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Abstract

Large language models (LLMs) are increas-
ingly used for automated tutoring, but their
reliability in structured symbolic domains re-
mains unclear. We study step-level feedback
for propositional logic proofs, which require
precise symbolic reasoning aligned with a
learner’s current proof state. We introduce
a knowledge-graph—grounded benchmark of
516 unique proof states with step-level anno-
tations and difficulty metrics. Unlike prior
tutoring evaluations that rely on model self-
assessment or binary correctness, our frame-
work enables fine-grained analysis of feedback
quality against verified solution paths. We eval-
uate three multi-agent pipelines with varying
solution access: Tutor (partial solution access),
Teacher (full derivation access), and Judge (ver-
ification of Tutor feedback). Our results re-
veal a striking asymmetry: verification im-
proves outcomes when upstream feedback is
error-prone (<70% accuracy), but degrades per-
formance by 4—6pp through over-specification
when feedback is already reliable (>85%). Crit-
ically, we identify a shared complexity ceil-
ing; no model or pipeline reliably succeeds on
proof states exceeding complexity 4—-5. These
findings challenge the assumption that adding
verifiers or richer context universally improves
tutoring, motivating adaptive, difficulty-aware
architectures that route problems by estimated
complexity and upstream reliability.

1 Introduction

Propositional logic is foundational to computer sci-
ence education, underpinning formal reasoning in
programming, algorithms, and digital systems. Yet
mastering optimal proof strategies remains chal-
lenging for students due to limited access to timely
and personalized tutoring (Mayer and Baraniuk,
2025; Inamdar et al., 2025). Intelligent tutoring
systems (ITS) achieve learning gains comparable to
human tutoring through step-level feedback, guid-
ing each inference rather than evaluating only final

answers (VanLehn, 2011). However, traditional
ITS relies on template-based feedback that poorly
adapts to diverse misconceptions (Zerkouk and
Chikhaoui, 2025). Large language models (LLMs)
offer scalable alternatives, yet their tendency to
hallucinate risks incorrect feedback undermining
learning (Macina et al., 2023).

Effective step-level tutoring requires more than
surface correctness: feedback that is partially cor-
rect or misaligned with a student’s proof state can
reinforce misconceptions and anchor flawed rea-
soning (VanLehn, 2011). This risk of misaligned
feedback is especially acute in propositional logic,
where success demands precise symbolic planning,
strict rule application, and sustained alignment with
the evolving proof state; even small deviations can
derail the solution (Tithi et al., 2025). Without
external grounding, even capable LLMs risk gener-
ating feedback that appears correct but misguides
student reasoning, motivating the need for verifica-
tion mechanisms (Dhuliawala et al., 2024).

Multi-agent verification, where an LLM evalu-
ates another’s output, offers a potential safeguard
(Zheng et al., 2023). Yet verification without ex-
ternal grounding can degrade performance (Huang
et al., 2024). A key factor overlooked in prior work
is the degree of solution information access: what
each agent knows about the correct solution. So-
lution access may enable precise verification, but
it risks revealing answers undermining scaffold-
ing (Daheim et al., 2024). However, how informa-
tion access shapes verification effectiveness and
what failure modes emerge remains unexplored.
Moreover, as proof complexity increases, verifica-
tion errors may compound systematically rather
than uniformly, reflecting breakdowns in evaluat-
ing intermediate reasoning. We address these gaps
through three research questions:

1. RQI: Under what conditions does multi-agent
verification improve step-level tutoring accu-
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racy, and how does upstream model quality mod-
ulate this effect?

2. RQ2: How does varying agents’ access to solu-
tion information affect feedback quality?

3. RQ3: What systematic failure modes emerge
across problem complexity (symbolic reasoning
difficulty metrics)?

We investigate these questions through three
multi-agent tutoring pipelines for propositional
logic (Fig 1), where a student agent solves the next
step in a proof and receives feedback from tutoring
agents. Unlike prior evaluations relying on binary
correctness or model self-assessment, we use KG-
encoded solution spaces for fine-grained classifi-
cation of responses as optimal, valid-alternative,
or invalid. We operationalize information access
as derivation context: Tutor receives only the cor-
rect step, Teacher receives the full derivation (rule,
parents, step), and Judge receives derivation and
Tutor feedback. We hypothesize that verification
benefit is conditional on upstream feedback quality,
helping when error-prone, hurting when already
reliable. Our contributions are as follows:

1. Logic Tutoring Benchmark: A dataset of 516
unique propositional logic proof states, with a
KG-encoded solution space and reasoning dif-

ficulty metrics, enabling step-level evaluation
beyond binary correctness.

2. Controlled Multi-Agent Framework: A tutor-
ing architecture that isolates solution informa-
tion access from verification by systematically
varying agents’ access to derivation context.

3. Conditional Effects of Verification: Empir-
ical evidence that verification improves error-
prone feedback but degrades reliable feedback,
with a threshold at ~70% upstream accuracy
and identified failure modes (echo effects, over-
specification).

4. Multi-Dimensional Evaluation: An evaluation
protocol combining KG-encoded correctness
and reasoning difficulty analysis, along with hu-
man judgment across four pedagogical dimen-
sions.

2 Related Work

2.1 LLM-based scaffolding for tutoring
systems

Scaffolding theory (Vygotsky and Cole, 1978;
Wood et al., 1976) underlies intelligent tutoring sys-
tems (ITS), where step-by-step hints support learn-
ing without revealing solutions (Belland, 2017).
Traditional ITS achieves strong learning gains com-



parable to human tutoring (VanLehn, 2011) but
remains limited by template-driven feedback that
poorly adapts to diverse misconceptions (Zerkouk
and Chikhaoui, 2025).

LLMs offer the potential to generate scalable
and adaptive feedback when grounded in learning-
science principles (Stamper et al., 2024). Prior
work shows that LLMs can diagnose student er-
rors and generate pedagogical feedback in col-
lege algebra tutors (Reddig et al., 2025), foster
active reasoning and self-reflection in advanced
computer science courses (Kumar et al., 2024), and
support adaptive scaffolding in programming con-
texts (Scholz et al., 2025). However, two persistent
challenges limit their effectiveness in intelligent
tutoring systems: (i) LLMs often reveals answers
instead of scaffolded guidance (Macina et al., 2023,
2025), and (ii) their feedback frequently halluci-
nates without external grounding (Liu et al., 2025;
Jia et al., 2024). In propositional logic, state-of-the-
art models achieve only 86.7% step-level accuracy
(Tithi et al., 2025). These limitations highlight the
need to understand how external grounding and so-
lution access affect step-level feedback alignment
in structured symbolic domains such as proposi-
tional logic.

2.2 Multi-Agent Verification

Multi-agent architectures improve LLM reliability
through role separation, with generators producing
outputs and verifiers assessing their quality.(Zheng
et al., 2023; Chudziak and Kostka, 2025). In ed-
ucational contexts, this separation ensures feed-
back meets both accuracy and pedagogical stan-
dards (Daheim et al., 2024; Phung et al., 2024),
addressing over-praise and over-inference errors
(dos Santos and Cury, 2025; Chudziak and Kostka,
2025). Prior work shows that role-specialized
multi-agent systems improve instructional design
(Zhang et al., 2025), and that educational evalua-
tion benefits from incorporating multiple pedagog-
ical roles (Chen et al., 2025). EducationQ further
demonstrates that student—teacher—evaluator triads
promote effective scaffolding and align with human
pedagogical judgment (Shi et al., 2025).

Prior work further shows that self-correction
without external grounding can degrade reasoning
performance (Huang et al., 2024), and that veri-
fication may help weak generators while offering
limited or negative gains for strong ones (Zhang
et al., 2024). However, these findings are largely
based on general reasoning tasks and do not exam-

ine step-level tutoring or the role of agents’ access
to solution information in educational context. This
leaves open the question of when verification im-
proves tutoring feedback and when it introduces
over-specification or misalignment. We address
this gap by introducing a Judge-in-the-loop tutor-
ing architecture that explicitly varies verification
and solution access.

2.3 Evaluation Benchmarks

Existing benchmarks for symbolic or logical rea-
soning primarily evaluate end-to-end proof genera-
tion using single-reference solutions, with limited
or no annotations for intermediate reasoning steps
(Saparov and He, 2022). ProofWriter (Tafjord et al.,
2021) assesses only final proof validity, obscur-
ing whether models apply inference rules correctly
at each step. FOLIO (Han et al., 2024) provides
expert-authored first-order logic problems but pe-
nalizes semantically valid alternative derivations,
while ProntoQA (Saparov and He, 2022) enables
controlled evaluation through synthetic reasoning
chains but cannot capture branching decision points
where multiple inference rules may apply.

In logic tutoring, effective feedback depends on
whether each inference is locally valid and aligned
with the learner’s current proof state, not merely on
final correctness. Research on intelligent tutoring
systems, therefore, distinguishes correct, subopti-
mal, and incorrect actions at the step level (Chi
and Wylie, 2014; Corbett, 2001). In contrast, exist-
ing symbolic reasoning benchmarks collapse dis-
tinct failure modes, incorrect rule use, suboptimal
strategies, and state misalignment—into binary out-
comes (Saparov and He, 2022; Tafjord et al., 2021),
obscuring intermediate reasoning errors.

Evaluating whether verification-augmented tu-
toring pipelines can correct such errors requires
step-level analysis at branching points, a capability
absent from current benchmarks. These limita-
tions motivate our study of step-level verification
in multi-agent logic tutoring.

3 Task and Dataset

3.1 Task Formulation

A propositional logic proof problem is a tuple P =
(G,C), where G = {g1,...,9n} are premises
and C is the target conclusion. A proof m =
(s1,...,sk) is a sequence where each s; is either
a premise or is an intermediate step derived from
preceding premises via inference rule r € R.



We categorize inference rules into three types:
extraction (e.g., Modus Ponens, Disjunctive Syllo-
gism), construction (e.g., Addition), and transfor-
mation (e.g., De Morgan’s Laws). The complete
rule set appears in Appendix A.

Given a partial proof state (G, I, C), premises
G, derived intermediates I, and conclusion C, the
task is to predict the optimal next step s;4; that
minimizes distance to C. A representative proof
instance is listed in appendix B.

3.2 Dataset Construction

To instantiate the next-step prediction task with
authentic student reasoning, we draw on interac-
tion logs from a propositional logic tutoring system
that is used in Undergraduate discrete mathematics
course, at a large public U.S. university. Further
details and illustrations of the tutor are present in
Appendix C. The tutoring system comprises seven
levels: a diagnostic assessment level (pre-test), five
practice levels with on-demand hints, and a summa-
tive assessment level (post-test). We extract data
from the five practice levels, where students re-
ceive immediate feedback on correctness and may
request context-specific hints.

Because propositional logic admits multiple
valid proof paths, raw traces contain semantically
equivalent states. Following (Rivers and Koedinger,
2017), we apply canonicalization to collapse equiv-
alent states into normalized representations, consis-
tent with prior work on state abstraction in tutoring
systems (Barnes and Stamper, 2008; Price et al.,
2017).

The final dataset comprises 516 unique proof
states from 32 problems across five difficulty levels
from Spring 2023. Each proof-state instance repre-
sents a unique student prestate including premises,
derived intermediates, and target conclusion, rang-
ing from minimal configurations with only three
premises to more complex states with 12 interme-
diates. Instance counts vary across difficulty levels,
reflecting natural student progression through the
tutoring system. Table 4 provides the complete
proof state distribution in the dataset.

3.3 Knowledge Graph Construction

To evaluate next-step predictions against ground
truth, we encode each problem’s solution space as a
knowledge graph encoding all valid inference paths,
where nodes represent proof states and directed
edges represent valid single-step inferences.

Formally, let S denote proof states, sq the ini-
tial state, and s* the goal state, also known as
the conclusion. The knowledge graph is defined
as a directed graph G = (S, E), between states
(S) and edges (F). Edges represent valid infer-
ence transitions between current state and subse-
quent state, s; and s;41, respectively such that:
E = {(st,St41) | $t = se1 viar € R}

Next Step Classification We quantify progress
toward the goal using shortest-path distance in the
KG, computed via breadth-first search. For any
proof state s € &, its distance to the goal s* is
defined as d(s) = ming.s..s+ ||, where m ranges
over all valid derivation paths. A successor state
sj of s; is optimal if it lies on a shortest path to the
conclusion, i.e., d(s;) = d(s;) — 1.

This definition induces a three-way classifica-
tion of predicted next steps s,y from the current
state s;, based on shortest-path membership and
derivational distance:

1. Optimal: The next step lies on the shortest path

to goal s* and (s¢, 8¢41) € E
2. Valid-alternative: There are two cases of pre-

dicted next steps that are not optimal:

(i) Immediately derivable (d = 1): Next step
is directly reachable (s, s;y1) € E but
s¢+1 does not lie on shortest path to s*.
(i1) Non-immediate derivation (d > 1): The
next step S¢41 is not directly reachable
from sy i.e., it can only be derived after
more than one inference rule in G.
3. Invalid: The next step does not exist on any
inference path to conclusion (s¢, s¢4+1) ¢ E

Reasoning Difficulty Metrics We further com-
pute instance-level difficulty metrics that capture
the structural difficulty of a predicted next step be-
yond surface correctness. Specifically, we measure:

1. Step Complexity measures the intrinsic sym-
bolic difficulty as a weighted function of logical
operators, with deeper nesting incurring higher
cost.

2. Distance to Conclusion quantifies the number
of remaining inference steps on the shortest path
to the goal.

3. Derivational Depth is computed only for valid
alternatives at d > 1 to quantify the missing
intermediate inferences.

Together with step classification, these difficulty

metrics provide a model-independent characteriza-

tion of reasoning difficulty and form the foundation



of our evaluation and analysis. More details are
provided in Appendix E.

4 Multi-Agent Tutoring Framework

We compare three feedback pipelines that systemat-

ically vary the solution access derived from the KG.

All tutoring agents receive the current proof state

(premises, intermediates, conclusion) and student

response; they differ only in access to KG-derived

solution information. Fig 1 and Fig 1 in the ap-

pendix explain the difference in hints provided to

different tutoring agents.

* Tutor: receives only correct next step sy

* Teacher: receives correct next step s¢y1 with
complete derivation context (rule, parents)

* Judge: receives complete derivation along with
Tutor feedback

This asymmetric grounding isolates (i) information

access (Tutor vs. Teacher) and (ii) verification ef-

fects (Tutor vs. Judge) as independent variables

controlling for task difficulty. Figure 1 illustrates

the interaction flow.

4.1 Student

The Student agent simulates an undergraduate
learner with no solution access following (Shi et al.,
2025). Given a proof state, it generates (i) 2-3 can-
didate steps with rationales, (ii) reasoning, (iii)
next step prediction, (iv) inference rule , and (v)
parent statements. This multi-candidate approach
reflects least-to-most prompting (Zhou et al., 2022)
and pedagogical chain-of-thought (Jiang et al.,
2024), externalizing reasoning that tutoring agents
can reference when scaffolding.

After feedback, the Student agent revises their
response only if errors are identified. Otherwise,
no change is made. This selective revision ensures
measured improvements reflect genuine feedback
effects rather than forced changes. Student agent
prompts and a sample student response are shown
in Figs 6, 7, and 11.

4.2 Tutor

The Tutor models a teaching assistant (TA) who
knows the correct answer but does not know the
derivation, a common scenario when TAs lack in-
structor notes, a more constrained setting than the
restricted-teacher condition in Shi et al. (2025). Tu-
tor receives only the optimal next step s;41 without
derivation context (rule, parent statements), requir-
ing inference of both the applicable rule and rea-
soning (Kochmar et al., 2022). It classify student

responses as optimal, valid-alternative, or invalid,
and provides scaffolded feedback without revealing
the solution. This tests whether correctness-only
grounding suffices for effective tutoring. Tutor
prompt and a sample response are shown in Fig 8
and Fig 12.

4.3 Teacher

The Teacher models an instructor with full solu-
tion access, the standard assumption in ITS and
hint-generation systems (Corbett, 2001; Barnes and
Stamper, 2008) representing the upper bound on
information availability. It receives the complete
derivation (rule, parents, optimal step s;41), unlike
the Tutor, who must infer the derivation from the
answer alone. This full access enables precise eval-
uation, but risks answer revelation (Daheim et al.,
2024). Comparing with Tutor, Teacher isolates
the effect of solution access on feedback quality.
Teacher prompt and sample responses are shown
in Fig 9 and Fig 13.

4.4 Judge

The Judge models a quality-assurance reviewer, fol-
lowing verifier-in-the-loop designs in educational
Al (Phung et al., 2024; Shi et al., 2025). It re-
ceives full derivation context and Tutor feedback
for two-stage verification: (i) evaluating student
responses against ground truth, and (ii) checking
Tutor feedback for correctness and answer leak-
age. Unlike prior work relying on model self-
assessment, our Judge grounds verification in an
external knowledge graph. Based on this, it either
enhances or overrides the tutor’s feedback, address-
ing over-praise and over-inference failures common
in single-agent systems (Gonnermann-Miiller et al.,
2025; Zhang et al., 2025). Judge prompt and sam-
ple responses are shown in Fig 10, Fig 16, and 15.

4.5 Shared Constraints

All feedback agents adhere to scaffolding princi-
ples from learning science, guide discovery with-
out revealing answers (Belland, 2017; Van de Pol
et al., 2010), employ Socratic questioning over di-
rectives (Chen, 2023), reference student candidates
for relevance (Serban et al., 2020), and acknowl-
edge correct reasoning before addressing errors
(Shi et al., 2025). Feedback is limited to 2-3 sen-
tences. These constraints are enforced identically
across agents, isolating information access as the
independent variable.



4.6 Interaction Protocol

Each interaction consists of a single feedback round
to isolate pipeline effects. To ensure fair compari-
son, initial Student responses were generated once
and reused across all pipelines; Tutor feedback
from S-Tu pipeline was reused in S-Tu-J pipeline.
All agents communicate via structured JSON for-
mat. Implementation details and quality validation
constraints across dialogue generation appear in
Appendix H.

5 Experimental Setup and Evaluation

5.1 Evaluation Metrics

We evaluate feedback pipelines at the proof-state
level, combining KG-grounded correctness with
reasoning difficulty metrics.

Task Performance: We report Pre (student-
only) and Post (after feedback) accuracy (N=516),
with correctness defined as predicting the optimal
next step. Learning gain is A = Post — Pre in
percentage points (pp). Tutor Rule Accuracy mea-
sures correct rule prediction given minimal hints,
serving as a proxy for upstream reliability.

Reasoning Difficulty Analysis: Beyond binary
correctness we decompose non-optimal predictions
using KG-based step classification (sec 3.3), com-
puting Complexity Gap and Depth Gap between
predicted and expected optimal steps, where pos-
itive gaps indicate underestimation of reasoning
difficulty.

Verification Effects: To isolate the impact of ver-
ification, we compute the Unique Improvement
Count (UIC), capturing instances where the Judge
corrects errors that persist under Teacher feedback.
We further analyze the complexity of these im-
provement cases to characterize the regimes in
which verification intervenes.

5.2 Experimental Setup

We evaluate seven proprietary and open-source
LLM:s spanning standard and reasoning-augmented
architectures, GPT-4.1, GPT-03, Gemini-1.5-Pro,
Mistral-Large, Qwen-3-32B, Llama-3.3-70B, and
Deepseek-R1. This selection covers diverse model
families and capability levels, including explicit
reasoning models (GPT-03, Gemini-1.5-pro, and
Deepseek-R1), to assess whether reasoning capabil-
ities improve logic solving or tutoring performance.

Each model serves as both a student and a
feedback agent (Tutor, Teacher, Judge) across all

pipelines. We evaluate on 516 proof states span-
ning five difficulty levels (sec 3), generating 516 x
7 x 3 =10,836 dialogues. All experiments use tem-
perature 0.0 via official APIs for reproducibility;
fewer than 3% of instances required a retry. Model
specifications and sample dialogues are presented
in Appendices I and G.

6 Results

We present results addressing our three research
questions: RQI: whether and when verification
improves tutoring, RQ2: how information access
affects feedback quality, and RQ3: what failure
modes emerge with increasing problem complex-
ity. We begin with baseline performance, then ana-
lyze post-feedback effects, and conclude with cross-
cutting patterns in complexity and failure modes.

6.1 Baseline (Student agent) Reasoning
Performance

As shown in Table 1, baseline performance varies
markedly across models. DeepSeek and Gemini
achieve the highest pre-feedback accuracy (56%
and 54.5%), followed by Qwen (46%), while
GPT variants and Mistral perform more modestly
(20-25%) and LLaMA performs weakest (17%).
Examining baseline accuracy alongside Tutor rule
accuracy reveals two model groups. We refer to
Gemini and DeepSeek, which consistently exhibit
high performance on both measures, as strong
models. In contrast, GPT models, Mistral, Qwen,
LLaMA show lower performance on both dimen-
sions and are referred to as weak models in this

paper.
6.1.1 Reasoning Difficulty Analysis

We categorize baseline errors by step complexity
and derivational depth, distinguishing immediately
derivable valid alternatives (d=1) from requiring
more than one inference step (non-local, d>1) in
the current proof state (Table 2). Strong models
(Gemini, DeepSeek) exhibit balanced error distribu-
tions across these categories (e.g., Gemini: 20.23%
vs. 18.48%), while weaker models concentrate er-
rors at d>1.

All models underestimate problem difficulty,
with positive complexity gaps (1.21-2.34) that
widen for non-local derivation d>1: (1.40-2.34)
relative to immediately derivable alternatives (d=1:
1.21-1.89). This pattern indicates a preference for
simpler, yet non-local reasoning over complex, im-
mediate inferences as models deviate from the op-



Table 1: Pre- and Post-feedback accuracy, learning gain, UIC and complexity across feedback pipelines (N = 516)

Model Pre (%) Rule Acc. Post (%) A Mean Complexity UIC over Teacher
Student Tutor (%) Tutor Teacher Judge pp Tutor Teacher Judge UIC Gap
GPT-4.1 21.31 58.30 42.82 6124 7538 5407 1.8 2.21 2.7 89 1.63
GPT-03 24.80 60.10 4825 6124 75.58 50.78 2.04 2.26 2.65 84 1.4
Gemini-1.5-pro  52.52 85.8 7392 7879 7295 2043 3.73 3.17 3.65 23 2.22
Deepseek-R1 56 84.9 76.55 8430 79.84 2384 349 3.06 3.37 17 3.19
Mistral-Large 23.74 54.80 3841 41.69 56.37 32.63 1.86 1.85 243 103 0.95
Qwen-3-32B 46 70.20 60.36  63.63 6690 209 229 2.19 2.6 39 1.59
Llama-3.3-70B 17.98 24.70 2430 3438 39.32 2134 2.06 2.06 2.33 55 0.41

pp denotes percentage-point change (A = Post — Pre); UIC (Unique Improvement Count) counts instances where only the
Judge improves over Teacher feedback. Mean Complexity reports the average proof-state complexity of improved instances;
Gap is the difference between predicted and optimal complexity; smaller values indicate better alignment, 0 is ideal

Table 2: Mean baseline complexity and depth gap by
outcome

Outcome Acc. Complexity Depth
Model Valid Alt. % Pre. Gap Gap
(d=1) 1516 187 1.65 0.0
GPT-41 4o1) 4941 170 141 179
(d=1) 1337 20 155 0.0
GPT-03  (451) 4864 179 140 182
Gemini (€= 2023 236 1.57 0.0
(d>1) 1848 245 218 1.77
. (d=1) 1409 197 127  0.00
Mistral (d>1) 4942 154 183 1.94
Deenscek (4= 20.15 201 137 0
P (d>1) 2034 265 234 171
Qwen @=n 11.63 156 1.89 0
(d>1) 41.09 180 225 1.82
Lama @=n 928 155 121 0
(d>1) 5197 185 1.53 203

d=1 immediately derivable steps; d>1 require missing
intermediate inferences. Pre. is mean baseline complexity
of predicted steps. Complexity, Depth Gap measure
deviation from the optimal step (lower is better)

timal path. Logistic regression confirms this trend:
both complexity and distance are strong negative
predictors of correctness (complexity: 5 € [—0.30-
—0.55]; distance: 8 € [—0.32 — 0.54], respectively
all p < .001), revealing a systematic bias against
complex immediate derivations. This addresses
RQ3 on failure modes under increasing difficulty.
Full regression statistics are reported in Table 6 in
the Appendix.

6.2 Post Feedback Performance

Table 1 shows that verification yields large gains
for weak Tutor agents (Rule Acc. <70%: GPT-
4.1, GPT-03, Mistral, Llama), averaging +35pp,
but degrades performance for strong Tutor agents
(Gemini, Deepseek; Rule Acc. >84%) by approx-

imately —5pp. This conditional benefit addresses
RQI: Verification helps when upstream feedback
is error-prone, but over-specifies when it is al-
ready reliable. This effect further correlates with
complexity: weak Tutor agents improve only on
low-complexity problems (mean 1.8-2.1), while
the Judge agents extend gains to harder problems
(mean 2.4-2.7). Strong Tutor agents already suc-
ceed at high complexity (mean 3.5-3.7), leaving
limited scope for verification.

6.2.1 Tutor Failure Modes

Manual inspection of Tutor feedback identifies
two systematic failure modes underlying the Tutor
agent’s feedback. The first failure is the echo effect
(Fig 1, 15, and 16), which occurs when the tutor is
unable to predict the correct rule and anchors on the
student’s incorrect rule, generating erroneous feed-
back. Our manual analysis reveals that echo failure
also correlates with Tutor rule accuracy, weak mod-
els echo frequently, strong models relatively less.

The second failure, partial correctness, occurs
when student agents predicts correct step via flawed
reasoning. Tutor agents lacking derivational con-
text validate the faulty logic, reinforcing miscon-
ceptions. This pattern appears across all models,
demonstrating that LLMs are not capable of distin-
guishing reasoning failure from outcomes. Verifi-
cation mitigates aforementioned failures through
ground-truth access, by overriding echoed errors
and reasoning flaws masked by partially correct
responses addressing conditional verification ben-
efit in RQ1. These findings also emphasize that
LLM tutors require a complete derivational con-
text for symbolic reasoning problems to generate
reliable feedback directly addressing RQ?2.



6.2.2 Teacher Feeback Limitations

Full solution access (Teacher agents) improves
feedback on harder instances for some models,
but not uniformly across all settings. Among im-
proved cases, Teacher mean complexity (1.85-3.17;
Table 1) exceeds Tutor primarily for GPT-based
models, while Tutor reaches comparable or higher
complexity for others. Logistic regression shows
Teacher x Complexity interactions are significant
mainly for strong models (Gemini: 8 = +0.65,
DeepSeek: g = +0.36, p < .001; Table 6), di-
rectly addressing RQ?2 that full access benefits
only models able to utilize derivational context.

Premature Revelation: Manual inspection of
Teacher feedback reveals a systematic failure mode:
feedback often reveals the correct step (Figl4) or
over-specifies hints, leading the student agent to
anchor on the disclosed answer without correcting
the underlying reasoning (rules and parent state-
ments). This results in surface-level correctness
rather than genuine reasoning repair. The pattern
exposes a core limitation of LLMs in symbolic
domains: models tend to follow feedback content
rather than integrate it into their reasoning pro-
cess. Consequently, full solution access presents a
trade-off; enabling precise guidance while increas-
ing the risk of superficial alignment.

Ablation: Verifier on Teacher Feedback To fur-
ther isolate the role of verification, we applied the
same Judge agent on Teacher feedback to mitigate
premature solution revelation. This yields no con-
sistent benefit: verifier-on-Teacher agent improves
performance only for DeepSeek (+4pp) and is neu-
tral or harmful for all other models. These results
confirm that verification effectiveness depends on
upstream error rate, not information access: the
Judge agent corrects erroneous guidance but does
not enhance already reliable feedback. Moreover,
verification cannot undo premature step revelation;
once disclosed, verification tends to over-specify
feedback, leading to unchanged or degraded out-
comes. This answers RQ1 on conditional verifica-
tion and upstream model quality.

6.2.3 Judge Performance

Verification on Tutor agent yields the largest gains
for weak models, sample verification responses are
in Fig 16 and 15. Judge agent accuracy exceeds
Teacher agent by +14pp (GPT-4.1, GPT-03) and
+15pp (Mistral). The Unique Improvement Count
(UIC) quantifies this: weak models show 84—103

unique verification successes after Teacher failure,
vs. 17-23 for strong models (Table 1). The Com-
plexity Gap reveals that verification helps on sys-
tematically harder problems (gap 2.2-3.2 for strong
and 0.4-1.6 for weak models), indicating that the
verification addresses high-complexity edge cases.
Regression analysis confirms this pattern, Judge X
Complexity interactions are positive and significant
across nearly all models (GPT-4.1: 8 = +0.22,
Gemini: § = 40.61, Deepseek: 8 = +0.56 for all
p < 0.001; Table 6). This demonstrates that verifi-
cation mitigates the complexity penalty when up-
stream feedback is error-prone, directly address-
ing RQI.

6.2.4 Universal Complexity Threshold

Across all models and pipelines, performance de-
grades sharply once proof-state complexity exceeds
4-5 (Table 7 in appendix), addressing RQ3 on fail-
ure modes across problem complexity. This ceil-
ing is independent of feedback verification: sim-
ple states complexity (<2.5) require minimal in-
tervention, mid-complexity states (2.5-4.0) benefit
most from verification, and high-complexity states
(>4.5) remain challenging for all approaches.

6.3 Qualitative Analysis

Due to space limitations, complete details of the
qualitative analysis are available in Appendix J.

7 Conclusion

We present a controlled study of multi-agent LLM
tutoring for propositional logic using a knowledge-
graph—grounded benchmark of 516 proof states.
Our central finding is that verification benefit is
asymmetric: it improves outcomes by +10-14pp
when upstream feedback is error-prone (<70% ac-
curacy), but degrades performance by 4—6pp when
feedback is already reliable (>85%). This asymme-
try is governed by the proof-state Complexity. Ver-
ification helps in intermediate regimes but cannot
overcome a shared reasoning ceiling (complexity
>4-5) beyond which no pipeline reliably succeeds.
We identify three systematic failure modes: echo
effects, partial correctness validation, and prema-
ture revelation that verification mitigates only under
limited conditions. These findings challenge the
assumption that adding verifiers or solution access
improves tutoring. Instead, effective LLM tutoring
requires adaptive pipelines that estimate upstream
reliability and route problems by complexity, rather
than defaulting to more agents or richer context.



Limitations

This study has several limitations. First, our evalu-
ation is restricted to propositional logic proof tutor-
ing, and the findings may not directly generalize to
domains with weaker symbolic constraints or richer
semantic structure. While our primary metrics as-
sess the intrinsic properties of feedback indepen-
dently of the receiver, LLM students may respond
differently from human learners; therefore, human-
in-the-loop validation would be necessary to sub-
stantiate claims about learning outcomes. Second,
while our knowledge-graph-based metrics enable
fine-grained analysis of step-level reasoning, they
rely on a predefined solution space and do not cap-
ture open-ended or creative reasoning strategies.
Third, our experiments focus on single-step feed-
back and do not model long-horizon student—tutor
interactions or learning gains over time. Moreover,
our qualitative analysis is limited to a small expert-
reviewed sample (10 responses per model), and
broader manual analysis could reveal additional
failure modes. Finally, although we analyze multi-
ple large language models, results may vary with
future architectures or training regimes.

Ethics Statement

Student interaction data was collected under IRB
approval with informed consent. All data was
anonymized before analysis. Our LLM-based Eval-
uation does not involve human subjects beyond
annotators, who serve as researchers for the tutor-
ing system used for data generation in this study,
as well as co-authors of this study.

Reproducibility

Code and data will be released upon publication.
All experiments use temperature 0.0 to ensure de-
terministic, reproducible results, prioritizing con-
trolled comparison over response diversity. While
real-world tutoring systems might benefit from non-
zero temperature, our evaluation focuses on mea-
suring the systematic effects of multi-agent archi-
tectures under controlled conditions. Model speci-
fications and prompts appear in Appendices I and
F.

Al Usage Disclosure

This work studies and evaluates large language
models as research objects. We utilized large lan-
guage models as assistive tools during manuscript

preparation, including formatting guidelines and
brainstorming organization, mainly, and paraphras-
ing on a need basis only. We did not use any Al
tools for designing, implementing, or executing this
research study. All the claims, analyses, hypothe-
ses, and conclusions are developed, verified, and
reviewed by the authors. Moreover, no Al tool was
used for generating or labeling data, making judg-
ments about data, or making any scientific claims.
All implementations were reviewed, validated, and
finalized by the authors. The authors take full re-
sponsibility for the correctness, originality, and
integrity of the work.
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A Inference Rule List

We employ a fixed set of propositional inference
rules used in Logic Tutor for the dataset. The short
names were used for consistent response genera-
tion and evaluation. The complete list of inference
rules, along with short names and derivations are
provided below in Table 3.

Table 3: Propositional inference rules used in this work.

Abbrev. Rule Name Form

MP Modus Ponens P—-Q,P=Q

MT Modus Tollens P—Q, Q= —-P

Conj Conjunction P,Q=PAQ

Simp  Simplification PAQ = P(or@

Add Addition P=PVQ

DS Disjunctive Syllogism PV Q, =P = Q

HS Hypothetical Syllogism P — Q, Q — R
=P—-R

Impl Implication P—-Q=-PVQ

DN Double Negation P =--P

CP Contraposition P—-Q=-Q— P

Com Commutation PvQQ=QVP

Assoc  Associativity (PVQ)VR
=PV (QVR)

Dist Distribution PA(QVR)
=(PAQ)V(PAR)

CD Constructive Dilemma (P—Q),(R—S),PV R
=QVS

Equiv  Equivalence P+ Q

=(P-oQ)N(Q—P)

B Representative Proof State

This appendix presents an illustrative propositional
logic proof instance Fig 2 annotated with inter-
mediate derivations and agent-specific hints. In-
termediate steps are derived by applying valid in-
ference rules to previously established statements,
with each step indexed and linked to its parent state-
ments and rule application. This explicit structure
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Representative proof Instance

Givens

M (S=Y)V(I=Q))
@ ((IAQ)—= D)

* (3 -D
*dH((S—Y)—D)
Intermediate Steps
cO)(5—Y)
*(0)~(INQ)
c(M(S—=Y)
Conclusion: Y

Tutor Hint

~(~SVY)

Teacher & Judge Hint

Derive =(—S VYY) from =(S — Y') using the
Implication rule.

[MT: (3), (4)]
[MT: 3), (2)]
[DS: (6), ()]

Figure 2: Illustrative proof instance showing intermedi-
ate derivations and differential hint access for Tutor and
Teacher agents.

exposes the shortest derivation path toward the con-
clusion while preserving alternative valid reasoning
trajectories.

The Tutor is provided only with the KG-verified
optimal next symbolic step, enabling guidance that
focuses on local progression without access to
derivational context. In contrast, the Teacher ad-
ditionally receives the rule and parent statements
used to derive this step, allowing feedback to ref-
erence structural reasoning without revealing the
answer directly. This distinction isolates the effect
of solution access: the Tutor operates under min-
imal grounding, while the Teacher leverages full
derivational context to support more informed inter-
vention. The representative proof state is available
in Fig 2.

C Illustrative Logic Tutor Proof
Interaction

Figure 3-5 illustrates a representative student in-
teraction in the propositional logic tutor. These
screenshots demonstrate forward chaining, rule ap-
plication, and goal completion within the tutor in-
terface.
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Figure 3: Initial proof state and goal specification.
The student is presented with the premises (top left) and
the target conclusion (J V K) at the bottom. Available
inference rules are displayed on the middle. At this
stage, no intermediate steps have been derived, and the
student must choose a productive forward step toward
the goal.

-
!
-

Soloct Simp rosull

[

ConiaciVersion Inormation

J—C . —
[ Festpioven ]
Change to Indirect Prool 2 Erotien]

A Logic Proof Tutor
Version 25.5

Feb3, 2025

Figure 4: Rule application with guided simplifica-
tion. After deriving an intermediate conjunction via
Modus Ponens, the student applies the Simplification
rule. The interface prompts the learner to select the
appropriate resulting literal (G or —H), illustrating fine-
grained, step-level decision making supported by rule
constraints.

D Dataset Distribution

Table 4: Dataset distribution across practice levels (2-6)

Difficulty Proof States  Avg. Statements
2 (Introductory) 48 5.86
3 (Basic) 111 7.73
4 (Intermediate) 148 7.94
5 (Advanced) 85 5.64
6 (Expert) 95 6.41
Total 516 6.72

“Levels 1 and 7 excluded because of unavailability of hints.

E Knowledge Graph based Evaluation
Metrics

This appendix provides formal definitions and illus-
trative examples of the graph-based metrics used
to evaluate next-step reasoning quality. All metrics
are computed with respect to the knowledge graph
(KG) constructed for each problem.



Figure 5: Successful proof completion. The student
derives J via Disjunctive Syllogism and applies the
Addition rule to reach the target conclusion J V K. The
system confirms completion, reinforcing correct rule
sequencing and alignment with the goal state.

E.1 Step Complexity

Beyond derivational validity, Step Complexity quan-
tifies the intrinsic symbolic difficulty of a single
inference step based on the structural complexity of
the derived statement. We define step complexity
as a function

c: E— R,

computed directly from the syntactic structure of ¢.
Let O(¢) denote the set of logical operators in ¢,
and let depth(o) denote the nesting depth at which
operator o occurs. The complexity of the step is
defined as:

c(sivs)) = Y w(o) - a),

0€0(¢)

where w(o) is an operator-specific base weight
(e.g., /A, V,—, <) and o > 1 controls the
penalty for nested structure. For example, ¢(F') <
¢(A+ B) < ¢(A — (B + C), because no opera-
tor is involved, only 1 operator is involved, and 2
operators involved along with nesting.

E.2 Distance to Conclusion

For any proof state s € S, its distance is defined
as the length of the shortest derivation path to a
terminal state s*: d(s) = ming.g..s+ || computed
via breadth-first search over the KG. A predicted
next step is considered optimal if it strictly reduces
the distance to the goal by one.

Example If d(s;) = 4 and a predicted succes-
sor state §;41 satisfies d($;4+1) = 3, the step is
distance-optimal. A valid step leading to a state
with d($:41) = 5 is considered a valid it is non-
optimal.
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E.3 Derivational Depth

Derivational depth measures how many missing
intermediate inference steps separate a predicted
statement from the current proof state. This met-
ric distinguishes immediately derivable steps from
those that implicitly skip required reasoning and
thus cannot be derived in one sentence. Formally, if
for a predicted statement ¢ not present in the imme-
diate successor states of s;, we define derivational
depth as the minimum number of edges required to
derive ¢ from s; in the KG.

Example If ¢ can be derived from s; only after
two intermediate inferences, its derivational depth
is 2. Predictions with depth 1 correspond to di-
rectly derivable steps, while higher depths indicate
premature or unsupported jumps in reasoning.

E.4 Parent Statements and Rule Justification

Each edge (s;,s;) € E in the KG is annotated
with the inference rule applied and the minimal set
of parent statements used in the derivation. This
enables explicit verification of whether a model-
generated step is justified by the available premises.

Example A model predicting statement C' with
rule Modus Ponens must correctly identify both
(A — C) and A as parent statements. Predictions
that produce a valid statement but fail to align with
the correct parents or rule are flagged as unjustified.

F Prompt Design

This section provides the complete prompts used
for each agent in our multi-agent tutoring system.
All prompts use structured JSON response formats
to ensure consistent parsing.

Our prompt design translates established peda-
gogical principles into operational constraints for
LLM agents. Each agent’s prompt encodes spe-
cific instructional strategies grounded in learning
science research, ensuring that generated feedback
aligns with effective tutoring practices. We de-
scribe the key design decisions below.

F.1 Student Prompt

The base system message includes the Role and
Task information along with instructions, whereas
the user message includes the problem instance
itself. The prompt template is provided below in
Fig 6.



Student Prompt

Role: You are a Student in an undergraduate
Discrete Structures course solving a proposi-
tional logic proof. Your task is to produce the
single most optimal next step that advances the
proof toward the conclusion.

Task:
1. Review the givens and intermediate steps.

2.
3.

Propose 2-3 candidate next steps.

Select the candidate that most directly ad-
vances toward the conclusion.

4. Justify your choice and output the selected
next step.
Constraints:
* Output exactly one next step in symbolic nota-

tion only.

* Use only predefined inference rules (e.g., MP,
MT, Conj, DS).

* Parent statements must be actual expressions,
not line numbers.

Response Format:

* CANDIDATES: 2-3 candidate steps with brief
justification

* REASONING: Why the selected step is optimal
* NEXT_STEP: Symbolic expression
¢ RULE: Inference rule (short name)

¢ PARENT_STATEMENTS:
sions

Supporting expres-

Figure 6: Base System Prompt for Student

F.2 Student Update Prompt

After receiving feedback, the Student Update agent
simulates a learner revising their approach. The
prompt requires the student to: (1) identify what
aspect of the feedback addresses their error, (2) gen-
erate revised candidates incorporating the guidance,
and (3) produce a corrected next step.

Critically, if the original response was marked
“Correct,” the agent responds with “No Improve-
ments Needed” rather than artificially generating
changes. This prevents the evaluation artifact of
forced revisions when none are warranted, ensuring
that measured improvement rates reflect genuine
learning effects. The base system prompt is pro-
vided in Fig 7.
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Student Update Prompt

Role: You are a Student revising your previous
next-step attempt after receiving feedback on a
propositional logic proof.

Task:
1. Review the feedback to determine whether
errors are present.

If the prior response is correct, return No
Improvement Needed.

. Otherwise, revise your reasoning and pro-
pose exactly one improved next step.
Constraints:

* Revise only the immediate next step; do not
extend the proof.

* Output symbolic expressions only; use prede-
fined inference rules.

¢ Do not infer or reveal the full solution.

Response Format:
* REVISED_REASONING: Brief reflection or No
Improvement Needed

* IMPROVED_STEP: Symbolic expression or No
Improvement Needed

e BETTER_RULE: Inference rule (short name)

* PARENT_STATEMENTS: Supporting expres-
sions or No Improvement Needed

Figure 7: Base system prompt for student update

F.3 Tutor Prompt

The Tutor operates under minimal hint access: it
receives only the correct next step without knowl-
edge of the complete solution path. The prompt
enforces a critical planning-before-feedback re-
quirement: the Tutor must first generate an internal
derivation plan explaining how the correct step is
derived (identifying the rule and parent statements)
before producing student-facing feedback. This de-
sign decision ensures the Tutor develops a genuine
understanding of the solution rather than pattern-
matching, aligning with research showing that scaf-
folded feedback improves instructional quality (Ser-
ban et al., 2020). The prompt is illustrated in Fig
8.



Tutor Prompt

Role: You are a Tutor evaluating a student’s pro-

posed next step in a propositional logic proof,

with access to the KG-derived optimal step.

Task:

1. Analyze how the optimal step is derived (rule
and parent statements).

Evaluate the student’s candidates, reasoning,
and chosen next step.

Classify the student’s step as Correct, Subop-
timal, or Incorrect.

4. Provide brief, scaffolded feedback guiding
the student toward the optimal step.
Constraints:

* Do not reveal the optimal step, its rule, or

parent statements.

* Acknowledge what the student did correctly
before addressing errors.

* Use Socratic questions to guide reasoning;
keep feedback concise (2-3 sentences).

* Use predefined inference rule short names
only.

Response Format:

e STUDENT_ERRORS:
Correct

e NEXT_STEP_CORRECTNESS:
Suboptimal / Incorrect

* TUTOR_FEEDBACK: Scaffolded guidance with-
out answer revelation

Brief explanation or

Correct /

Figure 8: Base System prompt for Tutor

F.4 Teacher Prompt

The Teacher agent has access to the complete next
step and provides scaffolded feedback without re-
vealing the answer. The prompt is illustrated in Fig
0.
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Teacher Prompt

Role: You are a Teacher evaluating a stu-
dent’s proposed next step in a propositional
logic proof, with access to the complete solution
(KNOWLEDGE_BASE_STEPS).

Task:
1. Compare the student’s response against the
knowledge-base solution.

Identify errors in the student’s logic, rule us-
age, or reasoning.

. Classify the student’s next step as Correct,
Suboptimal, or Incorrect.

4. Provide brief, scaffolded feedback guiding
the student toward the correct solution.
Constraints:

* Do not reveal the exact next step, rule, or par-

ent statements from the solution.

* Acknowledge correct aspects of the student’s
attempt before addressing errors.

* Use Socratic questions to guide reasoning;
keep feedback concise (2-3 sentences).

e Refer to the student’s candidates when rele-
vant.

* Use predefined inference rule short names
only.

Response Format:

e STUDENT_ERRORS:
Correct

e NEXT_STEP_CORRECTNESS:
Suboptimal / Incorrect

* TEACHER_FEEDBACK: Scaffolded guidance
without answer revelation

Brief explanation or

Correct /

Figure 9: Base System prompt for Teacher

ES Judge Prompt

The Judge agent is tasked with thoroughly evaluat-
ing both the student’s and the teacher’s responses
to the logic proof problem. While the Teacher has
access to the correct step and is therefore not asked
to verify its own guidance, the Judge is specifically
instructed to examine and identify any errors or
inaccuracies present in both the student’s and the
teacher’s responses.

Equipped with comprehensive access to the cor-
rect derivation steps from the knowledge base, the
Judge carefully analyzes the reasoning behind both



responses. Its role is to provide targeted evalua-
tions and, where necessary, concise and actionable
feedback to ensure alignment with the correct logic
step. This approach ensures a robust layer of ver-
ification and strengthens the overall quality and
pedagogical value of the feedback offered to the
student. The prompt is illustrated in Fig 10.

G Illustrative Agent Responses

This appendix presents representative responses
generated by the Student, Tutor, Teacher, and Judge
agents to concretely illustrate how each role opera-
tionalizes its assigned information access and rea-
soning constraints. These examples are intended to
complement the quantitative analysis by providing
qualitative insight into agent behavior across the tu-
toring pipeline. The responses are color-coded, red
represents an incorrect student response or tutor-
ing agent feedback, while blue represents correct
responses and feedbacks.

G.1 Student Agent Response

We show a representative Student agent response
to demonstrate candidate generation, explicit rea-
soning, and next-step generation. The example
corresponds to a single proof instance and high-
lights how intermediate reasoning is externalized
for downstream tutoring and verification. The sam-
ple response is shown in Fig 11.

16

Judge (Verifier) Prompt

Role: You are an expert pedagogical Al
Judge for propositional logic proof prob-
lems, with access to the complete solution
(KNOWLEDGE _BASE_STEPS). You evaluate both
the student’s proposed next step and the
Teacher’s feedback. Task:

1. Compare the student’s response against the
knowledge-base solution.

Identify errors in the student’s reasoning, if
any.

. Classify the student’s next step as Correct,
Suboptimal, or Incorrect.

Evaluate whether the Teacher’s feedback cor-
rectly guides the student.

Either enhance the Teacher’s feedback or
override it with corrected guidance.
Constraints:

* Do not reveal the exact next step, rule, or
parent statements from the solution.

* Acknowledge correct aspects of the student’s
attempt before addressing errors.

* Use Socratic questions to guide reasoning;
scaffold rather than instruct.

¢ Override Teacher feedback if it is incorrect,
misleading, or reveals the solution.

* Keep final feedback concise (2-3 sentences)
and encouraging.

* Use predefined inference rule short names
only.

Response Format:

* STUDENT_ERRORS:
Correct

e NEXT_STEP_CORRECTNESS:
Suboptimal / Incorrect

e TEACHER_FEEDBACK_CORRECTNESS: Assess-
ment of Teacher feedback

e JUDGE_ACTION: Enhanced or Overridden

* FINAL_FEEDBACK:
folded guidance

Brief explanation or

Correct /

Judge-approved scaf-

Figure 10: Base System prompt for Judge



Sample Instance

Givens:

* (WKVL)— (MAN))
* (K—0)

e =0

Intermediates:
1. =K

2. (<K VL)

3. (M AN)
Conclusion: N

Corresponding student Response

Candidate Steps:

e M: potentially useful for deriving N from
(M AN).

e =M less direct without a clear derivation.

(MT: 2,3)
(Add: 4)
(MP: 1,5)

* (M A N): already derived; insufficient alone
to reach V.

Reasoning: Applying a rule directly to

(M A N) is the most efficient path to the

conclusion.  Since (M A N) is available,

simplification yields the target.

Next Step: N

Rule: Simp

Parent Statement: (M N\ N)

Figure 11: Sample problem instance and corresponding
correct student response

G.2 Tutor Agent Response

This example illustrates a Tutor agent interaction
under partial solution access. The Tutor receives
only the next step and must provide scaffolded feed-
back without access to the full derivation context
or rule justification. The sample response is shown
in Fig 12.

Tutor Response Interaction

Problem Instance (Excerpt)
* (Z— (Y = X))
s (ZN-W)

Derived Intermediates (Excerpt)
o 2 (Simplification)

A
e (Y = X)

Student Response

¢ Candidates:

(Simplification)
(Modus Ponens)

- (Y Vv X): conjunction aiming to reach
(XVY)..

* Reasoning: (X V Y) is optimal because it
could be obtained via Addition from either
X.

* Predicted Step: (X VY)
* Rule: Add

Tutor Hint
 Hint: (Y V X)

Tutor Feedback

¢ Tutor Rule: Addition

¢ Student Assessment: incorrect

* Feedback: “You have correctly identified
the next step...”

Figure 12: Tutor feedback (partial hint) on correct stu-
dent response

G.3 Teacher Agent Response

This example illustrates a Teacher agent with full
derivational access, including the correct rule and
parent statements. Unlike the Tutor, the Teacher
can precisely diagnose suboptimal reasoning and
scaffold guidance using explicit structural knowl-
edge while avoiding direct answer revelation. The
sample response is shown in Fig 13.

Teacher Response Interaction

Problem Context (Excerpt)
* (F— (GA—-H)

* (INF)
s (HVJ)

Student Response
¢ Candidates
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— (J+K) by Addition from J

* Reasoning: (J+K) is optimal because it di-
rectly derives ...

Teacher Hint

Derive (J4+K) from J using the Addition rule.

Teacher Response
¢ Next-Step Correctness: Correct
¢ Student Errors: None

* Teacher Feedback: You correctly identified
that Addition on J directly achieves the con-
clusion...

Figure 13: Teacher feedback (complete hint) on correct
student response

Teacher Reveals Solution

Givens:
*(S>D)VvI
c (=SVvVQ)>Y
e =D

e =D >-J

Student Response

* Reasoning: MT on =D > —[ and —D is
needed to get —/ to be used later with (S >
D) v I for DS

* Next Step: —/
* Rule Used: MT
Knowledge-Graph Correct Hint:

Derive =S from (S > D) and =D using Modus
Tollens (MT).

Teacher Response

Teacher Feedback: Great job identifying the
relevant candidates! You correctly spotted that
(=D — —I) and =D could be useful, but
there’s a small mix-up with the rule. Recall:
MT requires a negated *consequent*, while MP
works with a *true antecedent®. How you might
use MP on (S > D) and =D to get =D.
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Figure 14: Teacher (complete hint) feedback reveals
solution on incorrect student response

G.4 Judge Verification Response

This example illustrates a complete tutoring inter-
action, showing how the student’s reasoning is eval-
uated by a Tutor with partial solution access, re-
fined by a Judge with full derivational access. The
instance highlights how verification can override
pedagogically suboptimal feedback when the tu-
tor does not produce good feedback. The sample
response is shown in Fig 15 and Fig 16.

Judge Verification Improves Tutor Echo
Problem Context (Excerpt)

* (S— D)

c ((=SVQ)—=Y)

e =D

L (—\D — =] )

Student Response

¢ Candidates:

— Simplify S — D to get =S

e Reasoning: —S is optimal because we al-
ready have (S — D) from INTERMEDIATE
STEPS, and simplifying it to =S allows us to
construct (—S V Q)...

* Rule: Simp
Tutor Hint
-5

Tutor Response

* Tutor Rule: Simp - echo failure
* Student Assessment: Correct

* Tutor Feedback: Excellent reasoning! You
correctly identified how simplifying (S —
D) helps set up the next step toward the con-
clusion...

Judge Verification

¢ Tutor Feedback Correctness: Incorrect

e Judge Action: Overridden Teacher Feed-
back

* Final Judge Feedback: Great job recogniz-
ing that you need -S to proceed! However, be




careful with the rules: you can’t directly use
Simp on a conditional like (S — D), think
about what rule you can use on (S — D) to
turn it into a form more suitable for Simp...

Figure 15: Juge Verification Response, correcting In-
correct Tutor feedback (anchoring on incorrect student
reasoning), Judge verification overriding incorrect feed-
back.

Judge verification helps Tutor Ambiguous
Feedback

Relevant Givens (subset):

((_'Q+P> - S)v (_'T)v ((_‘T*S) — _‘R)

Student Response

* Reasoning: DS on ((=Q + P) — S) and
(-Q+ P) is optimal because it directly yields
S, which can combine with =7 to form (=7
S) and move toward deriving —R.

* Proposed Step: S
» Applied Rule: Disjunctive Syllogism (DS)

Tutor Hint

S

Teacher Feedback

e Tutor Rule:
(echo failure)

Disjunctive Syllogism (DS)

* Feedback Text: Excellent reasoning! You've
identified the most direct path to derive a key
component. Now, how might this newly de-
rived statement interact with the other givens
to progress toward the conclusion? (ambigu-
ous and generic feedback)

Judge (Verifier) Response

* Teacher Feedback Correctness: Vague

* Judge Action: Overridden teacher’s feed-
back

* Judge Feedback: Great job spotting that S is
a key component! You're right that deriving S
brings you closer to using ((—1 *S) — —R).
Now, consider: which rule actually applies to
(mQ+ P) — S) and (—Q + P) to derive
S? How might this step help you connect to
the other givens, like —T'?
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Figure 16: Judge Verification Response, Tutor echoes in-
correct student rule and generates ambiguous and vague
feedback - Judge with full solution access helps

H Implementation Details

Response Constraints. We standardize infer-
ence rule references using abbreviations (MP, MT,
DS, HS, DeM, Impl) for consistent evaluation. The
complete list appears in Table 3.

Token Limits. Rather than hard limits, we em-
ploy soft constraints via prompts (2-3

Quality Validation. Two automated mechanisms
ensure data integrity: (1) zero-token outputs trig-
ger automatic retry, and (2) responses missing re-
quired JSON fields or violating constraints trig-
ger re-prompting. Persistent failures after three
attempts are flagged for manual review. Across
516 instances on 7 models, fewer than 3% required
retry.

I Model Specifications

Table 5: Models used in our experiments

Model Org. API Context Param
GPT-4.1 OpenAl  OpenAl M -
GPT-03 OpenAl  OpenAl M -
Gemini 1.5 Pro Google Vertex 128K -
Qwen-3-32B Alibaba Groq 32K 32B
LLaMA-3.3-70B Meta Groq 128K 70B
Mistral Large Mistral Mistral 256K 675B
Deepseek-r1-0528 Deepseek Deepinfra 128K 671B

"-" refers to undisclosed

J Manual Evaluation Protocol

To complement our automated metrics and bet-
ter understand qualitative differences in feedback
behavior across pipelines, we conducted a man-
ual evaluation of a representative subset of model
responses. This analysis focuses on pedagogical
properties of feedback that are difficult to capture
through accuracy-based metrics alone, such as scaf-
folding quality and answer revelation. Three do-
main experts independently annotated 10 problem
instances per feedback pipeline (Student, Tutor,
Teacher, and Judge), resulting in a total of 40 re-
sponses per model along four pedagogical dimen-
sions. We use a minimally sufficient sampling strat-
egy until inter-rater agreement exceeded a moder-
ate Krippendorff’s « threshold (o > 0.65).



J.1 Annotators

Three expert annotators participated in the study.
All annotators had at least two years of experience
as teaching assistants for undergraduate Discrete
Structures and had previously served as researchers
for the logic tutoring system used to generate the
dataset. This ensured familiarity with both proposi-
tional logic proof strategies and pedagogical objec-
tives of step-level tutoring.

J.2 Sample Selection

We randomly sampled 10 problem instances per
feedback pipeline (Tutor, Teacher, and Judge), re-
sulting in a total of 30 annotated responses per
model. Sampling includes a mix of correct, sub-
optimal, and incorrect student attempts. Following
best practices for qualitative analysis in educational
NLP, we used a minimally sufficient sampling strat-
egy, increasing the sample size until inter-annotator
agreement reached a stable, moderate level, Krip-
pendorff’s o > 0.70 across all annotation dimen-
sions.

J.3 Annotation Dimensions

Each feedback response was independently anno-
tated along four pedagogically motivated dimen-
sions:

Evaluation Rubrics. Feedback was annotated
along four dimensions capturing both reasoning
accuracy and pedagogical effectiveness:

Mistake Identification: Whether the feedback
correctly identifies errors or suboptimality in the
student’s proposed next step, including incorrect
rule use, invalid derivations, or deviations from
the optimal reasoning path.

Correctness: Whether the feedback itself is logi-
cally sound and consistent with the correct solu-
tion, providing guidance that does not introduce
new errors or misleading reasoning.

* Answer Revelation: Whether the feedback ex-
plicitly or implicitly reveals the correct next step,
inference rule, or parent statements, thereby re-
ducing the need for student reasoning.

* Actionability: Whether the feedback provides
clear, concrete, and usable guidance that a stu-
dent could plausibly act on to improve their next
attempt.

Due to the cognitive complexity of step-level logic
feedback and the time cost of expert annotation,
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we adopt a coarse 3-point ordinal scale (1-3) for
all rubrics, with 1 = poor, 2 = partial, 3 = strong.
This scale captures meaningful distinctions while
maintaining annotation reliability and consistency.

J.4 Annotation Procedure

Annotators were provided with the problem con-
text (givens, intermediates, and conclusion), the
student’s response, and the corresponding feedback
generated by the pipeline under evaluation. An-
notators worked independently and were blinded
to model identity and quantitative performance re-
sults. Inter-annotator agreement was measured us-
ing Krippendorft’s «, which is suitable for ordinal
data and multiple annotators. Agreement exceeded
a moderate reliability threshold across all four di-
mensions (o« > 0.65), indicating consistent inter-
pretation of the rubric.

J.5 Analysis

Although qualitative and limited in scope, this
analysis reveals consistent patterns that align with
our quantitative results. Tutor feedback is typ-
ically vague but provides scaffolding, encourag-
ing reasoning without explicit solution disclosure,
whereas Teacher feedback often encodes the cor-
rect inference more directly (e.g., naming rules
or premises). Judge feedback, when applied to
noisy or overly revealing Teacher responses, tends
to over-correct or abstract guidance, reducing in-
structional specificity, mirroring the conditional
effectiveness of verification observed in our experi-
ments.

K Design Implications for Education

Our findings have direct implications for the design
of LLM-based tutoring systems in formal reasoning
domains. First, verification should be condition-
ally deployed, not treated as a universal safeguard.
Systems should estimate upstream tutor reliabil-
ity and invoke verification primarily when error
rates are high, rather than indiscriminately. Sec-
ond, solution information access must be adaptive.
Full derivational access expands coverage to harder
states but increases the risk of premature revelation;
lightweight access is preferable in low-complexity
settings. Third, step-level reasoning alignment
is critical: feedback that is locally valid but mis-
aligned with the learner’s current proof state can
anchor incorrect reasoning and undermine learn-
ing. Finally, our results reveal a complexity ceiling



beyond which no automated feedback strategy is re-
liable, suggesting the need for escalation strategies
such as human intervention or extended symbolic
reasoning support in highly complex cases.

L Future Directions

Several directions remain for future research. First,
validating these findings with human learners is
essential to assess learning gains, engagement, and
transfer beyond LL.M-based student simulations.
Second, extending the framework to multi-turn tu-
toring dialogues may reveal different verification
dynamics, including delayed correction or cumu-
lative anchoring effects. Third, applying our ap-
proach to broader formal reasoning domains, such
as first-order logic or program verification, would
test its generality. Finally, developing adaptive rout-
ing mechanisms that dynamically select tutor roles,
verification depth, and solution access based on
student state and problem difficulty represents a
promising direction toward robust, scalable educa-
tional Al systems.
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Table 6: Effects of proof complexity and distance on correctness and feedback pipelines (Logistic Regression

Coefficients, significance: *** p < .001, ** p < .01, * p < .05)

Model Main Effects Interaction with Pipeline
Complexity Distance Tutor x Comp. Teacher x Comp. Judge x Comp.

GPT-4.1 —0.35"** —0.43"** —0.02™° +0.08™¢ +0.22***
GPT-03 —0.42*** —0.44™** +0.18" +0.13"¢ +0.24**
Gemini-1.5 —0.55™** —0.37** +0.55™** +0.65™** +0.61"**
DeepSeek-R1 —0.36™"" —0.32"** +0.28** +0.36™"* +0.56™"*
Qwen-3 —0.53*** —0.32*** +0.33*** +0.37** +0.39™**
Mistral —0.42*** —0.54™** +0.10™¢ +0.11™¢ +0.21"
LLaMA-3 —0.30"** —0.49*** —0.03™° —0.03™° +0.04™*

Table 7: Feedback hurts student performance with corresponding mean complexity

Model Tutor Teacher Judge
Count Complexity Count Complexity Count Complexity

GPT 295 3.97 200 4.61 127 4.90
GPT-03 267 4.14 200 4.64 126 5.23
Gemini 134 4.79 109 5.73 139 4.82
DeepSeek 121 4.74 81 6.12 104 5.08
LLaMA 383 3.44 332 3.60 307 3.60
Qwen 218 4.50 200 4.74 182 4.74
Mistral 319 3.84 302 3.94 226 4.23

Table 8: Tutor rule inference accuracy by rule type and model (%), best values are bolded across all rows

Rule Actual GPT-4.1 GPT-03 Gemini Mistral Deepseek Qwen Llama-3.3
Simp 90 87 86 94 73 96 76 18
Add 61 81 77 78 62 85 92 23
MP 61 70 77 96 45 91 75 55
DS 53 43 45 81 60 77 920 17
MT 40 50 55 82 70 87 77 10
Impl 38 47 52 86 65 81 54 21
Ccp 36 30 33 83 10 86 58 17
DN 31 48 58 83 38 74 12 29
CD 27 7 11 66 3 66 55 11
DeM 21 47 38 95 66 85 66 14
HS 21 47 57 100 80 92 85 61
Conj 14 92 92 92 92 83 85 0
Comm 12 41 33 72 14 0 8 50
Equiv 7 0 0 33 100 100 0 0
Distr 4 100 100 100 0 0 50 50
Overall 58.3 60.1 85.8 54.8 84.9 70.2 24
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