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Abstract

Wide randomly initialized neural networks are known to converge to Gaussian processes in
the infinite-width limit. While this asymptotic limit is well understood, much less is known
about the finite-width fluctuation behavior of empirical neural kernels and how this behav-
ior depends on the activation function. In this work, we study finite-width concentration of
random feature kernels through the lens of Orlicz and sub-Weibull tail theory. We show that
activation growth directly controls the universality class of kernel fluctuations. Bounded
activations such as tanh and erf satisfy Hoeffding-type concentration, ReLU activations
exhibit sub-exponential Bernstein behavior, whereas polynomial activations generate sub-
Weibull concentration regimes whose order depends explicitly on the polynomial degree.
In particular, for φ(x) = xp, the activation value φ(G) has stretched-exponential tail order
2/p and Gaussians G,Gi, Gj , while the kernel summand φ(Gi)φ(Gj) has sub-Weibull or-
der 1/p. This yields concentration inequalities with Weibull-type large-deviation behavior
governed by the product tail. We derive entrywise concentration bounds and correspond-
ing finite-dimensional operator-norm bounds for empirical neural kernels and illustrate the
predicted scaling numerically in two-layer random networks. Our results suggest that ac-
tivation growth provides a natural organizing principle for finite-width fluctuation regimes
in wide neural networks.

Keywords: wide neural networks; random feature kernels; Gaussian process limits; Orlicz
norms; sub-Weibull distribution; ReLU; polynomial activations.

1. Introduction

Wide neural networks [21] are closely connected to Gaussian processes and kernel methods
[1, 13, 16, 17, 19, 27], leading to extensive work on lazy and feature-learning regimes
[2, 4, 7, 26]. The demonstration of how the covariance of the intermediate-layer neuron
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activity converges with the width of the network is a key part of these studies. Here, we
look at this convergence through the lens of concentration inequalities, discovering the
crucial role of the nature of the nonlinear activation function. We do this in the simplest yet
non-trivial setting of a two-layer neural network.

2. Related work

Wide-network Gaussian-process limits. A major line of work studies the infinite-width
limit of randomly initialized neural networks, where network outputs converge to Gaussian
processes [17, 19]. These works establish convergence in distribution of finite collections of
preactivations and outputs, together with recursive descriptions of the limiting covariance
kernels. Subsequent developments clarified different scaling and learning regimes, includ-
ing lazy and feature-learning limits. While this literature gives a detailed understanding
of the infinite-width limit itself, the finite-width fluctuation behavior of empirical neural
kernels has received comparatively little attention.

Finite-width fluctuations and moment methods. Recent work by Hanin studies finite-
width corrections to Gaussian-process behavior through characteristic functions, collec-
tive variables, and perturbative expansions [10, 11]. In particular, moment estimates for
collective-variable fluctuations show the expected decay with width and provide a perturba-
tive description of deviations from the infinite-width limit. However, these analyses do not
explicitly characterize activation-dependent tail regimes or concentration classes in terms
of Orlicz norms (or quasi-norms) [22] or sub-Weibull tails.

Sub-Weibull random variables and neural networks. Vladimirova et al. [23] studied
heavy-tailed behavior induced by Bayesian neural-network priors at the level of hidden
units and network activations. In particular, they observed that compositions of nonlin-
ear transformations can naturally generate sub-Weibull distributions. This perspective was
further developed in Ref. [24], which introduced a systematic probabilistic framework for
sub-Weibull random variables and their concentration properties. Our work differs in fo-
cus as follows: rather than studying the marginal distribution of hidden units induced by
Bayesian priors, we study finite-width concentration of empirical neural kernels and how
their fluctuation behavior depends explicitly on the activation growth.

Why activation growth controls concentration. The empirical neural kernel is an aver-
age over hidden-unit contributions,

(Q
(1)
N )ij =

1

N

N∑
k=1

φ(hk(xi))φ(hk(xj)).

In the infinite-width limit, the law of large numbers gives convergence to the deterministic
kernel Kij = E [φ(Gi)φ(Gj)] , where (Gi, Gj) is Gaussian. Finite-width concentration is
therefore governed by the tails of the summands φ(hk(xi))φ(hk(xj)). The activation func-
tion determines these tails. For bounded activations such as tanh or erf, each summand is
bounded, yielding Hoeffding-type concentration. For ReLU activations, Gaussian preactiva-
tions produce sub-exponential tails and Bernstein-type concentration. Polynomial activa-
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tions generate qualitatively heavier tails. Indeed, if Z ∼ N (0, 1) and φ(z) = zp, then

P [|φ(Z)| > t] = P
[
|Z| > t1/p

]
≈ exp(−ct2/p).

For kernel entries, however, the relevant summand is a product φ(Gi)φ(Gj) = GpiG
p
j , which

is sub-Weibull of order 1/p. Thus increasing activation growth weakens finite-width con-
centration and changes the universality class of kernel fluctuations.

3. Model

Fix deterministic inputs x1, . . . , xP ∈ RD, width N , and activation φ : R → R. Let
W (1) ∈ RN×D have i.i.d. entries N(0, σ21), and let w(2) ∈ RN have i.i.d. entries N(0, τ2/N),
independent of W (1). Define

hk(xi) =
D∑
l=1

W
(1)
kl (xi)l, Φik = φ(hk(xi)), f = Φw(2).

The empirical feature Gram matrix or feature kernel is

Q
(1)
N =

1

N
ΦΦ⊤, (Q

(1)
N )ij =

1

N

N∑
k=1

φ(hk(xi))φ(hk(xj)).

Let Q(0)
ij = x⊤i xj and G ∼ N(0, σ21Q

(0)). The deterministic limiting kernel is

Kij = E [φ(Gi)φ(Gj)] .

Under the second moment condition E
[
φ(Gi)

2
]
< ∞, the strong law gives (Q

(1)
N )ij → Kij

almost surely for every fixed pair (i, j). Moreover, conditional on Φ, the output is Gaussian,

f | Φ ∼ N(0, τ2Q
(1)
N ),

so convergence ofQ(1)
N is exactly the covariance convergence underlying the finite-dimensional

Gaussian-process limit. We study rates of this convergence for various activations φ includ-
ing erf, tanh,ReLU and polynomial xp.

Finally, we use the Orlicz ψα norm, defined in Appendix F. For a real random variable X
and α > 0,

∥X∥ψα := inf

{
s > 0

∣∣∣∣ E
[
e

(
|X|
s

)α]
≤ 2

}
.

If ∥X∥ψα <∞, then X is said to be sub-Weibull of order α.

4. Main Result

The following theorem summarizes the entrywise concentration mechanism used through-
out the paper.
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Theorem 1 Let {(Xk, Yk)}Nk=1 be i.i.d. copies of a centered bivariate Gaussian pair (X,Y ),
and assume that, for some α > 0 and K > 0,

∥φ(Xk)φ(Yk)∥ψα ≤ K for all k.

Then sub-Weibull Bernstein inequality says that ∃ cα > 0, depending only on α, such that for
all t ≥ 0,

P

[∣∣∣∣∣ 1N
N∑
k=1

φ(Xk)φ(Yk)− E [φ(X)φ(Y )]

∣∣∣∣∣ ≥ t

]
≤ 2 exp

[
−cαmin

{
Nt2

K2
,

(
Nt

K

)α}]
.

• For bounded activations like φ = erf and φ = tanh, the summands are bounded, so the
Nt2/K2 term dominates with α = 2 and Hoeffding-type concentration follows.

• For φ = ReLU, Gaussianity implies that ReLU(X)ReLU(Y ) is sub-exponential, so α = 1
and sub-exponential-type concentration follows.

• For φ(x) = xp, the summand XpY p is sub-Weibull of order 1/p, so α = 1/p and sub-
Weibull Bernstein inequality above applies.

The proof is given in the appendix, immediately after Theorem 30.

This theorem states convergence for one entry of the random feature kernel Q(1). To get
operator norm convergence, one simply uses union bound over all P 2 entries of Q(1), result-
ing in a high probability estimate of the operator norm of Q(1) − E

[
Q(1)

]
. The treatments

for the erf, tanh,ReLU activations have been given in Appendices B, C, D respectively. A
similar theory for polynomial activations [8, 14, 18] requires a discussion of Orlicz norms
developed in Appendix F. Here are the limiting kernels for each of these activations.

Limiting kernels for standard activations. For (X,Y ) centered Gaussian with variances
a, b, covariance c, correlation ρ = c/

√
ab, and θ = arccos(ρ), the limiting kernels are:

φ E [φ(X)φ(Y )]

ReLU

√
ab

2π
(sin θ + (π − θ) cos θ)

erf
2

π
arcsin

(
2c√

(1 + 2a)(1 + 2b)

)

xp
⌊p/2⌋∑
m=0

(p!)2

(p− 2m)!22m(m!)2
cp−2m(ab)m

These formulas are classical: the ReLU expression is the arc-cosine kernel of Cho and
Saul [6], related formulas appear in the Gaussian-process literature, and the polynomial
expression follows directly from Wick’s theorem for Gaussian moments. For tanh, the ker-
nel admits an absolutely convergent Hermite expansion in the Gaussian correlation param-
eter shown in Theorem 7. These formulas, together with the concentration theorem, give a
compact finite-width description of the prior random-feature kernel.
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Figure 1: Sub-Weibull scaling for polynomial activations φ(x) = xp with p ∈ {2, 3, 4, 5}.

5. Experiments

We empirically diagnose the Orlicz tail exponent in the high-dimensional random-feature
model at the level of a single kernel summand. We fix two normalized inputs xi, xj ∈
RD and repeatedly draw Gaussian weights w ∼ N (0, ID). For each polynomial activation
φp(x) = xp, we form the centered one-neuron kernel contribution

Zp =
∣∣∣(w⊤xi)

p(w⊤xj)
p −K

(p)
ij

∣∣∣ , K
(p)
ij = E

[
(w⊤xi)

p(w⊤xj)
p
]
.

The valueK(p)
ij is computed exactly by Wick’s formula as in Theorem 14 using the covariance

matrix of the bivariate Gaussian (w⊤xi, w
⊤xj), whose entries are ∥xi∥2 , ∥xj∥2, and x⊤i xj .

We generate M independent samples of Zp, but do so in batches of size B to avoid storing
the full M × D Gaussian weight matrix in memory at once. In each batch, we sample B
independent weights, compute the corresponding inner products w⊤xi and w⊤xj , and store
the resulting Zp values. In our experiments we use, for example, D = 100,M = 5 × 107

total Gaussian samples, and batch size B = 104. From the collected samples, we estimate
the empirical survival probability P̂ (Zp ≥ t) over upper-tail thresholds t, typically between
the 95th and 99.9995th empirical percentiles, using a geometrically spaced grid. Finally, we
plot

log
(
− log P̂ (Zp ≥ t)

)
against log t.

If Zp has a sub-Weibull tail with index 1/p, then P(Zp ≥ t) ≈ exp(−Ct1/p), and therefore
the plots in Figure 1 should be approximatel y linear with slope 1/p in the upper tail. This
experiment directly tests the predicted Orlicz hierarchy for polynomial activations in the
high-dimensional Gaussian-weight model.

6. Discussion

Our results suggest that activation growth provides a natural organizing principle for finite-
width fluctuation regimes in wide neural networks. While infinite-width Gaussian-process
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limits are universal at the level of covariance kernels, finite-width concentration behavior
depends strongly on the activation-induced tail structure.

The present work focuses on random two-layer networks as a minimal controlled setting.
An important future direction is extending these ideas to trained networks, deeper archi-
tectures, and feature-learning regimes beyond the lazy limit. Another natural direction
is understanding how activation-dependent fluctuation classes interact with optimization,
representation learning, and heavy-tailed phenomena observed in modern deep-learning
systems.

Acknowledgements. A.V.M. and A.M.S. acknowledge financial and logistical support from
the Center for Quantitative Biology, Rutgers University.
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Appendix A. Setup and basic observations

Fix integers D ≥ 1 (input dimension), P ≥ 1 (number of datapoints), and N ≥ 1 (width).
Let x1, . . . , xP ∈ RD be deterministic inputs, and write the input Gram matrix

Q(0) ∈ RP×P , Q
(0)
ij := x⊤i xj .

Let φ : R → R be a measurable function (activation), applied coordinatewise.

Random weights. Let W (1) ∈ RN×D have i.i.d. entries W (1)
αk ∼ N (0, σ21). Let w(2) ∈

RN have i.i.d. entries w(2)
α ∼ N (0, τ2/N), independent of W (1). (This is the standard

scaling that yields a non-degenerate limit.) Let z ∈ RP be standard Gaussian z ∼ N (0, IP ),
independent of everything else, and fix σ ≥ 0.

Hidden features and outputs. For each datapoint xi, define hidden pre-activations

h(xi) :=W (1)xi ∈ RN , hα(xi) =

D∑
k=1

W
(1)
αk (xi)k,

and define the (random feature) matrix Φ ∈ RP×N by

Φiα := φ
(
hα(xi)

)
.

Define the network output vector f ∈ RP and noisy observations y ∈ RP by

f := Φw(2), y := f + σz.

Integrability assumption. We assume

E
[
φ(G)2

]
<∞ for G ∼ N (0, σ21 ∥x∥

2) for every x ∈ {x1, . . . , xP }. (1)

Equivalently, for the P -variate Gaussian appearing below, all second moments of φ exist.

Structure of hidden layer. For each neuron index α ∈ [N ], define the P -vector

gα :=
(
hα(x1), . . . , hα(xP )

)
∈ RP .

It is clear that
gα ∼ N

(
0, σ21Q

(0)
)
.

Define the random feature Gram matrix by

Q
(1)
N :=

1

N
ΦΦ⊤ ∈ RP×P (2)

Recall that this means

(Q
(1)
N )ij =

1

N

N∑
α=1

φ(hα(xi))φ(hα(xj)).
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Given Φ, the map w(2) 7→ f = Φw(2) is linear. Since w(2) ∼ N
(
0, τ

2

N IN

)
, it follows that f |Φ

is Gaussian with covariance

Cov(f | Φ) = Φ

(
τ2

N
IN

)
Φ⊤ = τ2

1

N
ΦΦ⊤ = τ2Q

(1)
N .

Therefore
y
∣∣Φ = (f + σz)

∣∣Φ ∼ N
(
0, τ2Q

(1)
N + σ2IP

)
.

Limiting kernel. Let G ∼ N (0, σ21Q
(0)) be a P -variate Gaussian. Define

K ∈ RP×P , Kij := E
[
φ(Gi)φ(Gj)

]
.

Under (1), Kij is finite for all i, j. Here is the standard LLN argument to show that K is the
limiting kernel under the integrability assumption. For each α, define the random vector

uα := (φ(gα,i))i∈[P ] ∈ RP so that (Q(1)
N )ij = 1

N

N∑
α=1

uα,iuα,j . The gα are i.i.d. N (0, σ21Q
(0)),

hence the uα are i.i.d. in RP with E [uα,iuα,j ] = Kij and E
[
u2α,i

]
< ∞ by (1). For each

fixed pair (i, j), the random variables uα,iuα,j are i.i.d. and integrable. Indeed, by Cauchy–

Schwarz, E [|uα,iuα,j |] ≤
(
E
[
u2α,i

])1/2 (
E
[
u2α,j

])1/2
< ∞. By the Strong Law of Large

Numbers, 1
N

N∑
α=1

uα,iuα,j
a.s.−−→ E [uα,iuα,j ] = Kij .

Large-N Gaussian process limit of the output distribution. We show that the uncondi-
tional distribution of f converges to a deterministic Gaussian law with covariance τ2K, and
the same for y with added noise.

Lemma 2 (Finite-dimensional GP limit) Assume (1). Let fN ∈ RP denote the width-N
output vector fN = Φw(2), and yN = fN + ε with ε ∼ N (0, σ2I). Then, as N → ∞,

fN
d
=⇒ N (0, τ2K), yN

d
=⇒ N (0, τ2K + σ2IP ).

Proof We first prove the statement for fN . Fix t ∈ RP and consider the characteristic
function φN (t) := E

[
exp(it⊤fN )

]
. Conditioned on Φ we have fN |Φ ∼ N (0, τ2Q

(1)
N ), hence

E
[
eit

⊤fN | Φ
]
= exp

(
− 1

2τ
2 t⊤Q

(1)
N t
)
. By law of total expectation, φN (t) = E

[
exp

(
−

1
2τ

2 t⊤Q
(1)
N t
)]
. By above, Q(1)

N → K almost surely, so t⊤Q(1)
N t → t⊤Kt almost surely. More-

over, for every N , 0 ≤ exp
(
− 1

2τ
2 t⊤Q

(1)
N t
)
≤ 1. The dominated convergence theorem gives

φN (t) → exp
(
− 1

2τ
2 t⊤Kt

)
, for every t, which is the characteristic function of N (0, τ2K).

By Lévy’s continuity theorem, fN ⇒ N (0, τ2K).

For yN = fN + ε, where ε ∼ N (0, σ2IP ) is independent of fN , the characteristic function
factorizes:

E [e]it
⊤yN = E [e]it

⊤fN E [e]it
⊤ε .
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The first factor converges to exp(−1
2τ

2t⊤Kt), and the second equals exp(−1
2σ

2∥t∥2). Hence

yN ⇒ N (0, τ2K + σ2IP ).

Appendix B. Computing Kij = E
[
φ(Gi)φ(Gj)

]
for φ(x) = erf(x)

Recall the earlier setup: G ∼ N (0,Σ) with Σ = σ21Q
(0). Fix i, j and set

a := Σii, b := Σjj , c := Σij , ρ :=
c√
ab

∈ [−1, 1],

with ρ = 0 if ab = 0. Also recall the definition of the function

erf(x) =
2√
π

∫ x

0
e−t

2
dt.

Let φ(x) = erf(x) and Kij := E
[
erf(Gi)erf(Gj)

]
.

Theorem 3 (Closed form for the erf kernel) Let (X,Y ) be a centered bivariate Gaussian
with variances a, b and covariance c. Then

E
[
erf(X)erf(Y )

]
=

2

π
arcsin

(
2c√

(1 + 2a)(1 + 2b)

)
.

In particular, with (X,Y ) = (Gi, Gj) this equals

Kij =
2

π
arcsin

(
2Σij√

(1 + 2Σii)(1 + 2Σjj)

)
.

Proof Let [
X
Y

]
∼ N

([
0
0

]
,

[
a c
c b

])
.

Recall the identity erf(x) = 2Φ(
√
2x)−1, where Φ is the standard normal CDF. Equivalently,

if U ∼ N (0, 1) is independent of x, then erf(x) = E
[
sign

(√
2x− U

)]
, since

E
[
sign

(√
2x− U

)]
= P

[
U ≤

√
2x
]
− P

[
U >

√
2x
]
= 2Φ

(√
2x
)
− 1.

Let U, V ∼ N (0, 1) be independent of each other and of (X,Y ). Then

E [erf(X)erf(Y )] = E
[
sign(

√
2X − U) sign(

√
2Y − V )

]
.

Define
A :=

√
2X − U, B :=

√
2Y − V.
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The pair (A,B) is jointly Gaussian with mean zero and covariance matrix[
2a+ 1 2c
2c 2b+ 1

]
.

Hence their correlation is

r = Corr(A,B) =
2c√

(2a+ 1)(2b+ 1)
.

Applying the arcsine law for any zero-mean jointly Gaussian pair (A,B) with correlation r:
E [sign(A) sign(B)] = 2

π arcsin(r). Rewritten, this is simply

E [erf(X)erf(Y )] =
2

π
arcsin

(
2c√

(2a+ 1)(2b+ 1)

)
.

Concentration using Hoeffding Since erf(x) ∈ [−1, 1], the product erf(hα(xi))erf(hα(xj)) ∈
[−1, 1]. Each centered summand is bounded in [−2, 2], thus applying Hoeffding’s inequality
immediately yields

Theorem 4 (Entrywise exponential concentration for erf) For all t ≥ 0,

P
[∣∣∣(Q(1)

N )ij −Kij

∣∣∣ ≥ t
]
≤ 2 exp

(
−Nt

2

8

)
.

Corollary 5 For all t ≥ 0,

P
[
max
i,j

∣∣(Q(1)
N )ij −Kij

∣∣ ≥ t

]
≤ 2P 2 exp

(
−Nt

2

8

)
,

and on the complementary event
∥∥∥Q(1)

N −K
∥∥∥
op

≤
∥∥∥Q(1)

N −K
∥∥∥
F
≤ Pt.

Appendix C. Computing Kij = E
[
φ(Gi)φ(Gj)

]
for φ(x) = tanh(x)

Recall the earlier setup: G ∼ N (0,Σ) with Σ = σ21Q
(0). Fix i, j and set

a := Σii, b := Σjj , c := Σij , Σ(i,j) :=

(
a c
c b

)
.

C.1. Limiting kernel

Define φ(x) = tanh(x) and

Kij := E
[
tanh(Gi) tanh(Gj)

]
.
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Theorem 6 (Explicit integral representation) Let (X,Y ) ∼ N (0,Σ(i,j)). Then

Kij =

∫∫
R2

tanh(x) tanh(y)φa,b,c(x, y) dx dy,

where φa,b,c is the bivariate centered Gaussian density with covariance Σ(i,j). Moreover, the
integral is absolutely convergent and satisfies |Kij | ≤ 1.

Proof Since | tanh | ≤ 1, tanh(X) tanh(Y ) is integrable and the expectation equals the
stated integral by definition of expectation with respect to the density. Absolute convergence
and the bound follow from | tanh(x) tanh(y)| ≤ 1.

C.2. Hermite-series representation (orthonormal coordinates for the Gaussian
measure space)

Assume ab > 0 and let ρ := c/
√
ab ∈ [−1, 1]. Let (U, V ) be standard bivariate normal with

correlation ρ and write
X =

√
aU, Y =

√
bV.

Define the probabilists’ Hermite polynomials (Hen)n≥0 by

Hen(x) = (−1)nex
2/2 d

n

dxn
e−x

2/2,

which form an orthogonal basis of L2(R, γ) where γ is standard normal measure.

For n ≥ 0 define coefficients

αn(a) :=
1

n!
E
[
tanh(

√
aZ)Hen(Z)

]
, βn(b) :=

1

n!
E
[
tanh(

√
bZ)Hen(Z)

]
, Z ∼ N (0, 1).

Theorem 7 (Hermite expansion and kernel series) For each fixed a > 0, the function
z 7→ tanh(

√
az) belongs to L2(γ) and admits the L2(γ) expansion

tanh(
√
az) =

∞∑
n=0

αn(a)Hen(z), with
∞∑
n=0

n!αn(a)
2 = E

[
tanh(

√
aZ)2

]
< 1.

Similarly for b. Moreover, with (U, V ) as above,

Kij = E
[
tanh(

√
aU) tanh(

√
bV )

]
=

∞∑
n=0

n!αn(a)βn(b)ρ
n,

and the series converges absolutely for |ρ| < 1 and converges at ρ = ±1 by Cauchy–Schwarz.
In particular, since tanh is odd, αn(a) = βn(b) = 0 for all even n, so the sum is over odd n
only.

Proof Since | tanh | ≤ 1, we have tanh(
√
aZ) ∈ L2(γ), hence it has an L2 Hermite expan-

sion with coefficients αn(a) as defined. Parseval’s identity gives
∑
n!αn(a)

2 = E[tanh(
√
aZ)2].
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For correlated standard Gaussian distributions (U, V ) with correlation ρ, the Mehler iden-
tity implies E [Hen(U)Hem(V )] = δnmn!ρ

n. Expanding both tanh(
√
aU) and tanh(

√
bV ) in

Hermite series and using orthogonality yields

E
[
tanh(

√
aU) tanh(

√
bV )

]
=
∑
n,m

αn(a)βm(b)E [Hen(U)Hem(V )] =

∞∑
n=0

n!αn(a)βn(b)ρ
n.

Absolute convergence for |ρ| < 1 follows by Cauchy–Schwarz and Parseval:

∑
n≥0

n! |αn(a)βn(b)| |ρ|n ≤

∑
n≥0

n!αn(a)
2

1/2∑
n≥0

n!βn(b)
2

1/2

<∞,

and convergence at ρ = ±1 follows from the same bound. Oddness of tanh forces vanishing
of even Hermite coefficients.

Concentration using Hoeffding. Define

(Q
(1)
N )ij :=

1

N

N∑
α=1

tanh(hα(xi)) tanh(hα(xj)).

As before, E
[
(Q

(1)
N )ij

]
= Kij .

Since tanh ∈ (−1, 1), each centered summand is bounded in [−2, 2], hence Hoeffding ap-
plies.

Theorem 8 (Entrywise exponential concentration for tanh) For all t ≥ 0,

P
[∣∣∣(Q(1)

N )ij −Kij

∣∣∣ ≥ t
]
≤ 2 exp

(
−Nt

2

8

)
.

Corollary 9 For all t ≥ 0,

P
[
max
i,j

∣∣∣(Q(1)
N )ij −Kij

∣∣∣ ≥ t

]
≤ 2P 2 exp

(
−Nt

2

8

)
,

and on the complementary event
∥∥∥Q(1)

N −K
∥∥∥
op

≤
∥∥∥Q(1)

N −K
∥∥∥
F
≤ Pt.

Appendix D. Computing Kij = E[φ(Gi)φ(Gj)] for φ(x) = ReLU(x)

Σ := σ21Q
(0) with Q(0)

ij = xi · xj , and G = (G1, . . . , GP ) ∼ N (0,Σ). Fix i, j and set

a := Σii = σ21 ∥xi∥
2 , b := Σjj = σ21 ∥xj∥

2 , c := Σij = σ21(xi·xj), ρ :=
c√
ab

∈ [−1, 1],

with the convention ρ = 0 if ab = 0. Let θ := arccos(ρ) ∈ [0, π].
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Define φ(x) = ReLU(x) := max {0, x} and

Kij := E
[
φ(Gi)φ(Gj)

]
= E

[
ReLU(Gi)ReLU(Gj)

]
.

The following calculation already exists due to Cho and Saul [6] as the computation of J1
in their Appendix A, but we show it here for completeness.

Theorem 10 (Closed form for the ReLU kernel) Let (X,Y ) be a centered bivariate Gaus-
sian with E[X2] = a, E[Y 2] = b, and correlation ρ = E[XY ]/

√
ab ∈ [−1, 1] (with ab > 0).

Then

E [ReLU(X)ReLU(Y )] =

√
ab

2π

(
sin θ + (π − θ) cos θ

)
, θ = arccos(ρ).

If ab = 0 the average equals 0. In particular, with (X,Y ) = (Gi, Gj) this equals Kij .

Proof Let (X,Y ) be jointly Gaussian with mean zero, Var [X] = a, Var [Y ] = b, and
Cov(X,Y ) = c. Set ρ = c/

√
ab ∈ [−1, 1].

Write X =
√
aU and Y =

√
bV , where (U, V ) is standard bivariate normal with E [U ] =

E [V ] = 0, Var [U ] = Var [V ] = 1, and Cov(U, V ) = ρ. Then

E [ReLU(X)ReLU(Y )] =
√
abE [ReLU(U)ReLU(V )] .

So it suffices to compute E [ReLU(U)ReLU(V )].

Represent (U, V ) as a correlated linear transform of independent standard normals:

U = Z1, V = ρZ1 +
√

1− ρ2 Z2,

where Z1, Z2
i.i.d.∼ N (0, 1). Let φ(t) = max {t, 0}. Using φ(t) = t1{t > 0},

E [φ(U)φ(V )] = E
[
Z1(ρZ1 +

√
1− ρ2Z2)111

{
Z1 > 0, ρZ1 +

√
1− ρ2Z2 > 0

}]
.

Now switch to polar coordinates for (Z1, Z2):

(Z1, Z2) = (R cosα, R sinα),

where R ≥ 0 and α ∈ [0, 2π) are independent, α is uniform on [0, 2π), and R has Rayleigh
density fR(r) = re−r

2/2. Then

U = R cosα, V = R
(
ρ cosα+

√
1− ρ2 sinα

)
.

Let θ = arccos ρ ∈ [0, π]. Note the trigonometric identity

ρ cosα+
√

1− ρ2 sinα = cos(α− θ).

Hence
φ(U)φ(V ) = R2 cosα cos(α− θ)1 {cosα > 0, cos(α− θ) > 0} .

Taking expectation and using independence of R and α gives

E [φ(U)φ(V )] = E
[
R2
]
E [cosα cos(α− θ)1 {cosα > 0, cos(α− θ) > 0}] .
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A short calculation with fR yields E
[
R2
]
= 2.

It remains to compute the angular integral. Since α is uniform,

E [· · ·] = 1

2π

∫ 2π

0
cosα cos(α− θ)1 {cosα > 0, cos(α− θ) > 0} dα.

The constraints cosα > 0 and cos(α − θ) > 0 define the intersection of two length-π in-
tervals, whose overlap has length π − θ. One convenient overlap is α ∈ (θ − π/2, π/2).
Therefore

E [· · ·] = 1

2π

∫ π/2

θ−π/2
cosα cos(α− θ)dα.

Use cosα cos(α− θ) = 1
2

(
cos θ + cos(2α− θ)

)
:∫ π/2

θ−π/2
cosα cos(α− θ)dα =

1

2

∫ π/2

θ−π/2
cos θ dα+

1

2

∫ π/2

θ−π/2
cos(2α− θ)dα

=
1

2
cos θ(π − θ) +

1

4

[
sin(2α− θ)

]π/2
θ−π/2

=
1

2
cos θ(π − θ) +

1

4

(
sin(π − θ)− sin(θ − π)

)
=

1

2
cos θ(π − θ) +

1

2
sin θ.

Thus
E [· · ·] = 1

2π
· 1
2

(
sin θ + (π − θ) cos θ

)
=

1

4π

(
sin θ + (π − θ) cos θ

)
.

Multiplying by E
[
R2
]
= 2 yields

E [φ(U)φ(V )] =
1

2π

(
sin θ + (π − θ) cos θ

)
.

Finally, substitute cos θ = ρ and sin θ =
√
1− ρ2 to get

E [φ(U)φ(V )] =
1

2π

(√
1− ρ2 + (π − arccos ρ)ρ

)
.

Scaling back gives

E [ReLU(X)ReLU(Y )] =
√
ab

1

2π

(√
1− ρ2 + (π − arccos ρ)ρ

)
, ρ =

c√
ab
.

Concentration using sub-exponential Bernstein. We now give an exponential deviation
bound in N . Since ReLU of a Gaussian is sub-Gaussian by Lemma 11 and the product of
two sub-Gaussians is sub-exponential by Lemma 27, a Bernstein inequality applies.

Lemma 11 (ReLU of a Gaussian is sub-Gaussian) If X ∼ N (0, a) then ∥ReLU(X)∥ψ2
≤

C
√
a for an absolute constant C.
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Proof Since 0 ≤ ReLU(X) ≤ |X|, monotonicity of the Orlicz norm gives

∥ReLU(X)∥ψ2
≤ ∥X∥ψ2

.

For X ∼ N (0, a), Lemma 24 gives ∥X∥ψ2
≤ C

√
a.

If ab = 0, then eitherX or Y is identically zero, so ReLU(X)ReLU(Y ) ≡ 0 and the deviation
probability is zero. Hence the following bound is stated for ab > 0.

Theorem 12 (Entrywise exponential concentration for ReLU) Assume ab > 0. There ex-
ist absolute constants c, C > 0 such that for all t ≥ 0,

P
[∣∣(Q(1)

N )ij −Kij

∣∣ ≥ t
]
≤ 2 exp

[
−cN min

{
t2

C2ab
,

t

C
√
ab

}]
.

Proof Let Zα := ReLU(hα(xi))ReLU(hα(xj)). Then (Zα) are i.i.d. with mean Kij . By
Lemma 27, Zα − Kij has uniformly bounded ψ1 norm of order

√
ab. Apply the standard

Bernstein inequality for i.i.d. mean-zero sub-exponential variables.

Corollary 13 Let S := max1≤k≤P σ
2
1 ∥xk∥

2 so that ab ≤ S2 for all i, j. Then for all t ≥ 0,

P
[
max
i,j

∣∣(Q(1)
N )ij −Kij

∣∣ ≥ t

]
≤ 2P 2 exp

[
−cN min

{
t2

C2S2
,
t

CS

}]
,

and on the complementary event
∥∥∥Q(1)

N −K
∥∥∥
op

≤
∥∥∥Q(1)

N −K
∥∥∥
F
≤ Pt.

Appendix E. Computing Kij = E
[
φ(Gi)φ(Gj)

]
for φ(x) = xp

Fix an integer p ≥ 0. Let x1, . . . , xP ∈ RD be deterministic and set

Q
(0)
ij := xi · xj , Σ := σ21Q

(0) ∈ RP×P .

Let G = (G1, . . . , GP ) ∼ N (0,Σ). For indices i, j define

a := Σii = σ21 ∥xi∥
2 , b := Σjj = σ21 ∥xj∥

2 , c := Σij = σ21(x
⊤
i xj).

Recall Kij := E[φ(Gi)φ(Gj)] = E[GpiG
p
j ].

Theorem 14 (Closed form for E
[
GpiG

p
j

]
for a bivariate centered Gaussian) Let (X,Y )

be a centered bivariate Gaussian with E[X2] = a, E[Y 2] = b, E[XY ] = c. Then for every
integer p ≥ 0,

E[XpY p] =

⌊p/2⌋∑
m=0

(p!)2

(p− 2m)!22m(m!)2
cp−2m(ab)m.

In particular, with (X,Y ) = (Gi, Gj), this equals Kij .
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Proof Let (X,Y ) be as stated. Consider the moment generating function

M(s, t) := E
[
esX+tY

]
= exp

(1
2
(as2 + 2cst+ bt2)

)
.

Since M is analytic, for integers p ≥ 0,

E[XpY p] = ∂ps∂
p
tM(s, t)

∣∣
s=t=0

.

Write

M(s, t) = exp
(1
2
as2
)

exp(cst) exp
(1
2
bt2
)
=
(∑
u≥0

(a/2)u

u!
s2u
)(∑

k≥0

ck

k!
sktk

)(∑
v≥0

(b/2)v

v!
t2v
)
.

The coefficient of sptp comes from choices (u, k, v) such that 2u + k = p and k + 2v = p,
hence u = v =: m and k = p− 2m, with m = 0, 1, . . . , ⌊p/2⌋. Thus the coefficient of sptp in
M equals

⌊p/2⌋∑
m=0

(a/2)m

m!
· cp−2m

(p− 2m)!
· (b/2)

m

m!
=

⌊p/2⌋∑
m=0

(ab)m cp−2m

22m(m!)2(p− 2m)!
.

Since ∂ps∂
p
t multiplies the coefficient of sptp by (p!)2, the stated identity follows.

A Bernstein inequality for concentration of these objects is developed in the next section.

Appendix F. The polynomial activation and the Orlicz norms

In the above, we only showed the convergence assuming well-behaved tails such as that of
sub-Gaussian or sub-exponential distributions. However, not all nonlinear transformations
of a Gaussian (which is W (1)X in our case) are generally sub-Gaussian or sub-exponential.
For example, if G is Gaussian, Gp is (provably) not sub-Gaussian for p > 1. Such behav-
ior can be controlled using the Orlicz norm and the corresponding Bernstein inequality,
letting us get concentration even for fat-tailed distributions. Our treatment also includes
motivation and intuition behind Orlicz norms.

F.1. Orlicz norms

Here we develop a self-contained Orlicz-tail framework tailored to random feature ker-
nels and wide neural networks. A centered Gaussian satisfies a tail bound of the form
P [|X| > t] ≲ exp

{
−Θ(t2/σ2)

}
for X ∼ N (0, σ). We use a scale parameter ∥·∥ on ran-

dom variables that could replace σ. For general random variables X, with ∥X∥ = 1
(to be defined below), we ask for a function f such that P [|X| > t] ≲ exp {−f(t)}. For
such random variables, we would want the tail behavior to stay the same under constant
scaling because one should be able to infer about X from X/ ∥X∥. But P [|cX| > t] =
P [|X| > t/|c|] ≲ exp {−f(t/c)} ∀c > 0. So one imposes a restriction that the ‘shape’ of the
exponent in the scaled and unscaled random variables be the same, thus asking for a con-

straint Ka := lim
t→∞

f(at)

f(t)
< ∞. Such a shape constraint determines, up to slowly varying

factors, f(t) = tα, as stated in the following theorem:
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Theorem 15 Suppose f : (0,∞) → (0,∞) is a measurable function satisfyingKa := lim
t→∞

f(at)

f(t)
<

∞ ∀ a > 0. Then:

1. Kab = KaKb∀a, b > 0.

2. ∃α such that Ka = aα∀a > 0.

3. The function ℓ(t) := f(t)
tα is slowly varying, that is, lim

t→∞

ℓ(t)

ℓ(at)
= 1∀a > 0.

Proof

1. Fix arbitrary a, b > 0. Then Kab = lim
t→∞

f(abt)

f(t)
= lim

t→∞

f(abt)

f(bt)
· f(bt)
f(t)

. Both the limits

exist individually, and the last expression can be written as a product of limits, the first
of which is Ka and the latter Kb.

2. Consider g(x) = logKex . This changes our goal to equivalently prove that g(x) =
αx, ∀x ∈ R. Let us first note that g is measurable. Indeed, since f is measurable and
K is the pointwise limit of a ratio of two measurable functions, K is measurable; and
since g is a composition of measurable functions, g must also be measurable. Next note
that g(x+ y) = logKex+y = log (KexKey) = g(x) + g(y). It is well known that the only
solution to Cauchy’s equation with a measurable function is g(x) = αx for some α ∈ R.

3. lim
t→∞

ℓ(t)

ℓ(at)
= lim

t→∞

aαtαf(t)

tαf(at)
= aα/Ka = 1.

It is not uncommon to assume that, under scaling, the variables can be separated, that is,
f(at) = Kaf(t). This is only a mild additional constraint since ℓ above has slow variation.
Under this assumption, we directly get

Corollary 16 If f(at) = Kaf(t) ∀a > 0, t > 0 then Ka = aα for some α ∈ R.

Proof In the above, ℓ ≡ 1, hence Ka = aα.

Now, let us move on to further investigating the structure of the Orlicz norms. A norm ∥·∥
on real-valued random variables should have the following desired properties:

• If X D
= Y then ∥X∥ = ∥Y ∥, that is, two random variables coming from the same

distribution should have the same norm.

• If |X| ≤ |Y | a.s. then ∥X∥ ≤ ∥Y ∥, that is, monotonicity should be preserved.

• ∥X∥ = ∥|X|∥, that is, invariance under lattice symmetry.

Next, let us take a convex body-centric view of a norm. Every norm ∥·∥ has its cor-
responding unit ball {∥·∥ ≤ 1} which is symmetric and convex. Alternatively, given a
symmetric convex body B with a nonempty interior, its corresponding norm is given by
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∥·∥B = inf {t > 0 | X ∈ tB}. Typically, convex bodies are the sublevel sets of convex func-
tions. Let us say that B = {X | ρ(X) ≤ 1}, where ρ satisfies:

(A1) ρ is convex: ρ(λX + (1− λ)Y ) ≤ λρ(X) + (1− λ)ρ(Y ).

(A2) ρ(0) = 0, ρ(X) = ρ(Y ) if X D
= Y .

(A3) 0 ≤ X ≤ Y a.s. =⇒ ρ(X) ≤ ρ(Y ).

(A4) For each X, lim
t↓0

ρ(tX) = 0.

(A5) ρ(X + Y ) = ρ(X) + ρ(Y ) if XY = 0 a.s.

(A6) If 0 ≤ Xn ↑ X a.s. then ρ(X) ≤ lim infn ρ(Xn).

It can be shown that under the above assumptions, ρ(X) = E [Φ(X)] for some Φ satisfying

(B1) Φ(0) = 0.

(B2) Φ is non-decreasing.

(B3) Φ is convex.

(B4) limt→∞Φ(t) = ∞ (unless ρ is trivial).

Thus, our norm becomes ∥X∥ = inf {t > 0 | E [Φ(X/t)] ≤ 1}.

Next, we attempt to extend the proof of Hoeffding inequality to general random variables.
Recall that the first step was to use the Markov inequality on eaX to incorporate the moment
generating function:

P [X > t] = P
[
eaX ≥ eat

]
≤ E [exp {aX}]

exp {at}
.

Instead, the function X → aX could be replaced by any monotone function Φ such that
Φ(0) = 0. Let us use the above Young function Φ. Since we keep track of scaling, let us use
X 7→ Φ(aX). We also want two-sided tail bounds:

P [|X| > t] = P [Φ(a |X|) ≥ Φ(at)] ≤ E [Φ (a |X|)]
Φ (at)

, ∀ t ≥ 0.

Next, we want to incorporate the norm and the tail bounds. Recall we wanted a norm that
works well with the tail bound e−f(t). Say ∥|X|∥ = ∥X∥ = inf {s > 0 | E [Φ(|X| /s)] ≤ 1}.
By definition, this norm applies to scalars: ∥aX∥ = a ∥X∥ ∀a > 0. Consider a decreasing
{Kn > 0} such that E [Φ(|X| /Kn)] ≤ 1 ∀n ≥ 1 and Kn ↓ ∥X∥. Clearly, Kn ≥ ∥X∥. Since
the above-mentioned tail bound (from the Markov inequality) holds for every a > 0, picking

a = 1
Kn

makes the RHS looks like
E [Φ (a |X|)]

Φ (at)
≤ 1

Φ(t/Kn)
. Let us now assume that Φ is

also continuous, resulting in

P [|X| > t] ≤ 1

Φ(t/ ∥X∥)
∀ t ≥ 0.
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This motivates the following norm that imitates the sub-Gaussian parameter for the usual
Hoeffding inequality. Thus, if we want the tail to be ∼ exp {−f (t/∥X∥)}, we obtain Φ(x) ≃
exp f(x). By our earlier discussion, we know that for tails to have the same shape under
scaling, we should choose f(x) = xα for some α ∈ R so Φ(s) ≃ exp {xα}. But recall the
condition that lims→0Φ(s) = 0. This can be obtained by taking Φ(x) = exp {xα} − 1. Using
this, we get

P [|X| > t] ≲ exp

{
−
(

t

∥X∥

)α}
where ∥X∥ = inf

{
s > 0

∣∣∣ E
[
exp

((
|X|
s

)α)]
≤ 2
}

. We often write this norm with the
symbol ∥·∥ψα , where ψα(x) = exp (xα)− 1.

Definition 17 (Orlicz ψα norm) For α > 0 and a real random variable U , define

∥U∥ψα := inf

{
s > 0

∣∣∣∣ E
[
e

(
|U|
s

)α]
≤ 2

}
.

Definition 18 (Sub-Weibull) A random variable U is called sub-Weibull of order α > 0 if
∥U∥ψα <∞. Equivalently, there exists a constant K > 0 such that

P(|U | ≥ t) ≤ 2 exp
(
− (t/K)α

)
∀t ≥ 0,

with K comparable (up to absolute factors) to ∥U∥ψα .

A random variable X satisfying ∥X∥ψα < ∞ will be called a sub-Weibull(α). It is worth
noting that sub-Weibull(2) is equivalent to a sub-Gaussian, and sub-Weibull(1) is equivalent
to a sub-exponential random variable.

Equivalence of a distribution’s tail bounds with moments and the MGF, such as Vershynin
[22, Proposition 2.5.2], Wainwright [25, Theorem 2.6] for sub-Gaussianity or Vershynin
[22, Proposition 2.7.1], Wainwright [25, Theorem 2.13] for sub-exponentiality, can also be
derived for a sub-Weibull(α), reproducing the proofs line-by-line:

Proposition 19 (Vladimirova et al. [24, Theorem 2.1]) Let X be a random variable. Then
the following properties are equivalent for a random variable X and parameter α > 0 with
constants K1,2,3,4 multiplicatively differing at most by a universal constant:

1. (tail bound) ∃K1 > 0 such that P [|X| ≥ t] ≤ 2 exp (−(t/K1)
α) ∀ t ≥ 0.

2. (moment bound) ∃K2 > 0 such that ∥X∥Lp ≤ K2p
1
α ∀ p ≥ 1.

3. (power mgf bound) ∃K3 > 0 such that E
[
exp

((
t|X|
K3

)α)]
≤ exp (tα) ∀ t ∈ (0, 1].

4. (norm quantification) ∃K4 > 0 such that E
[
exp

((
|X|
K4

)α)]
≤ 2.

We note the following:

Lemma 20
∥∥Uβ∥∥

ψα
= ∥U∥βψαβ for any α, β > 0.
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Proof ∥∥∥Uβ∥∥∥
ψα

= inf
{
s > 0

∣∣∣ E
[
exp

(∣∣∣Uβ∣∣∣α /sα)] ≤ 2
}

= inf

{
s > 0

∣∣∣∣ E
[
exp

((
|U | /s

1
β

)βα)]
≤ 2

}
= inf

{
sβ > 0

∣∣∣ E
[
exp

(
(|U | /s)βα

)]
≤ 2
}

=
(
inf
{
s > 0

∣∣∣ E
[
exp

(
(|U | /s)βα

)]
≤ 2
})β

= ∥U∥βψαβ .

One important point to note is that ∥·∥ψα for α > 0 is a norm iff α ≥ 1. It can be easily seen
that ∥X∥ψα is always non-negative non-degenerate (that is, positive if X is nonzero on a
set of positive measure) and is compatible with scaling (that is, ∥cX∥ψα = |c| ∥X∥ψα) for
any α > 0. What fails is the triangle inequality. This is precisely because the unit norm ball
is not convex for α < 1. However we still have the following ‘scaled’ triangle inequality:

Lemma 21 Fix α > 0 and let ∥·∥ denote ∥·∥ψα . Then

∥U + V ∥ ≤ max
{
2

1
α
−1, 1

}(
∥U∥ + ∥V ∥

)
.

Proof Begin with the case α ≥ 1. Start by noting that the function x 7→ ex
α

is con-

vex. Let {un} , {vn} be decreasing sequences satisfying E
[
e

(
|U|
un

)α]
≤ 2,E

[
e

(
|V |
vn

)α]
≤

2 ∀ n and un → ∥U∥ , vn → ∥V ∥. Then exp

((
|U + V |
un + vn

)α)
≤ exp

((
|U |+ |V |
un + vn

)α)
=

exp

((
|U |
un

un
un + vn

+
|V |
vn

vn
un + vn

)α) Jensen
≤ un

un + vn
exp

((
|U |
un

)α)
+

vn
un + vn

exp

((
|V |
vn

)α)
.

Taking expectations,

E
[
exp

((
|U + V |
un + vn

)α)]
≤ un
un + vn

E
[
exp

((
|U |
un

)α)]
+

vn
un + vn

E
[
exp

((
|V |
vn

)α)]
≤ 2.

But un + vn ↓ u+ v. Hence, ∥U + V ∥ ≤ u+ v.

Now suppose that α < 1 and let p := 1/α. Then 1
p∗ = 1− 1

p = 1−α. Note that ∥U + V ∥αψα =

∥|U + V |α∥ψ1
≤ ∥|U |α + |V |α∥ψ1

≤ ∥Uα∥ψ1
+ ∥V α∥ψ1

= ∥U∥αψα + ∥V ∥αψα . Here we used
Lemma 20 twice in the first and last equalities. The second step (inequality) follows from
the fact that x 7→ xα is concave for α < 1. By Hölder’s inequality with the pair (p, p∗),

∥U∥αψα + ∥V ∥αψα ≤
(
∥U∥ψα + ∥V ∥ψα

)α
21−α. Combining everything, we obtain

∥U + V ∥ψα ≤ 2
1
α
−1
(
∥U∥ψα + ∥V ∥ψα

)
.
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Proposition 22 |E [U ]| ≤
2 ∥U∥ψα Γ

(
1
α

)
α

. Hence ∥E [U ]∥ψα ≤ 2∥U∥ψαΓ(
1
α)

α(ln 2)
1
α

.

Proof Let u = ∥U∥ψα . By Markov P [|U | > t] = P
[
e

(
|U|
u

)α
> e(

t
u)

α
]
≤ 2e−(

t
u)

α

. So

|E [U ]| ≤ E [|U |] =
∫ ∞

0
P [|U | > t] d t

≤
∫ ∞

0
2e−(

t
u)

α

d t

=
2u

α

∫ ∞

0
e−ss

1
α
−1 d s

[
s =

(
t

u

)α
=⇒ d t =

us
1
α
−1 d s

α

]

=
2uΓ

(
1
α

)
α

=
2 ∥U∥ψα Γ

(
1
α

)
α

The bound on ∥E [U ]∥ψα follows from ∥a∥ψα = |a| (ln 2)−
1
α ∀ a ∈ R.

Lemma 23 For α > 0, ∥U − E [U ]∥ψα ≤

2 ∥U∥ψα if α ≥ 1

2
1
α
−1

(
1 +

2Γ( 1
α)

α(log 2)
1
α

)
∥U∥ψα if 0 < α < 1

.

Proof Suppress the ψα and simply write ∥·∥ for ∥·∥ψα .

Suppose α ≥ 1. Let {un} be a sequence satisfying

E [exp]

((
|U |
un

)α)
≤ 2 for all n,

and un ↓ ∥U∥. Since x 7→ exp(|x|α) is convex for α ≥ 1, Jensen’s inequality gives

exp

((
|E [U ]|
un

)α)
≤ E [exp]

((
|U |
un

)α)
≤ 2.

Hence ∥E [U ]∥ ≤ ∥U∥.

Suppose α ∈ (0, 1). ∥E [U ]∥ ≤ 2Γ(1/α)

α(log 2)
1
α
∥U∥ by Proposition 22. Therefore, ∥U − E [U ]∥

Lemma 21
≤

2
1
α
−1 (∥U∥ + ∥E [U ]∥) ≤ 2

1
α
−1

(
1 +

2Γ( 1
α)

α(log 2)
1
α

)
∥U∥.

F.2. Stronger exponential tails for φ(x) = xp

Throughout, p ∈ Z≥1 is fixed. Fix indices i, j ∈ {1, . . . , P} and write

a := Σii = σ21 ∥xi∥
2 , b := Σjj = σ21 ∥xj∥

2 , c := Σij = σ21(xi·xj), Σ(i,j) :=

(
a c
c b

)
.
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Let (X,Y ) ∼ N (0,Σ(i,j)) and define

Kij := E[XpY p] and (Q
(1)
N )ij :=

1

N

N∑
α=1

Xp
αY

p
α ,

where (Xα, Yα) are i.i.d. copies of (X,Y ).

The goal is a subexponential (in N) deviation bound for (Q(1)
N )ij −Kij .

F.2.1. GAUSSIAN INPUTS IMPLY SUB-WEIBULL TAILS FOR POLYNOMIALS

We first state well-known facts for Gaussian variables.

Lemma 24 (Gaussian ψ2 norm) If Z ∼ N (0, v), then ∥Z∥ψ2
≤ C

√
v for an absolute con-

stant C > 0. Consequently, P(|Z| ≥ t) ≤ 2 exp(−c t2/v) for an absolute c > 0.

Proof For Z =
√
v G with G ∼ N (0, 1), it suffices to bound ∥G∥ψ2

by a universal con-

stant. Using EeG2/C2
= (1 − 2/C2)−1/2 for C >

√
2 (chi-squared mgf), choose C large so

that E exp(G2/C2) ≤ 2, yielding ∥G∥ψ2
≤ C. The tail bound follows from the standard

equivalence between ψ2 and sub-Gaussian tails.

Proposition 25 If α, β > 0 then ∥Uα∥ψβ = ∥U∥αψαβ .

Proof ∥Uα∥ψβ = inf

{
s > 0

∣∣∣∣ Ee
(

|Uα|
s

)β
≤ 2

}
= inf

{
sα > 0

∣∣∣∣ Ee
(

|U|
s

)αβ
≤ 2

}
= ∥U∥αψαβ .

Lemma 26 (Powers of sub-Gaussians are sub-Weibull) If U is sub-Gaussian, i.e. ∥U∥ψ2
≤

L, then for every real m ≥ 1, we have ∥Um∥ψ2/m
= ∥U∥mψ2

≤ Lm.

Proof Use Proposition 25.

Lemma 27 (Product of two sub-Gaussians is sub-exponential) If ∥U∥ψ2
≤ L1 and ∥V ∥ψ2

≤
L2, then

∥UV ∥ψ1
≤ ΓL1L2

for an absolute constant Γ > 0.

Proof By homogeneity, it suffices to consider the case L1 = L2 = 1. Using |uv| ≤ (u2+v2)/2,
we have

exp

(
|UV |
Γ

)
≤ exp

(
U2

2Γ

)
exp

(
V 2

2Γ

)
.

By Cauchy–Schwarz,

E [exp]

(
|UV |
Γ

)
≤
(
E [exp]

(
U2

Γ

))1/2(
E [exp]

(
V 2

Γ

))1/2

.

Choosing Γ > 0 to be sufficiently large, depending only on the absolute constants in the ψ2

bounds, makes the right-hand side at most 2. Hence ∥UV ∥ψ1
≤ ΓL1L2.
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Lemma 28 (Degree-2p Gaussian monomial is sub-Weibull of order 1/p) Let (X,Y ) be
any centered bivariate Gaussian. Then

∥XpY p∥ψ1/p
≤ Γp ∥X∥pψ2

∥Y ∥pψ2
,

where Γ > 0 is from Lemma 27.

Proof ∥(XY )p∥ψ1/p

Proposition 25
= ∥XY ∥pψ1

Lemma 27
≤ Γp ∥X∥pψ2

∥Y ∥pψ2
.

Corollary 29 (Explicit scale in terms of covariance) Let (X,Y ) be a zero-mean bivariate
Gaussian with Var [X] = a,Var [Y ] = b. Then ∥X∥ψ2

≤ C
√
a, ∥Y ∥ψ2

≤ C
√
b, hence

∥XpY p∥ψ1/p
≤ C̃p(ab)

p/2.

Moreover, by Lemma 23, there is a constant C ′
p > 0, depending only on p, such that

∥XpY p − E[XpY p]∥ψ1/p
≤ C ′

p(ab)
p/2.

Proof Lemma 24 gives
∥X∥ψ2

≤ C
√
a, ∥Y ∥ψ2

≤ C
√
b.

Combining this with Lemma 28, we obtain

∥XpY p∥ψ1/p
≤ Cp(ab)

p/2,

where Cp > 0 depends only on p. Applying Lemma 23 with α = 1/p gives another constant
C ′
p > 0, depending only on p, such that

∥XpY p − E [XpY p]∥ψ1/p
≤ C ′

p(ab)
p/2.

This proves the claim.

F.3. Deviation for averages of i.i.d. sub-Weibull variables

There is a Bernstein inequality for the subWeibull type tails, just like the Hoeffdin inequality
and the sub-Exponential Bernstein inequality. Here is a simplified version of [15, Theorem
3.1].

Theorem 30 (Sub-Weibull Bernstein inequality) Let α > 0 and let U1, . . . , UN be inde-
pendent mean-zero random variables with

∥Uk∥ψα ≤ K for all k.

Then there exists a constant cα > 0 depending only on α such that for all t ≥ 0,

P

[∣∣∣∣∣ 1N
N∑
k=1

Uk

∣∣∣∣∣ ≥ t

]
≤ 2 exp

(
−cαmin

{
Nt2

K2
,

(
Nt

K

)α})
.

Remark. The two regimes correspond to “small deviations” (Gaussian-type, t2) and “large
deviations” (Weibull-type, tα). For α = 1 this reduces (up to constants) to the standard
sub-exponential Bernstein inequality.
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F.4. Proof of Theorem 1

Let
Zk := φ(Xk)φ(Yk)− E [φ(X)φ(Y )] .

By assumption, the variables Z1, . . . , ZN are independent, mean-zero, and satisfy

∥Zk∥ψα ≤ K for all k.

Applying Theorem 30 gives, for every t ≥ 0,

P

[∣∣∣∣∣ 1N
N∑
k=1

Zk

∣∣∣∣∣ ≥ t

]
≤ 2 exp

(
−cαmin

{
Nt2

K2
,

(
Nt

K

)α})
.

Since
1

N

N∑
k=1

Zk =
1

N

N∑
k=1

φ(Xk)φ(Yk)− E [φ(X)φ(Y )] ,

this is exactly the claimed bound.

D. Application to XpY p and to (Q
(1)
N )ij

Define mean-zero i.i.d. variables

Uα := Xp
αY

p
α − E[XpY p] = Xp

αY
p
α −Kij , α = 1, . . . , N.

By Corollary 29,

∥Uα∥ψ1/p
≤ Kp,i,j := 2p

(
1 +

2p!

(log 2)p

)
ΓpC2

√
apbp.

Therefore Theorem 30 applies with α = 1/p.

Theorem 31 (Exponential tail for each kernel entry) Fix i, j and integer p ≥ 1. There
exist constants cp, Cp > 0 depending only on p such that for all t ≥ 0,

P
[∣∣∣(Q(1)

N )ij −Kij

∣∣∣ ≥ t
]
≤ 2 exp

[
−cpmin

{
N

(
t

Cp(ab)p/2

)2

,

(
Nt

Cp(ab)p/2

)1/p
}]

.

Proof For ab > 0, Corollary 29 gives

∥XpY p − E [XpY p]∥ψ1/p
≤ Cp(ab)

p/2.

Apply Theorem 30 with α = 1/p and K = Cp(ab)
p/2. This gives

P
[∣∣∣(Q(1)

N )ij −Kij

∣∣∣ ≥ t
]
≤ 2 exp

(
−cpmin

{
N

(
t

Cp(ab)p/2

)2

,

(
Nt

Cp(ab)p/2

)1/p
})

,

after adjusting constants.
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Corollary 32 Let

Sp := max
1≤i,j≤P

(ab)p/2 = max
1≤i,j≤P

(
σ41 ∥xi∥

2 ∥xj∥2
)p/2

= σ2p1

(
max
1≤i≤P

∥xi∥2
)p
.

Then there exist constants cp, Cp > 0 depending only on p such that for all t ≥ 0,

P
[
max
i,j

∣∣∣(Q(1)
N )ij −Kij

∣∣∣ ≥ t

]
≤ 2P 2 exp

[
−cpmin

{
N

(
t

CpSp

)2

,

(
Nt

CpSp

)1/p
}]

.

On the complementary event,∥∥∥Q(1)
N −K

∥∥∥
op

≤
∥∥∥Q(1)

N −K
∥∥∥
F
≤ Pt.

Proof Apply Theorem 31 to each pair (i, j) and use the union bound over the P 2 entries.
Since

(ab)p/2 ≤ Sp

for every pair (i, j), the stated probability bound follows after adjusting constants. On the
complementary event, every entry of Q(1)

N −K has absolute value at most t. Hence∥∥∥Q(1)
N −K

∥∥∥
F
≤ Pt,

∥∥∥Q(1)
N −K

∥∥∥
op

≤
∥∥∥Q(1)

N −K
∥∥∥
F
.
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