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Abstract

In this paper, we propose a novel tube-wise local tensor compressed sensing (CS)
model under the tensor product framework, where sensing operators are indepen-
dently applied to each tube of a third-order tensor. To recover the low-rank ground
truth tensor, we minimize a non-convex objective via Burer—-Monteiro factorization
and solve it using gradient descent (GD) with spectral initialization. We prove that
this approach achieves exact recovery with a linear convergence rate. Notably, our
method attains provably lower sample complexity than existing TCS methods if
the low tubal rank ground truth tensor satisfies the defined incoherence condition.
Our proof leverages the leave-one-out technique to show that gradient descent
generates iterates implicitly biased towards solutions with bounded incoherence,
which ensures contraction of optimization error in consecutive iterates. Empirical
results validate the effectiveness of GD in solving the proposed local TCS model.

1 Introduction

Tensor compressed sensing (TCS) that recovers a low-rank tensor from limited measurements is a
fundamental problem in signal processing and machine learning. Specifically, the classical TCS
problem aims to recover a ground truth X* € R™!*"2X"3 tensor from a few linear measurements
generated as

Y=y, ym] = AXY) = [(AL XY, (A, X (1)

with A : Rt *"2Xn"3s _ R™ being a linear sensing map. Without any structure assumption on X,
the problem is ill-posed and it is impossible to recover it from measurements less than its dimension.
In this paper, we consider X exhibiting a structure that can be well-approximated by a low-rank
model. However, unlike a matrix that has a unique notion of rank, a tensor has multiple definitions of
rank [19] induced by different tensor decompositions such as Canonical Polyadic (CP) [16], Tucker
[S4], tensor singular value decomposition (t-SVD) [[17]], and others [39} 165, [70]. Algorithms and their
theoretical guarantees to recover X* under different notions of low-rankness have been studied in a
series of existing works [3| [11} [18} 26} 28 130} 36} 43|, 44].

Despite the long-standing literature, works mentioned above share a common limitation: the TCS
model (T) is a global CS model where the sensing operator A is applied to the entire tensor X™*. In
certain applications, however, fulfilling such a requirement is impossible or inefficient. For example,
when dealing with massive tensor datasets that exceed available memory, one common strategy is
to split the data into smaller sub-tensors and allocate them across a distributed network of storage
nodes [49 155]]. In this case, it is more practical to take measurements of the sub-tensors locally at
each node out of implementation efficiency and privacy considerations. Another example is real-time
applications such as video streaming, where the data is modeled as a tensor whose dimension is
increasing with time. For these applications, algorithms that can process incoming measurements
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incrementally and generate the tensor on the fly are favored over those that repeatedly measure and
recover the full tensor whenever new data arrives [37, 164]].

To address the above limitations in the global TCS model, recent work [64] firstly proposed a local
TCS model where measurements are taken with respect to each lateral slice matrix of X*. Methods
proposed therein provably recover the ground truth tensor X™* of low tubal rank with a lower sample
complexity than the global TCS model. Inspired by this result, this work takes a further step by
proposing a more flexible local TCS model that senses each tube of X™*. Our proposed tube-wise
TCS model only requires access to individual tubes (mode-3 fiber vectors) of the third-order tensor,
whereas slice-wise [64] and global sensing methods [20} 26 28, |60] must measure the entire slice
(full matrix) and the whole tensor, respectively. We refer to our framework as the tube-wise TCS
model and define it precisely below:

Definition 1 (Tube-Wise TCS). Given third-order tensor X* € R™*"2Xn3 ybe-wise TCS measures
X by the sensing map Z : R *X"2Xns — RMXM2XM that consists of n1 X Ny sensing matrices
Z;; e R™*™s g =1,...,n1, j=1,...,n and generates the measurement

y = Z(X*)? where y(7’7J7) = Z?jX*(Zajv :)? V(Zaj) € [nl] X [n2] (2)

Here, n1, no, and ns3 are respectively the height, width, and depth of X*; and n; and no are
collectively referred to as the spatial dimension. Each X* (i, 7,:) denotes (4, j)-th tube vector of X*,
which is measured by Z;; with an output vector Y (i, j,:) € R™, where m denotes the tube-wise
sample size. We can observe that given samples and measurements obtained via the tube-wise TCS
model, we can turn it into an equivalent slice-wise or global TCS model, but not the other way around.
This reflects the flexibility of the proposed tube-wise TCS model.

This work considers recovering X with low tubal rank (cf. Definition from Y under the
tube-wise TCS model. The low tubal rank assumption is well-motivated in applications where
multi-dimensional data exhibit strong correlations along the third mode [24, 68]], such as time or
spectrum. Under the t-SVD framework, this assumption enables a compact representation of the
tensor and has shown empirical success in video, hyperspectral, and multichannel signal recovery
tasks [22]41,157,158162]]. The TCS model under the t-SVD framework has also been widely studied in
existing works [[15[25] 126, 128|163, 166, 67]]. Although we consider the Fourier transform-based t-SVD
framework, our results in this paper can be extended to general t-SVD framework whose transform
matrix satisfies L' L = LL" = nsI, which is standard in the transformed t-SVD framework
[27, 29] that includes the DFT matrix as a special case.

Given the proposed tube-wise TCS model, a central question is how to design a method that can
exactly recover the ground truth tensor X that is both sample and computationally efficient. This
paper addresses this question and our main contributions are summarized as follows:

* Computational complexity. We formulate the tensor recovery problem by minimizing a quadratic
loss and encode the low rank structure utilizing tensor Burer-Monteiro (BM) factorization [3]].
By reparameterizing the tensor to be learned as the product of two smaller factors based on low
tubal rank assumption, the BM factorization enables more computationally and memory-efficient
numerical solutions than existing t-SVD-based TCS methods [20} 25} 28,160, [67]]. Specifically, we
prove that despite being nonconvex, with a sufficient amount of measurements under the defined
tensor incoherence condition (cf. Assumption[2), applying the GD with proper spectral initialization
finds the ground truth X at a linear rate.

* Tube-wise sample complexity. We provide tube-wise sample complexity to ensure the linear
rate of GD and exactly recover the ground truth, given by (12). The expression decreases linearly
with the spatial dimension n, implying that for fixed tubal rank and tube size, increasing spatial
dimension can reduce the sample complexity significantly. Such a property is unique to our local
TCS model and has not appeared in any previous results, revealing that the local TCS model is
more sample-efficient than existing methods, as summarized in Table[I] Simulation result shown in
Fig. 2| corroborates our findings. Furthermore, our sample complexity is essentially tight since the
total sample complexity of all tubes nearly matches the information-theoretical lower bound.

* Technical analysis. To prove the linear rate of GD under the provided tube-wise sample complexity,
our analysis hinges on two key ingredients. One is showing the existence of a benign landscape near
the optimum of non-convex loss (6), and the other is that GD iterates stay in this region. To this end,
we leverage the leave-one-out (LOO) technique and judiciously construct two auxiliary sequences
to show that GD with spectral initialization is implicitly regularized with all iterates having bounded



Table 1: Comparison of existing works under different TCS models.

Method TCS Model Convexity Convergence Rate Normalized .
sample complexity
TNN [28] Global Convex X O(r(2n — r)ng)
IR-tTNN [60] Global Non-convex Sub-linear X
Schatten-p TNN [20]] Global Non-convex X X
FGD [26] Global Non-convex Linear O(r*nng)
Alt-PGD-Min [64] Slice-wise ~ Non-convex Linear O(r’n3)
Ours Tube-wise ~ Non-convex Linear 9] (max { TJ% ,1 })

T Here we assume for simplicity and without loss the generality that n, = ny = n. r denotes the low tubal rank
of the ground truth tensor. Normalized sample complexity is defined as the total number of entries in the sensing
map divided by the tensor size n1 X n2 X n3.

incoherence. Based on this implicit regularization phenomenon, new concentration results are
established showing that the empirical Hessian of non-convex loss is close to its population
counterpart under reduced sample complexity than state-of-the-art results.

Related works. Based on our proposed model and technique, we organize relevant works as follows.

» T-SVD based global TCS. Recovering low-tubal-rank tensors under the t-SVD framework has
been considered in [28]], wherein a convex tensor nuclear norm (TNN) minimization formulation is
proposed with order-optimal sample complexity guarantees. The results were extended to the robust
recovery settings in [67]]. Under the TNN minimization framework, nonconvex surrogates for tubal
rank have been explored in [20] and [58]] to improve performance, yet no sample complexity has
been provided. In addition to low-rankness, the local smoothness structure has been incorporated
in [25] for visual data to improve sample complexity. Algorithmically, all these methods require
performing multiple SVDs per iteration, which is computationally intense. More recently, a
nonconvex formulation based on the BM factorization for symmetric tensors was proposed in [26],
wherein the factorized gradient descent (FGD) algorithm is developed to solve the problem with
reduced computational costs and storage requirements. All these works focus on the global TCS
model rather than the local sensing setting considered in this paper.

* Local CS model. Compared to the global CS model, methods for local CS have remained
relatively underexplored. Recent works [21} 38, 148,149, 155] have studied local CS for low-rank
matrix recovery, yet much less work has been devoted to local CS for tensors. A lateral column-
wise sketching method under the Tucker decomposition was proposed in [4]], and gradient-based
algorithms were introduced, but without theoretical analysis. Recent work [64] has studied slice-
wise local TCS under the t-SVD framework, wherein both sample complexity and algorithmic
convergence are provided. In contrast, this work considers a more fine-grained tube-wise TCS
model where the sensing map is applied to each tube independently. Our model achieves improved
sample complexity compared to [64], as shown in Table|T]

* Implicit regularization in tensor learning. Under the BM factorization, one line of research has
studied overparameterized tensor models and has shown that some optimization algorithms implic-
itly promote low-rank structures in CP [10} 12} 145, Tucker [13}31}146]), and t-SVD decompositions
[[LS]]. Another line of work has studied the exact parameterization setting and has proved that GD
or its variants generate balanced factors [51,52]] or enforce incoherence conditions [2} 16} 7, 159].
There are also works that have investigated other types of implicit regularization in tensor learning,
such as [33]134]. Our work reveals the implicit regularization effect of gradient descent in the
proposed tube-wise local TCS model, which allows the tube-wise sample complexity required for
exact recovery to be reduced linearly as the spatial dimension increases, as shown in (I2). This
leads to a significant improvement in sample efficiency.

2 Preliminaries

Notations. Scalars, vectors, matrices, and tensors are denoted by z, =, X, and X, respectively.
For third-order tensor X € R™*"2*"3_we denote its (4, j, k)-th entry as X; ;5. The (i, j)-th tube,
denoted as X (i, j, :) or X;;., is considered as a tensor in R *!*"3 or a vector in R"#, depending



on the context. The i-th horizontal, lateral, and frontal slice of X are denoted as X (i,:,:) or
X, € RIXnmexns x(: ;) € Rm>X1%ns and X(:,:, 1) € R™*"2%! regpectively. We also refer to
the frontal slice X (:,:, ) as X g Rrixnz, (x,Y) = Zijk X1 Yijk is the tensor inner product.
X denotes the result of performing DFT on all the tubes of X, i.e., X := fft(X,[ ],3); and the
inverse DFT is X := ifft(X, [ ], 3). omax(X) (Omin(X)) is the largest (smallest) nonzero singular
value of X.

Basics of t-SVD algebra. The three basic operations, unfold, fold and block circulant, for X €
R Xn2Xn3 gre defined as

x @ xms) . x(2)
Unfold (X) := | XM -X<"3>] : x® x® .. x®
B ’ beirc(X) := . . ) . . 3
Fold (Unfold (X)) := X; : : S
xms)  xms—1) = x(1)

With the above operations, we introduce the following tensor algebraic basics [17}28]].
Definition 2. The tensor product of X € R"1*"2%"s qpd Y € R™"2*"4%"3 s defined as:

X « Y = Fold(bicrc(X)Unfold(Y)) € R™*"4*"s, 4)

Definition 3. The conjugate transpose of a tensor X € R™*"2%"s s defined as the tensor X | €
R™2x™1X"3 obtained by taking the conjugate transpose of each frontal slice of X, then reversing the
order of transposed frontal slices 2 through ns.

Definition 4. IfZ(:,:,1) = I, and Z(:,:,i) = 0, for 2 < i < ng, then T € R™"*"*"3 s defined as
the identity tensor.

Definition 5. Q" "*" s orthogonal if and only if it satisfies Q' * Q = Qx Q' =T.
Definition 6. A tensor is f-diagonal if each of its frontal slices is diagonal .

Definition 7. X € R"*"*"3 has an inverse Y if X * Y =T and Y * X = L. If X is invertible,
we use X~ to denote its inverse.

Definition 8. The tubal and average ranks are respectively defined as rank,(X) :=
MAX; ¢ ny] rank(f(i)), and rank,(X) := (1/n3) - > 12, rank(f(i)).

Theorem 1 (t-SVD [[17]). X € R™"*"2X"3 cqn be decomposed as X = U * S V' withid €
Rr1xmixns ) ¢ RM2X12X"s heing orthogonal and S € R™ *™2X"s f_diagonal.

Definition 9. The spectral norm of X € R™*"2*"s jg defined as || X || := omax (bcirc (X)).

Given the sensing map Z in (2)), its adjoint map is defined as follows:

Definition 10. The adjoint map of Z : R™"t*"2Xns — RMX12X™M " depoted as Z° : R *m2Xm
R™M*m2Xn3 s defined such that for VY € R™*"2X™ it oytputs X = Z°(Y) € R™"1*"2X"s yith

X(i,4,0) = ZLY(i.5.), ¥ (i,5) € [m] x [na]. )

3 Local TCS via Burer-Monteiro factorization

We employ the Burer-Monteiro factorization [5]] to parameterize the low rank tensor to be learned as
X = Ax B, where A € R"1*X"*"s B ¢ R"2X"%"3 Recovering X under the tube-wise local TCS
model (Z) can then be formulated as minimizing the following non-convex loss function:

can =3z, (AGi,20) + (BU. )T ) — P+ || AT+ A= BT « BHi, ©)

i=1 j=1

where the first term fits the model to the measurements and y,;; € R™ is the measurement vector
for (i, 7)-th tube. Since the BM factorization is not unique, factors .A and B cannot be identified.
To address this ambiguity, we generalize a technique widely used in asymmetric matrix recovery
problems [18} 53} 73] to tensors and introduce in @ the second term balances the size of A and B.
If there is no such term, the loss has an identifiability issue since for any invertible R € R"*"*"3



factors (A, B) and (A * R~ B R ") has the same loss value. Such ambiguity may result in the
norms of the two factors being highly unbalanced, leading to even divergence of the algorithm.

To minimize £, we substitute the expression of measurement Y generated in Eq. (@) into the above
loss function and then apply the GD method with step size 7 taking the form:

AL — At _pzez (At* (Bt)T —X*> « B — %At* ((At)T*At_ (Bt)T *Bt> )

Bt =B g (ZCZ (At " (Bt)T B X*))T « A %Bt " ((Bt)T « B! — (At)T *At) :

®)
where the adjoint map Z°€ is introduced in Definition The estimated recovery result at each
iteration ¢ is therefore given by X' := A" % (Bt)T.

To overcome the challenge of getting stuck at local solutions due to the nonconvexity of (6) and
enabling exact recovery of X, we further provide a spectral initialization scheme that starts GD at a
point sufficiently close to the ground truth. The complete algorithm is given by Algorithm[T]and 2]

Algorithm 1 Gradient descent with spectral initialization for minimizing ().

Input: Operator Z and measurements Y € R™1*"2X™ rank r, step size 7, total iteration T}y ..
> Spectral Initialization:
1. x0.= 2V

2: A", BY] = T-SVD-Spec(X", )
> Gradient Descent:
3: fort =0,...,Thax — 1 do
4: Update A" = A" — 1V 4L(A" B"), B! = B! — Vs L(A", B') based on ([7), (§).
5: end for
Output: Recover tensor X7mx = A max g (BTmax)T,

Algorithm 2 Truncated t-SVD based spectral initialization: [A, B] = T-SVD-Spec(X, r)
Input: X € R™*"2Xn3 ¢,

I: X = fft(X,[],3)

2: fori:‘l,...A,ngd}o _

x5 v =svpx")

. =@ _ 7@, N a® . Cont.wm@ @ g .
4: A =U"(41:7nS"Q:r1:r); B =V '(5,1:r)(S "(1:7,1:7))
5
6

N

A =ifft(A,[],3), B =ifft(B,[],3)
: end for
Output: Tensor factors A, B.

To establish the theoretical results, we first impose the following low-rank structure on X*.

Assumption 1. Each front slice of X* has rank r < min{ny,ny, n3}.

Assumptionis the same as the low multi-rank assumption in [69] and implies rank;(X*) = r. Thus,
Theoremimplies that X has exact skinny t-SVD [68] given by

X* _ u* * 8* x (V*)T7 (9)
where U* € R™M*7*"s §* ¢ R"™*"*"3 and Y* € R"2*"*"s_ Based on (9), we introduce the two
balanced factors A* € R™X"*n3 B* ¢ R"2X7%"3 defined as

, PPN S PPN L L
A g (s*(”) S L vl (S*(’)) LA = iff (AT, [],3), BY = ifft(B", [ ], 3).
In addition to Assumption |1} we assume X* satisfies the following tensor incoherence condition,

which ensures information is spread out across all tubes of the tensor, and no small subset of tubes
carries dominant information.

Assumption 2 (Tensor incoherence condition). Let X* satisfy Assumption|I|with skinny t-SVD given
by Q). There exists constant  that

wur

max [5G,y 0)|| < | —  and  max [V*(j,:1)] < : (10)

i€[n1] nins j€[n2] Nons




where || - || is the tensor spectral norm (cf. Definition[9). Each horizontal slice matrix in the above is
actually a degenerated third-order tensor.

Remark 1. Assumption|2|imposes uniform bounds on the tensor spectral norm of horizontal slices of
tensor factors. This assumption is equivalent to the matrix weak incoherence condition [68, Eq. (31)],
which is assumed in the tensor completion problem under random tubal sampling. This condition
is slightly stronger than the existing tensor incoherence condition that uses the Frobenius norm
[24) 28168, due to the fact that our measurements of X™* are taken tube-wise rather than globally.

For simplicity and without loss of generality, we assume n; = ng = n for the spatial dimension
of X*. We denote gmax := Tmax(X™), Omin := Omin(X™) and the tensor condition number
K := Zmax_ Since the factors are identifiable up to orthogonal transformations, we introduce the

Omin

following alignment tensor R to remove the ambiguity:
A A*
5[5

where the set O, includes all orthogonal tensors with size r X r x n3. Recall that m is the number
of measurements taken for each tube (cf. Definition[T)). With Assumption[I]and[2] we are now ready
to state the main result.

Theorem 2. Let X* satisfy Assumption and and the entries of local sensing matrices {Z;;} be

generated from i.i.d Gaussian distribution N'(0, 1). If the tube-wise measurements satisfy

(500002 (pur)® k3 log® (n V n3)
n

; (1D

F

R':= argmin
ReO,

m > V1. (12)

Then under the step size condition n) < 557=%—, with probability at least 1 —
generated by Algorithm (] satisfy

3]~ 5]
()=~ [5]),

where C'is a universal constant.

W the iterates

4450, log>
< (1= 0.1mnomm)" - 98C\/<W) k5ng log (n\/n3)0'max, (13)

mn

i (ur)dK9ng3 log? (n V n3)omax
le[2n]

b

(14)

‘ < (1 —0.1mnomin)" - 29640\/

mn?

Theorem [2] further implies the following fine-grained uniform bound on the recovery accuracy for all
tubes of X'*; a new result in the t-SVD based tensor recovery literature.

Corollary 1 (Tube-wise bound). Under the same setting as Theorem[2} Ve > 0, the iterates generated
by GD achieve

maxH(At*(Bt)T—X*)._H <e (15)

ij yillp —
in at most O(k? log %) iterations with high probability.

Next, we discuss the implications of Theorem [2]and Corollary [T]in detail.

Computational complexity. The above results show that even for the non-convex loss (6), GD with
spectral initialization converges to X’* at a linear rate with iteration complexity O(x2 log ). The com-
plexity scales quadratically with x, showing that GD converges faster if the ground truth tensor is well-
conditioned. The computation cost per iteration mainly lies in performing FFT, SVD, inverse FFT,
and matrix multiplication. The complexity of initialization is O (mn3n2 +n2n3lognz + n3n3)
and that of per GD iteration is O (mnsn? + n’nzlog ng + rnnglog ng + nr + nr?). Thus, the
total computational cost of Algorithmis O (nz (mn3n2 + n2nglogng + n27") + ngng).

Sample complexity. Based on the local TCS model (I)), a naive approach to reconstruct X is to

recover each tube independently, which requires measurements m on the order of O(ng3). In contrast,
Eq. (12)) shows that collectively recovering all the tubes exploiting the low-rankness structure can



significantly reduce the sample complexity. Specifically, since the right hand side of (I2) decreases
linearly with n, we have that for a fixed tubal rank r and tube length ng3, a larger spatial dimension
n leads to fewer samples needed per tube to achieve exact recovery. A direct consequence is that
the sample complexity of our model outperforms state-of-the-art results as illustrated by Table [I]
The total number of samples taken over all tubes is O (r5n3n), which is nearly order-optimal when
compared to the degrees of freedom O(rnng) for tensors with tubal rank r [28]).

Remark 2. The dependence of the sample complexity on the tubal rank of X* is r> due to analysis
technicalities. Similar high-order polynomial dependencies on the rank can also be found in the
literature of non-convex matrix and tensor recovery [I8, 132} 147,150, 159)].

The implicit regularization of GD. Eq. (14) reveals that even without explicit regularization, the
iterates generated by GD remain incoherent throughout the optimization process. This implicit bias is
crucial since the non-convex loss (6) is strongly convex and smooth when restricted to the incoherent
directions, thereby enabling the linear convergence of GD. Eq. also leads to the new tube-wise
convergence rate (13)), showing that the recovery error is spread out across all tubes. The main
technique to prove this property is the LOO analysis, which will be discussed in detail in Sec. 4]

4 Theoretical analysis

This section outlines the analysis by providing intermediate results paving the way towards Theorem[2]
whose complete proof is provided in Appendix[A] The starting point is proving the sensing map Z in
(2) satisfies the tensor Restricted Isometry Property (T-RIP).

Proposition 1. If the sensing map Z and ground truth X satisfy the conditions in Theorem and
the tube-wise sample size has

r2(n — r)ngr?u?

mz 252 ; (16)
then tensor RIP holds with parameter 6, € (0, 1) given as
m(l—=6,) | X% < 12 (X*) |5 < m(L+6,) |27 a7

with probability at least 1 — exp {—cr(n — r)ns}.

For the global TCS model, existing proofs used a Bernstein inequality that is uniformly applicable to
all rank-r tensors to prove the RIP condition. If we use the same inequality, the sample size required
to establish the RIP condition given in Proposition|l| would be much larger than our current result
due to ignoring the structures of the tube-wise sensing model.

Thus, compared to RIP result in Lemma 5 of [26], Proposition E] shows that under the local TCS
model, a smaller sample size m suffices to guarantee || Z (X™*)||% concentrates on its expected

value m || X|| ; The key property that leads to this result is that X'* satisfies the tensor incoherent
condition (TI0). Motivated by this observation, we prove next that the GD iterates also satisfy the
incoherence condition, which will allow us to use similar arguments to show the empirical Hessian
of the non-convex loss (6)) concentrates on the population Hessian under the same order of sample
complexity. The linear rate of GD then follows from the fact that the population Hessian is restricted
strongly convex and smooth.

To prove that GD iterates satisfy the incoherence condition implicitly, we leverage the LOO technique
and define the LOO map for the tube-wise sensing map Z, which is motivated by the matrix
completion setting [8} 32].

Definition 11. Given a tube-wise TCS map Z, the LOO map Z_;. : R"*"x"s — RMX"X™ g
identical to Z but excludes the measurements of all tubes belonging to the i-th horizontal slice of X*.
Correspondingly, the projection map P;,. : R"*"*"s — RMXMXM for X* sets its i-th horizontal
slice to zero. That is,

(2 ()], = {ifzé\fw;, Ziz L [P (), = {

ijn kZZ,

0,,, k#i. (18)

In analogy to Definition |11} we additionally introduce the map Z. _; that leaves out measuring the
j-th horizontal slice and projection map P. ;.



Next, we construct the auxiliary sequences as the GD iterates generated by minimizing loss func-
tions defined based on the LOO maps. Specifically, for 1 < [ < n, we define the loss function
corresponding to leaving out measuring the ¢-th horizontal slice as

£V (A, B) = HZ—”‘ (.4* B — x*)

’i-i— H'Pz, (.A* BT —X*) ‘2F + % HAT *xA-B' *BHQF

19)

with variables A € R™"1*"*"s B ¢ R"2*"*"s_ The LOO sequence is given by
At+1,l _ At,l _ VAE(Z)(At7l7 Bt,l); Bt-‘rl,l _ Bt,l _ vBﬁ(l)(At,l’ Bt’l). (20)

Similarly, for n + 1 < < 2n, we can also define the loss based on leaving out (I — n)-th lateral
slice map Z. _(;_,) and corresponding generated GD iterates as (I9) and (20), respectively.

Furthermore, we define the following two orthogonal alignment tensors

t,07 * t,l +
{";;71 xR — {’g*} :TH .= argmin [‘A ] x T — [A} * R (1)

r T€O,

R = arg min

t,l ¢
ReO, B B

Theorem 3. In the same setting as Theorem|2} the LOO sequences satisfy

(ur)5K9ng3 log? (nV n3)omax

‘ < (1 —0.1mnomin)" - 24960\/

At7l 'A*
(|:Bt7l:| *Rt)l - _B*:|>l“

max
1€[2n] mn?
(22)
Al i A’ (ur)*k2n31og?(n V n3)omay
lren[gil{] [Bt,l] * T - [Bt *R! <(1- 0'1m770'1nin)t -52C : mn?2 :

(23)
with probability at least 1 —

1
(nvngz)10"

Assumption [2] and (22)) together show that the LOO sequences satisfy the bounded incoherence
condition, while (23)) shows that the GD iterates are sufficiently close to the LOO sequences. Eq.
(22)) and (23) thereby ensure that the incoherence condition (I4) holds along the GD iterates.

The rest of the proof for Theorem [2]is devoted to establishing that the non-convex loss (6) under
sample complexity is strongly convex and smooth along the incoherent directions satisfying
in a local region sufficiently close to X™* (cf. Lemmain Appendix .

Our last result shows that Algorithm [1| generates initial points sufficiently close to X™* and also
satisfies the tensor incoherence condition. Similar to the GD stage, 2n auxiliary LOO variables are

introduced as follows. For 1 < [ < n, we define the [-th LOO variables AO’Z, B as
1
x0= —. (Zc_l )+ ’Pl,.(x*)> A% B%!] = T-svD-Spec(X !, r). (24)
m ,

Forn + 1 <1 < 2n, we generate (I — n)-th LOO pair of variables in analogous to (24) by leaving
[-th lateral slice out.

Theorem 4. In the same setting as Theorem[2} if the tube-wise measurements satisfy

. (100C)? (pr)*k"n3 log?(n V n3)

Vi1, (25)
n
then the initialization generated by Algorithm([I|and [24) satisfy
07 * 4,.5 1 2
e e e
A° 0 A* (ur)®kdng log? (nV n3)omax
— * <
s (] -~ - [5]). | —594# mn? <27>
A o1 |A* (pr)®k5n3log?(n V n3) omax
"= * <12 2



max

l€[2n] nZm

0.t 0 4,2 2
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The idea of the proof for initialization is similar to that in [8[32] and is provided in Appendix [B]

5 Experimental results

We validate our theoretical findings on synthetic tensors (real-data results appear in Appendix [C).
First, we verify the linear convergence of Algorithm[I} Then we study its recovery performance
under varying tube-wise sample complexity. Finally, we compare our method with existing works in
terms of sample complexity and running time.

To validate convergence, we set (n1,n2,n3) = (100, 100,50), tubal rank = 5, and condition
number £ = 1 for ground-truth tensor X that is generated from i.i.d. N'(0,1) entries, per-
forming an FFT along tube mode, truncating each frontal slice to rank r via SVD (setting the
top r singular values to 1 and the rest to 0), and then applying the inverse FFT. We set the
n = 0.2 and tube-wise sample complexity m = 10. Fig.[I] plots the recovery errors vs. iter-
ation number in 20 Monte Carlo trials under different initializations. The recovery errors are
plotted in three metrics: (1) the relative Frobenius norm error || X" — X*|| /|| X*||r; (1) the rel-
ative tube-wise error max;; H (X" — X" H o/ max;; HX * |l .; (3) the relative incoherence error

(] (o) Yo [

Fig.[1(a)] shows the linear convergence of our Algorithm|I]in all three relative error metrics. Fig.
and show the results of the GD under random initialization A", B® ~ A/ (0,0%T % rcns)
with a = 1,0.001, respectively. For @ = 1, we select the largest » = 0.0002 to guarantee
convergence. Fig. [I(b)]shows large initialization cannot achieve exact recovery. For v = 0.001, the
n = 0.2 is the same as in the Fig. [I(a)]setting. Fig. shows that GD can achieve exact recovery
under small initialization with the nearly same computational cost as Algorithm[I} Fig.[I(b) and
Fig. show that our spectral initialization is not necessary to achieve exact recovery, and GD
with random initialization can also attain this in global convergence, but the small initialization is a
necessary condition even under exact parameterization.
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Figure 1: Relative recovery errors vs. iteration number. (a) Algorithm [T]with spectral initialization
in Algorithm|2|. (b) Random initialization with a = 1. (c) Random initialization with o = 0.001.

To illustrate the sample efficiency of the method, we plot phase transition diagrams to examine the
recovery phenomenon with varying spatial dimension n and varying tube-wise sample complexity
m. We fix the tube dimension as n3 = 50 and consider the two settings: (1) r = 5; (2) r = 10. We
generate ground truth X through the abovementioned ways. We choose n in [20 : 5 : 200] and
m=1,2,---,50 for both r = 5 and r = 10 cases. For each (n, m) pair, we simulate 10 test trials

and assess a trial to be successful if the recovered X satisfies || X — X*|| /|| X*||» < 0.001.

Fig. [2| plots the fraction of successful recovery for each (n,m) pair, and white denotes perfect
recovery (100%), while black denotes failure (0%). Fig. and Fig. 2(b)|plot » = 5 and r = 10
cases, respectively. In both cases, the white successful region is large, but it is noticeably larger for



Table 2: Comparison of runtime and required measurements m (TCS). m: sample size in tensor unit;
ns: tube size; n: spatial dimension; r: tubal rank.

FGD TNN Schatten-2/3 Alt-PGD-Min Ours
n3(r) ™ (m/time(s) (m/time(s)) TNN (m/time(s)) (m/time(s)) (m/time (s))
10 (r=2) 20 840/7.1 1450/1.6 1020/5.1 43/13.8 3/1.1
10 (r=2) 50 2200/175.7  4600/109.4 3100,/181.7 45/15.6 2/3.7
20 (r=3) 20  2400/86.9 3950/7.7 2750/20.7 130/13.8 7/4.5
20 (r=3) 50 6800/442.4  13000/717.5 8500/988.2 135/80.4 3/11.6
30 (r=4) 20  4900/181.2 7100,/20.9 5250,/90.0 250/47.3 12/16.1
30 (r=4) 50 13500/1626.1 24000/2395.6  16500/2344.9 268,/155.9 6/18.9

r = 5 than for » = 10, reflecting the greater difficulty for higher rank settings. Moreover, as the
spatial dimension n increases, the required tube-wise sample size m for exact recovery decreases
substantially, which corroborates our sample-efficient theoretical result.
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Figure 2: Phase transitions for tube-wise local TCS model.

To validate the sample efficiency of the proposed tube-wise model and method as given in Table[T]
we compare with existing t-SVD-based TCS methods, which include global TCS methods: FGD [26]],
TNN [28]], Schatten-2/3 TNN [20]], and the latest slice-wise local TCS model Alt-PGD-Min [64]. We
report results for n = 20, 50 only, as Schatten-2/3 TNN and TNN encounter out-of-memory issues
for larger n due to the huge sample size. For each method, we find the smallest number of random
tensor samples m (each tensor has the same size as X™* and all entries generated from i.7.d. standard

. e . . xX-x*
Gaussian distribution ) that can achieve exact recovery in the sense of % < 1073. For the
F

computational cost, we choose the largest step size for each method that can converge under each
parameter setting.

The comparison results are summarized in the Table 2] We can observe that our tube-wise model
and solving method can use both the smallest tensor samples and computing time to achieve exact
recovery. This validates that our proposed model and method achieve both sample and computation
efficiency. In addition, we can also find that for the fixed tube size n3 and tubal rank r with increasing
size of spatial dimension n, all other methods need more samples to achieve the recovery. On
the contrary, our model can use fewer samples to recover, which means that increasing the spatial
dimension can reduce the tube-wise sample complexity. This result also validates our theoretical
sample complexity in (12).

6 Conclusion and future work

In this paper, we proposed a tube-wise TCS model under the t-SVD framework. We prove that GD
with spectral initialization achieves exact recovery at a linear rate. Our analysis reveals that the
tube-wise sample complexity decreases linearly with respect to the spatial dimension. But several
important questions remain open. The current linear-rate constant scales quadratically with the
tensor condition number, motivating preconditioned or curvature-aware gradient methods to mitigate
slow convergence on ill-conditioned instances. We also assume a known tubal rank and focus on
third-order tensors; extending the theory to over-parameterized factorizations and to arbitrary orders
under modern high-order tensor algebra is an important next direction.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract/Intro state the tube-wise TCS model and our guarantees; Thm. 2
(linear rate) and Eq. (12) (sample complexity) establish the claims; Alg. 1-2 specify the
method; Table 1 compares sample complexity; Sec. 5 validates on synthetic data.

Guidelines:

e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: Sec. 6 (Conclusion) lists limits: quadratic dependence on condition number,
known-rank assumption, and focus on third-order tensors; it also outlines preconditioning,
rank-agnostic analysis, and higher-order extensions.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

16



Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: Assump. 1-2 are stated; main results are Thm. 2 and Cor. 1; supporting tools
include Prop. 1, Def. 11, and LOO sequences; full proofs in App. A—B with intermediate
lemmas.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification:
Guidelines:

» The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.
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5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justification: We include anonymized code and run scripts with instructions.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

 The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification:
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]
Justification:
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

18


https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy

8.

10.

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

e It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification:
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?
Answer: [Yes]
Justification:
Guidelines:
» The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

o If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification:
Guidelines:
» The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification:
Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification:
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification:
Guidelines:

* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification:
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer:|[NA]
Justification:
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage
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Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification:
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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Appendices

A Proof for GD Stage

We first prove the tensor RIP result of Proposition [I]in Section[A.1] Section[A.2][A.3][A.4and[A.5]
proves the (13), (22)), 23) and (I4) in Theorem [2] and Theorem [3] respectively. The final section
[A.6] presents the technical lemmas used throughout the main analysis. The core idea of the proof is
an induction argument: assuming that equations (13), (22), 23), and (T4) hold at the ¢-th iteration,
we show they continue to hold at iteration ¢ + 1. Therefore, establishing that they are satisfied at
initialization (¢ = 0) via spectral methods completes the proof.

A.1 Proof of Proposition

We prove this proposition by expressing || Z (X™) ||% — m || X" ||2F as a sum of independent, mean-
zero, sub-exponential random variables. We then apply an e-net argument together with the sub-
exponential Bernstein inequality to derive the desired concentration bound. Crucially, independence
of the sensing matrices in our tube-wise model and the tensor incoherence condition allow us to
obtain a tight bound under the efficient sample size with high probability.

Proof.
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It is apparent that {7, } are independent sub- exponential random variables with zero mean and
bounded sub-exponential norm || Kjs |, < C HX || - Thus, we can use sub-exponential Bernstein
inequality with e-net argument to bound such deviation. Firstly, V¢ > 0 we have
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where (i) is based on the tensor norm inequalities (93)), (93)), and the tensor incoherence condition in
(TO). Based on sub-exponential Bernstein inequality for fixed VX, we have

N N N mad>n?
P (/12 () 1F - mlatE] = mes, 27 7) < exp { s } (34)

Thus, for all the incoherence X* with tubal rank r, the covering number is O (r(2n — r)ng), then
based on the e-net argument in [S6], there is uniform bound as

2,,2

* * * mé’!‘n
P (12 @) 1 - mIal| = mo 1271 ) < e {5 0 - | 9)

Combining the tube-wise sample complexity in (T6)), we obtain the (T7) with high probability. [

A.2  Proof of (T13)

Following the proof of [8], we construct the auxiliary sequence as follows:

AT = AR - nZ°Z (Ak) «B" — %A* * (’R,t)T ((.At)T * A" — (Bt)T * Bt> * R
(36)

BT =B R (22 (8%)" A - BT (RY) (B + B - () <A o R
(37

where we define the quantity A%, := A" % (Bt)T — A"« (BT,

Next, we show that the expected auxiliary sequence contracts toward the global optimum in one
gradient step. By controlling the deviation between the auxiliary sequence and its expectation via
concentration bounds, we ensure the actual auxiliary iterates also exhibit this local contraction.
Finally, we prove that the true GD iterates remain sufficiently close to the auxiliary sequence, and
hence inherit its local contraction toward the ground-truth factors.

It is apparent that the above defined quantities expectations have

BIAT] = A e R gl o B - AT (R (A1) 5 A - (8 BY) £ R
(38)
E |:Bt+1:| _ Bt *Rt —nm (AtX)T *A* . ?B* % (Rt)T ((Bt)T % Bt o (At)T *At> *Rt.
(39)
Based on triangle inequality and decomposition, there is
Hl:AtJrl] i+ [A*] ‘ . E ,Ztt+1 At—i—l & At+1 {A*}
* - * >~ ~ = + 1 - *
Bt B E Bt—H BH_I E Bt+1 B
I, Iz
At AT
+ |:Bt+1 * R — ek (40)
I3

Next, we need to bound 114, I5, I3, respectively.

A.2.1 Bound for II;
We first give the concentration inequality for auxiliary sequence as follows.
[ (2°Z (Aly) — mAY) * B*

= (o2 (Al) - ma) s ar
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nm

where (i) is based on Lemma[2]and (ii) is because
H(A.tX)ZJHF = HA: * Rt * (BE * Rt)T - A: * (B;)THF
= || (Af * Rt - A:) * (B;)T + A: * (B§ - B;::)T + ('AZ:L * Rt - A:) * (B§ - B;)TH .
(42)
(iii) is due to the tensor norm inequality (93). (iv) is based on tensor incoherence condition (I0) and

condition in (T4). The (v) is due to the tube-wise sample complexity in (I2).

A.2.2 Bound for Il

To bound the distance between expectation of auxiliary sequence and optimum factors, we firstly
defined the following error terms

Ay = A xR - A,
A :=B'«R' - B,
At
- [3
Ag
Eim Als (ML) B — LA (AT # AL LA« (AL)T 5 AL, (43)
1-— A B 2 A A 2 B B>
1 1
Ehi= —ALx (AL)" « A - B+ (AL)" « AL+ SB (A <AL @)

The II5 can be bounded as follows.

~t+1

E|A A
H = - —_— *
2 E Bt+1 |:B :|

|| All—mmAk « B —BA « (R)T (AT + A" — (BT« B') « R
Al —nm (A})T A= 1B (R) # (AT + A — (BHT + BY) + R
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where (i) is based on Lemma@that (Al )T * A"+ (A )T * B* is the symmetric tensor. (ii) is due

to ||EL]| + || &5 < 4 HAtH LA*|. (iii) is based on @]) and the last inequality is because of the
lower bound of tube-wise sample complexity in

A.2.3 Bounding for II3

To bound the distance between auxiliary sequence and true GD iterates, the proof follows the proof
of claim 10 in [8]. Since we want to use Lemma|6]to bound the II3 as. For invoking Lemmal6] we

can assign
* as t+1
Xo= {“;H . Ay = [gt“} , and Xy = {A ] * R (46)

The alignment tensor between Xy and X5 is actually R = (T\’f’)T * R Now we prove the

alignment tensor between X'y and X'; is actually R, = Z,.. Based on tensor orthogonal Procrustes
. .. . . t+1 +1 . .
in Lemma @ this is equivalent to proving that (A*)" « A + (B*)" is the symmetric

positive semi-definite tensor. Based on definition in (38), there is

* A+ (B« Ak — (Af)" B — (AY) + A"
¥ Ak + (AN« Al — (AL + A — (AL

)T*B*

AT x, = (AN« AR 4+ (B) B xR — (AN 5 22 (At * (Bt)T — A" % (B*)T) * B*

n(B)" « (ZCZ (.At * (Bt)T - A" x (B*)T>)T * AX. 47)

Based on definition of R" and Lemmal 4l the (A" « At « R + (BY)" « B! « R! is symmetric

and semi-definite positive. Thus, (A*)” x AHl + (B9 « B s symmetric. In addition,

(4)
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(ur)*xTnz log?(n V n3)
nm

< 20min - (1 — 0.888nm0min) - 980pt\/

S 0~501nina (48)

where (i) is based on definition of IIy, ITs in @0) and (ii) is substituting results in @I) and @5).
(iii) is due to condition (T3], and the last inequality is due to the step size condition and tube-wise
complexity in (T12). Moreover, we know

* T *
Omin ((.A*)T « A* + (B*)T *B*) = Omin <{'g*} * ['g*]> = 20min 49)

Thus, based on Wely’s inequality for tensor, which applies matrix Wely’s inequality for the block
diagonal matrix in the Fourier domain, there is

Omin ((A*)T * V~4t+1 + (B*)T * BH_l) > 1-50-min7 (50)

which means that (A*)" x ATy (B « B s positive definite tensor.

To use Lemmal[f] we should verify the conditions in Lemma@ We have proved

X
et R P [ i o
The last thing is to verify that
At-‘rl At+1 A* l’l'lll'l A*
l g e

as follows. Based on updating of (7) and (8), there is
c mn T T T
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where (i) is because
|k =4« (B)" - A B
<[ A5 RE— A B + || B+ RE— B AT + || A+ RE — AY|| || B!« R — BY|
<2f|al| A+ [|laf]. (55)

(ii) is based on Lemma[2]and last two inequalities are due to the condition (T3)), (T4) and tube-wise
sample complexity (12).

Now the condition

||X1 - XQH ‘ [g*] ‘ S 008%7717] ”AtH * v/ Omax
2 *

is satisfied. The last inequality is due to the step size condition in Theorem [2] condition (I3) and
tube-wise sample complexity (T2). Finally, based on Lemmal6] there is

At+l At+1
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<9k || X1 — Ao
S 0.720'minmn ||At|| : (57)

Combining the bound in @T)), @3) and (57), there is
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< 98Cp (58)
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(44) \/(ur)4n5n3 log?(n V 13)0max
The inequality (i) uses (T3) and (ii) is due to p = (1 — 0.19MOmin ).

A.3 Proof of (22)

The leave-one-out sequence with respect to the [-th horizontal slice is generated by the gradient
descent method for solving (I9) as

AL gt nZ, 2. (At,l " (Bt,l)T _ X*> « BiL _ P <At,l " (Bt,l)T _ X*> « Bt
_ %At,l N ((At,l)T « AL _ (Bt,z>T N Bt,l) 7
T

B — Bl _ (ZC_L.Z—L. (At,l N (B“)T B X*))T L AN g (’Plp (At,l N (B“)T _ X*>> « Ab
_ ?Bt,l N <(Bt,l>T « BbL _ (At,l)T *At,l) . (59)

For n + 1 <[ < 2n, the modified loss function is

L A2 (e (e )
BERMXTXn3
+ 2 )area- BB (60)

The leave-one-out sequence generated with respect to the lateral slice is the gradient sequence as
l l l " l
AT = A —Z° Z o (At’ i (BL) - X*) "B
l n" l
—nNP.—(1-n) (At’ * (Bt’ ) — X*) x Bblx

_ ?.A” . <(At,l)T . AV (Bt,l)T *Bt,l> ’

T
Bt =Bl _ (Zi(ln)z —(=n) (Atl (Bt l> )) A
_ <'P,(ln) (Atl Btl >> *Afl
mn i 4 t,l t,l T t,l
- *((B ) B (A) ) o

Without loss of generality, we consider the case where | € [n], then the formula has

t+1,1 * T
(['gﬁl,l} « RITLL [2;]) = Afl *RM — AF —nm (Afl * (B“) — Aj x (B*)T> « BOL s R
l::
&1
T -1
+ (Af;f « RY — A7 —nm (Af;f «(B) - AL (B*)T> B 72“) " ((R“) « RUFLL Ir)
Es

_ %Aﬁ’l “ <<At,l)T « AB (Bt,l)T i Bt,z) w REFLL (62)

E3
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For bounding the spectral norm of €1, with defining the notation Ai’tl = AV RV — A*, A;s’l =
BY « RY — B*, then there is

= o - ) (50), - (o), ()"t () o

—m (A%), 8" A

<[z —mn sy s (a%), || + o (a2), || as] (5] + 1)
+om AL | ag] |5

<[z - mnm e m [ (a%), | +m | (a%), ||| (] +201)
+om 145 | ag| (|ag] +1s)- (63)

Now comes to bound the HA%’l H as follows

o< 1] - 4]
[ ) 8=

() t,1 t ¢ X
Sor|[gu] 7 - [3) =+ | [3] =- [5]

(g) o 520pt\/(ﬂr)4/<;2n3 logQ(n v ng)amax " ggcpt\/(ur)4m5n3 1Og2(n vV ns)Umax

n?m nm

453 log? :
S 12k - 520pt\/(:u’r) K®Nng 10g (n \Y n3)0'max ] (64)
nm

(i) reuses the Lemma [6] to bound the first term of RHS of the above inequality as X, =

* t t,l
[g*] , Xy = [‘gt} *R', and Xy = {gﬁl} T, Tt is apparent that | X, — X || Xo| <
o2 (AY) o2 (A*) . .
Zmae =2 and || X — Ao || X o] < *=25" based on ([3), (23) and tube-wise sample complexity
(T2). (ii) is due to (T3 and (23). Substituting above inequality into (63]) would have

4,.5 1 2
(), (), | 10 st

[€1]] < (1 = nmomin)

(ur)*Kdng log? (nV n3)omax

2/ Tmax + 125 - 52C ot
7 e '0\/ nm

2
+ nm\/m 12k - 520pt\/(ur)4“5"3 log™(n V 13)max
n nm

(ur)*Kdng log? (nV n3)omax

VOmax + 125 - 52C p*
7 Tlen p\/ nm

(4)
S (1 - nmamin)

(ur)*K5n3log?(n V ng3) t
H (AA>I:: H

’(Ai‘l) H + 18720nmamaxnpt\/
l:: nm

4 ° 1 § \/ max
+nmamax\/ﬁ. 12480,{/;\/(;“") KPnglog®(nV n3)o
n

nm
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(41)
< (1 —0.85nmMomin)

t,l (1r)® k931082 (N V N3)Omax
‘ (a A)z:: H + 0.59MOmin - 2496Cpt\/ == o

(i37) 5,9 1 2 i
S (1 - O'6nmamin) ° 2496Cpt\/('LLT) K3 (;g%?(ln \/ TL3)O' a

MUTOmax
n

= : (65)

where the (i) and (ii) are due to (I2). (iii) is due to (22)) and step size condition in Theorem 2]

For the £, we have the similar bound as (48) in [8]] as

-1
o) < v (0, || (R) R -

(@)
<2 HUTOmax

n

4,80 loo? ;
g 2\/m .2 % 12502mnc2p2t \/(,ur) R°N3 log (n V n&)omax (66)
n nm

where the (i) is due to (63)) and the last inequality is due to Lemmal[g]

(Rm)_l w RITLL ITH

For the €3, there is

2 2
et = 2 (), | (2 2 s« ]+ s

2
(1) Jor)- (s fracieafae)
i) nm (W’)5n9n3 10g2 (n V ng)amax [T O o
2 24 ’ max
; W ST g B
v tl
< 6nmomax Ab

54972 log?
< 18720m770min,0t\/(ur) k93 log”(n V n3)omax 67)

IN

—~
<

IN

At,l

nm ’
where (i) uses the result in (22)) and tensor incoherence condition in (T0). (ii) and last inequality use
the tube-wise sample complexity and (64), respectively.

Finally, combing the (63)), (66) and would induce

n?m

t+1l « — -
H <|:Bt+1 l} « RITHL [g*]> ‘ < (1 — 0'677m0min) . 24960pt\/('wr) k9nglog (’ll \ 77,3)0’max
l::

nm

4,.9 1 2 V.
+ (25000)2m7}g‘minpt\/('u’r) R7N3 10g (TL ’I’L3)

[ (pr)3Ronglog? (n V ng)omax
n2m

5,92 log2(n V o
+ 18720mnaminpt\/(lﬂ) L] Og2 (nVn3)oma
n*m

9
S 24960pt+1 \/(MT) K7T3 10g2 (n Vv nB)Jmax (68)
n<m
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The last inequality is due to the tube-wise sample complexity in (I2).

A4  Proof of 23)
Based on definition of 7% in (Z1), there is
AlH AL
H |:Bt+1 * R — B+l « T Bi+! (69)

t+1 t+1,1
[ e

Without loss of generality, we can consider the leave-one-out sequence under [ € [n]. Based on (7),
() and (B9), there is decomposition

t+1 t+1,1 £
e | R T =0 |22, (70)
where the £, €5 and €3 are redefined as
t t,l
&= <[’B4t} —nVL (.At,Bt)> * R — ([’;“] —nVL (At7l,Bt’l>) x TH! (71)
T T
Ey 1= [m’Pl,. (At’l * (Bt’l) — A"« (B*)T> — Zlﬁ_Zl,. (At’l * (B“) — A" % (B*)T>} x BU 5
(72)
T T T "
Es = [mpl,. (At’l «(B) - At (BY) ) -1 (A“ «(B) - A"« (BY) )} AV T
(73)

where Z; ., € [n1] denotes the tube-wise sensing operator that only tubes in i-th horizontal slice are
sensed based on Z and all other tubes are not sensed, i.e., for given ¢ € [n], there is

ijxkj;, k= Z,Vj S [n],

= (X)]kj: = {Om, k #i,Vj € [n]. (7%

Now we bound each of the error terms || ||, ||€2||, and ||€3]| in turn. For ||&; ||, we apply Lemmal(7]
which provides restricted strong convexity and smoothness of the non-convex loss, to establish a local
contraction of the distance between the auxiliary sequence and the true GD iterates. The terms ||Es||
and ||E3]| are then controlled by our concentration bounds, ensuring they remain sufficiently small.

For €4, there exists 7 € [0, 1] such that

€1 T t
€Ll = H (I— nV2L (TA“ S L (1-7)A" RE, B T 4 (1—-7)B" « ’Rt)) |:J;t,l Iﬁl B 'gt :,’7;5}

<

(1 o mno'min) Atyl * Tt’l - At * Rt
5 B« TH — B« R

‘ . (75)

The inequality is based on Lemma(7]as follows. Based on (79), (I4) and tube-wise sample complexity
(T2), we can conclude that

ax TAM « TH (1 -7 A« R —U* < max ALl Ty
l Bl T 4+ (1- T)Bt xR — V* el l Bbl s TH —p* I
A« R —U”
+(1 fT)mlax [Bt CRE V*L:: ‘

< v/ Omax
~ 500kv2n

AR U i": A xR U ?

B'+R -V || T\ & |\[B*R -V*] ],
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v/ Omax
< 76
- 500k ’ (76)

where the third inequality is due to norm inequality (92). The above two conditions are satisfied in
Lemmalf7l

For €5, £3, we have

1€l = > (21,21, - m1) (A% Lo B
j=1
| (Zhzn-m1) (a%), ]
€5l = (ZZEZ”_”TLQ (2%), « AL
| (252 -m1) (8Y), |
[ (Zhzn-m1) (a%), ]
. (Z;‘,;Zn - mI) (A;J)m: . ;5[ ‘ a7
_ (z};zln - mI) (A?J)ln:-

T
where A == A" « (B”) — A*%(B*)" and we would bound the ||€5|| , ||€3]| separately. Before

that, we focus on uniform tube-wise bound for A}’l. Vi € [n],

(a%),

HAfzf e (B) - Ap s (BL)"

ju

F

= H(Afl « TH— .Af) * (B*

F

s (BT B

AT ALy (BT )

F

(%)

S At
AT - A

(2) 12920pt\/(/”ﬂ)5’€9n3 logj (13 V 1)0max [ HTOmax
n<m n

2
+ [ 646Cp* \/ (ur)3k9n31og? (N3 V n)omax

1By + 1AL B« T = By |
Byt B,

n?m

549 2
< 13000pt\/(ﬂ7”) K7 N3 10g2 (Tlg V n)Umax ) \/m' 78)
n<m n

(i) is based on (93)), and the last inequality is due to the tube-wise sample complexity in (T2). (ii) is
based on the tensor incoherence condition (I0) and the following inequality.

t,l * t,l t
(]« 7= [5]), | | ([ 7= [&] =),
l:: l::
Al A*
o ([3] - [5]), |
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(iv) t,l t t *
= Hg“} T [Bt} R g ([gt} R [Z’lD ’
l::
) (r)4K2n3log? (n3 V 1) omax
< 52Cpt
< 52Cp \/ n2m
5,.9 2
n 594C’pt\/(/”) K93 log2 (n3 V n)omax
n2m
5K9n3 log? 4
< 6460pt\/('ur) K93 ong277(1n3\/n)amdx, (79)

where (iv) we use inequality in (92)) and (v) are due to (23) and (13)). Now we bound the ||E5|| based
on Lemmal2] as
|
(a%)
ij:

|€2]] < 2Cmry/ s log(n V n3) max
m )

(,U/L) 5 9 1 2 max max
< 20mry | "2 log(n V n3) - 13000pt\/(’“") SRLL (13 V' 1) Omax JEEZ
m n<m n

|5
F

(|t -] 1m0
(véii) 260002m\/(‘”)3 log? (1 V 113) 130 max _pt\/(ur)5n9n3 log22(n3 V 1) 0max
nm n2m

6460pt\/(pr)5/<;9n3 10g2(n3 V 1) Omax T

nm

(ur)32log®(n V ng)ns t\/(m’)5/£9n3 log?(n3 V n)omax
p

< 52006’2m0mmpt\/ 2
nm n2m

3,2 2
< QOmeinpt\/(MT) K2ns log2 (nv nB)Umax’ (80)
n<m

where (vi) and (vii) are due to (78), (79), respectively. The last two inequalities are due to tube-wise
sample complexity (12).

Now comes to bound the ||€3]|. To obtain a tight bound, we also bound the spectral norm of each
tube, (Z?;-le - mI) (Atx’l)lj:. Vj € [n], there is
t? t? t? t?
>

>
KT ay | |
|| (a%), || | (a%) | |
IR IR

2

IT|%  mnsmax;

TI7  mmax

(%),

F
t t 4
% = (81)
maxs Mg , ,
maxy_; (Ai‘{l) A ITle +/n3maxg; (Ai\,l) ‘
)| p | g
Based on the sub-exponential Bernstein inequality and e-net argument,
(ZlT-le - mI) (A%) < /mnz max (Af\,l) Vlog(n V n3) + y/n3z max (Ai‘fl) log(n V n3)
J 1j: 1,j || 1, || g
(82)

holds with at least 1 — exp(—clog(n V n3)) probability. Finally using the union bound and inequality
(92), we can obtain the bound for £3 as
j)
(a%),
lj:

|53|gc¢ﬁ-< Mg max (A;g)
l,j lj:

Vieg(n Vns) +4/n3 max
F »J

log(n Vv n3)> . HA}”H

F
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e

< 2C’m,/ log nVng) max (A%) » ’
lL,j lj: F '
(i<') 2Cm\/nn3 log?(n V n3) . 13000pt\/(/”)559n3 log22(n3 VN)Omax [T Omax
m nsm n

(At e )

(i) wrng log?(n V n3)omax wr)o k903 log? (ng V n)omax

m n?m

6460pt\/(,ur)5,%9n3 10g22 (n3 V n)omax . LT O max
n2m V n

21202 loo2(n V n 5k9n= log> vV o
<520002m0mm\/(,ur) K2nglog®(n V ng) _pt\/(/ﬂ") k9nslog”(ng V n)o

nm n?m

2 I

2,.2 2
< QCmaminpt\/('ur) k2nzlog®(n V ng)omax (83)
n2m

where (i) is due to and triangle inequality. (ii) is because and tensor incoherence condition
(10). The last two inequalities are due to tube-wise sample complexity in (12)).

Finally, combining the bounds in (73), and (83) with would have

t+1 t+1,1
H |:.;lt+1:| « RITL — |:Jl;tt+1,l:| o T

< (1 . MmO min At’l * Tt’l — At * Rt
=~ 5 Bt,l " Tt,l _ Bt % Rt

2
+ 2C’m0minpt\/ (pr)*rna logz {5V 15)Orma
n<m

+m%w.¢¢wwﬁwbﬁmvmwmx

n2m

< (1 _ MNOmin ) 520ty WIS 10g2(n V 11g) T
5 n2m

0,08 x 520ty rRZnalog” (1Y 1) 0ma
. n2m

2
< 52Cpt+1\/(,ur)4n2n3 log®(n Vv ’fl3)0’max, 84)

n?m

where the last inequality is due to the p = (1 — 0.01mnomin)-

A.5 Proof of (T4)

This proof is combining and by triangle inequality. Thus. there is decomposition as

(= =[], = (] = =[] o), (3] == [5]),

t,l t,l *
|l == o] =l (5] == [57),

(85)
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where the last inequality is due to tensor norm inequality (92). For bound the
At At,l
EESE

* t t,l
Xo = [g*] y Xl = |:g{| *Rt7 XQ = |:gt’l:| *7-1’1. (86)

, we apply the LemmaHagain as

Based on tube-wise sample complexity, there is

(ur)*kdng 1og2 (nV n3)omax

@]
[ X1 — Xoll | Xoll < 98Cpt\/

o * vV Omax
 08Co . of (ur)*kTns log?(n V n3)
minp i
< Zmin (87)

2

where (i) is due to (T3] and the last is due to tube-wise sample complexity. In addition,

(pr)4K2n3log? (n V 13) 0max

[ X1 — X2 [[Xol < 52CPt\/

an * v/ Omax
5900t (ur)*rinslog?(n V n3)
minf nzm
S O'min’ (88)

where (i) the first inequality is due to (23) and the last is due to tube-wise sample complexity. Thus,

()= = [3) J =l )=~ o7 [ = [5°]),

B B!
< 468C t (}LT)4I€4R3 10g2 (’fl \ n3)0max
- P n2m

‘§9H

+ 2496Cﬂt\/(ﬂr)%9n3 logj(n Y13 )
n“m

5k9n3log? (n V n:
< 2964Cpt\/ (pr)° K o8 (nV n3)Tmax (89)
n<m

A.6 Technical Lemmas

This section presents the technical lemmas used in proofs of Section [A] The first lemma is some
important tensor norm inequalities under the t-SVD framework, which will be repeatedly used
throughout the proof.

Lemma 1. For VX € R"1*n2Xns Y ¢ RM2XM4X1s theye are tensor norm inequalities as

12X <vns |1 X p; (90)

12l p < X3, Vi€ [nal; 91)

mac (|| < 2] < 1269 92)
! i=1

(X« Vlp < X[V < Vel Xlp Ve (93)

[X =PI < X[V (94)

12, :) * Y g, e < NXG SV E 50, Vi€ [n], V) € [na]. (95)
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Remark 3. The relationship between the spectral norm and the Frobenius norm in the t-SVD tensor
algebra differs from the matrix case. For a matrix X, one has

X1 < 1X][ 7,
whereas in the tensor setting an extra factor of \/ng appears in QU). Similarly, the matrix inequality
XY |r < [ X]lp[IY]lF

also acquires a factor of \/n3 in Q3). This \/n3 factor is unavoidable in the general third-order
tensor context. Interestingly, for a horizontal slice tensor X (i,:,:) € RY*"2X" the Frobenius norm
is bounded by its spectral norm, reversing the usual matrix inequality.

Proof. For the (90), we have

a ) (b) . c
1212 2 [lbeire (2)[2 < [lbeire (2)[2 2 vz || X%, (96)

where we use the definition of tensor spectral norm in (a), matrix norm inequality in (b). (c) is due to
the definition of the beirc operator in (3) and equality (T02).

For (1),

ns ||==(8)||?
Zk?’:lHXi: H
_— max

ns " kelns]

A

||X(Z7 “ )HF =

x| = 1l e

For (92),
1] = |[bdiag (X)]]

Y(k)‘

= max
k€[ns]

(98)

where (d) uses matrix norm inequality that || X || < || X . (e) is based on the fact that for a matrix
with only one row, its spectral norm is equal to its Frobenius norm. (f) is due to the definition of the
tensor spectral norm.

For (93),

/N3
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= 7L
*(k)H
< max || X
_kE[n);] /N3

=X Pl (99)

(g) is based on matrix norm inequality that | XY'|| . < [[Y|| - [| X||.

For @’ HX * yH = MaXpelns)
X[ 1Y][-

’Y )H < maxke[ng]

X masictna [

For (©3), it is directly result from @©2) and @3) as [ X(,::)*V(50)r <
12 G ) 1Y G DI < &G DIV G 550 0
The following lemma is the key lemma in our proof, which measures the concentration of the
tube-wise sensing map Z : R™"*7X"s — RUX1XM of Deﬁnitionin the tensor spectral norm metric.

Lemma 2. For the defined tube-wise sensing operator Z, all entries in {Z;;} obey i.i.d standard
Gaussian distribution, then ¥V tensor A € R"*"X"s JF ¢ RUXTX13 the

|(mT — 2°2) (A)  F|| < 20mr [ =22 log(n V ny) max | Al [F] - (100)

holds with high probability at least 1 — W
Proof. Due to the independence of each horizontal slice from Z, the core idea is to bound each
horizontal slice separately and utilize the union bound to control concentration. Denote C :=
(mZ — Z°Z) (A) * F, then C;. = 37, (Zz;ziinj: - mI) « F(j,:,:) € R Based on
the variational formula of the matrix spectral norm, there is

IC:.. | @ max (Cy.,wz")
wedl,zcO"

(i) - = T

= we(z)q?zXEGT«an ® I) beire(Cy.) (F,, © I,) ,wz")

= max <Z (Zz;Zz]Az] — 2] ) * .7:(], ,Z),bCirc* ((F;: (29 Il) sz (an & Ir))>

weB! zcO™ \ 4
j=1

TEcR1XrXxng
n

—  max Z<Z A Zs; (T*(.’F(j,:,;))T)>_m<Aij:,T*(.7:(j,:,;))T>

weB' zcO" 4
J=1

= ot S0 | g (T (FGa)) - (A T (P
j=1s=1

Kj:,»
(101)

(1) is due to the definition of the tensor spectral norm. (ii) is because the block circulant matrix in (3]
can be block diagonalized, i.e.,

(Fpy ® I, beire(X)(F,} @ I,,) = X, (102)
where F), is the Fourier matrix and X is the block diagonal of X as

Y(l)
_ x®
X = _ (103)

~7(n3)
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The set © is defined as @F := B* N S*. The set B* denote the block sparse vectors, specially,

B = {z e RFs|z = [T, al,--- 2l ]}, where x; € R¥ and there exists a j such that

x; # 0and x; = 0 for all i # j. The S" is defined as S* := {x € R ||z|| = 1}.

Due to independence of {z;;s ;z’;:zf" ,¥i € [n], the Kj, are independent sub-

exponential scalars with zero means and have bounded sub-exponential norm as ||Kjsll,, <
|A: - HT* (F(,: :))THF. Yt > 0, there are
t? t?
ST S gl s s A Y
s 2 sl 5o o Al | 7 (F G )|
t2
2 n . T
mmaxi; || A} X5y [T (FG0) |
t2

2

F

>

2

F

2 T 2
mmaxs; ||A1JHF HT* F HF

—~
<.
a2

t2
2 2 2
mmax; [| Azl % 1T 7% | F|l
ii t2
® S (104)
mnz max;; || A |5 || Fl

Y

t t
>
maxs [ Kol ™ macy || Al masy | 7 (F (s, )|

F
(i) t

 maxy; | Al p TN p max; || F .|
(#v) 3
Vs maxi; || A || p max; | F;. ||

(i) and (iii) are due to norm inequality in (©3). (ii) and (iv) are because || T || . = y/n3. Thus, based
on the sub-exponential Bernstein’s inequality and e-net argument, Vi € [n] there is

P(||Ci..|| > t) < exp | rlogns — cmin r t
|| = > €X 3 — 3 .
mng max;; || A% | FII° T v/is maxij || A || p max; || F |
(106)

(105)

The exp (r log n3) is due to the covering number of for union set ©' x ©2 is O (exp ((r + 1) logn3)).
Based on the independence among C;.., Vi € [n] due to tube-wise sensing operator Z , there is union
bound

2

Pl Y lCul® > vat | < P(ICi] > 1)

=1 i=1

t2 "
< nexp (rlogns) - exp [ —cmin 5 - .
mng max; | A | FII° Vs maxi; || A || p max; [[Fj. |
(107)

Thus,
el <

Z ||ci::||2
i=1

<Cvn- <\/mn3rlog(n V ng) n}gx | A | F|| + /narlog(n V ns) nﬁ?x A - mjax ||.7-'j||>
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< 20mry [ =22 log(n v mg) max | A .|| | F | (108)
ij

holds with probability at least 1 — m The first and last inequalities are due to the tensor norm
inequality (92)). O

Besides the above concentration inequality in the tensor spectral norm metric, we also need the
following concentration inequality in the inner product metric, which would be used in proving the
restricted strong convexity and smooth property of the non-convex loss landscape in (6).

Lemma 3. For the tube-wise sensing map Z : R"*"*"s — RPX"X iy Definition[l| V.A, B,C, D €
R™*7™*"s and the defined concentration distance

D (A*CT,B*’DT) - <z (A*CT> z (B*’DT)> —m<A*CT,B*DT>, (109)

there is

(A€ BD")| < Vimtogtn vy, |33 [ (€| Be 2,7

i=1 j=1
< i log(n v ng) ( (4]l max [Cil) A (II€] max [Cill) ) 1Bl ¢ [Pl
(110)

with probability at least 1 — W
Proof.
D (A*CT,B * DT) = z": Y <Zij (.A,L * (Cj::)T) A (Bi;; * (Dj::)T>>

=17

=

Gijs

(111)
It is apparent that g;;, are independent sub-exponential variables with zero means and bounded

sub-exponential norm ||gi;s||,, < H.A1 * (Cj::)THF HBi;; * (’Dj“)THF' Thus, there is

t2 t2
n n m 7 = 2
T T 0, s, S [+ € B 2]
t t

PRSI N TR

Based on the sub-exponential Bernstein inequality, there is

2 b)
F
(112)

maXijs ”gijS”qpl - max;;

F

p(asc.B2DT)|< W\;;H«%*<cj=:>THiHBz-n*WHi
T Ol W L
< Vitog(nvna) | 323 e (€| B+ (00
i=1 j=1
(113)

40



holds with probability at least 1 — Further, we have

.
(nVng)10-

S8 [ e B s 007 < max A (€507 (130D ||Bix ()7
i=1 j=1 i=1 j=1
< (1140 max €i) A (el pmax Az) ) | s> S 1Bl D57
i=1 j=1
= v (14 max|iCac ) A (llCl] max 1 4i11) ) 1Bl [Pl (114)
where the inequality is due to norm inequalities (93). O

The following lemma gives the property of alignment tensor R in (TT]), which shares a similar result
in the matrix alignment setting [32].

Lemma 4. For the minimization problem (11)), the
(A« R« A + (B xR« B* (115)
is the symmetric positive semidefinite tensor and (At * R — A*)T *x A*+ (Bt * R — B*)T *B* €

R"*TX"3 s also symmetric tensor.

Proof. Solving (T1) is equivalent to solving the following problem in the frequency domain as

A o [A*(l)]

E(l) ?(1)

R' := argmin
ReO,

dllF
(116)

Due to the block diagonal structure, to find the orthogonal alignment tensor. We just need to find
each orthogonal alignment matrix for each frontal slice in the Fourier domain as

(k)
7(]{;) *
R' " :=argmin o | BR— A & ,  Vk € [n3]. (117)
(k) (k)
ReO, B! B*
F

Vk € [ns], the (IT7) is the matrix orthogonal Procrustes problem [14] which concludes that the each
optimal alignment matrix as

—(k T
rY =1 (PP)
— )\ T — & — o\ — () (k) —— (T
<At( )) = (Bt( )> 57 _ AR (Pt(k)) 7 (118)
where the second equation denotes the SVD decomposition of LHS. Also there is

T
(f(k)) At( )Rt( (B*(k)> t( )Rt() (At(k)Rt(k)> A*(k) (Bt(k)Rt(k)> F(k)

T
-5 (P (119)
Translating the above equation into the original domain, we obtain

(.A*)T * (At * ’R,t) + (B*)T * (Bt * ’R,t) = (At * Rt)T * A"+ (Bt * ’R,t)T * B*
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=P xS+ P}, (120)
which is the symmetric positive semidefinite tensor.
(A" xR — .A*)T * A"+ (B' xR — B*)T « B = (A *’R,t)T * A"+ (B *'R,t)T * B*
— (AT A+ (BT «BY), (121
where the RHS of the above equation is the symmetric tensor due to (I20). The general result for
tensor is similar as matrix that R" is the minimizer of (TT)) iff that (At * ’Rt) TeAr 4 (Bt * ’R,t) T

B* is symmetric and positive semidefinite. [
The next lemma gives the perturbation bound in the tensor spectral norm under the t-SVD algebra.

Lemma 5. Let C € R™*"*"3 be a nonsingular tensor, i.e., o, (6(i)) > 0,Vi € [ng]. Then for any
tensor £ € R™*7™*" with ||E|| < omin(C), there is

€]
[lsgn(C + &) — sgn(C)|| < ; (122)
omin(C) — [I€]
where sgn(X) = X * (X7« X)"2.
Proof.
_1 1
sgn(C + &) — sgn(C)|| = Hc (6"‘6) ' (C+E) ((C +E)(C+ E)) :
2 g1 MEL
= g —
Umin(C)
(i) L2
S Umin(g)
. L
O’min(c)
1€
_ , (123)
omin(C) — [[€]|
where (i) is based on Theorem 3.2 in [35]], which is a perturbation bound for the complex matrices.
(ii) is based on logarithm inequality log(1 + z) > 7., Ve > —1. O

To bound the distance between two tensors after transformation based on the corresponding orthogonal
alignment tensor, we need the following lemma, which is a generalized version of the matrix setting
in [32]] and based on Lemma/[3]

Lemma 6. Assume the tensors X, X1, Xo € R"*"*"3 satisfying

)

o2 (X o2 (X
1261~ ol 1ol < Tt e, ) ) < Tl O 1

Denote the alignment tensors as

Ri:=argmin||X;*R — Xo| g
ReO,

Ry = argmin || Xy * R — Xol| . (125)
ReEO,
Then there is
max (X0) )
| X1 %« Ry — Xo % Ry gg(w> &7 — Xl (126)
Omin (XO)

This can be proved based on the proof for the matrix setting in [32].

||X1 *’Rl —XQ*RQH = ||(X1 —X2)*R2+X1*(R1 —RQ)H
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<&y = X + | X1 [|[R1 — Rel
<[ X1 = X + 2| Xl [R1 — Rall, (127)

where the last inequality is due to the second condition in (124). Now we come to bound the distance
between two alignment tensors. Based on (I23)), Vk € [ng], there is

Rik) = arg min ”Yl(k)R — To(k) H (128)
RcO,. F

Eék) = arg min "Yg(k)R — fo(k) H . (129)
RcO, F

Denote the C := XlT x Xpand C + &€ = Xg * X, there is

HC XTX0H7HC x%xﬂk@ (130)

Based on Wely’s inequality, we can know o, (C) > &

invertible. Thus, C is an invertible tensor. In addition,

which means that all 6(k)) are

X
<[22 = X0 [ Xol| = 121 = X2 o < %

(131)

|E||_H (%" Xl) X,

(k

Thus, C + E is invertible and E(k) Ry ) have closed formulation as

1

=7 _g® ((Cw))TC(k))”, A (5@:) +E(’“)) ((Cac) +E<k>>T (5(@ +E(’“))>

1
2

(132)
Therefore, there is
IR1— R = | R: — Ry
_ Hc (€'C) - ©+B (C+B) ©+F)
O |l
~ omin(C) — [|€]]

- U?ﬂin(xo) _ 02 in(Xo0)’
4

where (i) is based on Lemma I and HEH <Z 4( o - 0‘2““’2(‘)(0) < Omin(C), which also induce
the last inequality with (I31)). Substituting above inequality into (127) would have

2|
204 R — Xa e Ral < 11— 2+ 2120 e,y
!
(Xo)
1 SL XX
( - mln(xo) || ' 2”
Tmax (X0)
<9-Zax X, — X 134
=0ty 1% el (1

The following lemma provides the benign landscape of the non-convex problem (6, which has
restricted strong convexity and smoothness properties in incoherent regions near the global optimum
X’*. The sample complexity in (I2)) is sufficient to guarantee the existence of this benign landscape,
which can obtain the linear rate.

Lemma 7. With the same setting as Theorem[2] if the tube-wise sample complexity satisfies (12)), then

Vec <[ggDTMaz (V2f(A, B)) Vec <[ggD > 0“51“1 {g«lﬂ

and HV2f(A, B)H < 50 max
(135)
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hold with probability at least 1 — (n\/n Vg™ forVA, B € R"*"*"s that satisfy

Aiu* \/Umax
telon] ({B VD ‘ 500620 (136)
and D 4, D € R™"*"*"s stqy in set
A1 P AQ . A2 . u* Omax 2 Al _ Ag
{[&] = [&] |[8:] - []| < e o [ [32] = [22]], )
(137)

Proof. Based on (@), there is definition A 4 := A — U, A := B — V* and population level has
expression as

Dal\" D 2
E | Vec ({,b?]) Mat (V?f(.A, B)) Vec <[Dg}>] =m <||’DA * V|5 + HU* * ’DgHF

H’DA*U* ’DT*V*

+3 |4zt BE *DBH +w1+w2>
(138)
where the W, + Ws has following bound

Wi+ W] <9 [(IIU* — Ao + V" = Bol) - (2] + [1Ba) + (JU* = Ao|| + [[V* = Bo])”

+ (1Al + 1Asl) - (4 + 1Vl + (1Al + 1 Aas)?] - (1Dal} + 1Dsl)

(139)
Due to spectral norm inequality (92), there is
Bl S0,
B et B-V* it
*
= I ({g ‘L’lD ‘
< \gﬁ. (140)
Thus, based on {'gj] — {vi} ’ < @ and above inequality, there is
Omi D 2
Wi+ W] < =2 {Dﬂ i (141)

Next, we need to bound the difference between the population level and the empirical level by the

following decomposition as
e ([Ba]) e [B2]) - e ([B2]) e s e ([32])]

:2<zcz (A*BT—LI**(V*)T) ,’DA*’D£> —2<A>«<BT—L{**(V*)T,’DA*’D§>

2 2
n Hz (DA*BT—i—A*’Dg)HF - HDA*BTJrA*DgHF
- (142)

where II has decomposition as

M=2D(Aax (V)" , DaxDE)+2D (U« AF, DaxDE) +2D (Aa+ AL, Da+DF)
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+2D (DA*(V*)T,AA*D}Q) +2D (DA*AT,u**Dg) +2D (DA*Ag,AA*Dg);
+D(’DA*(V*)T,’DA*(V*)T) +D(u**pg,u**pg) 42D (DA*(V*)T,u**Dg);
+D(’DA*A£,DA*A£)—s—D(AA*’Dg,AA*’Dg)—|—2D(’DA*(V*)T,DA*A£)
412D (u**Dg,AA*Dg). (143)

The concentration distance D (A * C’T7 B x ’DT) is defined in Lemma Based on the Lemma
we can bound the conccentration level 11 as follows

ng * *
I} < my [ —"log(n V n3) - (2 V[l p max [[(Aa);.. [ |Pallp [Psll r + 2 [47]| p max [[(Ag),.. [ [ Dall

APsllp +2 [Aallp max [[(As)i: [ [Pallp 1Psll ¢ + 2 [ Dallp max [V | Aallp [ Psll -
(144)
+ 2[[Dallp max|[(Ap)i:|| 7] o [Pl o + 2 [Dallp max [(As): || [ Aallp [Psll

1D .allp max [V V| 1D all -+ max |47 [Pl 1647 1Dl
2| D al g max [V | U Dl + 1D all p masx [ (Ag)il| D all | Asl -
+max (A )ic | [Pl 1Al [Pl + 2Dl max [VE] [Doal - | A
+2max UL D5l | Aall; | Dsll ;)

() n * *

< my /% log(n v n3) (3 247 | e [ A + 3 maax [ A + 3 AL max | A |

2 2

+2max UL U5 ) - (1Dl + D5} )

(i1) max max \/ Omax \/ max
,m,/ % log(n V ng) - <3\f HTOmax _/Tmax 43y HTmax Y Omax | VO

n 500KV 2n n 500K 500k
Omax /“ao—max Mro—max ) 2 2
+2 : ( D4|% + ||D )
T iy (DAl + |1Dsll
MO min
< (||DA||F+||DBH";), (145)

where (i) is due to inequality 2 | D4l [|Pgll < ||’DA||% + H’DBH;. (ii) is due to the tensor
incoherence condition (T0), (T36), (T40) and tensor norm inequality || X ||z = /> iy || X ||fP <

S X ||2 < V/nmax; || X;..||. The last inequality is due to the tube-wise sample complexity

in (12). O

Lemma@] claims that the distance between two consecutive alignment tensors can be well bounded,
which would be useful in proving (22).

Lemma 8. With the same setting as the main Theorem[2] then

2

44812 log?
<2x 12502mn02p2t \/(/JT) K°N3 O’rg_”qsn Vv nS)Umax (146)

H (Rt,l)_l « RITLL _T,

holds with probability at least 1 — W

Proof. This proof follows the proof of Claim 11 in [8] and the proof of Lemma 12 in [32f], which
makes us use the proof idea for (T3) and then utilize the tensor perturbation bound in Lemma [3]
Defining the auxiliary iterations as (38))

AT -nZ2%, 2. (Aivl) * B* —nP,. (Aﬁvl) * B”

t+1l

=A
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_ %A* “ (Rt,l)T N <<At,l>T « ABL (Bt,l)T *Bt,l> « R

~ 41, t41,
*k

BT BT R (20,2, (Agj))T “ A= (P, (Agj))T « A"

_mn a t,l T t,l T tl t,l T t,l t,l
5 B *('R, ) *((B ) * B (A ) * A )*’R, i (147)
Based on definition of R" in (), we can conclude

-1 t+1,1 t,l *
(’Rt’l) * RTU = arg min {A *R } * R — {A }

Rreo, ||| BT« RY B F
. 1
Dicte s ((C+£)T*(C+5))2
=sgn(C + &) (148)
where the (i) is due to Eq.(134) in [32] in frequency domain and (T17) and
C=ANT+ AT L (BT« BT (149)
- T - T
£ — (At+1,l « R 7At+1’l) « A* 1+ (Bt+1,l « R BHN) « B*. (150)
To use the Lemma[5] we need to prove
~ 41,1 N
Ir = argRHéig |:f4t+17l‘| * R — |:g*:| (151)
e B F
which is equivalent to sgn(C) = Z,.. Then we can use the Lemma|5|as
-1
H (’R“) « R .|| = [|sgn(C + £) — sgn(C)]|
AL REL AHU T A*
Bt+1’l " Rt’l . BtJrl,l * B*
= .AHU T A A R At+1,l T A
T g [B} Bl el gttt [B}
AL REL AHU A
BiHLL Rl _ BHU B*
<
B At r A AL Rl gt r A
Omin Bt+1,z * {3*} B, Rl _ Bt+1,z * {3*}
(152)

To prove the (I51)), we should prove that C is the symmetric positive definite tensor and bound
lAtH’l * RU — Aﬁl’l]

~t+1,1
Bt+l7l * Rt,l - B

t+1,1 6l AttLl
‘We first bound the lA *R A

S 10| || aS

Bt-‘rl,l * Rt,l - B

AL R AHU
~t+1,1
Bt-‘rl,l * Rt,l - B

(—Z°Z+ Z{ 2, —mP,) (Af\}l) « Al

- ((fzcz +Z{ 2, —mPy.) (AQ}))T LAY

A% " (Rt,l>T " (At,l)T * APl (Bt,l>T «BY) « R

* A%’l X (Rt,Z)T “ (Bt,l)T « B _ (At,l)T £ AV 5 R

1
2

46



nm

<n H (—2°2+ 20 2, —mP..) (A;l) H HA“H +Z

ai

2
i o+ g

)

N ) N * N
(] + Jas]) (2o rat+2 s
as
2
457n3 log” (n Vv
< 2 x 1250°mnC?p*' /T man \/ (per) T ngLngn ) Fmax
(153)
where the last two inequalities are due to the bounds for a; and a9 as follows.
For the a1, there is
ar < (H(zcz - mZ,) (A%) H +m HA“ « (BT — A* (B*)TH
+] @20 - mp) (a%)]) a4
(1)
< (2Cmr @log(n\/ng) max (A’;) +2Cmr Elog(n\/ng) max (A’;é)
m (%] ij: F m 7 lj: Ia
At (e + i+ [[a]) o
(Z’L) 5 9 1 2 max max
< | 4cmry /"2 10g(n v ng) - 13000;#\/(’”) rhs 08 (3 V' 1)Omax [
m n’m n
41504 log?
+3m - 125 - 52Opt\/ r Vs o8 0V na)ma
nm
4150, log2
12k - 520pt\/(‘”) 2mg log” (0 V 13) Smax
nm
2
45Tng log”(n v
< (12480)2mp2t /70'max \/(MT) K3 10g (n n3)0max 7 (154)
nm

where the (i) is due to concentration Lemma [2] and (ii) are because (64) and (79). The last inequality
is due to the tube-wise sample complexity in (I2).
For ao, there is

2
(1] )

%') 1248Cpt\/(/i7“)4/i5ng loijr(bn V n3)Omax 2496Cpt\/(w”)4f€5n3 105727571 V 13)0max Nz

as < QHA“

A7)+ [ At

2
+ 624Cpt\/(/”‘)4’€5713 10g2 (7 V n3)0max

nm

2
(pr)*kdng log2 (nV n3)omax

< 1248 x 2500C2 p*t\ /o max \/ : (155)

nm
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Next, we prove that C is a symmetric positive definite tensor. The proof idea is similar to that of
Section[A.2.3] Based on the definition of (I47), there is

€= (AN« AR 4 (B < B RY -y (A 4 21 2, (AY) + B
—n(BY  2{ 21 (AF) + A = (A Py (AK) + B -0 (B« Py (AY) £ A°
(156)

~t,l -1l
Based on definition of R" in (ZT]) and Lemma the (AT + A"« R+ (BHT « B™ « R is
symmetric positive definite. Thus, C is also symmetric. In addition,

t+1,0 t+1,1

T [ 1T * Y * *
'Al* .f‘ - vll* * v“; < vf‘ -A .A1¥
B Bt+1,l B B = BH—LZ _B* B
E |:At+1,l:| _ A* E |:At+1,l:| _ At—‘rl,l A*
“\e[s] s ]| ]| 2] - m 1]
§0-50min7 (157)
where the last inequality uses the results in (T38) and (T60) as follows.
. E At+1,l _ At+l,l . o . .
Bounding the E BtH o BHLZ is similar to proof in Section|A.2.1|as
B[4 - A 222 (A%)+ B —mP, (AY) «B"
<
~ 11,1 ~t+1,1 =7 T
BB -B (2220 (%)) A —m (P (A¥)) +B°

(i)
< m|af |22 -2, (a%)

< QCw/omaxmnm / log(n V ng) max

(a%),,

F

(44%)
< QCw/amaanm/ log(n Vng) - (max H(A” ‘max (IBZ.||

+ max H(A ‘max A+ max H Al H(AtB’l>_ ||)
< 2C~/amaxmnm/ log(n\/ng) ’/%

5972 log?
-1938pt\/('ur) K9ng 0g2 (nV n3)omax
n2m

< 0.25 Y7 (158)

R

where the leave-one-out projection operator P_; . is defined as

é‘fkj:7 k 7é i7 \(j € [71]7

1
0,,, k=1i,Vj € [n]. (159

P (0], = |

(1) is because the spectral norm of the sub-tensor is not larger than the original tensor. (ii) and (iii )
are due to the Lemma[2]and tensor norm inequality (93)), respectively. The (iv) is based on the tensor
incoherence condition (I0), (64), and tube-wise complexity in (T2).
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~t+1,1

E|A - A*
For the term Py , we can follow the (@3)) in Section [A.2.2]as
EB T |-B"
E At“’l} — A
s[5 s
1 t,l 1 In _ 277mA* (A*)T % At,l £
e {A;ﬂ # (T = 2mm (AN A ) 4 5 ( - T) w| [gil}
2 |AY 2 (In—QUmB (B*) )*Aé &,
1 T * t,l 1 A* * (A*)T (@) t,l
=3 HI — 2 (A7) = A HA ‘*5 ’IQ" _2"’”[ o B* « (B)T HA ‘
2
< (1= mmow) - A% + anm | 4% 4%
< (1 — 0.97m0min) ‘A“H
< 0.25 V7 (160)

K

where the last two inequalities are due to tube-wise sample complexity.

Thus, based on (I57) and Wely’s inequality, we can also conclude that oyin (C) > 1.50min, Which
means that is positive definite tensor. Moreover, based on (I53)), we can bound the spectral norm of
£ as

2
€]l < 2¢/Tmax - 2 X 1250*mnC? p** \/Tmax \/(,ur) KTnglog”(n V ng)o
nm
< 0.50min, (161)

where the last inequality is due to the tube-wise sample complexity and step size in Theorem[2] Thus,
C, € satisfy the condition in Lemma 5] applying Lemma[5|as (I52) would have

2
2 x 12502mnC?p* /G max <\/ e )oTne “ffn(”v"””"m) /T

1.50min — 0.50min

e ez

2

=2X 12502mnc2p2t \/('ur)4/{8’n3 10g2 (TL v n3)0'max
nm

(162)

B Proof for Spectral Initialization

To use the same symmetric dilation technique for the matrix [1 18, 40] in our setting, we construct the
auxiliary tensor

¢ |:On><n><ng X*

* 2nX2nxng
X* = (et Omxnj €R , (163)

which is the symmetric tensor. This is because

< (1) 0. xn x+
X* - *(1) T (164)
(X ) O/I'LX'IL
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is symmetric. Vk = 2,--- | ng, there is

2 (F) Onxn x*® ., (na+2—k) 01 xn x *(na+2—Fk)
X = (ns+2—k) T and X = (k) T
(X* ’ ) 07I,><7L (X* ) OTLX’H,
(165)
Thus, there is
T
~, (k ~ (ns+2—k
(X*< >> _ xR, 166)

which obeys the definition of the symmetric tensor in Definition [3| Thus, each frontal slice of X*is
the symmetric matrix and has tensor eigenvalue decomposition as

- 1 * u* S* 0 1 * u* T
* _ T nxXnxn il
=7 {v* v*} * {onxms —s* ] * 7 {v* v*} : (167)
Similarly, we can also define
g On nxn XO " O” nXn Xo,l
A0 = [ (;O;TS 0 ] and X0 .= [(;OT)T 0 : (168)
nxXnxXns nxXnxXns
Then we have
XAO,I _ .XA'* B 0n><n><n3 %Zc_l_’.zfl, (X*) + 'Ply.(X*) —X*
- 1 =zZc * LA T )
(mzflyzfl" (X )+Pl,(X ) X ) On><n><n3
(169)

which is actually the sub-part of the .XA' 0 _x *. In addition, based on the definition of X’ 0, there is

-l e 2

X0 X
(%ZCZ(X*) 7X*)T 071><n><n3

1
= HZCZ(X*) —x*
m

nns *
<2Cry/ g log(n V n3) max &7, HF
Q) [nn ro ?
<207 | —2 log(n V n3) ( K max)

m n

<920 (ur)4ng log?(n V nz) k2
- mn

Omin

1
S mgnﬂin

Omin
< 170
S = (170)

where (i) is due to the tensor norm inequality (93] and the tensor incoherence condition in (I0). The
last inequality is due to the tube-wise sample complexity in (23). Thus, we also have

< Jmin (171

X0 - x*
1

HXAO,Z _

|

Because X O’l, )2' O are symmetric tensor, if the top-r skinny of t-SVDs are as
U° 5 SO« (VO)T — X0
T
Ut SO (V) = 20 (172)
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Then, the top-r T-eigenvalue decompositions [72]] for éé 0 x% are

Y N e o R
respectively. Eq.(T70) means that in the block diagonal formula, there is
X0 x|l < Tmin g |lx0 - x| < UYZ“‘. (174)
Based on Wely’s inequality [61] and the above inequalities, there are
S min < 010y (5%) < a(87) < 2 (175)
S min < 00, (57) < 0an (87 < 2 (176)

(NI

1
2

Recall the definition of A% = U° « (80) B =0« (SO)% L (So’l)' B =

1
VAR (So’l> * . Define the tensor corresponding eigen-spaces

- 1 * 1 |A
= — |y |, = — | o 177
o= lw] o= slw m
and
-0 1 [u° 0 1 [AO} - 0,1 1 {uovl} 0l 1 {AOJ]
H = — , H = — , H B =— , H = — . (178
V2 {VO] V2 |B° V2 [V v s] 47
Further, the alignment tensors between these eigen-spaces are defined as
Q" .= arg min ’5‘:[0 xR — QH (179)
ReO, F
Q% .= arg min ’J:LO’Z * R — QH ) (180)
ReO,. F
B.1 Proof of (26)
0 *
H {g] AR~ w ‘ _ VI HO« R~ g

= Va4 (89 (RO~ @) + ' (89}« @ — @0+ (5)1)
+ (7@~ g) (5"}

< V3|8 RO — Q7| + V2 |(89)F + @0 — @0« (57)

150 ~
+V2|8%2 |G *gong
(i) 2 ok
§15\/§MHXO—A?* +15v22 ‘XO—A?*
Omin 2
2 élax % >k
+ @ X0 - x
Omin
(2) 20\/(,[“")4713logQ(n\/ng)liamax\/m
mn
- )
(22Tl gg Ty 5 Thex
Omin Ur?lin Omin
4,.5 2
< 980\/(;”") Kk5ng3log (n\/ng)crmax’ (181)
mn

where we use Lemma[T0]and [12]in (i) and (T70) in (ii).
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B.2 Proof of (28)

(o] == [5]), |-l em=a), |
R A RON I P
=\/§H(XAO’Z*7:L #(8O1)F 5« QO — X* 4 G # (8%) %) H
-
:\/E”Xl * (ﬁo’l * ((sovl)_é £ QO — Q0 4 (s*)—§>
e I WL

1

< \/iHXAl* ( (80,1)‘5 § ((So’l)% £ Q0 _ QO (S*)%> (8}
~ 0, -
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where (i) uses the Lemma[I2] (ii) is due to (I'7T)), and (iii) is due to the sample complexity bound in
(25).
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B.3 Proof of (29)
Without loss of generality, we consider the case [ € [n], the denote the alignment tensor

T = agrgin“ito’l*R—ﬂo . (183)
€O,

Then based on definition of ’TO‘l, there is
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where (i) is due to Lemma[l2]and (I75). (ii) is based on matrix version of Davis-Kahan Sin© theorem

[9] and (iii) is based on definition of 201 XO in (T68). (iv) and (v) are due to our Lemmaand
tensor incoherence condition in (T0), respectlvely

B.4 Proof of

Proof. 1ts proof is the same as proving (T4) that VI € [2n], there is
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We apply the Lemmal6]in (i) as

* 0
Xo— [“g*] X, = [g‘o} «RO, Ay = ['L‘g‘ol} « TOL (186)
The conditions || X'} — Xl [|Xo| < 25 and [|X; — X || X o] < 2% can be satisfied based on
(29),(26) and tube-wise sample complexity in (23). (ii) is due to the result in (28] and 29). O

B.5 Technical lemmas

This section provides the necessary lemmas used in proving that spectral initialization satisfied the
results in TheoremE} These can obtained based on results of matrix setting in [32} [8]].
Lemma 9. (T-eigenvalue decomposition [[72]) Any symmetric tensor X € R"*"*"s (je, X1 = X)

could be decomposed into X = U x S * UT, where U € R™*"x"3 s orthogonal tensor and
S € R""X"s g q f-diagonal tensor that diagonal entries of S are T-eigenvalues of X.

Lemma 10. Let the X € R"*"*"3 pe a symmetric tensor with top-r T-eigenvalue decomposition as
UxS U and | X — X*|| < 21> and denote

Q i=arg min |UxR U5, (187)

where X* has T-eigenvalue decomposition as U* * 8* x (U*)T. Then there is

HL{*Q—U*

12 — 2. (188)

min

Proof. The proof applies the result under the matrix case for each frontal slice of the tensor in the
frequency domain. Based on (I17), Vk € [ns]

= (k) [ —r (k)
Q —arg min |[UM+R-T H , (189)
ReC, F
where ﬁ(k),ﬁ(k) € C™* " are orthogonal matrices. Since HY(M —F(}C)H < Zmin <
Cenin (T(k))
——5—=, based on Lemma 32 in [32], there is Vk € [ng]
_ —(k) —(k —(k
‘ g® o o g S HX ’ (190)
i (X7 i
which induces
. —(k) k 3 — —(k
max [T" <@ — T — - max x® _x P a9
ke[ns] minke[ng] Umin(X* ) k€lna)
which is the conclusion of the lemma. O

Lemma 11. Let X1, X5 € R™"*"*"8 be symmetric tensors with top-r T-eigenvalue decomposi-

tion Uy x 81 % Ul Uz % 8o % Ll2 correspondingly. Assume for each frontal slice Al(X(k))

DX &Y > 0,000(X ) = 0 and

1 A2 (X
|21 — )| < 4OM. (192)
)\max(xl)
Denote A; = U * S%,Ag =U, x 82% and define
Q= arg min. U« R —U1 ||, (193)
Q = aranéiélTHAg*R—AlnF. (194)
Then there is
max X
Hg QH < 15M 1%, — X (195)
A2

min
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Proof. The proof is similar to the proof in Lemma[10] Based on condition in (T92), Vk € [n3], there
is

3 5~k
. — 1 22 (X 1 A2 (X
40 )\rgﬂax(Xl) 40 )\ﬁlax(Xl )
Combined with result in Lemma 34 in [32]], we have
2 (k)
=) Adhax (X 1 ) D —
Q -Q"|<t———pt HX1 ~xP|, (197)
Amin (X17)
which induce
=) _ A2 (X — ) —
max_ ||Q —Q(k) <15 ; (1) max ng)—X;k)’, (198)
ke[ns] A2 (Xq) k€[ns]
which is exactly the result of the lemma. O

Lemma 12. Let X1, X5, X3 € R"*"*"s pe symmetric tensors with top-r T-eigenvalue decom-
position Uy * 8y * ulT,ug * 8o * LIQT and Uz * 83 * U3T correspondingly. Assume for each
frontal slice (X)) = 2 (X)X > 0,00 (X)) = 0 and (|2, — x| <
7)‘"““4“1), |1 — X3 < 7)“““‘4(2(1). Denote

= i - . 1
Q arg _min Uz xR —Us| (199)
Then
3 ~ ~ 1 /\max X
|si+o-ausi| < 152X vy (200)
2

Proof. The proof follows the idea in Lemma and Lemma and applies the Lemma 33 in

—(k) __ _
[32] to each frontal slice of Q Sg(k) and S3(k) to obtain the final result based on definition of
Amax(X1), Amin (X1) for third-order tensor. O

55



C Experiments on real world data

All experiments were conducted using MATLAB R2022a on a Windows system equipped with a
12th Gen Intel(R) Core(TM) i7-12700 CPU at 2.10 GHz and 16.0 GB of RAM.
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Figure 3: Convergence and PSNR values for video sequence recovery.

(a) Ground truth (b)y m =20,r=3 (c)m=30,r=3

Figure 4: Visual comparison at 17th frame .

We test the proposed local TCS model on the “highway” video sequence, which is reshaped into
third-order tensor with size 144 x 150 x 176. 144, 150 denote the spatial dimension, and 176 denotes
the tube size. When we compare with FGD [26] and Alt-PGD-Min [64] methods, both methods
require large sample sizes that exceed our machine’s memory capacity, making them infeasible to run
in our setting. Because the video has a full tubal rank and only approximately has a low tubal rank,
we have no prior setting of the parameter r in our model. Thus, we set r = 3 in our algorithm. For
this r, we select the two tube-wise sample sizes as m = 20, 30, which are much smaller than the tube
size 176. For setting the step size 7, the video tensor has a large condition number x = 1.1408 x 1065,
which means the ground truth is an ill-conditioned tensor. We have to select small step sizes (0.00005)
to guarantee the convergence, which leads to slow convergence rates. We use the PSNR metric to
evaluate the recovery performance and plot the PSNR vs. iteration number in Fig.[3(a)] We also plot
the PSNR values across video frames in Fig.[3(b)} The visual recovery results are shown in Fig. 4]

We can observe that although our recovered tensor only has r = 3, it has a very small reconstruction
error for the ground-truth video sequence. This means that the original video sequence approximately
has a low tubal rank. Besides the video sequence, MRI medical images and hyperspectral images
often exhibit a low tubal rank structure because spectral (wavelength), temporal (frame), or slice axes
are highly redundant. Low tubal rank-based tensor methods are often effective for these tasks, as
shown in existing works in [71]]. Thus, based on these experimental results on real-world
data, our low tubal rank Assumption [I]is realistic in practical applications.

We can observe that the GD converges slowly due to the very large condition number of the video
tensor. This motivates us to use the preconditioning technique as [51}[52} [64]] to get rid of dependence
on k to accelerate the convergence rate. Despite the slow convergence and the fact that the ground
truth video tensor is not strictly low-tubal-rank, GD still achieves satisfactory recovery performance
with small sample sizes. Moreover, as the sample size increases, the recovery quality improves
accordingly.
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