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Abstract—Similarly to well-known spherical ¢-design points,
we investigate ¢-design curves on the Grassmannian manifold
Gra 4. Such curves have the special property that the line integral
along them integrates polynomials of degree ¢ exactly. We derive
asymptotic bounds on the length of such curves based on a
parametrization of Gra 4 as (S* x S?)/+1.

Index Terms—Spherical designs, ¢t-design curves, Grassmannian
manifold

I. INTRODUCTION

A t-design point configuration on the d-sphere S¢ = {z €
R . ||z|| = 1} is a finite set of points X = {x1,...,2,},

with n € N, such that

:llzzlf(ml):/sdf for all f € II;,

where II, is the set of polynomials in d + 1 variables of degree
at most ¢, and d,t € N.

Spherical t-design points have been an ongoing topic of
research, resulting in a wide variety of publications, including
[201, [271, [28], [30], [37], [4], [5], [17], [18]. Further existence
results on more general compact Riemannian manifolds are
contained in [16], [15], [11].

The concept of spherical designs was originally introduced
in 1977 in the fundamental paper [9] by Delsarte, Goethals,
and Seidel. If we denote by N(d,t) the minimal number of
points on a spherical t-design on S? for each d, ¢ € N, Delsarte,
Goethals, and Seidel also proved that a spherical ¢-design in d
dimensions satisfies the lower bound N (d,t) > cqt?. Here and
throughout this text, we use ¢4 and Cy to denote sufficiently
small and sufficiently large positive constants, respectively,
depending only on d. Several years later, in 1984, Seymour and
Zaslavsky [29] proved the existence of ¢-design points on S? for
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all d,t € N. A key open question was the existence of a tight
upper bound on the number of points. The first results in this
regard were presented in 1991 by Wagner and Volkmann [36],
who showed that N (d,t) < Cyt€ad* and in 1992 by Bajnok
[3], who obtained the upper bound N (d,t) < Cyt€e4®, Shortly
afterwards, in 1993, Korevaar and Meyers proved in their
well-known paper [22] that N (d,t) < Cyt(@*+d)/2 and stated
what later became known as the Korevaar—Meyers conjecture
about the existence for all t € N of spherical ¢-designs with
cardinality n < Cg4t?. Families of spherical ¢-designs for all
t € N that match this bound are called asymptotically optimal,
meaning' n < ¢ In this regard, one of the major breakthroughs
was the proof by Bondarenko, Radchenko and Viazovska [4]
in 2013 of the aforementioned Korevaar—Meyers conjecture on
the existence of asymptotically optimal ¢-design configurations
on S¢, a problem that had been open for 20 years. Their result
is stated in the following theorem.

Theorem 1.1 ([4, Theorem 1]). In S% there exists a sequence
of spherical t-design points (Xy)ren such that the cardinalities
satisfy | X¢| =< te.

Recently, in 2023, the concept of ¢-design points was gener-
alized to curves on the d-sphere in [14]. A t- deszgn curve on S¢
is a curve y: [0,1] — S? of length E fo I7(s)|| ds such
that the line integral f f= fo )||7( )|| ds integrates
all polynomials in II; exactly, that is,

1
é(’y)/,f_/sdf for all f € II;.

Note that we allow arbitrary self-intersections, so that we are
here not quite as restrictive as in [14], where the following
theorem on the minimal length of such a curve is derived.

Theorem 1.2 ([14, Theorem 1.1]). Assume that a piecewise
smooth, closed curve v: [0,1] — S¢ satisfies

/f /f for all f € 1I,.

The notation f(t) < g(t) means that f(t) = O(g(t)) and g(t) =
O(f(t)), that is, f and g are asymptotically of the same order.



Then, its length is bounded from below by
() > eqt®,

with some constant cq > 0 that may depend on the dimension
d but is independent of t and .

Collections of spherical ¢-design curves are presented in [14],
[12]. An analogue of the Korevaar—-Meyers conjecture for the
case of t-design curves asks for the existence of asymptotically
optimal t-design curves on S%, that is, a sequence (7;)eny of
t-design curves whose length grows at most as ¢!, The case
of the 2-sphere was proven in [14] and that of the 3-sphere
in [24]. In this paper, we employ the result on the 2-sphere,
stated in the following theorem.

Theorem 1.3 ([14, Theorem 1.2]). In S?, there exists a sequence
of t-design curves (y¢)ien with length £(7y;) < t.

The concept of t-design curves is significant not only in
the case of the sphere but also in the more general setting
of compact Riemannian manifold; see [19], [33], [32], [26]
for applications of this notion in mobile sampling. Mobile
sampling allows for the approximation of a function based on
values along a curve. This offers the advantage of requiring
only a single sensor moving along a curve for data acquisition,
compared to several sensors for point-based (e.g. t-design
points) sampling. In this paper, instead of the unit sphere
S2, we are especially interested in the concept of t-design
curves on the Grassmannian manifold, which encode orthogonal
projections. Such projections can be used to represent data
in lower dimensions with a wide variety of applications,
including visualization of high-dimensional data sets [25],
[34], [7], classification of clusters [7], linear regression [31],
linear programming [35], scattering theory [23] and learning
frameworks [8]. There are currently no results on ¢-design
curves on the Grassmann manifold.

The main goal of this paper is to prove the corresponding
version of Theorem 1.3 for the case of the Grassmannian Grs 4,
which is closely related to S? and will be properly introduced
in the next section.

II. THE GRASSMANN MANIFOLD

A. Basic definitions

The (real, unoriented) Grassmann manifold Gr,, 4 is defined
as the set of m-dimensional subspaces of R?. The Grass-
mannian Gr,, ¢ is a homogeneous space under the action
of the orthogonal group O(d) and we have the following
representation of Gr,, 4 as a homogeneous space:

g = O(d)/(O(m) x O(d — m)).

In this work, we will instead use the following identification of
Gy, 4 with the set of orthogonal projectors on R? of rank m:

Crypg={P eR™ . PT = P P? = P, rank(P) = m}.

The Grassmannian Gr,, 4 iS a compact, connected Riemannian
manifold of dimension m(d — m). We will denote the unique
O(d)-invariant probability measure on Gr,, 4 induced by the

Haar measure on O(d) as o and we will refer to it as the
uniform measure on Gr,, 4. From now on, we focus on the
Grassmannian Gra 4.

B. Parametrization of Gra 4 as (S* x §?)/+1

In this work we focus on the Grassmannian Grs 4, which is
the simplest Grassmannian that is algebraically different from
a projective space. It is well-known that S? x S? is a double
covering of Grg 4. Specifically, there is an isometric one-to-one
mapping P: (S? x §?)/+1 — Gra 4 given by

P(—z,~y) = P(z,y)

1 1+azTy
2 —T Xy

(H
—(zxy)"
ay' +yzt +(1—aTy)lz )’

where I3 is the 3 x 3 identity matrix and AT denotes the
transpose of A; see [10, Section 7] for details. Note that here we
are assuming that the measures on all the spaces are normalized
so that the total volume is 1.

Recall that the eigenvalues and eigenfunctions of the Laplace—
Beltrami operator on Grs 4 are naturally indexed by integer
partitions 7 = (7, m) € N2, with m; > 7 > 0, of degree
|| == 71 + ma; see [21, Theorem 13.2] or [2, Section 3] for
details. Then, we have the following decomposition of the
space L?(Gra 4) of square-integrable functions on Gra 4 as the
direct sum of the eigenspaces of the Laplace-Beltrami operator:

LQ(GTQA) = @ Hﬂ,

m 27220

where H, is the eigenspace associated with the eigenvalue A .
A consequence of the identification of Gry 4 with (S? x
S?)/+1 given by (1) is that, given an orthonormal basis
{©or1t1<i<dim(m,) of the eigenspace H,, we can express
the eigenfunctions ¢,; as a tensor product of spherical
harmonics on S2. More specifically, consider the functions
Yzjrlrf Grg,4 — C given by
YL (Pe,y) = (Y @ Y)(x,y) = Y/ (@)Y (y),

l,m

@

where Ylj denotes a spherical harmonic of degree [. These
functions are well-defined for [ + m € 2N, the latter taking
into account the ambiguity in (1).

Theorem II.1 ([10, Theorem 7.2]). Let H, be the eigenspace
of the Laplace—Beltrami operator associated with the partition
m = (71, 7m2). Let Iy = 71 + w2 and m, = m — 7. Then,

H, = span{Yli”k;n Yk

) T Mgl

Pl <j < lay
—mgy <k<m;}.
Next, we define the concept of ¢-designs on the Grassman-
nian.
IT1I. MAIN RESULT

While the concept of ¢t-design points on the Grassmannian
has been explored in [1], [2], there are no results about ¢-design
curves on the Grassmann manifold so far. Here we focus on
the Grassmannian Gra 4.



We denote by Pol;(Grz 4) the collection of classical poly-
nomials of degree at most ¢ € N on the Grassmannian Gry 4:

Pol;(Gra 4) = {f|Gr2,4 : f e RIX]:},

where R[X]; is the collection of multivariate polynomials
of degree at most ¢ with 16 variables arranged as a matrix
X € R¥4 1t is well known (see, for example, [6, Section 4.2])
that Pol;(Grz 4) can be identified with the following direct
sum of the eigenspaces of the Laplace—Beltrami operator:

= P H..

Ir|<t

POlt GI‘Q 4 (3)

We finally define the notion of ¢-design curves on the Grass-
mannian.

Definition IIl.1. For ¢t € N, we say that a continuous, closed
curve 7y: [0,1] — Gra 4 is a t-design curve on Gry 4 if

17)/7f= /Gruf for all f € Pol;(Gray).

The lower bound on the length of ¢-design curves in
Theorem 1.2 ([14, Theorem 1.1]) is originally proved for
the sphere S?, but it was already mentioned in [14] that the
proof directly translates to d-dimensional compact Riemannian
manifolds (with the appropriate concept of ¢-designs). Since the
Grassmannian Grs 4 is 4-dimensional, we therefore note that
every sequence (7;)en of t-design curves on Grg 4 satisfies

0(ye) > cqt®.

Thus, we are looking for sequences of ¢-design curves that
match this lower bound.

Our main result is the following theorem, which establishes
the existence of asymptotically optimal ¢-design curves on
Grg 4; it can be seen as the analogue of Theorem 1.3 for the
case of the Grassmann manifold Grs 4. It should be noted that
the idea behind our construction is similar to the one in the
proof of [13, Theorem 10].

Theorem IIL2. There exists a sequence (I't)ien of t-design
curves on Gra 4 with length ((T'y) < t3.

Proof. For every t > 0, let X = {x1,...,2,} C S* be a t-
design with n < t2 points, and let -y be a t-design curve on S?
satisfying £(-y) =< t. Without loss of generality, we can assume
that + contains two antipodal points, since otherwise we could
simply concatenate v with a copy of itself conveniently rotated
so that the resulting curve has two antipodal points. Then,
there exists a rotation O;; € O(3) such that z; and z; lie on
4(53) == O,;~. Consider the curve T'; on (S? x S?)/+£1 given
by the following set of curve-point pairs on S? x S%:

(’7(172)71'1)7 (%1,7(1’2)),
(’7(173)7372)7 (37277(1’3))7

(7(274)73?3)7 ($3a7(2’4))>

(xnfla ’Y.(n_Q’n))v
(Tns ’Y(n_l’n))

(’y(n_27”)7 xnfl)a
(Y=t 2,

that is,

Ft = {(7(1’2)7 Il)? (9317 7(172))7 (7(n717n)7 In)7 (1’7“ ’Y(nil’n))}

n—1 n—1
o U,
=2

z;)} U U {(=

By construction, T'; is indeed connected in (S? x S?)/41 and
hence induces a connected curve P o I'; on Gry 4. Now we
must check that it is a ¢-design curve of length (P oT';) =< t3
on GI‘2)4.

According to (3), to prove that P o I'; is a t-design curve
on Gry 4, it suffices to check the integration conditions for
the eigenfunctions Ylj ]jn ;Y7 in Theorem IL1. We will
perform the computatlons exphcltly for the eigenfunctions of
the form Ylj "m, > the other case is handled analogously. The
isometric parametrlzation via P yields

1 ; 1 ;
— vk = 7/ Yk op.
{(Poly) /Pon et (D) Jp, e

The tensor structure of Yli ’km under this parametrization
(2) and the normalization of the measures involved lead to

/Ymm oP:/Yge@Y’C /Y]®Yk

$?x§? $?xs? (82x8%)/+1

,y(ifl,iJrl)}.

Hence, we must verify that

1 / ik j k
— |y o”P:/Yj@)Ym.
e(l—wt) Le,mor - T

Ty $?x§?

We now prove that this condition is satisfied. From Equa-
tion (2), we have

3.k — J k
| vt op= [ Wev
Iy Ty

Ei@Y,ﬁw—ir/Yli@YﬁW

A {2} {a1}xy 2
/YJ RYE + /YJ QY
(n 1")><{3c {xn}x,y(n 1,n)

+ Z / Y/ @Yk
=2

yG=1i41) 5 {2, }

n—1
3 v/ oy,
; {m;} xy(i=Lii+1) U 7r

=Yy (1)

S [0 Y2 @) [

My

,Y(1~2) 7(112)

+mmm/m+mu
H(n=Lm)

+ZYk (z4)

(7, 1,i4+1)

2 [ vh.
A/(n—lyn)
n—1

/ Y7 4>V ()

/ YE .
=2 "

A= 1it1)



Then, using that v and hence v(*7) is a t-design curve on S?
with £(y) = £(v7)), we have

1 / ke
— Y/ oP
() T, b o
=k (o) [ Y+ Vi) [ Y
s2 " " sz
+Y,,’§W(a:n)/ Ylj —l—Ylj (xn)/ Yk
sz 7 " 2
n

-1 n—1
k j j k
Kmmﬂm+2mmﬂj

Finally, using that {z1,...,

obtain
;/ yik o op = YJ/
2nl(v) Jr, b e 2 §2

_/ V) @Yk .
S2xS2 b

Since, by construction, n < t? and £(v) =< t, we have /(I';) =
2nl(vy) < t3, as wanted. O

Zn} is a spherical ¢-design, we

IV. A CONCRETE EXAMPLE

In this section we present an explicit construction of a 2-
design curve on Grs 4 using the parametrization of Gra 4 by
(S? x §?)/+1 given in (1).

Example IV.1. Consider the vertices of the regular 3-
dimensional simplex, which are 2-design points,

xr1 = €T = , L3 = Ty =

skl
Sslsl
ekl
Sraksh

on S? and the 2-design curve v : [0,1] — S? given by

acos(2ms) + (1 — a) cos(67s)

v(s) = | asin(27s) — (1 — a)sin(67s) |,
2¢/a(1 — a) sin(4ms)
where a ~ 0.7778 [14]. Since v() = (0,1,0)T = —v(3), we

have two antipodal points, and, hence, there exists a rotation
O;; € O(3) such that x; and x; lie on 4"/ := O,;~. These
points and curves are combined to the curve I' on Grs 4

(7(1’2))1‘1)7 (xla'y(lz)%

— (7(1’3)7332)’ ($257(1’3))) (4)
(’7(2’4)7-7;3)7 (x37’y(2’4))7 )
(’7(374)7 $4)7 (.’13'4, 7(3’4))

A visualization of the curves and points on S? is provided in
Figure 1.

(al) 7

(b1) v+

(c2) z3

~

(d1) v

(d2) x4

Fig. 1: Visualization of a curve on Gry 4 using its parametriza-
tion as (S? x S?)/+1. The image rows form curve-point
pairs as in Equation (4). Each red 2-design curve ~(*7), with
i,7 € {1,2,3,4} connecting the blue 2-design points x; and
x; on the left is associated with a red 2-design point on the
right.

V. CONCLUSION

In summary, we have proved the existence of asymptotically
optimal t-design curves on the Grassmannian Gry 4. The
parametrization of Gra 4 by (S? x §?)/+1 was key. An open
problem is the existence of asymptotically optimal ¢-design
curves on other Grassmannians that lack such a uniquely
beautiful parametrization.
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