
000
001
002
003
004
005
006
007
008
009
010
011
012
013
014
015
016
017
018
019
020
021
022
023
024
025
026
027
028
029
030
031
032
033
034
035
036
037
038
039
040
041
042
043
044
045
046
047
048
049
050
051
052
053
054

Dissecting Hierarchical Reasoning Models: A Mechanistic Study

Anonymous Authors1

Abstract
Machine reasoning at present is largely performed
as a process of generating natural language reason-
ing. The Hierarchical Reasoning Model (HRM)
offers an alternative solution for reasoning in the
latent space. Despite strong reasoning perfor-
mance, the internal mechanisms that enable HRM
to reason remain underexplored. In this work,
we aim to mechanistically understand how HRM
reasons and what information it encodes via com-
parison against baseline models, causal interven-
tions, linear probing with directed ablation, and
sparse autoencoders for feature discovery. Our
analyses reveal key findings regarding the internal
iterative refinement in the latent space of HRM,
how HRM encodes information in its hierarchical
structure, and why standard interpretability tools
fail to understand HRM. 1

1. Introduction

Machine reasoning aims to equip a model with the capabil-
ity to derive conclusions, construct plans, or solve problems
whose solutions cannot be obtained through simple pat-
tern matching (Wei et al., 2023; Bubeck et al., 2023). It
has a wide range of applications in mathematical proofs
(Trinh et al., 2024), software development (Jimenez et al.,
2024), scientific discovery (Jumper et al., 2021), robotics
(Zhou, 2025), and complex problem solving in domains
like healthcare (Wang et al., 2025b), finance (Wu et al.,
2023), and logistics (Li et al., 2023). Recent progress in
machine reasoning has largely been driven by externalizing
the reasoning process as natural language (Wei et al., 2023;
Zelikman et al., 2022; Wang et al., 2023). Though effective,
reasoning based on natural language could incur a high com-
putational cost and generate an incorrect reasoning process
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due to generating an unnecessarily large number of tokens
that do not truly reflect the internal reasoning (Wang et al.,
2025c; Chen et al., 2025b).

Latent-space reasoning naturally emerges as an alternative.
Instead of verbalizing each intermediate step, a reasoning
model simply refines its continuous latent states directly
(Hao et al., 2025). Within this landscape, the Hierarchical
Reasoning Model (HRM) (Wang et al., 2025a) stands out.
It is hierarchical in nature, coupling two recurrent modules
at different timescales: a slow high-level state updated per
cycle and a fast low-level state updated multiple times per
cycle. Such a hierarchical nature is analogous to fast and
slow cognitive thinking (Murray et al., 2014) and makes
HRM empirically strong on reasoning tasks like Sudoku,
Maze, and ARC-AGI, using a small number of parameters
(27M parameters, trainable with modest compute).

Strong as it could be, the mechanistic understanding be-
hind the success of HRM remains unexplored. Existing
work partially addresses the gaps. Ren & Liu (2026) pro-
vides a mechanistic study of HRM and analyzes fixed-point
validations, grokking-dynamics, and PCA-based reasoning
modes, concluding that HRM makes structured guesses as
opposed to step-by-step reasoning. However, it does not
measure the contribution of either module, nor does it dis-
cuss the information encoded in the latent representations.
(Hao et al., 2025; Geiping et al., 2025; Shen et al., 2025)
performs studies in large transformer-based models with-
out any hierarchical structure like HRM. To date, three key
research questions still remain nascent:

• (RQ1) Which algorithmic strategy does HRM employ to
coordinate high-level state and low-level state for solving
reasoning tasks like Sudoku?

• (RQ2) What information do the latent representations
encode over reasoning steps?

• (RQ3) Are the decodable features from the activations of
HRM the same features that the model causally relies on
to produce a solution?

In this paper, we consider Sudoku as our main task. Su-
doku is well suited since it is easy to track the intermediate
progress toward a solution with verifiable correctness. We
conduct extensive analyses via (1) baseline comparison over

1

https://anonymous.4open.science/r/HRM-58FA-Anon/README.md


055
056
057
058
059
060
061
062
063
064
065
066
067
068
069
070
071
072
073
074
075
076
077
078
079
080
081
082
083
084
085
086
087
088
089
090
091
092
093
094
095
096
097
098
099
100
101
102
103
104
105
106
107
108
109
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four baseline models based on transformer and/or recurrent
modules, (2) causal interventions on latent representations
across puzzles and steps, and (3) representational analysis
using probes and sparse autoencoders (Cunningham et al.,
2023) for feature discovery. Based on the analyses, we have
the following central findings:

• HRM solves Sudoku by iteratively refining a solution
state in the high-level activation, while the low-level
activation acts as a working buffer (Section 4). Across
16 recursive steps, the number of constraint violations de-
creases by 60%. Ablating high-level activations degrades
solution accuracy (−6.8% at step 0 to −26.0% at step
15), whereas ablating the low-level activation has negligi-
ble effects. The high-level state on cross-puzzle patching
shows that the activation carries puzzle-specific content.
The two-timescale split is what makes a persistent, tar-
getable state available for interpretability analysis.

• Probe readout ̸= causally relevant information (Sec-
tion 5). Constraints in Sudoku tasks are linearly decodable
from the high-level state at ∼90% accuracy, yet directed
ablation of probe directions produces effects indistinguish-
able from random controls.

• HRMs reasoning cannot be localized to a small feature
set in latent space (Section 6). Ablation of SAE features
trained on HRM activations produce significantly larger
effects than linear probe directions, but the top 50 SAE
features are no more impactful than 50 random features.
We conclude that the constraint information is spread
across the full 512-dimensional high-level state.

2. Related Work

Our work characterizes the internal mechanism of HRM, a
recurrent hierarchical model that reasons in a latent space.
Here we discuss related work in latent-space reasoning and
mechanistic interpretability.

Reasoning in the latent space Recent works in latent-
space reasoning can be categorize into latent chain-of-
thought (CoT) and recurrence in reasoning. For latent CoT,
Coconut (Hao et al., 2025) feeds the hidden state of a model
back into itself as the next input embedding, mimicking the
chain of thought in the discrete token space in large language
models (Wei et al., 2023). Heima (Shen et al., 2025) further
compresses the hidden representations into shorter latent
sequences, while Zhou et al. (2026) optimizes the geometry
or length of latent thinking. These methods treat the latent
state as a direct substitute for CoT tokens and retain a left-
to-right ordering of the token stream. To enable recurrence
in reasoning, the key idea is to repeatedly passing through a

single neural network block over multiple iterations. Adap-
tive Computation Time (ACT) (Graves, 2017) and Universal
Transformers (Dehghani et al., 2019) are early examples
of recurrent reasoning. Latent-space recurrent reasoning
is later scaled up by Geiping et al. (2025). Hierarchical
Reasoning Model (HRM) (Wang et al., 2025a) reasons in
the latent space by introducing a high-level module and a
low-level module and letting these two modules interact.
Tiny Recursive Model (TRM) (Jolicoeur-Martineau, 2025)
explores small, lightweight recursive models. Recursive
language models (Zhang et al., 2026) take recursion as a
primary driver of computational depth. These works aim
to understand whether recursion helps improve reasoning
capability and report their end-task accuracies. Our work
primarily considers HRM and aims to understand how hier-
archical design and recurrence enables stronger reasoning
performance with less number of parameter.

Mechanistic interpretability Mechanistic interpretability
aims to understand the internal mechanism of the learn-
ing model. One line of works study how to decode inter-
pretable features from the latent representations. Linear
probes isolate what is linearly decodable from a model rep-
resentation (Belinkov, 2021); iterative null-space projection
and amnesic probing extend probing with a causal experi-
ment by ablating the probed direction and measuring down-
stream behavior (Ravfogel et al., 2020; Elazar et al., 2021).
Sparse autoencoders (SAEs) decompose hidden states in an
over-complete dictionary of sparsely activating features and
have produced mono-semantic features in language models
(Bricken et al., 2023; Cunningham et al., 2023; Templeton
et al., 2024), with recent extensions to CoT reasoning traces
(Chen et al., 2025a; Theodorus et al., 2025). Activation
patching and trajectory analysis are alternative to under-
stand how the model works internally. For example, Zhang
et al. (2025) performs causal analysis of continuous thought
representations, Vilas et al. (2025) characterizes latent tem-
poral signals, Zhou et al. (2026) studies the geometry of
reasoning trajectories, and Bogdan et al. (2025) identifies
“thought anchors” in CoT. The work that is most relevant to
ours is done by Ren & Liu (2026). It argues that HRM is
a structured guesser through findings regarding fixed-point
violations, latent dynamics across steps, and PCA-based rea-
soning modes, and proposes an ensemble-voting mechanism
to improve Sudoku accuracy, but does not analyze what the
hierarchical structure encodes nor test whether identified
features are causally relevant during inference, which we
address in this work.

3. Background

This section provides the context required to follow our
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analysis.

3.1. Problem Statement and Notation

We consider a supervised sequence-to-sequence problem
with input x ∈ VS and target y ∈ VS of equal length,
where for Sudoku S=81 and V={<blank>, 1, . . . , 9}. A
model fθ produces per-cell logits ŷ = fθ(x) ∈ RS×|V|

and predictions are taken as greedy argmax; intermediate
hidden states have shape S × d and we use cell and token
position interchangeably.

3.2. Sudoku Task and Evaluation

Sudoku and Sudoku-Extreme. Sudoku is a constraint-
based puzzle defined on a 9× 9 grid where blank cells must
be filled with a digit from 1−9 such that no digit repeats
in any row, column, or sub-grid (Sudoku constraints); the
input x is the flattened grid in row-major order with blanks
encoded as a dedicated token and y is the flattened solution.
We use the Sudoku-Extreme dataset released with (Wang
et al., 2025a), filtered to “extreme” difficulty puzzles requir-
ing multi-step constraint propagation, and use the publicly
released HRM checkpoint without retraining; evaluations
use the first 500 puzzles of the test loader (training corpus
construction in App. A.2).

Metrics. We report four metrics. Cell Accuracy is the
fraction of cells whose predicted digits match the ground-
truth solution and satisfy the Sudoku constraints; Puzzle
Accuracy is the fraction of puzzles for which all 81 cells
are correct; Hamming Distance is the number of cells that
differ between two solution states, which we use to quan-
tify how much an intervention perturbs the model’s output
relative to its unperturbed prediction; and Constraint Vi-
olations is the number of row, column, and sub-grid digit
uniqueness violations in a predicted board, providing a
graded signal of validity.

3.3. Hierarchical Reasoning Model

The released HRM checkpoint of Wang et al. (2025a) is
a 27M-parameter recurrent encoder with two interacting
Transformer modules operating on tensors of shape S×d
(d=512, 8 heads): a low-level state zL updated T=2 times
per cycle and a high-level state zH updated once per cy-
cle, both initialized from a fixed normal vector. Within a
segment of N=2 such cycles, zL ← fL(zL, zH + x̃) and
zH← fH(zH, zL), after which an output head fO projects
zH to per-cell logits. An ACT halting head (Graves, 2017),
trained with Q-learning, runs up to Mmax=16 segments
while propagating the carry (zH, zL); we index segments
by the recursive step t∈{0, . . . , 15}. HRM is trained with
deep supervision and a one-step gradient approximation
(only the final zL, zH updates are differentiated). Unless

stated otherwise, our analyses run all 16 segments to ob-
tain a full z(0)H , . . . , z

(15)
H trajectory. Full update equations,

training details, and the carry mechanism are in App. A.1.

3.4. Baseline Architectures

To isolate the contributions of recurrence (reusing weights
or hidden states across multiple refinement updates of
the same input) and hierarchy (maintaining two states up-
dated on different timescales), we compare HRM against
four baselines (Table 1). All baselines share HRM’s in-
put embedding fI, output head fO, training corpus, and
optimizer/learning-rate/batch-size schedule (Wang et al.,
2025a), and differ only in the reasoning module; HRM itself
is not retrained.

• Recurrent Transformer. A single hidden state updated
by an 8-layer post-norm Transformer (no weight sharing)
for 16 steps with input re-injection; isolates recurrence
without hierarchy.

• Universal Transformer (Dehghani et al., 2019). The
weight-shared variant of the above; tests whether weight
tying changes the picture.

• Plain Transformer. An 8-layer feedforward Transformer
with a single forward pass; isolates the Transformer back-
bone without test-time-compute scaling.

• GRU. A stacked nn.GRU (Cho et al., 2014) run as a sin-
gle forward pass; tests whether the Transformer backbone
itself is necessary.

Table 1. Architectures compared in this paper. “Recur.” =
refinement-step recurrence; “Hier.” = two states on different
timescales; “Steps” = max encoder updates per input. ‘Recur.”
refers specifically to refinement-step recurrence, not sequence-axis
recurrence; the GRU is recurrent over the sequence but performs
a single refinement pass. All models are matched on parameter
count and trained with the same recipe.

Model Recur. Hier. Steps Params

HRM ✓ ✓ 16 27M
Recurrent Trans. ✓ 16 27M
Univ. Trans. ✓ 16 29M
Plain Trans. 1 27M
GRU 1 27M

4. Finding 1: HRM Algorithm and Module
Specific Tasks

This section addresses what algorithm does HRM implement
to solve Sudoku, and how is the work divided between its
high and low modules? We provide five lines of evidence
that HRM iteratively refines a solution state carried in the
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high level state (zH), while the low level state (zL) acts as a
working buffer that iterates to find a temporary solution.

Setup. All experiments use the trained HRM checkpoint
(Section 3) and the held out split of Sudoku-Extreme. We
report cell accuracy, total constraint violations, and Ham-
ming distance (to ground-truth). Each result lists its no
intervention baselines so that ∆acc values can be read di-
rectly. All baselines and HRM share the same training data
and hyper-parameters.

4.1. Baseline Comparison

Table 2. Final-step metrics on 500 held-out puzzles. Recur-
rent models at step 15; non-recurrent at step 0. Viols = total
row+col+box violations.

Model Cell% Puzzle% Hamming Viols

HRM 80.3 45.4 16.0 29.7
Recurrent Trans. 81.4 51.4 15.1 16.7
Univ. Trans. 80.7 48.4 15.6 19.1

Plain Trans. 61.9 0.2 30.9 61.3
GRU 49.6 0.0 40.8 132.2

The 20−30% gap between recurrent and non-recurrent ar-
chitectures demonstrates that iterative refinement through
recurrence is essential for Sudoku-Extreme. We also see
that HRM’s constraint violations decrease from 73.6 (step 0)
to 29.8 (step 15), a 60% reduction, while non-recurrent base-
lines remain at >30 mismatched cells (Figure 1).

Among the recurrent models, performance is comparable.
The Recurrent Transformer slightly outperforms HRM in
puzzle accuracy (51.4% vs. 45.4%). This means hierarchy
does not dominate in raw accuracy at this scale, but as
we show later, it produces a qualitatively different internal
structure with a persistent high-level state (zH) amenable to
targeted intervention.

4.2. zH is Causally Essential

If zH carries the evolving solution, ablation at any step
should hurt; more specifically, ablating the zH activation
should be more detrimental than it would be later in the
ablation process. To test this, we replace either zH or zL
with the zero vector at specific steps and measure the accu-
racy change (5,000 puzzles; baseline: 82.6% cell accuracy).
Setting zH = 0 at all steps impacts accuracy by −20.5%.
Per-step ablation reveals increasing importance over time;
step 0 ablation causes −7.8%, while step 15 ablation causes
−27.6% (Figure 2). To test whether zL shares this pattern,
we ablate zL at scale (same 5,000 puzzles and baseline). Set-
ting zL = 0 at all steps also reduces accuracy by −19.3%,
which is similar in magnitude to zH. However, the per-step
profiles are strikingly different; no single-step zL ablation

exceeds −1, with most steps showing effects indistinguish-
able from zero (CI crossing zero). Only the final two steps
(14 and 15) reach marginal significance (−0.5 and −1.0
respectively). This asymmetry confirms that solution-state
information resides in zH, while zL’s content at any individ-
ual step is expendable but significant in aggregate.

4.3. Freezing Reveals Progressive Refinement

While the ablation study gives us information about the rel-
evance of each activation, freezing activations tells us when
relevant changes occur. We freeze zH (prevent updates)
while letting zL continue, sweeping k ∈ {0, 1, 2, 3, 4, 5}
on 1,000 puzzles (baseline 81.8%) and extending to k ∈
{8, 12} on a 200-puzzle subset (baseline 82.0%).

Table 3 shows a smooth decay, with freezing at the initial
steps impacting accuracy more. This rules out the fact that
zH is a static, initialized plan; it evolves continuously and
does most of the work in the first 5-8 steps.

Table 3. Freeze-after-step-k effect on cell accuracy. Top block:
n=1,000 (baseline 81.8%). Bottom block: n=200 subset (base-
line 82.0%) for the longer-horizon k.

Freeze step k ∆acc (%) Accuracy (%)

0 (static zH) −9.1 72.7
1 −6.2 75.6
2 −3.9 77.9
3 −3.0 78.8
4 −2.0 79.8
5 −1.5 80.3

8 −0.5 81.5
12 −0.1 81.8

4.4. Later zH states can substitute for earlier ones

We inject zH taken from a donor step into a target step for
the same puzzle within a forward pass and measure ∆acc
(500 puzzles; baseline: 80.3%). Adjacent-step transplants
(e.g., step 0→2) produce negligible effects (|∆acc| < 0.6).
Crucially, transplanting later steps into earlier positions
(e.g., step 9→2) slightly improves accuracy (+1.3); later zH
states contain more solution specific information that can be
substituted in less-refined states. All effects are small (< 2),
indicating that zH evolves continuously rather than through
discrete phase transitions.

4.5. zH trajectories reveal convergence vs. wandering

Ren & Liu (2026) introduced PCA trajectory visualization
for HRM, classifying per-sample paths into four reasoning
modes. We extend their qualitative approach with a quantita-
tive population-level analysis: we collect mean-pooled zH at
each ACT step for 200 puzzles, project onto the top-2 PCA
components (explaining 57% of variance), and compute
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Figure 1. Across all five architectures, the three recurrent models (HRM, Recurrent Transformer, Universal Transformer) (a) steadily
reduce Hamming distance to the ground-truth solution and (b) improve cell accuracy over 16 ACT steps, while the non-recurrent baselines
(Plain Transformer, GRU) remain flat at >30 mismatches and substantially lower accuracy.

0 4 8 12 15
Ablated step

25

20

15

10

5

0

 C
el

l A
cc

ur
ac

y 
(p

p)

(a) Per-step zH ablation

0 1 2 4 8 12
Freeze after step k

0

2

4

6

8

Ac
cu

ra
cy

 lo
ss

 (p
p)

(b) Freeze zH after step k

10
->

2
12

->
4

8->
2

14
->

6
4->

10
2->

8

1

0

1

 A
cc

ur
ac

y 
(p

p)

(c) Time-shift transplant
Future Past
Past Future

Figure 2. Causal evidence for zH as a dynamic plan. (a) Per-step ablation: zeroing zH is increasingly destructive at later steps (−6.8 at
step 0 vs. −26.0 at step 15). (b) Freeze curve: preventing zH updates after step k shows progressive refinement—freezing at step 0 loses
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confirming monotonic refinement.
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Figure 3. PCA trajectories of zH across 16 ACT steps (200 puz-
zles). (a) Solved puzzles converge to a tight cluster. (b) Failed
puzzles scatter widely, with endpoints dispersed. (c) Overlay:
solved (blue) and failed (orange) occupy distinct regions. Green
dots = step 0; red X = step 15.

directional convergence metrics.

Figure 3 reveals that solved puzzles (panel a) converge to
a tight cluster, their trajectories start spread but rapidly col-
lapse, consistent with convergence to a shared fixed-point
region. Failed puzzles (panel b) scatter widely, with end-
points dispersed across PC space. The overlay (panel c)
confirms that solved and failed trajectories occupy distinct

regions. Quantitative directional metrics (App. A.5, Fig-
ure 8) confirm fixed-point convergence for solved puzzles
(cos > 0.99 by step 8, ∥∆zH∥ → 0, norms ∼9.5) versus
persistent oscillation for failed ones (∥∆zH∥≈1.5 at step 15,
norms ∼6.8), quantitatively confirming the “spurious at-
tractor” phenomenon identified qualitatively by Ren & Liu
(2026).

Summary. HRM solves Sudoku by iteratively refining a
candidate solution that resides in zH. Recurrence is neces-
sary (§4.1); zH is causally relevant at all steps, while zL’s
individual content is expendable (§4.2). The refinement
is progressive and is usually completed by steps 5 onward
(§4.3, §4.4), zH is puzzle-specific (§5.1), and its trajectory
geometrically converges for solved puzzles while wandering
fro failed ones (§4.5). The two timescale split is what makes
a persistent, intervenable, high-level state available for the
representation analysis in §5.
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Figure 4. Cross-puzzle zH patching: final-step predictions for a
clean baseline run (left) vs. a run with zH patched from a donor
puzzle at step 5 (right). Cell colour: blue = given clue, green =
constraint-satisfying, red = constraint-violation, yellow = changed
from the previous step. Recipient puzzle in Figure 9.

5. Finding 2: Probe Readout ̸= Causally
Relevant Information

This section addresses RQ2: what information do HRM’s
latent representations encode, and how is it organized over
time? We establish that zH carries an iteratively refined solu-
tion state. We now ask whether the activation carries puzzle
specific information, sudoku constraint-specific information,
or both. We also probe the zH to find out how much of this
information is decodable and how it’s organized.

Setup. The cross puzzle patching analysis (§5.1) uses
paired donor/target puzzles drawn from the test set. For
§5.2 and §5.3 we collect zH at five ACT steps (t ∈
{0, 4, 8, 12, 15}) on 500 puzzles and decode six per-cell
targets: cell digit (10-class), is-given, per-cell correctness,
and row/col/box constraint violation (binary).

5.1. zH encodes puzzle-specific state

We run two puzzles through HRM in parallel, and at a cho-
sen donor step k, replace the target’s zH with the donor’s
zH at the same step (input embedding x̃ stay’s the target’s).
The forward pass is then continued while we measure the
cell change pattern and the per-cell targets. The experi-
ments show that patching results in a significant drop in
accuracy : patching steps 1-3 reduces the target’s accuracy
by −53.1 (from 70.4% to 17.3%), and patching later steps
(5–7) is even worse (−61.7). Beyond accuracy, we notice
the post-patching solution rewrites the given cells replacing
them with digits consistent with the donor puzzle’s con-
straints (Figure 4). This is inconsistent with zH acting as
a generic reasoning module and confirms that zH carries
puzzle-specific constraint states that become increasingly
specialized across ACT steps.

Table 4. Linear probe validation accuracy (%) on zH. Violation
probes gain ∼15% from step 0 to 15, mirroring the refinement
dynamics of Finding 1.

Target Step 0 4 8 12 15

Cell digit 98.5 98.9 99.0 99.2 99.0
Is given 99.6 95.5 96.4 96.5 97.3
Row violation 74.1 88.0 89.0 88.8 89.9
Col violation 74.5 87.7 88.3 88.9 90.1
Box violation 74.2 86.9 88.0 88.6 88.8
Correctness 71.1 80.7 83.2 83.1 83.5

5.2. Linear probes decode constraint information

We fit a linear probe (logistic/softmax regression with
weight decay, 60 epochs SGD) on the zH vector and report
the best validation accuracy on held-out cells. Two cate-
gories emerge (Table 4; Figure 5a). Structural features (cell
digit, is-given) are available from step 0 at > 98%, encoded
directly from the input embedding; later steps do not affect
this. We attribute the small dip in ”is-given” (between steps
0 and 4) to zH storing the current solution state information
and moving away from input features. Dynamic features
(violations, correctness) emerge across steps; the largest
jump occurs between steps 0 and 4 (∼14%), matching the
rapid-refinement phase from Section 4.3.

A 2-layer MLP probe (512→256→1, ReLU) trained on the
same data improves mean target accuracy at step 15 by < 1,
confirming that constraint information is linearly accessible
in zH (see App. A.8).

5.3. Interpretable Geometry of Probe Weight-Vectors

We analyze the geometry of the probe weight vectors. We
compute pairwise cosine similarities between the row, col-
umn, box, and correctness probes at step 15, and run PCA
over those four weights to estimate the dimensionality of
the subspace they span within zH. The probe weight vectors
reveal interpretable structure (Table 5). The three violation
directions cluster together (cosines 0.67−0.73), highlight-
ing ”violation” semantics, while correctness points in the
opposing direction (−0.55 to−0.59). PCA shows these four
directions span a ∼3-dimensional subspace (PC1: ∼77%
variance), occupying only 0.6% of the 512-dimensional zH
space.

Table 5. Pairwise cosine similarity of probe weight vectors
(step 15).

Row Col Box Corr.

Row 1.00 0.67 0.69 −0.55
Col 0.67 1.00 0.73 −0.59
Box 0.69 0.73 1.00 −0.55
Correct −0.55 −0.59 −0.55 1.00
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Summary. HRM’s zH activation is puzzle specific (§5.1)
and linearly encodes Sudoku constraint information in a
low-dimensional subspace.

6. Finding 3: Computation Is Deeply
Distributed

Here we try to tackle the question: are the features we
can decode from HRM’s activations the same features the
model causally relies on to produce a solution? We answer
this using a directed ablation study on both linear probe
directions (Section 5) and on features learned by a sparse
autoencoder (SAE) trained on zH. If HRM uses one specific
probe direction in it’s forward pass, projecting it out should
impair behaviour relative to a random direction of the same
rank.

Setup. We evaluate both ablations on held-out Sudoku
extreme puzzles by comparing post-intervention cell accura-
cies to our baseline of the same puzzle. Random controls are
constructed by sampling Gaussian directions (for probes) or
random feature selection (for SAE ablation), to test whether
the targeted interventions are significant.

6.1. Directed Ablation of Probe Directions

For every unit-norm probe direction ŵ (Section 5), we apply
zH ← zH − (zH · ŵ)ŵ at every ACT step (removing the
readable direction from zH). We then let the forward pass
continue and measure the change in cell accuracy ∆acc on
500 sample puzzles. We additionally ablate the full 3-D
row/col/box subspace simultaneously

Table 6. Directed ablation of probe directions vs. random controls
(500 puzzles). Probe directions produce effects indistinguishable
from random.

Direction ablated ∆acc (%) p-value

Row violation −0.09 0.408
Col violation −0.59 0.004
Box violation −0.23 0.365
Correctness +0.72 0.209
Is given +0.20 —

Random control 1 −0.44 —
Random control 2 +0.07 —
Random control 3 +0.95 —

We report that no probe direction produces a larger ef-
fect than random controls (Table 6): all accuracy changes
are within ±1%, violation count changes are within ±0.4
cells, even the marginally significant column-violation di-
rection (p=0.004) has a tiny effect size (Cohen’s d=−0.13,
∆acc=−0.59%), and ablating the full 3D row+col+box sub-

space simultaneously yields ∆acc < 0.2%. The directions
along which constraint information is most linearly readable
(∼90% accuracy) are not the directions along which the
model uses that information; constraints are encoded in a
distributed, redundant representation across many dimen-
sions.

Takeaway. High probe accuracy should not be interpreted
as evidence that a model encodes information in a computa-
tionally meaningful way without causal validation.

6.2. SAE Feature Analysis

Probes assume relevant features are linear in zH. SAE
learn an over-complete, sparse, non-linear feature dictionary,
so SAE-feature ablation tests whether a sparser, model-
discovered basis recovers the causal mass that probe di-
rections miss. We train an SAE with a dictionary size of
d = 2048 and an L1 coefficient of λ = 0.01 on zH acti-
vations across all ACT steps. Out of 2048 features, 1344
(65.6%) are active. The average pairwise cosine between
features is 0.048 (near-orthogonal), indicating that no fea-
ture is highly specialized. Following (Templeton et al.,
2024), we ablate (i) the top-50 SAE features ranked by acti-
vation magnitude and (ii) 50 random SAE feature subsets at
inference time by re-encoding zH, zeroing the targeted co-
efficients, and substituting the decoded reconstruction back
into the forward pass; we then compare the resulting ∆acc
on 300 puzzles to the probe and random direction conditions
of Section 6.1.

Across the 14 most-correlated features, rbest ∈ [0.31, 0.41]
vs. rnext∈ [0.21, 0.40]; no feature satisfies |rbest| > 2|rnext|,
i.e. no SAE feature is concretely identifiable with a single
symbolic target (full table in App. A.10, Table 8).

Table 7. Causal ablation comparison (300 puzzles). SAE-feature
ablation is significantly more damaging than probe-direction ab-
lation, but top SAE features are not more damaging than random
ones.

Condition ∆acc (%) Std (%)

Top-50 SAE features −3.9 16.1
Random SAE features −4.3 15.6
Probe directions +0.1 9.3
Random directions +0.6 8.0

Results. Table 7 shows that SAE-feature ablation pro-
duces significantly larger effects than probe-direction ab-
lation. However, the top-50 SAE features are not more
impactful than the random-50 SAE features, causal impor-
tance is spread across the dictionary rather than concentrated
in any nominally important subset. Individual effects range
from −2.4% to −7.0%.
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Figure 5. Readout ̸= Causally Relevant. (a) Linear probes decode constraint violations from zH with ∼90% accuracy at step 15,
improving over time. (b) Directed ablation: removing each probe direction produces effects indistinguishable from random controls
(|∆acc| < 1%). The directions that are most readable are not the directions the model uses.

Summary. Combining results across all three findings
yields a clear ordering of causal importance: full zH ab-
lation (−19.3%)≫ SAE features (−3.9%)≫ probe di-
rections (≈ 0%), confirming that computation in zH is
deeply distributed (App. A.12, Figure 10). Linear probes
reveal features that are not causally relevant (Section 6.1);
SAE decomposition recovers more causal structure but no
sparse subset of SAE features captures HRM’s mechanism
either, with top-ranked features (Table 8) no more impactful
than random ones. High probe accuracy on a feature does
not imply that the feature is relevant, even sparse-feature
decompositions can be insignificant.

7. Discussion and Conclusion
From our findings, we characterize HRM as performing

constraint-aware iterative refinement on a puzzle specific
solution state distributed across zH.

Hierarchy as an interpretability feature Our baseline
comparison (Section 4.1) reproduces (Knoop & Kamradt,
2025): a flat recurrent transformer matches HRM on
Sudoku-Extreme. The hierarchical split is not what makes
HRM novel, but it provides an intervenable high-level state
causally separable from the working buffer (Section 4.2);
without it, none of our interventions would have an obvious
target. Hierarchy is thus better understood as an inductive
bias for interpretability.

Readout ̸= causally relevant information The most
transferable result is the dissociation in Sections 6.1 and 6.2:
easily decodable directions in zH have no measurable causal
effect when ablated, and an overcomplete SAE recovers
no mono-semantic features for the symbolic targets tested
(Table 8). Probing-only studies thus risk overstating feature
relevance.

Why representations might be more distributed in HRM
than in feed-forward LLMs We attribute this to HRM’s

training regime: the one-step gradient approximation back-
propagates only through the final zL, zH updates of each
segment, so each segment must compress a full differential
update to the solution state into a single 512-d vector with
no per-feature pressure for sparsity. Distributed representa-
tions may thus be the default for recurrent latent-reasoning
models with truncated objectives; we leave proof to future
work.

Limitations Three limitations bound our claims: (i) all
experiments use Sudoku-Extreme, and characterizations
may differ on tasks like Maze or ARC-AGI; (ii) Section 6.2
uses a single SAE configuration (d=2048, λ=0.01) and a
wider sweep may reveal mono-semantic features; (iii) we
probe/ablate zL only in Section 4.2, leaving its causal feature
content open.

Conclusion and future work. Our three findings are: (i)
recurrence drives HRM accuracy and zH is the progres-
sively refined solution state (Section 4); (ii) zH is puzzle-
specific and encodes Sudoku constraints linearly in a low-
dimensional space (Section 5); (iii) the directions HRM ac-
tually uses are deeply distributed, with probe/SAE features
showing no causal effect on inference. Together they char-
acterize HRM as a constraint-aware iterative refiner whose
causally relevant features are distributed across zH. Natural
follow-ups: replicate on Maze/ARC, sweep SAE configura-
tions, extend probes/SAEs to zL, and test whether sparsity-
promoting regularization makes features more monoseman-
tic.
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A. Additional Experimental Details
A.1. Full HRM Architecture and Training Details

This appendix expands the brief HRM description of Sec-
tion 3.3.

Components. HRM is composed of four learned compo-
nents:

1. Input Embedding Network fI : VS → RS×d that maps
input tokens x to d-dimensional embeddings x̃=fI(x).
In the released model, fI is a learned token embed-
ding; positional information is injected inside each
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Transformer block via Rotary Position Embeddings
(RoPE) (Su et al., 2021). The embedding is computed
once per example and reused across recurrent steps.

2. Low-Level Reasoning Module fL: a 4-layer post-norm
Transformer encoder with bidirectional self-attention,
SwiGLU MLPs, and rotary position encodings.

3. High-Level Reasoning Module fH : same architecture
as fL with separate parameters.

4. Output Head fO : RS×d → RS×|V|, a linear pro-
jection from the final high-level state to per-position
logits.

Both fL and fH operate on tensors of shape S × d with
d=512 and 8 attention heads, totalling ≈27M parameters.

Latent States. HRM maintains zL, zH ∈ RS×d, where
zL is the fast low-level state and zH is the slow high-level
state. “Fast” and “slow” refer purely to update rate. Both
states are initialized from a single fixed normal vector held
constant across training and inference.

Segments. A segment consists of N high-level cycles,
each containing T low-level updates followed by a single
high-level update:

zL ← fL
(
zL, zH + x̃

)
, (1)

zH ← fH
(
zH , zL

)
, (2)

where u is added to the running state as an input injection.
Equation (1) is applied T times, then equation (2) once;
with N=T=2 each segment performs 4 updates of zL and
2 updates of zH. After all in-segment updates, the output
head is applied to zH.

Adaptive Halting and the Carry. After each segment
an ACT-style halting head (Graves, 2017) predicts whether
to halt or continue, up to Mmax=16 segments. The pair
(zH , zL) propagated between segments is the carry; it is re-
set when the halting head fires or when the input x changes.
We index segments by t ∈ {0, . . . , 15} and refer to t as the
recursive step.

Training Procedure. HRM is trained with three ingre-
dients. Deep supervision: a loss L is applied after ev-
ery segment,

∑Mmax−1
t=0 L(ŷ(t),y), so each segment learns

to produce a usable prediction without backpropagation
through earlier segments. One-step gradient approxima-
tion: only the final zL and zH updates within a segment
are differentiated; gradients flow through the output head
and these final updates. Adaptive halting head: trained
with a Q-learning objective so the predicted “halt” value
approximates the expected solution quality of the current

segment. We do not retrain HRM in this work; we use the
publicly released Sudoku-Extreme checkpoint and run all
16 segments unless stated otherwise.

A.2. Sudoku-Extreme Dataset Construction

The Sudoku-Extreme dataset is constructed from publicly
available Sudoku corpora and filtered to keep only puz-
zles whose human-solver rating is “extreme” difficulty, i.e.,
puzzles requiring multi-step logical deductions and long
sequences of constraint propagation. We follow the original
HRM training procedure (Wang et al., 2025a) and build
a 1,001,000-puzzle training corpus by drawing a uniform
random sample of 1,000 base puzzles and adding 1,000
structure-preserving augmentations per puzzle. Evaluations
use a deterministic subset of the first 500 puzzles retrieved
from the test data loader.

A.3. Non-Recurrent Baseline Details
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Figure 6. Cell accuracy across ACT steps for all five architectures
on the held-out 500-puzzle test set. The recurrent models (HRM,
Recurrent Transformer, Universal Transformer) improve monoton-
ically; the non-recurrent baselines (Plain Transformer, GRU) are
flat single-pass.
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Figure 7. Hamming distance to the ground-truth solution across
ACT steps for the same five architectures.

Plain Transformer results across training checkpoints (step 0
output = final output):

GRU results (partial evaluation):
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Checkpoint Cell% Puzzle% Hamming

Plain Trans. step 10416 60.9 0.2 31.7
Plain Trans. step 15624 61.9 0.2 30.9
Plain Trans. step 20832 61.0 0.4 31.6
Plain Trans. step 26040 61.0 0.4 31.6
Plain Trans. step 31248 60.1 0.4 32.3
Plain Trans. step 36456 60.8 0.0 31.7
Plain Trans. step 41664 60.7 0.0 31.8

Checkpoint Cell% Puzzle% Hamming

GRU step 10416 48.0 0.0 42.1
GRU step 15624 49.2 0.0 41.1
GRU step 20832 49.4 0.0 41.0
GRU step 26040 49.5 0.0 40.9
GRU step 31248 49.5 0.0 40.9
GRU step 36456 49.6 0.0 40.9
GRU step 41664 49.6 0.0 40.8

A.4. zH Ablation Per-Step Results

Full per-step zero-ablation results (5,000 puzzles; baseline:
82.6% cell accuracy), corresponding to the experiment sum-
marised in Section 4.2:

Step ablated ∆acc Accuracy

All steps −20.5pp 62.1%
Step 0 −7.8pp 74.8%
Step 15 −27.6pp 55.0%

A.5. zH Directional Convergence Metrics

A.6. Cross-Puzzle Patching: Recipient Puzzle

A.7. Activation Patching Details

Cross-puzzle patching results (source puzzle s, target puzzle
t):

A.8. Non-Linear (MLP) Probe Comparison

To test whether constraint information is encoded non-
linearly, we trained 2-layer MLP probes (512→256→1,
ReLU) alongside the linear probes of Section 5.2 on identi-
cal data splits. The mean MLP gain across all six targets at
step 15 is < 1pp, indicating that the constraint information
in zH is essentially linearly accessible.

A.9. Probe PCA Analysis

Variance explained by top 3 principal components of the 4
constraint probe weight vectors:

A.10. SAE Top Features (Full Table)

Table 8 gives the full list of top features retrieved by SAE.
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Figure 8. Population-level directional convergence metrics for zH
across 16 ACT steps, separated by solved (blue) and failed (orange)
puzzles. Left: consecutive cosine similarity cos(z

(t)
H , z

(t−1)
H ).

Center: update magnitude ∥∆z
(t)
H ∥. Right: state norm ∥z(t)H ∥.

Solved puzzles converge (cosine >0.99, ∥∆zH∥→0, norms grow-
ing to ∼9.5) while failed puzzles oscillate (∥∆zH∥≈1.5 at step 15,
norms plateauing at ∼6.8).

Figure 9. Recipient puzzle used in Figure 4: given clues (left) and
ground-truth solution (right).

A.11. SAE Dead Feature Analysis

Of 2,048 SAE dictionary features: 704 dead (0% fire rate),
1,095 with < 0.1% fire rate, 65 with 1–10%, 124 with 10–
50%, and 38 with > 50% fire rate.

A.12. Causal Importance Hierarchy Figure

Refer Figure 10

12



660
661
662
663
664
665
666
667
668
669
670
671
672
673
674
675
676
677
678
679
680
681
682
683
684
685
686
687
688
689
690
691
692
693
694
695
696
697
698
699
700
701
702
703
704
705
706
707
708
709
710
711
712
713
714

Dissecting Hierarchical Reasoning Models: A Mechanistic Study

Patched component Steps ∆acc

zH (early) 1–3 −53.1pp
zH (late) 5–7 −61.7pp
Both levels all −65.4pp
Row-masked zH 1–4 −77.8pp

Step PC1 (%) PC2 (%) PC3 (%)

0 79.0 12.4 8.6
4 75.1 13.5 11.4
8 73.8 13.8 12.4
12 74.9 14.9 10.2
15 76.9 13.0 10.1

Table 8. The most-specialized SAE features (d=2,048, λ=0.01).
rbest is the Pearson correlation with the feature’s best-matching
symbolic target; rnext is the largest absolute correlation against any
other target. No feature satisfies |rbest| > 2|rnext|.

Feat. Best target Peak step rbest rnext

263 box violation 0 +0.41 0.40
597 is-given 13 +0.39 0.33
1809 is-given – +0.39 0.21
1542 per-cell correct – −0.37 0.34
654 is-given – +0.35 0.31
211 is-given – −0.35 0.33
1317 per-cell correct – +0.33 0.26
2015 per-cell correct 14 +0.33 0.32
2031 box violation – +0.32 0.32
1715 per-cell correct – −0.32 0.28
1576 is-given – −0.32 0.23
639 is-given – −0.31 0.26
1228 per-cell correct – −0.31 0.31
302 is-given – −0.31 0.28
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Figure 10. Causal importance hierarchy. Full zH ablation
(−19.3%) dominates SAE feature ablation (−3.9%), which in
turn dominates probe direction ablation (≈ 0%). Top-50 SAE
features are no more causal than random SAE features (p=0.20).
Computation is deeply distributed across the entire 512-d zH space.
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