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Abstract
With the increasing deployment of machine learning models in many socially-sensitive tasks,
there is a growing demand for reliable and trustworthy predictions. One way to accomplish
these requirements is to allow a model to abstain from making a prediction when there
is a high risk of making an error. This requires adding a selection mechanism to the
model, which selects those examples for which the model will provide a prediction. The
selective classification framework aims to design a mechanism that balances the fraction of
rejected predictions (i.e., the proportion of examples for which the model does not make a
prediction) versus the improvement in predictive performance on the selected predictions.
Multiple selective classification frameworks exist, most of which rely on deep neural network
architectures. However, the empirical evaluation of the existing approaches is still limited
to partial comparisons among methods and settings, providing practitioners with little
insight into their relative merits. We fill this gap by benchmarking 18 baselines on a
diverse set of 44 datasets that includes both image and tabular data. Moreover, there is
a mix of binary and multiclass tasks. We evaluate these approaches using several criteria,
including selective error rate, empirical coverage, distribution of rejected instance’s classes,
and performance on out-of-distribution instances. The results indicate that there is not
a single clear winner among the surveyed baselines, and the best method depends on the
users’ objectives.
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1 Introduction

Artificial Intelligence (AI) systems are increasingly being deployed to support or even au-
tomate decision-making. Ensuring the trustworthiness of AI systems is crucial in many
applications (Kaur et al., 2023), and is one of the main goals of the recent European AI
Act (European Commission, 2021). More precisely, “[h]igh-risk AI systems shall be designed
and developed in such a way that they achieve, in the light of their intended purpose, an
appropriate level of accuracy [and] robustness”.

High-risk AI systems pertain to socially sensitive domains, such as: healthcare, where
predictions might be used to determine treatments (Craig et al., 2023); justice, where
predictions can evaluate the risk of recidivism (Berk et al., 2021); hiring, where predictions
can determine rankings of candidates or explain their turnover intention (Fabris et al.,
2023; Lazzari et al., 2022); and credit scoring, where predictions can be used to estimate
the probability of repaying a debt (Dastile et al., 2020).

In all such high-risk contexts, we aim to reduce the number of mistakes made by AI
systems because their mistakes can have critical consequences. For example, consider a
bank that uses a Machine Learning (ML) model to score the credit risk of loan applications.
In such a setting, a misprediction could either translate into a money loss for the bank or
an unjust denial of credit to the applicant.

One potential way to improve the trustworthiness of a model is to allow it to abstain
from making a prediction when there is a high chance of making an error (Chow, 1970).
Such a strategy is inherent in human reasoning when facing an unknown phenomenon. For
example, human bankers who are unsure about a specific loan application do not (have to)
provide an answer as soon as they are asked. Indeed, they may require additional financial
documents to verify the loan’s feasibility or ask for an external expert consultation. This
approach aims to minimize the risk of an incorrect evaluation.

Likewise, allowing ML models to predict only when confident enough helps mitigate the
risk of incorrect predictions (Pugnana, 2023). On the one hand, including a reject option
results in the ML model having better performance when it does provide a prediction
because it is only offering predictions in those cases where it is highly likely to be correct.
On the other hand, rejected instances can be dealt with in other ways. For example, human
experts can be involved in the loop to oversee difficult instances, e.g., a banker can oversee
difficult-to-evaluate loan applications. Alternatively, the prediction task can be deferred to
more complex ML models, possibly using additional and costly-to-compute features.

Selective Classification (SC) (El-Yaniv and Wiener, 2010) is one well-known framework
that allows a model not always to offer a prediction. Intuitively, this framework imbues
a model with a mechanism that selects whether a prediction is made on a per-example
basis. The goal is to navigate the tradeoff between the proportion of examples for which a
prediction is made (i.e., the model’s coverage) and the performance improvement on the
selected examples (i.e., the ones for which a prediction is made) that arises from focusing
only on those cases where the model has a small chance of making a misprediction. Typically,
this is done by maximizing the performance on the selected examples given a target coverage.
Given the appeal of SC, there are wide range of approaches for this problem setting (Geifman
and El-Yaniv, 2017, 2019; Liu et al., 2019; Huang et al., 2020; Gangrade et al., 2021; Pugnana
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and Ruggieri, 2023a,b; Feng et al., 2023). The primary emphasis is on implementing SC in
the context Deep Neural Networks (DNN) models.

Unfortunately, we lack insights into the relative merits of existing SC approaches for
DNNs because existing empirical evaluations in the literature suffer from several shortcom-
ings. First, they always involve � 10 datasets, and primarily consider only image data.
Second, only a handful of approaches (never more than seven) are compared. Third, most
studies mainly focus on comparing approaches based on single metric: their predictive
accuracy on the selected examples. However, there are other relevant performance char-
acteristics of SC methods such as whether their coverage constraint holds, whether they
disproportionately reject instances from one class, or how they behave on unseen data.

Our goal is to fill this gap by performing the first comprehensive benchmarking of
SC methods for DNN architectures. Specifically, our evaluation goes substantially beyond
existing studies by:

1. Including 18 SC methods;

2. Evaluating the considered methods on 44 datasets that include both image and tabular
data; and

3. Considering five different aspects of SC models’ performance.

Our results suggest that the choice of the baseline depends on the performance criterion
to be prioritized. In fact, most methods perform with no statistically significant difference
across the different tasks. To summarize, the main contributions of this paper are that we:

(i) briefly survey the state-of-the-art methods in SC;

(ii) provide the widest experimental evaluation of SC methods in terms of baselines,
datasets and tasks;

(iii) point out the limitations of compared methods, which highlights potential avenues for
future research directions; and

(iv) release a public repository with all software code and datasets for reproducing the
baseline algorithms and the experiments.1

2 Background
Let X be an d-dimensional input space, Y = f1; : : : ; mg be the target space and P (X; Y )
be the probability distribution over X � Y . Given a hypothesis space H of functions that
map X to Y (called models or classifiers), the goal of a learning algorithm is to find the
hypothesis h 2 H that minimizes the risk:

R(h) = E[l(h(X); Y )] (1)

where l : Y�Y ! R is a user-specified loss function. Because P (X; Y ) is generally unknown,
it is typically assumed that we have access to an i.i.d. sample Tn = f(xi; yi)gni=1 that can
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be used to learn a classifier ĥ(�), such that:

ĥ 2 arg min
h2H

R̂(h; Tn) (2)

where R̂(h; Tn) = 1=jTnj
P

(x;y)2Tn
l(h(x); y) is the empirical risk over the sample Tn.

Because the learned model is prone to making mistakes, one can extend the canonical
setting to include a selection mechanism that allows the model to refrain from offering a
prediction for those instances likely to be misclassified.

Formally, a selective classifier is a pair (h; g) where h is a standard classifier and g :
X ! f0; 1g is a selection function that determines whether h’s prediction is provided or the
model abstains (or rejects):

(h; g)(x) =

(
h(x) if g(x) = 1

abstain otherwise
(3)

In practice, rather than directly learning the selection function in Eq. 3, one approximates it
by (1) learning a confidence function2 kh : X ! [0; 1] (sometimes called soft selection (Geif-
man and El-Yaniv, 2017)) that measures how likely it is that the predictor h is correct,
and (2) setting a threshold � 2 [0; 1] that defines the minimum confidence for providing a
prediction. A low confidence value indicates that the model is likely to make a mispredic-
tion for the instance and therefore it should abstain, which yields the following selection
function:

g(x) = 1(kh(x) > �) (4)
To prevent the selective classifier from abstaining on too many (test) instances, SC methods
also consider the coverage metric, which is defined as

�(g) = E[g(X)]: (5)

The coverage computes the expected proportion of instances for which the model would
make a prediction. These non-rejected instances are commonly referred to as either accepted
or selected, and we will use these terms interchangeably. We will refer to the rejection rate
as the complement of the coverage, i.e., 1 � �(g) (Perini and Davis, 2023). Another core
measure of the SC framework is the risk over the accepted region, commonly called the
selective risk which is defined as:

R(h; g) =
E[l(h(X); Y )g(X)]

�(g)
= E[l(h(X); Y )jg(X) = 1] (6)

A widely adopted instance of the selective risk is the selective error rate, which corresponds
to the selective risk for the 0-1 loss l(h(X); Y ) = 1fh(X) 6= Y g.

Coverage and risk are estimated over a given test set Ttest as follows. The empirical risk
over the set of accepted instances is defined as:

R̂(h; g; Ttest) =
1

jTtestj � �̂(g; Ttest)

X
(x;y)2Ttest

l(h(x); y) � g(x) (7)

kh kh(xi) ≤ kh(xj)
l(h(xi); yi) ≥ l(h(xj); yj)
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where �̂(g; Ttest) = 1=jTtestj
P

(x;y)2Ttest
g(x) is the empirical coverage over the test set. Ob-

serve that R̂(h; g; Ttest) = R̂(h; T g
test), where T g

test = f(x; y) 2 Ttest j g(x) = 1g, i.e., the
empirical risk of a selective classifier boils down to the empirical risk of the classifier over
the set of accepted instances. The inherent trade-off between coverage and risk can be
summarized by a risk-coverage curve (El-Yaniv and Wiener, 2010). Moreover, this trade-
off allows framing the SC task according to two different formulations: the bounded im-
provement model and the bounded abstention model (Franc et al., 2023). In the bounded
improvement model, the problem is formulated by fixing an upper bound r - the target risk
- for the selective risk and then looking for a selective classifier that maximizes coverage
(Geifman and El-Yaniv, 2017).

Problem 1 (Bounded-improvement model) Given a target risk r, an optimal selective
classifier (h; g) is a solution to:

max
�; 

�(g ) s.t. R(h�; g ) � r (8)

Conversely, in the bounded-abstention model, we fix a lower bound c for coverage (called
target coverage) and then look for a selective classifier that minimizes the selective risk (Geif-
man and El-Yaniv, 2019).

Problem 2 (Bounded-abstention model) Given a target coverage c, an optimal selec-
tive classifier (h; g) is a solution to:

min
�; 

R(h�; g ) s.t. �(g ) � c (9)

We call coverage-calibration the post-training procedure of estimating the threshold � in (4)
for the target coverage c specified in Problem 2. This is generally done by estimating the
(1 � c) � 100-th percentile of the confidence function kh over a held-out calibration set Tcal.

3 Baselines

There are multiple ways to devise abstaining classifiers. We restrict our attention to DNN
approaches aiming to solve the bounded-abstention problem (Eq. 9). We present and
categorize a few baselines according to their definition of the confidence function, extending
the work of Feng et al. (2023). We distinguish among three categories of methods: Learn-
to-Abstain, Learn-to-Select and Score-based.

3.1 Learn-to-Abstain Methods

Learn-to-Abstain methods tackle the selective classification task by adding a new class
label (m + 1) representing abstention to the classification problem. While there are no
actual instances belonging to this class, these approaches design loss functions to enable the
classifier to assign a positive score sm+1(x) to ambiguous instances. This score serves as a
confidence function, i.e., kh(x) = 1 � sm+1(x) (Feng et al., 2023). In Figure 1, we provide
an example of a canonical Learn-to-Abstain architecture.
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Figure 1: A generic Learn-to-Abstain architecture

The first method to take this approach was DG (Liu et al., 2019). It uses a reward
hyperparameter o for the class m+1 to set how often the classifier should abstain. Formally,
DG trains a neural network minimizing the following loss:

LDG = EP (X;Y )

�
log(sy(x) +

1

o
sm+1(x))

�
; (10)

where sy(x) and sm+1(x) are the neural network softmax values, respectively, over the true
class Y = y and m + 1 (abstention). Intuitively, a higher o encourages the network to be
confident in its prediction, and a low o makes it less confident and more likely to abstain.
However, DG does not have any explicit way to guide abstention towards more difficult
examples during training, as the reward o remains fixed for the whole training procedure.

To overcome this limitation, Self-Adaptive Training (SAT) (Huang et al., 2020) trains
the selective classifier through a convex combination of predictions and true labels. This
combination is dynamically adapted during the training process to identify those instances
that are more difficult to correctly classify and, hence are good candidates for abstention.
More precisely, for the first Es (user-defined) epochs, the training target - t 2 [0; 1]m -
is equal to the one-hot encoded true label vector y. Afterwards, it becomes the convex
combination of (probabilistic) predictions and true labels, namely t = 
t + (1 � 
)s(x),
with s(x) representing the neural network softmax values and 
 the weight of the convex
combination. The final selective classifier is then optimized by minimizing the loss function:

LSAT = �EP (X;Y )

�
t0 log(s(x)) + (1 � ty) log sm+1(x)

�
; (11)

where ty is the value of vector t corresponding to the index of true value y and sm+1(x)
represents the softmax value for the abstention class.3 Both DG and SAT add an extra soft-
max value to the neural network output to identify difficult-to-predict instances. However,

y = 1 m = 2 t0 = [0; 1] ty = 1 Es

ty
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Figure 2: An example of SELNET, a Learn-to-Select architecture.

Feng et al. (2023) argue that incorporating this extra class in the training loss could result
in overfitting on examples that are easier to classify. To mitigate this, SAT+EM (Feng
et al., 2023) adds an average entropy term E(s(x)) to SAT’s loss :

LSAT+EM = LSAT + �E(s(x)) (12)

where s(x) represents the neural network of m softmax values, and � is a hyperparame-
ter that measures the impact of the entropy term. All the learn-to-abstain methods are
calibrated for the target coverage c using a calibration set (as discussed in Section 2).

3.2 Learn-to-Select Methods

Like Learn-to-Abstain methods, Learn-to-Select methods simultaneously learn the classifier
and its specific confidence function. However, in this setting, the confidence function does
not rely on an additional abstention class but aims at achieving a specific target coverage
c. This procedure ensures that the classifier’s parameters are optimized to correctly predict
instances less likely to be rejected.

The main architecture belonging to this class is SelectiveNet (SELNET) (Geifman and
El-Yaniv, 2019). Given a target coverage c, SELNET jointly trains the final classifier and
the confidence function to maximize the performance over the 100 � c% most confident in-
stances. SELNET’s architecture has four main components, each with a different purpose,
as depicted in Figure 2: the main body, the predictive head s, the selective head k, and
the auxiliary head v. The main body consists of deep layers shared by all three heads:
any deep-learning architecture can be used in this part (e.g., convolutional layers, linear
layers, recurrent layers, etc.). The predictive head s(x), consisting of a final linear layer
with softmax, is used to make the classifier prediction. The selective head k(x) outputs a
confidence function using a linear layer with a final sigmoid activation. The auxiliary head
v(x) replicates the structure of the predictive head and mitigates the risk of overfitting on
the accepted instances. Given the target coverage c, SELNET is trained using the following
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Figure 3: An example of CONFIDNET, a score-based architecture.

loss function:

LSELNET = �

�EP (X;Y ) [l(s(x); y)k(x)]

�(k)
+ �(max(0; c � �(k)))2

�
+(1��)EP (X;Y ) [l(v(x); y)]

(13)
where l(s(x); y) is the cross-entropy loss for the predictive head s(x); �(k) is the coverage
obtained by selective head k; l(v(x); y) is the cross entropy loss for auxiliary head prediction
v(x); � is a hyperparameter to control the relative importance between the losses for the
predictive and the auxiliary head; and � is a penalization term for coverage violations.

For the sake of completeness, following the same reasoning as for SAT+EM (Feng et al.,
2023), we include SELNET+EM in the comparison. This approach adapts the SELNET
objective function to contain an additional entropy term.

3.3 Score-based Methods
Score-based methods compute and set a threshold on a confidence function - as formalized
in Eq. 4 - that is based on the classifier’s output. Conceptually, this means that predictions
are only made for the test examples for which the model is most confident. Because this
can be viewed as a post-hoc approach, this confers the advantage of being applicable to
already trained models.

The most popular technique is the Softmax Response SR (Geifman and El-Yaniv, 2017),
which defines the confidence function as the maximum value of a final softmax layer, i.e.,
kSR(x) = maxy2Y sy(x). Given a coverage c, SR sets the selection threshold � using the
calibration procedure explained in Section 2.

Since the SR principle is very general, it can be applied to any method that provides
scores for the classes (Franc et al., 2023). For example, Feng et al. (2023) propose to
improve learn-to-abstain and learn-to-select methods by replacing their confidence function
with the SR confidence. In particular, three novel methods are presented, i.e., SAT+SR,
SAT+EM+SR, SELNET+SR, which are trained using LSAT, LSAT+EM and LSELNET
respectively. For the sake of completeness, we include also SELNET+EM+SR in the
comparison, i.e., a network trained with the SELNET+EM’s loss and using the SR selec-
tion strategy.
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Another score-based popular option is using ensembles of neural networks. For example,
Lakshminarayanan et al. (2017) train multiple networks with different initialization and
build a selective classifier by computing the entropy of the (multiple) network outputs
(ENS). The intuition is that more disagreement among the outputs indicates that the
ensemble is uncertain about its prediction, and hence rejection is appropriate. However,
despite the advantages of using ensembles in terms of performance, relating a dispersion
measure to the correctness of predictions is not straightforward. Hence, the authors also
propose using the average softmax response (i.e., kENS(x) = 1=J

PJ
j=1 kSR;j(x), where J is

the number of networks in the ensemble) as a confidence measure. We will refer to this
baseline as ENS+SR. A theoretical analysis of the advantages of using ENS+SR can be
found in Ding et al. (2023).

The main concern with using kSR(x) as a confidence measure is that may provide high
values both for mistakes and correct predictions, making them indistinguishable. On the
other hand, when the model misclassifies an example, the score sy(x) associated with the
true class probability P (Y = yjX = x) should be low, making it a viable option to perform
selective classification. However, one cannot access true labels at test time, making it
impossible to use sy(x) directly. Corbière et al. (2019) address this concern by estimating
sy(x) with a two-step procedure called CONFIDNET (as depicted in Figure 3). First,
they estimate sy(x) by training a neural network classifier. Next, they build a second
(uncertainty) network on top of the classifier: the main body is kept unchanged, while the
final part of the original classifier is replaced with a series of dense layers. This uncertainty
network is then trained considering the following loss function:

LCONFIDNET = EP (X;Y )[(c(x) � sy(x))2] (14)

with c(x) referring to the final output of the uncertainty network. Intuitively, c(x) should
mimic sy(x) and can be used as a confidence function: the higher c(x), the higher the
chance the classifier is right.

Franc et al. (2023) also use a classifier and an uncertainty estimator. They propose two
different approaches, named REG and SELE. Both of them learn the classifier on half of
the training data and use the other half to directly estimate where the classifier is more
likely to make mistakes. In particular, these two methods focus on learning an uncertainty
score f , which mirrors the confidence function k: the higher f is, the higher the likelihood
of making mistakes (thus, abstention is preferable in the latter). Neither SELE nor REG
are tied to specific neural network architectures, i.e., they are model-agnostic and can be
adapted to other learning models. REG poses the problem of learning the uncertainty score
as a regression problem, where given a set of hypotheses F , the uncertainty score f 2 F
minimizes the following:

LREG = EP (X;Y )[(l(h(x; y) � f(x))2] (15)

Intuitively, the higher the value of f , the higher the loss. Hence, abstention should be
preferred. On the other hand, given a hypothesis space F , SELE considers a surrogate
loss of the risk coverage curve, i.e.,

LSELE = E(x1;y1);(x2;y2)�P (X;Y )[l(h(x1; y1)) log(1 + exp(f(x2) � f(x1)))] (16)
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and then learns the uncertainty score f 2 F by minimizing LSELE.
The approaches presented so far require a held-out calibration dataset. Unfortunately,

for problems where only little data is available, reducing the amount of training data may
deteriorate the classifier’s performance. Moreover, splitting the data into a dataset for
training and a dataset for calibration may introduce randomness effects on both the classifier
and the selection function. SCROSS (Pugnana and Ruggieri, 2023a) is a model-agnostic
approach that overcomes the need for a calibration set by employing a cross-validation
strategy that follows three steps. First, it splits the available data into K folds. Second, it
trains a classifier over K �1 folds and predicts the SR confidence values over the remaining
K-th fold. Finally, it stacks the predicted confidence values altogether. This approach
approximates the confidence over the full dataset. Then, SCROSS uses SR’s approach to
threshold such confidence values.

Moreover, in high-risk scenarios where SC is sought, such as healthcare and finance, we
often deal with imbalanced (binary) classes (He and Garcia, 2009). A common metric to
evaluate the performance of classifiers in such contexts is the Area Under the ROC Curve
(AUC) (Yang and Ying, 2023), which measures the classifier’s ability to rank instances
from minority and majority classes correctly. Pugnana and Ruggieri (2023b) provide a
theoretical condition - two bounds over the minority class score - that guarantees not to
worsen AUC once we allow for abstention. The selection function is implemented by (1)
estimating these lower and upper bounds for the minority class score, and (2) rejecting
instances with minority class scores between the two (estimated) bounds. To implement
such a strategy, the authors devise two algorithms, i.e., PLUGINAUC and AUCROSS.
The difference between the two methods lies in how their selection strategy is calibrated:
PLUGINAUC adopts a held-out approach to calibrate the bounds, while AUCROSS uses
a cross-fitting approach similar to SCROSS.

4 Research Questions
This paper intends to evaluate the relative strength of the baselines introduced in Section 3
with respect to the following research questions:

Q1: Are there significant differences across baselines and scenarios regarding selective error
rate?

Q2: Are there significant differences across baselines and scenarios regarding violations of
the target coverage?

Q3: How are the methods’ rejection rates distributed among the classes?

Q4: How do the methods behave when flipping the learning task to maximise the coverage
under constraints on the error rate?

Q5: How do the methods react to out-of-distribution test examples?

We differentiate from previous works in several respects:

• Regarding Q1, our study goes beyond existing ones in two important ways. First,
prior evaluations involving SC methods were performed using less than seven baselines
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and less than ten datasets whereas we consider 18 methods and 44 datasets. Second,
prior benchmarks largely focused on image data whereas our benchmark also include
tabular data.

• Concerning Q2, only a few works investigate coverage violations, i.e., Geifman and
El-Yaniv (2019); Pugnana and Ruggieri (2023a,b). As in Q1, this was done on a
much smaller scale: for example, Geifman and El-Yaniv (2019) considered only a
single image dataset, while Pugnana and Ruggieri (2023a) and Pugnana and Ruggieri
(2023b) considered eight and nine binary datasets respectively;

• Only the work by Pugnana and Ruggieri (2023b) addresses Q3 and highlights that
the rejection rate is biased against the minority class. However, they considered nine
binary datasets and only six baselines;

• We are the first to empirically evaluate Q4 and assess performances when switching
from minimizing selective risk to maximizing coverage on a large and diverse set of
data and settings;

• We are the first to evaluate Q5 and evaluate how SC methods perform when dealing
with shifts in the feature space.

5 Experimental Evaluation
5.1 Experimental Setting
Datasets and Baselines. We run experiments on 44 benchmark datasets from real-life
scenarios, such as finance and healthcare (Yang et al., 2023). Among these, 20 are image
data and 24 are tabular data. Moreover, 13 of these datasets were previously used in testing
(at least one) the baselines in their original paper. Details are provided in Tables A1-A2 of
the Appendix A.1. We compare a total of 18 baseline methods (presented in Section 3) rep-
resenting the state-of-the-art SC methods: DG, SAT, SAT+EM (learn-to-abstain); SEL-
NET, SELNET+EM (learn-to-select); SR, SAT+SR, SAT+EM+SR, SELNET+SR,
SELNET+EM+SR, ENS, ENS+SR, CONFIDNET, REG, SELE, SCROSS, PLUG-
INAUC, AUCROSS (score-based).

Hyperparameters. The baselines share the same neural-network architecture. For im-
age data, we use either a Resnet34 architecture (He et al., 2016) or the one specified in
the original paper. For tabular data, since neural networks are not state-of-the-art meth-
ods, we use the architectures proposed by Gorishniy et al. (2021); Grinsztajn et al. (2022),
which revised DNN models for tabular data. Overall, we consider two sets of hyperpa-
rameters: network-specific (e.g., hidden layers, learning rate), and loss-specific (e.g., � for
SAT+EM). All networks are trained for 300 epochs. We optimize the hyperparameters us-
ing (Akiba et al., 2019), a framework for multi-objective Bayesian optimization,
with the following inputs: coverage violation and cross-entropy loss as target metrics,

as sampler (Balandat et al., 2020), 10 initial independent trials out of 20 total
trials. Among the 20 trials, we select the configuration that (1) has the highest accuracy
on the validation set and (2) reaches the target coverage (�0:05). Moreover, some base-
lines require the target coverage c to be known at training time (e.g., SELNET). For the
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sake of reducing the computational cost4, we optimize their hyperparameters using only
three values c 2 f:99; :85; :70g and fix the best-performing architecture for all target cover-
ages. Moreover, SCROSS, AUCROSS, ENS, ENS+SR and PLUGINAUC use the same
optimal hyperparameters found for SR as they share the same training loss. Similarly, SEL-
NET+SR, SELNET+EM+SR, SAT+SR and SAT+EM+SR employ the same optimal
configuration as, respectively, SELNET, SELNET+EM, SAT and SAT+EM. We detail
the parameter choices in Appendix A.2.

Experimental setup. For each combination of datasets and baselines, we run the fol-
lowing experiment: (i) we randomly split the available data into training, calibration, val-
idation, and test sets using the proportion 60=10=10=20%, (ii) we consider the following 7
target coverages c 2 f:7; :75; :8; :85; :9; :95; :99g, (iii) we tune the baseline’s hyperparameters
using training, calibration, and validation sets as described in the previous paragraph, (iv)
we use such optimal hyperparameters to train the baseline on the training set and calibrate
the confidence function on the calibration set, (v) we draw 100 bootstraps datasets from
the test set (see (Rajkomar et al., 2018)) with the same size at the test set, and, finally,
(vi) we compute the empirical selective error rate5 dErr(h; g; Ttest), the empirical coverage
�̂(g; Ttest), and, for binary datasets, the class distribution over the accepted instances for
each of the 100 bootstrapped datasets Ttest. For each evaluation metric, we compute its
mean and standard deviation over the 100 bootstrap runs. In reporting results, we distin-
guish between binary and multi-class (i.e., > 2 classes) problems because PLUGINAUC
and AUCROSS are specific for binary classification.

Regarding computational resources, we split the workload over three machines: (1) a 25
nodes cluster equipped with 2�16-core @ 2.7 GHz (3.3 GHz Turbo) POWER9 Processor
and 4 NVIDIA Tesla V100 each, OS RedHatEnterprise Linux release 8.4; (2) a 96 cores
machine with Intel(R) Xeon(R) Gold 6342 CPU @ 2.80GHz and two NVIDIA RTX A6000,
OS Ubuntu 20.04.4; (3) a 128 cores machine with AMD EPYC 7502 32-Core Processor and
four NVIDIA RTX A5000, OS Ubuntu 20.04.6.

5.2 Experimental Results
We report here the main experimental results w.r.t. the research questions Q1–Q5. Addi-
tional results are reported in the Appendix B.

Q1. Comparing the error rates. We introduce a normalized version of the empirical
selective error rate, called relative error rate:

RelErr(h; g; Ttest) =
dErr(h; g; Ttest)dErr(hmaj ; g; Ttest)

; (17)

where dErr(hmaj ; g; Ttest) is the empirical selective error rate obtained by always predicting
the majority class in the training set. This normalization accounts for variability in task
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prediction difficulty. Intuitively, the closer the relative error rate to 0 the better. Values
close to 1 denote selective error rates similar to the ones of a majority classifier.

Figure 4 reports the mean relative error rates for the top two and the worst two6

baselines. We limit the number of reported baselines for clarity. Tables with detailed
results at the dataset level are reported in the Appendix B.3.

For binary data, the best-performing methods are ENS+SR and SR. ENS+SR’s rela-
tive error rate is � :485 at c = :99, decreasing to � :365 at c = :70. SR ranges from � :488
at c = :99 to � :363 at c = :70. The worst baselines are DG and REG, with relative error
rates of � :615 and :544 at c = :99 respectively, up to � :564 and � :529 at c = :70.

Also for multiclass data, ENS+SR and SR achieve the best results. The relative error
rate ENS+SR ranges from � :182 at c = :99 to � :117 at c = :70, while SR starts from
� ::197 at c = :99, and decreases down to � :127 for c = :70. SELE and REG are the
worst methods. The former passes from � :252 at c = :99 to � :217 at c = :70. The latter
achieves � :256 at c = :99 and c = :70, with no improvement for small target coverages.

Next, we check the statistical significance of these results. For each target coverage and
bootstrapped dataset, we rank the compared methods from 1 (the best) to 18 (the worst)
w.r.t. the relative error rate. These rankings are then used in the Friedman’s omnibus test of
equality of means and in its post-hoc Nemenyi test, following the steps described in Demsar
(2006). Figure 5 shows Critical Difference (CD) plots, which provide a graphical repre-
sentation of the output of the Nemenyi test. In each plot, the horizontal axis reports the
average rank of each method – where being closer to one (farther to the right) implies better
performances. A bold line connects methods whose differences are not statistically signif-
icant at 0:05 significance level. The plots show that there is no clear winner regardless of
the coverage and of the binary/multiclass classification task. The group of not-statistically-
different top methods contains between 8 and 14 baselines. However, ENS+SR is always
the top ranked baseline, which makes it a good choice in general.

Q2. Comparing the empirical coverages. The constraint on the target coverage c
in (9) is essential in many scenarios. Nevertheless, most papers do not sufficiently inves-
tigate the actual coverage achieved by the baselines. We assess how much the empirical
coverage deviates from the target coverage c on the bootstrap dataset Ttest. To account for
small coverage violations, we introduce a user-defined tolerance ", and define the "-coverage
violation:

CovViol"(g; Ttest) = min(0; �̂(g; Ttest) � c + ");

where �̂(g; Ttest) is the empirical coverage on Ttest. Intuitively, CovViol" is zero when the
empirical coverage is greater or equal than the target coverage minus the tolerance; and
it is greater than zero when the empirical coverage is smaller than c � ". By looking at
different tolerances ", one can evaluate how the baselines perform w.r.t. small, medium or
large coverage violations. We define the satisfaction of the constraint as:

ConSat(") = 1(CovViol" = 0)

and report in Figure 6 the mean and standard deviation of ConSat for " in f0; :01; :02; :05; :10g.
As for Figure 4, we limit the number of baselines to the two best and worst ones w.r.t. ConSat .
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(a) Binary datasets.

(b) Multiclass datasets.

Figure 4: Q1: RelErr as a function of target coverage c for two best and worst approaches
on (a) binary and (b) multiclass problems. On each subplot, only the two best and worst
approaches are shown for readability.

As one would expect, the overall performances gradually improve for all baselines when
increasing ", and the gap among the baselines decreases. For binary data, the best methods
are ENS and PLUGINAUC, and the worst methods are AUCROSS and SCROSS. When
considering that no violation is allowed, i.e., " = 0, the baselines satisfy the constraint
between � 39:9% (CONFIDNET) and � 56:5% (SCROSS) of the times. For " = :01
ENS has the highest value of ConSat (� :887); for " = :02 SAT is the best method
(� 0:976); for " = :05 both PLUGINAUC and SAT satisfy the constraint all the times.

For multiclass data, the top performers are SCROSS and SAT+EM, while the worst
methods are REG and DG. At " = 0, SCROSS has no coverage violations � 75% of
the times, which is 25 percentage points more than the worst performing methods (SELE
and REG). Interestingly, already at " = :02, four methods (i.e., SCROSS, SAT+EM,
SR, SAT+SR) always reach zero violations. For " = :05, only CONFIDNET and SEL-
NET+SR do not reach zero violations. In summary, coverage violations are generally
limited, and noticeable differences among the baselines only occur at very small tolerances.
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(a) CD plot at c = :70 (b) CD plot at c = :80

(c) CD plot at c = :90 (d) CD plot at c = :99

Figure 5: Q1: CD plots of relative error rate RelErr for different target coverages. Top
plots for binary datasets. Bottom plots for multiclass datasets.

Q3. Rejection rate over classes. Pugnana and Ruggieri (2023b) observed that, in
imbalanced classification tasks, selective classification methods reject proportionally more
instances from the minority class. In this paragraph, we analyze this behavior on 7 binary
class datasets of our collection with a minority class prior estimate p � 0:25 (Perini et al.,
2020). Detailed results for the other binary datasets are reported in the Appendix B.3.
First, let us introduce the minority coefficient:

MinCoe� =
pa
p

; (18)

defined as the ratio of the minority class proportion pa in the accepted instances over the
minority class prior p. Ideally, the minority coefficient should be � 1. Lower values indicate
that the selective function introduces a bias against the minority class.
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(a) Binary datasets.

(b) Multiclass datasets.

Figure 6: Q2: ConSat as a function of tolerance " for two best and worst approaches on
(a) binary and (b) multiclass problems. On each subplot, only the two best and worst
approaches are shown for readability.

Figure 7 shows the mean minority coefficient for the best two and worst two baselines
at the variation of the target coverage c. The best methods are AUCROSS and PLUGIN-
AUC. Their minority coefficient is � 1:00 and � 1:01 respectively at c = :99, and it remains
steady for lower coverages. At c = :70, PLUGINAUC reaches a mean MinCoe� � 1:05,
and AUCROSS achieves MinCoe� � 0:997. For all the other baselines, there is a clear
trend: the smaller the target coverage, the smaller the minority coefficient. For 11 out of
18 baselines, MinCoe� drops below :50 at c = :70. The worst methods are SELNET and
DG. For the former, the mean MinCoe� ranges from � :946 at c = :99 to � :375 at c = :70.
For the latter, the mean MinCoe� ranges from � :966 at c = :99 to � :413 for c = :70.

These results support the findings by Pugnana and Ruggieri (2023b), highlighting that
the current approaches to SC, with the exception of AUCROSS and PLUGINAUC, do
not take into account the issue of class balancing in the selected instances.
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Figure 7: Q3: MinCoe� as a function of target coverage c for two best and worst approaches.
Only the two best and worst approaches are shown for readability.

Q4. Flipping the learning task to maximize the model coverage under error con-
straints. The vast majority of methods focus on the bounded-abstention model of Prob-
lem 2. To the best of our knowledge, the only method explicitly addressing the bounded-
improvement model of Problem 1 is due to Gangrade et al. (2021), whose code has not
been fully released. However, tackling the bounded-improvement model is useful in some
application scenarios. Consider the bank example again. SC here can be used in two ways:
on the one hand, the bank can set a target coverage c and calibrate a selective classifier
so that c% of the cases are directly handled by the ML model, while the remaining - most
difficult - ones are deferred to human experts. Here c is chosen on the basis of the personnel
capacity of the bank. On the other hand, the bank can also be interested in maximizing
the model coverage without incurring too many (costly) mistakes. Measuring such maximal
coverage allows for planning the amount of human effort needed for the difficult cases.

In this subsection, we evaluate the performances of the bounded-abstention baselines
when flipping the task to the bounded-abstention problem through the Selection with Guar-
anteed Risk (SGR) algorithm proposed by Geifman and El-Yaniv (2017). SGR is a [clas-
sifier h, confidence kh]-agnostic approach that optimizes the selection threshold � (see (4)
such that the selective error rate at test time is guaranteed to be bounded (� r) with
probability > 1 � � and the coverage is maximized. We apply SGR on all the baselines but
AUCROSS and PLUGINAUC, as their hard selection function is not compatible with
SGR. Moreover, since SELNET needs specific coverage for training, we use all c’s one
at a time, and compute the average results after applying SGR. We run experiments for
four target error rates r 2 fe=10; e=5; e=2; eg, where e is the dataset-specific error of the
majority-class classifier hmaj on the whole test set, and set � = 0:001.

Figure 8 reports the results for the best two and the worst two baselines. The top plot
shows the mean empirical coverage over the test sets of all baseline datasets (the higher,
the better). The bottom plot shows the mean error ratio (the smaller, the better):

ErrCoe� = r̂=r;
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(a) W.r.t. the empirical coverage �̂.

(b) W.r.t. the error ratio ErrCoe� .

Figure 8: Q4: SGR performance as a function of target error rate r for the two best and
worst approaches in terms of (a) coverage �̂, and (b) ErrCoe� . Only the two best and
worst approaches are shown for readability.

between the empirical selective error rate r̂ and the target error rate r. When looking at
the empirical coverage, the best performing baseline is SCROSS, with coverage ranging
from :999 for r = e to :558 for r = e=10. This is 40 percentage points higher than the
worst method, namely REG. The second-best method is ENS+SR, with a mean coverage
of � :970 at r = e and � :481 at r = e=10.

Concerning ErrCoe� , we observe that for less strict target errors (i.e., e and e=2), all the
baselines have error ratios close to 0. For more restrictive target errors, there is a gradual
increase in the mean value of ErrCoe� . The methods with the smallest error ratios are
ENS+SR and SAT+EM+SR, reaching ErrCoe� � :316 and ErrCoe� � :317 respectively
at r = e=10. The worst methods are REG and SELNET+EM+SR, with a mean error
ratio of � 2:97 and � 1:84 at r = e=10.
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Figure 9: Q5: Empirical coverage �̂ for out-of-distribution test sets (two selected image
datasets and average results over the 20 image datasets) when varying coverages c.

Q5. Testing the methods on out-of-distribution examples. Although SC methods
are not necessarily designed for working in out-of-distribution (o.o.d.) settings7, robustness
of selective classifiers w.r.t. data shifts is highly sought. We investigate this property here by
generating o.o.d. instances at test time for image datasets. We take an extreme approach by
creating a test set with images made of uniformly random pixel values.8 An ideal selection
function should reject the whole test set, since the images have close to zero probability of
being drawn from the same distribution generating the training set.

For each of the 16 baselines that tackle multi-class classification, Figure 9 shows the
empirical coverage obtained over the o.o.d. test set over the two selected image datasets
and the average results over the 20 image datasets. Detailed results for all 20 datasets are
provided in Appendix B.2.

First, we observe that there is no single method that manages to reject all the test
instances across all datasets. For example, most of the baselines obtain empirical cover-
age close to 0 (best) for the 5 lowest coverage values on . On the other hand, on

, the majority of baselines have always nearly maximum empirical coverage,
with the sole exception of REG and ENS that manage to reject all the o.o.d. images.

Ensemble methods are generally better than other methods: ENS reaches the lowest
mean empirical coverage on all datasets of � :221, ranging from � :462 at c = :99 to � :148
at c = :70, and ENS+SR is the second best method with a mean coverage � :353, ranging
from � :701 at c = :99 to � :217 at c = :70.

5.3 Discussion

We conclude the experimental section by briefly summarizing the main findings.
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�.�2�2�T �L�2�m�`���H �L�2�i�r�Q�`�F �"�2�M�+�?�K���`�F�b �7�Q�` �a�2�H�2�+�i�B�p�2 �*�H���b�b�B�7�B�+���i�B�Q�M

�h���#�H�2 ���j�, �>�v�T�2�`�T���`���K�2�i�2�` �b�T���+�2�b�X

�S���`���K�2�i�2�` �G�Q�b�b�@�a�T�2�+�B�}�+ �L�2�i�r�Q�`�F�@�a�T�2�+�B�}�+ �a�2���`�+�? �a�T���+�2

o �.�: �L�Q [1;m]:02


 �a���h�-�a���h�Y�1�J �L�Q [0:9; 0:99]:01

Es �a���h�-�a���h�Y�1�J �L�Q [0; 60]15

� �a���h�Y�1�J �-�a�1�G�L�1�h�Y�1�J �L�Q f 1e� 4; 1e� 3; ; 1e� 2; 1e� 1g
� �a�1�G�L�1�h�-�a�1�G�L�1�h�Y�1�J �L�Q f :25;:75g:05

� �a�1�G�L�1�h�-�a�1�G�L�1�h�Y�1�J �L�Q f 8; 16; 32; 64g
�Q�T�i�B�K�B�x�2�` �L�Q �L�Q f �a�:�.; ���/���K; ���/���K�qg

�H�2���`�M�B�M�; �`���i�2 �L�Q �L�Q f 1e � 5; 1e � 4; 1e � 3; 1e � 2g
�Q�T�i�B�K�B�x�2�` �m�M�+�X�*�P�L�6�A�.�L�1�h�-�a�1�G�1�-�_�1�: �u�2�b f �a�:�.; ���/���K; ���/���K�qg

�H�2���`�M�B�M�; �`���i�2 �m�M�+�X�*�P�L�6�A�.�L�1�h�-�a�1�G�1�-�_�1�: �u�2�b f 1e � 8; 1e � 7; 1e � 6; 1e � 5; 1e � 4; 1e � 3; 1e � 2g
�i�B�K�2 �/�2�+���v �L�Q �L�Q f �h�`�m�2; �6���H�b�2g
�M�2�b�i�2�`�Q�p �L�Q �L�Q f �h�`�m�2; �6���H�b�2g

�M�2�b�i�2�`�Q�p �m�M�+�X�*�P�L�6�A�.�L�1�h�-�a�1�G�1�-�_�1�: �u�2�b f �h�`�m�2; �6���H�b�2g
�r�2�B�;�?�i �/�2�+���v �L�Q �L�Q f 1e� 6; 1e� 5; 1e� 4; 1e� 3g

�/�n�i�Q�F�2�M �L�Q �6�h�h�`���M�b�7�Q�`�K�2�`�- �h���#�_�2�b�L�2�i [64; 512]64

�M�n�#�H�Q�+�F�b �L�Q �6�h�h�`���M�b�7�Q�`�K�2�`�- �h���#�_�2�b�L�2�i f 1; 2; 3; 4g
�/�n�?�B�/�/�2�M�n�7���+�i�Q�` �L�Q �6�h�h�`���M�b�7�Q�`�K�2�`�- �h���#�_�2�b�L�2�i [2=3; 8=3]1=3

���i�i�2�M�i�B�Q�M�n�/�`�Q�T�Q�m�i �L�Q �6�h�h�`���M�b�7�Q�`�K�2�` f 0; :5g:05

�`�2�b�B�/�m���H�n�/�`�Q�T�Q�m�i �L�Q �6�h�h�`���M�b�7�Q�`�K�2�` f 0; :2g:05

�7�7�M�n�/�`�Q�T�Q�m�i �L�Q �6�h�h�`���M�b�7�Q�`�K�2�` f 0; :5g:05

�/�n�K���B�M �L�Q �h���#�_�2�b�L�2�i [64; 512]64

�/�n�/�`�Q�T�Q�m�i�n�7�B�`�b�i �L�Q �h���#�_�2�b�L�2�i f 0; :5g:05

�/�n�/�`�Q�T�Q�m�i�n�b�2�+�Q�M�/ �L�Q �h���#�_�2�b�L�2�i f 0; :5g:05

�#���i�+�?�n�M�Q�`�K �L�Q �o�:�: f �h�`�m�2; �6���H�b�2g
�x�2�`�Q�n�B�M�B�i�n�`�2�b�B�/�m���H �L�Q �_�2�b�L�2�i�j�9�- �_�2�b�L�2�i�8�y f �h�`�m�2; �6���H�b�2g

�M�2�i�r�Q�`�F�b�X �6�Q�H�H�Q�r�B�M�; �i�?�2 �2�K�T�B�`�B�+���H �2�p���H�m���i�B�Q�M �B�M �U�6�`���M�+ �2�i ���H�X�-�k�y�k�j�V�- �r�2 �b�T�H�B�i �i�?�2 �i�`���B�M�B�M�;
�/���i�� �B�M �?���H�7 �i�Q �i�`���B�M�a�1�G�1���M�/�_�1�: �M�2�i�r�Q�`�F�b�, �Q�M �i�?�2 �Q�M�2 �?���H�7 �r�2 �i�`���B�M �i�?�2 �+�H���b�b�B�}�2�`�- �Q�M
�i�?�2 �Q�i�?�2�` �?���H�7�- �i�?�2 �m�M�+�2�`�i���B�M�i�v �M�2�i�r�Q�`�F�X �q�2 �T�`�Q�p�B�/�2 �i�?�2 �#�2�b�i �+�Q�M�}�;�m�`���i�B�Q�M�b �r�2 �2�K�T�H�Q�v�2�/
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