Limits of Transformer Language Models
on Learning to Compose Algorithms

Jonathan Thomm'2*  Giacomo Camposampiero'> Aleksandar Terzic'-2
jthomm@ethz.ch giacomo.camposampierol@ibm.com aleksandar.terzicl@ibm.com
Michael Hersche! Bernhard Schélkopf?3 Abbas Rahimi'
michael.hersche@ibm.com bs@tuebingen.mpg.de abr@zurich.ibm.com

IBM Research — Zurich, 2ETH Zurich, 3MPI Tiibingen

Abstract

We analyze the capabilities of Transformer language models in learning com-
positional discrete tasks. To this end, we evaluate training LLaMA models and
prompting GPT-4 and Gemini on four tasks demanding to learn a composition
of several discrete sub-tasks. In particular, we measure how well these mod-
els can reuse primitives observable in the sub-tasks to learn the composition
task. Our results indicate that compositional learning in state-of-the-art Trans-
former language models is highly sample inefficient: LLaMA requires more data
samples than relearning all sub-tasks from scratch to learn the compositional
task; in-context prompting with few samples is unreliable and fails at executing
the sub-tasks or correcting the errors in multi-round code generation. Further,
by leveraging complexity theory, we support these findings with a theoretical
analysis focused on the sample inefficiency of gradient descent in memorizing
feedforward models. We open source our code at https://github.com/IBM/
limitations-1lm-algorithmic-compositional-learning.

1 Introduction

While Large Language Models (LLMs) are known to perform well on natural language generation
tasks [} 2], they exhibit failures on reasoning [3l 14} 5, 16} [7, 18, 19, [10], mathematics [11}[12], causal
inference [13| 14, [15]], and algorithmic tasks [16} [17, [18]. Many interesting algorithmic tasks rely
on function composition, which is an act of combining simple functions (e.g., primitive sub-tasks)
to build more complicated ones. In this paper, we dive into the question of how sample-efficient
Transformer-based [19] language models are when learning to compose as well as to decompose
algorithmic procedures. We empirically approach the aforementioned question by analyzing the
performance of Transformer language models on a set of compositional algorithmic tasks. Given that
a Transformer language model has enough samples to learn all primitive sub-tasks, we define four
hypotheses on how well it learns the composition task within the same training routine:

H1. A Transformer language model learns the task composition with a constant number of samples
(only used in the in-context learning setting).

H,. A Transformer language model learns a compositional task with fewer samples than those
required to learn its most difficult sub-task.
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‘Hs. A Transformer language model learns a compositional task with fewer samples than the sum of
the samples needed to learn every sub-task.

Ha. A Transformer language model needs more data samples than in Hs.
This paper makes the following main contributions:

* In Section[3] we introduce a family of two new algorithmic tasks with a compositional structure
that is well-suited for creating systematic sub-tasks and testing compositionality. We specifically
design these synthetic tasks with independently observable sub-tasks such that the composition is
easily inferable from the sub-tasks but harder to learn from scratch.

* In Sectionfd] we train LLaMA models [2] on this family of the tasks as well as two tasks investigated
by Dziri et al. [16]. We ensure that all necessary sub-tasks are learned and test how efficiently the
models can learn their compositional re-combinations. We show that training LLaMA models from
scratch fails to compose all learned sub-tasks under hypotheses Ho and 3, making 4 the most
plausible hypothesis for all four tasks. Furthermore, we propose a formal bound, showing that
current supervised gradient descent training fails in compositional learning in the limit.

* In Section[5] we investigate GPT-4 and Gemini on all tasks and observe their failures to perform the
tasks, or multi-round code generation, with task description and various chain-of-thought examples.
This shows that in-context learning with few samples is unreliable and fails to compose knowledge
from sub-tasks and that #; does not hold for the investigated tasks.

2 Preliminaries

Computational graph Let A be a deterministic algorithm and let F4 be a set of deterministic
primitive operations that can be used by A during execution. Given an input x, we define the
computational graph for the algorithm A as G () = (V, E). G 4(y) is a weakly connected, directed
acyclic graph. The nodes v € V represent all intermediate variables’ values during A’s execution,
while the edges e € F represent the function arguments involved in the computation of their target
nodes. One source node s describes the input x, while the (single) sink node ¢ represents the output
A(z) = t. For every non-source node v, op(v) € F4 denotes the operation applied to compute v.
Figure [ shows an example with a toy input for one of the tasks (PEN) later introduced in Section 3]

Sub-task definition While Dziri et al. [16] define one sub-task for each operation occurring in the
nodes of G 4(,), we relax this constraint and also consider sub-tasks composed of multiple operations
from F4. However, we require every operation in the set of primitives F 4 to be independently
observable. Given the set S of all the defined sub-task graphs, we say that an operation f = op(v) is
independently observable in a sub-task graph Gi4(x) if either:

* v is the only non-source node in G’ (2) (i.e., there is only one operation in the sub-graph).

* v is not the only non-source node in G;\( 2) and all other operations in the nodes of G;\( 2)
are independently observable in the other sub-task graphs in S\{G’, (@) }.

By using this constraint on the definition of the sub-tasks, we aim to achieve a middle-ground between
completely synthetic settings (where each primitive is presented in isolation) and real-world settings
(where the primitives are often grouped and correlated).

source node
S

def PEN(seq) : A(x) ~————{ab xy abafq wv7ql)
res = seq[1] (
while(res[-1] !s= EOQS): (o)
last_match = (res[-1], seq) GA(x) ab kLaMf_)q
new_match = match(last_match, seq) op(v) = left  op(v) = match op(v) = right
right_match = right(new_match, seq)
. d(right_match .
res.append(right_match) sink node [ xy wv7ql
t

Figure 1: Translation of a compositional algorithmic task A, PEN (see Section [3|for details), into its cor-
responding compositional graph G 4(.), for the input z = “ab xy ab4fq wv7ql”. The operations (edges) are
color-matched with the respective operations in the pseudo-code of the algorithmic task A(x).



3 Probing compositionality with algorithmic tasks

Pointer execution tasks are a family of algorithmic tasks initially proposed to benchmark the gen-
eralization capabilities of deep learning models [20]. They are designed to limit the number of
confounders in the data and force the model to learn an algorithmic (general) solution, making
solving the task with statistical shortcuts impossible. Furthermore, being algorithmic tasks, they
are particularly suited for testing compositional learning, as they can be naturally decomposed into
atomic operations. Hence, the introduction of this family of tasks would allow operating in a fully
controlled environment, limiting the impact of exogenous factors on the empirical observations while
having the possibility to stress-test compositionality.

Motivated by these premises, we introduce two novel pointer execution tasks for testing compositional
learning, Pointer Execution’s neighbor (PEN) and Pointer Execution Reverse Multicount (PERM).
To ensure the validity of our empirical evaluation, we then further extend our experiments to two
well-established tasks for testing compositionality in Transformer-based language models, Highest
Subsequence Sum (HSS) and Multiplication (MUL) [[16]. We decompose each task in a set of
sub-tasks S, such that every primitive operation of the task is independently observable in at least
one sub-task. A more detailed exposition of the properties of S is included in Appendix [B.1]

3.1 Pointer execution’s neighbor (PEN)

We introduce the Pointer Execution’s neighbor (PEN) task, where the goal is to jump between
different words in the sequence according to a matching criterion while outputting the right neighbors
of the matched words. This task is inspired by C-PVR, a task recently introduced by Abnar et al. [[17]
and itself based on the Pointer Value Retrieval task [20]. A sketch of the task is shown in Figure E]
(left). We identify three primitive operations to be left (get the green left neighbor), match (get
the matching green word), and right (get the right yellow neighbor). We, therefore, split PEN into
three sub-tasks that guarantee independent observability for each primitive: copy (Cpy), where the
solver has to copy an input sequence of words (making the right primitive observable); reverse
copy (RCpy), where the solver has to copy an input sequence of words in the reversed order (i.e. the
last word first, making the left primitive observable); Pointer Execution (PE), where the solver has
to match words in a sequence (making the match primitive observable). Additionally, we define
the sub-task Pointer Execution Verbose (PEV) to facilitate the learning of the task. PEV requires
solving the same problem as PEN with the addition of outputting both the matching words and their
neighbors, making it less abstract (see Figure [2). More details on PEN can be found in Appendix

To make the task more challenging, we add “attention traps” to the input sequences. These traps add
spurious matches between neighboring (yellow) tokens (two spurious matches per yellow neighbor),
such that the model could be tricked into matching the wrong sequence of tokens (yellow instead of
green). An example of this kind of trapping mechanism is included in Figure [2] (left column), and in
a more explicit visualization in Figure[B.5] The traps are not added to the main (green) tokens, where
the sequence of matches is always deterministic.

3.2 Pointer execution reverse multicount (PERM)

We introduce the Pointer Execution Reverse Multicount (PERM) task. This task is conceptually
similar to the PEN task. However, instead of matching forward and predicting the current word (or
its neighbor), the solver has to output the reversed matched sequence. To increase the difficulty of
the task, we enrich it with additional operations on the indices. In particular, for each element in the
matched sequence, the solver needs to collect the number of matches and the number of left matches
up to that point, multiply them, and output the result. A visualization of the task is presented in
Figure[2] We omit attention traps because there are no longer neighbor tokens in the input sequence.

We identify the primitive operations of the PERM task to be match (common to PEN), reverse
(reverse a sequence), and multicount (indexes operations, which includes counting the number of
matches and left matches, as well as multiplying the two counts together). The primitives 1eft and
right are no longer needed, as we drop the concept of neighbors in this task. To make every primitive
independently observable and learn PERM, we formulate three sub-tasks: Pointer Execution (PE),
inherited from PEN; Pointer Execution Reverse (PER), where the solver has to match a sequence
and reverse it, combining the primitives match and reverse (making the latter observable); Pointer



Execution Multicount (PEM), where the model has to match the sequence and compute the index
operations, combining the primitives match and multicount (making the latter observable).

Pointer Execution (PE)

Task: Pointer chasing by matching value (last 2 letters) to address (first 2 letters)
of words in the sequence with a given start value.

Input: ab nbac fqzz abfq acrt

Introduce neighbors shown in yellow blocks Output: ab abfq fqzz Explicitly provide the first word

and delimiter between address and valuc./ \n the pointer chasing procedure.

Pointer Execution (PE)

nbac

Pointer Execution (PE)

i fyre abet ehgy cteh gywk reeg

BOS abdfq
Start: abet
Output: abet eteh ehgy gywk
Input: ab v nb3ac fq0zz abdfq ac3rt
Output: ab abdfq fq0zz

Output the pointer chasing result Output Ihe pointer chasing result
with the corresponding neighbors. in reverse order.

Pointer Execution Verbose (PEV) Pointer Execution Reverse (PER)

reeg

BOS =
Start: abet
Output: gywk ehgy eteh abet
Input: ab nb3ac fq0zz abdfq ac3rt
Output: ab abifq fq0zz Multiply the current pointer chain length
with the number of left-pointers up to
Output only the neighbors of the words the current word.
encountered during pointer chasing.
Pointer Execution Reverse Multicount (PERM)
Pointer Execution Neighbour (PEN)
fyre abet ehgy eteh gywk reeg
xy5wv wv7ql -
Count 0 2 1 3
BOS Count Left 0 1 0 1
Multiplied 0 2 0 3
Input: ab nb3ac fq0zz abdfq ac3rt

Start: abet
Output: gywk.3 ehgy.2 eteh.0 abet.0

Output:
Figure 2: Introduced compositional algorithmic tasks. Left: The Pointer Execution (PE)’s neighbor (PEN),
together with the Pointer Execution (PE) and Pointer Execution Verbose (PEV) sub-tasks. Starting left, the
output is obtained by matching words and predicting the current word (in PE) or its neighbor (in PEV and PEN).
Our matching criterion is that the two end characters of the current word are equal to the first two characters of
the matched word. By ensuring that there are no ambiguities in the input string, an attention mechanism can find
the match by retrieving the last two characters of the word and matching it with the (unique) word that starts
with them. Right: The Pointer Execution Reverse Multicount (PERM), together with the Pointer Execution (PE)
and Pointer Execution Reverse (PER) sub-tasks. PERM first outputs the last word in the matching sequence and
then goes backward. The number in the answer for each word is the count of matches times the count of left
matches (i.e., arrow to the left in the forward matching sequence).



3.3 Highest subsequence sum (HSS)

Given a sequence of numbers, the Highest Subsequence Sum (HSS) task [16] consists in finding the
highest sum of a number subsequence where no two numbers are neighbors. For this task, there exists
a simple linear-time, constant-space dynamic programming (DP) solution which we use to generate
sub-tasks. The dynamic programming recurrence is

dp(i + 1) = max(dp(i — 1) + number; 1), dp(3)), @

where number; 1 is the ¢ + 1-th number in the input sequence. The final answer is dp(n) with n
being the length of the input sequence. We identify one fundamental primitive used in this task
inspired by this formulation of the problem, dp_step, presented in Equation|l} Hence, we define
a single sub-task, the Subsequence Sum Execution (SSE) sub-task, to make the primitive dp_step
observable. In this sub-task, the solver is required to execute the DP recurrence, explicitly computing
dp(i) for the position i in the output (including if the new number was taken or not).

3.4 Multiplication (MUL)

The Multiplication (MUL) task [[L6] involves multiplying two multi-digit numbers in base 10. It
is often used to assess the symbolic and compositional capabilities of LLMs [21} [22]]. Dziri et al.
[L6] use this task to find that LLMs do not generalize well to out-of-domain computation graph
depth and width. We identify two main primitive operations: digit_mul (digit multiplication
between a number in base 10 and a digit) and add (addition between numbers). We then formulate
two corresponding sub-tasks to guarantee that each one of these operations is observable: digit-
multiplication (MUL), where the solver has to solve multiplications between a number in base 10 and
a digit (making digit_mul observable) and addition (ADD), where the solver has to add numbers
in base 10 (making add observable). We do not explicitly train on shifting the numbers with zeros
before adding them up.

4 Sample efficiency on compositional learning

4.1 Training LLaMA models for testing compositionality

In this section, we investigate compositional learning on the tasks presented in Section[3] For each
one of them, we encode its multiple sub-tasks by adding unique identifiers at the beginning of
the samples. We then train a LLaMA model from scratch on all sub-tasks concurrently (sampling
from them uniformly at random). We use a character tokenizer and apply cross-entropy loss on all
tokens, including both the input and the output sequences, as is usual in autoregressive language
modeling. Computing the loss only on the answer part, as done in other works [23, 24, led to worse
results in our experiments. We consider an algorithmic task to be learned only when (almost) perfect
in-distribution accuracy is achieved. Any solution resulting in lower accuracy is, on the other hand,
considered wrong, as it fails to fully capture the operations of the algorithm underlying the task.
We conducted additional ablations on the model architecture (e.g., a LLaMa architectural variation
based on Universal Transformer [17]), included in Appendix [C.5] However, the unsatisfactory results
deterred us from conducting further systematic analysis on it.

Learning the PEN task. We train LLaMA with all four sub-tasks (Cpy, RCpy, PE, PEV) and PEN.
As shown in Figure [3] (detailed numbers are in Table [C.2)), the model successfully learns all the
sub-tasks containing the primitives needed for PEN. However, it fails to properly compose them for
solving the task under hypotheses Hs (no. of samples needed for the most difficult sub-task) and H3
(no. of samples needed for relearning all sub-tasks). Increasing the sample size to 1000 K (roughly
10x more compared to the sum of the samples needed to learn each sub-task independently) allows
the model to learn the PEN task. This makes hypothesis H4 (a Transformer language model needs
more data samples than the sum of samples needed for re-learning all sub-tasks separately) the most
plausible.

Furthermore, by training the model on PEN only (without the sub-tasks), we observe that LLaMA
obtains no significant benefit from learning the sub-tasks (see w/o sub-tasks vs. w/ sub-tasks in Figure
[3). Based on these results, we speculate that the sub-tasks are not properly reused, and the tasks are
rather learned every time from scratch. We interpret this as evidence that the model is not learning
the task compositionally.



To set those results into context: our dataset of 1000 K samples overall has roughly 6 x more tokens
than the number of words a typical 13-year-old would have heard in their life [25]]. Furthermore, we
can train a discrete hill-climbing learning algorithm containing 121 discrete parameters to perfectly
learn the PEN task from a single sample, given the sub-tasks as primitives (see Appendix[C.2).

We also propose an ablation with a smaller model (28 M instead of 150 M parameters, “aux. loss” in
Figure[3] and more detailed Table[C.3)). We add two additional prediction heads after a fraction of
1/2 and 3/4 of the layers, respectively, and train them using auxiliary losses. The first loss is used to
train the first head to predict, at step i, the ¢-th (yellow) element of the answer. The second loss is
used to train the second head to predict the (green) element to the left of the one predicted by the
first head. The auxiliary losses model can learn PEN with 300 K samples, while the bigger LLaMA
(150 M) obtains 0% accuracy with the same dataset size. However, this result also falls into the H4
hypothesis.

Learning the PERM task. We train LLaMA models on the PERM task together with its sub-tasks
(PE, PER, and PEM). The training setting used to train the model on this task is identical to the
one used for PEN. As reported in Figure 3] (and with more detail in Table[C.4), LLaMA can learn
with perfect accuracy all the individual sub-tasks but fails to learn their composition (PERM) within
hypotheses H2, and H3. To achieve perfect accuracy, we need to scale up the dataset size by almost
one order of magnitude compared to the H3 setting (the required number of training samples is equal
to the sum of the training samples of all the sub-task datasets). This provides evidence that hypothesis
‘H,4 is the most plausible for PERM too. As for PEN, we study the impact of providing the sub-tasks
together with the main task during training. Comparing the performance of LLaMA when given the
sub-tasks and not (cf. Figure [3|top right), we observe that LLaMA seems to not benefit significantly
from the sub-tasks. We speculate that also in this case this is a sign that the model is not re-using the
primitives learned from the sub-tasks to solve the compositional task.

Learning the HSS task and MUL tasks. We investigate HSS and MUL (related to [16]). Figure
[3] (bottom row) visualizes the results. As with our PEN and PERM tasks above, we observe that
LLaMA does not exhibit strong compositional learning and learns under hypothesis 4. Also for

(a) PEN task (b) PERM task
1Lo0Fe x %% Sub-tasks 1.00 P e N Sub-tasks
f CPY . x PE
x  RCPY 0.75 x  PEM
x PE z x  PER
x  PEV Z 050 Task
Task 3 —— w/ sub-tasks
0.25 —e— w/ sub-tasks 0.25 - w/o sub-tasks
4= w/o sub-tasks
e 10! 10° 10° ol 0'00104 10° 106
# training samples ®  discrete solver # training samples
(c) HSS task (d) MUL task
1.00 % Sub-tasks 1.00 & v, Sub-tasks
x  SSE x  DMUL
0.75 //./ Task 0.75 A= x ADD
5 —e— w/ sub-tasks & 'f:/'/‘ Task
--a- w/o sub-tasks % 0.50 T —o— W/ sub-tasks
Regimes = ---a-- w/o sub-tasks
H 0.25 Regimes
Hs Ha
0.00 1, 0.00 Hs
10* 10° 10° 10* 0 106 H,
# training samples # training samples

Figure 3: Accuracy of LLaMA models on PEN, PERM, HSS, and MUL, and their respective sub-tasks.
While LLaMa achieves perfect accuracy on all the individual sub-tasks, it needs much larger amounts of training
data to learn their composition. This observation makes hypothesis H2 (learning the composition requires less
samples than the hardest sub-task, green) and H3 (learning the composition requires less samples than the sum of
the sub-tasks, yellow) impossible to achieve on every task, where LLaMa seems to always fall into H4 (learning
the composition requires more samples than the sum of the sub-tasks, red). Moreover, training together with the
sub-tasks does not seem to perform sensibly better than training only on the main task (i.e., w/o sub-tasks).



these tasks, it is possible to see that learning the sub-tasks along with the composition task did not
significantly improve the performance.

4.2 Testing decomposition by learning sub-tasks from a pre-trained LLaMA model

We additionally evaluate LLaMA’s abilities on decompositionality, i.e., learning a sub-task like PEV
after being trained only on the full compositional task (PEN). We observe that, when learning the
decomposition task, the models benefit from being previously pre-trained on the composition task
(see Table [C.10). However, to get maximum accuracy on decomposing PEV from PEN, we need
between 25 K and 50 K samples to fine-tune a PEN-pretrained model. This is a significant fraction of
the data to learn the PEV task from scratch, making 7{; also implausible for decompositionality on
the PEN task. Similar observations hold for decomposing PE from PERM (i.e., a PERM-pretrained
model fine-tuned on the PE task; see Table [C.IT)). We speculate that this might be an indication
that the model does learn operations relevant for the sub-tasks when trained only on the composite
task (since learning the decomposition gets easier), and the learned solution might be to some extent
compositional, even if the learning process is not compositional (and very inefficient).

4.3 Asymptotic limitations on compositional learning

In general, compositional learning can be split into two skills: (1) identifying and learning the
primitives from the sub-tasks, and (2) assembling the learned primitives in the correct way to
construct the solution to the composition task. In Appendix [A] we focus on (2) and enrich our
empirical results with a theoretical perspective; a gist of it is included in the following paragraphs.

Pre-training LLMs is sample inefficient in compositional learning. We prove that asymptotically,
meaning from an unknown size onwards, feedforward models on gradient descent are data ineffi-
cient on combinatorial (including compositional) problems. We use a reduction over the required
asymptotic compute time to prove the following result.

Theorem 4.1 (Informal Theorem [A.7). There exist (many) series of train-test datasets, such that
feedforward models on gradient descent that memorize samples will need O(n*) times more data
than an optimal learner. Otherwise, they will not generalize to the test set. k is any positive number
and n is the index in the series.

Proof sketch. Many combinatorial problems are assumed to be hard to solve. N P hard problems
provide an extreme case, where under the P # N P assumption the solution algorithm requires
more than polynomial time. By constructing a train and test dataset where the problem instance of
a combinatorial problem (e.g., SAT) is in the training set and the solution can easily be extracted
from the labels of the test set, we can make the following reduction: if the learning algorithm
finishes in polynomial time, then it cannot answer the test samples correctly, as this would build
an algorithm which can solve the problem faster than possible. If our learning algorithm, however,
tends to memorize the training set fast and, after memorization, training does not improve model test
performance anymore, we can conclude that many samples will be needed to be able to generalize
to the test set. At the same time, we can simulate a slow but data-efficient algorithm that extracts
the problem instance from the training data, computes the answer, and naturally generalizes it to
the test set. The same reduction applies to non- N P-hard problems, in which case the k in Theorem
@] becomes bounded. While the classical reduction requires an out-of-distribution test set, the
reduction can be made in the in-distribution case as well using hardness assumptions from public key
cryptography (shown in Theorem[A.9).

S Compositional learning via in-context prompting

In this section, we investigate the performance of pre-trained LLMs, GPT-4 and Gemini-Pro, on the
PEN and PERM tasks with various prompting methods. Concretely, we operate under the assumption
that the models have learned to execute a sufficient set of operations during pre-training, and we test
whether these latent abilities can be utilized to accurately solve the tasks given prompts of various
complexitites. We experiment with a wide range of prompts, ranging from simple few-shot examples
to state-of-the-art methods [26l 27, 28]]. Besides the task test accuracy, we also report two partial
correctness metrics, match accuracy and termination accuracy. Match accuracy measures how many
steps in the output were a correct left-match-right step, regardless of the last word being correct.



Termination accuracy checks if the last output word’s left neighbor in the sequence matches the input
sequence. We include ablations on possible confounding factors (such as tokenization), different task
definitions, and number of in-context examples in Appendix [D]

5.1 GPT-4 and Gemini prompting on PEN and PERM

Prompting to solve PEN. We first provide the models with simple few-shot prompts demonstrating
eight input-output examples for the task. The exact format is shown in Figure[D.16] We find that this is
not sufficient to obtain non-zero task accuracy. We then prepend a natural language description of the
task to the few-shot prompt as shown in Figure but we find that this does not change the scores
in any significant way. We proceed further by introducing Chain-of-Thought (CoT) prompting [26].
The prompt now consists of a high-level description of the task, eight input-output examples, and a
request for the model to perform the task step-by-step (Figure [D.18). With this prompting method,
the models still exhibit zero task accuracy. We perform a similar experiment using a more recent and
advanced CoT query, analogical CoT [28]], which prompts the model to generate its own few-shot
examples by asking it to recall several examples of similar algorithmic problems it has been exposed
to during training (Figure [D.T9). This still does not help us achieve non-zero task accuracy.

We then provide more explicit guidance in the few-shot examples using two different approaches. In
the first approach (Few-shot CoT, Figure [D.20), the few-shot examples demonstrate each step in the
pointer matching procedure alongside with the corresponding outputs (right neighbors) at each step.
In the second approach (Sub-task CoT, Figure [D.21])), the few-shot examples consist of two phases:
first, we match the entire sequence given an initial input, and then we output the right neighbors
of the elements of the previously matched sequence. While none of the two approaches achieve
non-zero task accuracy, sub-task CoT prompts induce a higher match accuracy in the Gemini-Pro
model, reaching 33%.

We experiment with one further ablation, in which we remove the additional attention traps in the
yellow tokens (see Appendix [B.2)), such that every yellow token only matches once. Although this

D> & S & &
S & & &F P ks A
& '&@Q O\O %,Qo Q,@o @& \o& (b'\\QQ Y’Oo. & (Z;\QQ Y'OO' &
4;5\ &8 & & &XQ &0% &'\\Q <& s&' &'\\Q & q}'
G F G F S W FTF
Task Prompt Setting GPT-4 Gemini-Pro
v 0.12 0.04 0.00 0.05 0.03 0.00
v v 0.11 0.04 0.00 0.09 0.03 0.00
v vV 0.08 0.14 0.00 0.05 0.01 0.00
PEN v v v Vv na 0.16 0.23 0.00 0.19 0.12 0.00
v v v na V 0.20 0.14 0.00 0.14 0.33 0.00
v v v v na Vv 0.30 0.39 0.00 0.20 0.08 0.00
1 v’ V' na. na. v 0.31 0.41 0.19 - - -
na. v n.a. na. na. na. v 0.06 0.16 0.00 0.10 0.00 0.00
v n.a. 0.12 0.37 0.06 0.08 0.04 0.04
v Vv n.a. 0.14 0.45 0.00 0.10 0.10 0.02
v vV n.a. 0.38 0.74 0.08 0.28 0.12 0.02
PERM v Vv Vv Vv na. na. 0.80 0.96 0.14 0.06 0.82 0.00
v vV na Vv na 0.62 095 042 0.19 0.77 0.09
1 v V. mna. na na V 0.67 042 0.13 - - -
na. v na. na na na na v 016 041 0.02 0.16 0.06 0.00

Table 1: Results of GPT-4 and Gemini-Pro with various prompt settings (including chain-of-thought (CoT),
analogical CoT [28]], and code interpreter as a multi-round prompting technique [27]). Despite providing strong
hints, few-shot CoT, task description, and without double traps (single only), both GPT-4 and Gemini fail on
PEN (0% task accuracy). On PERM, the trend is similar and the main obstacle is multi-counting correctly (cf.
the high match accuracy in the last two rows). GPT-4 reaches 42% task accuracy with a hand-crafted sub-task
CoT. Gemini-Pro reaches to 9% in this setting.



does not help GPT-4 or Gemini to obtain a correct answer (still 0% task accuracy), it more often
chooses the correct word to match within its answer sequence, reaching 41% match accuracy. This
showcases how susceptible GPT-4 is to adversarial or unfortunate task-irrelevant correlations, also
within chain of thought.

We also ablate on the newly available o1-preview model from OpenAl. While it cannot infer the
task only from examples, it reaches 70% accuracy given a description of how to perform the task and
CoT; see Appendix [D.4]for more details.

Prompting to solve PERM. The same progression of prompt refinements is also applied for PERM,
and the results are consistent with the observations on the PEN task. The results are shown in Table [Tl
When asked for CoT, GPT-4 does not find a good way to calculate the numbers for each word and
tries to determine directly whether a match is to the left or not, something it seemingly has trouble
doing. The best performing method is “Sub-task CoT” (Figure[D.22). In this method, we begin by
explicitly enumerating all of the words. With this, a left match can be determined by comparing
two numbers. We conclude the few-shot examples with an explicit computation of the multicount
numbers. This format increases the GPT-4 task accuracy to 42%, which is significantly higher (by
29%) than all of the other results. However, this setting deviates from identifying and leveraging the
compositional structure of the tasks, since it rather corresponds to executing a hand-crafted algorithm.
Based on the presented results, we can conclude that on the investigated example compositions,
in-context learning with few samples is unreliable and fails to compose knowledge from sub-tasks
and solve the main compositional task.

5.2 GPT-4 code interpreter on PEN and PERM

We experiment with asking GPT-4 to write code, which is a suitable prompting method for our
algorithmic tasks. We use the official multi-round code interpreter of GPT-4’s assistant API. While it
enables GPT-4 to sometimes output a correct solution, it is not systematic and often fails at finding its
errors. An example prompt for PEN is shown in Figure[D.23]

To get a deeper understanding of how the code generation of GPT-4 fails, we investigate 20 random
answers from our results of the multi-round code interpreter in Table [I] We find that the model
always outputs executable code and copies the task sequence correctly. While 10% of the answers
were correct, 65% of the answers were a wrong answer sequence, and in the remaining 24%, the
model tried 10 attempts of code programs and messages in between before being killed. In 35%
of the cases, the model initially produced code which results in an infinite loop when executed on
the sample. In those cases, the model can fix this problem once (13%), three times (38%) it tries to
correct itself until shutdown, and three times (38%) it catches the problem but still outputs a wrong
answer. Once it catches the error and gives a correct answer (13%). Further, it is interesting that the
model never leverages the example question+answer given (it could verify its solution code with that
before submitting an answer).

6 Related work

Dziri et al. [16] and others [9} 29| 30] investigate limitations of Transformer language models on
compositionality with prompting and finetuning. Differently from them, we train state-of-the-art
language models from scratch and analyze how well the models can reuse and reorder sub-tasks
learned. This gives new insights into compositional learning and provides a view into some limitations
of current language model pre-training. Similarly, Razeghi et al. [31] find a correlation between
performance and the frequency of how often task instances occur in the training data.

Apart from the tasks we use in this work, there exist many benchmarks on compositional learning for
language models [13} 15 8] [11} 21} 132,133} 134/ 35]]. However, compared to them, our training setup and
synthetic tasks specifically target compositional learning abilities subject to sample efficiency.

Many works tackled the problem of improving models’ compositionality already [9} 136, 37,138, 39].
However, their focus is mostly on the improvement of the model’s behavior in specific benchmarks,
while model-inherent systematic compositional learning remains extremely sample inefficient.

Feng et al. [40] point out that constant-size logarithmic precision Transformers can implement
mathematical and dynamic programming problems. In order to learn a concept with CoT, the data



has to lay out the respective step-by-step solution. Connecting to our bound, the concept needs to
be made “obvious” to learn. Various works [17, 41} 42, 43]] present approaches to instead allow
Transformers to change their depth. This could make the model computationally more powerful as
it allows the model to take arbitrary computation time for difficult samples. Our theoretical result
instead focuses on fixed-depth Transformers, as they currently are most present in LLMs, and focuses
on tasks where the given depth of the Transformers is already sufficient to solve the task.

There has been extensive research on the expressive power of language models [40, 44} 141]. Judd [45]
already showed that finding weights for feedforward neural networks such that the neural network
correctly predicts at least 2/3 of the training examples is NP-hard in general [46]]. Our theoretical
bounds work focuses on overparameterized models that memorize. Other follow-ups construct
concrete example network architectures being hard to train [46, 47, 48]]. Kearns [49] presents
results on the complexity of learning, with a focus on learning from distributions, compared to us
investigating data and model efficiency. Abbe and Sandon [50] show that decision problems learnable
in polynomial time are learnable by gradient descent in polynomial time. Different from us, they give
their learning algorithm arbitrarily many samples and distinguish poly-time vs. non-poly-time.

7 Conclusions, limitations, and future work

Limitations. We do not propose practical ideas to tackle the issues identified with the investigated
algorithmic tasks. Hence, it remains for future research to find effective means to incentivize compo-
sitional learning in Transformer-based language models, possibly by incorporating more inductive
biases towards compositionality in the model architecture or the training procedure. Additionally,
while the investigated algorithmic tasks allow to work in a fully controlled environment with limited
confounding factors, they still represent a rather limited collection of benchmarks. Its expansion
with more natural tasks, as well as the ablation of different sub-task definitions, could strengthen the
observations and conclusions proposed in this work.

Conclusions and future work. In this work, we analyzed the capabilities of Transformer language
models in learning compositional algorithmic tasks. To do so, we formulated a set of hypotheses
to characterize the efficiency of a model when learning compositional tasks, from efficient () to
inefficient (H4) regimes. We introduced a new set of algorithmic tasks based on pointer execution
to benchmark compositional learning in large language models in a more controlled setting. On
these novel tasks, as well as other well-known benchmarks from previous works, we observe that
Transformer-based language models struggle at compositional learning on tasks demanding to learn
the composition of several discrete sub-tasks, making our hypothesis H4 most plausible (learning
the compositional task requires more samples than the sum of those required to learn the individual
sub-tasks). Further, we show (also theoretically) that learning certain (compositional) concepts with
feedforward models on gradient descent is very data inefficient, adding further support to reject
‘Hi1—Hs. Finally, we empirically rule out also the possibility that these tasks can be learned in
a few-shot fashion by state-of-the-art LLMs such as GPT-4 and Gemini-Pro. This evaluation of
current state-of-the-art Transformer language models may provide some directions to improvements
in compositional capabilities which would help models to be more reliable and improve on complex
algorithmic structures like reasoning or mathematics. Addressing the current limitations of this work
might also be an interesting avenue for future research.
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A Feedforward models on gradient descent can only learn the obviou

As in our empirical results, we focus on model size and dataset size, not compute, which e.g. is
the focus of [[51}152,150]. This has the rationale, that concepts or tasks which do not have unlimited
amounts of data and are hard to learn, can in theory still be learned while gradient descent on
feedforward models will be limited. In particular, in this part we show classes of tasks that are
learnable from a single sample each (i.e., learnable within hypothesis #;), but on which feedforward
models trained with gradient descent will learn within hypothesis H4, needing up to exponentially
many samples. See also Figure [A.4]for an intuition.

From complexity theory, we know that finding the proof of membership of a string in a language is in
general less efficient than verifying its membership given a proof. We use this structure:

Definition A.1 (XC). Let L be any recursive decision problem with solution in space O(n) and being
verifiable in time O(n). Let us look at all algorithms solving L and let k(n) be a (high) lower bound
of them. We denote K to be the set of choosing one upper bound k(n) per such decision problem.

Some examples: Assuming the exponential time hypothesis, SAT solution algorithms need exponen-
tial time (i.e. k(n) can be an arbitrarily high polynomial), and verification is in O(n). Under the
same assumption, the edit distance algorithm needs Q(n?~¢) for any € > 0 while being verifiable in
O(n) [53]]. Usually, no lower bounds are proven for such problems, but the fact that we can not find
faster algorithms makes assumptions reasonable.

Definition A.2 (Concept, Concept Class). A concept C = (Ug, fc, n¢) consists of an algorithm f
defined on a set of inputs U and a natural number n¢e. We call n¢ the “difficulty” of C. A concept
class C is an infinite set of concepts where each n € N occurs only finitely many times.

The intuition: A concept class is a set of concepts that are connected by some common basis, e.g.
they all pose certain challenges (e.g. finding a formula assignment) to an overarching problem to
learn (e.g. the SAT problem). We need a class of such problems because complexity theory makes
asymptotic statements.

Similar definitions are used by Kearns [49]], here we use a slightly different definition of concepts as
functions instead of subsets of an object set to better suit today’s applications.

Definition A.3 (Application of a Concept). Given a concept C = (U, f,n), an application of C is a
pair (T, E) of nonempty sets of samples (i.e. input-output pairs) of f. We call T the training set and
E the test set or examination set.

Here we deviate from classical learning theory in that we do not define a distribution. Instead,
we define the more general case of having a training regime and testing regime since we focus on
systematic generalization. One can additionally require £ and 7T to be statistically dependent to
recover classical train-test distributions, as we, for example, show in Appendix[A.3]

Definition A.4 (Learning Algorithm). Let S denote the set of all finite datasets (i.e., sets of input-
output pairs) and O the set of all input-bounded and runtime-bounded algorithms. A learning
algorithm is an algorithm £ : S — ©.

We say a L learns a concept C = (U, fc,nc) on a dataset Te, if M(z) = f(z)Vax € U with
M = L(Te).

Let TIME(A, x) denote the runtime of an algorithm A on an input . For a concept class C and a
learning algorithm £, we denote:

L
ng) = ma. TIME (L (T, , 2
¢ (no) wpax (L(Tw,f.n0)) ) @
(.9)EEW, f,ng)
IL.e. the maximum inference runtime on a test sample for concepts of difficulty ng.
Theorem A.5. For each k € K there is a (different) concept class C, with applications (T¢, E¢) (i.e.,
train and test datasets) for each C € C, with the following properties:
1. There is a learning algorithm L* that can learn each concept from a single sample in O(k(nc))
time and with z& " (nc) = O(nc)

2Obvious here means: either present in many samples, or simple to extract
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2. For any learning algorithm L, L one of the following will hold:

* “L does not learn”: L is not able to learn infinitely many concepts in C.
* “L learns during inference”: With M = L(1¢), 3=, , e p. TIME(M, z) = Q(k(nc))
* “L does learn”: TIME(L, T¢) = Q(k(nc¢))

The intuitive claim of this theorem is, that there are concepts, which require a Q(k(n¢)) time (i.e. a
lot) to learn while being fast at inference.

A special case for SAT is carried out in Appendix[A.3]and the general case in Appendix[A.4] The proof
focuses on training on a minimal dataset (one sample) and testing on an out-of-distribution “exam"
set. For completeness, in Appendix[A.5]we provide a proof for similar claims in an in-distribution
training-testing setting.

We now introduce a memorization assumption which assumes that our learning algorithm memorizes
fast.

Definition A.6 (Constant Memorization). Given a concept class C with applications T¢, E¢ for

each C € C and a learning algorithm £. We say £ memorizes constantly under C, if there is a

constant B, such that for any T¢, E¢, £ runs in time B * |T¢| * Z with Z being the longest runtime

of M := L(T¢) on a sample in E.

‘With this, we obtain:

Corollary A.7. Let k € K. Then there exists a concept class C with applications T¢, E¢ such that:

1. Any constantly memorizing learning algorithm L learning on an (arbitrary) augmented dataset T},
generated by a generator T}, = G(T¢) with G running in time o(k(nc)): If z& (nc) = o(Hlne)y

nc

then L needs €)( Zkﬁ(gfc))) many samples to learn each concept C = (Ug, fc,n¢) € C.
C
2. There exists a learning algorithm L* learning each concept from a single sample with zé* (ne) =
O(nc)

We use the notion of GG (which is an algorithm free to choose) to make sure that bigger datasets do
not make things “obvious”, that is, leak too much information about the exam F¢.

If we think about the PEN task, it is a combination of sub-tasks, ie., PEN(z) =
Cpy(PE(RCpy(x))). There are combinations for three of the sub-tasks chained together. Al-
ready in such a restricted setting, learning the task from scratch is extremely inefficient, requiring a
multiplicative factor of one million samples more than the discrete optimization algorithm described
in Appendix B.2, which in this case corresponds to the optimal learner mentioned in Corollary 5.7.
This confirms the outcome that our theoretical framework would predict, i.e. LLaMA fails at learning
from few examples, although the existence of the optimal learner shows that it would be possible.

The theory allows us to extend this result beyond the limit of the empirically verifiable. When
more primitives are available (e.g. in general-purpose datasets like The Pile [54]], finding the right
functional composition of the sub-tasks quickly becomes a computationally hard combinatorial task.
With such problems, the theory says that plain gradient descent will tend to just memorize the few
samples of the compositional task, instead of (combinatorially) finding the right composition.

Nasr et al. [55] show that one can extract more memorized data from larger models. Tirumala et al.
[56] have shown that larger language models memorize faster than smaller models. Based on this,
we can conservatively assume a constant number of steps for memorizing the fixed-size answer to a
sample. This fits deﬁnitionfor a learning algorithm £¥" learning with (growing) constant-depth
feedforward models, depending on the input size in the training data, as one gradient step has the
time complexity of a forward pass.

Therefore, Corollary can be interpreted as follows: There are classes of concepts, such that to
learn them reliably, either the feedforward deep learning model needs to be unfavorably larger than

needed for inference (zéF (n) >> n), or the data inefficiency is very high (by a factor fo!zl) ). Note

that in practice, memorization does not necessarily mean, we stop optimizing, here we implicitly
assume that after memorization, nothing useful happens anymore, e.g., the gradient signal magnitude
is 0 and the model does not change further.
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Much research has been done on the complexity of various problems. Here we want to point out
a few further concept classes that need significant computation to learn and therefore underlie the
above statements:

A fundamental capability for safe, explainable, and intelligent systems, is to be able to infer causal
relationships. It has been shown, however, that learning such structural causal models is NP-hard
in the number of graph nodes [57, 58]. Therefore: Let our complexity class contain the functions
applying all structural causal models and generate observations for each concept. Now let us test those
functions by an exam after training (i.e. by just asking for the structural causal model). Then, for
this specific concept class, Theorem and Corollary hold for k(n) being a super-polynomial
function.

Further, it has been shown [59]] that given a structural causal model, it is NP-hard to infer whether
one particular event always leads to another. Such inference might be important for a few selected
cases. Again, by constructing a concept class containing functions such that the structural model is
given or inferable and the always-cause is asked or needed for predictions in the inference phase, it
follows by Theorem [A.5]and Corollary [A.7]that learning such concepts requires a lot of computation -
and many samples for feedforward neural networks although theoretically unnecessary.

A.1 Details on the theory

For brevity “algorithm” refers to always terminating algorithms. Let us fix a standard random access
memory computational model. We also fix a universal encoding and decoding function ENC, DEC
that can encode/decode any algorithm or object we define below (imagine, for example, a digital
processor model where everything can be encoded in Os and 1s). From now on we omit all encodings
and decodings and instead use defined objects and their encodings interchangeably for the sake of
simple notation.

A.2 Intuition: Learning-inference gap

See Figure[A.4]

problem difficulty
per sample

difficulty learnable by
gradient descent
per sample

L 0

learning inference
effort effort

Figure A.4: Intuition for our statement: Based on widely accepted assumptions, there are problems
requiring much more learning computation time than usage computation time (here: per sample
available). Gradient Descent on Feedforward Networks under the assumption of constant-step-
memorization however, will only be able to learn problems as hard to learn as they are during
inference. Therefore, the model size needs to be much larger than necessary, or the training samples
need to be much larger than necessary, or gradient descent will have trouble learning.
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A.3 Special case: SAT proof on algorithmic learning

For a better reader’s experience, let us restate the theorem:

Theorem. For each k € K there is a (different) concept class C, with applications (T¢, Ec) (i.e.,
train and test datasets) for each C € C, with the following properties:

1. There is a learning algorithm L* that can learn each concept from a single sample in O(k(nc))
time and with z£ " (n¢) = O(nc)

2. For any learning algorithm L, L one of the following will hold:

* “L does not learn”: L is not able to learn infinitely many concepts in C.
* “L learns during inference”: With M = L(1¢c), 3=, ,)ep. TIME(M, ) = Q(k(nc))
*“L does learn”: TIME(L, T¢) = Q(k(nc¢))

For simplicity, we first prove a special case where k is the minimal runtime of a SAT (3-satisfiability)
problem (i.e. given P # N P exponential in 7).

Proof. Valiant and Vazirani [60] have shown, that given a formula which is either uniquely satisfiable
or not satisfiable, deciding this is NP-hard. From this follows, that given a uniquely satisfiable
formula, it is (assuming P # N P) not possible in polynomial time, to find a proof for it, i.e. the
unique satisfying variable assignment (this holds, because checking such a proof is fast).

We choose C to be a set constructed from the set of unambiguously satisfiable SAT formulas: Given
a uniquely satisfiable formula A and the unique solution y*, let U4 = {4, 1,...,|y"|} be the set
containing the formula and the variable names. Let f4(A) = 1 and f4(i) = y;*. Our concept is
now C4 = (UA, f4,|A]). We choose the training dataset of the concepts to be {(A,1)} and the
examination dataset to be {(i,y)|i € 1,...,|y**|}. This means we train on a uniquely satisfiable
formula, and the test set tests whether the model learned the unique solution to it.

We now construct the learning algorithm £* learning C € C from one sample. Let us fix an arbitrary
(UC7 fCanC) eC.

Given the training dataset 7z = {(Ac, 1)} corresponding to C, £L* builds an algorithm M of the
form:

* M(A) = CHECK(A, x) for a formula A of length ne where z, |2| < nc is a stored (i.e.
hardcoded) constant. CHECK returns 1 iff z is a satisfying variable assignment for the
variables of A. Note that n¢ can be inferred by £* as it is the length of the single sample in
Te.

* M(i) = x;, i.e. the i-th variable assignment.

* On all other inputs, M can implement any algorithm (e.g. some pre-trained knowledge).

Note that M has a linear running time in n¢e on all samples in 7y and Ec. Now, L£* finds the
satisfying variable assignment x (using the minimal-runtime algorithm) for A¢ and stores it in z.
Note that this procedure runs in kg a7 (nc) for ks ar(nc) being the minimal runtime for finding a
solution to uniquely satisfiable formulas (which is assumed to be exponential under the exponential
time hypothesis).

Now to the second step: Assume there is a learning algorithm £ and assume that it can learn all
concepts except finitely many and do so in o(kgar(nc)) (i.e. strictly less) time and with M = L(T¢)
needing o(ksar(nc)/nc) time on each sample in E¢. Then one can simulate the learning setting to
find a solution to a formula A, n := |A| (except finitely many times): First, simulate £ on {(A4,1)}
to obtain M = L({(A,1)}). Then, simulate M on all variable indices ¢ as inputs to obtain the
satisfying assignment 4. This algorithm finds y* in o(ksar(n)) + o(n * ks“TT(")) = o(ksar(n))
time, contradiction.

O
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A.4 General proof on algorithmic learning

This proof is analogous to the special SAT case. We recommend the reader to read the special case
first.

Proof. Let k € K. Let P be the problem k corresponds to (e.g. SAT). Let A denote the solv-
ing algorithm for P running in time k(n), i.e. an algorithm that computes a solution to each
instance of a class of problem cases, where the solution is in O(n) space. Let A, be the checking
algorithm that can verify if such a solution is correct, running in O(n). We choose the concept
class C to be a set constructed from the set of positive instances in P (e.g. in the SAT special
case this would be a uniquely satisfiable CNF formula): Given such a positive input instance X,
let UX = {X,1,...,]As(X)|}. Let fX(X) = 1 and fX(i) = As(X);. Our concept is now
CX = (UX, fX,|X]). We choose the training dataset of the concepts to be {(X,1)} and the
examination dataset to be {(i,y;X|i € 1,..., |y~]|}.

We now construct the learning algorithm £* learning C € C from one sample. Let us fix an arbitrary
(UC7 vanC) S C.

Given the training dataset Tc = {(X, 1)} corresponding to C, £* builds an algorithm M of the form:

* M(X) = CHECK(X,s) for a problem instance X of the problem P with | X| < nc¢.
|s| = O(n¢) is a stored (i.e. hardcoded) constant. CHECK returns 1 iff s is a proof for
the problem instance X (which exists by Definition[A.T)). Values for s will be candidate
solutions for X, and £* will search for the solution.

o M(i) = s;, i.e. the i-th value (e.g. bit) of s.

* On all other inputs, M can implement any algorithm (e.g. some pre-trained knowledge).

Note that M has a linear runtime in n¢ on all samples in T¢ and E¢. Now, £* computes s* = A4 (X)
(i.e. the solution to P) and stores it in s, i.e. s = s*. Note that this procedure runs in TIME(A;, X)
time (which can be k(n¢) if k(n¢) is tight).

Now to the second step: Assume there is a learning algorithm £ and assume that it can learn all
concepts except finitely many and do so in o(k(n¢)) (i.e. strictly less) time and with M = L(T¢)
needing o(k(nc)/nc) time on each sample in E¢. Then one can simulate the learning setting to find
a solution to a problem case X € P, n := | X| (except finitely many times): First, simulate £ on
{(X,1)} to obtain M = L({(X,1)}). Then, simulate M on all solution indices as inputs to get the
proof yX for X. This algorithm finds 3 in o(k(n)) + o(n * 1) = o(k(n)) time, contradiction.

O
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A.5 Algorithmic learning in the in-distribution setting

The underlying idea of this proof is to use one-way functions that are assumed to be hard even
when one sees many examples. Such functions are known from cryptography. By using public-key
cryptography we enable an attacker to simulate our learning setting which then allows us to show
that this learning setting cannot be successful easily while we make sure, the setting is principally
learnable [49]. For more elaborate motivations, we refer to this work.

Assumption is a standard assumption about cryptography being safe.

Assumption A.8 (Randomized RSA is CPA Secure). Let pk, pk~! denote an RSA encryption scheme
with padding the plaintext with zeros and random bits before encryption. Assume that this encryption
algorithm is CPA secure.

Theorem A.9. Ler k(n) be any polynomial function. Assuming Assumption there exists a
randomized concept class C containing exactly one concept C,, per n € N, with applications
(T¢, E¢) (i.e. train and test datasets) where T and E¢ are drawn from the same distribution, with
the following properties:

 There is a learning algorithm that can learn each concept from a single sample.

e For any learning algorithm L and any n, L will either have negligible (in n) probability

of learning concept C,,. Otherwise, M = L(1¢, ) needs Q(@) computation time on a
sample in Ec_, or L needs Q(k(n)) computation time to learn.

Proof. Let us denote it by pk, pk—! our randomized RSA encryption scheme. For each n € N, we
now build one concept:

First let s € {0, 1}" be the randomly chosen secret for pk, pk~—!. We define:

Uy = {(x,pk(x), pk)|= € {0,1}"} A3)
U_ = {(y,pk(z), pk)ly € {0,1}", 2 € {0, 1}"} \ Uy “)

where m denotes the ciphertext size of pk. Note that the encryption is randomized and U contains
all combinations pk(x) for the random bits. We define f,,(¢) = 1ife € U and f,(e) = 0 if
e € U_. The concept is now (Uy U U_, f,,n). Let us fix some constant size for T,,, F,, each
(one is sufficient). Each sample in 7}, and F,, is drawn with probability % from U} u.a.r. and with

probability % from U_ v.ar.

With C being defined, let us construct the learning algorithm £* learning from one sample. Let n be
fixed and sample 7, F,,. L* chooses an arbitrary sample (x, pk(x), pk) and brute-forces the secret
key d of the RSA encryption scheme. Note that this key is unique given the public key information
pk. L£* now builds an algorithm M for the form:

* M(z,c,pk) = 1iff the decoding of ¢ is  and 0 otherwise

* On all other inputs, M can implement any algorithm (e.g. some pre-trained knowledge).

Note that those operations are efficiently doable, much faster than breaking the RSA secret key.

Now to the second part: Let k& be any polynomial function and fix some n. Assume there is a
learning algorithm £ and assume that it learns the concept C,, with non-negligible probability in n.

Further assume that £ needs o(k(n)) time and M = L(T¢, ) spends o(@) for each sample s € Ep.
Then, we can break RSA encryption in polynomial time: Let our encryption-breaking algorithm £
be given a public key configuration (including n). It samples a training dataset 7' with the public
key. Then it simulates £ on it and obtains M = L(T'). For the IND-CPA game, it chooses words
mgo # my randomly and gets the (randomized) encryption ¢ of one of them back. £ sets {(mq, ¢, pk)}
as the test set. £ now computes the answer by simulating the trained model and choosing my if
M((myg, ¢, pk)) = 1. This will give £ non-negligible success probability for the IND-CPA game in

polynomial time, contradiction.
O
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A.6 Proof of the corollary[A.7]

Corollary. Let k € K. Then there exists a concept class C with applications T¢, E¢ such that:

* Any constantly memorizing learning algorithm L learning on an (arbitrary) augmented
dataset T, generated by a generator T, = G(1¢) with G running in time o(k(nc)):

If 2E(ne) = O(IC(HLCC)), then L needs Q( k(n C))) many samples to learn each concept
C= (U07fC7nC> cC

» There exists a learning algorithm L* learning each concept from a single sample with
S —
z¢ (ne) = O(ne).
Proof. Letus fix k € K and define our concept class C with applications E¢, T¢ as given by Theorem
A
The second part follows immediately by Theorem[A.3]

The first part: Let £ be a constantly memorizing learning algorithm £ with a generator GG. Assume

that 2& (nc) = of k("C)) and, £ learns with |T}| = (ZIZ(E'C))) Then by Deﬁmtlon | there exists a

constant B such that for every C € C, £ runs in time:

B |Ty| + Ze < B |Ty|  2E(ne) = o( 2575 * 2 (ne)) = o(k(nc)).

2E(n

Therefore, we can summarize that G runs in o(k(n¢)), £ runs in o(k(n¢)), and M = L(T}) runs in
2E(ne) = o( 52 k("C) ). This can’t be, as Theorem states that we need more computation time. [J
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B Specifications of PEN, PERM, HSS, and MUL

B.1 Properties of the sub-task definition

In this Appendix section, we expose more details about our definition of the set of sub-tasks S and
the properties that it shows. In particular, we characterize it through different angles, namely:

atomicity: each sub-task is an atomic unit roughly corresponding to a basic block of
operations in the equivalent procedural programming language.

minimality: among all the possible definitions of sub-tasks, we define S to be the minimal
set of sub-tasks, where every primitive operation is made observable in exactly one sub-task.

usefulness: the defined set of primitives is useful to learn the compositional task. We
validate this in our experiments on task de-composition (Section @]), which shows that
the model learns and compose the given set of primitives when it is trained on the full
compositional task.

uniqueness: by imposing independent observability on the different primitives, we can relax
the constraint on the bijection between primitives and sub-tasks, allowing for sub-tasks that
contain more than a single primitive. As a result, the definition of S is not unique. However,
this does not undermine the validity of the investigation, since we are measuring a relative
phenomenon. The inefficiency of Transformer-based language models that we observe is
always relative to the considered set of chosen sub-tasks. However, considering all the
properties above, we speculate that similar results could be also measured for alternative
definitions of the sub-tasks set S.

B.2 Details on the PEN task

In addition to the task description in Section E], there are some additional constraints, visualized in

Figure[B.5}

1.

The (yellow) neighbors of the green chain build a chain themselves, starting at the second
word in the sequence (i.e. the first yellow word).

. The full sequence is at least double the length of the green matching sequence. With all

other ’free’ green words, we build another matching sequence starting at a random “free”
green position (we call it the “free” matching sequence, see the blue arrows in Figure[B.5).
This is important because then the model cannot easily tell apart the green positions of the
correct matching sequence with the green positions of the “free” matching sequence without
either matching all green tokens from the start or looking at the answer words and starting
matching from their left neighbors.

. Each yellow word next to a true green matching word (except the terminating word in the

yellow matching sequence) has a doppelganger (which we also call attention trap) next to
a “free” green word. We add this to “confuse” the model: since the model learns to match
words to words, it could be tempted to match yellow words, which would give it the wrong
order of neighbors. To make them distinguishable in the answer, we define the doppelganger
to match equally to the previous and next word but have a different “data” number in the
middle.

T R e U G

Figure B.5: Matchings of the yellow words: The (yellow) neighbors of matched green words build
a matching sequence themselves (in their own order) and have exactly one matching outside the
neighbors each (except the last yellow word in the order of the yellow sequence, which has no
matching). Therefore, each yellow neighbor except the last matches to two words in the sequence.
The blue arrows are over the remaining green positions (which are not part of any answer), which
also build a matching sequence. Those additional constraints remove shortcut solutions.
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Start

PE's neighbor (PEN) Answer: { xyswy |

Figure B.6: How a language model with next-token-prediction can solve the PEN task. Take the most
recent word in the answer, find its left neighbor (“left”), find the match (“match”), and retrieve its
right neighbor (“right”). This corresponds to the sub-tasks RCpy (e.g., in this task, the model has to
find left neighbors), PE, and Cpy. The data efficiency in de-compositionality (see Tables [C.10} [C.TT)
provide some evidence that this is the natural way a model solves the task when being close to 100%
performance and without being trained on the sub-tasks.

C Training experiments details

C.1 LLaMA training hyperparameters

We use a batch size of 384 samples, which corresponds to ca. 250 K tokens per batch for the PEN
task and 50 K for the PERM task. Our 150 M parameter model contains of 12 layers and a hidden
size of 1024. The learning rate is 10™%, as in the original paper [2].

C.2 Details on the discrete solver of the PEN Task

Our discrete learning algorithm which can learn the PEN task from a single example is a 2-gram
model over 11 words resulting in 121 parameters with 8 values each. This results in a search space of
size 1.9 * 10199, Each value is an action function that manipulates the current word in the forward
pass of the model (at the beginning of the forward pass it is set to “error””) and gives back one of the
11 action outcomes. The last two action outcomes (initially (BOS,BOS)) result in the next 2-tuple
determining the next discrete parameter. As this execution could loop or run over many parameters,
we limit the depth to 12. The actions and their outcomes are:

e EOS: retrieves the eos constant (outcome: EOS)

* LAST-OUTPUT: retrieves the last output word (or the start word if it is the beginning of the
answer) (outcome: LAST-OUTPUT)

e MATCH: matches, if there is no next match, this will return error (outcome: MATCH)

* LEFT: get the left neighbor of the current word (outcome: LEFT)

* RIGHT: get the right neighbor of the current word (outcome: RIGHT)

* IS-START: is it the beginning of the answer (outcomes: IS-START-TRUE, I1S-START-FALSE)

¢ IS-ERROR: is the current state error (outcomes: IS-ERROR-TRUE,IS-ERROR-FALSE)

* OUTPUT: output the current word (outcome: OUTPUT)

* For an entry point we define an additional action outcome: BOS
The search algorithm uses a simple hill-climbing heuristic with restarts towards getting as many
answer words in the sample right as possible. To search more effectively, we add a penalty to changing

the same parameter over and over. The most challenging part of our novel pointer execution tasks is
to learn the left-match-right structure, which is easily found by this algorithm.
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C.3 Accuracy tables

The numbers are visualized in Section @] Each row in the tables [C.2} [C.3|[C.4} [C.3] [C.6] and [C.§]
corresponds to one run with the respective data mix.

s o & & e L&
SRR R R SR R e
Model Number of samples (in thousand) Accuracy at convergence

20 20 60 100 100 1.00 1.00 099 091 0.00
LLaMA 20 20 60 100 500 1.00 1.00 1.00 0.99 0.93
150 M 20 20 60 100 750 1.00 1.00 1.00 0.98 0.95

20 20 60 100 1000 1.00 1.00 0.99 099 0.97

Table C.2: Performance of LLaMA on in-distribution test samples of the Pointer Execution’s neighbor
(PEN) task and its sub-tasks. Training is until convergence. We used the standard language modeling
loss on every next token in the input, which performed best. The best validation performance is taken
for each task separately. As shown, while models learn all sub-tasks Cpy, RCpy, and PE very well, on
the PEN task (which is a composition of the sub-tasks Cpy, RCpy, and PE) they need much larger
amounts of data than on any of the sub-tasks. This observation makes hypothesis H4 most plausible
for PEN.

PEN PEN

Model # samples Accuracy at
(in thousand) convergence
300 0.00

LLaMA 500 0.74

150M 750 0.98
1000 0.98

LLaMA 28 M 300 0.98

auxiliary loss

Table C.3: Results of LLaMA models trained only on the Pointer Execution’s neighbor (PEN) task.
Compared to Table[C.2] we observe that the model does not seem to systematically profit from the
compositionality given there.

3>

& & & Q@@\ ¢ & & &
Model Number of samples (in thousand) Accuracy at convergence

40 40 150 150 1.00 1.00 0.99 0.25

40 40 150 230 1.00 1.00 0.99 0.30
1L5Loa11\\/1/[A 40 40 150 1000 .00 1.00 1.00 0.74

40 40 150 1500 1.00 1.00 1.00 0.91

40 40 150 2000 1.00 1.00 1.00 0.91

Table C.4: Performance of LLaMA models on in-distribution test samples of the Pointer Execution
Reverse Multicount (PERM) task and its sub-tasks. Similar to Table @ we observe that although all
sub-tasks are learned perfectly by the models, their composition does not learn fully until including
an almost 10-fold increase of the data needed for all sub-tasks together, making hypothesis 4 most
plausible for this task too.
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PERM PERM

Model # samples Accuracy at
(in thousand)  convergence
500 0.21

LLaMA 1000 0.68

150M 1500 0.65
2000 0.98

Table C.5: Results of LLaMA models trained only on the PERM task. Compared to Table we
observe that the model does not seem to systematically profit from the compositionality given there,
similar to PEN.

SSE  HSS SSE HSS

Model samples (in thousand) Accuracy at convergence
25 25 1.00 0.68

LLaMA 25 50 0.99 0.85

150M 25 100 0.99 0.95
25 200 0.99 0.99

Table C.6: Performance of LLaMA models on Highest Subsequence Sum and Highest Subsequence
Execution. Hypothesis H,4 is the most plausible.

HSS HSS

Model # samples Accuracy at
(in thousand) convergence
25 0.67

LLaMA 50 0.84

150M 100 0.95
200 0.99

Table C.7: Performance of LLaMA models only on the Highest Subsequence Sum task.
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bMUL ADD MUL DMUL ADD MUL

Model samples (in thousand) Accuracy at convergence
10 190 200 1.00 0.99 0.65
LLaMA 10 190 400 1.00 0.99 0.68
150M 10 190 800 1.00 0.99 0.74
10 190 1600 1.00 0.99 0.77

Table C.8: Performance of LLaMA models on Digit Multiplication (DMUL), addition (ADD), and
multiplication (MUL). Hypothesis H4 is the most plausible.

MUL MUL

Model # samples Accuracy at
(in thousand) convergence
200 0.56

LLaMA 400 0.63

150M 800 0.78
1600 0.77

Table C.9: Performance of LLaMA models only on multiplication (MUL).
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C.4 Performance of LLaMA on decompositionality

In Tables [C.10]and [C.TT| we include more details results about experiments on decompositionality
with LLaMa.

PEN PEV
Pretraining .. Finetuning . .
Model samples ircectlrl?;;mg samples iﬁf&?;mg
(in thousand) y (in thousand) y
1000 0.98 2 0.48
1000 0.98 8 0.92
A 1000 0.98 12 0.93
SOM 1000 0.98 25 0.97
1000 0.98 50 0.99

Table C.10: Performance of LLaMA models pre-trained on Pointer Execution’s neighbor (PEN), and
after finetuning on Pointer Execution Verbose (PEV) until convergence (i.e., PEN—PEV). We observe
that decompositionality significantly improves data efficiency compared to training a model on the
finetuning task from scratch. At the same time, however, for learning the task to full performance,
it still seems to need more than a low constant number of demonstrations (> 50 K), making the
‘H1-equivalent (i.e. “A Transformer language model learns a decomposition with a constant number
of samples") rather implausible for decompositionality as well.

PERM PE

Pretraining .. Finetuning . .
Model samples ll:rcect;arl:(l:mg samples ilélceutrgng

(in thousand) y (in thousand) y

2000 0.98 1 0.80

2000 0.98 3 0.96
rrania 2000 0.98 5 0.97

2000 0.98 10 0.98

2000 0.98 20 0.99

Table C.11: Performance of LLaMA models pre-trained on Pointer Execution Reverse Multicount
(PERM), and after finetuning on Pointer Execution (PE) until convergence (i.e., PERM—PE). As
shown similarly in Table [C.10} decompositionality significantly improves data efficiency compared
to training a model on the finetuning task from scratch. For learning the task to full performance,
however, it still seems to need more than a low constant number of demonstrations (5-20 K), making
the #1-equivalent “A Transformer language model learns a decomposition with a constant number of
samples" rather implausible for decompositionality.
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C.5 Model ablation: Performance of UT-style LLaMA on PERM

We ablate a variation of our model architecture based on the Universal Transformer (UT) Csordas et al.
[61] and the more recent Hyper-UT [17]], for both of which there is evidence of better compositional
generalization than the original Transformer. For instance, a UT-style transformer displayed good
performance on compositional tasks like SCAN Csordas et al. [61]. The model based on UT reached
a similar performance as the original LLaMA model, i.e. a behavior that could be classified in H4.
We then also experimented with a Hyper-UT-style LLaMA, based on the aforementioned Hyper-UT
work [[17], in which each layer selects its weights from a common weight embedding pool to realize
a parameter-efficient model. This model consistently achieved a lower accuracy compared to LLaMA
on a large set of small algorithmic tasks. Thus, we chose not to systematically explore its performance
in a more challenging compositional algorithmic setting. The results are shown in table|[C.12] The
hyperparameters used to train the model are the same as the ones used for the standard models (see

Appendix [C.T).

& ® Q@@ & &
Model Number of samples (in thousand)  Accuracy at convergence
40 40 150 150 1.00 0.99 0.93 0.26
40 40 150 230 1.00 099 098 0.29
A 40 40 150 1500 100 1.00 1.00 0.98
40 40 150 2000 1.00 1.00 1.00 0.99

Table C.12: Performance of LLaMA with weight sharing across all transformer layers on the PERM
task and its sub-tasks. We see similar results compared to Table i.e., hypothesis H4 is most
plausible for the PERM task on this model.
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D Prompting experiments details

D.1 Input sequences tokenization

Unlike open-source models, such as the LLaMa, closed-source LLMs do not allow to customize the
tokenization process. Hence, tokenization could potentially represent a major confounder for our
prompting experiments. If fact, an erroneous mapping between words and tokens would inevitably
undermine the ability of the model to correctly perform matching operations in the input sequence,
making it impossible to successfully reconstruct the correct path in pointer execution tasks. In this
Appendix section, we provide more details on a set of control experiments that were designed to
ensure that this phenomenon did not play a role in our empirical evaluation.

As a preliminary step, we ablated in our experiments different strategies to structure our input
components. However, we found that alternative designs for the tasks structure (e.g. LL-N-LL, where
L represents a lower-case Latin letter and N a one-digit number) were always detrimental for the task
accuracy compared to the current sequence design (i.e. LLNLL). To ensure that the input sequences
of our pointer execution tasks were effectively tokenized as expected, we run some quantitative
experiments with GPT-4’s open-source tokenizer (tiktoken). Unfortunately, we could not find an
open-source tokenizer for Gemini-Pro; the available token counter only provides limited information
about the actual tokenization.

Analyzing the GPT-4 tokenizer results, we found that the digit delimiter ensures safe splitting within
a word in 100% of the samples, i.e. LLNLL always yields [LL, N, LL]. Additionally, we observed
that 13.2% of the 2-grams were split into two different tokens (e.g., bq is tokenized to b and q),
which may affect the attention mechanism. As an additional experiment, we removed these 2-grams
from the dataset. However, removing the “splittable” 2-grams did not result in an improvement of the
performance (the accuracy decreased from 0.19 to 0.05 on PEN) when using the best-performing
prompting technique with GPT-4 (Code Interpreter).

D.2 Natural-PEN

We additionally designed a natural variation of the PEN task, dubbed Natural-PEN, where we replaced
the synthetic 2-gram sequences used for the matching in the original tasks with 3-gram, in-distribution,
natural English words. Natural-PEN inherits a similar structure of the components from the original
PEN task, WNW, where W in this case are 3-characters English words. In practice, we filtered all valid
3-gram words from Scrabble{ﬂ that were translated to a single token when using GPT-4’s tokenizer.
This gave us a set of 707 words (out of the original 1338 words). Similar to the experiment in
the previous paragraph, we find that the GPT-4’s performance using the best prompting techniques
does not improve on this in-distribution, natural English words, yielding even a lower accuracy on
Natural-PEN (Table [D.T3).

Setup Termination acc. Match acc. Task acc.
Few-shot CoT 0.50 0.27 0.00
Few-shot CoT, no traps 0.20 0.29 0.00
Code Interpreter 0.05 0.10 0.05

Table D.13: Result of GPT-4 on the Natural-PEN task.

D.3 Many-shot prompting

We additionally ablated the number of shot provided to the LLMs to perform in-context learning.
We increased the number of shots from 8 examples up to 32 examples (64 did not fit into the 8k
context window of the old GPT-4 version we are benchmarking). However, we did not observe any
performance improvement, as reported in Table[D.14]

*https://scrabble.collinsdictionary.com/word-1lists/three-letter-words-in-scrabble
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Model PEN PERM

GPT-4g shots 0.12 0.04 0.00 0.12 0.37 0.06
GPT-43) shots 0.16 0.06 0.00 0.36 0.59 0.00

Geminig shots 0.05 0.03 0.00 0.08 0.04 0.04
Geminiz) shots 0.15 0.20  0.00 0.32 0.05 0.00

Table D.14: Ablation on the number of shots used to do in-context learning in PEN and PERM,
for both GPT-4 and Gemini. In particular, the number of shots is increase from 8 examples to 32
examples. Despite increasing the partial metrics, providing more shots does not improve the overall
task accuracy in both PEN (same, 0%) and PERM (the accuracy goes to 0% for both models).

D.4 Prompting OpenAl ol-preview

In this section, we include further results with the newly-released model from OpenAl, 01-previewﬂ

specifically trained to tackle complex tasks in science, coding, and math. The results are reported in
Table

&
]
"\\é\ (bc,c"
S S S q;\\OQ &
SN &S S & o7
CF S W
Task  Prompt Setting ol-preview
v 83 0.14 0.05 0.00
PEN v v 77 0.86 0.86 0.70
v v v v 41 098 1.00 0.85
v 8 0.24 0.22 0.10
PERM v Vv V 64 0.82 0.94 0.71
v v v v 47 094 090 0.90

Table D.15: Results of ol with various prompt settings. While ol-preview cannot infer the task from examples
only, it achieves much higher accuracy when given a description of how to perform the task. Our hand-crafted
step-by-step solutions achieve higher accuracy than the solutions that o1 finds when asked for Chain of Thought
(CoT) only.

*https://openai.com/index/introducing-openai-ol-preview
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D.5 Prompt examples

In this section, we include some exemplary prompts that were used in the PEN and PERM experiments
with pre-trained LLMs. We start with the vanilla few-shot (8) prompt, shown in Table

EXAMPLE: xv ke vu7bh sb0fz xy5ih eo7sf ay7of xd3nj zs7bt eolsf jn6yc xd5nj od3nk br2ny yc2pr IsSsg nvlzs sb5fz uy7vu sflzv bhoia sg5dg ux6oc zv4xd yalyk
br5ny wedxy keSfm jwldx ny7sb wq2mm fz6eo nk2nv sf5zv pr3ya fzdeo ykOdk fm4br oc4we njOls ihluy di7fw mm2pq zv7xd of 7wq nj4ls xv7gn 1s6sg dxOux vz7uc
ah7o0d sg4dg sn2jw ae5ce ia7jn zw4ed btSay fm6br pqokw ny3sb gndah keOfm

ANSWER: ke 1s6sg keOfm sgddg br2ny sf5zv sb5fz eolsf fm6br xd3nj njdls fz6eo zv7xd ny3sb

EXAMPLE: wk qp 1d2ki It1ui te3ob et4mm ss1hi 1tOui ki3ay ad2dh zkl1cc cl6lt zz3zs clllt hi3ct apdys sflsz bedyh ctdgf gnSap mt5zd mmSgn srlne yh3et upOvl lu2cl
nolps ys3lu vmé6us etobmm us4ha qplad zd6sf dh7bc ps3ld bebyh svSch ad4dh ge4hd mm6gn haOge dh3be vI3mt ys4lu ob2zk gpOad wk7zz luOcl ch7up ac2hh nelte
qo4qz cc2rp gx2yq xv3vm gndap rp2ss sd5gc zséno yh4et tI7sv xs5jm szOsr ww Irb ay6xv ap2ys
ANSWER: gp luOcl cl11t yhdet ys3lu beoyh Itlui ad2dh ap2ys gn4ap etomm gplad dh3bc mmégn

EXAMPLE: fy kn fz2jy st6zr wk4hz zo3st gzOnt ri2ru dtOrh ridru kqoOlt stOzr pp3da ru2io IwOvk zolst sx5xe ej2sj erlfz kn2ej fd2pp ej6sj mc7gs io0zo si4lp nsljr xe6bnb
zn5ns vk4fd sj0im 1t7lw kndej nbOlg sj2im 1g0qi rubio gs7yf zr3zn jylwk imlri fySer ns7jr qiSdt iolzo yf7gz zn4ns nt6do iméri Ipé6mc mk2ym do2kq zh3vh ox5si
fkOsk hz3sx zr2zn

ANSWER: kn ns7jr kn2ej st6zr im1ri zo3st zr2zn ej2sj znSns sj2im ru6io iolzo ri4ru

EXAMPLE: xr ql hg6za coOgt yvémd sk5zi xr3kq ziOco zl4om mc7ha gy3ej xjOqp ud2hq haOkm yu7xa gténb rb4mi xj4qp li3ib kmlcf 1j2ek qp6sk ib4dv haSkm fc5gy
gx1xd om7hb tx1mc alOlw gt4nb lw5fc xd6nj ek1tr nb5tx rz3yv gl1xj xudit kmOcf miSvo gx5xd xalin xd7nj vo6xz tx6me dv4al co6gt kq2li sk6zi trlzl cf7gx mdOje
mc4ha hh7rz cf2gx gp7yu zi2co jeOgp nbOtx in2rb qpOsk it7hh 1gdcl ej6lj qlOxj xzOud sa2sc

ANSWER: ql ziOco sk6zi km1cf ha5km co6gt gt4nb xd6nj gx1xd xjOqp qlOxj gp6sk nb5tx cf7gx mc7ha txImc

EXAMPLE: bn xy fvéwc tnOjp sk2gb vy7mw od1hf jubvs xflkc xy6zn ueOdr zn7vy ya5tv Is4tn gb2km tn6jp yw6yn zn6vy pcSyw jpdvc aférc mw7ls hf4dom mw5ls
kcdwt vv7ju hk3hn vy4mw hn3af ve3vv wtépe ve6vy ynlsm Is2tn pe4pq jk3gb km7ep zv5gv om4vk mb7mz dr7hk jpOve ep2pe isSie sm2sk th7ba vz3ya julvs wc2ue
xy2zn at5xd wq2wv bn5vz vv4ju vk3at grOxr xd2xf up2vq

ANSWER: xy vv4ju julvs Is4tn tnOjp xy2zn zn7vy jpOve vy4mw ve3vv mw7ls

EXAMPLE: kt nn fz2kv rvéwb kh6vu jsdwk et71x zkOsb ie3zb wb6mx vuSet nn7zx zb6zn pp3js kv4hk gtérv bfdvr mx3zk sv5ok zk6sb gklrx ppljs vgSkh wk5gt vr3fz
zx2pp zudac nn3zx qe6rl gtdrv ac2tp rv5Swb kt6zu sbdic hk2xe sblic rx1xm mx6zk zn6vg az3vp xm4qe zxOpp dm1lt hl4li okOja wk3gt be6bf t12eb jn7dm ve3jl Itlbe
tgSgp tpbsv wb4mx xebie ot2pj jabgk js7wk

ANSWER: nn sb4ic nn3zx rvSwb wb4mx zk6sb wk3gt js7wk ppljs mx6zk zxOpp gtdrv

EXAMPLE: pq gg vsldy crdyf xtSkz gglgn tg0fn gndcr pq4jj telts ghOek yf2te sk2al tedts j13xi cr3yf ublzh ts71h tp2vb ex4px kz2kn gn3cr ez7up ggdgn dn2ez jmdex
eklsz IhOeu kn5cg jmé6ex jjSfp yf3tc ilSwn eu3jm bdSfc ex7px wnSyw irOxf fc3vs lhleu fpObd eu2jm fn6jl padzf zhdku ep6jf dy4xt ts6lh veSsk dvsSnw sz2ub di7yp
vb2dn tkOas kuOkm mw7mx kmOtp hi3pl bg4il nl1hv xiObg kk2ao alltg dx2ca up4vc ruOdc

ANSWER: gg tclts yf3tc eu2jm ex7px Ihleu crdyf ts6lh gglgn gn3cr jmbex

EXAMPLE: if xe gwOis z15jz if2mv waS5xs vs1st nz2wc ox0qgs ko5xq xj4ue ko3xq hx7ym ca6zl isObf xq6ed gs7ga xsOyg mv5ox ca5zl bgObk xqled ry2gw rt7ca bf71x
xelwa ym3vs xs7yg gslee wcbeb pebag ed3nz xnddt z17jz onboc xe7wa psOxj yg7ko st5ps cb2rt ag3xn we2cb bk7hx rt2ca eelry cb4rt radon wa2xs Ix7az edOnz dtlra
be3hb rcdgs nz5we az7rc ygOko ue2pe ordfg

ANSWER: xe wa5xs caSzl ko5xq wcbcb cbdrt rt7ca z15jz xq6ed xelwa edOnz ygOko nz5wc xsOyg

YOUR QUESTION: vq sk zg5gr ne7vc co7o0s hcbev pg3ss dpdje vq3sx puOdp wn2co vebhe dwSvy nebve vyOoe gp6zm kalrw velhe tzSmx je3hy ab2pq pu7dp oe3ka
onSis If1ju hy6gp grSjp gp5Szm o0s2dq skéne dq7cn onOis juOqq cv2on mx Imb isOpu sx1wn cvlon rw4sz jebhy jpltz dpOje iollf isdpu ssSdw sk2ne sz4ij hclcv ggbab
ukOaf cndzg hy2gp

Clearly mark your answer by writing *Answer: <your answer>" as last line.

Table D.16: GPT4 and Gemini prompt for Pointer Execution’s Neighbor (PEN) task with only
few-shot examples of the task. The tasks are encoded so that every word start and word end of a word
in the input are encoded as separate tokens, so a model can pattern-match the respective token to do
the matching operation.
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Then, we introduce a natural language description of the task, prepended before the examples of the
task, as shown in Table[D.17}

I give you a sequence of words. Each word has four characters plus a middle, words are separated by spaces. Start with the leftmost word.
Output its neighbor. Then, match the last two characters of the current word (i.e. not the neighbor) to the word starting with those two characters.
Again, output the neighbor. Do this until your current word (not the neighbor) has no match anymore.

EXAMPLE: xv ke vu7bh sb0fz xy5ih eo7sf ay7of xd3nj zs7bt eolsf jn6yc xd5nj od3nk br2ny yc2pr Is5sg nv1zs sb5fz uy7vu sflzv bhéia sg5dg
ux6oc zv4xd yalyk brSny wedxy keSfm jw1dx ny7sb wq2mm fz6eo nk2nv sf5zv pr3ya fzdeo ykOdk fm4br oc4wc njOls ihluy di7fw mm2pq
zv7xd of7wq nj4ls xv7gn Is6sg dxOux vz7uc ah7od sg4dg sn2jw aeSce ia7jn zw4ed btSay fm6br pqokw ny3sb gn4ah keOfm Answer: ke 1s6sg
keOfm sg4dg br2ny sf5zv sb5fz eolsf fm6br xd3nj nj4ls fz6eo zv7xd ny3sb

<7 MORE EXAMPLES>

YOUR QUESTION: vq sk zg5gr ne7vc co7os hcoev pg3ss dpdje vg3sx puOdp wn2co vebhe dwSvy nebve vyOoe gp6zm kalrw velhe tzSmx
je3hy ab2pq pu7dp oe3ka onSis If1ju hy6gp grSjp gp5zm o0s2dq skéne dq7cn onOis juOqq cv2on mx1mb isOpu sx1wn cvlon rw4sz jebhy jpltz
dpOje io11f is4pu ss5dw sk2ne sz4ij hclev qqbab ukOaf cndzg hy2gp

Clearly mark your answer by writing ’Answer: <your answer>’ as last line.

Table D.17: GPT4 and Gemini prompt for Pointer Execution’s Neighbor (PEN) task with few-shot
examples of the task and a task description.

On top of this, we also add a request to reason step-by-step (CoT), as shown in Table[D.T8]

I give you a sequence of words. Each word has four characters plus a middle, words are separated by spaces. Start with the leftmost word.
Output its neighbor. Then, match the last two characters of the current word (i.e. not the neighbor) to the word starting with those two characters.
Again, output the neighbor. Do this until your current word (not the neighbor) has no match anymore.

EXAMPLE: xv ke vu7bh sb0fz xy5ih eo7sf ay7of xd3nj zs7bt eolsf jn6yc xd5nj od3nk br2ny yc2pr 1s5sg nv1zs sb5fz uy7vu sflzv bhé6ia sg5dg
ux6oc zv4xd yalyk brSny wedxy keSfm jwldx ny7sb wq2mm fz6eo nk2nv sf5zv pr3ya fzdeo ykOdk fm4br oc4wc njOls ihluy di7fw mm2pq
zv7xd of7wq nj4ls xv7gn Is6sg dxOux vz7uc ah7od sgddg sn2jw ae5Sce ia7jn zw4ed btSay fm6br pqokw ny3sb gn4ah keOfm Answer: ke Is6sg
keOfm sg4dg br2ny sf5zv sb5fz eolsf fm6br xd3nj nj4ls fz6eo zv7xd ny3sb

<7 MORE EXAMPLES>

YOUR QUESTION: vq sk zg5gr ne7vc co7os heoev pq3ss dpdje vq3sx puOdp wn2co vebhe dwSvy nebve vyOoe gp6zm kalrw velhe tzSmx
je3hy ab2pq pu7dp oe3ka onSis If1ju hy6gp gr5jp gp5Szm o0s2dq skéne dq7cn onOis juOqq cv2on mx1mb isOpu sx1wn cvlon rw4sz jebhy jpltz
dpOje iol1f is4pu ss5dw sk2ne sz4ij hclev qgbab ukOaf cndzg hy2gp

Reason step by step. Clearly mark your answer by writing *Answer: <your answer>’ as last line.

Table D.18: GPT4 and Gemini prompt for Pointer Execution’s neighbor task with a task description,
few-shot examples of the task, and a request to reason step-by-step.

We ablate the latter with a variation from Yasunaga et al. [28].

Your task is to tackle algorithmic problems. When presented with an algorithmic problem, recall relevant problems as examples. Afterward,
proceed to solve the initial problem.

# PROBLEM: I give you a sequence of words. Each word has four characters plus a middle, words are separated by spaces. Start with the
leftmost word. Output its neighbor. Then, match the last two characters of the current word (i.e. not the neighbor) to the word starting with those
two characters. Again, output the neighbor. Do this until your current word (not the neighbor) has no match anymore.

SEQUENCE: 0j ce rm3eo in7ds uyOaz ds4ki hkSwo ee4bs hhSve sl4in yl3om ce4qu wv4gq ds3ki mj7wv sl0in gq4kj zk2sl lulnt in3ds ntOye
ki7ee oi7mm kidee sj7rg bs3fw mp6je ce2qu woOmj qubei zy7ou ei2zk vedmp qu7ei jeOuy ee3bs eoSow gv5sv oulyl le3mz omOoa tq2zt rg5oi
op3jm tn6hk pv1lbp mm2tn zwObd xq3lu zk6sl az6xq bs7fw 0a0sj xv1js ow5zy yy2qb oj3hh eidzk

# INSTRUCTIONS:

## Relevant Problems:

Recall three examples of algorithmic problems that are relevant to the initial problem. Your problems should be distinct from each other and
from the initial problem (e.g., involving different numbers and names and instructions). For each problem:

- After "Q: ", describe the problem

- After "A: ", explain the solution and enclose the ultimate answer in \boxed{}.

## Solve the Initial Problem:

Q: Copy and paste the initial problem here.

A: Explain the solution and enclose the ultimate answer in \boxed{} here.

Table D.19: GPT4 and Gemini prompt for PEN with the prompting technique introduced by Yasunaga
et al. [28]].
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We further improved the level of help in the prompt by providing few-shot chain-of-thought examples
and sub-task few-shot chain-of-thought examples in Table [D.20]and [D.21] respectively.

I give you a sequence of words. Each word has four characters plus a middle, words are separated by spaces. Start with the leftmost word. Output its neighbor. Then,
match the last two characters of the current word (i.e. not the neighbor) to the word starting with those two characters. Again, output the neighbor. Do this until your
current word (not the neighbor) has no match anymore.

EXAMPLE: kt gu vv1vk xd4sp ra3kn fc6ed aq20a codwn wb7rr fldtg zclrk la7kb dilhn by3kj rk1fy zu6qf unénb fe6fw fb4wb gu3fl ug5fb wn2kz hnSvv qy2cp nb7di
ku6ah zh7qm oblco rréti hidob fylra Ic2sh oabbw nk3pr ti2aq kzInk kt2ug tglhi opOzc In0jz vk4op gk3ev bw4zh prdju

The leftmost word is "kt". Its right neighbor is "gu", so the first output word is "gu".

Now, we need to find a word that starts with "kt". The word is "kt2ug". Its right neighbor is "tg1hi", so the next output word is "tglhi".
Now, we need to find a word that starts with "ug". The word is "ug5fb". Its right neighbor is "wn2kz", so the next output word is "wn2kz".
Now, we need to find a word that starts with "fb". The word is "fb4wb". Its right neighbor is "gu3fl", so the next output word is "gu3fl".
Now, we need to find a word that starts with "wb". The word is "wb7rr". Its right neighbor is "fl4tg", so the next output word is "fl4tg".
Now, we need to find a word tha with "rr". The word is "rr6ti". Its right neighbor is "hi4ob", so the next output word is "hi4ob".
Now, we need to find a word that sf with "ti". The word is "ti2aq". Its right neighbor is "kz1nk", so the next output word is "kzInk".
Now, we need to find a word that starts with "aq". The word is "aq20a". Its right neighbor is "co4wn", so the next output word is "codwn".
Now, we need to find a word that starts with "oa". The word is "oa6bw". Its right neighbor is "nk3pr", so the next output word is "nk3pr".
Now, we need to find a word that starts with "bw". The word is "bw4zh". Its right neighbor is "pr4ju", so the next output word is "prdju".
Now, we need to find a word that starts with "zh". The word is "zh7qm". Its right neighbor is "oblco", so the next output word is "oblco".
There is no word that starts with "qm", so we are done with the matching.

Therefore the answer is: "gu tgl1hi wn2kz gu3fl fldtg hidob kzlnk cod4wn nk3pr pr4ju oblco”

<7 MORE EXAMPLES> YOUR QUESTION: jm cq nu7nr th6cc du5ij ki7am nrOad cq6th md4lk am4rw iu0lq bj7mu rp3ja rklcs od3dm se3vv iw1hz sidrf dd5du mu4of

wdOrt en2yt vwOal nbOir qp6do niOff rtOik sw2ji doSgn sh1bk kfOiu mm5mi ij2md cc4pq ad6dd rwOmm gnOrp oxSuc al2qp bolfq hz3wd lalrb dmSvw deOko jm7kf
mi5bj wrliw lu7lj 1q7nu pq3ki ik6od da5gp
Reason step by step. Clearly mark your answer by writing *Answer: <your answer> as last line.

Table D.20: GPT4 and Gemini prompt for the Pointer Execution’s neighbor task with few-shot chain
of thought (Few-shot CoT) examples and a description.

I give you a sequence of words. Each word has four characters plus a middle, words are separated by spaces. Start with the leftmost word. Output its neighbor. Then,
match the last two characters of the current word (i.e. not the neighbor) to the word starting with those two characters. Again, output the neighbor. Do this until your
current word (not the neighbor) has no match anymore.

EXAMPLE: xa wo rilky kg3vt kylpa mx6yl xa5fs yl6et cnOry wo7du vx2ot tu7il ailcn kgOvt ei7ex yllet gk2qm mx4yl otOob fd2mx snOag fy7gn cw7hz du3kg ciSvx
wobdu fs2ai et6fy pabew et2fy qm7gj dubkg xw6bn vt5fd bn7ei gn7tu zt7bl tulil ag2xw mo7kd bl3gk vt6fd hzOsn ntdvr obbri ez2bj ry7dd fy6gn wi2zt fdlmx dd1wi
gn3tu

First we find the matching sequence of words, then we find the neighbors.
The first word is "xa"

Now we need to find a word that starts with "xa". The word is "xa5fs".
Now we need to find a word that starts with "fs". The word is "fs2ai".
Now we need to find a word that starts with "ai". The word is "ailcn".
Now we need to find a word that starts with "cn". The word is "cnOry".
Now we need to find a word that starts with "ry". The word is "ry7dd".
Now we need to find a word that starts with "dd". The word is "dd1wi".
Now we need to find a word that starts with "wi". The word is "wi2zt".
Now we need to find a word that starts with "zt". The word is "zt7bl".
Now we need to find a word that starts with "bl". The word is "bl3gk".
Now we need to find a word that starts with "gk". The word is "gk2qm".
Now we need to find a word that starts with "qm". The word is "qm7gj".
There is no word that starts with "gj", so we are done with the matching.
Now we need to find the neighbors of the matched words.

The right neighbor of "xa" is "wo".

The right neighbor of "xa5fs" is "yl6et".
The right neighbor of "fs2ai" is "et6fy".
The right neighbor of "ailcn" is "kgOvt".
The right neighbor of "cnOry" is "wo7du".

The right neighbor of "ry7dd" is "fy6gn".

The right neighbor of "dd1wi" is "gn3tu".

The right neighbor of "wi2zt" is "fd1mx".

The right neighbor of "zt7bl" is "tulil".

The right neighbor of "bl3gk" is "vt6fd".

The right neighbor of "gk2qm" is "mx4yl".

The right neighbor of "qm7gj" is "du6kg".

Therefore the answer is: "wo yl6et et6fy kgOvt wo7du fy6gn gn3tu fdImx tulil vt6fd mx4yl dubkg"

<7 MORE EXAMPLES>

YOUR QUESTION: zg kt tm2wb sjlre Iglat pb4sx la3ve qd3wa scOiu my2sb wb6lg my1sb ug3ms zjlqd da2tm sx7sj xy6ny ktOdq ny7tn re4my os5xu sj2re txSkp dq3zp
yx5da sb2zj na3sc reSmy gsSna sb4zj lydqx qdOwa tn2ma dq6zp ma3gp zp3pb du2tx zj6qd fadly tz3cc vp3xy ry7ie vebgs pb7sx dolti owSyy atéuq yk3we gp7fa gg5eb
tiSvp cv0dh ms6do bzOut gx5Sbe jd3gb zg6os sx0sj iu6du ktédq xubla zp2pb bedoz ybovn oedyx 1i5fz

Reason step by step. Clearly mark your answer by writing *Answer: <your answer>’ as last line.

Table D.21: GPT4 and Gemini prompt for the Pointer Execution’s neighbor task with sub-task chain
of thought (Sub-task CoT) examples and a description.

34



In Table[D.22] we include the advanced sub-task few-shot CoT for the PERM task.

I give you a sequence of words. The last word (after the "I") is the word to start with. Now match match the last two characters of the current
word to the word starting with those two characters. If this match was going to the left, i.e. the matched word is left of the current word in the
sequence, increase a variable counting the number of left matchings. Do this until your current word has no match anymore.

Finally, output this sequence of words, in reverse order in the format word.x where x is the number of left matchings until the output word times
the number of matchings until the output word. Example answer: abcd.4 efab.1 ghef.0

EXAMPLE: kpOms ggOhy pkOtq goOey mfOkp ms0jd hl0go vuOvu vl0gg bn0Ovl arOpk tqObn jdOhl hyOjm eyOoy oyOmf gyOdo | arOpk
First, let’s enumerate the words:

1:kpOms

2:gg0hy

3:pkOtq

4:goley

5:mfOkp

6:ms0jd

7:h10go

8:vulvu

9:vl0gg

10:bn0Ov1

11:arOpk

12:tq0bn

13:jdOhl

14:hyOjm

15:ey0oy

16:0y0mf

17:gy0do

Starting with "arOpk", let’s match and calculate:

"arOpk" matches with "pkOtq". The word "arOpk" is 11th and "pkOtq" is 3th, so 1 left matches so far.
"pkOtq" matches with "tqObn". The word "pkOtq" is 3th and "tqObn" is 12th, so 1 left matches so far.
"tq0bn" matches with "bn0Ovl". The word "tqObn" is 12th and "bnOv1" is 10th, so 2 left matches so far.
"bnOv1" matches with "vl0gg". The word "bnOv1" is 10th and "vl0gg" is 9th, so 3 left matches so far.
"vl0gg" matches with "ggOhy". The word "vl0gg" is 9th and "ggOhy" is 2th, so 4 left matches so far.
"ggOhy" matches with "hyOjm". The word "ggOhy" is 2th and "hyOjm" is 14th, so 4 left matches so far.
There are no further matches for "hyOjm", so we end the sequence here.

Finally, we calculate the number of left matches times the number of matches for each word and get:
arOpk: 0*0=0

pkOtq: 1*1=1

tqObn: 1#2=2

bnOvl: 2¥3=6

vl0gg: 3*4=12

ggOhy: 4#5=20

hyOjm: 4*6=24

Thus, the answer is: "hy0jm.24 gg0Ohy.20 vl0gg.12 bn0Ov1.6 tqObn.2 pkOtq.1 arOpk.0".

<7 MORE EXAMPLES>

Your question: tb0Otb sz0sp 1sOtf vsOch ekOin zg0Oek utOsl spOsv umOls rh0sz hyOkt slOvs nhOut inOhy tfOum svOnh ktOzg nuOcb | rhOsz
Reason step by step. Clearly mark your answer by writing *Answer: <your answer>’ as last line.

Table D.22: GPT4 and Gemini prompt for Pointer Execution Reverse Multicount with description
and sub-task few-shot chain of thought (Sub-task CoT). This chain-of-thought makes sure that the
language model can easily execute all operations. In our experiments, for GPT4 to reliably determine
whether in which order two words occur in a sequence needed enumeration.

In Table[D.23] we include the prompt that was used for the code interepreter.

I give you a sequence of words. Each word has four characters plus a middle, words are separated by spaces. Start with the leftmost word.
Output its neighbor. Then, match the last two characters of the current word (i.e. not the neighbor) to the word starting with those two characters.
Again, output the neighbor. Do this until your current word (not the neighbor) has no match anymore.

EXAMPLE: bn oi fe6zt vj4ks yk3us fiomk loOox ydSpt dc2rk mk3vj wj2fe wkObm yo6kt ks5wk ox1yk wkébm gc7kj oilfi ah7ge ksOwk vg6ah
gv7yd asdvq bm3gv vs3ho vjOks kjOau yd6pt bn7dd mk2vj qg51x pt4xv ho7lo 0i5fi au7qg fi0mk zt3as nd4zd ktlvs gvOyd Ix2dc faOut ddSry
pt3xv ry7yo bmOgv ANSWER: oi mk2vj pt3xv bmOgv ksSwk gv0Oyd vjOks 0i5fi yd5pt wk6bm fiomk YOUR QUESTION: bc ek vq7ze pe7mu

vu5pf nulsb zg2uf vd5vn ep3qt ek20j ngbep ig7is bedsx is2nu sx3lq pe2mu 1q4o0 sblvd whOlw oj7ax qb2vq mud4xm hg6eu nuOsb pf3gb ax2pe
yh7bm sbOvd gz5vu vd1vn fa5sj oj0ax eu0zg ek4oj ze3gx xm3ig oo5Shq mu7xm bp7gz is7nu Iw3ng vi7ko sj3jq xm4ig xpOfa ax6pe gx3wh
qebtc uf5xp ig3is qtSyh rsSlk

Reason step by step. Then, use the code interpreter to solve the task. Clearly mark your answer by writing *Answer: <your answer>" as last line.

Table D.23: GPT4 prompt for the Pointer Execution’s neighbor task with code interpreter.
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I give you a sequence of words. The last word (after the "I") is the word to start with. Now match match the last two characters of the current
word to the word starting with those two characters. If this match was going to the left, i.e. the matched word is left of the current word in the
sequence, increase a variable counting the number of left matchings. Do this until your current word has no match anymore. Finally, output this
sequence of words, in reverse order in the format word.x where x is the number of left matchings until the output word times the number of
matchings until the output word. Example answer: abcd.4 efab.1 ghef.0

EXAMPLE: udOxg wpOmr yyOuo xgOyy srOmw pg0Oyg 0oq0zt mw0oq uo0Obt epOep rsOav btOoi 0i0ud mrOpg ocOwp avOoc tz0tb ygOtz tbOrs vkOsx
| stOmw

Starting with "srOmw", let’s match and calculate:

"srOmw" matches with "mw0oq". No left match, O left matches so far.
"mw0oq" matches with "oq0zt". This is a left match, 1 left matches so far.
There are no further matches for "oq0zt", so we end the sequence here.
Reversing the sequence and formatting it as per the instructions, we get:
0q0zt.2

mw00q.0

srOmw.0

Thus, the answer is: "0q0zt.2 mw00q.0 srOmw.0".

EXAMPLE: vsOep xvOtx meOxt xx0ds dsOre reOrm txOtg shOvs xtObw pfOss ghOsh epOme bwOxv rmOgh ssOpf khOof | xx0ds
Starting with "xx0ds", let’s match and calculate:

"xx0ds" matches with "dsOre". No left match, 0 left matches so far.
"dsOre" matches with "reOrm". No left match, 0 left matches so far.
"reOrm" matches with "rmOgh". No left match, O left matches so far.
"rmOgh" matches with "ghOsh". This is a left match, 1 left matches so far.
"ghOsh" matches with "shOvs". This is a left match, 2 left matches so far.
"shOvs" matches with "vsOep". This is a left match, 3 left matches so far.
"vsOep" matches with "epOme". No left match, 3 left matches so far.
"epOme" matches with "meOxt". This is a left match, 4 left matches so far.
"meOxt" matches with "xtObw". No left match, 4 left matches so far.
"xtObw" matches with "bwOxv". No left match, 4 left matches so far.
"bwOxv" matches with "xvOtx". This is a left match, 5 left matches so far.
"xvOtx" matches with "txOtg". No left match, 5 left matches so far.

There are no further matches for "txOtg", so we end the sequence here.
Reversing the sequence and formatting it as per the instructions, we get:
tx0tg.60

xvOtx.55

bwO0xv.40

xtObw.36

me0xt.32

epOme.21

vsOep.18

shOvs.10

ghOsh.4

rm0Ogh.0

re0rm.0

dsOre.0

xx0ds.0

Thus, the answer is: "tx0tg.60 xv0tx.55 bw0xv.40 xtObw.36 meOxt.32 epOme.21 vsOep.18 shOvs.10 ghOsh.4 rmOgh.0 reOrm.0 dsOre.0 xx0ds.0".
<7 MORE EXAMPLES>

YOUR QUESTION: IwOws gsOgs eqOeq yzOpt wsOlw umOqd eaOea tfOum dfOdf uoOtf fluo ptOyz poOec | fl0uo
Reason step by step, Clearly mark your answer by writing *Answer: <your answer>" as last line.

Table D.24: GPT4 and Gemini prompt for Pointer Execution Reverse Multicount with description and
fewshot-chain-of-thought we found to be similar to the chain of thought the model chooses naturally.
The Os in the input words are inserted to make sure, GPT-4 encodes each word start and word end as
one token and therefore can match more easily.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract describes testing LLMs on compositional tasks and describes the
most important results. It also mentions theoretical contributions. By describing the key
points of the paper, the scope is reflected.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

 The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It s fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer:[Yes]

Justification: The paper explicitly discusses the limitations in section[/|and tries to lay out
all information for critical reading.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

¢ The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]
Justification: The paper provides the proofs and assumptions in Appendix [A]
Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We provide extensive information to allow the replication of our experiments
in Appendix [B} Appendix[C] and Appendix D}

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We open source our code at https://github.com/IBM/
limitations-1lm-algorithmic-compositional-learning.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: Details on the training procedure of our models are included in Appendix [C.1]
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer:

Justification: To make our statements, a certain trend is shown (high data inefficiency).
Multiple runs could enhance the precision of our data points, but it seems irrelevant to our
main statements, showing trends of data inefficiency and is also handled this way in other
papers training LLMs from scratch.

Guidelines:

» The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.
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8.

10.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

¢ For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer:

Justification: This information is inferable by looking at our hyperparameter settings, e.g. in
and depends on the precise framework used (e.g. Pytorch Lightning), which we refer to
other resources.

Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, agree with
the NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: To the best of our knowledge, our work has no societal impact besides
advancing knowledge on compositionality in LLMs.

Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: To the best of our knowledge, our work has no societal impact besides
advancing knowledge on compositionality in LLMs.
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Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

* Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA] .

Justification: We work with randomly generated synthetic textual data which does not
contain any information which would make it susceptible to misuse.

Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?
Answer: [Yes]
Justification: We cite every work that contributed to our work.
Guidelines:

» The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.
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13.

14.

15.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]
Justification: The data generation hyperparameters are given, and the code is simple to use.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: We do not use crowdsourcing or human experiments.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: We do not use crowdsourcing or human experiments.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
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* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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