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ABSTRACT

In spite of their huge success, transformer models remain difficult to scale in
depth. In this work, we provide formulae that govern the moments of the for-
ward and backward signal through all transformer components, and develop a
unified signal propagation theory for transformers. Our framework can be used
to understand and mitigate vanishing/exploding gradients, rank collapse, and in-
stability associated with high attention scores. We also propose DeepScaleLM,
an initialization and scaling scheme that conserves unit output/gradient moments
throughout the model, enabling the training of very deep models with 100s of lay-
ers. We find that transformer models could be much deeper — our deep models
improve 1.0 points in perplexity, and 2.2 points in downstream tasks compared
to shallow models across multiple model sizes, without any extra parameters, and
even outperform larger shallow models using only half the number of parameters.

1 INTRODUCTION

Transformer models have become extremely popular across different domains of machine learning.
However, deep transformers are plagued with issues of gradient explosion/vanishing (Shleifer et al.,
2021} Takase et al.,|2022)), and of rank collapse (Shi et al.,[2022;Zhou et al.|[2021} Noci et al.| [2022])
that adversely affect training stability. Several remedies have been proposed to alleviate these issues,
such as changing the location of layernorm to stabilize model training (Xiong et al.,[2020), adding
extra layernorms after attention (Dehghani et al., [2023), initializing weights as zero (Bachlechner,
et al.| 2020), and changing the scaling of residuals (Wang et al., 2022a}; |[Zhang et al., 2019).

Theoretical analysis of deep transformers, via signal propagation, kernel methods, etc. has led to an
improved understanding of these issues. However, these works have inherent simplistic assumptions
such as IID inputs, uncorrelated outputs, assuming no effect of attention query/key initialization,
simplified treatment of effects of non-linearity, etc (Xu et al.| 2019} Davis et al.,|2021; |Dong et al.,
2023). We observed that each one of these assumptions breaks down in a model with real world
data, adversely affecting model stability.

Furthermore, these modifications may lead to unintended degradation caused by side effects. For
example, changing the position of the Layernorm in Pre-LN can lead to gradient mismatch (Shleifer
et al., 2021)). Moreover, the optimal initialization/scaling can vary based on data/model character-
istics (Zhang et al., 2023 Marion et al., 2022). Detailed discussion of related works is provided in
Appendix [B| These issues highlight the need for a holistic theoretical framework that can fully ex-
plain signal propagation through transformer models with real data, and enable comparative analysis
along the stability-performance trade-off curve.

In this paper, we first derive the first and second-order moments (mean and variance) of the out-
puts and gradients of each of the components of the transformer model — Embeddings, FFN, Re-
LU/GeLU, LayerNorm, Dropout, Softmax, Single-Head Attention, and provide complete closed-
form expressions for the same. Combining these expressions enables us to derive the equations that
describe the forward and backward signal flow through the transformer Attention and FFN blocks,
and through the entire transformer model for both Pre-LN and Post-LN variants. We validate our
theory by empirically verifying the derived equations.

Our theoretical framework can be used to understand multiple training instability issues with very
deep transformer — specifically, it demonstrates the vanishing/exploding gradient of deep transform-
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ers, rank collapse, and instability caused by high QK values of attention. It can pinpoint the root
cause behind these issues, and suggests simple fixes to alleviate them.

Montufar et al.|(2014); Raghu et al.| (2017)) show that the complexity of Deep Neural Nets increases
polynomially with width and exponentially with depth. However, deep transformers are often unsta-
ble due to the above mentioned issues Smith et al.| (2022)); (Chowdhery et al.[(2022). Our theory fur-
ther enables us to propose DeepScaleL.M, a novel initialization scheme that augments residual/output
scaling, and ensures the moments of outputs and gradients to remain fully conserved throughout the
model at initialization. The theory also allows practitioners to tune the model stability based on their
requirements, at the possible expense of model performance.

DSLM enables us to break the depth barrier and train both Pre-LN and Post-LN models with 100s of
layers. We find that transformer models could be much deeper — our 192-layer model outperforms a
standard 12-layer model without extra parameters or compute. Similarly, 96 and 384-layer models
outperform the 24-layer BERT-large model. Deep DSLM-models are able to beat models with twice
the number of parameters. These improvements persist after fine-tuning for downstream tasks.

Our contributions are as follows —

1. We derive and verify the moments for signal propagation through the transformer compo-
nents, blocks, and the entire model. To the best our knowledge, this is the first work to
provide closed-forms for many of these components, for the blocks, and the entire model.

2. We leverage our formulae to tackle vanishing/exploding gradients and outputs, rank col-
lapse, and instability caused by high QK values all under one framework.

3. We propose DeepScalelLM, an initialization and scaling scheme that conserves unit out-
put/gradient throughout the model at initialization, and bounds gradients during training.

4. Our experiments suggest that transformer models could be much deeper (100s of layers)
for improved performance with the same number of parameters and compute.

2 MOMENTS OF TRANSFORMER MODELS

Table 1: Signal propagation for forward (ofgm) and backward (U_gm) passes through components of
a transformer. The expressions here are illustrative simplification of full closed form formulae in
Appendices [C|and [E]

Component T T2 Tim Dot T
2
us 2
Embeddings 0 2 - <ozt 0
g T temba 18+ log([V])2 " 9
I 2 /.2
. : 2,2 2 2 o ey + 12, /02, 1
Linear (din — dou) 0 dino, (Uzm + ’U/"tm) d"”‘awggnm 1+ /’Lgm /U%m o
=1l
Oz (r—1) , L, 1 12 1, sin™ (rg,),
ReLU m (2m) Oin 27 gou 0.7ry, +0.3r5, (5 + . L
o2
LayerNorm (d) 0 1 % Tﬁnin T.flom
2 2 1
O, T DU 1 T2, (1= p)
Dropout ] Tin in 2 —EnlT T 1—p)rt
pout (p) Haz;p 1—p 1— pa‘gw 1+ p#ii"/gém ( p)Tgm"
SHA-without V 0 T;m o, iin Tfyou. ”gw. 1 1
d 2 d 2
1 (=rg oo _ 1 J(1=rg Yoz,
Softmax — c = ol - h
L 1.2 2 Gout

Moments of Transformer Components Following an analysis similar to that of Xavier/Glorot
initialization (Glorot & Bengio} 2010), we derive closed-form expressions for the mean and variance
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of the output and of the backpropagated gradient for all the components of the transformer model
in[Table |- Embeddings, Linear, ReLU (GeLU in supplementary), LayerNorm, Dropout, Softmax
and Single-Head Attention(SHA).

the variance of the gradient back-propagated to and from the component, respectively. !, r¢ are the
correlations across sequence length and hidden dimension, respectively. p is the dropout probability,
L sequence length, di,, doy input/output dimensions of Linear layer, 02, o variances of the

weights of the Linear layer and the Embeddings table respectively. .

Here fi,,, 02, + [lzo,» 0o, are the mean and variance of the input/outputs respectively. o,

Except for SHA, all other derivations of transformer components are fully exact, assuming only
normal distribution of inputs, weights and gradients. For LayerNorm and softmax, we assume that
the hidden dimension / sequence length are large. Detailed proofs are provided in Appendix [C
and all assumptions are also summarized in Appendix [L.2] These formulae were also numerically
verified by simulations (Section[4.1)), and the verification shows that our expectations are tight.

Moments of Transformer Blocks Combining the expressions reported in we derive
closed-form expressions for the moment transformation during the forward and backward pass of
the transformer Attention and FFN blocks. The Attention block refers to the @, K, V' projection,
followed by Multi-Head Attention, and Output-Projection Layer. The FFN block refers to the Lin-
ear layer, followed by non-linearity (ReLU), and output Linear layer. Table 2] provides our derived
equations for these, where 02, 02, 02, , o2, are the variances for V' weights, Output-Projection
weights, and weights of FFN block Linear layers, and d is model the hidden size.

These results show that considering correlation r!, dropout p and effects of non-linearity are crucial
for correctly modelling signal propagation through Transformer blocks. r;m originates from repeated
tokens in the input, segment embeddings, and transformer layers. The correlation in embeddings is
estimated theoretically by assuming that input tokens follow Zipf] (1999) distribution. The equations
in Table [2] are simplified from their complete closed form, which can be found in Appendix

Table 2: Moment Propagation through the blocks of a transformer layer. Exact closed forms and
proofs for these equations are in Appendices[D]and [E]
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Moments of Entire Transformer Model By repeatedly applying the expressions in Table [2] for
each layer, we calculate the propagation of moments of outputs and gradients through the entire
transformer model. We do this for both Pre-LN style transformers, in which the skip connection
bypasses the LayerNorm, and for Post-LN style transformers, in which the Layernorm is applied
before the skip-connection. The method is fully detailed in Appendix [H.T] for Pre-LN and in Ap-
pendix for Post-LN. Our derived moments have remarkably low error even after 192 layers,
for both the forward output and backward gradient, as can be seen from Figures [1} [2] and 3] for a
192-layer 256-d model at initialization, initialized with Xavier initialization. These formulae were
also verified by simulations, as detailed in Section 4.1}

3  APPLICATIONS

3.1 EXPLAINING VARIANCE EXPLOSION IN VANILLA TRANSFORMER

Our approach theoretically proves the gradient vanishing/explosion with increasing number of lay-
ers, for both Pre-LN and Post-LN transformers, as listed in Table



Under review as a conference paper at ICLR 2024

100

P
—— Forward PreLN (Empirical) F 0.015 1 | Backward PreLN (Empirical)
—— Forward PreLN (Theoretical Vs —— Backward PreLN (Theoretical)

Yy

80

60 0.01

40 §
£ 0.005 \

Variance of Model Output ->
\
Variance of Gradient ->

0 50 100 150 0 50 100 150
Layer Number -> Layer Number ->

Figure 1: Pre-LN: Forward variance increases  Figure 2: Pre-LN: Backward gradient variance
linearly with number of layers V. increases hyperbolically with N.
) 2 0.004
—— Backward PostLN (Empirical) V — Forward PreLN
—— Backward PostLN (Predicted) |~ —— Backward PreLN
— 1.5 | | — Backward PostLN 0.003

st 0.002

10-*
0.5 0.001

Log Variance of Gradient ->
Variance of Model Output ->
—

Variance of Gradient ->

0 50 100 150 0 - 0

0 50 100 150
Layer Number -> Layer Number ->

Figure 3: Post-LN: Backward gradient vari-  Figure 4: DeepScaleLM: The variances remain
ances vanish exponentially with N (log-scale). conserved for both backward and forwards.

Exploding Output and Gradient in Pre-LN  As we prove in Appendix[H.T] with increasing depth
N, the forward output increases linearly for Pre-LN transformer since each layer’s output is directly
added to the skip connection, as can be seen in Figure [ For the backward pass, the gradient
increases hyperbolically with increasing N, as shown in as can be seen in Figure [2| Intuitively,
this is because the gradient increases in every layer when a block’s gradient is added to the skip
connection, and the fractional increase in gradient is inversely proportional to the forward variance
(which increases by N) because of LayerNorm.

Vanishing/Exploding Gradient in Post-LN While layernorm solves the explosion in the for-
ward pass of networks with residual connections (De & Smith, [2020), it has the opposite impact on
the gradient. As proved in Appendix the moment for the gradient in a Post-LN transformer
grows/decays exponentially with the number of layers ( Figure [3)).

Intuitively, the gradient is first transformed within the layer and then at the LayerNorm placed before
the layer. The multiplicative factor is applied repeatedly, and causes gradient to vanish or explode
exponentially, as was also observed in [Schoenholz et al.|(2017). This exponential decay/explosion
also explains why Post-LN models are more challenging to train than Pre-LN for deeper networks
(Wang et al.}[2022a; Shleifer et al.| 2021} [Takase et al., 2022).

Table 3: Comparison of maximum theoretical forwards pass and backward pass growth in variance
for the entire transformer model across methods. (See Appendix [H|for proofs)

Method \ Post-LN \ Pre-LN

Forward Backward Sensitivity Forward Backward  Sensitivity
Vanilla (Xavier/Fixed init) 1 O(ctM) O(N) O(N) O(N) O(log(NN))
DeepScaleLM (Ours) 1 o) 0(1) 1 o) o)
DSInit 1 o(1) O(N7Y) o(1) o(1) O(N™Y)
DeepNet 1 (1) O(N—05) - - -
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3.2 DEEPSCALELM: ENABLING DEEP TRANSFORMERS WITH 100S OF LAYERS

We propose a new initialization and re-scaling scheme, DeepScaleLM (DSLM), that aims to alleviate
the explosion issues discussed above.

Residual/Skip-Connection Scaling Let 03, Tpiocks Tmoder D€ the variances of the skip connec-

tion, the block, and the output of the final layer of the model, respectively. Let Jfkip = 02ucks

and we scale them by scalars A\ and 3 respectively. Then, as has been proven in numerous works
(Appendix|B.3)), if A2 4 32 = 1, this scaling will maintain the variance after addition of the residual.

Initialization However while ensuring ofkip = 02, (and equal to the variance of model input)

has been done for ResNets (Appendix[B.1)), it is difficult to achieve theoretically for transformers. By
leveraging the equations in Table 2] our theory provides us the tools to achieve this. We modify the
initialization of the components of the transformer FFN and Attention blocks such that the variance
of their output is 1, as further detailed in Appendix [M]—

1. We set the variance of embedding weights as 03 = n;ﬂ;p o where numempg is the number

of embeddings types. As embeddings are followed by a dropout, this ensures the input
variance to the model is 1.

wi

2. We set 012”2 =g2 = é * 4/ 1_71’, to make the output of the FFN block 1.

3. We iteratively calculate layer-by-layer ri,m, rﬁcom using expressions from Table and calcu-

late the initial variance of the attention block weights to make the output variance 1.

This initialization of transformer blocks, combined with the scaling of the skip connection and
residual, and correct initialization of the embeddings, results o2 4, = 1, irrespective of the number
of layer N. This initialization also preserves the backward gradient, as proved for Pre-LN and Post-
LN, in Appendices [H.3]and [H.4] Empirically, we show the backward gradient being preserved for
both Pre-LN and Post-LN even across 192 layers at the start of training (Figure [).

Choice of Scaling Parameters While any choice of S will work at initialization, higher values of
B3, for example 3% = 0.5 causes gradients to vanish (Figure Table . This is because covariance
between residual and skip connection increases the forward variance, which causes normalization to
decrease backward gradient (De & Smith, [2020)).

Similar to other prior works (Appendix , we use 32 = % in all our experiments, where k is
some small constant. This enables us to bound the fall in gradient (Appendix [H.3) for Pre-LN. For
)

Post-LN, 32 < % is theoretically required to bound the gradient (Appendix . In practice,

with 5% = %, even with 768 layers, we empirically observed the final output variance from the

model does not exceed 30, and all our models converge. We hence use ﬁ2 = % (Figure ,
but a practitioner may choose 32 = %, with o > 1 if more stability is required at the expense
of performance/“sensitivity” (Refer to Section 4.4] and comparison to prior works in Section 4.3).
While the above analysis assumes positive covariance (which we always observed experimentally),

negative covariance follows a similar reasoning, and will cause gradient explosion instead.

Simpler Initialization Another avenue to handle the covariance between residual and skip con-
nection could be to set A2 + 32 < 1. We therefore also consider a simpler initialization
method(Appendix [M)), in which we modify the initialization of attention value and output matri-
ces to be the same as those of FFN block. This decreases the "effective" 3 of the attention block, but
as the attention block has 2x fewer params than FFN, this change in weightage seems reasonable.
As we show in Appendices [H.5]and [H.6| while variances are no longer unit at initialization, they are
still bounded. This change does not impact performance significantly, as we show in Table [0}

With the above initialization and skip/residual scaling, our DSLM method enables us to train models
with 768 transformer layers for both Pre-LN and Post-LN. As our experiments will show, we find
that for the same number of parameters and compute, deeper-narrower models with our method
outperform standard-sized models during both pre-training and finetuning.
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3.3 EXPLAINING IMPACT OF LARGE QK VALUES

In/Dehghani et al.|(2023)), the authors observed large QK values destabilized the training, and solved
this empirically by adding a layernorm after attention scores. Prior work on signal propagation in
transformers, either ignored the effect of QK initialization (Wang et al., 2022a)) or suggest that the
backpropagated gradients have a linear relation to QK variance (Noci et al., [2022)). Critically, note
from our derivations of softmax(Appendix [C.7), the backwards gradients from Q/K are exponen-
tially related to their variance. This exponential dependence points out the critical significance of
correct initialization of Q/K. For e.g., by initializing them to only 2x the xavier values (keep all
other initializations the same), backwards gradients exploded 10000x through a 192 layer model.
Our theory explains these empirical observations of the detrimental impact of large QK values, and
suggests simple initialization strategy to fix this problem, achieving the same variance on QK with-
out the overhead of LayerNorm.

3.4 EXPLAINING AND MITIGATING RANK COLLAPSE

Similar to our work, |[Noci et al.|(2022) also analyze moment propagation through the transformer,
and observed the rank collapse of the token’s representations at initialization after just a few layers,
i.e., all the token representations became the same (1!, ~ 1 after just 12 layers) at initialization. This
has also been reported in |Shi et al.[(2022);|Zhou et al.| (2021)); Wang et al.[(2022b)); He et al.| (2023));
Bachlechner et al.| (2020); Zhai et al.| (2023), and suggested modifications such as adding a skip
connection on attention scores, initializing Q/other weights to 0, or normalizing all FFN weights.
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Our theory suggests a very simple solution — Dropout. As our closed form expressions suggest,
both FEN block (because of ReLU) and dropout reduce the correlation(Figure[5). With dropout, our
method shows that such a rank collapse will not occur, and 7., will quickly reach a stable value < 1
(Appendix [G), and we verify this empirically in Figure[6]

Alternatively, scaling the block output by § = ﬁ, or equivalently initializing the weights very

small in Post-LN will also prevent rank collapse, even without Dropout. For Pre-LN, A = 1 slows
down increase in r! compared to A2 = 1 — % (but the same slowdown can be achieved by decreasing
(). While similar toNoci et al.| (2022)), we highlight some issues in|Noci et al.|(2022) in Appendix
For DSLM, applying our block equations iteratively shows that 7/, < 1 — e% after IV layers. This
highlights the criticality of correct initialization, dropout and scaling for deep transformer models,
as well as the explainability power of our theoretical framework proposed in the paper.

4 RESULTS

4.1 NUMERICAL VALIDATION OF THEORETICAL RESULTS

We verify the theoretical formulas of transformer components and blocks by running simulations
with real and synthetic data, as detailed in Appendix [F| over a large range. These simulation results
are all fully reproducible using our code released as supplementary material. Even at 99 percentile,
no error (other than SHA gradient variance) is larger than 10%, verifying our assumptions.
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We also verify our formulae for the entire transformer model, as shown in Figures [T} [2] [3] and [4]
Our formulae predict the observed gradient and forward/backward norms with remarkable accuracy.
We further vary the model depths [1 — 768], and model dimensions [128 — 6096], and the reported
formulae are within 10% error, even across 768 layers of the transformer model.

4.2 VALIDITY OF THEORETICAL PREDICTIONS EVEN AFTER TRAINING

Interestingly, our theoretical estimates hold approximately even after the models have been trained
for a large number of steps. The model stays in the regime it is initialized with (as has also been
shown in [Li & Liang| (2018)); Lee et al| (2019); Jesus et al.| (2021); |Arora et al.| (2019azb))), high-
lighting the importance of correct initialization. Further, we analyze forward explosion in a 48-layer
PreLLN model (after 100k training steps) and gradient explosion in a 64-layer PreLN model (after
150k training steps) and use our theory to predict the moments. Our linear estimation for the for-
ward growth and hyperbolic estimation for the gradient explosion match closely with the observed
moments as shown in Appendix in Figures[§|and 9}

4.3 DEEPSCALELM: PERPLEXITY IMPROVEMENTS FOR VERY DEEP MODELS

Implementation Details We test our method on the Masked Language Modelling task with the
BERT Devlin et al.| (2019) model. We use Pile-CC dataset |Gao et al.| (2021)) to train our model,
and report LM test-set perplexities on the same. We use £ = 2 for 3, and we use all original
hyper-parameters of BERT, except for learning rate (LR). We find that higher LR is needed for
our deeper-narrower models (similar to [Yang et al.| (2021)). Hence, we search for LR for all the
models. The training steps were decided based on Chinchilla (Hoffmann et al.l 2022). Table g]
provides all hyper-parameter details. When using DSLM, model output was down-scaled by v/d
before LM-head.

We train different language models with the same number of parameters and compute — while in-
creasing the depth (IV), we reduce the hidden dimension d keeping number of parameters (/N d?)
constant. When changing from 12-layer 1024-d model to 192-layer 256-d model, compute negligi-
bly increases by only 6.6% when keeping Nd? constant (Table

Table 4: Performance (perplexity) of models
with same compute and different shapes. Deep ~ Table 5: Comparison with prior deep methods.
Thin models provide large improvements.

Layers DSInit DeepNorm DSLM

Model (N,d) Pre-LN Post-LN DSLM 96 diverge 13.4 122
165M Params 192 15.9 14.4 12.9
12,1024 21.7 14.2 15.6
48,512 18.0 14.8 13.1 . .
192, 256 19.8 171 12.9 Table 6: DSLM with deep Pre-LN.
768, 128 26.9 diverge 18.4 -
330M Params Model (N,d) Baseline DSLM
24,1024 19.4 13.2 14.0 384, 256 18.5 17.2
96, 512 24.0 diverge 12.2 768, 128 26.9 259
384, 256 18.5 diverge 12.3

Perplexity Improvements after Pre-Training In Table[d] we provide the results for two different
model sizes, 165M and 330M, with DSLM applied to Post-LN. Post-LN is known to outperform
Pre-LN Wang et al.|(2022a)) (observe Row-1 and Row-4). However, since deeper Post-LN models
diverge, most current large LMs (such as GPT3|Brown et al.|(2020)) are Pre-LN. Using our method,
even a 768 layer Post-LN model (with 2300 Linear and 768 attention layers) converges.

Figure [/|shows that DSLM stabilizes the training of Post-LN models while significantly improving
the performance compared to Pre-LN models. Our method is comparable to the baseline for shallow
models but starts to outperform as the model gets deeper. Our 192-layer model outperforms the
vanilla 12-layer, and our 96 layer outperforms the vanilla 24-layer model. The 165M 192-layer
model outperforms the vanilla 24-layer 330M model with 2 x params and compute.
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Perplexity Improvements after Pre-training for Pre-LN models We also applied DSLM to the
deep Pre-LN models reported in Table ] for both model sizes. Table[7]and Table [6] show that DSLM
significantly improves the performance of the Pre-LN model across a range of model depths.

Comparison with Prior Methods for Deep Transformers DSInit and DeepNet stabilize the
model training at the expense of reduced “sensitivity” (Section [d.4) by using smaller effective val-
ues of 82, at O(N~2) and O(N 1) respectively. This is also verified by our experiments. Table 6]
shows that DSLM outperforms DSInit Zhang et al.|(2019) and DeepNet Wang et al.| (2022a)) across
different model depths. Interesting, 96-layer model diverges with DSInit, inspite of DSInit using
a smaller 3 asymptotically — this is because the constants hidden in O(N ~2) are much larger for
DSInit. Our method, by analysing signal propagation, has constants exactly 1.

30

Table 7: Comparison while increasing depth. z

N d Baseline DSLM

Perplexity ->

Post-LN 18
192 256 17.1 12.9
384 256  diverge 123 s
48 512 148 131 ’
96 512 diverge 12.2 12 48 192 768
Pro-LN Number of Layers ->
12 512 294 26.0
9 512 240 20.2 Figure 7: Visualizing performance vs. Depth

for 165M models.

Effect of Increasing Model Size Table [/| compares the performance of our approach with the
baseline as we vary the model depth (/V) while keeping the hidden dimension (d) constant. The
baseline either fails to converge, as observed for Post-LN, or leads to performance degradation,
as seen for Pre-LN. By stabilizing the training, DSLM allows training larger models with better
performance, for both Pre-LN and Post-LN.

Downstream Finetuning Results We finetune the baseline and DSLM models on the public
RACE-M and RACE-H (Lai et al.,[2017) datasets. The improvements observed during pre-training
(Table [) are similarly translated into downstream task performance. Table [§] demonstrates the ef-
fectiveness of DSLM compared to both Pre-LLN and Post-LLN baselines.

Table 8: Downstream fine-tuning accuracy on the Middle/High school datasets of RACE benchmark.

Model Size | Overall | RACE-Middle | RACE-High
Pre Post DSLM Pre Post DSLM Pre Post DSLM

165M 517 569 591 577 63.0 656 492 543 56.3
330M 535 565 597 589 636 662 512 536 57.0

4.4 ANALYSIS OF DEEPSCALELM

Compute Appendix[J]provides detailed theoretical and wall-clock compute overheads for making
models deeper. We observe that up to 200 layers, the theoretical compute is within 6 — 7% of
the original shallow model, and wall-clock times also have small overheads less than 15%. While
our 192-layer 256-d model requires 6% extra compute than the 24-layer 165M parameter model, it
manages to outperform the 24-layer 330M model, that has 62.5% extra compute, at equal wall-clock
time and at equal number of tokens.

Ablation of Residual Scaling Table [0 provides the results corresponding to the different compo-
nents of our proposed DSLM scheme for training 96-layer 512-d model Post-LN model. The model
fails to converge without the proposed residual scaling. 5 may also be set as learnable (similar to
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BatchNorm [loffe & Szegedy| (2015)), after initializing it with 3% = % We find that this does not
significantly impact performance, and /3 remains within [0.2 — 5] x of its initialized values.

Ablation of Initialization Table [I0] provides ablation results for our proposed initialization. All
experiments in Table [I0] were conducted for the Pre-LN model with our proposed scaling (A, B),
since the Post-LN model diverged with Xavier initialization. Xavier initialization performs signifi-
cantly worse for very deep models. BERT default initialization with o = 0.02 also performs worse.
Finally, DSLM simpler initialization performs comparably to DSLM.

Table 9: Ablation of various DeepScaleLM Table 10: Ablation of the initializations.
components, for a Post-LN model.
Model Model Size (N,d) Perf
Model Perf Xavier 165M (192,256)  38.2
Vanilla Xavier diverge Fixed o = 0.02 165M (192,256)  31.6
Xavier + ﬁQ =0.5 diverge DSLM 165M (192,256)  20.8
DSLM-Init diverge DSLM (simple)  165M (192,256)  20.7
DSLM:-Init + ﬂz =05 diverge Fixedo = 0.02  330M (96,512)  20.5
DSLM-Init + 3° = & 12.2 DSLM 330M (96,512)  20.2

model training (Appendix . In general, for a 3 of the form 32 = %, we can choose from a
wide range of values for the constant k& and exponent «. Intuitively, as k decreases/« increases, the
contribution of each layer is reduced, and the observed issues, such as forward growth and gradient
explosion/vanishing, are mitigated. However, reducing each layer’s weight makes the model more

linear, and can affect performance.

Discussion of Relative Strength Existing works have tried to use different values of /3 to stabilize
B3

Davis et al.| (2021) defines “sensitivity” as the variance of relative change in output for small pertur-
bations in parameters, averaged across all parameters. If afkip = 1, sensitivity can be shown to be
mean across layers of N * (1/0 ) = N * 32. Mean is not robust to outliers, and hence we sug-
gest median may provide a more robust measure. For e.g., for vanilla pre-LN, |Davis et al.|(2021)’s
definition gives sensitivity as O(log(N)), whereas using median provides a more robust measure as
O(1). But only the first N/10 layers have O(log(N)) sensitivity, and the last 9N /10 layers have

O(1) sensitivity. We will use median in the discussion below.

In Appendix [K| we show that the fall in gradient for both pre-LN and post-LN for 82 = k/N¢ is
O(ekN e ). The sensitivity is hence kKN'~<. As we decrease k/increase «, the gradient fall/growth

is reduced by O (k¥ e ), and the training becomes more stable. However, the sensitivity reduces
by O(kN1~%).

For DSLM, we chose o = 1, that is the sweet spot on the stability-expressivity curve where both
the gradient fall bound and sensitivity expressions become independent of model depth. For DS-
Init, & = 2, and for DeepNet effectively has o = 1.5. Although the gradient also becomes stable
using o = 1.5 or 2, the model expressivity reduces with depth, as shown in Table [3] We conjecture
that such models might not be able to extract better results when going deeper, as we indeed verify
empirically in the comparison with prior works paragraph in Section[4.3] However, depending on the
training landscape for a particular problem, a practitioner might need to increase « (and/or decrease
k) to stabilize model training and ensure convergence.

5 CONCLUSION

We theoretically derive closed forms for the growth of variances for forward and backward pass
through individual transformer components as well as the entire transformer model. These formulae
enable us to identify and solve the key reasons for vanishing/exploding gradients and rank collapse
in very deep transformers. Via scaling and correct initialization, we also enable training very deep
transformers up to 768 layers. Our experiments suggest that deeper transformers should be explored
- using our method, models with 100s of layers outperform standard models at the same number of
parameters and compute.
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REPRODUCIBILITY STATEMENT

We release the code for our numerical verification results in the supplementary. Pseudo-code of our
proposed DSLM method is provided in Appendix [M] and DSLM-simple method can be very easily
applied to existing codebases.

Details of implementation are provided in Section [4.3] All hyper-parameters including optimizer,
warm-up steps and LR values in Appendix [N] Nvidia’s Megatron LM (https://github.com/
NVIDIA/Megatron—-LM), at commit |1a26b2910d6b64d8ce6bdebe807739d4ea67t3d7 was used
for verification and plots of gradients. Note that while this codebase only supports fixed initializa-
tion, modifications to use Xavier instead were minor.
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B RELATED WORKS

B.1 INITIALIZATION

Several works, such as (Glorot & Bengio| 2010} [He et all, 2015}, [Brock et all, [2021)) improved the
initialization of ResNets/ReLLU networks, but crucially these works do not consider the impact of
correlation in the input, which is large in Transformer models. [Schoenholz et al| (2017) initializes
weights for networks with bounded activations so that correlation reaches 1 asymptotically.

Some works, such as|Mishkin & Matas|(2016)), sequentially profile each layer empirically by running
forward passes through the model, and scaling the weights and/or output to achieve unit variance.,
and|Liu et al] applied the same method for Transformers. [Blake et al.| (2023) also tries to
achieve unit variance, but does not consider correlation in input or across tokens, and ignores the
non-zero mean of ReLU, resulting in incorrect scale. [Bachlechner et al.| (2020) shows unit variance
leads to faster convergence at the start of the training.

We demonstrate that this profiling is unnecessary, and can instead be done theoretically in Deep-
ScaleLM. Furthermore, where output or gradient increases in some prior works with more layers

(eg. for ADMIN (Liu et al., [2020a), grad and output increase by O(log(NN))), our method allows
maintaining both unit output and equal gradient across all layers at initialization, and bounded during
training.
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B.2 SIGNAL PROPAGATION

Signal propagation has long been studied for ResNets, such as [De & Smith| (2020); Brock et al.
(2021)); He et al.[(2015));\Schoenholz et al.|(2017); | Anonymous| (2022); Labatie et al.| (2022);/ Marion
et al.| (2022); Klambauer et al.| (2017); |Balduzzi et al.| (2018)). Some of these works also compute
variances with respect to joint distributions of weights and inputs, resulting in estimates that do not
correspond to any single instantiation of the network, as also pointed out by [Martens et al.| (2021)).
In our work, we take expectations over inputs for a single instantiation of the network.

For transformers, signal propagation was studied in [Xu et al.| (2019); Dong et al| (2023)); |Davis
et al.| (2021); Noc1 et al.| (2022). Our work also considers previously neglected effects of dropout,
input correlation between tokens, non-linearity, Q K initialization, and provides closed forms with
verifiable correctness of this signal propagation. Ours is the first work to theoretically constrain the
output and gradient to almost exactly unit without any profiling passes, showing the validity of our
formulae and of our assumptions. See the section Section [3.4] for more discussion on [Noci et al.
(2022) specifically.

He et al. (2023)) extends neural kernel methods of DKS (Martens et al., [2021) to Transformers to
model network behaviour, assuming the MLP to be linear in its effect on attention. Q/C maps in
kernel methods are similar to signal propagation, as expected moments are equivalent to q and m
values of kernels (Martens et al.| 2021). Our method relaxes these assumptions, and we show that
considering the impact of ReLU/GeLU on correlation is critical to correctly modelling attention.

We also account for cases with non-IID inputs that may occur due to segment/position embeddings
or due to non-uniform token distributions in real data (that are distributed approximately per Zipf’s
law |[Zipf| (1999)) — and find that this strongly affects output variance of the attention block.

B.3 MOMENT CONTROL & RESIDUAL SCALING

Bounded gradients, or normalizing per-layer gradients, have been shown to results in better/faster
convergence (Shen et al., [2020; |Yu et al., 2018; |You et al., [2017;[2020). Woks such as Takase et al.
(2022)); |Shleifer et al|(2021); [Hayou et al.|(2019) also achieved improved training by empirically
mitigating the gradient explosion.

Scaling with A2+ BQ = 1 to control moments have often been used for ResNets (Balduzzi et al.}
2018 [Szegedy et al., |2016; [Hanin & Rolnickl 2018} |Arpit et al., 2019} [Zhang et al., [2022; |Hoedt
et al.,2022)). Szegedy et al.[|(2016) proposed to use any small 3, Balduzzi et al.| (2018) proposed to
set [32 = 0.5, |Bachlechner et al.[|(2020) sets 8 = 0 and learnable. |De & Smith| (2020) showed that
A2 = 0.5 is not sufficient to solve vanishing gradients.

B? = % was used to control growth of moments in|Arpit et al.|(2019); Brock et al.|(2021)); Marion

et al.| (2022); Zhang et al|(2023); He et al.| (2023); Noci et al|(2022)) . 5% = f, where n is the
current layer, was used in De & Smith|(2020); |Liu et al.| (2020a3b)); |Davis et al. (2021); Blake et al.
(2023)), but this results in logarithmic bounds instead of constant for forward propagation if A = 1
is used, and vanishing gradient for backward propagation otherwise.

Values of 82 < %, such as (effectively) % for DSInit (Zhang et al., |2019) or ﬁ for Deep-
Net (Wang et al.| [2022a) decrease sensitivity of the model, and may result in the model becoming
“too linear”. DeepNet shows performance improvements by making the model deeper, but keeping
the hidden dimension constant. Our setting is much more strict - we keep the number of param-
eters (and hence compute) constant, and our method still show performance improves on making
the model deeper. For example, DeepNet‘s 200 layer model is 3.2B params, whereas ours is 330M

params.

Sometimes, these [ values are used in conjunction with A\ = 1, such as in |[Liu et al.| (2020aib),
but as shown in He et al.[(2023)), fully normalized residual connections with A + 3% = 1 often
perform better than those with A = 1. We also observed lower performance with A = 1 in our initial
experiments, and hence we fully normalize the residual connections.

Our contribution goes beyond providing an optimal scaling scheme. Using the theoretical frame-
work and closed-form expressions for moment propagation through both Pre-LN and Post-LN de-
veloped in this work, practitioners can make informed choices about using any of the scaling factors
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above based on the stability-performance tradeoffs, such as using a lower S for scenarios with high
correlation, or using higher 5 with uncorrelated inputs.

B.4 OTHER NETWORK MODIFICATIONS FOR DEEP NETWORKS

Shi et al.| (2022)); /Zhou et al.|(2021)); Wang et al.| (2022b); [Dong et al.| (2023) showed that attention
causes rank collapse in deeper models, and (Chen et al.| (2020); |Zhao et al.| (2023) showed the same
for graphs. Takase et al| (2022)) added some extra skip connections from the input of the model,
Nguyen & Salazar| (2019) modified layernorm slightly, Zhai et al.| (2023) normalized all linear lay-
ers by their spectral norm, and |Shleifer et al| (2021) added extra layer norms. The methods in
these works are orthogonal to our approach, and our equations can be easily extended to cover the
architectural modifications suggested in these.

C MOMENT PROPAGATION THROUGH TRANSFORMER COMPONENTS

We provide detailed proofs of the closed-form expression for each of the transformer component —
Linear layer, Dropout, ReLLU, GeLU, LayerNorm, and Softmax.

For any component, input is represented as X;j, and X, is the output. The gradient flowing in into
the component from the output side is represented as gq, and the backpropagated gradient towards
the input is g;,. We switch from vector to matrix notation (Xj,, Xoy) Whenever needed. We assume
that the input is distributed normally N'(0, 0, ). Further, input is not assumed to be IID and it
can have covariance both along the sequence length and hidden dimension. Additional assumptions
needed to derive the proofs for softmax and attention can be found in the respective proofs. We
derive the forward and backward variants for a specific initialization of weights that corresponds to
exactly one network instance - all expectations are taken over inputs for a given instantiation of the
network.

C.1 EMBEDDINGS

We do not assume the input embeddings to be IID. Repetition of same token introduces correlation
across the sequence length. We assume that the input tokens have been sampled from a multinomial
distribution. The words / token ids are distributed almost according to zipf’s law. Assuming we ini-
tialize all the embeddings with variance aimb ,» the relevant statistics for word embeddings output
Tout,,, are as follows

:uﬁoutwe =
-'%outwe = UTQNembd
Ni * Ni -1
Cov! (Tou,,.) = L*ELl)) * O
(o) =2 L)

Cov? (Tout,,,) =0

Assume ith word occurs [V, times, it contributes % to the covariance along sequence length.

Similarly, we can calculate the correlation for segment-type embeddings output zoy,, . Zipf’s law
states that the probability for each token is inversely proportional to its rank. For the word with rank
i, p; = %, where ¢ = Zl- 7. For a sentence of length L, the token with probability p; is expected to
occur p;. L times. Hence, for a given vocabulary size |V

, we can calculate the correlation as follows

N;x (N; — 1
’I"l(Ioutwe) = L*EL—l))
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Lr?
. 6log(JV]2 — 1
L—-1

2

~ 6.log(|V])2

Similarly, the segment type embeddings have two possible values denoting the sentence order. If
first sentence has length x, we can consider this as a special case of the analysis performed above
with two possible tokens, where Ny = x and Ny = L — x. Assuming x is distributed uniformly
between 0 to L, L — x also has the same distribution. Hence,

N+ N2-L
Tl(Ioutse7N1,N2) = i*Tz_l)
Taking expectation, we get
2
. B * L*— L
r (zOUtse) - * (L _ 1)

Q

The correlation from position embeddings is 0. Since the variance is same for all embedding types,
the final correlation is the average of the three. Hence

1
rl(mout) = g(rl(%utwe) + Tl(xoutse))

w2
~ 18xlog(|V])2 9

For our case, |V| = 32000 and sequence length L = 256, the theoretically prediction correlation
rl . = 0.247 which is within 10% of the empirically observed correlation (0.221).

Hence, the final moments for the embedding output are

:uiom = 0
Uioul = 3 * o'iembd
2 2
C l - (" N 2
OV ue (18 + log(|V])2 + 9)0000..[
Covgom =0

C.2 LINEAR

For linear layer with d;,, dimensional input x;,, and d,; dimensional output X, we can define the
forward pass mathematically as,

Xout = XinW

dln
- Tout; = E xin,;Wi,j
i=1
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Similarly, we define the backward pass as,

T
8in = goutW
I)I.Il

— gin] Z goutI 7y

For expectation of output we have,
din
xoutJ = Z Tin, W, ,j Z E[‘Tini Wi:j]
i=1

dlﬂ
= ZE[%HJE[W”} = Hap Hw
i=1

(As weights and input are independent of each other)

(s

To get variance of the output of forward pass we have,

Var( :coul = Var( E Tin;, W, ,J

As the weights are initialized 1ndependently each term in summation is independent of each other

din
= (Var(zin,W; ;)
i=1

din
(03, + 1z, (o0 + 1) = iz, be)
i=1
(As weights and input are independent of each other)
din
=) _(oF, +ui,)on,
i=1
_ 2 2\ 2 )
Var(xoul_[) - din(Umin + /j’a:i,,)o-w ( V])
fou = (07, + 113,)0,

If we have two inputs Xi, and y;, such that for all ¢ we have Corr(xiy, , ¥in, ) = rém, and Xoy = Xin W
and yout = yin W. Then for any j we have

E[woutj youtj] - E[woutj]E[youtj}
v/ Var(Zou, ) Var (You, )

COI‘I‘(JC(,utj ) youtj) =

E [xoutj Yout, ]
Ugoulogoul
i din
N E[Zz:‘l Tin, Wi j Zk=1 Yiny, Wk,j]
= o
Tout
d.

_ E[>2521 @in, Yin, Wil + kal ki Zz 1 Tin, Yin, Wi i W 5]

2
Lout
In second summation all terms are independent of each other and as the expectation of weights is 0
we have

din
E[> 52 Tin, yimWiQ,j]
2

Lout

COI‘I‘(Z’outj 5 yout_j) -
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_ Ef:l Elzin, yiniWiz,j]
2

_ 2?21 E[Zin, yini]E[Wf’j]
= 2

Zout
S (02, 4 )
(0, o+ i2,)0%
dn(02, + 1)

l 2 2
COI"I’(.’L‘ ) _ rrino—fm + N“Iiu
out; s youlj - 2 + 2
Okin T M,
l 2 2
l _ rIinawin + Mivm
Tﬂ?ou\ 0-2 + 2
Lin Mwin

As the backward pass has similar structure, assuming fig,,,

(Independence of weight initialization)

(Definition of correlation)

= 0 we can use the same analysis to get,

/’l’gin = 0
a2 dout0= O
Gi out® go, “ w

C.3 DrorOUT

We can define Dropout mathematically as,

Xout = Dropout(x;,)

0 else

= Touw, = { (fiip) with probability 1 — p

To calculate expectation of dropout,

xini

Elzouw,] = 0+p+ (1 —p) x B[ ——~]

For variance,

Var(xomz‘) = E[x?)ull] - E[‘TOUHP

(1-p)

2

xXe
=0xp+ (1 —p)*E[ "] — pZ,
(1 _ p)2 ZTin
Elz,]
(I-p) °°
Uﬂzcm Mim _ ,LL2
(1 _ p) Lin
2 _ UJQJm +p‘uiin
O—mum -
(1-p)
If we have two inputs x;, and y;, such that for all ¢ we have Corr(x,, Yin,) = réin, and Xou =
Dropout(xi,) and you = Dropout(yi,). Then for any j we have

E[xoutj youtj] - E[xoutj]E[youtj]
v/ Var(Zou, ) Var (You, )

IE[-Toulj youlj] — Mo Haou
2 2

Zout ~ Lout

Corr(xoutj ; yout_j) =
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PP x0+25px (1=p)x0+ (1 —p)? * B[qoiim ] — 2,
= 2

E [xinj Yin, ] - ’ugmu
2

Zout

(T‘éina—gm)(l - p) — l
o2 +puZ, o

COI‘I‘(JJOU[]. ) youtj) =

We can define the backward pass of Dropout as,

(1-p)

{ i if 2; isn’t dropped out (which has probability (1 — p))
Gin; =
' 0 else

Again we can see that backward has similar definition to that of forward pass. Assuming g, =

and using similar analysis we get,

Hgn = 0
2
2 — Ugoul
o (1=p)

C.4 RELU

We can define ReL.U mathematically as,
Xout = ReLU (X, )

Tin, if Tin;, > 0

o, = {0 else

For getting expectation of output of ReLU for normally distributed input we have,

71/‘2

/oo ReLU(ziy, ) exp (552+)

in

Elzouw | = Tin,
[ oulz] . \/%O'wi“ in;
ey ey
0 0xexp(5z%) o0 Tin, eXP (53-)
— Zin dx + Lin dm
—oo V270, e 0 V2moy, i
2
% Tin, exp (g5z+)
0 v 27(-0—93“, ™
2
T in, A%in,
Substituting t = 3 we have dt = M e get,
2 Zin Zin
o4 exp (—t)dt
Elpgn | = [ Zzw o0

0 vV 2

= e e ()5 = T

Hence, the mean of output

Variance of output can be calculated by,

Var(xouti) = E[Z‘outf] - E[33'0ut1,]2
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ey
s (ReLU(zin,))? exp (5,3 o2
_ o Tz
/_oo V2o, o om
2 —x!
oo TF exp (o) o2
mn

7wini
- Tin; + ——F——dTip, —
" Jo V2Toy, Y 2w

eV 2moy,
2

2 ~Ting
oo i €XP (7202 L) Uf-m

= —zmdl'ini _
0 \/%Umm 2m

oo Tiy exp(2 T )
Let [ = — " g, , then substituting t = —z;,. we have,
o \/%Urin in; g in;
2
- _t2 €xp (2;1; )
Tin dt

e Vrow.
2
~Tin,;
Ry 00 x?n exp ( ZJ%L)
“1n t + i
0 V2moy,,

dx in;

2 —
mn;
oo Ti exp ( 557 )
)

21 = _
[oo V2o,

2 2 2
g 0. oL, 1
— Var(xouti) = % _ ﬁ — %(1 ;)
2
o 1
oi = %(1 -
out 7'[‘
= rém’ and Xou =

Now for two inputs Xi, and y;, such that for all ¢ we have Corr(Xiy,, Vin;)
ReLU(xiy) and you = ReLU(yin). Then for any j we have,

Corr(Zout,  Your; ) = Elzou; You, | — Elzou; /B [You, ]
out; 5 Jout; v/ Var(zou, ) Var (You, )

_(a:?nj + y?nj - 2rimxmjyinj))dm d
1y m;

o0 o0
Tin; Yin;
E[zou, ¥ [,}:/ / i 1y exp (
ot 7O 0 Jo 2mg2 \/1—(rl )2 202, (1 = (r5,)%)

Lin
2
Yin,
20_% )dxmj dymj
mn

l 2
_('Tinj B Txmyinj) ) Xp(

_ /oo /oo Zin; Yin; exp(
o Jo 2mg2 \/1—(rl )2 203, (1— (Tém)Q)

Substituting ¢ = Tin; — rfrm Yin, » and assuming Yin; is constant for the inner integral,dxmj =dt

E[xoutj yout_j] ==
0o yinj exp ( 202, ) oo t+ rlm. Yin- —t2
= R / in /10 exp (5 v ) dtdyin,
0 \/%U;pm =Tl Yin, \/ﬁazin 1—(rk )2 207, (1= (r5,)%)
0o _ 2 o) 9
yinj yinj / t —t
= exp ( ) exp ( )dtdyin,
0 V2row, 208y VBro, 1 ()2 208 (1= (5,7
00 2 00 l 9
Yin; Yin; T2, Yin; -
+ S — exp (=—=~) / - exp ( )dtdyin,
o Vamo, 208 )ty ma, ST (k)2 205,(1=(5,)) T
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Let us first define I; and I5 as:

L= [ (_yﬁ” ) / ) ! exp ( - )dtd
1= Xp Yin,
0 \/27TUx 203, =kt /20y, 4 /1 — (rL )2 207, (1= (r5,)%) ’
00 _q,2 00 l 2
Yin; Yin; Ty Yin, —t
I, = I exp ( J )/ s exp ( Ydtdyin,
0 ‘/27T0'z 20’%“1 *T;i“yinj /27Tffx;" 1— (Té )2 20 325,"(1 - (Tégm)Q) j
oo 2 oo
Yin ; —Yin, / t —t?
I — J J ex dtd in.;
' 0 V2mog, el 203, ) =1L Yin; \/2m0, m ' (2032”1"(1 B (Téi“)Q)) "
12 tdt
Substituti = havedp = ———————
ubsttuting p 20_2 (1 — (T':lbi )2) W€ have ap J%in(l — (Tlmin)z)
Y 01— (11,)7)
Il _ in; ox ( n; )/ o exp (—p)dpdyi B
0 V2mog, 203, 22(?1"7% V21 "
o Yin, (_yln Tzin (1 - (lem) ) ( _(leinyinj)2 )d
= ex in
0 V2ro,, T2 Vin a0z, (1 (T, )7
o Yin, \/ 1 - Tm —yij d
- o 32 (- (1,7
2
o Yin,; Yin, dym
Substitutin = J ,dm = I ,
TR (e A = R (Y A E)
N R
I :/ (11— (r%. )?)os exp(—m)dm
0 27T in in
(1= ()Y)Ee2,
a 2
0o _02 oS l 2
Yin; Yin, T2 Yin; —t
12 — J ( 5 ) / in <115 eXp( )dtdy .
o VIow 2R S Vo [i- () 2RO 0L

oo

o acmym] p(iymj ) /OC 1 ( t2 )dtdy
0 \% 27TJI|“ 0.‘%“, TL ym \/ O—I 1/ ]_ — ( m) 2 gm(1 - ( -Lm) ) "

Substituting p = —t, where ® is CDF of Standard Normal Distribution

e ym _y12n - -1 —p2
12 = J“m J p( . )/ exp( )dpdy j
o V2moy,, 202 rhoving V270 /1 — (rl )2 202 (1—(rL. )?) in;
!
o] my —y T2 Yinj 1 _ 2
_ Taio Yin, ( ;Hy )/ J ( . p — )dpdyinj
0 V 271—0—:0"1 2 rm —00 \/27‘(0'%“ ]_ — (rclt ) 2 Tm(l - (,rfin) )
0

2
;lcmymJ ( _yinJ )(I)( T;l;;inyinj )dy
m;

0 V2MOm 205 oy 1 (ol )2
o wm me _yi2nj 1 r{lzin Yin;
N exp (53[5 (1 + erf( N]dyin,
0 V2rou, 203, Gouy 20— (11,)?)
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! e} _
Tx- yinj yinj
= —= e d¥in.
2 J, /7277035;,, xp ( 202 ) Yin; +

rréi" / ™ e (S et (— Tl
inj 2 in;
22, Jo T )
Let us define I3 1 and I3 2 as
Tl o} 2 2
I _ " Tin m; m; d -
T Ve, P e,
l o g2 l
T Yin; Tz Yin;
Lo = $/ y2 exp ( 5 erf( ') YdYin,
Wamag, Jo 202 ()
2 2

l 00
T Yin,; Yin,
IQ 1= —Zin. ? exp( ! )dy ]
s / 2 m;

2 0 27T0—xin 20$in

1.2
r O-:I:m . . . .
i (Same integral as in variance calculation)

Iy = wi"4

VT tan='(%)

o
2 22 _ a
From Ng & Geller| (1969) we have /o z”exp (=b x*)erf(ax)dx = W agm +

a
2/mh2 (a2 + b2)’
H tti Té"“ db L t
ence, putting a = an = —— we get,
putting - g

1— Tl, 2
tan 1 (LYo 303 ot o3 (1 (L )2)
+ ]

Tflfin [ 2 ﬁggin "oy
227 oVoro,, . 4 NG T
ko2 vk cosTh(rh Yo2, N (ry,) 2/ (1 = (1%, )?)o2,
4 2m 2m
E[Tou; Youy;] = I1 + 21 + 122
(1—(rl )2)202 rl o2 ol cosTl(rl )o2 (rh,)?/ (L= (1L, )?)o3,
— n n + 2 * n 1n _ n n n +
27 4 27 27
2
B rii“ g é cos™! (rém)og N (1= (rk,) )Ugin
2 27 27
E[xout-yout-] - E[xout-]E[yout-]
Corr(Zout,  Yout; ) = chihanc) J J
otz IO v/ Var(Zou, ) Var (You, )
Loh, rhoeos (ot V(- 0RN0E o2
__ 2 2m 2 2m
2
fopmt 1
Tanp 2
()

l
T, sa— —
l o, sin T (g )+ /(1= (r,)?) — 1
TI
out m—1

Backward pass on ReLU can be defined as,
- _ J9ouw, if zin, > 0 (Which has probability %)
Gin; 0 else
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Assuming fig,, = 0,

1
IE[gim] 2 * 0 + 2 E[gouti]

= Elg,,]

Var(Qini) = E[g?nl] - E[giniF
1 1
=5 *O+§*E[ggut}

2
2
0_2 _ Ugoul
Jin 9
be the

— a2l
= Tgou> and Gin,., » Jin,

If for two inputs x;, and y;, for all ¢ we have Corr(gout” , gomyl)

gradient after passing through ReL.U layer. Then we have,
E[ginmiginy ] = IP)(-'If'inl >0 s Yin; > O)E[goutwigoutyi]

- P(wln > O yln > 0) goulazoul

P(xin; > 0,4, > 0) =
_(‘r12n1 + y12n1 B 2r§3i“xmiymi))das,-m dyini

/ / xmvyini (
ex
202 /1 —(rl )2 b 207, (1= (r5,)%)
2

l 2
—\Zin; — Ty, Yin;
(ine = T in )y o (250 ) g g

/ / — exp (55 2 5
2mo2 1 - (T‘l )2 202, (1—(rk.)?) 204,

T2 Yin,» and assuming y;n, is constant for the inner integral,dzi,, = dt

Substituting ¢ = xin, — 5

]P)(‘Ti“zi > Ovyini > 0) =
1 —t2
)dtdyini

RS- (
exp exp
0 27Oy, 20%1.1 =l Ying 2mo, /1 — (ré"m) 20'%,.1(1 —(r acm) )

Substituting p = —t, where ® is CDF of Standard Normal Distribution

P(in, > 0,Yin, > 0) =
< 1 —ya [T -1 _p?
- [ | exp Vdpdyn,
/0 2oy, 20--%111 rhovng 270, 4 /1 — (rh )2 2 %m(l - (lein)Q) !
oo 1 _ 12[1 Yin 1 _p2
= exp (==5+) / exp ( )dpdyin,
/0 V2Tog, 202, o V2o, /1 — (1L )2 202, (1= (r5,)%) "

e 1
= ex
/0 V21O, p 202, 51— (Tl_ )2
/w v (L ext(—msn g
= exp - er Yin;
0 V2moy, 207,72 Tar /201 — (L )2)
2 l
—Yin.: T UYin,
yml )erf a:mylnz )dqu

o0 1 _ y12ni

1 P / T exp
i, T ————— ex
4 2V2mo ., Jo P 203, O

= = ex
2Jo V2mog, Py oz,
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1 1 /°° —y2. Tl Yin,
=4 exp( : )erf( = )dyini
4" 2270, Jo 205, gy [2(1 = (1L, )2)

oo 1 b
From Ng & Geller|(1969) we have /o exp (—b*z?)erf(ax)dr = g NG tan_l(a)

rt 1
Putting a = Zin and b = ——— we get,
Ta /201 = (11,)?) 7enV2
1 1 V2 o2 (1= (rt,)?)
P(xini > 0, Yin, > O) =+ Vo m\f -7 m\/ tan_l(i)}
4 2V2moy, 2 ﬁ Téin
1 1
=17 g[g —cos™t (rg,)]
1 n sin ! (rém)
4 27
1 sin t(rl)
- ]E[giﬂxiginyi] = (Z + o7t - ) lgoulo-gl)ul
(l + sin”* (T‘%”in)) l 2
Corr(ginmi7ginyi) — 4 2(7‘7{'2 Gout ~ Gout
1 sin ' (rl)
I zin )y, 1
Tgout (5 + T )rgoul

C.5 GELU

Forward pass through GeLU is defined as,
Xout = GeLU(xiy)
= Zou; = xiniq)(mini)

where ®(x) is CDF of Standard Normal Distribution at

= I <1 +erf(h ))

V2

To get the mean of output of GeLU, we have

2

oo
Tout, -z
E[zou, :/ X exp dain,
[ OUtz] - \/%Uxm (20_%” ) n;
Tin

oo xin, (1 + erf(=2)) 72
= / V27 exp (5=5+)din,
o 2V2moy, QUxm

/°° Tin, (—x?n% Vi + /°° xinierf(%) (—x?m \d
= ex Lin; ex Lin;
—o0 2 \ 27To—a7in p 2O-gin ! - 2 v 27T0-zi“ p 2O-gin !
00 Iy, erf (o) — g2
g V2 n; .
= ex dTin, Integral of odd function
/_ e, P ( 207 )din, (Integ )
1 o Lin; _xi2n-
= — Tin erf (—= ) ex L) din,
2V 270y, /_oo cerf( \/5) P 202 )
> a
From 2.6.1.4 of Lipovetsky| (2020), / zerf(az) exp (—a12%)dz = ————
p y N (az) exp (—a1z7) P
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1 1

Substituting, a = \—@, 2 %m , we have
1
Elzon] = > Z
Y 2V270,, ﬁ 14 )
1 20§m
2\/ 2moy, xm +1
2
um — Lin
out 2 ( rm + 1)

For calculating variance of output,

* T ?n

E[mgul,} = - ( - )din,

ex
o V 27raw P z
/ <1+erf<””'" L
= ex
- dv 27T03:in P QO-f%in
[e%s} 2 2
Lin, —Tip,
: ex L)dTin,
/ 4 2moy, P 202 )

oo g2 erf(Hoi) —x2 o0 xf erfz( ) —
+/ . V2 exp( mmi)diﬂim+/ \/5 eXp( xmi)d'rini

2 v 27Ta.ﬁffln 2J%m S 4 v 27To-icin 20-%m
2 oo g2 erfz( ) —z2
lopd i
="+ / 2% exp (54 ) dai,
4 —oo 4V2mOy, 203,

(Definition of variance, and integral of odd function)

0_2 1 e’} T —CEZ
=24 x2 erf? (2R ) ex ) d
4 4\/%0_%“ /—oo n; ( \/i) p ( 2 %.“ ) n;

From 2.7.3.3 of |Lipovetsky| (2020)

/ 22 exp (—az?)erf(a; 2)erf(agz) =

— 00

1 ( 1 . aiay a1a(2a + af + a3)

—(——=tan +
vrava ™ et e ava Tl T al(@ + ad 1k a2ad)

Substituting a = a1 = ay =

S

1
202
Tin

[ bt (C) exp (o

-0 Tin
1 3G +1)
o = 2 Ufm
7(2\[0’”‘" ( i - 1 )+ 1 1 1 1
40l + 202 202, 202 + 1(404, + 203, + Z)
o2 4\[095",(09251" +1)

2v203 tan™ i
( (\/(U%m+1 )2 — ok \/202 + 1(o} +202 +1)

Lin
2

o 44205
2\/50_3 sinf Tin + Tin
( ZLin (ng + 1) /20"%“ + 1(0‘%in + 1))
2\/50%{]( : 71( Jgin )_|_ 20%;.1 ))
= sin
N 02 +1 202 +1(c2 +1)

)

3\

S

28



Under review as a conference paper at ICLR 2024

2 0o 2
2 _ O, 1 2 2 Lin; ~Lin,
Elzgy,] = 1 + W /_Oo iy erf (\/ﬁ)eXp(QU%i“ )dzip,
Uiin + 1 2\/50-%“( sa—1 ( Uiin )+ 20’3;.1 ))
= sin
4 42m0,, VT o2 +1 202 +1(02 +1)
o2 o2 o2 202
Elz2 ] = “Zin “in (o1 Tin Zin
[xouli] 4 + 27'(' (Sln (O_%in + 1) + /720%“ + 1(0_320"1 + 1) ))

Var(zou,) = E[x?)uti] - (E[xOUti])2

2 2 2 2
oL oy oz 207
0_926 — _Tin (z _ xmz + Sin_l( zmé ) + Tin )
oot 2 2 1402 1+o02 (1402 )\/1+202
l

Now if we have two inputs xj, and y;, such that for all values of ¢, we have Corr(xim , yini) =T
then we can calculate the covariance Cov(a:omj , youtj) for any j as,

COV(.Z‘Omj ) youtj) = ]E[xoutj youtj] - ]E[xoutj]E[youtj]

E [woutj Yout, ]
2 1 2
0 Lout; Yout ; —Tin, + 2TI ‘rinjyiﬂj — Yin,
= // tyy t; exp( 3 > in - 5 J )dl‘inj dyinj — I
-0 2702 /(1 —(rL )?) 207, (1 = (r%,)?)
Tin Yin;;
e g (U erf (7)) yin, (1 + erf(S75)) —xh 27k, Tin; Yin, — Vi, e
B exp ( 202 (1—(r )2) )dTin, dyn,
—oo 8ro2 \/(1—(rl )?) T, T2
Yin ;
© Yin, (1 + eI‘f(T;)) —y?nj
- P (5o = (1 yg) X Win,
—oo 8102 \/(1—(rL. )?) Tin Tin
2 l
e Tin; _xinj + 2r$i"$in] Yin;
Where Iy = /700 Tin, (1 4 erf( ﬂ)) exp ( 202 (1= (L )?) )dwin,

o0 Ti —x2 42t o Yin,
Iy = / i, (1 + exf( D0 )) exep (g Tz

. V2P o )

B oo —:,Ci2nj + 27‘53;“%“]’ Yin,

=) g T
Lin Lin

oo Tin, —x?n, + 27’;, TLin; Yin;
o Ae]:'f( j )eXp ( J in )dx .
/_Oo n; \/i 20_2"](1 _ (lri-m)Q) m;

)dxinj +

—00

o0 —xh + 2r% Tin,Yin,

—0o0 Zin Tin

2 U o
—Tiy, + 2rxin:17mj Yin,

o0 ZLin .
IX72:/ xin].erf(\/%)exp( 502 (1= (] 12) din,

oo —z2 4ot Zin, Yin,
I _ . inj e R da
o /,m ing P (5o T 12y )4
_ /‘X’ N exp(ixiznj + 2Tfnmxinjyinj Jexp( *(Tiin)zyi?qj Jexp ( (Tiin)zy?n,- )da
oo 202 (1= (r},)?) 202 (1= (r},)?) 202, (1—(rl,)2)" ™
(rt )2y2 0 — (@i, — 7L Y, )?
=exp (s in. € S [¢
XP(QO’%H(I — (Téin)z))\/oo l'm] Xp( 20_%"(1 — (réin>2) ) «me]
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B /°° Tin, eXp(—(UUinJ - imyinj)Q)dm
oo Vo[- ()7 200 05,)%) T
(k) i,

= T, Yin, V210, /(1 = (1}, )2) exp (

202 (1 (L)%

i Tin,; —JCiznv + 27’; Tin, Yin;
Ixo= T erf(—=%) e J > dxin,
xa= [ st (R e (R

From 2.7.2.4 of |[Lipovetsky| (2020),

/ zerf(ayz) exp (—az?® 4 bz)dz =

— 00

2 2
N (b arh G
ex
2a\f P a 2w/a2 —|—aa1 a\/a—i— al 4a—|—4a1

Substituting a; = %,a = 37 (1_1%_ 77,0 = 7 (1‘ l(/‘"l Ty we get
‘L Yin; ( ! ) ym mmym
\/%02 REE G N CaEE V2o2, (1—(r%, %)
IX,2 = 9 1 eXp(4 1 )erf( 1 1 )
2v203 (1-(rl )?)3 205, (1=(r5;,)%) 2\/ Tt (=L 72 1 102 (-G )
) (ra,) i,
2 Ui‘m(l (rl, bHE
+ 1 2 1 T P (4% + é)
202 (1—(rL. )?) \/zagm(l—(r;my) +3 207 (1—(r% )?) ' 2
zm yl fp 1
=7l yin V2104, 1/ (1 = (1L )2)exp ( (rz,)” i L Ying
Lin J in Lin 2 (1 _ Tl 2
\/2 (1—(rt )2) +1)
2‘7 (1 7( 7:.,,)2)% exp( ( rm) ym, )
\/J% (]- - (r;lr )2) + ]. 2(0’%"(1 - (rﬁlﬁin) ) + 1)0’% (1 - (Tﬁlcm)2)
Let us define Ix 21 and Ix o o as:
— (5, Ui T Yi
IX72,1 = lri:inyinj 27T0'xi" (1 - (réfin)Q) eXp (2 (1 _ an et

ng(l - (lem)z)% ox ( ( a:,“) ym] )
)2y 41 P00z (1= ()2 + Do2, (L - (11, )?)

Im Im

Ixo9 =

Yin
> yin, (1 + erf()) ~Uin,

0 8ro2 /(1 —(rl )?) 207, (1 - (Tim)Q)

ZLin

exp ( YIx1+Ix21+ Ix2.2)dyin,
o 8ra2 /(1 — (rk )2) 202 (1 - (Tém)2) J

2
Ve
-/
/oo in, (1 + exf(22)) Y,
nef
nef

0o ym7 1 + erf(zi;% )) —yiznj
= Xp(2 2 (1 ( i )2))IX ldyln]
% 82 —(rt.)?) Txin Tin
Yin;;
% yin, (1 4 erf(=2)) —y2
B v (2 2 (1 - 2y X214,
% 802 —(rt.)?) oz, (1= (r5,)%)

") \/2 (1—(rL,)2) +1)



Under review as a conference paper at ICLR 2024

Yin ;
> yin; (1 + erf(7L)) ~yi.
I, :/ in V2 exp( . in; — )IX,2,2dyinj
oo 8102 J(1— (1t )2)  203,(1 = (r3,)?)
Wehave [ =1, + 15 + I3
Yin;
oy, (1 +erf(=2)) ~Yi.
Il :/ V2 eXp<2 2 (1 — . 1 \2 )Tii“yinj
—o0 802 4 /(1 — (1L )?) oz, (1= (rk,)?)
pu— (rl, )y,
27Taxin (1 - (vai“)2) exp (20_%"( — (Téin)g) )dyinj
A (erf(B) g2
T Ve, OPlger )
l 0o 2 2 l oo 2 erf(mni 2
T, Yin,; yn» Ty Yin,; €T (\/5) Yin,
_ _Tin J 3 d . Lin J J d .
/ /7271-0-2 p( min ) Yin;; + 1 /_OC Tﬂ'o‘%m eXp(2 ?Em ) Yin;;
12
= % (Definition of variance, and integral of odd function)
Yin ;
> yin, (1 +erf(22)) —yn
I, = / " V2 exp (5 AR Vg
—oo 8702 /(1 — (1L )2) 202 (1 —(rk, )2)" ™77
Yin i Jin
V2o, /(1 — (rl )?) exp (22((?'{] Yerf( " ‘"y ! )AYin,
¢2 (rt,)) +1)
l 0o 22
Tacin / 2 yinj yinj xmymj
=t Yin, (1 +erf(=2)) exp ( Jerf( )dYin;
Womay, S 20T e, -+
rl /°° ) —y2 rt yin.
_ Tin Y2 exp( J )erf( Tin 3 )dy. ;
4 v 27.I—O-Iin —o0 " 20—%!\ \/Q(U%m(]‘ - (’ré?m)Q) + ]‘) ;
l o0 a2 l
Ty / 2 yinj yinj T yinj
— yi. erf( )exp ( Yerf( i )dYin,
v, S e T
l %) —a2 l
Tz, / 2 Yin; yin]- T2 Yin;
=— Yin,erf(=2=) exp ( Jerf( - )dYin;
4\/ 271'0'11" — 00 J \/i 20—%11 \/2(0'%1“(1 ( zm) ) + 1) J
(Integral of Odd function)
From 2.7.3.3 of |[Lipovetsky| (2020),
/ 22 exp (—az?)erf(a; 2)erf(azz) =
L(Ltan_l( aiaz )+ ajaz(2a + a3 + a3) )
VT ay/a Va?+aa? +aa3”  av/a+ a2+ a2(a? + aa? + aad + a?a3)

l
Tin

1 N T
207, M T V2 2T Az (-l ))+D
l

Substituting a =

ayjay = Lin
2/(02,(1= (L, )2) +1)
1 1 (rl )2
2 2 2 Lin
G e = e o T I (0 (1- (LB + 1)
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_0n, (= (r)?) + 1405, (1= (rg,)*) + 02, + (15,)°0%,
40’3111( wm(l - (rém)2) + 1)
_og 200 +1—(rh )or (02 +1)2—(rh o2 )?
B 402*.,‘(0%.,‘(1 (rh.)? )+1) 4ol (02, (1—(rL)?) + 1)
a+ai+a3= @ taaf yaai _ (05, +1)* ~ (5, 9%,)° * 2072
a 4ol (02, (1—(rL )2) 4+ 1)
(o2 )= (a2 )
202 (02, (1—(rL,)?) + 1)
(02, +1)2 — (rl, o2 )? (rl.)?
a® 4 aa? + aal + atal = - SO + n
! 2T T el (02 (1—(rL)2) +1) T A(02, (1—(rL)?) + 1)
_ (oF, + 1) (rl, o2 )+ (k. )os (07, +1)
dog (02 (1—(rk )?)+1) 4o (02, (1—(rL )2) 4+ 1)
1 (02 +1)2— (r o2 )2
2 2 Tin Zin ~ Tin
SR RO+ T
_ (Uzm + 1) ( xm a:,“) =+ Uz,n(l - ( mm)Q) +1
- 202 (02, (1= (L)) + 1)
(o3, +1)PHon 1 (rxma?;,f —ay (rh,)?
a 20§m( M(l—(rl )?) +1)
(o2, + )02, +2) = (rh )?e2 (o2 +1)
B 202 (02 (1—(r} )?)+1)
(02, A+ 1)(02, (1 (L)% +2)
QUE,H(UE,H(l (rh.)?) +1)
rk
l . 2 0,2,, l—mr,L. 2)+1
I = LE (2v/20° tan~( V(02 =0 ))+D)
4omos, " (72, +1? (02, )
401 (02 (1—(rL )?)+1)
Ty (02, T2, (1= (5 )*)+2)
rh ( 2,/(02 (1—(rL_)>)+1) 203, (02, (I=(L )+
T irow, o v (75, +1)?
207 \/ 202 (o7 (1=(rL ") +D) 3% (o2 (1=(r% 17)+1)
l ! 2
_ ra:m (2\/§Uiin tanfl( TfEin Tin
W, V002, + 12 = (02,2
réfm 2\/§T$ino-xin (O-inn(l - (r;lzin)2) + 2)
"4, (02, + 1)/ (02, +1)2 = (1}, 02, )?
to2  rlo? rl o2 (62 (1 —(rl )?)+2)
I2 — in in (Sln ( 2m in in in in in
2 o T (02, 4 1) /02, + 17— (L,02,)?
< yin, (14 erf(22)) ~Yin,
13: exp(2 2(1_(l )2))
—o0 8102 /(1 — (Tii“)2) O TTin
203 (1—(rl )%)? ( k)l
in in Xp ( n; )dme

b)?) + o2, (1= (rf,)%)
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_/m%“—%ﬁmaumw%km<”Wﬁ“‘%”“‘**fM@
o2, (1= (%) + 1 202, (1 - (L)) + DoZ, (L (1, )7) ™
Yin ;
t/a:amxlw;g%ym<1+eﬁ<¢;»  EELADO-G)
= exp Yin,
—o0 4 O'%m(]. — (Tlmin)2) +1 2(0'3%(1 - (Téin)Z) + 1)032%(1 - (Téin)Z) "
O, (1= ()% /°° Yin, —yp (07, +1)
- el U iy (1 -+ (U2 exp : Vi,
i Jo (=) + 1 N R e DR R
LN N P e .l I
- n; in,;
i fo2 (Lot 1 - P AT G e,
0 C) [ oy AR,
47‘-\/0-%1"(1 - (T‘ém)2) + 1 —00 mj \/i 2(O'%m(]' - (rilrin)2) + 1)J%in mj
= 721~ (7, )) / N Yin, erf (yinj ) exp ( in, (2 1) )dy;
o (1 (o ) 51 - R P R T G P e,

(Integral of Odd function)

i a
From 2.6.1.4 of |[Lipovetsk (2020),/ zerf(az) exp (—ay22)dz = ——————
p y - ( ) p( 1 ) al\/m
1 (02 +1)
Substituting, a = —, a1 = , we have
BT T 202 (0, (1 (1 )D) + 1)
1
1-3 — O-xin(l - (T(lL‘in)Q) ( E
4@;2 (1—(rt )2) +1 (02,%1) 1 (03,+1)
o o 207, (02, 0G0+ | 2 T 207, (02, (=G, 14D

01 = (11,)%) 203, (02, (1~ (r4,)%) + 1)}
w02 (1= (L)) 1 (02, + DyJod, (1= (,)2) + 03, +02, +1
ot (02,1~ (L)) + D1 — (r4,)?)

27 (02 + 1)\/(0920;.1 +1)2 = (rl o2 )2

I3 =

Finally we have,

I=5L+1L+13

TeuTon | TewTon o —1 Ton0 PO (02, (1= (1},)%) +2)
— 1n4 in _|_ 5 in (Sln ( 2m m1 in in in in
™ T T (02, 1 1)) /(02, + 17 = (k02 )2
n o (o, (1= (s )*) + (1 = (ry,)%)
2n(03, + 1y/(02, +1)? = (}, 02,
rl o2 rto2 ol o2 ot (02 (1—(rLl Y+ 1+ (v} )?)
I — n 1n + 1n n Sl ( 211’\ n n n 1n 1n
4 2 T, 1 on(02 + 1)\/ (02, +1)2 — (rl 02 )2
o2 ot rl o2 202 (62 (1— ('t D)) +1+ (L )2
P | 2 o Tt 2R () L (L))
! g P T w02, + 1)y /(02, +1)? - (L,02,)?
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‘We have,

COV(xoutj ) youlj) =1- E[xoutj]E[youtj]
4

Zin

COV(xOUtj ) youtf) =1- W

2 l 2
so—1 Irl’m éran)

o
— Tin 1 ! .
Cov(Zout; » Your,) = — (77, + 275, sin (02 1
Tin

47
202 (02 (1= (5, )?) + 1+ (1} )?) 207, )
(02, + D02, +1)2 = (,02)? (TR T
The backward pass through GeLU is defined as,
= (D) + T ey (o)
glni - mn; \/ﬂ p 2 gouti
1 Tin. Tin. —x2
= (=(14erf(Z2)) + ZBL ox 1)) Gout,
(500 +erf () + TR exp (),
So the mean of gradient is obtained as following,
1 Tin, Tin, —x2
E - —El(=(1 £ in; in; in; ou
[9in:] = E[(5( +er(\/§))+mexp( 5 ))9ou]
BI04 erf(B)) 4 Ty (U Rl = 0
- 2 \/é \/ﬂ Xp 2 g()uti -
Similarly for variance,
1 Tin, Tin, —z?
E[g2 | = E[(z(1 4 erf(—=)) + 2L ex Mi))2g2,
5] = El(5 (1 + xf(T) + T2 exp (™))%,
1 Zin, Tin, —, 2 2
=E[(z(1+erf(—F7)) + ——=ex ) Elgau
(51 -+ enf () + e exp ()P B
BI(L (1 4 orf(Tt)) 4 T g (T 212
= - T X
2 \/5 o P 2 Yout
T Bl erf(Bn)) 4 B gy (T
=E|(z —=ex
2 2 T o TP T
> 1 Tin; Tin, 7‘%1211 2exp(20'g.ll)
= —(1 4+ erf =) + L ex 2 " dTi,.
| GUsetm) + S e (=) e
I_ oo 1 eer(Qii/“ii) x?n Xp(7x2l) erf(f;%)
- / - 1t 2 T T
—:E2 _xii Tin _$i2"i
Tin, eXp( Qmi) n Lin; exp(Tl)erﬂ\/Qi))eXp(?oim)d
Il]’l
V2or V2 V2ro,, i

i

% 1 €xp (552%)
I = / -t da:i .
' —o0 4 v 27T0—xiu "

NP

L
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x
in deml

—o0 4 v 2 o—mm

1 o 2, Tin,; —.TiQH.
= — erf ) ex ) dZin,
T - | et P (o,

From 2.7.1.3 of Lipovetsky| (2020),

ZE2
I _/00 eer(T})eXP(Q,T")
5 =

> 2 a1as
erf(aq2)erf(asz) exp (—az?)dz = —— tan™*
[ tmstetians)exp (st = o™ (e
Substituting a = ﬁ, a] = as = %
1 2 1
I, = tan 1( 2 )
/ [ 1 1 1
4 27TO-TI“ U‘rin \/40-411"] + 4072%“ + 4a-:%m
1. o2 . 2
= — tan = = tan =
T T wE U
2
o
I — —1 Tin
27 9 (agm + 1)
2
* a2 exp(—af,) P (52"
I3 = / - “—din,
—o 2m 2moy,
1 /°° z2 (—:c?n (202 + 1))d
— X2 e n .
2102, J oo V2 P 202 ing
o ]- O—Im o xlan eXp ( _x12n ( len + 1) )dSC
- e O in;
27T0-$i" 20%1“ 1) > QWW 20-%"]
1 ! o2
=5 (2;7;‘" -y (202 ”+ 0 (Definition of variance)
Tin Tin Tin
2
fop
I3 — Zin 5
2m(202 +1)2
2
0o erf(%) exp (mz+)
I, = i (2, = 0 (Integral of odd function)
! [oo 2 V2o, £
2 n
I /OO x"niexp(ﬂ)exp(ﬁm)d 0 (Integral of odd function)
5 = Tin, = ntegral of odd function
_ V2T V2ro '
[ee] Lin
_ 2 a:?n
) /oo i exp (S5 erf(3) exp (578)
_ Zin o
0 00 V2 V2o,
1 o in. —22 (62 +1
- / xmierf(xml)exp (—"”( ;'" ))dxini
2m0g;, J_oo 2 203
From 2.6.1.4 of Lipovetsky| (2020), [~ zerf(az) exp (—a12?)dz = P
2
Substituting, @ = %, a1 = (U;(‘,“;U , we have
1
Io = — V2
MOy, (02, +1) |1 | (02 +1)
20’3m 2 205
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1 202"‘
2704, (02 +1)y/202 +1
2

I =
¥ m(o2 +1)\/207 +1

I=L+L+L+1Li+15+ I

1 1 0'2‘ 0'2. 02
4 + 27 S —1 ( > Lin 1 ) + 2:6'“ 3 + 5 Zin >
o2 + 2m(202 +1)2  w(of, +1)\/207, +1
1 1 —1 57925. 02- (40925» +2+ 02 +1)
— 4 s=sinT (0 = - o
1o oz +1 27r(02 +1)(202 +1)2
1 1 2 502 3
I=-+4+ —sin"*( 20—93‘“ )+ ( T+ 3) 3
4 27 oz, 1 27r(0§in +1)(202 +1)2

So the variance of gradient of input of GeLU comes out to be

E[g?rh] = Io;oul
1 1 o2 2 (502 +3)
2 o—1 Tin mm Zin 2
o, = |-+ —sin + o
O 2m (02, +1)(202, +1)F | ™™

l

If for two inputs x;, and yy, for all i we have Corr(gomxi , gomyi) = Tgo

gradient after passing through GeLU layer. Then we have,

and gin, , gin,, be the

E[ginmiginyi] -
1 Zin, Zin, —z2 1 Yin, Yin, —y2
=E[(=(1 + erf(2)) + “EL exp (— 2 (21 +erf(ZE)) 4+ 2L oxp (— _
[(5( (\/5)) Ton P (5 ))gous, (5( (ﬁ)) W P (—5))9ou,,]
Elgin,, gin, | = E[(5 (1 + erf(22 )
Gin., 9in,,] = El(5 7
2 2
Tin, —Tip, Yin, Yin; —Yin,
L ex i l+erf(Z2)) + ==ex “))E[gout.,. Gout,,.
\/ﬂ p( 9 ))(2( (\/5)) \/ﬂ p( 9 ))] [gouthgoutyl}
1 Lin,;
= E[(=(1 + erf “))+
(G0 +ert()
P (o) (1 ent(B) + B e (Ut o2
27T 2 2 \/i 271- 2 Gout ~ Gout
1 m
I =E[(=(1 :
(G +ert ()
2 2
Lin, —Tip 1 Yin Yin; “Yin,
L ex z 1+erf(Z=2)) + —==ex z
T exp (<5 1+ (L)) + T exp ()
o 1 Tin,;
= —(1+erf(—))+
| Garer®)
Tin, eXp(_xiQM ))(1(1+erf(qu))+ Yin; exp(_yigni ))p dain, diy;
\/ﬂ 2 2 \/i \/ﬂ 2 Ling s Yin; n; =J1n;
1 724’2[ in; Yin; — 12,1
Where pminiyyin,i = eXp( :sz 2 Txmx 1? l2 ! 1)
2ro2 /(1 — (7L )?) 207, (L= (r},)%)
s o —y2
2o ((1+erf(%2)) + ZL exp (—5)) 2
I = exp(Q—M)IXdyini
—o0 2ro2 /(1 — (1t )?) 207, (1= (r},)?)
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Where,
<1 —x2 —z2 +2rL mi v,
Iv — N1 £ Tin; in; in; Tin i d -
x = GO et TR e () exp (e
1 —z2 4 9rt Tin, Yin,
Ix1 = —ex S T 7 ) d iy,
o /_002 p( 202 (1= (rk,)?) Jdin
:1 [e's) ox (— 12n +27‘i.mxin,iyini)ex ( _(Ti-m)QyiQm )eX ( ( L,,,) yml )dZL'
2 ) o P 202 (U= ()7 TP 202 (T ()8 T 202 (1 - (L, )7)
_ 1 exp( ( a:m) ym1 )/OO eXp(_(xinI - T;lxzmyini)Q)dx'
2 202 (1= (50" ) 202 (1—(rL)2) "™
12,2 exp ( e I'“ym )2)
1 T2 ) Yin, 202 (1=(r}
= 5exp(22(1"‘¢‘;‘2)\/27r(7mm (1—(rl, )? / 1)) dxiy,
Tl = (2 o VBr0(1= (11, )
7 B V2o, (1 - (Tlxin)Z) ox ( (Tim)QyiQm )
o 2 P20z (1 (L))
oo erf(Z7) —22 4+ 2r T Yins
V2 in; 2 Lin; Yin;
Ixo = dTin.
o2 /_OQ 3 ol 202 (1—(rL,)?) )i
1 [ Tin. —z2 4+ 2rL T, Yin,
—— f i i in v z d ins
AL e
From 2.7.1.6 of [Lipovetsky| (2020),
> m b2 alb
erf(ar2) exp (—az? + bz)dz = | —exp (—)erf(————=
Substituting a; = =, a = 1 O LY
R e Al (e iy
(r L )2y2 ’I“i Yin;
1 ol 1m rlT 2)2 \/502, ‘i‘— rl )2
o=l " exp (2 RGN Jerf| 1 2 (=L )?) 1 )
202 (1—(rL )?) 202 (1— (rl )7) 2\/ v G () A vy G )
V210, /(1= (rh )?) L Y
Iya = SR e~ i)

2 20min(1 - ( fL'in)Q)

i —x2 —x2 4+ 2rl zi i,
I :/ m; ex mn; ex m ZTin T % dx )
R Y R (e T R

/OO ox (_m?m (o’iin(l - (ralvin)Q) + 1) + 2r£¢in$iniyini )de
o var P 202 (1= (L))
L

x, Lin; Yin,
s T i *WW
) Vo 202 (1—(r%.)?) e
QTimfﬂini Yin; —(riin)zyﬁi

2
B TR I (R AR E Y @2 (A=l )?)F1)°

- / xlnz eXp ( 2 l 2 ) eXp ( 2 )*
o 202 (1-(r%, )?) 202 (1—(rL %)

©Z, - )H+D) @2, 10T )10

Tin

(rayy)*¥in,
@2, (=T )F1)?
P ( oz Ty 4o

@2, (1L )H+D)
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- Use) i )
202, (1= (rt, )?)(03, (1= (r5,)?) +1)
e Uing
I Gl X e G L
.2l 202 (1—(,)) )dzin,
(02, (1=(rL )2)+1)
( ( Im) yml ) UIm 1 - (T‘gjin>2
= exp
202 (L= (L )3)(02, (1= (rt )?) +1) \/(ggi“(l — (L )2) +1)
(e ym,L 2
> Tin, exp ( (in, — (o2, (1 ( ))+1)) da,
. \/T Oy 1_(7”;;")2 Xp 202 (1 (lem)z) Lin;
V@2, =)D @2, (=0T, HD
=exp( (r=,)"Yin, )
202 (1= (rl )?)(02 (1= (rL)?) +1)7
Ozny/ 1 — (Téi“)Q T, Ying
@ 0= )+ CR AL+ D)
’rlzi“yiﬂi Ozin/ 1- (Tlx,“)z ( ) Y2
Ixs= 7 exp (5 ] 2%2 T )
(02, (1= (rh,)?) +1)2 203, (L= (1}, )?) (02, (1 = (v}, )?) +1)
I =
—2
o (%(l—Ferf(y‘“l))—&— Ying exp( gmi )) _yl2
/ V2n exp (5 = 7 YIx1 + Ix2+ Ix3)dYin,
—o0 2mo2 /(1= (rL )?) 207, (1= (rg,)?)
1 Yin, 7yi%|‘
oo (3(1+erf(F)) + Jo- exp (—5)) —y2
Il = exp( 3 2 7 )IX,ldyml
—o0 27(0—&% (]. — (’I’é ) ) QUxin(l ( acin) )
1 Yin; —y'2.
_/ (3(1+erf(75)) + 2= exp ( ) (Y
o0 202\ J(1— (1l )2) 207, (1= (r5,)%)
— (
e T I  N
2 202, (1= (1)) "™
in; in,; i
1 GOttt e (R g2
- 5 . /727_[_0_ ] exp(2o_:%. ) Yin;
[~ 1 v 1
I =~ / P( mq)dy“:*
V2moy,, O 8 4
1 [ erf(‘/'" ) 2
I o= / \/2—\[ exp ( :2 “)dyin, =0 (Integral of odd function)
oo MO i, Tin
2
1 o0 i e ini _ 2
Ii3=; Yin: xp( 2 )exp Yin, dyin, =0 (Integral of odd function)
<2 210, 202 ’



Under review as a conference paper at ICLR 2024

oo (H(1+ erf(225)) + 2L exp (—5) v
I =/ exp(2 2 (1 = Mx 2dYin,
—o 2mo2 /(1= (L )?) oz, (1= (rf,)?)
/oo (3(1+ exf(22)) + L2e exp (—5)) (T
e 202, \/(1 - (rL,)?) 203, (1= (r5,)%)
\/ﬂgm;n (1 - (Tgﬁm)z) ( Tg; ) ym T’;, Yin;
L Y
2 205, (1= (%)) oo, (1= (11,)2) + 1)
in; in y"‘
1/ (3(1+erf(%2)) + J exp (™)) (fyﬁh)
_ 2t ex - ).
2 —00 mo—l’in g 20%"
T:ll.. yini
erf( = )dYin,
V20— 08+ )
1 0o 1 _y]i ’I"i Yin;
I, = 7/ exp ( erf( = )dyin, = 0
4 J_ o V270, 203, \/2(0'%"(1 —(rk)?)+1)

(Integral of odd function)

e} 2 l
- —y2 L Yin,
erf (y"” )exp ( Yiny Yerf( iy Yins ) d¥Yin,

_ /
W, S V2R (02, (1 - (1E,)7) + 1)

From 2.7.1.3 of |Lipovetsky| (2020),

12,2 =

oo 27, _ _2 ~1
S erf(aiz)erf(agz) exp (—az®)dz = g tan (\/ﬁﬁ)
1 _ 1 _ Ty
02 ;a1 = W;GQ = \/Q(Ugm(l_(réin)z)—’_l)

’I“l

2,/(02 (1~ (rl )3+

ha = 4\/%% F G
203 A T v (2, -G, 4D

Substituting a =

1 L o2
1-2,2 — tan_l ( xm af.n ) _ tan_1 ( Tin ~ Tin
N e L N (T IS PR e
1 2
_ -o—1 alinaﬂﬂm
IQ_]Q = %Sln (w)
1 [ —y2 —y2 rh Yin,
Iy = 1 / Yin; €xP ( 2n1 )exp ( 5 2n1 Yerf( o0 )dYin,
Ty J—oo 202, 00- (5)?) + 1)
1 o 7y12n (O—gm + 1) Tlx Yin;
— o [ e (T '" Vi,
T Oz J —00 gzan \/Q(J%in(l — (’I"lzin)z) + 1)
From 2.6.1.4 of |Lipovetsky| (2020), ffooo zerf(az) exp (—a12%)dz = #\/ETM
o _ @
Substituting, a = NCCGR=CRDEE a, = 20T we have
’l‘l
1 NCICEN = CAREIESY
Iy 3 =
Amog, (02 +1) (ry,)? (02, +1)
20T\ 3ET A=GT D T er
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— rlwin C%in
2n(03, + 1)y /oh, + 202, + 1 (rh, )04,
rt o?
I3 = =
2n(03, +1)y/(02, +1)? = (h, 02, )?
s
° (3(1+erf(3) + o exp (%)) R,
I; = exp(2 S ()2 ) x 3dYin,
—o0 202 /(1= (1L )?) oz, (1= (r,)?)
2
Yin,; in; ~Yin,
/OO (%(1+erf<1\l/§))+ \Y;ﬂexp( 2 ) ( —y?ni )
= exp
—o0 202 /(1= (1L )?) 203, (1= (r5,)%)
! !
T‘Imyiniawin 1- (rzm) ( I ) yl
exp ( SRR )dYin;

(02,(1 = (rt,)?) + 1) 203, (1= (rf,)?) (03, (1 = (r,)?) + 1)

rl oo 1 Yin, Yin, —y2
= e in, (= (1 + erf(Z2)) 4+ 22 ex i
o L= L+ T [ (G et () Lo e ()

_yi2ni ( xm) yml
B (i 0 o LT (e T [ R DRV
_ rlZin >~ 1 Yin; Yin; _yigni
- T / i (5 (1 enf()) + T exp ()
(IR OAO L) L))
P02, (1= (1)) + )o2, (1 — (1t )2) Y™
_ Tilcm > : 1 or Yin, Yin, o _yiQni
S N T )3/_wylni<2<1+ f(2) + U exp (<)
—yp (02 +1)
P (5oa o2 (1 (L %) + 1))

! _y12n (Uzm + 1)

I3, = Lin / Yin; €XD (
471-O-ajm( (1_( ) )J’_l)% 2 %m( wm(1 ( CIjin) >+1)
(Integral of odd function)
I32 = = /Oo Yi erf(yini )exp ( _ylzm <Ugi" +)
T dmoy, (02,1 (L)) +1D)F ST 2 203, (02, (1= (r,)?) + 1)

From 2.6.1.4 of [Lipovetsky| (2020), | fooo zerf(az) exp

)dyini =0

l

)dyim,

a

_ 2 - __a_
@27)de = s

o 1 . (o2, +1)
Substituting, a = 73 M= 507 (o2 (1=(L 571" we have
l 1
I — Twm \/5
3,2 = 5
Arog, (03, (1= (rf,)?) +1)2 (02, +1) 1 (02, +1)
20, (02, 01-G D |\ 2 T %07 o7 00T D)
— i/’ino-%in
2m(02 + 1)\/04 +202 +1—(rl )20%
T, Oy
I3 0=
27(02, +1)y/(03, +1)2 = (rh, 02, )?
l
I35 = —

210y, (02, (1= (1], )2) +1)2
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/oo y12nl exp ( 7yi2nl ) exp( 7yml( Tin + 1) )dy
o V2 2 202 (02, (1= (rL, )2) + 1)
JR— Tlilﬂ
2104, (02, (1= (1L, )?) + )3
> y12n1 eXp(_y?m( on T 201’," +1- ( zm)20§m) )dy-
—o V2 202 (02, (1= (r},)?) + 1)
_ Ti,“ /OO ym, (7ym (( 3‘,,, + 1)2 (Ti',ng”%,“)2))dy‘
270, (02, (1= (rL,)?) +1)% Jooo V21 202 (02, (1= (rh)2)+1) 77"
- Gan[ (02,1 = (1,)?) + 1)
270y, (02, (1 f( DB+ 1)E JoR 12— (L o2, )?
/OO y]nl p(_yml((o-gm + 1) ( zmggm)Q))d A
o Jz=T /LD P 202 (02 (1— (b )2) + 1)
\/(011x1+1)2 (rl na-‘%m)2
_ T o3 (02 (1—(rl )?) +1)3
210, (02, (1= (L, )2) + )2 ((02, + 1)2 = (1, 02, )%)%
rl o2
1'373 — Zin ~ ZTin <
2r((oz, +1)2 = (rh,02.)?)2
I=0L+4+1,+ 13
=hai+ho+hig+Iay+Iao+1Ia3+ 131+ 132+ 133
1 1 rl o2
I:7 I -1 Lin ~ Tin
1T 5 sin (T" n A
2rgfin O—gin + rClEm O—gm
2m(o3, + 1)/ (03, +1)2 oLy 2m (03, + 1)2 = (1%, 03,))*
| S e T 0n, (202 +3)(02 +1) —2(r}, 02 )?)
I=Z4+ _—sin ( '2|n Tin ) in _ Tin Tin in m3
4 2m O3, T1 2m(oz, + 1)((0z, +1)2 — (rh,02.)%)2
We defined Cov(gin,. ; Gin,, ) as
COV('ginl'i ? ginyq‘, ) = Iréomgzou!
Cov(ginmi7ginyi) =
1 1 Loz ol 02 (202 +3)(02 +1)—2(rl o2 )2
— _|_ P Sinil ( r;:no—xm ) + szo-zm(( O-zm + )( xm + ) (TImUIm) ) ,),,f] 0.3
4 2m O, T 1 2m(02, +1)((02, + 1)2 — (rl 02 )2)% | %™

C.6 LAYERNORM

For an input x;, the forward pass of LayerNorm is,

Xou = LayerNorm(xiy )

Tin, — Tin
= Touy = — 51—
Oy
Where
din
- Zi:l Lin,
Lin =
din
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o \/ S (i, — T)?

Oy =
Lin din
To get expectation of output of LayerNorm,

E[zou,] = B[22 =)

din
Z E[zou,] =
=1 %

diu T j;‘
in; — %in
E[———]
1 Oin

din T {E
— [ lniA m ]
=1 O
d:
_ E[ le (v:(f'ini mm)]
Uxin
din
> Elwow,] =0
=1

By symmetry for any 4, j and i # j we have E[zou,] = E[Zou;] = flay,

— din,uxom =0

Similarly we calculate variance of output by,

Var(zow,) = E[22,.] — Elzow,]* = E[z2, ]

out;
(Iini - jin)2
T

Lin

o 2 I (xini - jin)Q
$ B, = 3l
=1 =1

Lin

E[z2, ] =E]

out;

i=1 Tzin
d.
Z'il(wmi xln)
=E[==—7 ]
Lin
din
Z E[m(Q)uQ] dm
i=1
By symmetry for any i, j and i # j we have E[z3,,,] = E[z3,,] = 03
s, = do
Uioul = 1

Now we have 6, ~% o, for large di,. So for large values of d;, we can treat &, as a constant
which has value o, . We use this approximation to get the following results. For two inputs x;, and
¥in such that for all i, Corr (i, , yin,) = % . For all j we have,

E[moulj youlj} - ]E[-roulj}]E[youtj]
v/ Var(zou, ) Var (You, )

E[moulj youlj] — Haou Lo
2 2

Lout ~ Lout

Corr(Tout; » Your;) =
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E[xoulj Yout,; ] -0
V1

= E[zoulj youtj}
_ E[(xinj - ?in)gyinj - :ljin)]
aiinayin
~ E[(xinj - xm)(%n, gin)]
O 2y O iy
_ E[(zinj - jin)(yinj - gin)]
-'%in
din . din
B, — S i, — =)
- T
din .
_ E[xinjyin]- _ yinj Zk:dilnafmk _ «Ti Zl 1 yml + Zk 1 xmk Zl dllnyml]
- 2
Lin

Elements belonging to different dimensions from xj, and y;, are independent of each other and
hence for i, j and i # j we have E[zi, yin,] = p12 .

din ) dip . din X
Eltin; i) ~ Eltn, E524) — By, B+ p[Ei o Bisy b

_ din din din
2
Tin
12 2 12 2 1o 2 2 2
’/‘l 0_2 T 2 rwinawi“demlein _ rminaxinerm,umin i rmind‘“gwinerin“win
230 T T g, din din d
- 2
Tin
l _ 1
b2 (-
- 2
Zin
l 1 ~ il l

Corr(ron, ow,) = 71, (1 = ) =, =

From Xu et al.|(2019) (Eq. 17), the backward pass through LayerNorm is,

in

g 1T 14 +xT xou
gin = out (Id din out OU)

wi" din
. Bout I 1 1d +Xoutxoul
~ ( din d )
Oz, in
1T 1d +xT x
. t<>out . .
We have lim o = Og,, 4, Where Og, q, is zero matrix with shape d;, x diy
din—00 din
~, Sout
gin ~ (Idin>
Oy
_ Bout
O iy
YGout;
—— gini =
0$in
If Mgoul = 0’
:U'Qin 0
2
2 _ Tgm
gin 2
Zin
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C.7 SOFTMAX

Assumption: Other than assuming normally distributed inputs, we also assume that L is large L >>
1 to derive softmax variance.

The forward pass of Softmax can be defined as

Xout = Softmax(xi,)

eTin;

25:1 e

Tout; =

For calculating mean we can easily see that,

L
§ Touy = 1
i=1

Taking expectation both sides, we get

L
E[) " o] =1
i=1

L
> Elzow] =1
i=1

By symmetry we can assume that for any 4, j, # j, we have E[zou,| = E[zou, ]

LE [x out; ] =

/j’fbou( =

Tl

Let us define z = 3 €% where y; = x; — x; is normally distributed \'(0, o). Hence, each eV is
log-normally distributed, and z is a sum of correlated log-normals. Following (Lol 2013)), this sum
of log-normals can be approximated as another log-normal random variable, LogN (u.., o), where
1 and o, are as follows -

o%

w‘k o

Sy ZE[ZZJJ‘] :Ze

1 1 2 2
2 _ E . ) 3(o5+05)
o, = 52 COTT;} | 0jOKe2 "3 7k
+ gk
o2

e =In(Sy) — o

Since the difference of two normals x; and x; is also normal, from the M.G.F. of normal distribution,
we have 05 = 207 (1 —14,) if j # i,and 0F = 0if j = 1.

Also, corrj, = 0if j =i or k =1, else corrj;, = 3.

We can substitute these values in the above equations, to get

Sy =(L— 1)eaiin(1_”i") +1
L
0—3 = 0—3'|n(1 - ,rfin)

L-1
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e =in(Ss) - Z

Since z is log-normal, Toy = -

o2

2

Lis also log-normal with LogN\ (—u.,.). The variance of log-

normal distribution can be obtained from standard formulae for log-normal distribution as (e"g —

1)602—2'U'z

Substituting the values of u, and o, from above, we get

9 (eaz _ 1)62*03

Zout

5

(egiin(lirzi“)ﬁ — 1)62

2 L
U:;n(lfrl'in) -1

(L -

For large L, we can ignore the 1 in the denominator -

2

(e”

Tour

oz,

Lin

L
—Tay) T2

1)60£in(17”“‘) + 1)2

—1)

(L—1)?

If L >>1and aim is small, we get the more simplified formula as -

2

9 (e(liriin Ty — 1)

=~
Zout

L2

(Assuming L >> 1)

Using the mean and variances, we can calculate the scale of softmax output as follows-

Tin

L2

E[x?)ut] = iou[ + Mioul
(e (1=rg Yoz

"m

The Jacobian of Softmax can be calculated as ((Kim et al.|[2021)):

Ji’j = {

Tout, (1 — Tour,)

_:L.Ouli xOqu

For large values of L this approximately becomes

J =~ diag(Xou)
8in = gout']
Gin; = Gout; Lout;

E[gim} ~ E[Qoutbxout ]

Elga,] ~

E[
E[
= Elgou

utl out ]

JE[d,]

Yout; ] [xout ] =0=

Gin

YGout

G

(1—rd Yo2

Tin’ " Fin

L2

)
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C.8 SCALED DOT-PRODUCT ATTENTION

Assumption: We assume the numerator and denominator of the scaled dot product attention to be
independent. These approximations hold true if the denominator has a low variance. The resulting
formulae are fairly accurate, as shown in the numerical verification section.

The forward pass of Scaled Dot-Product Attention is

Xout = Dropout(SoftMax( QK™ A%
Ve,
Where,
Q = XinWQ
K =X,Wg
V =X,Wv
Xou =D t(SoftMa (Xi“WQWKTXiz NXin W
= Dropou X in Wv
out m
Let,
XinWqWg TXT
O = Dropout(SoftMax( QK Min ) Xin
Vg
w - XnWoWx"
Vdy
O = Dropout(SoftMax(WXT )X,
Using results from Linear Layer we have o7, = diy02, 020} = dinagmagk
L
= Z Dropout(SoftMax(WX )i x Xin,, ,
k=1
L
WXT), .
Z Dropout( Lexp ( in)i.k) ) Xiny,;
=1

Z exp (WXI);m)

Dropout(exp (WXT), 1))
L

I
M=

Xink_,j
k=t exp (WX im)
m=1
L
Z Dropout(exp ((WXirf)z‘,k))Xink,j
_ k=1
Z exp (WXE)im)
L din
Z Dropout(exp (Z Wi 1 Xin, 1)) Xing
= =1
- L din
3 e (3 Wi i)
m=1 n=1
L dln
Z Dropout(exp Z Wi 1 Xiny, ) Xin,,. ;)
k=1 1=1

L din
Z exp (Z WinXin,, )
m=1 n=1
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Let,
L din
Num(0; Z Dropout(exp Z Wi i Xiny,., ) Xing, ;)
k 1 =1
Den Z exp Z Wz nXmm "
m=1

To get the expectation and variance of O; ; we make the following assumptions, that we found to
be reasonably accurate for large sequence lengths. This approximation is reasonable as long as the
mean of the denominator elements are much larger than their variance, and the correlation is small
between numerator and denominator, which is true for Large sequence lengths L:

N E[Num(O; ;)]
El0ui] * EiDen(0y.)]

2 1 E[(Num(O, ;))?]
E[07 ;] = E[(Den(0; ;))?]

Then to get expectation we have,

L din
E[Num(0; ;)] = E[Z Dropout(exp (Z Wi 1 Xiny, ) Xiny,. ;)]
k=1 =1
L din
= Z E[Dropout(exp (Z Wi Xiny, ;) Xiny,. ;)]
k=1 =1
L din
Z E eXp Z W1 lek L)Xlﬂk J]
k=1 1=1
(Dropout doesn’t change expectation)
din din
E[exp (Z Wi,lXink,z )Xink,j] = E[(exp (WiJXi"k,j)Xink,j) H €Xp (VVi,lXi“k,l)]
=1 I1=1,l#j
As weights are initialized independently,
din din
Elexp (Y Wit Xin, ) Xiny. ] = Elexp (Wi Xing ) Xiny ;][] Elexp (WiiXin, ,)]
=1 I=1,1#j

E[eXp (Wiijink,j )Xink,j] =

0o Xin;” - / eXp W Jka ) _Wi2.
ex ) d Xy “ 2~ ex LYdW;
/ V2o, p( o2 " V2o, p( 202 ) J

o Xinkﬁj _Xin Xlnh Jo-fv
B A
(Using MGF of Normal Distribution)

Elexp (Wi ; Xin,. ;) Xin;, ;] = 0 (Integral of an Odd function from —oo to c0)
dlﬂ
Elexp (Z Wi 1 Xiny,., ) Xiny, ;] = 0
1=1

E[Num(0; ;)] = 0
E[Oi;] =0 = pia,,
Similarly for variance (Drop signifies Dropout),

L din
E[(Num(0; ;))*] = E[()_ Drop(exp (Y Wi Xin, ,) Xiny ;)]
k=1 =1
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L din
Z Drop(exp ZWz 1 Xing, Z)Xlnkj))2]+
k=1 =1
L L din din
EY" > (Drop(exp (Y WiiXin) Xin,.,))(Drop(exp (3 Wit Xin,, ) Xin,..,))]
k=1 m=1,m=£k 1=1 =1
L din
Z E DI"Op exp Z Wz lek Z)ka i ))2]+
k=1 =1
I I din din
Z Z [(Drop(exp (Z Wi Xin, ) Xin,. ;) (Drop(exp (Z Wi Xin,, ) Xin, ;)]
— = =1

L €xX dn 7 ing ing ; 2
=>.a —p)E[( DUy Tt B L)

L L '
Z Z (1_p)2E[(eXP(Zz 1 lelnkz)XmEf)(e);P(Zz 1 Zlem,z)Xmm,j)]

L di
) in
= Z E[(exp (Z Wi 1 Xing 1) Xine ;) 2]+
k=1 (]‘ - p) 1=1
L L din din
Do D Elesp (3 WatXin ) Xine,) exp (3 Wit Xin,, ) Xin, )
k=1 m=1,m#k 1=1 =1
L 1 din
= Z Elexp (Z 2W; 1 Xin, Z)Xik 1+
= (1-p) —
L L din
Yo > Elexp (O WiilXin, + Xin,, ) Xing , Xin, ]
k=1m=1,m#k =1
din din
E[eXp (Z 2Wi,lXink,L)Xi%1k,j] = E[(exp (2Wi,innk,] )Xlik J H exXp <2Wi,lXink,z)]
— 1=1,1#]

din
= Elexp (2W; ; Xin, ;) mk ; H Elexp (2W; 1 Xin,, )]
I=1,1#j

E[exp (QWMXmM)X2 ] =

mg 4

~ Xz - exp (2Wi,; Xin,, ) —W2,
Mg, j de / 1,j <X ing, 5 2 dWl i
Tﬂ'(jx exp ( wm k,j /7271_0_“} exp ( 20_3} ) »J

o X2 — X
- ing in 2 2 : . C . .
= / - Varo exp ( o %m L) exp (2X; ,0w)dXin, ;  (Using MGF of Normal Distribution)

o X2 —X2 (1—402 o2)

ing ing ; Tin Y w
= X dXin, .
/;OO /727T(Txm exp ( 20,32:"1 ) ing,

o0 X2 —X2 1 —402 o2

= / L eXp s <2 2 = ))dXink,j
m——2 .\ /(1 — 402 02) T
402 o2) "

Tin w
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Xl%]k J Xl%k (1 - 40m.,,011))
\/TJ’Q / Ny L. S— P ( 202 i
(1—-402 02)
1 Uim
~ /(0 —402 02) (1 - 402, 02)
Tz

(1402 o2 )2
Elexp (2W;, 1 Xin,,, )=

exp (2Wi,; Xin, ;) p(_ij)dW 4
’L!J

o 1 mk /
ex L)d X, ex
/ 0o V210, P ( O e V2o, 203,

o] 1 _X
= / Toro exp ( 5o ; ) exp (2Xf]k U?U)dXinM (Using MGF of Normal Distribution)

(1 - 4U§i" 0121))
) ing

/ i rl <_X‘?"‘
= exp
- 271—0-17" 2O-f%m
sz (1-— 40%03))

e}
ing

:/00 2m—————\ /(1 — 402 02) el 203,
1—402 c2) 2a00)

-X2 (1—402 02)

ing

exp ( 202

./ 402 02) / L 2
(1—402 02) "
1
(1—4oZ, 03)

)dXin,j

)d X,

din
€xXp (Z Wi,l(Xink,l + Xinmyl))Xinkyj Xinm,j :(eXp (Wi,j (Xink‘j + Xinmyj ))ka ]Xmm”)
=1

din

II e Wii(Xin, + Xin,,.))

din
E[exp (Z Wi«,l(Xink,l + Xinm,z))ka ]Xmm,,-] =E[exp (Wi,j(ka + Xmm,j))ka ]Xmm,,-]

=1

H E[exp (Wial(Xink,l, + Xinnz‘l,))}

Let W ; = w, Xin, , = @, Xin,,, = Tm, and 7L, = r. Then,

eXp (xk + xm))kam} -
2 2
m - -2 m
// TpT exp( (xg + x5, — 2rage ))dxkdxm.
0 202

V1—12 202 (1—12)
> exp (’LU(.’L‘k + xm)) —w?
202 exp(2 3 )dw
o os o2
TpTm — (22 + 2%, — 2rwmy,) o2 (x) + )2
//oo 202 /T—12 N e A T G m 2 Jdzydz

(Using MGF of Normal Distribution)
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// 202zkzlm— V1-r2 e ( ~l =g+ 2960;(1_6)712) A Jdzpdy,

(Letc= (1 —1r%)o2 xm)

zm(lfr )
1—c

LkLm — (2% + 22, — 2rizRa,,)
// [e’) 20'2 1— 7"2 Xp( 20’/2(1 _ /,1/2) )dxkdx'rn

V1—rr2 TETm —(22 + a2, — 2rlzpry,)
= depday,
02 \/77"2 //oo 202\/1 — 112 xp( 2012(1 —rr?) Jdarde

oI,
*77“/0/
Imm
_r/al4m
= J%mm
riot (1—12)2/T— 7
o3, (- )O—W%%Tfﬁ
_(r+oe)of (1—17)
(1-¢)3(1- 7‘12)%

ot (= )

Letr/ = and al?(1—rr?) =

—

—

\

L

o=

—

=

I

—~|

—[=

| H

olo

N

[\V]

S~—

SN—
[SY

oo )
<

2 1-r)1+r) 2
=(r+c)oy, A+0—r_ 2C)>
(r+c)oz.
1- )
(r+QQ—r*oZ o2)o2 )

- (1-2(1+7)02 agu)% (c=(1-7r%02
_(rh + (1= (rh,)%)oz,00)o2

Lin Zin Tin =~ W/~ Tin

(1—=2(1+7rL )o2 02)3

Tipn ~ W

Let W 1 =w, ,,,l =, ka = Tk, and Xinm,l = Tm
exp (W (ka 1 + Xmm 1))] =

—(xi +22 — 2rapTo,)
- Az da,.
/./ 202 V1 —1r2 Xp( 203, (1—1r2) Jdwdr
> eXp( (xk + xm)) *’w2
/ 202 exp ( 202 )dw
_("Ez + 22, — 27"xkxm) o2 (mk + IL‘m)2
% Z daydar,
] e Ty e (R s

2
Ti)

(Using MGF of Normal Distribution)

_ [ 1 —(@3 (1= 0) +22,(1— ¢) = 2(r + )z4)
a // 202 /1 —r? exp ( 202 (1—1r2) Ydzdrm,

Lin

(Letc = (1 — T2)a'2 o2)

W™~ Tin
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rm(lir)
1—c¢

o 1 — (22 + 22, = 2rizRa,,)

= m drydr,
//oo 202 V1—1r2 exp( 207%(1 —r1?) Jdade
V1—rr2 —(x} + 22, — 2r1vga,,)
n dxydxy,
02 V-2 // 2012 1—7‘/2 exp 207%(1 —r1?) Jdadr
02 V1 —r?
o2 (1 — )1 -7

o2 (1—=c)(1 =rP)V1—r?

Vise
(1—cVI—r2

_\/ 1—7r2

ST

B 1—17r2

\/(1 -2 (1 - (5%
1—r2

:\/(1—0)2—(T+c)2

B 1+ -7
VA4 -7 —20)

Letr/ = :+ C, and 0/?(1 — r1?) =
—C

_ 1
(1 (12_cr)>

= ! (c=(1-r)0202)

/A 20 +r)02 o2) c= BT,
1

V=201 +7%, )02, 0%)

Using these results we have,

2 Lo+ (1= (L))o, 02)02
E[(Num(0; ;)2 = L Ty o -1V T O () )o U,i“)%"
(1-p)(1 - 402, 0%) F+! (1 =21+t )03, 00) 2

For denominator,

L din
EKDQH(OZ‘,J‘))Z} Z exp ( Z Xiny,0) ]

L din din
= JE[Z exp (2 Z WinXin, ) + Z Z exp (> Win(Xin,,, . + Xin,, )]
= = mi=1mo=1 mz;ﬁml n=1

exp (25 WinXon, )]+ E| xp (3 Wi (i, + Xin, )
Z Z ZZ Z . .

mi1=1mo=1,ma7#m,

L din

L din
= Z Elexp (2 Z Wi Xin,.. )] + Z Z Elexp Z Xingy o Xinmz,n))]
n=1

m=1 m1=1mo=1,mo#m, n=1
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d din
Elexp ( Z nXin,,, )] = E[H exp (2Wi,nXin,, . )]
n=1 n=1
din
= Elexp (2W; 5 Xin,,, . )]
n=1
B din 1
S AL /(=402 02)
1
= din
(1-102,03) %
din din
Elexp (Y Win(Xin,., . + Xin,, )] = E[] [ exp (Wi n(Xin,,, . + Xin, )]
n=1 n=1
din
= || Elexp (Win(Xin,n, o + Xinguy )]
n=1
B —
et \/(1 —2(1+7L )o2 02)
_ 1
(1= 2(1+71%,)02,02) %
So we have,
L L(L-1)
E[(Den(0; 5))?] = o T ™
(1—402 02)> (1—-2(1+7rL )o2 02)2
From our assumption,
E[(N 0;.:))?
]E[OZZJ] ~ [( um( 7J))2]
’ E[(Den(0;,;))?]
o2 —(r o2 62)o2
L Tin i +L(L _ 1>( Tin ( ( ‘Lln) ) Tin ;’) Tin
_-p-te2 o3 P (1-2(14rL )o2 o3) F+!
L din + il din
(1— 402 0'12“)7 (1— 2(1+rl )agm(rﬁ,)T
—dip
o ¢ 2 (rk, +(1=(rk, )?)o2 o2k
(1— p)(l 1402 02) +(L 1) (1 2(1+7‘l )02 02)
= —din
¢’ +(L-1)
Wh 1— 4dez,n ak
AT 20 4L )do 02)
Var(Oi’j) =
—d;
2 7 b+ (1= (rt V) dinol o2
— Umin C1 + (L . 1)( Tin ( ( lmm) ) lrl4 xm2 qk)
. o (L—1) (1 —=p)(1 — 4dinos, qk) (1 —2(1 +rk, )dinog, 05)

Now for covariance we have,

NUIII(OZ j)Num(Om j)
0:,jOm.; = ’ ’
Den(0O; ;)Den(Oy, ;)
We again make the approximation that,
E[Num(O;,; )Num(Op, ;)]

E[Oz’jom’j] E[DGH(OLJ')DQH(OM,J’)]
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Num(Oi’j)Num(Om i) =

Z Drop eXP Z Wz le;‘l i m;,l J Z DI‘Op eXP Z Wm lekz 1 1n;‘2 7))

ki1=1 ko=1
Num(Oi’j)Num(Om)j) =
L din din
Z Drop(eXp (Z Wi,lXink,l )Xink,j )Drop(exp (Z Wm,lXink,z)Xink,j )+
k=1 =1

=1
L din
Z Z Drop(exp ( Z W; lekl . lnl,l,j )Drop(exp (Z Wm,lXiﬂkz,z )Xinkz,j)
k1=1ko=1,ko#k1 =1
Thus we have,

E[Num(Oz ])Num(Om ])] =
din din
Z DI‘Op exXp Z Wi lek l)ka )DTOP €xXp Z Wi lek l)Xin,Cyj )+
k=1 =1 =1
L L din
Z Z Drop exp Z Wi leh 1 mk )Drop exp Z Wi lek2 ,)Xinkz‘j)]
Ei—=1 ko=1,kok: =1
L din din
= E[Z Drop(exp (Z Wi,lXink,z)Xink,j )Drop(exp (Z Wm,lXink‘L)Xink,j)]
k=1 =1 =1
L L din dln
+E[Y . > Drop(exp (> WiiXin,, ,)Xiny, ,)Drop(exp (> Wi 1 Xing, ) Xiny,, ,)]
k1=1 ko=1,ko#k, =1 =1
L din din
= E[Drop(exp (Y Wi Xin, ,) Xin, ,)Drop(exp (O Wi 1 Xin, ) Xin,, )]+
k=1 =1 =1

din din

L L
Z Z E[Drop(exp Z Wi 1 Xiny,, ) Xiny, ;)Drop(exp ZWm 1 Xiny, 1) Xing,, ;)]
ki=1ko=1,kotki =1 =1

din din
E[Dropout(exp ( » WX, ,)Xin,_ , )Dropout(exp (Z Win 1 Xing ;) Xiny, ;)]
=1 =1
_ (1 . p)2E[(exp 2721 Wi»lXink,l)Xink,j) (exp (Zl 1 Wi lek Z)Xinkyj)}
(1-p) (1-p)
din din

exp ZWlemk,)XmA j eXp ZWlelnk,)Xlnk7)]
=1 =1

ing

dlﬂ
eXp Z 11+Wml 1nkl)X2 ]
=1
= E[exp ((Wi7.j + Wm,j)Xink i 1n;C . H eXp l 1+ W l) mk,L)}
=1 l;ﬁ]

= E[exp ((Wi7j + Wm,j)Xink i 1n;C H E eXp l 1+ Wn l) mk,l)]
1=1,1%;

Elexp (Wi j + Wi 5) mk,J)X2 | =

ing, ;
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< g2 —a? * exp (w1) w? > exp (wax) —w?
e d L)d 2)d
| et [ S e (i [ SR e (i
Where Wiﬂ‘ = W1y, WmJ = W2, Xink,j =X
o0 2 .2 2 2 2 2
= /_Oo \/ﬂdzm (2 xg ) exp (x 20 ) exp (glj ;w )dz (By MGF of Normal Distribution)
* 22 —22(1 — 202 02)
= ex T U2 )dx
/oo v 271'%“ p 20%"‘ )
—22(1 — 202 o2
> / o eXp( ( 2 5 Lin w))dx
VA 1—2%“ 7) 27r\/m a2,
p— 1 o-glﬂ
/(=202 62) (1 - 202, 02)
p— O.im
(11— 202 o2 2)3
Blexp (Wii + W / (fxz y > exp (w17) o (7w%>d
i m 1n X X w
: O Xin1) \/27rax 202 Lo V2moy, P 202, !
*° exp (wax) w3
d
/727701,} exXp ( 20_121) ) w2
Where W; | = wi, Wy, = 'IUQ,Xjnk,l =z
o0 1 2 2202 2202
= /_OO VIron exp (2032% )exp ( 5 ) exp ( 5 Y)dx (By MGF of Normal Distribution)
oo 1 —22(1 — 202 02)
= ex T U2 )dx
/oo v 271'0%“ Pl 20%1“ )
1-202 o
— /=202 / —op (- = 207 s
07, 0w) W Tin
1
/(0 -202,02)
di" din
E[Dropout(exp ( WZ- 1 Xiny,, Z)Xinh’j)Dropout(exp (Z Wm,lXinkQ‘z,)Xin@ Bl
I=1
_ - (exp ( f szkl,l)Xinkl,j) (exp Zl 1 W lekz,z)Xinkz,j)
din din
= E[(exp (Z Wileinkl,z )Xinkl,j)(exp (Z WmJXinkz,l)XinkQ j )]
1=1 1=1

dll’l
eXp Z [ lekl + Wm l)(lnk2 l)>Xinklijink2 j]
=1

= E[GXP (Wi7innk1,j + WmJXinkQ,J) ing, ; 1n;Cz i H eXp i lekl W lekQ 1)]
=1 l;ﬁ]
= E[exp (Wivainklrj + Wm7innk2=j>Xink1 j < ing,, J H Efexp (

i leM .t Wi lenkQ z)]
I=1,1#]
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E[exp (Wi,innkl,J + Wm,innk,z’j)Xinkl,innkQ,J] =

[e%s} 2 2
T1T2 T+ x5 — 2rziT)
—_— — dxidzs.
/[oo 2mo2 /(1 —1r2) exp —( 202 (1—12) Jdv1dey
* exp (wixy) —w? /OO exp (waxg) —w3
e d d
[m \/ﬂO’w Xp(203)) w1 - /727T0'w (20,3)) W2

— — . — . — I
Where WiJ' = w1, Wm,J' = U/Q,kald = $17ka2,j = IQ,T',ci“ =T

oo 2 2 2.2 2 2
T1T2 T] + x5 — 2roiT) Ti05, T50%,
— __ exp— dxq1d
//—oo 2mo2 /(1 —12) exp 202 (1—12) Jexp ( 2 ) exp 2 Jdz1dzs
°° 11— 3(1—c)—2
= // S exp —(xl( 2 —1—2902( CQ) Txlm)dmdm
—o0 2m02 /(1 —12) 202 (1—-12)
(Letc = (1 —r?)o2 o)
1—
Letr/ = and (1 —r?) = Ta1-17)
1-c
T2 — (22 + 23 — 2r1x129)
= dzid
// 202 V1 — V1-—1r2 exp ( 2012(1 —rr?) )dwydzs
1-— 7’/2 — (2% + 23 — 2r1z129)

)dIld.TQ

// T1T2 (
ex
201231 — 112 P

02 V1=

201%2(1 — r1?)

L)
02 (1—c)2(1—rP2)2V1—r2

B ro2 (1— r2)s

(1= )B3(1—r2)3

I-=r)(1+7)

:
- 0“2”‘“ I+r—c-r —c))
3

2 1 ’
S0 >>
B roz. 2 2
T nete2)(1 - (1 r)eto2)) (=1 =rfoues,)

Ten T
[(1— (11l )02,02)(1 - (1+7L )02 02)]3
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1+x2727"a:1972

oo exp — The 1) )
E[exp (Wileith + Wm,lXiﬂkz . // 27r0'2 (1 = 7’2) dridxs.

oo o2 o) a2
exp (w121) ( 11’21)dw1 exp (waz2) ( U; )duws
oo V27O, 205, oo V270, 20
Where Wi,l = Wy, WHL,Z = w2, Xinkl,l = T1, XinkQ,l = T2, Tifin =r
° 1 2 + 23 — 2rz 70 2202 r302
- — exp-— w dzid
/[oo 2ro2 /(1 —1r?) exp —{ 203, (1—12) Jexp 2 Jexp 2 Jderdes
o0 1 23(1—c¢) + 23(1 — ¢) — 2rziay
_ __exp— dz1d
//—oo 2ro2 /(1 —1r?) e 203 (1—12) Jdordes
(Letc = (1 —r?)o2 o)
1—
Let 7/ = and a1 —rr?) = Ta,(1=17)
1-c
— (2% + 23 — 2r1z179)
= dzid
//oo 20z Vi P gy e
\/1 7 — (a2 + 22— 2
B T // exp ( ity — 2 xle))dxlde
V1—1r2 2012/1 —rr? 201%2(1 — r1?)
_ 012\/1 —rr?
B o2 V1 —r?
ok (A=) -2
B 02 (1—=c)(1 =rP)V1—r2
B 1—1r2
(1 —c)vV1—rr?
B 1—1r2
V(1 =)l -2
B 1—1r2
(1 =01 = (%))
_ 1—r2
V(=) -2
_ 1+nmA-r7)
NV A+r—c)(1—7r—¢)
_ 1
V- 51— %)
. (= (=020
= CcC = —Tr
V=0 =r)o2 oi)(1—(1+7)0F 07) 7
_ 1
V= (=1L )02, 02)(1 = (1+7%, )02, 0%)
So we have,
ENum(O; ;) Num(O, ;)] =
2 12
L T + L(L - 1) "0 9 Zin
(1-202,02) %+ (1= (1= 71,)02,02)(1 = (1+71, )02 02)] 2+

56



Under review as a conference paper at ICLR 2024

L L din
Den(Oi’j)Den(Om,j) = ( Z exp (Z WiJXinkl,l ))( Z exp (Z Wm,lXinkQ,z))
=1 1 =1

ko=

L din
Z exXp (Z(Wi,lXinkl,l + Wm,lXinkQ,z))

k1=1ko=1,ko#k: =1

i
H

o>~
Il
-
Il
-

L
E[Den(0; j)Den(O,, ;)] = E[Z exp (Wiy 4+ Wint) Xin, )

din
[T exp (Wi Xin,, , + Win 1 Xin,,, )]
k=1 ko=1,kostk I=1
L
Z eXp 1l +Wml) lnk,l)]
k=

L L din
By Y Texp (WiiXine, o + Win i Xing, )]

ki=1 ko=1,kosk I=1

L din
= Z E[H exp ((Wi,l + Wm,l>Xink,l )]

L L
+ Z Z Hexp i lek L + W le’w l))]

k1=1ko=1,ka#k1 I=1

,_.
I
—

Again using earlier results we get,

]E[Den(Oivj)Den(Omvj)] =
L (-1 ! _
(1-202 02)% (1= (1 =7t )o2 02)(1 = (147t )o2 o2)]=

So we get the covariance as,
E[Num(O; ;) Num(O,, ;)]

]E[Oi,jOm,j] ~

E[Den(0; ;)Den (O, ;)]
o2 rl o2
L Tin 7 +L(L—1) Tin ~ Tip 7
(1-202 02)2 ™! [(1-(1=rL, )03, 02)(A=(14rL )02 o2)] 2
B L%—&-L(L 1) - -
(1-202, 02) 2 [(1—(=rt, o2, 02)(A—(147L, )02, 02)] 2
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—dip
2 2

l 2

T © Taiy Ty
30252y T (L = D ama ez o230 a2 02)
= —din
c? +(L-1)
1— 2din04v U2k
Where ¢ = Tn 4
P (= (= )dinod, 02) (1= (1 +71%, )diod, 02,)
Covly =
—din
gin CQT _|_ (L B 1)Tijiu
c;Ti" +(L-1) (1- 2dinUfEmU§k) (I-(1- rém)dmoémaﬁk)(l -1+ rém)dmaimagk)

Now it’s easy to see both these constants are always less than 1.

If they are significantly smaller than 1 (which happens if o is of considerable value) and d;, is also
sufficiently large, the approximations for variance and covariance become,

2
Var(0; ;) ~ i 2 >L
aI’( ,]) (1 _ p)(]. _ 4din0-;lin0—§k,) (Cl > )
I o2 Zdin
Covy, ~ Ao (cg? > L)

(1 = 2diwo3, o2)

The above situation corresponds to scenarios where one of the input to Softmax is extremely large
compared to the others, hence resulting in degenerate attention only attending to one token. This
can also be observed experimentally by setting o4 considerably large, such as by initializing them
to a few times larger than the standard Xavier initialization.

To avoid this degenerate attention, we choose smaller values of o, 0y, resulting in values of ¢; and
co almost equal to 1. In that scenario, the approximate value for variance and covariance are,

7(21111
(Cl
—din

(CQ 2

l 2

Var(O; ;) =1, 05 ~1,L>1l o4 <1)

l0_2

Zin ~ Lin

Covlozr ~1,L>»1,04 <1)

To get the final variance and covariance we can use results of Linear layer to account for Wy,. If
we initialize o4 and o, to be small, in initial phase of training the output of Softmax layer can be

T
treated as being a constant = % Using this assumption we have,
1f1
Xou A~ Dropout( 22X, Wy
1517 T
= gx,, ~ Dropout( )" 8% Wv
171
= Dropout(—X L)gxou[WVT
/’l‘gin = 0
2 2
2 Gou "V l
oy =——1+L-1)r, (1-p
= T (0 (L= 1)l (1)
2 2
l g out o
Cov, = —#—(1+ (L - rl )
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D MOMENT PROPAGATION THROUGH TRANSFORMER BLOCKS

D.1 TRANSFORMER ATTENTION BLOCK

A forward pass through attention block consists of LayerNorm, followed by Scaled Dot-Product
Attention, followed by an output projection layer (a Linear Layer), and finally a Dropout. Using the
results from above we get,

Peow =0x0x0x0=0

2
_dm
_ O.gin'dino-g CIT + (L 1) (TilEin + (1 - (ré’m)Q)dego—/%) dlna-g
c{sil‘ (1) (1-p)(1— 4dinaga,%) (1—2(1+ rém)dinagai) (1-p)

—din
020202 ¢ (g, + (1= (r5,)*)dno o)

— m in L o 1
. (1—p)(1 - 4dino20}) *+ ) (1 =2(1 47k, )dino207)

Cov;om
—a
o2 dino? = L—1)rt
= ——a “in ° 2 2 2 + i (2 3 ) Lin i 5 2 .dino—g.l
csz H(L—1) (1- 2dinaqak) (1-(1- rw)dinaqak)(l -1+ rwi")dinaqak)
—a
d?o20202 Cy e rl
=" ’ (1 —2din0202) -1 (1—(1—7L )d; 0202)(“‘1 — (1 + 7k Ydino2o2)
622 —|—(L—1) m¥ q% Tin m%q% Tin mn%q%
Lm0t w eyl T (1 (L= 1) (1)
O = Og ¥ % din0y * ———"— - r, (1-p
o (1-p) ° L-p) s
dio2 oro?
= 014 (L—1) (1-
PPl (L= 1), (1= 1)
l 2 2 dinag 1
COVgin = Ugoul * 1k dingo * L (1 + (L - 1)r90ul>
dﬁlag ‘Ugag .
= T(l + (L - l)Tgom)

D.2 TRANSFORMER FFN BLOCK

A forward pass through the FFN block of a transfer has a LayerNorm, then a Linear layer from d
to 4d, which is then passed through a ReLLU gate, the output of which is the projected back to d
dimension using another Linear layer, and eventually passed through a Dropout. Again using the
results from above we get,

Mz =0 (Last Linear Layer makes it 0)
m—1 1 1
goui = 1 * dina’?ul * ( 27‘(’ + g) * 4din0-1'202 * (1 - p) * Uiin
2di2nafulafuz 9
= ZinTw Twy (2
t=p
l 1 )2)0.5 U win—1(l
! o (1= (3,)7) Ty, S0 (rg,) 1 1
Cov,,, = dmai1 * (% + 2; + = o T o + %) * 4dinai)2 * 0'320"‘
l 1 )2)0.5 I win—1(01
r 1—(rs roosin” (.
= 4d12110121)1 Oizaiin( Zm + ( (25;:) ) + Tin 27( ( Im))
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! 1 2105 Uowin—1(,0
1 Tz, (1 - (rx' ) ) T SHL (rm' )
— 2 1 _ in in in in
Ta = 20 (1=p)x (55 2 LT —
!
T 1 1 1
~(1—p)=*( ;‘" + -+ (5 - =)l 2) (Fitting a 2-nd order polynomial)
. 7/
03_ = 05 * a 1 ) *dinafm * % *4dm012”1
in out —p
2d12n 012111 0121)2 Ugnut
- (1-p)
1 sin *(rl)
Covlgm = Covém * 1k digo, (1 + o 22) % Adino,,

1 sin (!
= ddio, on, Covéw[(z + #

COMPONENTS

SUMMARY TABLE OF MOMENT PROPAGATION THROUGH TRANSFORMER

In[Table 11| [Table 12} [Table 13| [Table 14} [Table 15]|and [Table 16, we summarize the signal propaga-

tion formulae for all the transformer components.

Table 11: Moment Propagation (mean) during forward pass through components of transformer

model.
Component o
Embeddings 0
FFN (d;.d3) 0
ReLU T
(2m)
GeLU i
e T
2m(02 +1)
LayerNorm (d) 0
Dropout (p) i
Softmax +
SHA Block (without V) 0
Attn Block 0
FFN Block 0
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Table 12: Moment Propagation (variance) during forward pass through components of transformer

model.
Component gum
Embeddings 0
FIN (6102 had (o, + i)
(m—1) ,
ReLU »
) (2r) ~Fm
o‘im O':m - a'zm 20-:"1
GeLU 2 (3~ et T () + i A
Layer Norm (d) 1
2 2
2 42
Dropout (p) T T PHayy
L=p
Softmax (ea“z”in (liriin>ﬁ ,1)62”34"(1*’“5“")%
((L—1)e”n 7o) 412
3 diﬂggm c;;in (T;m+(1—(r;in)2)dmo§ai)
SHA (without V) Y BN D1 TP ddno?o?) T (L - )=t oo
— p C + —_ in
d?n;gggo-?vm c;;in (rh +(1—(rt, )2)dino o)
Attn Block (Approx) & —p) (—ddnoZo?) T (L-1) L
(1=p)(c;* +(L—-1)) 2%k ) dnoZoE
FFN Block 25,00, 00,07,

(1-p)
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Table 13: Moment Propagation (variance) during backwards pass through components of trans-
former model.

Component ol
Embeddings -
FEN (dy.ds) d2oyo,,
1,
ReLLU §O'gom
2 2 2
1 1 =1 %ap e (SUIin +3) 2
GeLU 4 + 27 S (Ugin+1 * 27r(a§m+1)(203m+1)% Jg"‘“
o2
LayerNorm (d) %
D t (p) 1 2
ropout (p — 0.
1 —-p YGou
2 L L 2 L L
(6(1'7’in(17r‘n1n)ﬁ71)62U'“"'in(177“tin)ﬁ 1 2
Softmax ( ((Lfl)eaim(l’ri'mhrlp L2 )Ug““‘
. dina'gom l
SHA Block (without V) m(l + (L = Dry, (1 =p))
dﬁlagom 05 03 .
Attn B]OCk (ApprOX) W(l + (L — 1)rgoul(1 — p))
2d202 o2 o2
FFN Block — 0 W2 Jow
(1-p)
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Table 14: Covariance (along sequence length) propagation through the components of transformer
model.

Component Cov!

NL*(NZ—].) 2

Embeddings > L+(L—1) * Temna
FEN (d;.d>) d107,(Covy, +pi3,)
1 sin7t(rl) . o2
ReL.U + 2 VEndyo —(1 - 1 — (rl )2))—Zin
e (4 + 27 )Covy, = ( ( (%)) 2m
2 1 2 2 2 ) 2 1 2 2
Taiy l I wipn—1 (T2 % 2afin(gmm(1_(rmm) )+1+(T$m) ) _ 293,
GeLU T (mrg, + 2rg, sinT ( o2 1 )+ (02 +1)\/(02, +12— (%, 02 )2 <"5m+1>)
1. Cov!
LaverN d 12 Tin
ayerNorm (d) ( d) o2
Dropout (p) COV;m
. dino .72c,,, C% T‘ltm
SHA (without V) C%dm N (L 1) (I—2dno20?) + (L - 1) (A=(1=rL Jdno2o})(1—(1+rL JduoZo})
Rotolo? S "
Attn Block (Approx) —dl;,, = (1_23"‘020%) +(L-1) a—(—rL )dmo.zo-%;(ml_(l-ﬁ-rlv YdnoZoZ)
02 - n (L _ 1) a Tin q Tin a
1 (1—(rt )2 LosinTl(rl )
Tl Tin Ty sinT (1
FFN Block Adinos, 05,00, (S + -5 + )

Table 15: Covariance (hidden dimension) propagation through the components of transformer
model.

Component Covgm

Embeddings 0

FEN (d.ds) 0
1 sin~'(rd 2

ReLU (= + M)Covi, —(1—4/(1—(rd )2))%
4 27.[- in in 271_

GeLU

LayerNorm (d) —L

Y d—1

Dropout (p) Covgin

SHA Block(without V) 0

Attn Block 0

FFN Block 0
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Table 16: Gradient covariance (along sequence length) propagation through the components of trans-
former model.

Component Cov!

gin
Embeddings -
FFN (d;.d2) ds02Cov, |
1 sin t(rl)
RCLU (1 + T)Covgnm
l 2 2 2
) 1 (T | T (@R 49t 26 ]
GelLU it sin T (R + a0, +1)((3, 1P (rh o2, )3 | | oou
Cov!
LayerNorm (d) —Jou
9z,
Dropout (p) Covlgom
. dinO'2
SHA Block (without V) %(1 +(L -1k )
2o? o202
Attn Block (Approx) %(1 +(L—1)rl )
1 sin (rl
FFN Block 4d%o?, o2, Covi (= i %)

F NUMERICAL VERIFICATION

We perform numerical verification for the formulae reported in [T: | [Table 12} [Table 13]
ble 14] [Table 15| and [Table 16| The parameter ranges have been prov1ded in [Table 18| For each

parameter, 3-5 values were sampled uniformly (or log uniformly) across the range for numerical
simulation. provides the percentage error corresponding to the 50y, 90, and 99, per-
centile. These simulation results are all fully reproducible using our code released as supplementary
material. Even at 99 percentile, no error (other than SHA backwards) is larger than 10%, verifying
our assumptions.

Table 17: Percentage Errors [50th, 90th, 99th percentile] for the theoretical formulas corresponding
to forward and backward pass through components of the transformer model.

Component i & O Covg, Covy,
FFN [0.0,04,1.3] [04,1.4,2.8] [0.2, 1.0, 2.2] [04,14,2.8] [0.2,1.0,2.2]
ReLU [0.3,1.3,2.3] [0.5,1.9,3.4] [0.6, 1.5, 2.6] [0.3,1.6,3.1] [0.2,1.1,2.3]
GeLU [0.1,1.0,2.4] [0.2,0.6,1.3] [0.2,0.6, 1.1] [0.1,0.5,1.2] [0.1,0.4,0.9]
LayerNorm [0.0,0.0,0.0] [0.0,0.0,0.0] [04,1.5,3.2] [0.1,0.5,1.0] [0.2,0.9,2.2]
Dropout [0.0,0.1,0.5] [0.1,0.5,1.5] [0.1,0.7, 1.5] [0.0,0.4,1.3] [0.1,0.5,1.2]
Softmax [0.0,0.0,0.0] [0.2,0.9,4.0] [0.1, 0.6, 4.5] - -
Single-Head Atten. [0.2,1.0,2.5] [1.4,4.1,7.9] [2.2,13.3,445] [1.3,39,7.5] [1.6,4.5,8.2]
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Table 18: Range of input variance/correlations used for theoretical formula verification reported in
[Table T7|for the theoretical formulas corresponding to forward and backward pass through compo-
nents of the transformer model. The dropout probability range was [0, 1) for Dropout and Single-
Head Attention, and o2, for FFN was [1072,102] /diy.

Component . o2 ol Corrftm Corr! o din Aot L

FFN [-10,10] [0.1,10] [0.1,10] [0,1.0) [0,1.0) [10%,10%] [10', 10%] [102, 10%]
ReLU [0] [0.1,10] [0.1,10] [0,1.0) [0, 1.0) - - [102, 10%]
GeLU [0] [0.1,10] [0.1,10] [0,1.0) [0, 1.0) - - [102, 103]
LayerNorm [-10,10] [0.1,10] [0.1,10] [0,1.0) [0,1.0) [10% 10%] - [102, 103]
Dropout [-10,10] [0.1,10] [0.1,10] [0,1.0) [0,1.0) [10% 10%] - [102, 103]
Softmax [0] (104,11 [0.1,10] [0, 1.0) - - - [300, 10]
Single-Head Atten. [0] [1] [0.1,10] [0,1.0) [0,1.0) [10% 10%] [32,64,128,256] [300,10%]

G RANK COLLAPSE AND CORRELATION ANALYSIS

In the previous sections, we derived the formulas that determine how the correlation will change
through the Attention and FEN blocks both for forward and backward pass. Both attention and FFN
blocks modify the correlation as shown in the

Table 19: Approximate Correlation Propagation during forward and backward pass through the
blocks of a transformer layer.
2 1 2 1

Component Uxuut Xout Ugin I.gin
d?020202 7l d*0202 % 02
Attention Block w 1—p Hré 1—p
— —p Gou
2d%02 o2 o2 1 7L 1 1., 2 . . sin~! (rl
FEN Block 7(1 - ) (=P +-3 —)re, ) o2 koo (1—p)(d + ) ITh

Simplifying the formulae in the table above, we rewrite the output variance for the attention block
as 02 = * 7' * 0 , and the output of the FFN block is szf = Oy * ogm, where C7 and Cy
are deﬁned as follows

This also helps us to rewrite the backward pass as the 02, = Cy %7, xo0> andol = Chxol .
attn YGout out Yftn YGout

Specifically in case of Xavier initialization with 0.1 dropout, C; = 2.2, Cy = 0.4.

Assuming a dropout of 0.1, the FEN block (with the ReLU) will reduce the correlation if it rises
above 0.64 (where rl o < rl for FEN block). And the attention block will never output a correla-
tion higher than 0.9. Hence correlatlon will never reach 1, but rather a steady, stable value between
ReLU’s maximum correlation and that of the attention block. Dropout’s effect in preventing rank
collapse was also observed in Rong et al.| (2019).

We can approximate the stable value of correlation after many layers based on the weightage average
of the correlation in the Attention output and FFN output. When the attention output is added to the
skip connection, the new correlation will be a weighted (by variance) average of the correlation
among the tokens of attention output and among the tokens in the skip connection. And the same
will happen after the FFN block.
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A weighted average of the correlations of FFN and attention blocks gives the stable asymptotic
correlation 7!

Lmax

1 7 1 1
Crx(1=p) +Cox (1= p)(— + =2 4 (5 = ) %

2 2 T Lmax

l
r
Lmax Cl + 02

Specifically for the case of xavier initialization, solving the above equation with C; = 2.2, Cy = 0.4,
gives 7l ~ (.88.

Similarly, the correlation for backward gradient will also converge at a stable value rlgmx, obtained
by solving the below equation -

sin™?! (r!
LG 0-p)t Cax (- p)( Tl
Gmax C1+Cy

Specifically for the case of xavier initialization, this gives r. = 0.87. Note how rémax ~ ol

Gmax Lmax

Discussion on Noci et al.| (2022) Noci et al.| (2022)) focuses primarily on linear activation, we
theoretically analyze the change in output correlation caused by ReLU. We find that ReLU (or any
asymmetric non-linearity in general) critically affects correlation. As our closed form expressions
suggest, both FFN block (because of ReLLU) and dropout reduce the correlation. While Noci et al.
(2022) mentions the use of dropout, as we show above and observe empirically in Figure[6] rank will
not collapse with dropout, and perhaps Noci et al.|(2022)) did not use dropout. Further, we observed
that Figure 10 of the supplementary of |[Noci et al,| (2022) shows a correlation above 1, which is
impossible.

We replicated the experimental settings of Noci et al.| (2022) without dropout, and observed that the
rank collapse occurs due to incorrect initialization. They use a rather non-standard version of xavier

initialization - instead of W they use ———. Hence, they initialize a much higher value
in out fanout

for V as fan;, is much greater than fan,,; (“Number of heads” times greater), and this results in
variance of the output of the attention block C'1 being much higher than FFN C2. As attention block
outputs a much higher correlation than the FFN block, increasing its output variance without using
dropout will result in rank collapse. This highlights the criticality of correct initialization, as well as
the explainability power of our theoretical framework proposed in the paper.

H MOMENT PROPAGATION THROUGH THE ENTIRE TRANSFORMER MODEL

H.1 VANILLA PRE-LN

We will use the approximations listed in Table[2] here.

H.1.1 FORWARD PASS

For forward pass, a Transformer Pre-LN has LayerNorm followed by the Attention block, residual
connection, LayerNorm, and then the FFN block. Let Jiyer be the output variance after 1 such layer,

and 02, be the output variance after the entire model of N layers.

2 .2 2 !
2 d“oioy * 1,
O—-’Euun - 1
(1-p)
2 2 2
52 = 2d%oy, o5,
Tffn
" (1-p)
2 2 2 2
o-l']ayer - O--'L'in + O-l‘alln + O--'L'ffn
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5 dQUgag * 7l 2d202 o2

—o2 4 Tin w1~ wy
i (1-p) (1-p)
2 2 2

§

p) (1—p)bu’
Then, Ui,m, =02 +Crxrh +Cy

As we discuss in Section the correlation rim quickly reaches a stable constant maximum value

l

Ts,..» Which can be found using the calculations in Appendix Let Tﬁcmm > ( be the minimum value

of this correlation, let C = C * r! T Caand Cy = C % 7l _+ Cs. Then,

Tm Tmi

o2 +Cy<ol <ol +Cs

Tlayer — =~ Ty,

Hence after N layers,

02 + NxCy<o? <02_H+N*Cg

Tin Zmodel — ~ Tij

= o2 =0(N) 2)

Tmodel

This shows that output variance of Pre-LN will increase linearly with number of layers N.

2 ~

In practice, because the correlation quickly reaches r, . the variance of the entire model 02 =
‘max model

Jﬂ%’in + N % C3.

Discussion: This has the effect that transformer blocks near the output can affect the model output
much less, as the skip connection variance increases but block output variance is constant. We
conjecture that parameters in these are hence not being utilized to their full potential. Specifically in
case of Xavier initialization, C; = 2.2,Cy = 0.4, rém = 0.85. For large d, J%in will be negligibly
small compared to cr,f.lw, so we have -

02 ~C3xN~(22%0.85+404)N ~ 22N

Tmodel

H.1.2 BACKWARD PASS

For the backward pass, a Transformer Pre-LN gradient will first backpropagate through the FFN
block, then gets rescaled by Layernorm, and added with the skip connection. It then backpropagates
through the Attention block, gets rescaled by Layernorm, and finally added with the skip connection.
Let cr;n be the gradient variance backpropagating from the n!” layer, and ‘73.“0 o be the gradient
variance after the entire model of N layers.

For the Attention block, let agmmn_l be the gradient backpropagating from the block. Then for long
sequence length L we have -

d*c%0? x o2

2 _ o YJout,n l
Uganmn_l - L(l _ p) : (1 + (L - 1)rgou!7n)
~ dzo—go—g * Tf]ouul * Ugounn
(1-p)

2

o is then rescaled by the Layernorm to give aga""_layemmmfl. As Layernorm scales gradient by

Gan,m—1

the inverse of the input variance aiimn_l, which from the section above, we know is approximately
2 —

05 n—1 = C3 % (n—1). Then
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2 2
T gunn—1 = C1 % Tgout n * Ogo,n
l 2
2 _ Cl * rgouun * a-gnuun
Gattn-layernorm ,n—1 7 2
gwimn_l
l 2
~ Cl * Tgouh" * Ugollt7n
Csx(n—1)
Therefore, the final gradient O'g i tager T 1 after addition with the skip connection is
l
0_2 _ (1 + Cl * rgounn ) 2
Gatin-layer,7—1 T 03 * (n _ 1) YGout, T

Similarly, we can get o2 , for the ffn block. Then to get the gradient backpropagated through

Gfn-layer ;70—

the entire layer oq n—1s W€ have,
Co
2 _ 2
O-fon-]ayer;n_l - (1 + C3 * (n _ 1) )Ugouhn
Cl * ’r‘l C.
2 YGout, 1 2 2
Ugaula7l_1 ( + 03 * (n _ 1) )( + 03 * (n _ 1) )Ugouhn
Cl * 'f'l C
0—3()“[177'_1 ~ (1 + Jouter - )Ujouh"
03*(7’1—1) Cg*(n—l)
Cyrxr + C
— (1 + 1 gouu 2)0,2 N
Csx(n—1) Gout,
Ch = Tg wn T C2 5

=(1+
( (Cl * TT n + 02) * (n — 1) )O-gouun

Where, ignore higher order terms for large n. As we discuss in the main paper, the correlation
rl quickly reaches a stable constant maximum value r! , which is approximately equal to (but

goul n Gmax’
slightly less than) 7, - Hence, we can approximately replace the correlations with their maximum
values. Note that while rg o and rL  will have slightly different stable values, the term n — 1 will
dominate in the following equatlons Hence
o? =1+ Gt # g + Co )or2
Gou,n—1 (Cy * Tz;,.,n + Cy) * (n— 1)/ o
Cyxrl +C
~ (1 + 1 Gmax 2 )0_2 n
(Crxrl +Co)x(n—1)" %

Cypre
~ <1 + ngj 1)U§0ulan

Since C,,. > 0, we will witness an increase in gradient going backward. Applying the above
equation repeatedly until the final layer N, this recurrence can be approximately solved by treating

O'g .,n as a continuous function of n, taking logarithm of both sides, and integrating. This gives the

following solution for ag ot

2 2 ( N C!Jpre

Ugouhn - Ogoul7N * z
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If Cy,,. ~ 1, we get hyperbolic growth as shown below

2 2 N

agout7n = agout7N * (g)

This shows that gradient variance of Pre-LN will increase hyberbolically with number of layers N
while going backwards.

Discussion: This has the effect that much lower learning rate is required for the entire model,
because the gradients near the input layers are much higher, slowing down learning and making the
model unstable.

H.2 VANILLA POST-LN

H.2.1 FORWARD PASS

The forward pass of Post-LN is trivially always 1 at initialization, because the skip connection does
not cross the LayerNorm.

H.2.2 BACKWARD PASS

Following an analysis similar to that for Pre-LN, we get

2 ]. + CQ 2
O—gffn—]uyer n—1 7= 1 O gou,nt
1 + Cl * Tzouunfl
I
0_2 _ 1 + Cl * rgoul;n 2
ga(ln»]ayer;nfl - 1 + CQ YGout, T
I
o2 I Cixrgn N 1+ Cs . o2
,n—1 = ,n
YGout 1 + 02 1 _|_ Ol * Tiﬂuhn_l YGout
!
_ 1 + Cl * ’rgo.“,n 0_2
- l Gout,M
14+ Cq Tn—1
Let Cs,, = O T A di in A dix |G| th lati both quickl h
et Csp, = (e a— s we discuss in Appendix |G| the correlations both quickly reach a
maximum stable value. But the rém“ ,’s maximum value r¢ s slightly different than rimux. Let
14+Cy*rt .
Cy = —— e then Cj can be either greater or smaller than 1. Hence, we get
1+Cy L.

2 —
Ugalln—luyeran_ 1=

N
_ 2
- H CV577’O-goul~,]\/v

i=n

2
057"090\1[7"

~ Céan) 2

Jout, NV
2 _ (N=n) 2
o—gulln—]ayeryn_l - 05 O—gouuN (3)

This shows that gradient variance of Post-LN will decrease/increase exponentially with number of
layers N while going backwards. Even very slightly different value of Cy from 1, such as 0.96, will
cause a 2000z fall in gradient after 200 layers.

Discussion: This shows why Post-LN transformer is much more difficult to train for deeper models
than Pre-LN. While for Pre-LN the backwards gradient increases hyber-bolically to a maximum
of N, in Post-LN the gradient can increase or decrease exponentially, stopping the model from
converging.
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H.3 DEEPSCALELM PRE-LN

H.3.1 FORWARD PASS

In DeepScaleLM, the weight initialization are chosen specifically so that o2 ~and o’fcﬂn are both
equal to 1 for all layers, by iteratively calculating riin as detailed in Appendix Ml Also, the embed-
dings are initialized so that ogin is also 1. Hence,

2 _ 2 2 2 2
Ulayer =A% % Uskip + ﬂ * Oplock

:)\2+ﬁ2:1

Hence the forward pass variance remains 1 throughout the model.

H.3.2 BACKWARD PASS

For the FFN-block, we have 02, ,, | = 02

Lout s

n—1 = 1, as per equations in Table 2 of the main paper.
Similar to Vanilla-PreLLN, we arrive at

Cy xrt % 02

2 YGout, Jout;, 1

Gattn-layernorm ,N—1 7

O-J/'inyn_l

Here, cfﬁimn_l = 1 as shown above, and since weights are initialized so that C'1 rfcm = 1. Let

l 1

T T . . . . .

Con = %, and Cg = 7. As we show in the main paper, Cs ~ 1. Similarly to previously,
Tout, " — Tmax

we use the maximum values of these correlations instead to get -
l

r

2 _ Gout,n 0_2

Jatn-layernorm,M—1 T ] Gout,M
Tin,n—1

_ 2
- Cﬁ/n, * O—gouhn

Therefore, assuming no covariance between block gradients and skip connection (which will be true
at initialization), the final gradient o> n—1 after addition with the skip connection is

YGatin-layer

0_2 7/\20_2 + 20_2

Gattn-layer,n—1 T YGout, Gattn-layernorm ;70— 1

— )\20_2 + 6206,710-2

Gout T YGout, 1
2 2 2
= (A" 4 B°Con) * 94, n

Cem—1 9
=1+ T) * 0 goun

2 _ 2
Gifn-layer,m—1 Ugoul )2

Similarly for the FFN layer, o as o2 =02 =1

Tinyn—1 = gy,
Hence,

Cem—1

2 _ 2
O—Qouhnfl - (1 + N ) * O—gouh'f“

Com — 1
030u111 = H(l + N ) * UgnlllyN’
i=1

06 -1 N—-1
1 + N ) *UznulaN’
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~ 2
~ O—gmnuN

, where we applied (1 — £)N ~ e7*, and Cg ~ 1.

Discussion: Hence for DeepScaleLM, the backward variance of gradient remains constant
(bounded by a constant almost 1) across all layers.

H.4 DEEPSCALELM POST-LN

H.4.1 FORWARD PASS

Same as vanilla Post-LN, this will remain preserved at 1.

H.4.2 BACKWARD PASS

Following an analysis similar to that for Vanilla Post-LN, we get

2

tintayersn—1 — 9 gou,n
2 _ 2 2 l 2
O—gﬂlm—luyenn«_l - ()\ *1 + 6 * Cl * rg(vul7n)o-g()ul7n
Tl
_ 2 2 Gout, 1 2
- ()\ + ﬁ * ! )O—gouun
Zin,M
,r,l
2 12 2 Jout;,\ 2
O Gousn—1 = ()‘ + B * )Jgnumz
Zin,M

Similar to Pre-LN, we use the maximum value of these correlations, and assume Cg = 1. We get
l

P O L T
’rwmax
= (N +B%Ce)ol
~ ()\2 + 52)03“‘“”
= a;ouhn

Hence for DeepScalelLM, the backward variance of gradient remains constant across all layers.

Discussion: Similar to DeepScale-LM Pre-LN, the assumption Cs = 1 is not required, and yields
the same constant bound if we do not assume it to be 1.

H.5 DEEPSCALELM (SIMPLIFIED) PRE-LN
H.5.1 FORWARD PASS

For simplified DeepScaleLM, the initialization for the FFN block does not change, so its output
remains 1 same as DeepScaleLM. For the Attention block, we changed its initialization to mimic that
of the FFN block. We will show that initially, simplified DeepScaleLM’s forward pass is bounded.

aim =1 as DeepScaleLM, afcm = ,le Therefore, the output variance after layer n will be
aﬁmmmn =A% x Jﬁlwn_l +p*xol
=(1- %) * U?Elayemil + % * rim
Similarly after the FFN block, the output skip will be -
Uﬁlaymn =\ aim_skimn + B2 % aiﬁ"
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2 2., 1,2
= A=) * (1= ) * Oy + 37 *72) + 37 %1
2., 2. 1, 2
== ) * Oy T A= ) * ¥ 70, +

2 2.1 2
ailayenn S (1 - N)2 * o‘i]ayer,nfl + (1 - N) * N * 1 + N
2. 2 3 2
= (1 - N) * O-Ila_ver,n—l + N - ﬁ
2.9 9 3
S (1 o N) * o-ﬁlayer,n—l + N
Applying the above recurrence equation IV times, we get
N
2 3 2
Oilaye”N S (1 B N>2N * Uzlayer,o + N * (1 - N)z
i=0
1—(1—2)2N
N layer,0 N 1— ( _ N)Q

Since A2 + 32 = 1 and 3? is small for large N. We can rewrite the above equations completely in
terms of 3 as follows

3 1— (1 _ 52)2]\7
Oty = (L= BV w0l 38 Ty “)
(= N w2, (- (- 7Y ©

For large N, we know (1 — £)N ~ ¢~ So the above becomes -

- N
3 1—e*
2 ~ ,—4 2 -~

o-ajlayeryN ~e * UI]ayer,O + N * 4 4
N N?2
oy 2 3 1-—e1

se o TN ¥ L

N

This gives us an upper bound on the output variance after N layers. By setting rfvm = O instead of 1

in the equation above, and proceeding similarly, we can also arrive at a lower bound of % + ﬁ

) 31

9ot = TN = 3 g ©

Discussion Informally, this is because the attention block output variance will be between 0 and
0.5, and ffn block output always 1. Because of our A, 8 scaling, the output will slowly converge to
be in between the two outputs.

Note that the above derivation assumes no correlation between the block output and the skip connec-
tion. As we mentioned in our main paper, we do observe correlation between the input and the out-

. . 2 . 2 2
put. As such, theoretically, after every block, the variance O rger,, CAN INCTEASE by o0 T -

This will cause the final output variance to increase by factors of 2 % v/N. In practice however, we
observe the output variances to not grow too large.
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H.5.2 BACKWARD PASS

Similar to DeepScaleLM Pre-LN, we arrive at

Cy xrt % 02

YGout, T Yout, 1

2

Gattn-layernorm , 7 — 1=

O—ximnfl
0.5 * CG 2
N —5—— %0
agin’n71 YGout, T
2 12 2 2 2
¥ e —1 = A Tgouen T B0 emomon—1
0.5 % C,
2 2 6 2
= (A + ﬂ * 2 ) * Ognulvn
Tin,m—1
2 0.5 06
=14 =*(——=—1)) %02
R et ) AL
Similarly, for the FFN layer, we get
2 1
2 2
Ugffn—luyer-,n_l = (1 + N * ( 2 - ]‘)) * 0 gouemt
Tin,m—1
Multiplying these, we get
2 0.5 % C 2 1
2 6 2
o i =14+ =%x(—-1))*x(1+—=%(—————1)) %0
Gout,n—1 ( N (Ugimn,l )) ( N (Uiimnfl )) Gout s
2 0.5* Cg 1
~(1+ = =( + —2))*02
2 2 out s
N Tin,n—1 O’l’in,nfl Gou, 11
As05 <02 ., weget—4 < (= Cs 4 —2— —4) < 2C + 2. Hence, on applying the above
m> @i ,m—1 xiy,m—1
recurrence N times, we get
—4 2 2 20642 2
€ * UgoulyN S agouhn_l S € ¢ * agouhN

Hence, we show that even for simplified DeepScaleLM Pre-LN, the maximum relative increase/fall
in gradient variance is bounded across layers.

Discussion: The above derivations will also be valid if there is correlation in the input. Correlation
will cause Ug‘m,n—l to increase, effectively decreasing the backpropagated gradient through the block

to decrease (as Layernorm will scale by inverse of Gfrm, n—1)- However, even in that case, our gradient
will still be bounded by the above lower-bound.

Intuitively, as the gradient can flow freely through the skip connection, hence, o ,, 1 > Axo2 .,
YGout YGout, T
which when applied /V times, yields ag e txo? o
out 5 Youty

H.6 DEEPSCALELM (SIMPLIFIED) POST-LN
H.6.1 FORWARD PASS

The forward pass variance for Post-LN is trivially bounded.

H.6.2 BACKWARD PASS

Following an analysis similar to that for DeepScaleLM Post-LN, we get
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A2 +0.5% B2«

o2 _ Gous 2
Gour,n—1 A2 +0.5 % 52 * rlmm,n Gout, 1
1+ %05, —1) ,
1+ %050k, —1) 9
Applying taylor expansion, we get,
2 l l
Jg()ulyn_l ~ (1+ N((Oﬁrgum,n -1 (O'5rra|\,7t - 1)))03‘"“.,71
Lo l
=+ N(rgom,n o rran,n))aguuhn
The above equation can be rewritten in terms of 3 as follows
2 8% l 2
O—gouhn_l = (1 + 7(r90ulvn - Tfﬂinyn))o—g(\ulvn (7)
As =2 < (rl . —rl ) <2 applying the above recurrence N times we get

—2 2 2 2 2
€ * o-goul:N S O’gouhnfl S € * UgouhN

Discussion: The above derivations assume no correlation in the input, and hence is only correct at
initialization. However, if there is correlation between the block output and skip connection (r), the

: 2 2%7, :
layernorm will cause O gon—1 O be down-scaled by a factor of 1 + \/NT , where c is some constant,

as opposed to 1 + % above. However, if there is also correlation in the gradients of the block and
skip connection (r,), the numerator in the equations above for Ugm,n—1 will also be increased, by a

factor of 1 + 2*;?.
the above bounds will remain. If 62 is set as % then even if input correlations exist, the backward
gradient will be bounded, following a similar derivation as above. However, we conjecture that this
decreases the ability of the transformer layers to modify the skip connection too strongly, decreasing
the “expressivity” of the model. This is similar to the approach of DSInit, which we show in our

main paper does indeed decrease model performance.

Hence if the correlations among the gradients and among the output are similar,

I MODEL MOMENT FIGURES

1.1 VALIDITY OF THEORETICAL PREDICTIONS AND EXPLODING GRADIENTS EVEN AFTER
TRAINING

When training a 64-layer Language Model, we observed repeated gradient explosions causing model
divergence. Also, our 64-layer model initially performed worse than a smaller 48-layer model. We
observed that (1) The norm of the model output was increasing going forwards (2) The backprop-
agated gradient was increasing going backward. These issues were more pronounced in the deeper
64-layer model compared to the 48-layer model. We applied our formulae to understand these in-
stabilities.

In Figure 0] we can see the observed growth in the output of a 48-layer PreLN model after 100k
training steps. The observed growth across 48 layers remains very close to our predicted values. We
observe a similar trend for the backward pass of our 64-layer PreLN model after it was trained for
150k steps. Figure [§]shows the observed gradient explosion hows the observed gradient explosion
vs. our hyperbolic growth estimation. Interestingly, our theoretical estimates hold approximately
even after the models have been trained for a large number of steps. The model stays in the regime
it is initialized with, highlighting the importance of correct initialization.

1.2 IMPORTANCE OF RESIDUAL SCALING

Any value for \ or 3 such that A\? 4+ 32 = 1 is sufficient to preserve the output (similar to|Liu et al.
(2020Db))) and gradients at initialization. However, we observe that for high (3, as training progresses,
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—— Backward (Empirical)
|| —— Backward (Theoretical)

Variance of Gradient (Log) ->

0 10 20 30 40 50 60
Layer Number ->

Figure 8: Gradient explodes backward for
64-layer pre-LN, increasing hyperbolically
with number of layers N, after 150k train-
ing steps. Our theoretical models still hold -
the model never escapes the regime it is ini-
tialized in.

81077 11— Backward (Empirical)
—— Backward (Theoretical)

6-107°

4107

Variance of Gradient ->

2.107°

Layer Number ->

Figure 10: Gradient vanishes for Deep-
ScaleLM, decreasing exponentially with lay-
ers N, using fixed A2 = 0.9 and 32 = 0.1,
after 50k training steps.

—— Forward (Empirical)
— Forward (Theoretical)

Variance of Model Output ->

0 10 20 30 40 50
Layer Number ->

Figure 9: Linear growth in the forward pass
for a 48-layer 1024-d PreLN model after

training for 100k steps. Our theoretical mod-
els still hold well.

—— Backward (Empirical)

0.05

Variance of Gradient ->

0 20 40 60 80 100
Layer Number ->

Figure 11: Gradient does not vanish for
DeepScaleLM, using fixed A> = 1 — % and

B2 = %, after 50k training steps.

the gradient starts to vanish, as shown in Figure This is because Cov(residual, block) is no
longer zero, which causes the forward output to grow across layer and the gradient to vanish.

On the contrary when we choose 32 = %, gradient is conserved even after 50k steps of training as

shown in Figure TT}

J COMPUTE

J.1 THEORETICAL COMPUTE

[Table 20| provides the exact compute for the models reported in Table[d] We follow the code provided
by Electra (Clark et al., [2020) to calculate the each model’s compute (FLOPs). We observe that up
to 200 layers, the extra compute is within 6 — 7% of the original shallow model.
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Table 20: Model compute with increasing depth (keeping Nd? constant).

Layers(N) d Compute (Flops) % Extra

165M
12 1024 1.06e20 -
48 512 1.03e20 -2.5%
192 256 1.12e20 6.3%
784 128 1.38e20 30.6%
330M
24 1024 1.92e20 -
96 512 1.96e20 2.3%
384 128 2.19e20 14.5%

J.2  WALL CLOCK TIMES

We also compared wall clock time overheads, and found them to not be too large. For example,
the 48-layer-512-d model has only 9.8% overhead in wall clock time compared to 12-layer-1024-d
model. Even when larger number of layers, such as 96-layer-512-d, the overhead is only 14.9%
compared to 24-layer-1024-d model. Profiling revealed majority of the overhead was due to extra
latency of added GPU kernel launches. Hence, approaches such as cudaGraphs (which batches
kernel launches together) or graph compilation techniques may decrease this overhead further.

This overhead will decrease the bigger the original model size, and becomes much smaller. For
example, for a 5B params model with 24-Layers-4096d (a reasonable shape in contemporary models,
for example, LLaMa 7B has 32L.-4096D) has much less compute overhead - only 6.6% overhead at
96 layers, and 13.6% overhead at 192 layers.

Despite this wall-clock time overhead, due to large performance gains from increasing depth, the
165M params 192-L model from Table [ outperforms the vanilla 330M bert-large 24-L model with
2z more params, even at equal wall times.

Furthermore, a large fraction of the perplexity improvements mentioned happen when increasing the
number of model layers by 4z - and as shown above, the wall clock time overhead is minimal. Mak-
ing standard models 4x more deep to 50 — 100 layers, will provide a large fraction of performance
gains without much overhead.

K DISCUSSION OF RELATIVE STRENGTH

In[Equation 4] we discussed that the backward recurrence equation for PreLN can be written as

Oy (L= )2V w0g, |+ %(1 - (1-8%)
Replacing 32 = & and using (1 + 25 )N = e"¥'™", we get
Oy N ol Z(l — 2N
Q2N (gglm,o _ Z) + %
Hence, the fall in gradient for 3% = % is O(eFN 11).

Similarly for PostLN, we can use [Equation 7

62

2 _ l l 2
Ugouunfl - (1 + ?(Tgom,n - rwm,n))ogom,n
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(1=B%) o, n<05 . n1 <1+ xas

Hence, for N layers, the gradient fall/growth is again O(e=*V e ).

L DISCUSSION OF APPROXIMATIONS AND ASSUMPTIONS

L.1 ILLUSTRATIVE APPROXIMATIONS OF FULL FORMULAE IN MAIN PAPER

Some values listed in Table[I|are approximations/illustrative simplifications of their full closed forms
in Appendix [E|and Appendix [C] We discuss all of these below.

For ReLU forward correlation, we used a simple polynomial regression of the closed form formula.
This simple regression is a remarkably good fit, as shown in figure Figure

For layernorm, we ignored the factor of 1 compared to d, or 1/d compared to 1, assuming large
enough hidden dimension d.

For SHA without V, we used the final simplified formulae for o2 .. and output correlation from
Appendix [C.8] For the gradient, we further simplified the formulae in Appendix [C.8] assuming
L~L-1.

In Table 2] we applied a similar approximation as above for ReLU, from the full formula in Ap-
pendix [E|for output correlation. This polynomial approximation is also a very good fit, as shown in
Figure

—— Input correlation
—— FEN block correlation
1 p 0.8 ¢ 1.
——  Input correlation Z A Tolyry - S
s = T S
0.8 ——ReLU output correlation s el e

P N (N (A P < 067

= g = /

g S

£ 0.6 - = 041 o

o / ]

=} / = /

(=} / = %

3 o)

Z 041 / 0.2+

&

S

0.2 0~ ; ‘ ; ; ‘
P 0 0.2 0.4 0.6 0.8 1
. Input Correlation ->
0 ; ; ; ; '
0 0.2 0.4 0.6 0.8 1
Input Correlation ->
Figure 13: Approximation of the FFN for-
ward correlation formula, without dropout.

Figure 12: Approximation of the Relu for- Dropout will reduce the above correlation by
ward correlation formula 1-p

L.2 ASSUMPTIONS AND APPROXIMATIONS IN DERIVATIONS

Except for attention and softmax all other derivations of transformer components - Embeddings,
FFN, ReLU/GeLU, Dropout, FFN Block are fully exact, assuming only normal distribution of in-
puts, weights and gradients. Furthermore for LayerNorm and softmax, we only add the assumption
that the sequence length/hidden dimension is large.

For simplification of these formulae when doing empirical analysis, we used additional assumptions.
For embeddings, we assumed Zipf’s law to calculate initial input correlation in tokens, as well as
assumed uniform distribution for segment lengths for next sentence prediction task of BERT. Note
that this assumption is not strictly required, and can also be empirically observed and given as input
to our method.

For LayerNorm, we assume the hidden dimension is large, d >> 1 (so that we can ignore factors
related to d — 1 or 1/d). For softmax, we assume sequence length L is large so that the sum of
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log-normals can be written as another log-normal. The single-head attention requires some more
assumptions as are listed in Appendix [C.§]

M DEEPSCALELM PSEUDOCODE

## Define constants for scaling residual and output
AN=1-2 ;5 =2

N N
## Define constants for embedding and FFN block

2 _ 1-p . 2 _ 1 1—p
Oe 3 3 9F T Aty 2

## Scale skip connection and block output
def add_skip(x, £(x)):
return A * x + 3 * f(x)

## Find layerwise input correlation upto N layers
def corr_input_layerwise(r, N):
rny = []
for i in range(N):
r=X .r+ 3*Q1-p)

1—(rg, .
r=X .1+ A-p)(rl + Tin — fin )
s T
rn . append(r)
return ry
## Define constants for attention block
2 _ 1 1-p . 2 _ 1 . . _ .1
Tio = g* [T Oak = g 3 T=Tay,
Tin

where Ti:; = corr_input_layerwise(r, N) [n]

## Stable initialization of weights
def dslm_init(w, 1):
if w is ['ffn']:
nn.init.normal_(w, gain = o¥)
elif w is ['v_proj', 'out_proj']:
nn.init.normal_(w, gain = 01,0)
elif w is ['q_proj', 'k_proj'l:
nn.init.normal_(w, gain = oqk)
elif w is ['embd']:

nn.init.normal_(w, gain = o)

Figure 14: Pseudo-code for our proposed method DeepScaleLM: We scale the block output and
the skip connection before adding, and keep track of correlation across layers. We appropriately
initialize the weights. (N: num of layers, d: model hidden dimension, p: dropout probability, rim

is calculated based on expressions provided in[subsection C.1})
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## Define constants of DeepScalelLM
XN=1-2%2,;p2=2
N N

2 1—p

= o2 =
O—E_T’O—qk_

-
)
-

## Scale skip connection and block output
def add_skip(x, £(x)):
return A * x + 3 * f(x)

## Stable initialization of weights
def init(w):
if w is ['ffn', 'v_proj', 'out_proj']:
nn.init.normal_(w, gain = or)
elif w is ['q_proj', 'k_proj'l:
nn.init.normal_(w, gain = oqk)
elif w is ['embd']:
nn.init.normal_(w, gain = oe)

Figure 15: Pseudo-code for simplified version of our DeepScaleLM method.

N HYPER-PARAMETERS

We used Megatron-LM’s default BertWordPieceLowerCase tokenizer, with the original BERT
lower-cased vocab, and with trainable position embeddings. The same hyper-parameters (includ-
ing LR schedule, warmup) were used for all models, and LR search over the range below was
performed for all models. The final best models always had optimal LR within the range and not at
the boundary of the LR range for all of our experiments.

Table 21: Training Hyper-Parameters. We use all original hyper-parameters of BERT, except for
learning-rate(LR).

Parameters Values
Optimizer Adam
B2, B2 0.9, 0.999
Effective Batch Size 256
Drop-out (p) 0.1
Sequence Length 256
Train Iters 100,000
Num GPUs 8
Learning rate [1,3,5,7,10]*10~*
Schedule Linear
LR Decay Iterations 98%
Warmup steps 1%
Min LR 1%107°
Gradient clipping 1.0
Batch Size / GPU 2
Grad Accum Steps 16
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