendre-Fenchel transformation step is executed with GD (since
it is simple and has good theoretical guarantees) until 1000 iterations are reached or the stopping
condition, i.e., |V, ({y,z) — F(y)) || < 1073, is satisfied. The BLNN has input dimension 2, and «
is set to 4 as varying it does not severely impact the fundamental quality of the theoretical bounds.
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Figure 11: Estimated Lipschitz and inverse Lipschitz constants of BLNN with gradient descent with
softplus activation functions. The left figure is with 3 hidden layers and the right with 10. The z axis
corresponds to j with 8 = 0.05 + 99.95 - 5/100.
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Figure 12: Estimated Lipschitz and inverse Lipschitz constants of BLNN with gradient descent with
ReLU activation functions. The left figure is with 3 hidden layers and the right with 10. The x axis
corresponds to j with 8 = 0.05 + 99.95 - 5/100

On the other hand,  was changed following the sequence {0.05 + 99.95 - j/100}}%},. See Figures
11 and 12 for results.

As we can observe, our model combined with gradient descent can generate functions with bi-
Lipschitz constants that are inside the predefined bounds as expected for both softplus and ReLLU
activation functions. That is why, it seems reasonable to use the simple gradient descent in order to
execute the Legendre-Fenchel transformation.

Theoretically, since the initialization of weights are executed at random, the Lipschitz and inverse
Lipschitz constants can be any value between « and o + 3. Curiously though, the estimated
Lipschitzness is close to the upper bound for almost every model. Note that we are generating
the network and then directly estimating the bi-Lipschitz constants, which means this phenomenon
is possibly closely related to the initialization of weights. To better understand this phenomenon,
consider the linear network & — Wax where W € R™*"™, In our architecture, this can be regarded
as a simplification of V Fy, where Fjy is the core ICNN. If we add /3 to this network and compute
the inverse operation, corresponding to VFj, we obtain y — (W + I/3)~'y. By letting oyin the
smallest singular value of W, the Lipschitz constant becomes (o, + 1/3) L. As a result, if the
initialization provides a W with small 0,3, close to 0, we inevitably obtain a function with Lipschitz
constant close to the upper bound 3, independently of the distribution of the other eigenvalues.
This seems to happen in Figures 11 and 12. In other words, the construction employing the default
initialization is biased, or more concretely, the derivative of an ICNN Fj with initialized weights
is with high probability e-inverse Lipschitz with e << 1. This is supported by Figure 13 which
calculated the bi-Lipschitz constants of a (4, 60)-BLNN initialized over 100 different trials. While
the inverse Lipschitz constant is moderately distributed, the Lipschitz constant is concentrated on the
theoretical maximum, i.e., 64.

We also modified the initialization procedure of the non-negative weights Wi(z) to confirm our
hypothesis. The default approach was to draw each element from a uniform distribution proposed
by Glorot and Bengio (2010) and clamp all negative elements to 0. Figure 14 replaces this to a
uniform distribution on an interval of [0, 1], and Figure 15 to [1.0, 1.1].
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Figure 13: Histograms of Lipschitz and inverse Lipschitz constants of 100 (4, 60)-BLNNs with non-

negative weights Wi(z) initialized following the uniform distribution of Glorot and Bengio (2010).
Negative elements were clamped to 0.
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Figure 14: Histograms of Lipschitz and inverse Lipschitz constants of 100 (4,60)-BLNNs with
non-negative weights Wi(z) initialized following a uniform distribution over [0, 1.0].
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Figure 15: Histograms of Lipschitz and inverse Lipschitz constants of 100 (4,60)-BLNNs with
non-negative weights Wi(z) initialized following a uniform distribution over [1.0, 1.1].

As we can conclude, the choice of the initialization impacts the distribution of the starting bi-Lipschitz
constants for a («, §)-BLNN while theoretically any values are possible. In the default setting, we
have a strong bias for the Lipschitz constant. Nevertheless, the fact that the bi-Lipschitz constants are
close to the bounds can be regarded as the representation of a function with rich features. For example,
if a matrix has the greatest eigenvalue and the smallest eigenvalue close to the limits, it implies that
the other eigenvalues can assume any values in-between, allowing for considerable flexibility. This is
a direct consequence of our meticulous construction of bi-Lipschitz neural networks respecting the
desired constraints using convex neural networks and Legendre-Fenchel transformation.

The adequate initialization of the weights of an ICNN in order to obtain BLNNs with a richer
distribution of bi-Lipschitz constants is a whole new problem and outside the scope of our work.
We will not investigate further but it seems to be an interesting research topic since an appropriate
initialization may facilitate training. In this paper, we used the original setup.
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Table 5: Tightness of Lipschitz bound with different methods. Each model was built with an upper-
bound constraint on the Lipschitzness L, and the true Lipschitzness of the model after training was
evaluated. The percentage between this value and L is reported in the table, with a mean and standard
deviation over five different seeds.

Models
(Nbr. of param.) L=2 L=5 L =10 L =150
SN (4.3K) 96.8%+1.3 80.1%+5.0 68.9 %+54 32.5%+5.8
AOL (4.3K) 96.2%+0.7 65.9%+4.7 46.5%+4.4  15.4%+2.8
Orthogonal (4.3K)  98.7%+0.4 75.1%+12.0 489%+11.7 14.6%=+3.7
SLL (4.2K) 97.5 %+0.4 77.6%+6.5 50.0%+8.5 15.7%+6.5
Sandwich (4.5K) 97.5%+0.7 84.3%42.0 60.2%+4.1  16.4%=+3.6
LMN (4.4K) 100.0%+0.0 100.0%+0.0 98.5%+0.3 26.0%+3.6
BiLipNet (5.0K) 100.0%+ 0.0  98.0%+0.8 58.9%+3.6 6.8%+0.6
Ours (4.3K) 100.2%+0.3 100.0%+0.0 99.4%+1.2 99.9%+0.1

G.2 Tightness of the Bounds: Underestimation Case

This subsection provides additional results of experiment 4.1 of the main paper. As a reminder, this
experiment verifies the tightness of the proposed architecture by fitting the following function that
has a discontinuity at the point x = 0:

e (2<0)

f(:z:)—{ r+1 (z>0)
Therefore, when constraining the Lipschitzness of the model by a positive finite L, a model with
tight Lipschitz bounds should achieve that upper bound around z = 0 in order to reproduce the
behavior of f. We compare our model with other Lipschitz constrained architectures that were
introduced in Appendix A. We take as comparison the spectral normalization (SN) (Miyato et al.,
2018), AOL (Prach and Lampert, 2022), Orthogonal (Trockman and Kolter, 2021), SLL (Araujo

et al., 2023) and Sandwich (Wang and Manchester, 2023). They can all regulate the Lipschitzness by
an upper bound, but it is executed on a layer-wise basis.

Models are built so that L is set to 2, 5, 10 and 50. For the compared prior works, this is realized
by making all layers 1-Lipschitz, and scaling the input by L, which is the strategy often employed
in practice. After learning was completed, the empirical Lipschitz constant was computed. The
percentage between the empirical Lipschitz constant and the true upper bound L can be found in
Table 5. In order to be able to legitimately compare results, the number of parameters for each model
were all of the same order. The difference in tightness is even clearer when setting the upper bound
to 50 and plotting the result as shown in Figure 16. Only our method can capture the presence of a
discontinuous jump around 0. We can conclude that our method clearly achieves the tightest bound
for Lipschitzness as well as the most coherent fit of the function.

G.3 Flexibility of the Model: Overestimation Case

This subsection provides additional results of experiment 4.1 of the main paper. As a reminder, this
experiment verifies the flexibility of our model. While we already provided a theoretical guarantee of
the expressive power of our model, it is important to show that it can learn without problem functions
with smaller Lipschitz and larger inverse Lipschitz constants than those we set as parameters. At the
same time, this addresses one concern of the previous experiment since the tightness of our model may
be interpreted as a result of the strong influence the regularization terms we add, effectively generating
only v + -Lipschitz functions. Therefore, we lead this experiment, where we overestimated the
Lipschitz constant of the target function. The Lipschitz constant was set to 50 but the function we
want to learn is a linear function with slope 1. Experimental setting was the same as the previous
subsection. Results are shown in Figures 17 and 18.

Our model can without any problem fit the curve y = 50z and y = = even in the overestimation
scenario. Interestingly, this is not the case for prior work. On the one hand, SN and AOL cannot learn
the linear function with slope 50. On the other hand, others cannot learn the simple identity function
even after convergence. While the overall trend is along y = z, we can observe small fluctuations.
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Figure 16: Results of fitting the curve with SLL (first row), Sandwich (second row) and our method
(third row) with a specified Lispchitzness of 50. The right column is a zoom of the right figure.

This may be due to the large scaling factor L we multiply at the input, leading to overfitting or
interpolation which usually depends on the smoothness. That is, with high Lipschitzness, the function
is likely to dynamically fluctuate around unseen points during training.

In order to examine the influence of this scaling factor on the training we run the experiment again
with even larger L, namely, 100 and 1000. The evolution of the loss and the fitted function for
L = 1000 can be found in Figures 19 and 20, respectively. As we can observe, only our method
is hardly affected by the size of L and achieves a good generalization performance. While we
do not have a rigorous mathematical explanation for this phenomenon, we believe our approach
provides a better regularization than the previous methods. In other words, these layer-wise methods
seem to provide a loss landscape that has many spurious minima where the function is driven. This
phenomenon is aggravated with higher L. The difference in the smooth decrease of the loss function
also supports this. The presence of these fluctuations due to the large scaling factor is thought to be
related with the way we incorporated L into the model. For previous work, we had no choice but
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Figure 17: Results of fitting a linear function (y = 50z for left column and y = « for right column)
with SN (first row), AOL (second row) and Orthogonal (third row) with a specified Lipschitzness of
50.

to scale the function by multiplying with L. However, our method is adding a regularization term
without touching the core function. This is an interesting avenue for future research.

In short, our model can perfectly learn both the function with slope 50 and 1 even though we greatly
overestimated the Lipschitz constant.

G.4 Summary of the Two Previous Experiments

This experiment summarizes the two previous experiments. We propose to run a regression task of the
function y = 50x with SN (representing the layer-wise methods) and our model, where the Lipschitz
bound L is changed from 25 to 125. If the model provides tight bounds and perfect expressive
power, then the loss should equal 0 for L > 50 as theoretically y = 50z can be reconstructed, and
should increase once L becomes smaller than 50 as the maximal slope we can reproduce is limited
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Figure 18: Results of fitting a linear function (y = 50z for left column and y = « for right column)
with SLL (first), Sandwich (second row) and our method (third row) with a specified Lipschitzness of
50.

to L. Moreover, we expect that the optimization should proceed faster when L is near 50 as the
initialization of the function should also be close to y = 50x. Results are shown in Figure 21.

As we can observe, SN, a layer-wise model known to provide conservative bounds, only achieves a 0
loss from around L = 100, while ours exactly exhibits an increase of the loss from L = 50. This
clearly shows that a layer-wise model has an expressive power that is largely lower than expected
in the initial works. Notably, the convergence speed drastically decreases around L = 50 for our
approach. This suggests choosing bi-Lipschitz constants as tight as possible tailored to the specific
problem to ensure faster convergence.

Interestingly, this difference of behavior around the true Lipschitz constant of our model could
provide a new method to estimate the bi-Lipschitz constants. Indeed, by starting with a high Lipschitz
constant « 4+ 3 and decreasing it, we can find the largest point where the loss starts to increase. This
value can become a good estimation of the Lipschitzness of the true function. We can similarly
proceed for inverse Lipschitzness. We leave further investigation for future work.
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Figure 19: The evolution of the loss with different upper bound constraints on the Lipschitz constant
with AOL (top left), Sandwich (top right) and our method (bottom).

G.5 Better Control for Annealing

Since our model provide tight bounds and good regularization performance as shown in the precedent
experiments, the annealing of its parameters could be effective in some suitable settings. Let us
consider the case where we want to learn the exponential function. It is not Lipschitz in general
since its slope is monotonically diverging to co as * — oo and not inverse Lipschitz either since
e® — 0 as z — —oo. We will start by a low Lipschitz parameter of the model and increase it by
evaluating its effective Lipschitzness during training. The annealing will proceed in an elastic way. If
the estimation is close to the upper bound then we will relax the bound since it means that our bound
is too strong. That way, if we have a tight bound, the annealing process should progress faster and the
overall function should rapidly converge to exp(x). The inverse Lipschitz constant is set to 0 and
kept fixed. We compared our model with the Sandwich model. See Figure 22. We can verify that the
annealing process is faster than the layer-wise model. Ours constantly wants to increase the Lipschitz
constant while the Sandwich layer abandons at some point and cannot keep up the increase of the
Lipschitzness.

G.6 Uncertainty Estimation

G.6.1 Two Moons

This subsection provides additional results of experiment 4.2 of the main paper. As a reminder, we
compare the uncertainty when learning the two moons dataset with not only DUQ and DUQ+BLNN
but also the Deep Ensembles method and a DUQ with no bi-Lipschitz regularization. Results are
plotted in Figure 23. Uncertainty is calculated as the distance to the closest centroid (see Appendix E
for the mathematical formulation). Blue indicates high uncertainty, and yellow low uncertainty.

As mentioned in the main paper, DUQ+BLNN achieves a tighter bound which is possible because we
are able to tune the bi-Lipschitz constant unlike DUQ. The experimental setup for DUQ was chosen
like the original paper (Van Amersfoort et al., 2020).
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Figure 20: Results of fitting the linear function y = x with AOL (top left), Sandwich (top right) and
our method (bottom) with a specified Lipschitzness of 1000.

Table 6: Uncertainty quantification of two moons dataset with DUQ+BLNN with different « and S3.
Mean and standard deviation over five different seeds.

a\j 0.1 1.0 2.0 3.0 4.0 5.0

0.0 0.716x.111 0.874£.006 0.904+.045 0.990+.002 0.972£.043 0.957+.048
1.0 0.879£.004 0.991£.002 0.994+.004 0.992+.004 0.895£.195 0.993£.007
20  0.878+.006 0.990£.003 0.993+.004 0.936+.087 0.995£.003 0.518+.047
5.0 0.503+.006 0.500£.000 0.5414+.080 0.503+.004 0.501£.002 0.5034.004

Table 6 provides details on the accuracy of the learned model with different o and (3, used for the
grid search. As for the accuracy, the value of o does not matter as long as /3 is chosen large enough.
Indeed, a BLNN with (a, 8) = (0.0, 3.0) theoretically includes that with («, 8) = (1.0, 2.0). That is
why they exhibit similar performance. Nevertheless, a too loose setting of these parameters, especially
for 3, still seems to affect the training, and a as tight as possible choice is beneficial as we can see for
(o, B) = (2.0,5.0). In a sense, decreasing /3 which is mainly in charge of the Lipschitz constant helps
better generalization as pointed out in prior work as well (Bartlett et al., 2017). In the same direction,
a too large value of « leads to a nonsensical result as we can understand when o = 5. In this case, the
model is randomly guessing which means that it is unsure everywhere. This is also translated in the
uncertainty estimation as shown in Figure 24. The area where the model is unsure increases as « is
increased, meaning that it becomes more sensitive to unknown data (see Figure 25). Comparatively,
setting o = 0 does not affect so much since the injectivity constraint is already beneficial in this type
of task. Finally, a too low value of S means that the inverse Lipschitz and Lipschitz constants are close
to each other and the function behaves more like a linear function. Consequently, learning becomes
difficult as we can conclude from the table with 3 = 0.1. Similar trends could be also observed in
more complex tasks such as FashionMNIST vs MNIST and FashionMNIST vs NotMNIST.
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Figure 21: Results of fitting the linear function y = 50z with different L for SN and our model. The
left figure is the loss in function of L, and the right figure is the first iteration that the loss was below
0.5 for each L (if there is no point, it means that a loss below 0.5 was never reached for this value of
L). The red line emphasizes the point of L = 50.

Table 7: Out-of-distribution detection task with down-sampled data. FashionMNIST vs MNIST and
FashionMNIST vs NotMNIST dataset with DUQ and DUQ+BLNN. For the BLNN, oo = 0.2 and
£ = 0.4. Mean and standard deviation over five trials.

AUROC AUROC

Model Accuracy BCE (loss function) MNIST NotMNIST
DUQ 0.85644.0066 0.078+.004 0.870+.040 0.852+.010
DUQ+BLNN  0.8595+.0032 0.078+.004 0.876+.008 0.960+.009

G.6.2 FashionMNIST

This subsection provides additional results of experiment 4.2 of the main paper. In this experiment,
we use real world data of FashionMNIST (Xiao et al., 2017), MNIST (LeCun and Cortes, 2010) and
NotMNIST (Bulatov, 2011). The task is to learn to classify FashionMNIST but at the same time to
detect out-of-distribution points from MNIST and NotMNIST. This task to distinguish FashionMNIST
from MNIST datasets is known to be a complicated task (Van Amersfoort et al., 2020). We compute
the AUROC for the detection performance. Results for a downsampled dataset and full size dataset
are shown in Table 7 and 8, respectively. A visualization of the ROC curve can be found in Figures 26
and 27.
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Figure 22: Results of fitting y = exp(x) with Sandwich (top row) and our method (bottom row).
The right figures are the evolution of the upper bound and the estimated Lipschitz constant over the
iteration, and the left column the learned function. The z-axis of the right pictures represents the

iteration number.

Table 8: Out-of-distribution detection task with full size data. FashionMNIST vs MNIST and
FashionMNIST vs NotMNIST dataset with DUQ and DUQ+BLNN. For the BLNN, o = 0 and
8 = 3.0. Mean and standard deviation over five trials.

. AUROC AUROC
Model Accuracy BCE (loss function) MNIST NotMNIST
DUQ 0.8893+.0037 0.064+.005 0.862+.035 0.900+.024
DUQ+BLNN  0.8985+.0040 0.060+.000 0.896+.008 0.964-+.005

TPR: True positive rate
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Figure 26: ROC between dwonsampled FashionMNIST vs MNIST (left) and FashionMNIST vs

NotMNIST (right).
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Figure 23: Uncertainty estimation with the two moons data set. Left figure is with a simple neural
network without any constraints, and the right is with our model constraining bi-Lipschitzness.

Figure 24: Uncertainty quantification of two moons dataset with DUQ+BLNN with a high a.. « = 5.0
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and 8 = 3.0. We do not show the points so that the highly certain area is visible.
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Figure 27: ROC between full size FashionMNIST vs MNIST (left) and FashionMNIST vs NotMNIST

(right).
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Figure 25: Uncertainty quantification of two moons dataset with DUQ+BLNN with different .

Table 9: Comparison of our model with state-of-the-art monotone models. Means and standard
deviations over three trials. Results of prior models are from the original papers. C = COMPAS, BF
= BlogFeedBack, LD = LoanDefaulter, HD = HeartDisease, AM = AutoMPG, Acc. = accuracy.

Models C (Acc.) BF (RMSE) LD (Acc.) HD (Acc.) AM (MSE)

Certified 68.8+£0.2 0.158£0.001 65.2=+0.1 - -
Constrained 69.2+0.2 0.154 £0.001 653+00 89.0+00 837=£0.1

LMN 69.3+0.1 0.160£0.001 654+00 89.6+19 758+12
SMNN 69.3+09 0.150=£0.001 650+0.1 83.0£40 744+12
Ours 69.4+0.6 0.157+0.001 655+01 902+16 7.13+1.2

G.7 Partially Monotone Settings

Table 9 provides the experimental results with full data. We also compare with the certified monotone
neural network of Liu et al. (2020b) (Certified) and the constrained monotone neural network
of Runje and Shankaranarayana (2023) (Constrained). See Tables 2 and 3 of Kim and Lee (2024) for
a comprehensive comparison with other general models.

H Experimental Setups

In this appendix, we provide further experimental details, including values of hyper-parameter,
specific composition of used architectures and optimization schemes, which were omitted in the
main text as a concern of clarity. All experiments were executed with Pytorch. We mainly used the
GPU NVIDIA A100 with a memory of 80GB for the computation. Additional information for each
experiments can be found in each subsection below and in the supplementary material.
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Table 10: General details on the architectures of Figures 8 and 9.

Model Hidden Dimension Number of Layers
Ours 10 2

H.1 Computational Complexity Comparison

In this experiment, corresponding to Figure 2, we presented a comparison of the computational
complexity for a single iteration between a traditional feedforward network and various BLNN
variants.: BLNN (with brute force backpropagation), BLNN with Theorem 3.7, PBLNN with only
one variable constrained to be bi-Lipschitz. Respective parameter sizes are 1.11M, 1.42M, 1.42M
and 1.38M. The input size was randomly generated data of size 3 x 32 x 32, simulating a CIFAR
dataset, and the batch size was varied in the set 1, 5, 25, 75, 100. For this experiment, BLNN was
implemented according to the template of the DEQ library . FLOPs was computed following another
github library °. The feedforward neural network had ReL.U activation function and 4 layers with
hidden dimension 210, and the BLNN variants had softplus activation function and 3 layers with
hidden dimension 150. « and 3 were both set to 1.

H.2 Algorithms for LFT

H.2.1 Influence of Approximate Optimization on Bi-Lipschitz Constants: Experiments

In this experiment, we were interested in the evolution of the bi-Lipschitz constants under different
optimization schemes.

Corresponding Figures and Tables Figures 8 and 9.

Data We generated 5000 2-dimensional points uniformly sampled at random in the interval [—1, 9] x
[~1,9].

Architecture Our BLNN was created with 5 = 10. The value of o does not matter since we
focused on the output of the optimization process which occurs before adding the regularization
term «v/2||z|2. We used the softplus function as the activation function. The effective Lipschitz and
inverse Lipschitz constants were estimated by a simple sampling with sample size 5000 chosen from
the data.

Optimization Schemes We used several optimization schemes, namely, steepest gradient descent
(GD), Nesterov’s accelerated gradient (AGD) (Nesterov, 1983), Adagrad (Duchi et al., 2011), RM-
Sprop (Hinton et al., 2012), Adam (Kingma and Ba, 2015) and the Newton method For Adagrad,
RMSprop and Adam, all parameters were set as default except the learning rate.

H.2.2 On the Choice of the Initial Point

In this experiment, we were interested in the influence of the initial point on the convergence speed of
the Legendre-Fenchel transformation. We used as a starting point either the final point of the previous
epoch for each training data or the point (1,...,1) " independently of the history. This experiment
was run with the architecture explained in Subsection H.4.2.

Corresponding Figures and Tables Figure 10.

H.3 Bi-Lipschitz Control

The codes were implemented in Python 3.11.4 with PyTorch 2.0.1+cull7.

*https://github.com/locuslab/deq
https://github.com/MrYxJ/calculate-flops.pytorch
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H.3.1 Simple Estimation of Bi-Lipschitz Constants at Initialization

In this experiment, we were interested in verifying in more detail whether an («, 3)-BLNN respects
the pre-defined bounds of bi-Lipschitzness, namely, o and o + 8. We used GD for the computation
of the Legendre-Fenchel transformation since it showed good performance and practical usefulness
in the previous sections.

Corresponding Figures and Tables Figures 11, 12, 13, 14 and 15.

Data We randomly created 200 2-dimensional points, and estimated the effective bi-Lipschitz
constants with them.

Architecture For a fixed activation function (ReLU or softplus) and number of hidden layers (3 or
10), we created 100 architectures with different « and 8. o was set to 4 for all 100 models, and 3 as
0.05 + 99.95/100¢ where ¢ € {0, ...,99}. The value of the hidden dimension was set to 10.

H.3.2 Tightness of the Bounds: Underestimation Case

In this experiment, we were interested in the tightness of the Lipschitz bound provided by each
framework. The experiment was inspired from Figure 3 of Wang and Manchester (2023). Codes
were also imported and modified from their github ® combined with others’®

Corresponding Figures and Tables Tables 1 and 5 and Figures 3 and 16.

Data We created 300 training points (z, f(x)), where x was sampled at random in the interval
[—2, 2]. The test dataset consisted of 2000 points, with x in the interval [—1, 1].

Optimization Based on Wang and Manchester (2023), we used the Adam optimizer with a learning
rate of 0.01, and other parameters were set as default. The objective function was the mean squared
error.

Architecture In addition to our model, we used seven layer-wise Lipschitz architectures, namely,
spectral normalization (Miyato et al., 2018), AOL (Prach and Lampert, 2022), Orthogonal (Trockman
and Kolter, 2021), SLL (Araujo et al., 2023), Sandwich (Wang and Manchester, 2023), LMN (Nolte
et al., 2023) and BiLipNet (Wang et al., 2024). See Appendix A for the mathematical formulation
of each Lipschitz approach. Each layer was designed to be 1-Lipschitz, and we employed ReLU as
activation function for all of them, including ours, except that for LMN. Since the Lipschitz constant
of the overall network is 1, we included a scaling factor before the first layer which multiplies the
input by L. As a result, we obtain L-Lipschitz neural networks. In the experiments, L was set to 2, 5,
10 and 50. For our model, L corresponds to « + (3. We set « = 1 and changed ( accordingly. See
Table 11 for further details on the architecture. The effective Lipschitz constant was estimated by a
simple sampling with sample size 1000 within the range [—1, 1]. As for BiLipNet, we only used their
monotone Lipschitz layer and no orthogonal layer in order to avoid losing tightness by composing
many simple layers.

H.3.3 Flexibility of the Model: Overestimation Case

In this experiment, we were interested in the influence of the overestimation of the Lipschitz constant
when building the model. The dataset, architecture and optimization scheme were mostly the same as
H.3.2. We just changed the function to be fitted to a linear one with slope 1 and 50. The architectures
were designed to have a Lipschitz bound L of 50, 100 or 1000.

Corresponding Figures and Tables Figures 4, 17, 18, 19, 20.

Shttps://github.com/acfr/LBDN
"https://github. com/ruigangwang7/StableNODE
8https ://github.com/niklasnolte/monotonic_tests
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Table 11: General details on the architectures of Table 5 and Figure 16.

Model Hidden Dimension Number of Layers  Size of Model
SN 45 4 43K
AOL 45 4 4.3K
Orthogonal 45 4 43K
SLL 45 2 4.2K
Sandwich 65 2 4.5K
LMN 64 3 4.4K
BiLipNet 40 2 5.0K
Ours 64 2 43K

H.3.4 Summary of the Two Previous Experiments

In this experiment, we were interested in the relation between the imposed Lipschitz upper bound
and the loss function when learning the function y = 50z. The dataset, architecture and optimization
scheme were mostly the same as the previous section. We just changed the activation function of the
BLNN from ReLU to softplus. We also reported the first time when the loss reached a value below
0.50.

Corresponding Figures and Tables Figures 1 and 21.

H.3.5 Better Control for Annealing

In this experiment, we were interested in the behavior of our model under an annealing scheme. The
dataset, architecture and optimization scheme were mostly the same as H.3.2. We just changed the
function to be fitted to y = e®. Moreover, we set « = 0 for our model. The training was executed for
200 epochs.

Corresponding Figures and Tables Figure 22

Annealing We employed a simple annealing scheme. We started with a Lipschitz constant of v = 2.
For the Sandwich model, it is the scaling factor at the input, and for ours, itis « + 8 = /3 since o = 0.
We estimated the Lipschitz constant at each iteration, and if the effective Lipschitzness was close to
the imposed one, i.e., 7y, with an accuracy of 0.05, we relaxed the condition by multiplying v by 1.5.
This update was executed every five epochs, if the condition was satisfied, in order to provide to the
model the time to learn a new appropriate representation.

H.4 Uncertainty Estimation
In this chapter, the experiments were inspired from Figure 3 of Van Amersfoort et al. (2020). Codes

were also imported and modified from their github. ® The codes were implemented in Python 3.10.13
with PyTorch 2.0.14cul17.

H.4.1 Two Moons

In this experiment, we were interested in the uncertainty estimation when learning the two moons
dataset. We compared the performance of our model with other existing models.

Corresponding Figures and Tables Figures 5, 23, 24, 25 and Table 6.

Data The two moon dataset was generated using the sklearn toolkit with a noise of 0.1. We used
1500 points for training and 200 for tests. Batch size was 64.

Optimization We used SGD with a learning rate of 0.01, momentum of 0.9 and weight decay of
10—%. We used the binary cross entropy as a loss function.

‘https://github.com/y0ast/deterministic-uncertainty-quantification
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Table 12: General details on the architectures of Figure 23.“reg." stands for regularization.
Hidden Num. of Centroid ~ Num. of

Dimension  Layers Output Dim. Size Parameters
DUQ 40 3 40 10 4.2K
DUQ no reg. 40 3 40 10 4.2K
DUQ+BLNN 20 2/2 40 10 3.4K
Deep Ensembles 20 4 2 - 09K x 5

Table 13: General details on the architectures of Table 7 and Figure 26. For DUQ+BLNN, since the
input and output dimensions were not equal we used the architecture explained in Extension 1 of
Appendix F. While these two parts share almost the same structure, we clarify the differences by the
following notation "info. of first BLNN/info. of second BLNN".

Hidden Num. of Output Dim. Centroid Size Num. of

Dimension  Layers Parameters
DUQ 49 3 256 100 280.9K
DUQ+BLNN 40 3/1 256 100 293.7K

Architecture We used four models, namely, a deep ensemble method (Lakshminarayanan et al.,
2017), the original DUQ, DUQ with no regularization and DUQ with our method (DUQ+BLNN).
The latter means that we used the DUQ framework but we deleted the gradient penalty of the loss
function and directly replaced the vanilla neural network with our BLNN. We used the softplus
function for all architectures. See Table 12 for further details on the architecture. As for our model,
the best values of « and  were found through a grid search: o = 2 and 8 = 4. Results with other «
and (3 are shown in Table 6.

H.4.2 Fashion-MNIST (downsampled)

In this experiment, we were interested in applying BLNN to the task of out-of-distribution detection
of FashionMNIST vs MNIST and FASHIONMNIST vs NotMNIST datasets, and comparing its
performance with existing models. This is a downsampled version of the next experiment.

Corresponding Figures and Tables Tables 2, 7 and Figure 26.

Data The FashionMNIST dataset was generated using the torchvision toolkit, with 60000 training
data and 2000 test data. Batch size was set to 128. The dataset was downsamlped by a pooling data
from 28 x 28 to 14 x 14.

Optimization We used SGD with a learning rate of 0.05, momentum of 0.9 and weight decay of
10~%. We used the binary cross entropy as a loss function.

Architecture We compared two models DUQ and DUQ with our method (DUQ+BLNN). The
latter means that we used the DUQ framework but we deleted the gradient penalty of the loss function
and directly replaced the vanilla neural network with our BLNN. We used the softplus function for
DUQ+ours and ReLU for the other architectures. See Table 13 for further details on the architecture.
As for our model, the best values of « and 5 were found through a grid search: & = 0.2 and 8 = 0.4.
For both models, data was down-sampled by a max-pooling layer from 28 x 28 to 14 x 14.

H.4.3 Fashion-MNIST (full size)

In this experiment, we were interested in applying BLNN to the task of out-of-distribution detection
of FashionMNIST vs MNIST and FASHIONMNIST vs NotMNIST datasets, and comparing its
performance with existing models. This is the full size version of the previous experiment.

Corresponding Figures and Tables Table 8 and Figure 27.
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Table 14: General details on the architectures of Table 8 and Figure 27.
Hidden Num. of Num. of

Model Dimensions ~ Layers Output Dim.  Centroid Size Parameters
DUQ 196/49 3 256 100 432.3K
DUQ+BLNN 150 3 50 100 449.2K

Data The FashionMNIST dataset was generated using the torchvision toolkit, with 60000 training
data and 2000 test data. Batch size was set to 128. We used the original size of the dataset, namely
28 x 28.

Optimization We used SGD with a learning rate of 0.05, momentum of 0.9 and weight decay of
10~%. We used the binary cross entropy as a loss function.

Architecture We compared two models DUQ and DUQ with our method (DUQ+BLNN). The
latter means that we used the DUQ framework but we deleted the gradient penalty of the loss function
and directly replaced the vanilla neural network with our BLNN. We used the softplus function for
DUQ+ours and ReLU for the other architectures. See Table 14 for further details on the architecture.
As for our model, the best values of « and 5 were found through a grid search: & = 0.0 and 8 = 3.0.
Particularly, we only used one BLNN in this experiment compared to the previous one, and projected
it to a smaller sub-space of size 50 by a diagonal rectangular matrix with all components set to 1.

H.5 Partially Monotone Settings

In this experiment, we were interested in applying PBLNN to several tasks where data exhibited mono-
tone behaviors with respect to some variables. The codes were imported and modified from (Nolte
et al., 2023).!% They were implemented in Python 3.10.14 with PyTorch 2.0.1+cul17.

Corresponding Figures and Tables Table 3.

Data COMPAS (Angwin et al., 2016) is a classification task with 13 features, where 4 of them
have monotone inductive bias. It is important to highlight that this dataset is known to be racially
biased (Angwin et al., 2016). BlogFeedBack (Nolte et al., 2023) is a prediction task with 276 features,
where 8 of them have monotone bias. LoanDefaulter (Nolte et al., 2023) a classification task with 28
features, where 5 of them have monotone inductive bias. HeartDisease (Janosi et al., 1988) is also a
classification task with 13 features, including 2 with monotone inductive bias. AutoMPG (Quinlan,
1993) contains 7 features where 2 of them shows monotone inductive bias. CIFAR101 is an augmented
dataset used by Nolte et al. (2023).

Optimization We used the same training scheme as Nolte et al. (2023).

Architecture We compared our model, the PBLNN, with that of Nolte et al. (2023) and that of Kim
and Lee (2024). As for the former, we constructed the PBLNN based on the inductive bias. For
HeartDisease and AutoMPG, we took as the final output the average of the output of one PBLNN
with bi-Lipschitzness imposed on the monotone variables. For COMPAS and LoanDefaulter, we
created independent 1-dimensional PBLNNSs whose bi-Lipschitzness is imposed on each variable that
are monotone and then took the average. For CIFAR101, we used 101 PBLNNSs with respect to the
last variable. See Table 15 and the codes for further details.

lOhttps ://github.com/niklasnolte/monotonic_tests
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Table 15: General details on the architectures of PBLNN used for Table 3.

Dataset .Hlddén Num. of Lipschitzness . Invgrse
Dimensions  Layers Lipschitzness
COMPAS 45x4 4 03 0
BlogFeedBack 3x 8 2 1 0
LoanDefaulter 10x 5 2 0.5 1
HeartDisease 10 1 10 2
AutoMPG 20 3 1 0
CIFAR101 10x101 3 1 1
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