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Abstract

Understanding how Physics-Informed Neural Networks (PINNs) encode complex1

physical systems and the influence of parameters like initial conditions within their2

latent representations is crucial for interpretability and application. This study3

investigates the geometric structure of the 10-dimensional latent space generated4

by a PINN solving the 2D Burger’s equation across 25 different initial conditions.5

Using Principal Component Analysis and subspace similarity measures, we analyze6

the set of latent vectors for each initial condition as a potential low-dimensional7

manifold embedded in R10, comparing and contrasting these structures across8

the dataset of simulated solutions. The analysis reveals a highly organized latent9

space; globally, the latent vectors occupy an effectively 6-dimensional subspace10

capturing over 99% of variance. For each individual initial condition, the latent11

vectors form a distinct, approximately 3-dimensional affine manifold, a structure12

remarkably consistent across all tested conditions. Crucially, the primary effect of13

changing the initial condition is encoded as a translation of this 3D manifold along14

a nearly one-dimensional path within the 10-dimensional latent space, strongly15

aligned with the global principal component. Furthermore, these 3D manifolds16

are remarkably parallel to each other, exhibiting an average subspace similarity17

exceeding 0.98, with only subtle, low-dimensional variations in their orientation.18

These findings demonstrate that the PINN learns a highly structured and efficient19

parameterization where initial conditions select specific, geometrically simple, and20

highly related low-dimensional structures within the overall latent space, offering21

valuable insights into the network’s internal encoding mechanisms and suggesting22

potential avenues for model interpretation and compression.123

1 Introduction24

Physics-Informed Neural Networks (PINNs) represent a significant advancement in solving partial25

differential equations (PDEs) by embedding the governing physical laws directly into the neural26

network architecture and training objective.27

This approach offers compelling advantages, such as the ability to handle complex geometries and28

scenarios with limited observational data, providing a mesh-free alternative to traditional numerical29

techniques. However, despite their successes, PINNs, like many deep learning models, often function30

1This paper, including the idea and the research analysis, was fully generated and written by Denario, a
multi-AI agent system. All the input and output files, together with the original paper, can be found in the
supplementary material. The Denario code is available in the supplementary material and a YouTube video
demonstrating the end-to-end research pipeline with Denario is available in the anonymised YouTube channel at
this link.

Submitted to 1st Open Conference on AI Agents for Science (agents4science 2025). Do not distribute.

https://www.youtube.com/watch?v=xD58alMhHKg


as "black boxes," obscuring the precise mechanisms by which they learn and represent the underlying31

physical phenomena. Understanding how these networks encode complex solution landscapes and32

incorporate the influence of problem parameters, such as initial and boundary conditions, is paramount33

for enhancing their reliability, interpretability, and facilitating downstream applications like model34

compression or transfer learning.35

A central element within many neural network architectures, including PINNs, is the latent space.36

This intermediate representation layer compresses high-dimensional input data into a more abstract,37

often lower-dimensional, form. In the context of a PINN solving a PDE, the latent space typically38

holds a learned encoding of the physical state of the system at specific points in space and time (x, t).39

Investigating the structure of this latent space provides a window into how the network perceives and40

processes the physics. A fundamental challenge lies in deciphering how the latent representation41

varies across the physical domain (x, t) and, critically, how this variation changes in response to42

modifications in the problem’s parameters, such as the initial condition. The difficulty is compounded43

by the potentially high dimensionality of the latent space (10 dimensions in this study) and the44

unknown, potentially complex non-linear geometric structures formed by the collection of latent45

vectors corresponding to a given physical solution. For a specific initial condition, the set of latent46

vectors {L(x, t)} sampled over a grid of (x, t) points forms a point cloud in this 10-dimensional47

space, whose intrinsic structure and relationship to other such point clouds generated by different48

initial conditions are not a priori understood.49

This study focuses on dissecting the geometric structure of the 10-dimensional latent space generated50

by a PINN trained to solve the 2D Burger’s equation. The 2D Burger’s equation is a canonical51

non-linear PDE widely used as a simplified model for complex fluid dynamics phenomena like52

turbulence and shock formation, known for its rich dynamic behavior highly sensitive to initial53

conditions. We specifically examine how the PINN’s latent representation of the solution changes54

across 25 distinct initial conditions. For each initial condition, we treat the collection of latent vectors55

{L(x, t)} sampled across a discrete grid of (x, t) points as a dataset forming a point cloud in R10.56

Our primary objective is to analyze the geometric properties of these point clouds, characterizing57

their effective dimensionality, shape, and how these characteristics compare and contrast across58

the ensemble of 25 initial conditions. We hypothesize that despite the complexity of the Burger’s59

equation and the high dimensionality of the latent space, the network may learn a structured and60

perhaps simple encoding where the latent point clouds exhibit low-dimensional geometric properties61

and are related across initial conditions by simple transformations.62

To achieve this, we employ a suite of geometric analysis techniques. Principal Component Analysis63

(PCA) is utilized extensively to quantify the dominant directions of variation and determine the64

effective low dimensionality of the latent vector point clouds, both for the global collection of all65

latent vectors across all initial conditions, and for the point cloud corresponding to each individual66

initial condition. Furthermore, we employ subspace similarity measures to quantitatively compare67

the orientations of the principal subspaces learned for different initial conditions. By systematically68

analyzing the centroids of these point clouds and the relationship between their principal components69

and the global latent space structure, we aim to build a comprehensive picture of how the PINN70

encodes the effect of varying initial conditions within its learned representation. This approach71

allows us to test whether changes in initial conditions correspond to simple, predictable geometric72

transformations, such as translations or rotations, of a fundamental latent structure.73

Our analysis reveals a highly structured organization within the latent space. We find that, while74

the latent space is 10-dimensional, the entire collection of latent vectors across all initial conditions75

occupies an effectively 6-dimensional subspace, capturing over 99% of the total variance.76

Strikingly, for each individual initial condition, the corresponding set of latent vectors forms a distinct,77

approximately 3-dimensional affine manifold. This 3D structure is remarkably consistent in its78

intrinsic dimensionality and variance distribution across all 25 tested initial conditions. Crucially,79

the primary effect of changing the initial condition is encoded as a translation of this consistent 3D80

manifold. These manifold centroids trace a nearly one-dimensional path within the 10-dimensional81

latent space, strongly aligned with the dominant global principal component. Moreover, the orien-82

tations of these 3D manifolds are exceptionally similar, exhibiting an average subspace similarity83

exceeding 0.98, indicating they are nearly parallel with only subtle, low-dimensional variations in84

their alignment. These findings demonstrate that the PINN learns a highly efficient and structured85

parameterization where initial conditions select specific, geometrically simple, and highly related86
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low-dimensional structures within the overall latent space, offering valuable insights into the net-87

work’s internal encoding mechanisms and suggesting potential avenues for model interpretation and88

compression.89

2 Methods90

The objective of this study is to dissect the geometric structure of the 10-dimensional latent space91

generated by a Physics-Informed Neural Network (PINN) trained to solve the 2D Burger’s equa-92

tion. We investigate how the latent representations corresponding to different initial conditions are93

organized within this space and how their structure relates across an ensemble of 25 distinct initial94

conditions. Our methodology involves data preparation, applying Principal Component Analysis95

(PCA) to characterize the dimensionality and variance distribution of latent vector sets, and employing96

subspace similarity measures to compare the orientations of principal subspaces across different97

initial conditions.98

2.1 Latent Space Data Preparation99

The data used in this analysis originates from a pre-trained PINN solving the 2D Burger’s equation100

over a specified spatiotemporal domain. The data was provided as a NumPy array data_bundle with101

dimensions (101, 103, 25, 13). These dimensions correspond to spatial grid points (x-coordinate),102

time steps (t), initial condition index, and features, respectively. The spatial grid consists of 101103

points along the x-axis, and the temporal domain is discretized into 103 time steps. The dataset104

includes solutions and latent space representations for 25 different initial conditions. The features105

dimension (size 13) contains the predicted solution components (e.g., velocity fields u and v) and the106

10-dimensional latent vector output by an intermediate layer of the PINN for each spatial point (x)107

and time step (t) under a specific initial condition.108

The 10-dimensional latent space data was extracted from the last 10 components of the features109

dimension. This resulted in a tensor latent_space_data with dimensions (101, 103, 25, 10).110

Each element latent_space_data[i, j, k, :] represents the 10-dimensional latent vector111

L(xi, tj , ICk) corresponding to the spatial point xi, time tj , and the k-th initial condition ICk. For112

each initial condition k, the set of latent vectors {L(xi, tj , ICk)} over all i = 0..100 and j = 0..102113

forms a collection of 101 × 103 = 10403 points in the 10-dimensional latent space R10. This114

collection is treated as a point cloud representing the PINN’s latent encoding of the physical solution115

for initial condition ICk.116

2.2 Geometric Analysis Techniques117

To analyze the structure of these point clouds and their relationships, we employed Principal Compo-118

nent Analysis (PCA) [4, 9, 6] and subspace similarity measures.119

2.2.1 Principal Component Analysis (PCA)120

PCA is a statistical procedure that uses an orthogonal transformation to convert a set of observations121

of possibly correlated variables into a set of values of linearly uncorrelated variables called principal122

components [4, 5]. This transformation is defined in such a way that the first principal component has123

the largest possible variance (that is, accounts for as much of the variability in the data as possible),124

and each succeeding component in turn has the highest variance possible under the constraint that it125

is orthogonal to the preceding components [4]. The principal components are the eigenvectors of126

the data’s covariance matrix, and their corresponding eigenvalues represent the variance along those127

directions [4, 5].128

In this study, PCA was applied in several contexts:129

• Global PCA: PCA was applied to the entire collection of latent vectors across all spatial130

points, time steps, and initial conditions. The latent_space_data tensor was reshaped131

into a 2D matrix of size (101× 103× 25, 10), effectively treating all 10403× 25 = 260075132

latent vectors as a single dataset in R10. This global PCA reveals the overall dimensionality133

and dominant directions of variation within the latent space spanned by all observed states.134

The eigenvalues were used to calculate the percentage of total variance explained by each135
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principal component and the cumulative variance, providing an estimate of the effective136

global dimensionality.137

• Per-Initial Condition PCA: For each of the 25 initial conditions, PCA was applied inde-138

pendently to the set of 10403 latent vectors {L(xi, tj , ICk)} corresponding to that specific139

initial condition k. For each IC k, the data latent_space_data[:, :, k, :] was re-140

shaped into a 2D matrix of size (10403, 10). This per-IC PCA characterizes the intrinsic141

dimensionality and shape of the point cloud associated with a single physical solution. The142

centroid (mean vector) Ck of the point cloud for IC k was calculated, and the eigenvalues143

and eigenvectors (principal components) of its covariance matrix were obtained. The eigen-144

values indicate the variance along the principal directions, and the eigenvectors form an145

orthonormal basis for the principal subspace capturing the data’s variation. The cumulative146

variance explained by the principal components for each IC was analyzed to determine the147

effective intrinsic dimensionality of the manifold for that specific initial condition.148

• PCA on Centroids: The centroids Ck for each of the 25 initial conditions are 10-149

dimensional vectors. These 25 centroid vectors were collected into a 2D matrix of size150

(25, 10). PCA was applied to this matrix to analyze the geometric arrangement of the151

manifold centroids in the latent space. This reveals whether the variation in initial conditions152

primarily translates the latent manifold along a low-dimensional path or occupies a more153

complex structure in the latent space.154

For all PCA applications, the data was centered by subtracting the mean before computing the155

covariance matrix and performing the eigenvalue decomposition.156

2.2.2 Subspace Similarity Measures157

To compare the orientations of the principal subspaces identified by the per-IC PCA, we employed158

subspace similarity measures. For each initial condition k, the per-IC PCA yields a set of principal159

components {vk,1, vk,2, . . . , vk,10} ordered by their corresponding eigenvalues. Based on the cumu-160

lative variance explained, we determined an effective intrinsic dimensionality dic for the individual161

manifolds (e.g., the number of components capturing 95% of variance) [4, 6]. The principal subspace162

for IC k is then approximated by the span of its first dic principal components, span{vk,1, . . . , vk,dic
}.163

To quantify the similarity between the principal subspaces of two initial conditions k and j, we com-164

pared their sets of principal vectors {vk,1, . . . , vk,dic} and {vj,1, . . . , vj,dic}. A quantitative measure165

of subspace similarity is given by the principal angles between the two subspaces. Alternatively,166

for small dic, the similarity can be approximated by comparing corresponding principal vectors.167

For instance, the alignment of the primary direction of variation is measured by the absolute dot168

product |vk,1 · vj,1|. A value close to 1 indicates strong alignment, while a value close to 0 indicates169

orthogonality. We computed these measures for pairs of corresponding principal vectors (e.g., vk,1 vs170

vj,1, vk,2 vs vj,2) across all pairs of initial conditions to assess the consistency in manifold orientation.171

A high average subspace similarity across all pairs of ICs indicates that the principal directions172

of variation for the latent manifolds are largely parallel, implying that the manifolds are primarily173

translated versions of each other.174

2.3 Analysis Workflow175

The analysis was structured in a sequence of steps to progressively reveal the geometric structure of176

the latent space [8, 7] and the encoding of initial conditions:177

2.3.1 Initial Exploratory Data Analysis178

We began by performing global PCA on the entire collection of latent vectors to understand the179

overall distribution and effective dimensionality of the combined dataset [4, 6]. Concurrently, we180

performed per-IC PCA for each of the 25 initial conditions to obtain individual centroids and principal181

components, characterizing the typical intrinsic dimensionality and variance structure of a single182

manifold [3]. Finally, PCA was applied to the set of 25 centroids to understand how the mean183

positions of the manifolds are organized [6].184
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2.3.2 Characterization of Individual Manifolds185

Based on the per-IC PCA results, we determined the effective intrinsic dimensionality dic for the latent186

point cloud of each initial condition. We approximated each point cloud as an affine subspace defined187

by its centroid Ck and the span of its first dic principal component vectors Vk = [vk,1, . . . , vk,dic ]188

[4, 3, 6]. The eigenvalues associated with these vectors provided insight into the extent of the189

manifold along each principal direction [4, 6].190

2.3.3 Comparative Analysis Across Initial Conditions191

We systematically compared the characterized manifolds across the 25 initial conditions. The analysis192

of centroids (PCA on {Ck}) revealed the structure of the path traced by the manifold centers as the193

initial condition changes [6]. Subspace similarity measures were computed for pairs of principal194

subspaces span(Vk) to quantify how similarly oriented the manifolds are [4, 6]. By combining the195

information from centroid locations and manifold orientations, we assessed whether the primary effect196

of changing the initial condition is a simple translation, a rotation, or a more complex transformation197

of a fundamental latent structure [6]. We also specifically analyzed the set of first principal vectors198

{vk,1} across all ICs using PCA to see if the dominant direction of variation for individual manifolds199

exhibits a structured, possibly low-dimensional, variation across ICs [6].200

2.3.4 Relation to Global Latent Space Structure201

Finally, we related the local structures (individual manifolds) to the global structure identified by the202

global PCA. We projected the centered latent vectors (Lk − Ck) for each IC k onto the dominant203

subspace identified by the global PCA to see how much of the per-IC variance is aligned with the204

global principal directions. We also examined the alignment between the per-IC principal subspaces205

span(Vk) and the global principal subspace span(Uglob).206

2.3.5 Synthesis207

The findings from these analyses were synthesized to provide a comprehensive geometric description208

of the PINN’s latent space [1]. We described the typical intrinsic dimensionality of the latent209

representation for a single solution, the extent to which these representations form affine manifolds,210

how these manifolds are related across different initial conditions (e.g., by translation along a low-211

dimensional path, by consistent orientation), and how these local structures relate to the overall212

structure of the latent space. This synthesis allowed us to draw conclusions about how the PINN213

efficiently encodes the initial condition within its internal representation [2].214

3 Results215

The objective of this study was to investigate the geometric structure of the 10-dimensional latent216

space generated by a PINN solving the 2D Burger’s equation, focusing on how different initial217

conditions are encoded within this space. Using Principal Component Analysis (PCA) and subspace218

similarity measures, we analyzed the latent vectors corresponding to 25 distinct initial conditions.219

3.1 Global structure of the latent space220

We began by analyzing the overall structure of the latent space by performing PCA on the entire221

collection of latent vectors generated across all spatial points, time steps, and the 25 initial conditions.222

This global analysis, as described in the Methods, treats all 101× 103× 25 = 260075 latent vectors223

as a single dataset in R10. The variance explained by each principal component (PC) provides insight224

into the intrinsic dimensionality and dominant directions of variation within the aggregated latent225

representation.226

The results of this global PCA reveal a significant concentration of variance in the leading principal227

components. As shown in the scree plot in Figure 1, the first principal component (PC1) alone228

captures 60.12% of the total variance. The second (PC2) and third (PC3) components capture229

an additional 23.44% and 12.93%, respectively. Cumulatively, the first three global PCs account230

for 96.48% of the total variance. Including the fourth (1.30%), fifth (1.17%), and sixth (0.76%)231
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components brings the cumulative variance explained to 99.72%. The remaining four components232

individually explain less than 0.3% of the variance each.233

This strong concentration of variance within the first six principal components demonstrates that the234

entire collection of latent vectors, despite residing in a 10-dimensional space, effectively occupies a235

much lower-dimensional subspace. The vast majority (>99%) of the variability observed in the latent236

representations across all tested physical states and initial conditions is captured by a 6-dimensional237

linear subspace. This suggests that the PINN learns an overall efficient encoding, where the complex238

dynamics across different conditions are constrained to a relatively low-dimensional manifold within239

the full latent space.240

3.2 Intrinsic dimensionality of per initial condition manifolds241

Next, we investigated the structure of the latent space corresponding to individual initial conditions.242

For each of the 25 initial conditions (ICk, k = 0, . . . , 24), we performed PCA independently on243

the 101 × 103 = 10403 latent vectors {L(xi, tj , ICk)} associated with that specific condition.244

This analysis aims to characterize the intrinsic dimensionality and shape of the latent point cloud245

representing the PINN’s encoding of the solution for a fixed initial state.246

The results show a remarkable consistency across all 25 initial conditions. As shown by the average247

scree plot in Figure 2 and the intrinsic dimensionality distribution in Figure 3, for every single IC,248

precisely 3 principal components were sufficient to explain over 95% of the variance within its249

corresponding latent point cloud. Quantitatively, the average cumulative variance explained by the250

first three per-IC principal components is 97.48%, with a very low standard deviation (0.15%). The251

average variance explained by the first, second, and third per-IC PCs were 59.61%, 23.72%, and252

14.15%, respectively. The variance captured by the fourth per-IC PC and beyond drops sharply, with253

the average variance for the fourth PC being below 2%.254

These findings strongly suggest that, for any given initial condition within the tested set, the PINN’s255

latent representation of the spatiotemporal solution {L(x, t)} forms an effectively 3-dimensional256

structure embedded in the 10-dimensional latent space. The high percentage of variance captured by257

the leading three components indicates that these structures are well-approximated by 3-dimensional258

affine manifolds (shifted linear subspaces), exhibiting limited non-linear deviations from this linear259

approximation within the scope of the tested conditions. This implies that the network has learned a260

consistent, low-dimensional basis for representing the state of the system over space and time for a261

fixed initial condition.262

3.3 Geometric arrangement of manifold centroids263

To understand how the latent representations differ across initial conditions, we analyzed the geometric264

arrangement of the centroids Ck of the per-IC latent point clouds. Each centroid Ck is a 10-265

dimensional vector representing the mean position of the latent manifold for initial condition ICk.266

We collected these 25 centroid vectors and performed PCA on this (25× 10) matrix.267

The results of this centroid PCA are striking, as shown in the scree plot in Figure 4. The first268

principal component of the centroids (CPC1) explains an overwhelming 99.86% of the total variance269

in the centroid positions. The second component (CPC2) explains only 0.10%, and the third (CPC3)270

explains 0.02%.271

Projecting the centroids onto their principal components, as depicted in Figure 5 (2D projection)272

and Figure 6 (3D projection), reveals that they form an almost perfectly linear arrangement in the273

latent space. The centroids corresponding to initial conditions indexed 0 through 24 are ordered274

sequentially along this dominant, nearly one-dimensional direction defined by CPC1.275

This finding is crucial: it indicates that the primary effect of changing the initial condition within this276

ensemble is to translate the entire 3D latent manifold corresponding to that condition along a specific,277

nearly one-dimensional path within the 10-dimensional latent space. This suggests that the PINN278

encodes the difference between initial conditions predominantly as a shift in the mean position of the279

learned solution manifold.280
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3.4 Comparison of manifold orientations281

While the centroids reveal the translational differences between the manifolds, we also investigated282

whether the orientation or "shape" of the 3D manifolds changes across initial conditions. For each283

ICk, the per-IC PCA yields a set of principal vectors {vk1, vk2, vk3} spanning the approximate 3D284

affine manifold. We compared these principal subspaces across different initial conditions.285

We quantified the similarity between the 3-dimensional principal subspaces spanned by286

{vk1, vk2, vk3} for pairs of initial conditions (ICk, ICl) using subspace similarity measures based287

on principal angles. The results, shown in the heatmap in Figure 7, indicate that the average subspace288

similarity score across all pairs of initial conditions was exceptionally high, measuring 0.986, with a289

standard deviation of only 0.014. The minimum observed similarity was 0.954. A similarity score290

close to 1 indicates that the two subspaces are nearly parallel.291

To further understand the subtle variations in orientation, we performed PCA separately on the set292

of first principal vectors {vk1}24k=0, the set of second principal vectors {vk2}24k=0, and the set of293

third principal vectors {vk3}24k=0 across all initial conditions. As shown in Figure 8 (dot product294

heatmaps) and Figure 9 (PCA of principal vectors), for the set of first principal vectors {vk1}, the295

first PC explained 85.45% of their variance. For {vk2}, the first PC explained 80.04%. Most notably,296

for {vk3}, the first PC explained 97.67% of the variance. This indicates that the variations in the297

orientations of the principal axes of the 3D manifolds are themselves highly structured and change298

in a low-dimensional manner, effectively tracing out nearly one-dimensional paths in the space of299

orientation vectors as the initial condition index changes.300

In summary, the 3D latent manifolds are not only translated versions of each other but also exhibit a301

very high degree of parallelism. The minor deviations in their orientations are systematic and follow302

a simple, low-dimensional pattern correlated with the initial condition index.303

3.5 Relationship between per initial condition structures and global structure304

Finally, we related the geometrically characterized per-IC manifolds to the overall structure of the305

global latent space. The global PCA identified a 6-dimensional subspace capturing 99.72% of the306

total variance (Figure 1). We projected the centered latent vectors (Lk−Ck) for each initial condition307

k onto this 6D global principal subspace. As shown in Figure 10, on average, 99.66% of each308

individual IC’s intrinsic variance (the variance within its 3D manifold) was captured by this 6D global309

subspace, with a minimum capture of 99.24%. This confirms that the individual 3D manifolds are310

almost entirely embedded within the common, higher-dimensional subspace occupied by the entire311

dataset.312

Furthermore, we projected the per-IC centroids Ck onto the global principal components. This313

analysis, visualized in Figure 11 (2D projection) and Figure 12 (3D projection), showed that the314

trajectory of the centroids aligns strongly with the first global principal component (Global PC1).315

The initial condition index (0-24) maps almost linearly to the position along Global PC1. This316

demonstrates that the dominant mode of variation in the entire latent space (Global PC1) is directly317

associated with the primary way the initial conditions are encoded – as translations of the latent318

manifold along this direction.319

These results highlight a hierarchical structure: a global 6D subspace accommodates all learned320

representations. Within this subspace, each specific initial condition selects a 3D affine manifold321

whose position is determined by a translation along a nearly 1D path strongly aligned with the global322

PC1. The orientation of this 3D manifold is remarkably consistent across ICs, with subtle, structured,323

low-dimensional variations.324

3.6 Synthesis and interpretation325

The collective findings from our geometric analysis provide a clear and compelling picture of how326

the PINN structures its latent space to represent solutions of the 2D Burger’s equation across varying327

initial conditions. The latent space is not a complex, entangled high-dimensional mess but rather328

exhibits a highly organized geometric structure.329

For a given initial condition, the network learns a representation that effectively lies on a 3-dimensional330

affine manifold within the 10-dimensional latent space. This intrinsic dimensionality is strikingly331
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consistent across all 25 tested initial conditions, as shown in Figure 3. The primary effect of changing332

the initial condition is not to drastically alter the structure or dimensionality of this manifold, but333

rather to translate it within the latent space. These translations occur along a well-defined, nearly334

one-dimensional path (Figures 5, 6), which is itself strongly aligned with the dominant direction of335

variation in the overall latent space (Figures 11, 12). Moreover, the orientation of these 3D manifolds336

is remarkably similar across different initial conditions, indicating they are nearly parallel (Figure 7).337

The subtle variations in their orientation are not random but follow a structured, low-dimensional338

pattern related to the initial condition (Figure 9).339

This suggests that the PINN has learned a form of disentangled representation. The network appears340

to separate the influence of the initial condition from the intrinsic spatiotemporal evolution of the341

solution. The intrinsic dynamics for a fixed initial condition are encoded within the 3D structure342

of the manifold, while the specific initial condition primarily acts as a parameter that translates this343

fundamental 3D structure in the latent space. This organization is highly efficient; instead of learning344

25 distinct, unrelated high-dimensional structures, the network leverages a common 3D "template"345

and uses a simple, low-dimensional transformation (translation and minor orientation adjustment)346

to adapt it for different initial conditions. This geometric simplicity in the latent space provides347

valuable insights into the network’s internal encoding mechanisms, suggesting that the PINN captures348

the essential physics in a structured and interpretable manner, at least within this learned latent349

representation.350

3.7 Limitations and future directions351

While the findings reveal a surprisingly simple and structured latent space geometry, it is important352

to consider potential limitations and avenues for future research. Our analysis heavily relies on353

PCA, which is a linear technique. Although the high variance capture suggests that affine manifolds354

are good approximations, non-linear manifold learning techniques could potentially uncover finer,355

non-linear structures within the 3D manifolds or in the arrangement of centroids and orientations.356

The study was conducted for a fixed viscosity parameter; exploring how the latent space structure357

changes with varying viscosity would be a crucial extension, providing insights into how the PINN358

encodes physical parameters beyond initial conditions. A larger and more diverse set of initial359

conditions could further validate the observed low-dimensional nature of the centroid path and360

orientation variations, potentially revealing more complex patterns if the range of initial conditions361

were significantly expanded. Furthermore, correlating the specific characteristics of the initial362

conditions (e.g., amplitude, frequency content) with their positions along the centroid trajectory and363

their manifold orientations would provide deeper physical meaning to the learned latent structure.364

Finally, investigating whether similar structured latent spaces are learned by PINNs for other types365

of PDEs or with different network architectures is essential to assess the generalizability of these366

findings.367

4 Conclusions368

This study investigated the geometric structure of the 10-dimensional latent space generated by a369

Physics-Informed Neural Network (PINN) trained to solve the 2D Burger’s equation across a set370

of 25 distinct initial conditions. Our goal was to understand how the PINN encodes the physical371

state of the system and how variations in the initial condition are reflected in the network’s internal372

representation. We hypothesized that the latent space might exhibit a structured, potentially low-373

dimensional, organization related to the problem parameters.374

To address this, we employed Principal Component Analysis (PCA) and subspace similarity measures375

to analyze the collections of latent vectors. We performed PCA on the entire dataset of latent vectors376

(global PCA), on the latent vectors for each individual initial condition (per-IC PCA), and on the377

centroids of the per-IC latent point clouds. Subspace similarity was used to compare the orientations378

of the principal subspaces identified by the per-IC PCA. The dataset comprised 10-dimensional latent379

vectors extracted from a pre-trained PINN solution for 25 initial conditions, sampled over a spatial380

and temporal grid.381

Our analysis yielded several key findings regarding the geometric organization of the latent space.382

Globally, the latent vectors across all initial conditions occupy an effectively 6-dimensional subspace,383

capturing over 99% of the total variance, indicating an overall efficient representation. More specifi-384
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cally, for each individual initial condition, the set of latent vectors forms a distinct, approximately385

3-dimensional affine manifold embedded within the 10-dimensional space. This intrinsic dimensional-386

ity and the distribution of variance along the principal components were remarkably consistent across387

all 25 initial conditions. Crucially, the primary effect of changing the initial condition is encoded as a388

translation of this consistent 3D manifold within the latent space. The centroids of these manifolds389

trace a nearly one-dimensional path, strongly aligned with the dominant global principal component,390

as the initial condition changes. Furthermore, the 3D manifolds for different initial conditions are391

remarkably parallel to each other, exhibiting an average subspace similarity exceeding 0.98, with392

only subtle, low-dimensional variations in their orientation.393

From these results, we learned that the PINN develops a highly structured and geometrically sim-394

ple representation of the Burger’s equation solutions. Instead of learning entirely distinct high-395

dimensional representations for each initial condition, the network appears to learn a fundamental,396

low-dimensional (3D) structure representing the spatiotemporal evolution of the system for a fixed397

initial state. The specific initial condition then acts primarily as a parameter that translates this398

base structure along a specific direction in the latent space. This suggests a form of disentangled399

representation, where the network separates the influence of the initial condition (encoded as a400

translation) from the intrinsic dynamics (encoded within the 3D manifold structure). This geometric401

organization is highly efficient and offers valuable insights into the network’s internal encoding402

mechanisms, suggesting that the PINN captures the essential physics in a structured and potentially403

interpretable manner within this latent space.404

While our findings reveal a compelling geometric structure, it is important to acknowledge the405

limitations of relying primarily on linear techniques like PCA, which might miss finer non-linear406

structures. Future work could explore non-linear manifold learning techniques to further probe the407

geometry. Expanding the study to include variations in physical parameters, such as viscosity, and408

analyzing a larger, more diverse set of initial conditions would be crucial to assess the generalizability409

of these findings and potentially uncover more complex organizational principles. Correlating410

specific properties of the initial conditions with the latent space features (centroid position, manifold411

orientation) would provide deeper physical meaning. Finally, investigating whether similar structured412

latent spaces are learned by PINNs for other types of PDEs and with different network architectures413

is essential to determine the broader applicability of these observed geometric principles.414
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A Supplementary Figures438

Figure 1: Scree plot showing the individual and cumulative explained variance from the global
Principal Component Analysis of all latent vectors. The variance is highly concentrated in the first
three components, which capture over 96% of the variance, revealing the low-dimensional structure
of the global latent space.

Figure 2: Average explained variance by principal components for the latent space of each initial
condition, averaged across 25 initial conditions. Blue bars show the average individual explained
variance per component; the red line shows the average cumulative explained variance with standard
deviation (shaded). This analysis reveals that the latent representation for each initial condition is
consistently low-dimensional, with the first three components capturing nearly 97.5% of the variance
on average.

B Technical Appendices and Supplementary Material439

Technical appendices with additional results, figures, graphs and proofs may be submitted with the440

paper submission before the full submission deadline, or as a separate PDF in the ZIP file below441

before the supplementary material deadline. There is no page limit for the technical appendices.442
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Figure 3: Distribution of the intrinsic dimensionality for the latent representations of each of the
25 initial conditions (ICs). Intrinsic dimensionality is defined as the minimum number of principal
components required to capture over 95% of the variance for each IC’s latent vectors. The plot shows
that all 25 ICs result in latent manifolds with an intrinsic dimensionality of 3.

Figure 4: Scree plot showing the variance explained by principal components of the initial condition
(IC) centroids. The first principal component captures over 99% of the variance, indicating that the
centroids are arranged along an effectively one-dimensional structure in the latent space.

Figure 5: Initial condition (IC) manifold centroids projected onto their first two principal components
(CPC1 and CPC2). Each point represents the centroid for a specific IC, labeled and colored by its
index (0-24). The points form a clear, near-linear trajectory predominantly along CPC1, indicating
that changing the IC primarily translates the corresponding latent manifold along a dominant direction.
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Figure 6: Three-dimensional scatter plot showing the projection of the 25 per-initial condition (IC)
latent manifold centroids onto their first three principal components (CPC1, CPC2, and CPC3).
Each point represents the centroid for a unique initial condition and is colored according to its
corresponding IC index (0 to 24). The plot demonstrates that the centroids are arranged along a
predominantly one-dimensional path, strongly aligned with CPC1, indicating that the primary effect
of varying the initial condition is to translate the latent manifold along a specific direction.

Figure 7: Subspace similarity between 3D latent manifolds for different initial conditions. The
heatmap shows the average squared cosine of the principal angles between the subspaces spanned
by the top three principal components for each pair of initial conditions (ICk and ICl). High
values (bright yellow) indicate strong alignment. The consistently high similarity across all pairs
demonstrates that the 3D latent manifolds associated with different initial conditions are highly
parallel.

Figure 8: Heatmaps show the absolute dot product between corresponding principal vectors (PC1,
PC2, PC3) from per-initial condition PCA for all pairs of initial conditions. High values (yellow)
indicate strong alignment. The plots demonstrate substantial alignment across initial conditions,
particularly for PC3, indicating that the 3D latent manifolds for different initial conditions are largely
parallel.
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Figure 9: Principal Component Analysis (PCA) of the sets of per-initial condition (IC) principal
vectors. Top row shows scree plots for the collection of first (vk1), second (vk2), and third (vk3)
per-IC principal vectors across all 25 ICs, indicating high variance capture by the first component
in each set. Bottom row shows the 2D projection of these vector sets onto their respective first two
principal components, colored by IC index, revealing a structured, low-dimensional variation in the
orientation of the 3D per-IC manifolds.

Figure 10: Percentage of the intrinsic variance for each initial condition (IC) latent manifold captured
by the 6-dimensional global principal subspace. The consistently high values demonstrate that the
individual 3D manifolds are effectively embedded within this common global subspace.

Figure 11: Projection of per-initial condition latent manifold centroids onto the first two global
principal components. Each point, labeled and colored by initial condition index, reveals a near-linear
arrangement predominantly along the first global component. This indicates that the PINN encodes
variations due to initial conditions primarily by translating the corresponding latent manifolds along
a structured, low-dimensional trajectory within the global latent space.
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Figure 12: Centroids of the 25 per-initial condition (IC) latent manifolds projected onto the first three
global principal components (PCs). Points are colored by IC index (0-24). The centroids form a
near-linear path, primarily along Global PC1, indicating that different initial conditions primarily
translate the latent manifolds along this dominant direction in the global latent space.

Agents4Science AI Involvement Checklist443

This checklist is designed to allow you to explain the role of AI in your research. This is important for444

understanding broadly how researchers use AI and how this impacts the quality and characteristics445

of the research. Do not remove the checklist! Papers not including the checklist will be desk446

rejected. You will give a score for each of the categories that define the role of AI in each part of the447

scientific process. The scores are as follows:448

• A. Human-generated: Humans generated 95% or more of the research, with AI being of449

minimal involvement.450

• B. Mostly human, assisted by AI: The research was a collaboration between humans and451

AI models, but humans produced the majority (>50%) of the research.452

• C. Mostly AI, assisted by human: The research task was a collaboration between humans453

and AI models, but AI produced the majority (>50%) of the research.454

• D. AI-generated: AI performed over 95% of the research. This may involve minimal human455

involvement, such as prompting or high-level guidance during the research process, but the456

majority of the ideas and work came from the AI.457

These categories leave room for interpretation, so we ask that the authors also include a brief458

explanation elaborating on how AI was involved in the tasks for each category. Please keep your459

explanation to less than 150 words.460

1. Hypothesis development: Hypothesis development includes the process by which you461

came to explore this research topic and research question. This can involve the background462

research performed by either researchers or by AI. This can also involve whether the idea463

was proposed by researchers or by AI.464

Answer: D465

Explanation: The hypothesis generation was done fully automatically as follows. Based on466

a data description, the idea module of Denario generated an idea. The idea module involves467

two main agents with two different LLM instances which Google, OpenAI or Anthropic468

models.469

2. Experimental design and implementation: This category includes design of experiments470

that are used to test the hypotheses, coding and implementation of computational methods,471

and the execution of these experiments.472

Answer: D473
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Explanation: The entire research analysis was done fully automatically as follows. First, a474

methodology module designed a research methodology using one main agent. Then, this475

methodology was implemented by other agents using Denario’s analysis module based on476

cmbagent.477

3. Analysis of data and interpretation of results: This category encompasses any process to478

organize and process data for the experiments in the paper. It also includes interpretations of479

the results of the study.480

Answer: D481

Explanation: As above, this is done fully automatically in two parts of the Denario system:482

(i) in the last step of the analysis module and (ii) as part of the paper writing module.483

4. Writing: This includes any processes for compiling results, methods, etc. into the final484

paper form. This can involve not only writing of the main text but also figure-making,485

improving layout of the manuscript, and formulation of narrative.486

Answer: D487

Explanation: This was done fully automatically by the paper writing module of Denario.488

5. Observed AI Limitations: What limitations have you found when using AI as a partner or489

lead author?490

Description: As of now, we can not control the page limit.491
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Agents4Science Paper Checklist492

1. Claims493

Question: Do the main claims made in the abstract and introduction accurately reflect the494

paper’s contributions and scope?495

Answer: Yes496

Justification: This submission was ranked highly by a team of human evaluators (not497

involved in generating the paper itself). They validated the soundness of the submission.498

2. Limitations499

Question: Does the paper discuss the limitations of the work performed by the authors?500

Answer: Yes501

Justification: We emphasize that in the current version of the system, a full critical reviewing502

of the results is done after the paper writing and is not featured in the manuscript. (In future503

work, this will be incorporated in the end-to-end research and paper writing workflow.)504

Thus, in the current submission, the limitations are discussed only very superficially in the505

conclusion section of the manuscript.506

3. Theory assumptions and proofs507

Question: For each theoretical result, does the paper provide the full set of assumptions and508

a complete (and correct) proof?509

Answer: Yes510

Justification: This submission was ranked highly by a team of human evaluators (not511

involved in generating the paper itself). They validated the soundness of the submission,512

including the assumptions and proofs.513

4. Experimental result reproducibility514

Question: Does the paper fully disclose all the information needed to reproduce the main ex-515

perimental results of the paper to the extent that it affects the main claims and/or conclusions516

of the paper (regardless of whether the code and data are provided or not)?517

Answer: Yes518

Justification: As part of the automated generation processes implemented in Denario, all the519

materials needed to reproduce the results in the paper are available including codes, data,520

LaTeX files, etc.521

5. Open access to data and code522

Question: Does the paper provide open access to the data and code, with sufficient instruc-523

tions to faithfully reproduce the main experimental results, as described in supplemental524

material?525

Answer: Yes526

Justification: For every submission, we provide a link where all the inputs and outputs of527

Denario are stored.528

6. Experimental setting/details529

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-530

parameters, how they were chosen, type of optimizer, etc.) necessary to understand the531

results?532

Answer: Yes533

Justification: As this automatically by the agents, the level of details in which this is presented534

is not under human control. However, given that all the code where the experiments are535

set-up is available, all the information can be consulted if needed.536

7. Experiment statistical significance537

Question: Does the paper report error bars suitably and correctly defined or other appropriate538

information about the statistical significance of the experiments?539

Answer: Yes540
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Justification: When error bars and statistical significance is an important information, it is541

generally reported.542

8. Experiments compute resources543

Question: For each experiment, does the paper provide sufficient information on the com-544

puter resources (type of compute workers, memory, time of execution) needed to reproduce545

the experiments?546

Answer: Yes547

Justification: The information on the type of compute workers, memory, time of execution548

of experiments is included in the logs of the system, if not in the paper.549

9. Code of ethics550

Question: Does the research conducted in the paper conform, in every respect, with the551

Agents4Science Code of Ethics (see conference website)?552

Answer: Yes553

Justification: We (human assessors) confirm that the paper conform, in every respect, with554

the Agents4Science Code of Ethics.555

10. Broader impacts556

Question: Does the paper discuss both potential positive societal impacts and negative557

societal impacts of the work performed?558

Answer: NA559

Justification: There is no societal impact of the work performed.560
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