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Abstract

This paper studies phase transitions for the exis-
tence of unregularized M-estimators under pro-
portional asymptotics where the sample size n
and feature dimension p grow proportionally with
n/p — § € (1,00). We study the existence of
M-estimators in single-index models where the
response y; depends on covariates x; ~ N (0, I)
through an unknown index w € RP and an un-
known link function. An explicit expression is
derived for the critical threshold d., that deter-
mines the phase transition for the existence of the
M-estimator, generalizing the results of Candes &
Sur (2020) for binary logistic regression to other
single-index models. Furthermore, we investigate
the existence of a solution to the nonlinear system
of equations governing the asymptotic behavior
of the M-estimator when it exists. The existence
of solution to this system for § > 0., remains
largely unproven outside the global null in binary
logistic regression. We address this gap with a
proof that the system admits a solution if and only
if § > do0, providing a comprehensive theoreti-
cal foundation for proportional asymptotic results
that require as a prerequisite the existence of a
solution to the system.

1. Introduction

Let (i, yi)ic[n be a sample of i.i.d. observations where

x; € RP and follows the normal distribution x; ~ N (0, I,).

We consider responses y; € ) where Y C R and assume a
single-index model of the form

P(yzgt‘wz):F<taw:w)v VieR
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where F' : R x R — [0,1] is an unknown deterministic
function and w € RP is an unknown index with ||w|| =
1. This includes generalized linear models, such as the
Poisson model (in which ) = {0,1,2,...}) or Binary
logistic model (in which ) = {—1, 1} for instance).

An unregularized M-estimator is fit to observed data
(Yi> ®;)ic[n by the minimization problem

n

. T
blen]lgp 2 ly,(x; b) @)
where £, (-) is convex for every y € ). If the infimum is

achieved, we say the M-estimator exists and denote it by b,
ie.,

n
be argmingcgp Z ly,(z] b).
i=1
In this paper we focus on a high dimensional regime where
the sample size and feature grow proportionally as

L se(,+00)
p

Here the constant § quantifies sample size per dimensions.
In this proportional asymptotic regime, under logistic re-
gression model with binary response ) = {—1, 1} and with
2, (t) = log(1 + exp(—yt)) the logistic loss, the seminal
work of Candes & Sur (2020) establishes that the existence
of the M-estimator undergoes a sharp phase transition at a
critical threshold 0o:

e if § > {, then the M-estimator exists with high-
probability (i.e., the infimum in (1) is attained), while

¢ if § < 0o then the M-estimator does not exist (i.e., the
infimum is not attained) with high-probability.

If 0 > 00, the behavior of the unregularized M-estimator
b, including the limit in probability of b"w and the limit
in probability of ||(1, — ww ")b||2, is characterized (Sur &
Candes, 2019) by the nonlinear system with three unknowns
(’Y,G,U) € IR>O X R x IR>O:
77257 0% = B[l (prox[yly | (aU + 0G))?,
0 = E[U¢y (prox[vly](aU + o@))], (2)
o(1—671) = E[G prox[vly](aU + 0@G)],
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Figure 1. Three examples of loss functions.

where G ~ N (0, 1) is independent of (U,Y"), and (U,Y’)
has the same distribution as (z;w,y;). In particular
U ~ N(0,1). The phase transition result of Candeés & Sur
(2020) for Gaussian design and binary logistic regression
has been extended by Tang & Ye (2020) to elliptic covariate
distributions and general binary response models. Han &
Ren (2022) extended the phase transition of the logistic re-
gression model with Gaussian covariates to the constrained
minimization setting where the infimum in (1) is restricted
to a closed convex cone. More broadly, the phase transition
phenomena studied in our paper are connected to earlier
works in statistical physics ((Cover, 1965; Gardner & Der-
rida, 1988; Krauth & Mézard, 1989)). Especially, (Cover,
1965) analyzed the geometry of linear inequalities and de-
rived doo = 2 under the null, i.e., when x; is independent
of y;. More recently, similar phase transition behavior has
been investigated in (Mignacco et al., 2020) for Gaussian
mixtures models and in (Gerace et al., 2020) for random
feature models.

Results such as Sur & Candes (2019); Salehi et al. (2019)
studying the behavior of the M-estimator on the side of
the phase transition where it exists with high-probability
assume that the nonlinear system (2) admits a unique solu-
tion. Under the global null in binary logistic regression, Sur
et al. (2019) establishes that 6., = 2 and that the system
(2) admits a unique solution if and only if § > 2. Beyond
the global null, it was observed (Sur & Candes, 2019) that
the system (2) can be solved numerically if § > d, (Where
doo 18 characterized in Candeés & Sur (2020)), and that if the
solution exists, it is unique (see Remark 2 of the supplement
of Sur & Candes (2019)). However to our knowledge there
is no proof yet that the system admits a solution for § >
except under the global null (see discussion after eq. (16) of
the supplement of Sur & Candes (2019)).

The goal of the present paper is twofold:
* To characterize the critical threshold 0, for Gaussian

covariates beyond binary response models, for instance
the Poisson model.

* To prove that the system (2) admits a unique solution
if and only if § > dwo.

2. Main Result

Let us introduce the three examples of interest that our
assumptions will cover.

Example 2.1 (Binary logistic regression). Here, labels in
Y ={-1,1} and the loss function

£,(t) = log(1 + exp(—yt)).

Example 2.2 (Logistic regression with repeated measure-
ments). Let ¢ > 2. Here, Y = {0, 1,...,¢q} and the loss
function, corresponding to a binomial regression model with
q throws and a sigmoid link function for the probability, is

L, (t) = qlog(1 + exp(t)) — yt.

If ¢ = 1, this is equivalent to binary logistic regression by
renaming {1,0} to {1, —1}.

Example 2.3 (Poisson regression). If the labels are in ) =
{0,1,2,3,...} = N, the non-negative likelihood of Poisson
generalized linear model leads to the loss function

£y (t) = exp(t) — yt.

The phenomenon of the phase transition for the existence
of the M-estimator comes from the lack of coercivity of
some of the loss functions £, appearing in the optimization
problem (1). For instance,

* In the binary logistic regression case (Example 2.1),
the loss ¢, is not coercive for all y;: it is increasing
for y; = —1 and decreasing for y; = 1.

* For binomial logistic regression with ¢ > 2 mea-
surements, (Example 2.2), the loss £y, is coercive if
yi € {1,...,q — 1}, increasing for y; = 0 and decreas-
ing for y; = gq.
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* For Poisson regression, (Example 2.3), the loss £y, is
coercive for y; > 1 and increasing for y; = 0.

The values of y; leading to a coercive, increasing or de-
creasing loss £y, (+) and the distribution of (z; w, y;) will
determine the critical threshold d... In order to study .,
it will be thus useful to introduce the following notation:
For a random variable Y valued in )V, we define the events

Qu(Y) = {¢y () is coercive},
Q (YY) = {ly is strictly increasing}, 3)
O (Y) = {{y is strictly decreasing}.

These events can be made explicit for the three examples
thanks to the discussion in the three bullet points above:

* In the binary logistic regression case (Example 2.1) we
have @ (V) ={Y =—-1}and O (V) ={Y =1}.

e In Example 2.2, Q A(Y) = {Y = 0} as well as
A (Y)={Y =¢q}and Q,(Y) ={0 <Y < q}.

e For Poisson regression (Example 2.3) we have
QA(Y)={Y =0}and Q,(Y) ={Y > 1}.

We will assume that ¢y is strictly convex in our working
assumptions, so that if £y is not coercive it must be either
strictly increasing or strictly decreasing. We first state an
assumption that prevents the problem from being trivial.

Assumption 2.4. The loss /,, is strictly convex for every
y € ), and the law of Y satisfies

E[UQ(I{QV} + IO U > 0+ I{Q U < o})} >0,
]E[UQ(I{QV} + IO U <0+ I{Q AU > 0})} >0

where we omit the argument Y in the three events
Qu(Y), Q2 ~(Y) and Q- (Y") for brevity.

This prevents the problem from being trivial in the following
sense. Consider p = 1, and write z; = U; (which is now
scalar valued). Assume that the first line in Assumption 2.4
is 0. The minimization problem (5) becomes

Since P(U%? > 0) = 1 by U ~ N(0,1), this implies
P(2y(Y)) = 0, so for each of the n terms, the loss £y, (-) is
not coercive. In fact, each term is increasing in a, because
Ui > 0= Q »(y;) and U; < 0 = Q< (y;) by the first line
in Assumption 2.4, so in this case a — Y., £, (aU;) is
increasing with probability one and the infimum is never

attained. Similarly, if the second line in Assumption 2.4
is zero, then a — >, ¢,.(aU;) is decreasing and the
infimum is never attained.

In conclusion, Assumption 2.4 merely assumes that for
p = 1, the infimum is achieved, i.e., the M-estimator ex-
ists, with positive probability. If the M-estimator does not
exist for p = 1 then it will not exist for p > 1 either, so
Assumption 2.4 is required to avoid this trivial case that the
M-estimator does not exist for all p > 1. The remaining of
our working assumptions are given below.

Assumption 2.5. The loss ¢y satisfies the following:

1. Forally € Y, ¢, : R — Ris cl, strictly convex, and
not constant.

2. E[|inf, fy (u)|] < +o0 and E[|¢y (G)|] < +oo where
G ~ N(0,1) independent of Y.

3. P(Qy,) < 1.

4. There exists a positive constant b and o (Y")-measurable
positive random variable D(Y") satisfying E[D(Y")] <
+00 and E[D?(Y)Q,(Y)] < +o0 such that

) v under Q) »
ly(u) > —D(Y) + Tk |l
—u under O\

Vu € R, under €,

Beyond Assumption 2.4, Assumption 2.5 requires differen-
tiability of the loss (item 1), mild integrability conditions
(item 2), that £, is not always coercive (item 3) and that
in the directions where ¢y diverges to +oo, it does so at
least as fast as an affine function with slope 1/b and squared
integrable intercept D(Y") (item 4).

We define the critical threshold d,, € (0, +00] by

1 .
i inf o(t), “)

where ¢ : R — R is the convex function defined as

olt) = E[(c+ Ut)QI{Qv}]

+E[(G + Ut)i[{fz/}}
+E[(G + Ut)i[{ﬂ\}]

Here, the positive part of any real a is denoted ay =
max(0,a) and the negative part a_ = max(—a,0) and
the square is always taken after the positive/negative parts,
ie,a? = (ay)?and a® = (a_)% Ifinf,cp ¢(t) = 0 then
000 18 interpreted as d, = +00. Above, the infimum over
t € R always admits a minimizer ¢, € R under Assump-
tion 2.4 (see Lemma A.1).
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Figure 2. Count of instances where the minimizer in (1) exists for
varying p/n and signal strength. Simulation parameter: n = 1500,
20 repetitions, £, (u) = e" —yu is the Poisson loss, y; | x; satisfies
the Poisson model (8).

Our first result is that the threshold d., characterizes the
phase transition regarding whether the M-estimator exists
or not with high-probability under the proportional regime
n/p— 4.

Theorem 2.6. As n,p — +oo withn/p — 6, we have

The M-estimator exists, 1 ifd > 000,
i.e., the inf (1) is attained 0 ifd < bs.

Theorem 2.6 is numerically verified by Figure 2 for Pois-
son regression (see Section 4 for details). The proof of
Theorem 2.6 is based on a common argument based on
conic geometry and the Gaussian kinematic formula given
by Amelunxen et al. (2014). This use of the kinematic for-
mula of Amelunxen et al. (2014) is similar to the argument
in Candes & Sur (2020) for the binary logistic regression
model.

A more technical question, that requires an investigation be-
yond the application of the kinematic formula of Amelunxen
et al. (2014), is whether the critical threshold also character-
izes the phase transition regarding the existence of solution
to the nonlinear system (4). A formal proof of existence
of a unique solution to (4) is important, as it is required to
leverage the Convex Gaussian Minmax Theorem (CGMT)
of Thrampoulidis et al. (2018). For instance, the works
Salehi et al. (2019); Loureiro et al. (2021) which apply the
CGMT in generalized linear models to study b, assume in
their theorems that the system (2) admits a unique solution.

Theorem 2.7.

e If § < 6o, the system (2) has no solution.

o If§ > oo, the system (2) has a unique solution.

To our knowledge, a proof of this relationship between the
critical threshold é., and the existence of a solution to the
system (2) is new, even in the case of binary logistic regres-
sion. The global null case was handled in (Sur et al., 2019);
however, outside the global null case, this phenomenon
was observed numerically in (Sur & Candes, 2019) without
proof—see the discussion after eq. (16) of the supplement
of (Sur & Candes, 2019).

Montanari et al. (2023) generalized the threshold d, of
Candes & Sur (2020) for linear separation in binary classi-
fication (or equivalently for the existence of (12) with the
logistic loss), allowing an arbitrary single-index model for
P(y; =1 | ;). Montanari et al. (2023) further established
the existence of a unique solution to a system governing the
behavior of max-margin classifiers for any § < J, that
is, for any § such that the data is linearly separable with
high-probability. We emphasize that the system studied
in Montanari et al. (2023) is different and complementary
from the system (2) of interest in the present paper: The
system of Montanari et al. (2023) governs the behavior of
max-margin classifiers for § < d., while the system (2)
studied here governs the behavior of the M-estimator (1) for
which Theorem 2.7 establishes existence of solutions if and
only if § > §.

The tools we use to obtain Theorem 2.7 are based on the
existence of a solution to a convex minimization problem in
an infinite-dimensional Hilbert space which is the focus of
the next section.

3. Infinite Dimensional Optimization Problem

In this section, we define the mathematical objects at the
heart of the proof of Theorem 2.7 and outline the proof strat-
egy. The key is the analysis of an infinite-dimensional con-
vex optimization problem that is in a dual relationship with
the nonlinear system. The use of such infinite-dimensional
optimization problems to prove the existence of solutions to
nonlinear systems of equations was pioneered in Montanari
et al. (2023) and later used in the context of boosting and L1
interpolation (Liang & Sur, 2022), to analyse the Lasso (Ce-
lentano et al., 2023), and for robust regularized regression
(Bellec & Koriyama, 2023).

The notation and setup of this infinite-dimensional convex
optimization problem is heavily inspired by Bellec & Ko-
riyama (2023), which studies the existence of solutions to
systems of a similar nature to (2) in robust regression. In the
robust regression setup of Bellec & Koriyama (2023) where
coercive and Lipschitz loss functions ¢, (-) are considered,
the corresponding system has always a unique solution and
the M-estimator always exists: there is no phase transition.
A novelty of the present paper is to explain how these tools,
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in particular the infinite-dimensional optimization below,
can be used to predict the phase transition for the existence
of a minimizer in (1) and the phase transition for the exis-
tence of solutions to the system (2).

To begin with, let us consider the almost sure equivalent
classes H of squared integrable measurable functions of

(G,U,Y)
H={v:R* = R:E[uG,UY)? < +ox},

where G ~ N(0,1) and independent of (U,Y). Here
(U,Y) is equal in distribution to (y;,x, w). Almost sure
equivalence classes of H form a Hilbert space equipped with
the usual inner product (u, v) := E[u(G,U,Y)v(G,U,Y)]
and corresponding Hilbert norm ||v|| = +/ (v, v). We will
sometimes refer to H itself as the Hilbert space, in this case
we implicitly identify random variables v(G, U, Y’) that are
equal almost surely. For brevity, inside an expectation and
probability signs with respect to the probability measure of
(G,U,Y), we simply write v to denote the random variable
v(G,U,Y). For instance, we write simply E[vG] instead of
Elv(G,U,Y)G].

Now we define two functions G and L as follows:
G:H—-R, ve v —-EpG/vV1-61

and

L:RxH—RU{+o0},
(0.0) o {E[ﬁy(aU-i-v)]

+00

if E[[4y (aU +v)|] < +o0
otherwise

Here, L is a proper lower semicontinuous convex function,
while G is a Lipschitz, finite valued, and convex function
(See Lemma B.1 and Lemma B.2). With these functions
(L,G), we claim that the system of nonlinear equations (2)
admits a unique solution if and only if the following infinite-
dimensional convex optimization problem over R x H

min  L(a,v) subjectto G(v) <0 5)

(a,v)ERXH

admits a unique minimizer (a., vy ) € R x H. We will make
this point more precise in the next paragraph.

The key to such an equivalence between the nonlinear sys-
tem (2) and infinite-dimensional optimization problem (5)
is the existence of the Lagrange multiplier associated with
the constraint G(v) < 0. By Proposition 27.31 of Bauschke
& Combettes (2017), an element (a., v.) € R x H solves
the constrained optimization problem min, .).g(v)<o £(v)
if and only if there exists a Lagrange multiplier 4, > 0 such

that the KKT condition
— 110G (v4) N OpL(as, vi) # 0
0.L(a,v) 30
(6)
G(vy) <0

is satisfied, where 0G and 0L are the subdifferentials of
the convex functions G, L. Furthermore, we will argue that
the Lagrange multiplier . is strictly positive. Combined
with p.G(v.) = 0 in the KKT condition (6), this means
that G(v.) = 0, i.e., the constraint G(v) < 0 is binding.
Following Bellec & Koriyama (2023), equipped with this
positive Lagrange multiplier . > 0 and the binding con-
dition G(v.) = 0, we establish the following equivalence
between the minimizer of the optimization problem (5) and
the solution to the nonlinear system of equations (2).

Theorem 3.1 (Equivalence).

* Suppose (a.,v.) € R x H solves the constrained op-
timization problem (5) with ||v.| > 0. Let p. be the
Lagrange multiplier satisfying the KKT condition. Let
(V«, 04 be the positive scalar defined by

0w =[]l /V1=0"1>0, 7= [vall/s > 0.

Then the pair (ay, 04,7« ) solves the nonlinear system
of equation.

o If (ax, Vs, 04) € RXRso xR satisfies the nonlinear
system, letting

Ve = prox[vly](a.U + 0.G) — a, U

(ax,vs) solves the optimization problem (5) with
[[ve]| = 0xvV1 —6~1 > 0 and the KKT condition (6)
is satisfied for j1. = 0,v/1 — 01 /v, > 0.

Theorem 3.1 implies that the nonlinear system of equations
(2) admits a unique solution (., V«, 0x) € R X Rsg X Rsq
if and only if the optimization problem ming,y<o £(a,v)
admits a unique solution (a., v,) € R x H with v, # 0 and
a unique Lagrange multiplier ;.. > 0 satisfying the KKT
condition (6). In order to apply Theorem 3.1, we need to
establish that the degenerate case v, = 0 cannot happen.

Lemma 3.2. (Non-degeneracy) If (ax,vs) solves the opti-
mization problem (5), then v, # 0.

In the proof of Lemma 3.2, the differentiability of the loss ¢,
is crucial in preventing the degenerate case v, = 0. When
the loss is not differentiable, another different threshold,
Operfect> €merges to determine whether v, = 0 or v, # 0
occurs (Bellec & Koriyama, 2023).
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Lemma 3.3. (Uniqueness) The minimizer of the optimiza-
tion problem (5) is unique if it exists. Furthermore, the
Lagrange multiplier satisfying the KKT condition (6) is also
unique.

Combining Theorem 3.1, Lemma 3.2, and Lemma 3.3, we
conclude that the system of nonlinear equations has a unique
solution if and only if the infinite-dimensional optimization
problem admits a minimizer. This equivalence is useful
because studying the existence of solutions to the system (2)
directly is a tenuous analysis problem that has been solved in
only a few cases: for the Lasso (Bayati & Montanari, 2011;
Miolane & Montanari, 2021), or for the global null case of
logistic regression (Sur et al., 2019). Instead of studying
the system (2) directly, this equivalence allows us to focus
on the existence of minimizer for the infinite-dimensional
convex minimization problem (5). Even though the prob-
lem is infinite-dimensional, there is a well-developed theory
for convex minimization in Hilbert spaces (Bauschke &
Combettes, 2017) which can be leveraged to study (5); in-
cluding the KKT condition or the fact that a coercive convex
objective function admits a minimizer.

It remains to establish that the existence of a minimizer for
the optimization problem is governed by the threshold .
(which is the same as in Theorem 2.6), thus completing the
proof of Theorem 2.7.

Theorem 3.4. Let 6 be the threshold defined in (4). Then
we have the following:

e If § < 6uo, the problem (5) has no minimizer.

e If 6 > 0o0, the problem (5) admits a minimizer.

Let us explain where this phase transition comes from, start-
ing from the case § < §, where we claim that (5) admits
no minimizer. The first idea concerns £: a natural avenue
to show that there is no minimizer is to try to find a direc-
tion (a, v) such that ¢t — ¢y (s(aU + v)) is decreasing in
s > 0 for all realizations of (Y, U) (we are looking for such
a direction because if a convex function admits a ray along
which it is decreasing, then it admits no minimizer). By
considering the three events ., (Y'), Q »(Y), Q< (Y), this
motivates the definition of the cone C C R x H defined as

<0 under Q »(Y)
=0 under Qy(Y) 7
>0 under O (Y).

(a,p) eC = alU+p

Next, the direction we are looking for should also satisfy
the constraint G(v) < 0. This motivates the consideration
of

(ax,p+) € argming, ,cc E[(G — p)?]
because among all (a,p) € C such that ||p|| = ||p*|, the
p* defined above necessarily has larger correlation E[Gp*|

with G, so p* has a better chance to satisfy the constraint
G(p*) < 0 than p. We show in Lemma A.1 that

lpll = V1 = 65,

This immediately gives that if § < J, then p* satisfies
the constraint G(p,) < 0 in (5) (this is serendipitous and
“barely” works out, since for any 0 > 0., the constraint
would be violated). If § < ¢, we have exhibited a direction
(ax, p«) such that L(sa., spy) is decreasing in s > 0 and
such that G(sp.) = sG(p.) < 0. Since we have found a
direction along which the objective function is decreasing
and which satisfies the constraint, the minimization problem
admits no minimizer. All these arguments are made precise
and formally proved in the appendix.

Ip«|I> = E[Gp*].

For the other side of the phase transition, 6 > d.,, the
following idea is used, which exhibits a similarly serendip-
itous phenomenon. Here we must show that (5) admits a
minimizer. This is typically obtained by showing that the
objective function is coercive (i.e., has bounded level sets):
that any v, a satisfying the constraint such that £(a,v) < ¢
for some ¢ € R must satisfy |a| + ||v]] < C(&) for some
constant C'(£). We break the problem by breaking v into
two parts, v = ¥ + (v — 0) where

(aU +v)— under Q A(Y)
0= —aU + q (aU +v); under Q< (Y)
0 under Oy (Y)

so that (a,?) € C for all (a,v) € R x H. Here, aU + ©
is the additive part of aU + v that satisfies the constraints
in the definition of C and carries a risk of generating a ray
along which the objective function is decreasing (as for p.
in the previous paragraph). On the other hand, the other
additive part v — v can be bounded using the one-sided
coercivity of £y in Q ~(Y') or O (Y"), and the two-sided
coercivity under y,(Y") (this is made precise and formally
proved in the appendix, see Lemma E.2). To bound v (or
directly v) after having controlled v — v, we establish using
the properties of p. the inequality

[o[(V1 =071 = Ipul) < E[v(G = p.)]
< E[(© - 0)(p. = G)],

see (27) in the appendix. The factor (v/1 — 0—1 — ||p.]|) in
the left-hand side is positive only on the side § > d of the
phase transition, which serendipitously lets us prove that
||v]| is in turn bounded, that the objective function is (5) is
coercive, that (5) consequently admits a minimizer, and by
the equivalence in Theorem 3.1 that the system (5) admits a
solution. This strategy is made precise and formally proved
in Appendix E.
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Figure 3. Count of instances where the minimizer in (1) exists for varying p/n and signal strength «. Simulation parameter: n = 1000,
20 repetitions, y; | &; ~ satisfies the binomial model Binomial(q, p;) as in (9).

4. Numerical Simulation
. iid
We generate the covariates (x;)"_; ~ N(0,,1,) and re-
sponses y; | @; according to the Poisson model
k

N

TR ®

vkeN, P(yi=k|) exp(—Ai),
where )\; = exp(—re{ x;). Here, e; is the first canoni-
cal basis vector, and x > 0 is the signal strength. We fix
n = 1000 and for varying values of (p/n, k), we gener-
ate 20 datasets of (x;, y;)7—,. For each dataset (x;, y;)7—;,
we solve the optimization problem infpegre Y1, £y: (2 b)
using the Poisson loss ¢, (t) = exp(t) — y;t and record
whether a minimizer exists using linear programming. In
Figure 2, we normalize the count of instances where a min-
imizer exists by dividing by 20, with the black points in-
dicating higher rates of existence. Additionally, we plot
the theoretical threshold 1/0, defined in (4) and compare
it with the empirical result. The theoretical threshold ef-
fectively separates the two regions, delineating where the
M-estimator exists and where it does not.

Next, generate y;|2; according to the Binomial distribution

qa\ k Na—k
<k>p,»(1pz)q O

Vk € lq], Py = k|z;)

1 . .
Trow(neTay- Heres g € {1,2,...} = Nis

the number of measurement, a hyperparameter to be spec-
ified. Given the data set (x;,y;)",, we solve the opti-
mization problem infperr Y 5 £y, (2] b) using the loss
¢, (t) = qlog(1+exp(t)) — yt; in other words, we compute
the corresponding MLE. Similarly to Figure 2, Figure 3
plots the count of instances where a minimizer exists in (1)
along with the theoretical threshold 1/d., for each hyper-
parameter ¢ € {1,2,4,8,16}. When ¢ = 1, the simulation
setting is reduced to the Binary logistic regression, thereby
recovering the figure in (Candeés & Sur, 2020). The result for
q > 2 is new, and we observe that the generalized threshold
(4) predicts well the existence of the MLE.

where p; =

Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.
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A. Derivation of threshold from convex geometry
Define o, € (0, +00] as

1/000 = ggﬂéw(t)

where ¢ : R — R is the convex function defined as
o(t) =E[(G+ U’ I{Q ()} + E[(G+ Ut)ZI{QA(Y)}] + E[(G + Ut)> I{Q (YV)}].

Here Q\/,Q », Q- are o(Y')-measurable events defined in (3). We denote by H the Hilbert space which consists of
measurable function of (G, Y, U) with finite second moments. Let C C R x H be the cone defined as

<0 under Q (Y)
(t,p) €eC=tU+p< =0 under Q,(Y) (10)
>0 under QO (Y)

Lemma A.1. The threshold §., can be represented as

-1 _ . N 2 _ . o 2
0o = Inf ¢(t) = inf E[(G — p(1))"] (t}lngCE[(G p)7]

where (t,p(t)) € C for all t € R and p(t) is given by

0 under O\ (Y)
p(t) = —tU + ¢ (G+Ut)—  under Q ~(Y)
(G+Ut)y under O (Y).

Suppose that the law of (U,Y) satisfies

E[U(H{u (V)} + HOL(Y),U > 0} + H{O+(V),U < 0})] >0,
(11)
E[U2(H{Ou ()} + HO (V) U < 0} + H{24(Y),U > 0})] > 0.

Then the map ¢ is coercive, i.e., limy_, 4 p(t) = 400 and inficgr ©(t) admits a minimizer t. € R. Furthermore, the

optimal p, = p(t.) € H satisfies
E[p}] =E[p.G], o]l =V1-dx.
Proof. Fix t € R. By the definition of the cone C and ¢, it easily follows that

peﬂ%&fp)eC]E[(G - )’ =E[(G —p(t))’] = ¢(t)

This proves the representation infycg ¢(t) = inf(; ,)ec E[(G — p)?] = infier E[(G — p(t))?].
Next, let us show that the map ¢ : R — R

e(t) =E[(G + Ut)’I{Qy(Y)}] +E[(G + Ut)2I{Q ~(Y)}] + E[(G + Ut)2I{Q (Y)}]

is coercive. Since t — (t) is convex, it suffices to show the coercivity, i.e., lim;—, 1 ©(t) = +o00. For the first term,
expanding the square of (G + Ut)?, it immediately follows that

E[(G + Ut)*’I{Qv(Y)}] = * E[U2 {2 (Y)}] + O(t)
For the second term E[(G + Ut)2 I{Q ~(Y)}],

E[(G+ Ut)ZI{Q A(Y)}] = E[(G 4+ Ut)’I{Q~(Y), G + Ut > 0}]
=2 EUIH{QA(Y)}H{G + Ut > 0}] + O(t|)
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as |t| — +o0. By E[U?] = 1 < 400, the dominated convergence theorem implies
E[U2I{Q ~(Y)}{G + Ut > 0}] = E[U%I{Q ~(Y)}{G + Ut > 0,U > 0}]
+E[UAH{QA(Y)}{G + Ut > 0,U < 0}]
E[U2I{Q ~(Y),U > 0}] t— +oo
E[U2I{QA(Y),U < 0}] t— —o0
Thus,

E[U2I{Q ~(Y),U >0} t— +o0

1 2
SE(G+ UL H{Q-(V)} {IE[UQI{Q/(Y)a U<0}] t- o0

By the same argument, we have

E[U2I{Q (Y),U <0}] t— +oc

1 2
FE(G+UNZHA (V)Y = {E[UQI{Q\(Y), U>0}] t——oco

Putting them together, we obtain

p(t) {E[U?I{QV(Y)}] +E[U{Q A(Y),U > 0}] + E[UZI{Q(Y),U < 0}] ¢ — +o0
2

2 T\ E[U2H{Qy (Y)Y + E[U2I{QA(Y),U < 0}] + E[U2I{Q(Y),U > 0}] t— —o0

Since the limit is strictly positive by the condition (11), the map ¢ — (¢) is coercive, and hence inf;cg ¢(t) is attained at
somet =t, € R.

Finally, we prove E[p?] = E[p.G] and ||p.|| = /1 — 6. The stationary condition of ¢/(t,) = 0 gives
0=2E[(G+ Ut )UI{Q(Y)} + 2E[(G + Ut.) L UI{Q ~(Y)}] + 2E[(G + Ut,)_UI{Q (Y)}]
=2E[(G - p.)U]

where
Py =p(ty) = —t.U + (G+Ut)_I{Q (YY)} + (G + Ut )+ I{O (Y)}

Here, E[GU] = 0 since G and U are independent standard normal. Thus, the last equation gives E[p,U] = 0. Then, we
have

E[pY] = 17 + ¥ + E[p}] + 2t E[p.U] E[p.Ul =0
= —t; + El(p. + Ut.)?]
=~ +E[[{Q(V)}G + Ut.)2 | + E[{O(V)HG + UL.2],
E[p.G] = E[(p« + Ut.)G] E[UG] =0
=E[(t.U + G)-GIH{QA(Y)}] + E[(t.U + G)+. GI{Q (Y)}]
By (G +t.U)% = (G + t.U)+(G + t.U) and the definition of p.., we get
= —t7 +E[(t.U + G)-t.UH{QA(Y)}] + E[(t.U + G) 4+ t.UI{Q (Y)}]
= 12+t IE[U((G FUL)_H{QA(Y)} + (G + Ut*)JrI{Q\(Y)})}

= 12 + t, BU(t.U + p.)] by the definition of p,
= 24240 E[U%] =1, E[Up.] =0
=0.
The equation |[p.|| = /1 — da follows from ||p.||? = E[p.G] and 6! = E[(G — p.)?]. O

10
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A.1. Proof of Theorem 2.6

Lemma A.2. Suppose that {,, is strictly convex, C1, and inf,, £, (u) is finite. Then the M-estimator does not exist if and
only if

>0 under Q= (y;)
Jb. € RP\ {0} such that | Vi € [n], x]b.{ =0 under Q,(y;) (12)
<0 underQ ~(y;)

Proof. (12) holds = M-estimator does not exist:. Let L(b) := >_" , {,. (z] b) be the objective function. Suppose there
exists b, € R? \ {0, } such that (12) is satisfied. Then, the map R>( 3 ¢ + L(tb.) is uniformly bounded by Y ;" £,,(0).
For all b € RP, let b,, be the convex combination

b,=(1-1/v)b+ (1/v)(vbs), v>1.

Note b, — b + b, as v — +o0. By the convexity of L(b) and uniform bound sup,~q L(tb.) < >, £,,(0), we have

n

L(b,) < (1= 1/v)L(b,) + (1/v)L(vb,) < (1 = 1/v)L(b.) + (1/v) > £,,(0)

i=1

Taking v — 400, the RHS converges to L(b, ), while the LHS converges to L(b + b.) by the continuity of L(-) and
b, — b+ b,, so we are left with
L(b+b,) < L(b), VbeRP.

Now we suppose that the M-estimator b € argmmbeRP L(b) exists. Setting b = b in the above display, since b, # 0,, we
know that b := b, + b is also a minimizer with b # b. For all ¢ € (0,1), by the convexity of L(-), we have

L(tb + (1 — t)b) < tL(b) + (1 — t)L(b)

Since b and b minimize L, this holds in equality. With L(b) = >, £y, (z] b) and by the convexity of £,,, the equality
condition reads to . R R R

vien], Ly (telb+ (1 t)z]b) =t (x]b) + (1 - )y, (x]b)
for all ¢ € (0,1). By the strict convexity of /,,, we must have ] b = @ b for all i € [n], i.e., b — b € Ker(X). However,

since X € R™*? has iid N(0, 1) entry, X is an n X p matrix with rank(X) p < n. This implies Ker(X) = {0,} and
b—b= 0, which is a contradiction with b #* b. Thus, if (12) holds then the M-estimator does not exist.

M-estimator does not exist = (12) holds: Suppose that the M-estimator does not exist. Then, there exists a sequence
(br)g2, such that as k — +oo, we have L(by) — infperr L(b) and ||by|| — +o00. By the compactness of the unit sphere in
RP, we can extract a subsequence (b,)72 ; of (by)72, such that b} /| b},|| — v for a unit sphere vector v € RP. Therefore,
we can assume without loss of generality that by, /||bx || converges to a unit sphere vector v.

We proceed by contradiction; suppose (12) is not satisfied. Then we can find an index i = i(v) € [n] associated with the
unit sphere vector v such that

<0 under Q< (y;)
x]v{#0 under Q ()
>0 under Q ~(y;)

If O, (y;), or Q_~(y;), then the derivative of t — £, (tz v) is positive for all t > 1. If Q,, it is not necessarily positive
right away at t = 1, but eventually positive for ¢ large enough, say some ¢,: for any ¢ > t,, the derivative of ¢ ¢;(tx, v)
is positive. Call this derivative at t,, say A = @ vf, (t.x] v) and A > 0.

Let vy, = by, /| bk || so that 2] v, — =] v . Since £, is C*, for k large enough we have that the derivative of ¢ — £, (tz, vy)
att, is larger than A/2. Call this derivative Ay = @ v, (t.x] v)) so that Ay > A/2 > 0.

11
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By the convexity of ¢ — £, (tz v).), we have

by (@] bi) = Ly, (bellzz vi) > £y, (tez vi) + ([blle — t.) Ak > €y, (] vr) + ([1bi]| — ) A/2.

This gives
Liby) = > £y, (@] b) > " inf by, (u) + 6, (o] vi) + (B3] — 1.)4,
Jj=1 J#i
where the RHS goes to oo since ||bg|| — 400 and A > 0. This is a contradiction with L(by) — infp L(b) < +00. Thus, if
the M-estimator does not exist then (12) holds. L]

Proof of Theorem 2.6. By the rotational invariance of x; ~ N(0,, I,,), we can assume without loss of generality that y;
depend on x; = (21, X2, . . - ,xip) € RP through its first coordinate x;1, i.e.,

(yi, xi1) L (zi2, - - @ip)- (13)
By Lemma A.2 the M-estimator does not exist if and only if
Span(Xes,...,Xe,) NC(Xe1,y) # {0,},

where e;(i = 1,2, ..., p) are canonical basis vector in R? and C (X ey, y) is the cone in R™ defined as follows:

>0 under Q< (y;)
Vu,y € R", peC(u,y) < 3t € Rsuchthat | Vi € [n], tu; +p; = ¢ =0 under Oy (y;)
<0 under Q ~(y;)

Here, Span (X e ..., X ep) is the linear space spanned by the (p — 1) vectors (Xe;)Y_,, which is a rotationally invariant
random subspace in R" with dimension p — 1 since Xe; are independent standard normal. Furthermore, (13) implies that
Span (X ey ..., X ep) is independent of the cone C(X ey, y). Below, we write X e; = w for simplicity. Then, by Theorem
I of Amelunxen et al. (2014) we have that for n € (0, 1/2), conditionally on u, y,

p — 1+ stat. dim(C(u, y)) > n 4+ n'/?+" = P(M-estimator exists | u, y) — 0, (14)
p — 1+ stat. dim(C(u,y)) < n — n/**" = P(M-estimator exists | u,y) — 1

almost everywhere. Here stat. dim(C(u, y)) is the statistical dimension of the cone given by
stat. dim(C(u,y)) = n — E[dist(g,C(u,y))* | Xei,y] with g~ N(0,,1,),

where the expectation is taken with respect to g, which is independent of (u, y). Substituting this to (14) with 7 set to 1/4,
we get

p—1>E[dist(g,C(u,y))? | u,y] + n>/* = P(M-estimator exists | u,y) — 0

p—1 < E[dist(g,C(u,y))? | u,y] — n>* = P(M-estimator exists | u,y) — 1

With p/n — 61, if we prove the convergence
n~ ' E[dist(g,C(u,y))? | u,y] =P 6}
then we complete the proof. Below we prove this. Recall u = Xe; so that (u,y) = (u;, yi)" iiwd(U, Y'). By the explicit

gradient identities (B.7)-(B.9) in (Amelunxen et al., 2014), the Euclidean norm of the gradient of g — dist(g,C )2 is bounded
by 2||g||2- Thus, conditionally on u, y, the Gaussian Poincaré inequality (cf. Theorem 3.20(Boucheron et al., 2013)) yields

E[dist(g, C(u, y))?|u,y] = dist(g,C(u,y))* + Op(y/n).

12
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Here dist(g,C(u,y))? = inf pec(u,y) |9 — PI|? is equal to the optimal value of

§ >0 under Q- (y;)
it 3 7(gi—p)? subjectto | Vi € [n], tui+p;= ¢ =0 under Qy(y)
(t,p) ERXR" <0 under Q ~(y;)

For each ¢, we can solve the minimization with respect to p € R™. The optimal p = p(t) is given by

(9i +wit)+ under O (v;)
pilt) = —tu; + 0 under Qv (y;)

(g; +wit)— under Q ~(y;).

Therefore, L dist(g,C(u, y))? can be written as

%diSt(g’C(% y))? = %geﬂgZ(tul + 902 T{Q (9s)} + (tui + gi)*T{0 (i) } + (tus + 9:) T T{Q A(y:)}

where

l Z tug + gi) 2 T{ON ()} + (tug + 90) 2 T{Q (yi) } + (tu; + gi) T I{A(y:) }-

3

Notice that ¢, (t) is a random and convex function, and by the law of large number,
pu(t) =7 o(t) = E[(tU + G2 H{O(V)}] + E[(tU + G) I{Q (Y)}] + E[(tU + G) 3 I{Q ~(Y)}]
for each ¢t € R. By Lemma A.1, we have

o = = inf o(t),

and (t) is coercive, i.e., limy;, ;o ©(t) = 4-o00. Then, inf;cr ¢(t) can be reduced to minse g ¢(t) for a compact set
K C R, and if a convex function converges point-wisely then it converges uniformly over any compact set. This provides
infeg ¢, (t) =T infier () = 63! and completes the proof. O

B. Set up for infinite-dimensional optimization problem

Lemma B.1. Suppose that £y : R — R is a proper lower semicontinuous convex function. Then the map

E[ty (aU +v)]  if E[|ly (aU + v)[] < +00

L:RxH—=RU{+0}, (a,v)b—>{ ;
+00 otherwise

is again a proper lower semicontinuous convex function. Furthermore, for all (a,v) € dom L, the subderivative at (a,v) is
given by

9L = {E[UR] : h € 9y (aU +v)} NR,
O L = 0ly (aU +v) NH.

Proof. Proposition 16.63 in Bauschke & Combettes (2017). O]
Lemma B.2 (Lemma A.1 of Bellec & Koriyama (2023)). Define G : H — R as

E[vG|
VI—6T

Then G is convex, Lipschitz, and finite valued. Furthermore, G is Fréchet differentiable at H \ {0} in the sense that
G(v+ h) = G(v) + E[VG(v)h] + o(||h|]) for all ||v|| > O, where the gradient VG(v) is given by

v G
ol V1I—=06-T

13
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Lemma B.3 (Existence of Lagrange multiplier). Assume E[|¢y (G)|] < +oo. Then (a.,v.) € dom L solves the constrained
optimization problem:

i L(a, bject t <0
(a,’ur)nel]{k}x’;‘-[ (a,v) subjectto G(v) <

if and only if there exists an associated Lagrange multiplier p,. > 0 such that the KKT condition below is satisfied:
— 100G (V) N O L(aw,vs) 0, 0 € DgL(an,vy), wG(vs) =0, Gvi) <O0. (15)

Now we further assume that

L]

E[| inf, £y (u)]] < 4o0.

e Uy is strictly convex.

P(2,) + P(2 ») > 0 and ¢y (-) is not constant with probability 1.

o There exists a positive constant b and a positive random variable D(Y') such that under ),
ly(u) > b Hu| — DY), VueR

with E[D(Y)2I{}] < +o0.

Then, the Lagrange multiplier is always strictly positive .. > 0 and the constraint is binding, i.e., G(v,) = 0.

Proof. First we verify Slater’s condition:
levegG CintdomG, domLNlevegG # 0.

Since G(v) = ||v|| — E[vG]/v1 — 61 is finite valued the first condition lev<o G C int dom G immediately follows. As for
the second condition, (a,v) = (0, G) satisfies G(G) = 1 —(1—0"1)"/2 < 0 and | L(a,v)| = | E[ly (Q)]| < E[|ty (G)|] <
~+00 by the assumption. Therefore, the objective function and the constraint (£, G) satisfy Slater’s condition. With Slater’
condition, the “if and only if ” part follows from Proposition 27.21 of Bauschke & Combettes (2017).

Let us show 1, > 0. Suppose p1,. = 0. Then, (a.,v.) solves min, .,y E[¢y (aU 4+ v)]. Now, for any n € N, define v,, € H
as

Umind {ly (Umin) < n} under y
Up =4 —N under 2 ~  where Uy, € argmin, g fy (u)

n under
Note that v,, is in H since the coercivity assumption implies that under the event €2/,
|Umin|1{€Y (umin) S TL} S b(n + D(Y))I{EY (umin) S n}
and the RHS has a finite second moment under €2y, by the moment assumption on D(Y). Evaluating the objective function
L at (a,v) = (0, vy, ), by the optimality of (a., v.), we are left with
Elty (a.U + v.)] < E[ly
=E[ly

(0-U +vn)

(Umin) T {ly (Umin) < n}{Qy}]

+ E[ly (0)I{ly (min) > n}{Qv}]

+ Elly (=n)I{Q ~}]

+ Efly (n) I{E1}]-

Note that each integrand on RHS is uniformly bounded by |inf,, ¢y (u)| 4 |¢y (0)|, where | inf,, £y (u)| and |y (0)| have

finite moments by the assumption and Lemma B.4. Thus, by the dominated convergence theorem, taking the limit n — 400,
we obtain

Y
Y

Elly (a.U +vy)] < E[Irhin Oy (W) I{Qy} +0+ E[ir&f Oy (W) I{Q ~}] + E[il&f Oy (W) I{}]
= E[H&f gy (u)]

14



Phase transitions for the existence of unregularized M-estimators in single index models

and E[ly (.U + v,) — inf,, £y (u)] < 0. Since the integrand ¢y (a,.U + v.) — inf,, £y (u) is non-negative, we get

ly (a,.U + vy) = inf by (u)

with probability 1. Let us consider the event Q_». By the strict convexity of £y (-), under the event 2 », we have always
Oy (z) > limy_, 4 o by (—t) = inf,, ly (u) for all x. This means that ¢y (a.U + v,) = inf,, £y (u) cannot occur under €2 »,
and hence P(Q2 ») = 0. By the same argument, we get P({2 ) = 0. This is a contradiction with P(Q2 ») + P(2,) > 0, so
we must have p,. > 0.

O

Lemma B.4. Suppose E[ly (G)] < 400 and Elinf,, {y (u)_] > —oco where G ~ N(0,1) independent of Y. Then,
E[[4y (0)]] < +oc.

Proof. Note
|6 (0)] < max(—(inf by (w))—, £y (0)+) < —(inf &y (u)) - + by (0)+

and the RHS has a finite moment by the assumption and Jensen’s inequality E[¢y (0)1] = E[{y (E[G])+] < E[ly (G)4] <
~+00. Here we have used the fact that u — (£y (u))4 is convex and G ~ N (0, 1) is independent of Y. O

C. Equivalence between nonlinear system and infinite-dimensional optimization problem:
Theorem 3.1

Lemma C.1. Suppose E[|inf, ¢y (u)|]] < +oo and E[|ly(G)] < +oo. Then for any a,o,7v € R x Ryg x R,
prox[vly|(aU + cG) € H.

Proof. Denote prox[yly|(aU + oG) by p.. Since p, minimizes u > %(aU + 0G — u)? + ly (u), we have the upper
estimate

1
—(aU 4+ 0G — p.)? + Ly (ps) < —(aU + 0G)? + £y (0).

2y
With ¢y (p) > inf,, £y (u), this implies

1
2y
(aU + 0G — p,)? < (aU + 0G)? 4 2y(¢y (0) — inf £y (u)),

where the RHS has a finite moment. This means aU + cG — p, € H and p, € H. OJ

Lemma C.2. Suppose (a.,v.) € R x H solves the optimization problem with ||v.|| > 0. Let us take a Lagrange multiplier
s > 0 satisfying the KKT condition (15). Define the positive scalar (7., 04) € R2>0 by

||U*|| ’Y :O-*\/l_(g_l.
V1I=5-T ’ Fos

Oy —

Then v, takes the form of
v = prox[yuly](a.U + 0.G) — a, U

and (@, 0+, v« ) solves the nonlinear system of equations:

77257 0 = B[l (prox[vey | (aU + 0G))?] (16)
0 = E[U4y (prox[yly](aU + ¢@))) (17)
o(1—61) = E[G prox[yly](aU + 0@G)] (18)
Proof. The map v — G(v) is Fréchet differentiable at v = v, # 0 with VG (v,) = oo — \/ST (Lemma B.2), while the
constraint is binding G(v,) = 0 (Lemma B.3). Thus, we have
_/J/*vg('U*) = _/J/*( U - ¢ ) S 8UE(G/*,’U*), 0e 6a£(a*,1}*), g('U*) =0,
[oll - V1T =671
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By the definition of (o, . ), the condition — 1, VG (v.) € 9, L(ax,vy) yields
O L(as,v4) D — (v — 0.G) /74
This means that v, also minimizes the map

|:(0'*G—

2% v)z} = E |ty (a.U +v) + M}

27,

Since prox[v.ly](a.U + 0+G) — a.U minimizes the integrand and belongs to H by Lemma C.1, we have

Hov— L) +E

v = prox[y.ly](asU + 0.G) — a,.U € H.

With 0G — v, = v (vi + a.U), this also gives ¢4 (v, + a.U) € H. This in particular means E[U4% (a.U + v,)] € R.
With 9, L(a,v) = {E[U# (aU + v)]} N R, the condition 0 € 9, L(ax, v.) provides

0 =E[Ul (aU + vy)).

With v, = prox[y.fy](a.U + 0.G) — a.U, we get (17). As for (16) and (18), rearranging o, = ||v,||/v1 — 6t and
G(vs) = ||v«]] — E[v.G]/v1 — 0—1 = 0 yields
10:G = v.* = 07 — 20, E[0.G] + ||v.?
=0l =207(1-6" ) +ol(1-07")
— 6710,2
E[G(vs + a,U)] = 0.(1 =671 +0.

Substituting v, = prox[v.ly|(a.U + 0.G) — a.U to these two equations, we obtain (16) and (18). This completes the
proof. O

Lemma C.3. Suppose (a.,0.,7.) € R x R% solves the nonlinear system (16)-(18). Then, (a.,v.) € R x H with

vy = prox[v.ly|(a.U + 0.G) —a, U € H
solves the infinite dimensional optimization problem with ||v.|| = o,v/1 — 0—1 > 0, and the KKT condition (15) is satisfied
by the Lagrange multiplier (1, = 0,v/1 — 071 /v, >0

Proof. We know from Lemma C.1 that v, € H and 0G — v, = y¢% (v, + a.U) € H. In this case the subderivaitve of L at
(ax,vy) is
OuL(ay,v.) = {E[Ul (ayx +v4)]},  0uL(aw,vs) = {€5 (as +v.)}.

Noting E[UG] = 0, the nonlinear system can be written as
5 to? = E[(0G — v,)?]
0 =E[Ul (axU + vy)]
0.(1—=071) = E[Guv,].

Here, the second equation gives
0 € 0o L(ay,vs).

Rearranging the first and the third equations, we have
loa|* = (1 = 67)o2, E[v.Gl =o.(1-671).

This implies ||v.|| > 0 and G(v.) = 0. Since ||v.|| > 0, G is differentiable at v... The derivative formula gives

[[vsll
11 g, =
e () Ve

_ ] <|v* ¢ ) _ oG O (a U + 04G) € 0y, L(ax,vs)

ol VI—0— Ve

Therefore, (a., v,) satisfies the KKT condition (15) with the Lagrange multiplier p, = M > 0, and (a., v4) solves the
constrained optimization problem. O
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D. Non-degeneracy and uniqueness
D.1. Proof of Lemma 3.2

The argument in this proof is inspired by the proof of Lemma 2.6] in (Bellec & Koriyama, 2023). Suppose v, = 0. Let
s > 0 be the associated Lagrange multiplier satisfying the KKT condition (15) so that v, = 0 solves the unconstrained
optimization problem min, ey £(ax, v) + p.G(v). With G(0) = 0, this gives

Elly (a.U)] < E[ly (a.U +v)] + pe (||v]| — EpG]/v/1 = 6-1)

for all v € H. Multiplying the both sides by A := v/1 — 6~ /u, > 0 and denoting f(-) = A(¢y (a.U + ) — by (a,U)), we
have

0 < A(v) == E[f(v)] + E[v*]*/?V/1 - -1 —E[vG] forallv € H. (19)
We parametrize v € H as v; = prox[tf](tG) € H for all t > 0 and show A(v;) < 0 for sufficiently small ¢ > 0. Note that
t~1(tG — v;) € Of (v¢) implies

—f(ve) = f(0) = f(ve) >t (tG — ve)(0 — vy) = —=Gog + t~ "0y,
Substituting this to (19), noting that E[v;G] is cancelled out, we have

A(vy) < E[Guy — t102] + E[w?]Y2/1 = 6-1 = E[o,G) < —t - |t o || (It 0| = V1 = 6-1). (20)

Now we identify the limit of ||v;/t| as ¢ — 0+. The Moreau envelope constructed function ¢ — env¢(tG,t) =
2+ (tG — v;)? + f(v;) has the derivative

2
which is increasing in ¢ because the Moreau envelope env ¢ (z, y) is jointly convex in (x,y) € R x Rsq (cf. Lemma D.1 of
Thrampoulidis et al. (2018)). This means that v? /¢ is non-increasing in ¢ and has a non-negative limit as t — 0+. By the
monotone convergence theorem, we get

Jim o /67 = E[ i (ve/)°] € [0, o] 2y

lim
t—0+
Let us compute the limit v; /t. First, we claim v; — 0. By the optimality of v; = prox[tf](tG) with f(-) = A(ly (a.U +
) — Ly (a,U)), we have
tG)?

_ 2
T + f(0) =tG* +0.

1
?t(tG - ’Ut)2 + tf(Ut) S (
This gives
1
i(tG —v)? < t2G? — tinf f(2) = *°G? — t(inf Ly (u) — Ly (a,U))

Since (G, inf,, £y (u), £y (a,U)) are all bounded in ¢1, they are all finite with probability 1. This provides lim;_,o+ v; = 0.
Combined with G — v/t = f'(vy) = M (a.U + vt), since ly (+) is C1, we get vi /t — G — M- (a,U). Substituting this
limit to (21), we obtain

[ve/t]* = E[(G — My (a.U))?] € [0, +oc].

Recall that (19) and (20) imply
0 < Aw)/t < — o/t (loe/t] — VI=5-1), vt > 0.

This excludes the case E[(G — A} (a.U))?] = +oo otherwise the RHS converges to —oc as ¢ — 0. Thus, we must have
E[(G — My (a,U))?] < +oc and &, (a,U) € H. Expanding the square, since G and ¢ (a,U) is independent, we get

i/t = 1+ N B[ty (.U)?]
Substituting this to the upper bound of A(v;) /%,
lim —[log /¢ ([[os/tl] = V1 =071) = —\/(1 + A21[‘3[f§w(fl*U)2])(\/1 + N E[y (a.U)?] = V1 =671
<-1-vV1-61<o,

which implies that there exists a sufficiently small ¢’ such that A(vy)/t’ < 0. This is a contradiction with A(v;) /¢ > 0 for
all t > 0. Therefore, we must have v, # 0.
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D.2. Proof of Lemma 3.3

Suppose that there exists two minimizer (a, v), (a’,v’) € R x H. Let (as, v¢) = t(a,v) + (1 — t)(a’, ") forall t € [0, 1].
Then, by the convexity of objective function and constraint, (at,v;) solves the constrained optimization problem. This
implies L(a¢, v¢) = tL(a,v) + (1 —t)L(a’,v") forall t € [0, 1]. With L(a,v) = E[ly (aU + v)], we must have

E[ﬁy(t(aU +0) 4+ (1 —t)(a'U+0")) — tly(aU +v) — (1 — t)ly (a'U + v')} =0.
By the convexity of ly,
by (t(aU +v) + (1 = t)(d'U + ")) = tly (aU +v) + (1 — t)ly (a'U + ')

for all ¢ € [0,1]. By the strict convexity of £y, we must have aU + v = a’U 4+ v'. If a = @’ holds then we have v = v/,
completing the proof of uniqueness. We now show that a = a’. The condition aU + v = a'U + v’ gives

wp=tv+ (1 -t =t{fv+U(a—ad)} + (1 -t =v" +tU(a—d'),

so that E[v;G] = E[v'G] by independence of G and U. Meanwhile, since (a, v¢) solves the constrained optimization
problem for all ¢ € [0, 1], the constraint is satisfied in equality ||v¢] — E[v;:G]/v/1—6—1 = 0 for all ¢t € [0,1] (see
Lemma B.3). Then, ¢ + ||v; || must be constant as well. The polynomial ||v;||? is given

loel* = [[v" + tU(a = a)||* = |[V'|* + tE['U(a — a')] + *(a — o).

Since it is constant in ¢, the quadratic term must be 0, hence (a — a’)? = 0.

Finally, let us show the uniqueness of Lagrange multiplier. Suppose that there exists two distinct Lagrange multipliers p. #
i € Rs associated with the minimizer (., v, ). Since the subderivative 9, £(a., v.) is the singleton {¢% (.U + v,)} at
the minimizer (a., v.), the KKT conditions

—/J*Vg(”*)a —H**Vg(v*) € &,E(a*,v*)
lead to
Combined with ft, # fi., this gives VG(v,.) = 0 and ¢4 (a.U + v,) = 0. Here 0 = VG (v.) = v/ |Jve|| = G/vV1 =671

implies v, = k;tl G. Letting 0, = ||vi]|/v/1 —d~1 > 0, substituting this to £}, (a.U + v,) = 0, we get

6y (a,U +0,G)=0

Since ¢y is strictly convex, this means P(€2,) = 1, which is a contradiction with P(€2y,) < 1. This completes the proof of
uniqueness of Lagrange multiplier.

E. Proof of the phase transition: Theorem 3.4

Lemma E.1. If§ < 0, the optimization problem (5) does not admit any minimizer.

Proof. Letus take (t.,p«) € C C R x H as in Lemma A.1 so that

Ipa]l = V1 -6, E[p?] = E[p.G).

Substituting this to G(p.) = ||p«]| — E[p«G]/v1 — 61, using the condition § < d.,, we have

1—05!
G(p) =lIpall (1 - V=) <0

i.e., p. satisfies the constraint G < 0 under the assumption § < 0.

18
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Let us fix (a,v) € dom £ Nlev<( G so that E[|¢y (aU + v)|] < +o0 and G(v) < 0. For any v > 1, consider the convex
combination with coefficients (1 — 1/v) and 1/v given by

(av0,) = (a,0)(1 = 1/) + (1/v)(vts,vp.).

Note that (a,,v,) — (a,v) + (t«, p«) almost surely as v — +o00. By the convexity of G, the convex combination (a,, v,,)
also satisfies the constraint G(v, ) < 0. On the other hand, the convexity of £y implies

by (a,U +v,) < (1 —1/v)ly (aU +v) + (1/v) - by (vt.U + vpy).
Here, by the definition of v,

by (v(G+Uty)—) under Q »
by (vt U +vp,) = S by (v(G+ Uty)y) under O,
ly(0) under €2y,

and hence ly (vt.U + vt,) is uniformly upper bounded by ¢y (0) for all v > 1. We have
by (a, U 4 v,) < (1 —1/v)ly(aU +v) + (1/v)€y(0). (22)
Taking expectation, we get
Llay,v,) < (1—=1/v)L(a,v)+ (1/v)E[ly (0)].

Now we consider the limit v — +o00. The RHS converges to L(a,v) as v — 400 since we took (a,v) € dom £ and
E[|¢y (0)]] < 400 by Lemma B.4. As for the LHS £L(a,,v,) = E[¢y (a,U + v,)], from (22), the integrand is uniformly
bounded as

|6y (a,U +vp)| < [inf by (u)| + [by (aU + 0)| + ¢y (0)]

where the RHS has a finite expectation. Therefore, by the dominated convergence theorem, we get

lim L(ay,v,)= lim E[fly(a,U +v,)]

v——+oo v——+oo

=E[ lim ¢y (a,U 4+ v,)]

v——+00
=E[ly((a +t.)U + v+ p.)] by (a,,v,) = (a+ t«, v + p,.) and the continuity of £y (+)
=L(a+te, v+ ps).

We have proved that for any (a,v) € dom L, the inequality £(a + t.,v + p.) < L(a,v) holds.

Now we suppose that a minimizer (@min, Umin) €xists. Then it must be unique by Lemma 3.3. Applying the inequality
L(a+te, v+ ps) < L(a,v) we have established with (a,v) = (@min, Umin ), We must have ¢, = p, = 0. Substituting this
to the definition of p,, we are left with

(G)-I{QA(Y)} + (G)4 {0, (Y)} = 0.

Taking the expectation of this, since G and Y are independent and E[(G)1] = E[(G)_-] = /2/7 > 0, we obtain
P(2 ~(Y)) + P(©2~,) = 0, which contradicts the assumption P(Qy) = 1 — P(Q2 »(Y)) — P(£2\,) < 1. Therefore, the
minimizer does not exist. O

Lemma E.2. Assume that there exists a positive constant b and positive random variable D(Y') with E[D(Y')] < 400 such
that

1 u  under )
ly(u) > =D(Y) + - x § —u  under Q~,

|u|  under Qb

Suppose § > 0. Then for any deterministic £ > 0, if (a,v) satisfies G(v) < 0 and L(a,v) <&, then a + ||v]| < C(§) for
some constant depending on &. Consequently, the objective function of the minimization problem is coercive and admits a
minimizer (a.,v.) by Proposition 11.15 in (Bauschke & Combettes, 2017).
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Proof. By Lemma A.1, 0o can be represented as 6. = min(, ,)cc E[(G — p)?], where C C R x H is the cone defined as

<0 under Q ~
(a,v) eC= (v+alU){ >0 under O\
=0 under Qy

and the optimal (t., p.) € argmin, ¢ E[(G — p)?] satisfies

Ip-ll = V1= 0" < V1-671, Epi] = Elp.G] 23)
where we have used § > Jo. Now for all (a,v) € R x H, define 0 € H as

(aU 4+ v)_ under Q »
0= —aU + { (aU +v)4+ under Q-
0 under €2,

so that (a,?) € C for all (a,v) € R x H. Furthermore,

(v+aU);1 under Q
v—0=4q (v+alU)_ under Q, andconsequently |v— o[ < |lv] + |af
v+ alU under

By the condition £(a,v) = E[ly (aU + v)] < £ and the using the variable D(Y") in Assumption 2.5, we know

ly((v+aU)s) under Q
v =0 < DY) +b] ly((v+alU)-) under O
by (v +al) under 2y

ly(0) = by (v+aU) ifQandalU +v <0
=D(Y) +bly(aU +v) + b4 ly(0) — by (v+alU) ifQ andalU +v >0
0 otherwise

< DY) + bly (aU 4 v) + b|ly (0) — iﬂf Ly (u)|

so that
Eflv = 9[] < b€ +E[D(Y)] + b(E[|6y (0)[] + E[| inf &y (v)]]) = cM(g).

By Assumption 2.4, we can take a sufficiently small ug > 0 such that
Q= {{U > uo} N0 U {{U < —wlnogfu{{vl > winay}
Q= {{U < —u} N U {{U > wrn o Ju{{iU] > winey}
have positive probabilities. Let po = min(P(Q2_),P(Q4)) > 0.
Suppose a > 0. Under {U > ug} N Q », it holds that aU + v < bly (aU + v) + D(Y") and hence
aug < aU < bly(aU +v) + D(Y) — v.
Under {U < —ug} N, we have —(aU + v) < bly (aU + v) + D(Y") and hence
aug < a(=U) < bly(aU +v)+ DY) +v
Finally, under {|U]| > ug} N Qy, we have |aU + v| < bly (aU + v) + D(Y') + v so that

aug < a|lU| < |aU + v| + |v] < bly (aU +v) + DY) + |v|.

20



Phase transitions for the existence of unregularized M-estimators in single index models

Combining them all together,

aug P(Q1) < E[I{Q4 }aug]
S OE[(ly (aU +v) + DY) + |v|) I{Q1}]
= bE[(ly (aU +v) — inf by (u) +inf by (u) + D(Y) + [v]) I{Q4 }]
u u A e

>0

>0
<bE[ly(aU +v) — mffy( )]+ E[inféy(u)f{fh_}] +E[D(Y)] + E[Jv]]

= bE[ly (aU + v)] = E[inf £y (u) [{Q% }] + E[D(Y)] + E[|v]]
< b+ Ef[inf by (u)]] + E[D(Y)] + [[v|o-

By the same argument, if a < 0, considering the event {)_, we have
(—a)ug P(Q-) < b+ E[ inf £y (u)]] + E[D(Y)] + [|v]]2.
Combined with min(P(24),P(2_)) = pp > 0, we have that
la] < (uopo) ™ (€ + Ellinf £y (u)]] + E[D] + |joll2) < CL(€)(1 + [[v]2)
With ||v — 9]| < |a| + ||v||, we obtain

o — 3] < CPE)L+|v]l2). (24)

Now we claim that the Pythagorean inequality
E[(G — p.)’] + E[(ps — 0)*] <E[(G - 0)?] (25)

holds. A proof of (25) is as follows. Define for s € [0, 1] the convex combination vs = p.(1 — s) + sv and consider the
function

p(s) = E[(G —vs)*] = E[(G = ps)’] = E[(vs — p.)?).

By the definition of vy, it follows that ¢(0) = 0. Furthermore, ¢(s) is linear in s, as the quadratic term E[v2] cancels
out. On the other hand, the optimality of (t.,p.) € argmin, ¢ E[(G — p)?] implies that E[(G — p.)?] < E[(G — vs)?].
Combining this with the definition of ¢(s), we have ¢(s) > — E[(vs — p.)?] = —s? E[(p. — ©)?]. Since ¢(s) is linear in s
and satisfies p(s) > —O(s?) as s — 0, the slope ¢’(0) must be non-negative. This implies 0 = (0) < ¢(1), which is
exactly inequality (25).

In both sides of (25), E[9?] cancel out, E[G?] = 1 and E[(G — p«)?] = 1 — ||p«||? by (23), so that (25) can be rewritten as
—2E[p, 3] < —2E[6G],  ie.  E[i(p. —G)] > 0. (26)
From this, for all v satisfying the constraint G(v) = |[v|| — E[vG]/v1—6-1 <0,
(VI=07T = Ip.]) loll < E[G] — p.llo] by G(v) = ||o]| — EpG]/v1 51 <0

< E[v(G — p4)] by the Cauchy-Schwarz inequality E[p.v] < ||p«||||v]]
<E[(? —v)(ps — G)] by E[3(p. — G)] > 0in (26). (27)

The parenthesis v/1 — 6= — ||p.|| on the left is positive thanks to (23). On the right-hand side, considering the event
I{|p. — G| > C} for some constant C' > 0 to be specified later, the Cauchy-Schwarz inequality gives

E[(0 —v)(p« — G)] < CE[[o - v[] + E[I{|p. — G| > C}|p. — Gl[o —v]]
< CE[7 —v|] + VE[I{ps — G| > CYp. — GI*] - & — v].
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Since p. — G is bounded in L2, we can take a sufficiently large C'®)(¢) for all € > 0 such that E[I{|p, — G| >
C®)(e)}|p« — G?] < €. Thus, we have that for all € > 0,

(VI=0T = lp.ll) vl < € (O E[5 = vl + ellv — 5]l 28)

Recall the bound |[v — 7| < C®)(£)(1 4 ||v]|) in (24), so if we take a sufficiently small ¢ = ¢, such that ecC(?) (¢) <
(V1 —=06=1 —||p«l||)/2, we obtain

1

5 (V=51 —p.])[lo]l < Cle) E[5 — v] + o0 (¢) (29)

Since E |# — v| < C(M)(£) was established at the beginning, this completes the proof. O
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