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Abstract

In the Learning to Defer (L2D) framework, a prediction model can either make a prediction
or defer it to an expert, as determined by a rejector. Current L2D methods train the rejector
to decide whether to reject the entire prediction, which is not desirable when the model
predicts long sequences. We present an L2D setting for sequence outputs where the system
can defer specific outputs of the whole model prediction to an expert in an effort to interleave
the expert and machine throughout the prediction. We propose two types of model-based
post-hoc rejectors for pre-trained predictors: a token-level rejector, which defers specific
token predictions to experts with next token prediction capabilities, and a one-time rejector
for experts without such abilities, which defers the remaining sequence from a specific point
onward. In the experiments, we also empirically demonstrate that such granular deferrals
achieve better cost-accuracy tradeoffs than whole deferrals on Traveling salesman solvers,
News summarization, and Weather prediction.

1 Introduction

Trustworthiness of Al is under scrutiny with its increased deployment in highly consequential areas like
healthcare (Ker et al.l 2017; |Courtiol et al., |2019; |Asan et al., |2020|) and criminal justice (Dressel & Farid,
2018; Rigano, [2019; [Alikhademi et al., [2022). Hybrid intelligent systems (Kamar} 2016; Dellermann et al.,
2019; |Akata et al., 2020; Maadi et al.| 2021) approach this problem through collaborations between either
humans and machines or two machines to improve confidence in the system. Specifically, Learning to Defer
(L2D) (Madras et al., [2018)) accommodates these teams by allowing the model to defer to an expert when it is
uncertain about a prediction task with the objective of maximizing overall system accuracy while minimizing
deferral costs.

Existing L2D methods focus on multiclass (Mozannar & Sontag], [2020; |Cao et al. 2022} |Verma & Nalisnick,
2022; Mao et al. 2024alic) and scalar regression (Cheng et al., 2024; Mao et al.l [2024b)) problems. However,
these methods only support complete deferral of predictions, resulting in costs that scale with the output
size, when applied to large sequence outputs (Narasimhan et al., [2024). This is inefficient if only parts of
the model’s prediction are inaccurate. The prevalence of sequences in areas such as drug discovery (Wang
et al., [2018; Jumper et al.||2021; |Dauparas et al.,|2022; Nijkamp et al., 2023|) and language modeling (Kenton,
& Toutanovay, 2019; Brown et al.l [2020; [Raffel et al., 2020) calls for a cost-effective extension of the L2D
framework to handle sequential outputs.

To this end, we propose a fine-grained approach to deferral where the system has the flexibility to defer
portions of the predicted sequence. For example, in part of speech tagging, this mechanism would only require
the expert to tag a few uncertain sentences in a paragraph rather than the whole paragraph, reducing the time
cost which increases with the number of words to be tagged. This can, therefore, achieve a more favorable
cost-accuracy tradeoff, which can further improve as the deferrals become more precise - for example, at
the word-level. Additionally, parts of the prediction task completed by the predictor can also function as
contextual clues for the language expert to fill in the deferred parts, further minimizing deferral costs.

While partial deferral is therefore desirable, the granularity of such deferrals depends on the size of the
sequence segments the expert can predict at a time. For instance, if the expert is a next-token predictor,
it can complete spans as small as a single token—token-level deferral. This is especially valuable when
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the model’s predictive quality across all parts of the output are dependent. Specifically, in autoregressive
prediction, uncertainty at earlier prediction points can propagate and degrade later points (Bengio et al.
[2015; [Lamb et al., 2016} [Schmidt| |2019). Thus, to achieve a better cost-accuracy tradeoff, the token-level
rejector can orchestrate a dynamic collaboration between the predictor and the expert where the predictor
receives an expert prediction on an early substructure before the model veers “off-course”.

This, however, is only feasible with experts that can make predictions one token at a time. That said,
partial deferrals can still be implemented as long as the expert is at least capable of completing the predicted
sequence given a partial subsequence from the model. We refer to this type of deferral as one-time deferral.
For example, Gurobi solvers for Traveling salesman problems lack the ability to iteratively select the next
city in the tour, but they can use partial subtours generated by models as constraints to generate the entire
tour at a reduced cost. In this case, the one-time rejector would select a point in the sequence from which
the expert completes the sequence.

In this paper, we make the following contributions:

o We present a novel L2D framework where the rejector interweaves the expert’s and machine’s pre-
dictions to improve cost-accuracy tradeoffs. We divide this setting into token-level and one-time
deferrals based on the granularity of the deferrals, thereby accommodating various types of experts.

o We propose convex surrogate losses that offer Bayes consistency guarantees leading to implementable
model-based post hoc rejectors for pre-trained predictors for each type of deferral. We further analyze
the surrogates theoretically through generalization bounds.

e We empirically demonstrate improved cost-accuracy tradeoffs when using model-based rejectors for
either deferrals against whole sequence rejectors with Traveling salesman solvers, News summariza-
tion, and Weather prediction.

2 Background

2.1 Learning to Defer

Deferrals, also known as rejections or abstentions, are classified into two types - confidence-based
1957; Bartlett & Wegkamp,|2008;|[Yuan & Wegkamp), |2010; Ramaswamy et al.,|2018) and model-based (Cortes
et all [2016; Madras et all, 2018} Mozannar & Sontag} [2020} [Verma & Nalisnick], [2022; [Cao et all 2022} [Mao
et all 2024a} [Cheng et al| [2024; Mao et all [2024b). Confidence-based methods learn a predictor that
outputs confidences; a prediction is rejected whenever its confidence falls below a cost-dependent threshold.
However, Madras et al.| (2018) and |Cortes et al. (2016) characterized the suboptimality of these methods
and advocated for the rejector to be a model trained either simultaneously with the predictor or post-hoc:
this is the model-based approach. This system seeks to minimize the following loss function:

LLQD (h7 rex, y) = l(y7 h(x))lr(w)<0 + C(ZC, Y, e)lr(x)ZO (1)

where h is the predictor, r is the rejector, e is the expert, I(y, h(x)) is the model loss, and ¢(z,y, e) is the
cost incurred when deferring to an expert.

Although our setting assumes access to a single expert, one-time deferral closely resembles L2D with multiple
experts (Verma et al.,[2023}[Mao et al.|[2024b)). We formalize this similarity and its implications in Section [4.1]
For F experts, L2D minimizes:

E
L1,2DMulti (h7 Y, {6j }]'Ezl) = l(ya h(x))]-?(w)zo + Z Cj ($, Y, 6j)17'(w):j (2)
j=1

where c;(z,y, e;) is the cost of querying the j*® expert, e;. The rejector must decide which expert to defer
to.
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2.2 Consistent Losses

Direct minimization of Equations and is challenging due to the non-convexity and discontinuities.
This can be addressed by optimizing a convex surrogate loss function which, upon minimization, will lead
to the same outcome as minimizing the original loss. This property is formally called Bayes Consistency.

Definition 2.1 (Consistency). Let the risk of a hypothesis f with respect to a loss I be R;(f) =
E(e,y)~Pry [1(f(2),y)]. Let the optimal risk with respect to I out of all hypotheses in F be Rj(F) =
infrer Ri(f). A surrogate loss function, ¢(-), is said to be F-consistent with respect to [ if for any f,, € F,
the following property holds true:

lim R (fn) = R4(F) = 0= lim Ry(fn) = Ri(F) =0

n—oo

When F is the class of all measurable functions, a surrogate ¢ is Bayes consistent for a target loss [ if there
exists a nondecreasing function I' : R — R continuous at 0 with I'(0) = 0, such that for all f,

Ri(f) = Ri <T (Re(f) —R})

where R} = inf; R;(f) is the optimal risk over all measurable functions. We introduce surrogates for
both token-level and one-time deferral (similar to Equations and ) and prove they satisfy the above
inequality, thereby establishing Bayes consistency.

3 Token-level partial deferral

Let Y C UZL:1 V! denote the space of sequences over label set V with maximum length L. For y € ), the 5"
token is y; € V. V can be a finite vocabulary in the case of text sequences and be R when the output is a
scalar time series. Let X be the feature space. In sequence generation, X C R? would be a d-dimensional
feature space, whereas X = V'L would be a sequence space in sequence-to-sequence learning. Let Pxy
denote the data-generating distribution over X x ).

Suppose we have a predictor h and a stronger expert e. e takes in x € X and the leftward context y.; =
(U1, ,Yj—1) € VI71 to predict y;; repeated calls can auto-regressively complete the sequence. e can, for
instance, be a human or a large autoregressive model. However, querying e is more expensive than calls to
h. We, therefore, wish to design an L2D system where experts can complete uncertain tokens in the model’s
prediction, facilitating more fine-grained deferrals — referred to as token-level deferrals — yielding a more
favorable cost-quality tradeoff than deferring the entire sequence.

If h is autoregressive, token-level deferrals allows h to leverage the expert-supplied tokens when generating
subsequent tokens, enabling a seamless and adaptive collaboration. This mitigates uncertainty propagation,
reduces the number of expert queries, and improves cost—effectiveness. While this paradigm can apply to all
sequence predictors, we will specifically focus on a dynamic L2D system with an autoregressive predictor.

In this setting, at step j, the rejector r; takes in (z,7<;) where y.; may mix predictor and expert tokens.
When r;(z,7<;) > 0, it rejects the 51 label prediction from h and receives an expert prediction y5. Otherwise,
the model will keep the prediction from h, i.e. ﬁjh = h(z,Y<;). For a fixed h and a specific instance of
(x,¥<j,y), rj is trained to minimize:

£ (hyrj e egy) =1 (u.97) 1,

~
Ti\TY<j

J<o (@I, (5 )50 ’

where I(y, @h) is the loss from using gjjh and ¢;(x, J<;,y) is the deferral cost. I(y, ﬂjh) can be the mean squared
error defined by (y; — @\Jh)Q or a 0-1 loss between the true j** token and @\]h in text sequences. Generally,
I (y,7") can be viewed as token-level feedback to generate an accurate complete sequence. ¢;(x,J<;,y) can
be a constant ¢; to reflect expert query costs but it can also be I(y, y§) to account for the expert’s errors.

Finally, the predicted j*" label j; = 33;117,]_(%5@)@ + ﬂjlw_(%gﬂ)zo is appended to y<; to serve as input for

(7 + 1)*™® token prediction, and this continues until L labels are generated. The total loss for the sequence
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is L% (h,r,a,y) = L300 £ (hrj,e,§egy) where = [y ... 7], The £T-risk is denoted by
RToken(h7 T) = E(x,y)NPXYY [ﬁTOken(h, T, T, y)]

For analysis, we assume teacher-forced training (Williams & Zipser, 1989; Lamb et all,2016): at j** step, L;
is evaluated on the output of r;, but we roll out the leftward context for step j+1 using the oracle rejection

decision 1, (W25 (<5 )" This decouples the training distribution of y.; from the router’s predictions; the

context depends only on (x,y) via the predictor and expert outputs. In experiments, we don’t limit ourselves
to teacher forcing training due to the risk of exposure bias; see Appendix [H]

3.1 Surrogate Loss

As described in Section [2.2] minimizing the deferral loss directly is computationally difficult, so identifying an
optimal rejector requires optimizing a convex surrogate loss that is Bayes consistent with respect to £Token,
To this end, we propose the following surrogate loss function: L?(h,r,x,y) = %25:1 Ef(h,rj,x,ﬂq,y)
where

‘Cf(hﬂ Tj, T, ?J\<j7 y) =1 (y7 ?J\Jh) ¢(Tj(‘rv :/U\<]')) + Cj (ﬁ, i/\<j7 y)¢(_rj (1‘, @\<j)) (4)
and ¢ is a convex binary surrogate loss. ¢ could, for example, be the logistic loss, i.e., ¢(z) =
log (1 +exp{—=z}), or the square loss, i.e., ¢(2) = (1 — 2)%.  L%risk is characterized by Ry(h,7) =
E(z,y)NPX,y [£¢(ha T, T, y)]

The optimization of £?(h,r,x,y) is feasible due its convexity. Additionally, it upper bounds £Tk" upto
a scaling factor, providing alignment between reducing the surrogate loss and reducing the desired loss
function. The proof of these properties can be found in Appendix

To show Bayes consistency of the surrogate, we relate the excess risk using £T°%" and the excess risk using
£? in Lemma The proof employs a specific type of distribution on X x {—1,1} with mass on functions
of the conditional expectations of [ (y7 @;‘) and ¢;(z,Y<;,y) to relate the two inequalities - a strategy inspired
by [Mao et al|(2024a). The complete proof can be found in Appendix [A.2]

Lemma 3.1. Let 0 < ¢ < ¢j(z,9<;,y) < C < oo forall j, 0 < Z(y,ﬁjh) <1 < 0o, and ¢ be a binary surrogate
loss that satisfies the following inequality for any distribution over X x {—1,1} and any measurable function

f:
Rbinary O—l(f) - RZinary 0—1 <r (Rbinary ¢(f) - Zinary ¢>

where Ryinary 0—1 15 the binary 0-1 risk and I : R+ — R* is a non-decreasing concave function. Then, for
any measurable r and any h, the following inequality holds for any distribution over X x Y:

7?/Toke’rl (’I", h) - j’?[’oken(h) S f‘ (R(i’ (’I“, h) - Rz<h))
where f(z) = (l_+ C) r (%)7 R?oken(h) = infr RToken (7”, h); and R;(h‘) = inf?‘ R¢ (’I“, h‘)

Taking the limit on both sides of the inequality result of Lemma [3.I] proves consistency of the surrogate loss,
formally stated in Theorem [3.2] The proof of Theorem [3.2] hinges on the fact that a classification-calibrated
surrogate loss satisfies the condition presented in Lemma A loss ¢ is considered binary classification
calibrated if the minimizer of the pointwise ¢—risk or E,op,, ._ [#(yf(x))] always has the same sign as
P[Y =1 | X = z] — . We defer the full proof of Theorem and the formal definition of classification
calibrated loss to Appendix

Theorem 3.2 (Consistency). If 0 < ¢ < ¢;(x,9<j,y) < C < oo for all j, 0 < l(y,ﬂjh) <1< o0, and ¢ be

binary classification calibrated, then, for a fized h, L? is a Bayes consistent surrogate for L£ToFem.

3.2 Generalization Bounds

While Bayes consistency is desirable, the property only holds in the limit of infinite data and does not possess
finite sample guarantees. In practice, finding a risk minimizer over the entire class of measurable functions
is extremely challenging, particularly because Px y is usually unknown. With access to a rejector training
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data set D with n samples, we can only learn the optimal 7, € arg min,.c }- R¢( r) from a restricted hypothesis

class F by minimizing the empirical risk with respect to £ - R4(r) = Z(IL L?(h,r,xt,y"). We now
present an upper bound for the estimation error to characterize the quahty of 7, rn Wlth respect to F. Please
refer to Appendix [A4] for the full proof.

Theorem 3.3. Suppose r € F which is composed of {fj}le such that r; € F;, cj(z) < C, and I(y, 37;’) <.
If ¢ is p-lipschitz continuous, then with probability 1 — §, the following upper bound holds for the empirical
risk minimizer T, with respect to Lg:

4 202+l2 L B
Ro (Fa) — RY (F) < ”— V2 SR, (F) 4 (C+ )

Jj=1

2log (%)
n

where R}, (F) = inf,cx Ry (r) and R, (F;) is the Rademacher Complezity of F;

From Theorem the estimation error of using 7, with respect to £? depends on the Rademacher complexity
R, (F) of the hypothesis class. Theorem alone does not describe the excess risk with respect to the
original token loss £T°%" Using Lemma e express the upper bound of the excess risk in Corollary
and the proof can be found in Appendix

Corollary 3.4. Suppose r € F which is composed of {]—"} ., such that rj € Fj, 0 < & < ¢j(z) < C,
and l(y,yj) <1 < oo. If ¢ is a p-lipschitz continuous binary classification-calibrated function, then with

probability 1 — &, the following upper bound on the excess risk with respect to LTF¢" holds for the empirical
risk minimizer 7, with respect to Ly for a fized h:

R roken (Tns 1) = Ripppen(h) < T (B(F) + Ag (F, 1))

. J2(C T — )
where I is a non-decreasing function, B(F) = w Zle Ry, (F;)+(C+ID) %, and Ay (F, h) =
Ry (F.h) — Ry (h) is the approzimation error.

4 One-time partial deferral

Token-level deferrals are ideal to produce partial deferrals, but they hinge on the expert’s capability to
perform next-token prediction instead of generating the entire sequence at once. If the expert is at least
capable of completing sequences using predicted subsequences from models, the system can achieve better
cost-quality tradeoffs with partial deferrals compared to whole deferrals, albeit constrained by the lack of
granularity in deferral, through one-time deferral. In the one-time partial deferral setting, the rejector
takes in x as input and identifies a point in sequence - referred to as the deferral point - from which the
expert predicts the remaining sequence. When r(z) = j, the rejector chooses to reject the prediction of the
sequence from the j* token onward and thereafter defers to the expert. In doing so, the system incurs a
loss of I(y,y<;) for using the first j tokens from the predictor h and pays a cost of é;(x,y<;,y) for using
the expert with the partial feedback from h. When r(z) = 1, the entire prediction task is deferred to the
expert. If r(z) = L + 1, the model completes the full prediction without paying any cost for an expert. For
this deferral point classification, our objective is to minimize the following loss function:

L+1
LR (hyr,,y) = Y (1Y, <y) + 652, T<jp ¥) 1wy (5)

Jj=1

where [(y,5<1) =0

4.1 Influence of large L

This paradigm closely parallels learning to defer with multiple experts as their objectives are analogous
(Equations and ) Each position j can be viewed as an “expert” whose prediction concatenates the
model prefix y.; with the expert-completed suffix g’]‘; ;- Prior work shows diminishing accuracy gains as the



Under review as submission to TMLR

number of experts increases, which can reduce cost—effectiveness (Verma et al, 2023} [Hemmer et al., |2023)).
This suggests that allowing deferral at every position may be over-resolved, since adjacent deferral points
can yield similar accuracy.

Towards this end, we wish to allow for flexibility in adjusting the number of “experts”. We achieve this by
considering a generalization of one-time deferral where the predictor can defer to the expert on a select set
of token positions specified by 7, instead of having all token positions be potential deferral points. For this
generalization, we consider the following loss:

[ OneTime (h,ryz,y) = Z (U, Y<j) + &(2,U<j5Y)) Lra)=; (6)
JjeET
The £OmTme_risk is denoted by RoneTime(h,7) = E(ay)~px.y LT (h, 7, 2, )]

4.2 Surrogate loss

Let g consist of |J| scoring functions g; : X — R where j indexes the token positions in a sequence and let
r(z) = arg max;¢ 7 gj(z). We propose the following surrogate loss function:

‘cw (h,?”,.’b,y) = Z (Cmax - l(yai/\<j) - 5](557@@79))1/)(9(@’])
jeJ

where ¥(g(z), j) is a consistent surrogate for the multiclass 0-1 loss or 1,.(z);, and cmax = maxje s [(y, Y<;)+

¢j(z,Y<;,y). Examples of ¢ include cross entropy loss, i.e. 1cc(g(z), ) = —log 269]7(:7;@(36) or mean absolute
keJ

egj(z)

error, i.e. Ymac(g(x),j) =1~ S @ (Ghosh et al.l 2017). The L£¥-risk is characterized by Ry (h,r) =

E(fvy)NPX,Y [£¢(ha r,z, y)] .

Intuitively, for a given token position j, cmax — (Y, ¥<;j) — &;j(z,Y<;,y) is large when the subsequence up
till 5 can be predicted correctly and the cost of deferring on the rest of the sequence is small. When this
term is large, we desire ¥(g(x),j) to be small, incentivizing the model to choose j as the deferral point to
minimize the surrogate loss. This surrogate loss encourages the rejector to pick a token position which also
has minimal costs for deferring on the rest of the sequence - a goal the £O"¢T™e Joss function shares.

Just like £?, L¥ is also convex and upper bounds £O"¢Tim¢ yp to some scale 7 (See Appendixfor proof).
Theorem shows that £¥ achieves Bayes consistency.

Theorem 4.1 (Consistency). Let &(z,9<j,y) < C < oo, l(y,@?) <1l < oo foral j € J,
and Y be cross entropy loss .. or mean absolute error Vmge. If there exists i,j € J such that
|l(y7§1h) + éi(z,Y<iyy) — l(y7§]h) — Ei(x,gj@,y)f > A > 0, then, for a fixed h, LY is a consistent surrogate
fOT £OneTime.

The proof of the above theorem can be found in Appendix If the I(y,¥<;) + ¢j(z,Y<j,y) terms are
equal for all 7, the weights would be 0. By assuming a non-zero cost difference for at least one pair, we are
ensuring that at least one j has a non-zero weight. Such an assumption can be satisfied if there is a sufficient
separation in predictive capabilities between the predictor and the expert.

4.3 Generalization Bounds

Under the empirical risk minimization framework, the optimal rejector 7, € argmin,x ﬁw(r) minimizes
the empirical risk with respect to LY or Ry (r) = % E(aﬂ,y*)eD LY (h,r, 2, y*) from a finite hypothesis class
F. Theorem presents generalization bounds for £Y (See Appendix for the proof).

Theorem 4.2. Suppose 1, € F = {x — argmin,. 7 g;(v) : g; € G;} where G; consists of functions having
a range of (—M, M) with M > 0, &;(z,9<j,y) < C, and l(y,@\f) <1 < 0. If 1 is p-lipschitz continuous
with respect to g(x) and there exists uy (M) such that ¥ (g(x),7) < uyp(M) < oo for all j and r € F, then
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with probability 1 — & for a fixed h, the following upper bound holds for the empirical risk minimizer 7,, with
respect to Ef;"i”t:

R . 2log 2
Ry (Fyh) = Ry, (Foh) < 2v2¢(L)p Y Ry (G5) + uy(M)g(L) #
JjeJ
where R}, (F,h) = infrex Ry (r, h), (L) = 2(|T| - 1)(C +1), and R, (G;) is the Rademacher Complerity
Of gj.

Restricting the hypothesis class to have a range (—M, M) practically involves ReLU activation and soft-

max clipping to prevent the scores g from approaching —co or co. For e, we can expect wuy, (M) =
—M

—log % and for Ymae, it is uy,,, (M) =1 — —r7om. We can further express the upper bound of

EOneTime

the excess risk respect to the original token loss . The characterization of the upper bound and the

proof details can be found in Appendix

5 Related Works

Model Cascades (Viola & Jones, |2001) share similarities with the learning to defer framework. In cascades,
an inference task is progressively handled by a series of models where easier tasks are completed by earlier
models in the sequence and complex cases escalate to subsequent models. Similar to confidence-based L2D
methods described in Section 2.1} cascading decisions are typically determined by a thresholding deferral
rule (Yue et al.}[2023). Some recent work on applying cascades to large language models (Gupta et al., [2024;
Wang et al.,|2024]) has also explored modeling the cascade decision maker. However, model cascades, just like
learning to defer methods, ultimately rely on a single model for each prediction. Our work extends cascades
by introducing partial deferrals, allowing two models to collaborate on a prediction. |Narasimhan et al.
(2024) also proposes a token-level deferral rule, but their deferral rule compares the predictor’s confidence
with expert’s confidence at every token position, which requires many expensive expert queries. Our work
learns the expert costs at training time to avoid such expert queries unless the rejector calls for it.

Query Routing methods select a model that provide the highest quality prediction from an ensemble of
models. Some query routing algorithms in large language models (Jiang et al.,|2023; Chen et al.| |2023)) often
require querying either a part or the entire model ensemble to determine the best generation. Some methods
train query routing models using specially designed loss functions (Shnitzer et al., 2023; [Lu et al., [2023;
Ding et al. [2024); these loss functions, however, lack consistency guarantees. Our work not only presents
surrogate losses with stronger statistical guarantees but also offers more granular routing decisions.

Many L2D methods draw inspiration from the Cost-Sensitive learning framework. In the example-dependent
cost-sensitive setting, each feature x is paired with a cost vector. A cost-sensitive classifier must then learn
to identify the index of the cost vector that minimizes the expected cost. Classifiers (Abe et al., [2004;
Lin| 2015]) are often trained with a weighted logistic loss or weighted cross entropy loss function, similar to
Lloken and £OreTime  However, popular methods (Tu & Lin, [2010; (Chung et al., 2015) use losses that are
inconsistent with the original cost-sensitive loss.

Selective classification equips a predictor with an abstention option that trades coverage for accuracy. In
the noise-free setting, |El-Yaniv & Wiener| (2010]) formalizes the risk—coverage framework. Deep variants
implement the selection function via post-hoc confidence thresholding (Geifman & El-Yaniv, [2017)) or joint
learning(Geifman & El-Yanivj [2019). Similarly, selective regression extends the reject option to regression
(Shah et al., [2022; Jiang et al.l 2020; |Zaoui et al., [2020). However, unlike learning to defer, these methods
treat abstention as a terminal action with a fixed penalty and do not account for the downstream effects of
abstention, e.g., accuracy of expert predictions.

6 Experiments

Our experiments are designed to evaluate two questions: (i) how partial deferral compares to whole-sequence
deferral , and (ii) how our model-based approach compares to confidence-based partial deferral. To this
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end, we consider three tasks (TSP, XSUM, MWP). We refer the reader to Appendix |§| for training and
hyperparameter details of the model rejectors.

6.1 Tasks

Traveling Salesman Problem (TSP): TSP is a classic NP-Hard optimization problems which requires
finding the shortest tour visiting all cities exactly once and returning to the start. Optimization-based solvers
achieve near-optimality at high computational cost, while ML models are efficient but less accurate. This task
highlights a natural collaboration point for partial deferral. We use a PointerNet predictor (Vinyals et al.|
2015)), trained on synthetic 50-city TSP graphs (coordinates drawn from a standard normal distribution), and
a Gurobi solver as the expert. The expert takes the partial solution from the predictor as a constraint and
completes the tour. Tours are evaluated by total distance. Since Gurobi does not operate autoregressively,
token-level deferral is unsuitable here; instead, this is a prime use case for one-time deferral. The loss
l(y, Y<;) measures the distance of subtour 7;, while the expert cost &;(x,y<;,y) combines the distance of
the expert-completed subtour g% ; with a deferral cost «, which increases monotonically in the number of
rejected tokens (see Appendix [F]).

Extreme Summarization (XSUM). The predictor summarizes long articles in a few sentences using
a tb5-small model, and the expert is a stronger t5-base model; both are fine-tuned on XSUM (Narayan
et al) [2018). We use T5 (encoder—decoder) models because they can condition on any target prefix y;,
enabling the expert to complete a partial sequence without exchanging hidden states. By contrast, decoder-
only models require reconstructing cross-model KV caches at step j, which defeats the purpose of partial
feedback. Summaries are limited to 20 tokens and evaluated with ROUGE-1. For token-level deferral, the
predictor loss is l(y,ﬂ?) = 1@@, while the expert cost is ¢;(z, ¥<j,y) = Lidy For one-time deferral,
we measure 1 — ROUGEL score of the expert continuation from step j, appended to y;. The joint term
1(y,Y<;) + &;(x,Y<;,y) is the sum of this error and the deferral cost «;, as in the TSP case.

Multi-Step Weather Prediction (MWP): Given 2 hours of temperature history (12 observations at
10-minute intervals), the task is to predict the next hour (L = 6). The predictor is an LSTM trained on
real data from the Max Planck Institute in Jena, Germany. The expert is a simulated human: ground-truth
values perturbed with zero-mean Gaussian noise. For token-level deferral, the predictor loss is mean-squared
error I(y, g’j;) = (g’j? —y;)?, and the expert cost is ¢;(x,J<;,y) = (e(x,J<;) —y;)?. For one-time deferral, the
loss is {(y, J<;) = |ly<j — U<;|13 and &;(x, J<;,y) combines this squared error of the expert subsequence Vs
and the query cost a;.

6.2 Baselines

To compare the cost-accuracy tradeoffs acheived by partial deferral compared with whole-sequence deferral,
we consider three confidence-thresholding baselines—ChowSum, ChowMean, and ChowQuantile—which defer
the entire sequence based on the sum, mean, or a chosen quantile of token-level confidence scores computed
over the predicted sequence. For TSP and XSUM (|V| < 00), the per-token score is the negative log—softmax;
for MWP (V = R), it is the Monte Carlo dropout variance. WholeModelEmbed is a model-based whole-
sequence rejector trained to predict whether the expert is more accurate than the predictor (Gupta et al.
2024).

For partial deferral, we compare our model-based rejectors against confidence-based methods at both gran-
ularities. At the token level, TokenwiseScore defers by thresholding token-level confidence scores, and
TokenwiseEntropy defers by thresholding the entropy of the predictive distribution. In the one-time set-
ting, OneTimeScore and OneTimeEntropy select a single handoff position based on the highest token-level
confidence and predictive entropy, respectively. Entropy-based baselines apply only to XSUM and TSP,
where the output vocabulary V is finite. Formal expressions of these baselines are provided in Appendix [C]
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Table 1: Area under the deferral curve (AUDC; lower is better) and percentage improvement relative to a
random rejector on TSP, XSUM, and MWP. Random flips a biased coin to defer; Optimal is an oracle that
minimizes loss at each deferral budget. Bold indicates the best result (ties bolded) within each block (Whole,
One-time, Token-level). Values are mean (std) over five runs (100 test instances per run). OneTimeModel
uses the best-performing £¥ variant (see Figure .

TSP XSUM MWP

Method AUDC % Improvement AUDC % Improvement AUDC % Improvement
Random 306.12(6.31) 0.00 (0.00) 143355 (36.98) 0.00 (0.00) 555.33 (174.75) 0.00 (0.00)
Optimal 0.00(0.00) 100.00 (0.00) 1212.00 (46.85) 15.48 (1.50) 36.66 (4.34) 93.01 (1.47)

Whole Deferrals

ChowMean 287.01(7.73) 6.23(2.14) 1430.52 (19.09) 0.13 (3.48) | 521.75 (151.71) | 5.26 (9.92)
ChowSum 287.01(7.73) 6.23(2.14) 1431.41 (19.65) 0.06 (3.50) 521.75 (151.71) 5.26 (9.92)
ChowQuantile 0 301.18(9.40) 1.63(1.18) 1432.28 (25.89) -0.01 (3.89) 528.02 (151.50) 3.91 (9.25)
ChowQuantile 0.4 | 287.74(5.91) 6.00(1.16) 1436.10 (24.23) -0.27 (3.80) 528.02 (151.50) 3.91 (9.25)
ChowQuantile 0.8 288.86(9.35) 5.65(2.12) 1434.48 (19.32) -0.15 (3.40) 528.02 (151.50) 3.91 (9.25)
ChowQuantile 1.0 295.71(6.12) 3.39(1.42) 1427.27 (18.91) 0.35 (3.50) 528.02 (151.50) 3.91 (9.25)
WholeModelEmbed |  307.88(8.73) -0.58(2.02) 1434.23 (21.57) -0.11 (3.81) 576.24 (160.28) | -5.28 (15.09)

One-time Deferrals
OneTimeModel | 270.92(10.67) | 11.52(2.41) | 1398.39(22.84) | 2.35 (4.03) | 508.82 (143.39) | 7.23 (11.80)

OneTimeScore | 319.79(14.53) |  -4.44(3.63) 1433.41(26.82) 150 (213) | 521.64 (134.83) |  4.46 (10.14)
OneTimeEntropy | 324.23(13.48) |  -5.93(4.15) 1442.92(24.92) 175 (2.38) - -
Token-level Deferrals
TokenwiseModel - - 1323.92 (25.34) | 7.63 (0.93) | 412.45 (131.43) | 25.78 (1.33)
TokenwiseScore - - 1354.78 (31.87) 5.48 (0.97) 707.51 (203.38) -28.50 (6.20)
TokenwiseEntropy - - 1360.41 (31.50) 5.09 (0.63) - -

6.3 Evaluation

We evaluate our methods using deferral curves, which plot the system loss against the number of deferred
tokens using various thresholds of the rejector score r(z)(see Figure . Loss is task-specific: for TSP, it is
the percentage increase in tour length relative to the expert; for XSUM, it is 1 — ROUGE1L; and for MWP,
it is the squared error ||y — 7]|3. The area under the deferral curve (AUDC) summarizes the cost-quality
tradeoff, and we also report the percentage improvement in AUDC over a random rejector, whose trade-off
is linear. Thresholds do not directly determine rejection decisions in the one-time setting; to obtain similar
curves, we adopt the following policy: if gr+1(x) (the score of the “no deferral” action) exceeds a threshold,
the predictor completes the sequence, otherwise we defer at argmax;cs g;(x). All results are averaged over
five runs, each with 100 test instances.

6.4 Comparison with other deferral methods

Table [I] shows that model-based token-level and one-time deferral schemes outperform whole-sequence base-
lines (both model- and confidence-based); where applicable, token-level deferral attains the best AUDC.
Within each type of granularity, model-based rejectors consistently exceed their confidence-thresholding
counterparts. In XSUM, even confidence-based token-level deferral surpasses all whole-sequence methods,
highlighting the advantage of fine-grained deferral. Gains for one-time deferral on TSP are modest, which we
attribute to the non-autoregressive expert that cannot act on partial subsequences. By contrast, in XSUM
and MWP, partial deferral yields markedly better cost—accuracy trade-offs.

6.5 Size of J for One time Deferral

Additonally, we train one-time rejectors with £¥ with varying candidate sets of deferral points J to assess how
the number of allowable handoff positions affects cost—effectiveness, particularly on XSUM and TSP where
the sequence length L is large. For both tasks, J is a uniform grid over {1,..., L+1} (with L+1 denoting
“no deferral”), and we vary the grid granularity. Figure 2| demonstrates the need for a modified one-time
deferral loss function. The model trained with all token positions (|J| = L + 1) is not the most optimal
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Figure 1: Deferral Curve for XSUM (closer to the lower left corner is better). See Appendix [E| for deferral
curves of other tasks.

choice with the suboptimality exacerbated in the XSUM experiments. One-time rejectors are generally more
cost-effective than its corresponding confidence-based rejectors regardless of the size of J.

TSP XSUM
" /
oot o [hee

o/ RN
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Number of token positions in J

~— OneTimeModel
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% Improvement in AUDC

Figure 2: Plots of Size of J against percentage improvement in AUDC relative to the random baseline for
TSP (on the left) and XSUM (on the right). See Appendix |G| for exact AUDC values.

7 Discussion

We have introduced partial rejections as a way to improve the cost-effectiveness of a learning to defer
system and proposed two model-based methods to support granular rejections. This work raises numerous
interesting questions. We have currently proposed partial deferral with access to one expert, however, it
would be interesting to extend this to the case with multiple experts. It would also be valuable to explore
other types of partial deferrals with granularities between token-level and one-time deferrals. A rejector, for
example, could select contiguous parts of a sequence to reject. Finally, studying partial rejections for larger
outputs like protein structures would also be insightful.
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A Proofs for Section 3

A.1 Proof of Proposition [A.T]

Proposition A.1. If ¢ is binary classification calibrated and convex, L?(h,r,x,y) is a convex upper bound
of LTk (b 1 x,y) upto some scale y

Proof. Tt is easy to see that Lf(h,r,x,y) is convex with respect to r as long as ¢(-) is convex. Since ¢ is
binary classification calibrated, there is a constant v such that v¢(z) > 1,<¢ by Lemma 3 from Bartlett
et al| (2006). Therefore, vL?(h,r,z,y) > LTk (b, r 2,7).

O
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A.2 Proof of Lemma [3.1]

and ¢ be a binary

Lemma A.2. Let 0 < ¢ < ¢j(z,§<;,y) < C < oo for all j, 0 < l(y,ﬂf) <1 < oo,
x {—1,1} and any measurable

surrogate loss that satisfies the following inequality for any distribution over X
function f:

Rbinary 0—1(f) - Zinary 0-1 < I (Rbmﬂﬁ"y ¢(f) - Z’mary qb)

where Ryinary 0—1 95 the binary 0-1 risk and T : Rt — RT is a non-decreasing concave function. Then, for
any measurable r and any h, the following inequality holds for any distribution over X x Y:

RToken (’I“, h) - >;’oken(h) < f‘ (R¢ (’I“, h) - Rz(h))

where T'(z) = (1 4+ C) T (2), Ripppen(h) := inf, R poken (r, 1), and Ry (h) = inf, Ry (1, h)

Proof. Let Croken(7, b, 2) = Ey~py x_, [ETOke“ (h,r,x,y)] be the pointwise £T°k". risk for a given x and
predictor h and let C .. (h, ®) = inf,. C'roken (7, h, ) be the optimal pointwise £Tkn_ risk for a given z and
predictor h. Similarly, let Cy(r, b, z) = Eypy _, [Ld’ (hyr, z, y)] be the pointwise £?- risk for a given x and
predictor h and C}(h,z) = inf, Cy(r, h,x) be the optimal pointwise L£?- risk. For any measurable function
r, the excess pointwise £?- risk can be characterized by:

CToken (7‘7 h, LE) - C’?okcn(ha .’E)
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S ; e 3] Lra <o P le3(2,5<5 D Lea 5 )50

Let Aj = EyNPY|X:z [l(y7@\<j)] and B; = ]Ey’\’py\x:z [Cj (JZ, :7/\<j7y)}

OTOken(ra h7 I) - O’;oken(hv 93)
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1 1.
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j=1

Consider a feature space X = X x V* and output space ) = {=1,1}. Let the distribution on X be uniform
over {1, ,&.} where &; = (z,J<;) with + mass on each point on the set. Let P(Y = —1 | X = i;) =

Aj‘:‘erj and f be a measurable function such that f(z;) =r;(Z;) = rj(z, y<;)
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Under this distribution,

L
1 A, B;
Rbinary 0—1(7") = Z _— Bj lrj(x,?g\<j)§0 + 7147‘ T Bj ]_Tj(a:’;\<])>0
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. L. 4, B;
Riinary 0-1 = 7 lfflf {Z A+ B 1Fj(:c,§<3)§0 + 4,1 B, 1Fj(x7§<j)>0
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Ry o) = 23 0 5 + B (g7
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binary ¢ — L 7 = A] +BJ G T Y<; AJ +B] Ti\T, Y<j
From the theorem statement,
CTOkeH (7“, h7 Z‘) - C:E‘oken(ha J))
T+0) L . .
O Ay By
L . A + B rj(‘l’7y<])§0 A -+ B rj('L1y<J)>0
= J j i
(+C). |& 4 B;
L lgf Z A; + B; 17:j(x’lyx<j)S0 T Aj + B, 1Fj(1’~,?7<j)>0
Jj=1
L L
- A Ajd (ri(@,¥<;)) + Bijg (—ri(@,¥<;)) . Ajd (7 (2, Y<j)) + Bjo (=75 (2, ¥<j))
< 1+C\I J I\ J J I\ J —inf J I\ J J I\ J
L L
5, A Ajd (rj(z,¥<;)) + Bid (=7 (@, ¥<j)) . Ajd (75 (2, ¥<j)) + Bjg (=75 (, ¥<;))
< FP T\, Y<j fi i\ Y<i)) FP T\, Y<j j i\ Y<j
<@+o)r |y 7 ), Ic
j=1 j=1
o Cy(r,h,z) — C%(h,x
(Z+C)F( o >5 o )>

Let T'(z) = (I+C)T (2). Then,
RToken (Ta h) - R’?oken(h) = E [CToken (Tv h, :C) - Oj[(‘oken(hv ‘T)]

z~Px

< E [[(Co(r,h,a) = Cy(h,x))]

r~Px

INE
=

(L& [Cotrho) - Cth.))
)

=T (R (r-h) — Ry (R))

—~

(a) by Jensen’s inequality since I is concave, (b) since the infimum is taken over all measurable functions
R (h) = Eonry [o;(h,x)}

O
A.3 Proof of Theorem

Definition A.3 (Classification Calibration). Let n(z) = P[Y =1|X=2z] and Ry(f) =
Ezupy [Cop (n(z), f(z))] where Cy(n,t) = no(t) + (1 — n)¢(—t). ¢ is considered binary classification cali-

brated if C; (n) — Cj(n) > 0 for all n # 1 where Cy(n) = inft:t(n—é)go Cy(n,t) and Cy () = infrer Cy(n,t)
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Theorem A.4 (Consistency). If 0 < ¢ < ¢j(z,Y<j,y) < C < oo forall j, 0< l(y7ﬁjh) <1< o0, and ¢ be
binary classification calibrated, then, for a fixed h, L? is a Bayes consistent surrogate for L£Token

Proof. Since ¢ is binary classification calibrated, we know that Rpinary 0-1(f) — Rijnary0-1 <

Pt (Rbinmy #(f) — Riinary ¢) where 9 is a non-decreasing convex function, making ¢~! a non-decreasing
concave function Bartlett et al| (2006). By Lemma E Rtoken (1y h) — Ripon(h) < T (R¢ (r,h) — R;(h))
where I'(2) = (14 C) y~1 (£). If limy, 00 R (rn, h) — R (h) = 0, then
1 Repoien (s ) = Rigeen (h) < lim 1) (Rg (r, h) = R ()
R (Tn h) — Z(h)>
c

n—oo

@ (1+C’)1/)<lim

(a) by continuity of ¢ at 0 and (b) since 1(0) = 0 Bartlett et al. (2006) O

A.4 Proof of Theorem 3.3

Theorem A.5. Suppose r € F which is composed of {]-'j}f:l such that r; € F;, cj(r) < C, and l(y,g’/?‘) <
| < oo. If ¢ is p-lipschitz continuous, then with probability 1 — &, the following upper bound holds for the
empirical risk minimizer r,, with respect to Ly for a fixed h:

4py/2 C’2+12 L _
R (P, h) — Ry (F h) < (—Zmn C+1)

j=1

2log (%)
n

where Ry (F, h) = infrer Ry (r,h) and R, (F;) is the Rademacher Complexity of F;
Proof. Let G, = sup,.cr [R¢ (ryh) — 7€¢(7°, h)}, G, =sup,cr [ﬁ¢(r, h) — Ry (r, h)}, and

B={(z,y) = L (h,r,z,y) :7 € F}

Z

<

Ile = (ziayi)7 Gn :g(z17-~~ ,Zn)' Since ‘9(217 aZiv"' 7Zn) 7.9(217"' 727;/"" 7Zn) by applylng

McDiarmid’s inequality

Similarly,

Let € — 4%, (B) + (C + I)y/ 21o2()

n

17
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P (Ry (P h) = RE (Foh) > ¢) < P (Sup R (r,h) — Ry(r, h)‘ > ;)
reF

SP(Gn>§)+P(G;>§)
5

With at least probability 1 — 8, Ry (Fu, h) — R, (F,h) < 4R, (B) + (C +1) 2108(3),

We can further bound R, (B) by R, (F;) if we show that £ is Lipschitz continuous with respect to r

||’C¢(ha 1, T, y) - ‘C(b(h”r%xay)”z

L
S % Zl (y’/y\}jb) ¢(T1,j(x7§/\<j)) =1 (y; @;L) ¢(7’2,j(1‘7§<j))

j=1 2
2

1 & R _ _ _
+ ZZCj($79<j)¢(—rl,j($7y<j))—Cj($,y<j)¢(—7"2,j($,y<j))
j=1

2
l_2 L 6,2 L
< 73 ll6(r;(@,5<)) = B2 (e, T<iDlls + 73 2 No(=r15(2,55)) = (=2, 7<))ll3
Jj=1 j=1
2072 2y L
p (C*+1 . N
< % Yl Gg) = o, Gl

j=1

By the extension of the Talagrand’s Contraction Lemma [Maurer| (2016]),

A.5 Proof of Corollary [3.4]

Corollary A.6. Suppose r € F which is composed of {fj}JLzl such that r; € Fj, 0 < ¢ < ¢j(z) < C,
and l(y,ﬁjh) <1 < oo. If ¢ is a p-lipschitz continuous binary classification-calibrated function, then with

probability 1 — &, the following upper bound on the excess risk with respect to LTF" holds for the empirical
risk minimizer 7, with respect to Ly for a fized h:

R Token (?m h) - E‘oken(h) < r (B(]:) + A¢ (]:7 h))

where T : RT — RY, B(F) = oyl l) ”Q(LCH) ZJ-Lzl R, (F;) + (C+1) QIOi(E) ;and Ay (F,h) = Ry (F,h) —
R;;(h) is the approzimation error.

Proof. Excess risk can be decomposed into estimation error and approximation error

Ry (r,h) = R (h) = Ry (r,h) — R (F, h) + R (F, h) — R (h)

Estimation Error Approximation Error

18
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From Theorem we have an upper bound on the estimation error and so using that, we have the following

inequality
4p\[2 (C2 4+ 12) L .
Ry (r,h) = Ry(h) < —————"3 R, (F) +(C +1)

=1

28 (5) 4 4, (7o)

Since ¢ is binary classification calibrated, we know that

Rbinary O—l(f) - 7?’{;inary 0—1 < ,(/}—1 (Rbinary ¢(f) - 7?’lx;inary d))

where 1) is a non-decreasing convex function, making ¥ ~' a non-decreasing concave function. The proof is
complete by using Lemma O

B Proofs for Section [

B.1 Proof of Lemma [B.]]

Lemma B.1. For any h, r, x € X, y € Y, the following equality holds

EOneTime (hﬂ”’%y) = Z (Cmax_ l(yﬁgj) - Ej(xa@\<jay)) r(x)# (|j‘ - 1 Cmam"" Zl Y, y<j + Z C] z y<]7y)
IS JjET Jj€ET

Proof.

EOneTime (h, T, y)

= Z (l(ya gf]) + 6j(x737<j7y)) ]-r(x):j

jedT

= > (U, 0<5) + &(@.9<59) = Y Uy, G<5) + &(2,T<5,9)) Loy
JjET JjET

=Y (U, T<i) + (@, 9<5,9) — Y Uy, T<5) + &(@,T<5>9) Loz + (1T] = Demax — (1T = 1)emax
JjeET JjET

= Z ya y<] + CJ (1' y<]7y)) - Z (l(y7§'/\§j) + 6j(1',g<j,y)) lr(x)#j + Z Cmaxlr(af)#j - (“-7| - 1)Cmax
JjeT JjET JjET

= Z(Cmax_l(yaggj)_éj(%ﬂQa )) r(z)#j — (|u7| cmax+Zl(yvygj)+zéj(xa/y\<jay>
jedJ JET JjET

B.2 Proof of Proposition [B.2]

Proposition B.2. LY (h,r,z,y) is a convex upper bound of LO™Tme(h vz y) for ¥ = Pee and 1 = Pmae
upto some scale vy if cpax > \»7\%1 Zjej Uy, Y<j) + & (x,Y<j,Y))

Proof. Tt is easy to see that L£¥(h,r,x,y) is convex with respect to 7 as ce(-) and Ymae(-) are convex.

From Lemma [B:I] we know that

L OneTime (hyr,x,y) = Z (emax — (Y, U<5) — ¢i(2,Y<5,¥)) Lrayzi — ([T | = 1)Cmax + Z Wy, y<j) + Z ¢(2,9<j,9)
jeTJ jeT jeT

< Z (Cmax - l(y7 @\Sj) - Ej (.’E, §<jv y)) ]-r(x);éj
jeT

19
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If r(z) # j, then ¥eo(g(x),7) > log2 and Ymae(g(x),j) > 0.5. When r(z) Yee(g(x),j) > 0 and

x =
wmae(g(x)aj) > 0. Therefore, ’Vcewce(g(m)mj) > 17“(93)76] and Vmaewmae( ( )7 ) > ]- z)A£] Where Yee = 10g0 )
and Ymae = 2. So then,

£OneTime (h7 T, T, y) < Z (Cmax - l(ya @\Sj) - Ej (5177 ’Z/\<j7 y)) ]-r(m);éj
JjeET
S vy Z (Cmax - l(yagﬁj) - 5j(3372/4\<jvy)) w(g($)a])
JjeT

Therefore, yL¥ (h,r,z,y) > LOPT™e(h 1 1z y)

B.3 Proof of Lemma|B.3

Lemma B.3. Let &(z,7<j,y) < C < oo, l(y,g/j;‘) <l < oo forall j € J, and v be a multiclass surrogate
loss that satisfies the following inequality for any distribution over X x J and any measurable function f:

Romutti 0-1(F) = Riputgi 0-1 < T (Ronuatti o (f) = Ryt w)

where R 0—1 15 the multiclass 0-1 risk and T' : RT™ — R is a non-decreasing concave function. If there
exists i,j5 € J such that |l(y7§2h) +éi(z, Y<iyy) — l(y,ﬂ?) — éi(x,g7<i,y)| > A > 0, then for any g over all
measurable functions and for any h, the following inequality holds for any distribution over X X Y:

ROneTime (’I“, h) - R*OneTime(h) S f (Rl/«' (T’ h’) - R:;)(h))

where f(z) =(Jl-1) (C’ + l_> T (i), SneTime () = Ifre p Ronerime (1, 1), and RZ(h) = inf, Ry (1, h)

Proof. Let ConeTime (7 by @) = Eynpy x_, [£OneTime (b r 2, y)]| be the pointwise £O¢Time. risk for a given
x and predictor h and let C§,  pime(P, ) = inf, ConeTime (7, b, 2) be the optimal pointwise L£OneTime_ yig)
for a given z and predictor k. Similarly, let Cy(r, h,z) = Eypy _, [/Lg‘mTimC (h,r, x, y)} be the pointwise

LY¥- risk for a given  and predictor h and Cy(h,z) = inf, Cy(r, h, ) be the optimal pointwise LY- risk for
a given = and predictor h. For any measurable function g

COneTime(ra h7 l‘) - OBneTime(hﬂ :E)

= E Z (l(y7 @\SJ) + éj (.’E, :I/\<j7 y)) 1r(z):j
Y~Py | x=a jeg

—inf E Z Uy, ¥<j) +¢(2,Y<j,¥)) Li(a)=;
T y~Py|x=x jed

= P]E Z(Cmax_l(yvggj)_éj(xv@\<j7y)) ]-r (x)#£j — (|L7| -1 cmax+zl y7y<] +ZCJ LU y<j,y)
Yix=s |jeg JET jeg

—inf E D (Cmax = Uy, T<5) = &(2,T<559)) Lrayzs — (1T = Demax + Y Uy, T<5) + D> &(2, G )

" yPrix=e | ic7 jes jeq
= Z E  [emax — 1Y, ¥<j) — (2, U<j> Y)] Lr()2 — inf Z [emax — LY, U<j) — E(2, Y<j ¥)] V()25
jeg Y~Py|x=o JyNPY\X -
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(a) By Lemma Let Aj = EyN,Py‘X:T [Cmax - l(y» :/U\Sj) - éj ('Ta 37<j7 y)]

COneTime(ra h7 l’) - CaneTime(h’v I)

= Z Ajlr(wﬁgj - iI%f Z Ajlf(w)ij

jeT je€T
=D A\ s Z Loz —inf ) s Z Lie)4i
keJ jeg keg A jeg ke A

Consider a degenerate distribution on X with a pmf of 1 on z. Let P(Y = j | X = 2) = EAiA and f be
keJd
a measurable function such that f(z) = r(x). Under this distribution,

A; A
Runutti 0-1(r) = Z Zke; L)% Ronulti 0-1 = mf Z Zke; Loy
JjeT Jjeg
, . Aj ,
multl Z Z ($)7]) multlw nfz Zijw (g($)7])
jeJ keg A jeg keI

From the theorem statement,

ConeTime (T, h, ) — C(*)neTime(ha )

= > Ay (Z Zke Loy — mfz Zkej r(x);«éj)

keJg JjET JjeET

<> Ar (Z s gl).g) it Y <g<x>,j>)

keJ jeg Zke? 9 e ZkEJ

We know that >, , A4; < (|J]—1) (C +1) from:

DA=D E [emax— Uy <) — (@, 5<5,y)]

" ° ~P —z
jeT jeg YmIvIx

<(I7 1)) (C +1)

Since I(y,y?) + &(z,¥<i,y) # Uy, yj) + &i(2,Y<i, y) for a pair (i,7), we can assume that > .., A; > Aif
1y, 1) + @2, i y) — Uy, T — @2, Jcis y)| > A

With these bounds,

COneTime(r7 h7 ’l}) - CaneTime(hﬂ l‘)

A
EAF E x), inf 9 (§(x), ]
<ke.7 ' JGJZkeJ (9(@). 4) - ]EZJZW v(9(@).7)
<(7-1)(@+DT (Zjey A (g(x), 4) —ng Yier jl/,(g(x)’j))
~ C T7hax _C* h»,ZII
=(IJ—1)(C+DF< bl o) — O3 >)
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Let T'(2) = (|7 = 1) (C+ 1) T (£). Then,
RoneTime (7, 7) = Ronerime(h) = E  [ConeTime(r; 7, @) = Conerime (7 )]

r~Px
E [T (Cy(r,h,z)—C)(h,2))]

z~Px

L( B [Colr hz)=Cj(hz)]
(.2, )

IN

,\
INg

—~
=

=T (Ry (r,h) — R}(h))

(a) by Jensen’s inequality since T' is concave, (b) since the infimum is taken over all measurable functions
R (h) = Bempy [C3 ()] 0

B.4 Proof of Theorem [4.1]

Theorem B.4 (Consistency). Let ¢;(z,y<j,y) < C < oo, l(y,g’j;‘) <1l < oo foral j € J,
and ¢ be cross entropy loss .. or mean absolute error Vmge. If there exists i,j € J such that
’l(y,’y\f’) +é(x,Yeiry) — l(y,ﬂ?) — Ei(x,§<i,y)| > A > 0, then, for a fized h, LY is a consistent surrogate
fOT EOneTime

Proof. We know that Ruuii 0-1(f) — Rl 01 < Tee (Rmum teo (F) — R it w@) from Theorem 3.1 of
Mao et al.| (2023) where I'.'(z) = 132 log(1 + z) + 15% log(1 — z). Similarly, Ruuti 0-1(f) = Ripui -1 <
Tmac (Rmulti boae () — R 1t wme) where T 0 (2) = 2. Both T and T}, are non-decreasing convex
functions making I'ce and I'y,.e non-decreasing concave functions on RT domain.

Let I' = I'ee when v = tpee and I' = T'ype when ¢ = 0. By Lemma RoneTime (T) = REneTime <
I (Rw (r) — R;;,) where T(2) = (|7 = 1) (C+ 1) T (£). If limy 00 Ry (rn) — R, = 0, then

lim Rpoint (rn) = Rpoin < lim ['(Ry (rn) =R}

n—oo oo

2 (711 @+ (m ZO )

= (I71=1) (C+1)T(0)

o

(a) by continuity of I at 0 and (b) since I'ce(0) = 0 and I'yae(0) =0

B.5 Proof of Theorem

Theorem B.5. Suppose 1, € F = {x — argmin,c 7 g;(v) : g; € G;} where G; consists of functions having
a range of (—M, M) with M >0, &;(z,9<;,y) < C, and I(y, g;l) <1< oco. If is p-lipschitz continuous with
respect to g(x) and there exists uy(M) such that ¥ (g(x),j) < uyp(M) < oo for all j € J and r € F, then
with probability 1 — & for a fixed h, the following upper bound holds for the empirical risk minimizer 7,, with
respect to LY :

2log (2)
n

Ry (Fnsh) = R, (Fh) < 2v2q(L)p Y R (G5) + uy (M)q(L)
j€edJ

where Ry, (F,h) = infrex Ry (1,h), q(L) = 2(|T| - )(C +1), and R, (G;) is the Rademacher Complexity
Of gj .
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Proof. Let G,, = sup,¢r [R¢ (r) — 7%1/,(7")}, Gpr = Sup,cr {ﬁw(r) ~ Ry (7”)}7 and
B={(z,y) = LY (h,r,z,y) :r € F}.
If 2t = (asi,yi), G, = g(zl, )

g(zla ,27, 7277)_9(21, 7Z7/7 ,Zn) gi Supﬁw (hﬂr?l‘i?yi)_‘cw <h7r7xi/ayil)’
Ne |reF
1 , o T L
§ E 5161-17?_ Z ’(C;’nax - Z(yza@\%j) - Cj(LU’L7 ?<ja yz)) ¢(g(x1)7 yz)‘
T .

jedJ

./ . ./

| (e = 107 T2) = 65" 525 7)) vlg @)y

where ¢(L) = 2(]J| — 1)(C +1). Using this boundedness property, we can apply McDiarmid’s inequality

PG> <) <exp{ ~2(5 E[Gn])z}

Ne Uy (M)2q(L)2
2 Zi:l w( 71211( )
B —2n (5 — 2%, (B))?
=P T w (M)2q(L)?
def 5

Similarly,

Then e = 4R, (B) + uy(M)q(L) 2log(3)

n

P (Ry (7n) =Ry (F) >€) < P (fgg Ry (r) —7%(7")\ > ;)

IN

P(Gn>§)+P(G;>§)
5

IN

og(2
With at least probability 1 — 4, Ry (Tn, h) — Ry, (F, h) < 4R, (B) + uy(M)g(L) 21 g(a).

n

We can further bound R, (B) by R, (F,) if we show that L£¥ is Lipschitz continuous with respect to g
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¥ (h,rt 2, y) — £ (h, 7%, 2,y

= Z (Cmax - l(yvgij) - 6j(x’@\<j’y)) w(gl(x)aj) - Z (Cmax - l(yagﬁj) - Ej(x7g<j’y))w(g2(x)’j)

jeT JjeT 9
< Z (Cmax - l(y7ly\§J) - éj(x7§<jay)) |’1/1(91(50)aj) - w(QQ(‘r)?j)HQ
JjET
(i) Z (Cmax_l(y>:/y\§j)_éj(x7§<jay)) Hlb(gl(fc)aj) —1/J(92(33),j)”2
JE€T j#jmax

< Y. (C+)rllg'@) - g @),

jGth#jrﬂaX
= (T -1 (C+1)p|g'(x) - g* )],
(a) where jmax = argmax;c 7 [(y, Y<;) + & (2, Y<;,y), (b) by lipschitz continuity of 1.

By the extension of the Talagrand’s Contraction Lemma |Maurer| (2016)),

1 & ,
R, (B) = sup— » o;b(z"
( 01,000, {20} ~Paxy LEB n ; )
_ 1 & .
<(J-D(C+Dpv2  E sup = Y 0igg,(2)
o {2z} ~Pxxy [g€G1x...xGr41 T i=1jeg
q(L)p 1 ¢ ;
<= E sup — » 03;9;(2")
V2 ga,{zi}zgw»«w = ”; a
<

q(ji)p Z 9{’n, (g])

JjET

B.6 Proof of Corollary [B.6]

Corollary B.6. Suppose r, € F = {x — arg minjej_gj(x) 195 €G;} wfzere G; consists of functions having
a range of (—M, M) with M > 0, &(z,9<;,y) < C, and l(y,@?) <l < oo Ifh is e 07 Yupge, then
with probability 1 — &, for a fixed h, the excess risk of with respect to LO™¢T™e holds for the empirical risk
minimizer 7y, with respect to LY

_ . - 2log (%)
RoneTime (Tns h) = Ronerime(h) < T 2q(L)p\fQ § R, (gj) +uy(M)g(L)\| ——=
JjeET

+A¢ (]:,h)

where T : RY — Rt ¢(L) = 2(|7|—1)(C+1), p is the lipschitz norm of ¢, and Ay, (F,h) = Ry, (F,h) =R, (h)
is the approximation error.

Proof. Excess risk can be decomposed into estimation error and approximation error

Ry (r,h) =Ry, =Ry (r,h) — Ry (k) (F,h) + Ry, (F, h) — Ry, (k)

Estimation Error Approximation Error

We know that tce, ¥mae are upper bounded by wy. (M), uy,,..(M) repsectively. We also know that the
lipschitz norm for e pee is v/2 and the lipschitz norm for ¥mae Pmae iS 2
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From Theorem we have an upper bound on the estimation error and so using that, we have the following
inequality

oc (2
R (r, ) — RE(h) < 20(L)pv/3 3 9, (Gy) + g (ML) 228 ()
jeJ

+.A¢ (f,h)

Ronatti 0-1(f) = Riwaioor < Teo (Runtti vee () = Rii g, ) from Theorem 3.1 of Mao et al

(2023) where T l(z) = 2t2log(l + 2) + 52log(l — z).  Similarly, Ruuio-1(f) — Rl o1 <

T e (Rmulti Banae ) — Rt wmae) where T',L.(2) = ﬁ Both T';! and I';;l, are non-decreasing con-

mae mae

vex functions making I'c, and I'y,,. non-decreasing concave functions on R™ domain.

The proof is complete by using Lemma

C Baseline Details

For XSUM and TSP, let pj,(J; | Y<j,x) be the predictive distribution of the j*" token conditioned on the
leftward context y<; and input z. The confidence measure would then be —logpn(y; | ¥<;, ) and the
predictive entropy would be H(i}] | U<jrz) = =D ey Pu(v | U<y, z)logpn(v | <y, ). For MWP, if we
assume that there are dropout layers in the predictor network, we can use the Monte Carlo Variance |Gal &
Ghahramani (2016) or Vary, (v | y<;, ) across T inference passes as a confidence measure.

For a given threshold 7, the whole deferral decision rule is determined by evaluating r(x) > 7. The baselines
offer various ways of modeling r.

o ChowSum - For TSP and XSUM, 7chowsum(z) = —Zle logpn(¥; | ¥<j,x) and for MWP,
L
rChowSum(w) = Zj:l Varh(v ‘ y<j7x)
o ChowMean - For TSP and XSUM, rchowMean(Z) = —%Zle logpn(¥; | Y<j,z) and for MWP,
rChowSum(x) = %Ej;:l Varh(v | y<jax)
e ChowQuantile at the level « - For TSP and XSUM, 78, ,quantile(?) =
Quantile,, ({f log pr (7 | 37<j,(£)}f:1) and for MWP, T'ChowSum () =

Quantile,, ({Varh(v \ y<j7x)}§:1>

o WholeModelEmbed - r(z) is trained just like WholeModelScore but the inputs for the rejector are the
inputs to the predictor along with the confidence scores.

Similarly, for token-wise deferral, if r;(z,y<;) exceeds threshold 7, the expert is called to predict the next
token. 7; can be modeling in the following ways:

o TokenwiseScore: For TSP and XSUM, rj“*(x,y<;) = —logpn(y; | ¥<j,z) and for MSP,
rseftmax (g ;) = Varp (v | y<j, @)
o TokenwiseEntropy: T?ntmpy(x, Uej) = H(}Afj | Y<;,2). This only applies to XSUM and TSP.

Since r(z) = argmax;cy 141 g (2) for one-time deferral, we consider the following the scoring functions g;:

e OneTimeScore: For TSP and XSUM, g¢;***(x) = —logpn(y; | Y<j, =) and for MSP, g3°°**(z) =
Vary (v | y<;, )

o OneTimeEntropy: gjn”"py(a:,§<j) — H(Y; | J<;, ). This only applies to XSUM and TSP.
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D Training Details and Hyperparameters

All the models were implemented using PyTorch and all the models were trained on an Nvidia A40 GPU.
They were trained using Early stopping and Table [2] contains all hyperparameter details.

‘ Task/Hyperparameters ‘ TSP-OneTime ‘ XSUM-Tokenlevel ‘ XSUM-OneTime ‘ MWP-Tokenlevel ‘ MWP-OneTime

Learning rate 5e-4 le-3 5e-4 5e-4 5e-4
Early Stopping (patience, delta) 20, le-4 7, le-4 20, le-4 7, le-4 20, le-4
Architecture MLP LSTM MLP LSTM MLP
Hidden layers 1 3 1 2 1
Hidden units 8 128 8 64 8
Dropout 0.2 0.4 0.2 0.4 0.2
Epochs 200 100 200 100 200
Training Samples 2400 800 2400 70080 70080
Gradient Clipping Norm 1.0 1.0 1.0 1.0 1.0
Weight Decay 0.005 0.001 0.005 0.001 0.005

Table 2: Hyperparameter settings

TSP: Using the RLACO library Berto et al.|(2023)), TSP graphs with 50 nodes were generated by sampling the
node coordinates from a standard normal distribution. These samples were fed into a PointerNet (predictor)
trained with 10000 samples. The node embeddings, graph context, and log scores from the PointerNet served
as inputs for the One-Time rejector. This rejector only took a maximum of 10 minutes to train.

XSUM: During training and inference, Tokenlevel rejector was only exposed to samples with summaries of
less than 15 words. The model was trained without teacher forcing. It took about 5 hours to train. The
token level rejector r recieves the encoder hidden states from the predictor as hidden states and the decoder
hidden states as input. This continues in an autoregressive fashion. We defer the reader to Appendix [H] for
ablation studies on various training strategies for the tokenlevel rejector.

The OneTime rejector was trained on a dataset with summaries containing upto 20 words and it took a
couple of minutes to train after a dataset of all the varying mixtures of predictions was created (this took
a couple of hours to make). This rejector takes the encoder hidden states, decoder hidden states, and log
scores from the predictor as input.

MWP: The token-level rejector took about 5 hour to train. e token level rejector r recieves the encoder
hidden states from the predictor as hidden states and the decoder hidden states as input. This continues
in an autoregressive fashion. The OneTime rejector was trained on a dataset containing all the varying
mixtures of predictions which took a couple of minutes to generate. This rejector takes the encoder hidden
states, decoder hidden states, and monte carlo variance estimates from the predictor as input.

E More Cost-Loss Plots

See Figure

F Effects of o;

In experiments, we determine the cost of deferring a complete prediction and call it ay. Then, we set
o = %al, making the cost of deferring a token G or ay. We vary a; and Figure {4f shows how the
costs affect cost-accuracy tradeoffs. For both experiments, extreme values for cost often result in poor cost-
accuracy tradeoff. For TSP, the results are best when oy = 0.01 and for XSUM, it is either o, = 0.01 or

ar = 0.015.

As a general rule of thumb, we propose that a; should be determined by the median difference between the
expert accuracy and predictor accuracy on the train set.
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Figure 3: Cost-Loss plots for TSP (on the left) and MWP (on the right).
Size of J OneTimeModel (Ours) OneTimeSoftmax OneTimeEntropy
AUDC % Improvement AUDC % Improvement AUDC % Improvement
5 287.37(7.67) 6.13(1.68) 322.08(18.24) -5.19(4.99) 316.76(19.90) -3.43(5.30)
10 277.44(10.59) 9.38(2.54) 318.00(12.62) —3.86(2.95) 317.84(22.77) -3.78(6.42)
15 277.62(9.15) 9.32(1.85) 320.45(6.89) —4.68(1.32) 317.87(12.57) —3.83(3.22)
20 273.34(11.13) 10.74(2.34) 321.35(19.06) —4.96(5.43) 320.54(22.24) —4.70(6.68)
25 273.31(12.20) 10.73(3.11) 318.49(12.65) —4.03(3.18) 321.32(13.95) —4.97(4.10)
30 271.10(9.77) 11.45(2.16) 319.61(10.82) —4.39(1.99) 321.67(14.16) —5.05(3.11)
35 273.30(6.76) 10.72(1.69) 316.40(15.66) -3.36(4.55) 320.51(20.33) -4.70(6.20)
40 272.57(10.08) 10.97(2.53) 318.99(14.07) —4.18(3.49) 320.91(15.41) —4.82(4.16)
45 270.92(10.67) 11.52(2.41) 318.52(14.10) —4.04(3.71) 322.02(14.99) —5.19(4.31)
51 272.64(9.11) 10.95(2.06) 318.96(14.78) —4.17(3.66) 322.91(14.05) —5.50(4.39)

Table 3: AUDC scores and Percent improvement over the random baseline in TSP of various sizes of J with
standard deviations in brackets

G AUDC and Percent Improvement for Size of 7 experiment

In support of Figure[2] Table ] and Table [ report the actual values of AUDC and percent improvement in
AUDC over the random baseline for each size of J considered for both TSP and XSUM.

H Token-level Rejector Ablation

L£Token hears resemblance to a weighted multi-label classification loss function. Specifically, the token-level
rejector follows a classifier chain approach Read et al|(2021). Classifier chains is a multi-label classification
(MLC) approach that involves training L binary classifiers in a pre-specified order with the j*® binary
classifier taking the feature vector and the previous j — 1 labels as input, forming a chain of predictors. At
inference time, the test features are fed into the chain such that the previous label predictions are appended to
the features for the next label classifier. Our token-level rejector r; implicitly makes these chained predictions
by taking in y; which is informed by the previous (j — 1) rejectors’ rejection decision.

With this comparison established, model architectures and training techniques from classifier chain literature
can be utilized. Recurrent classifier chains [Nam et al.| (2017) have emerged as a popular choice for MLC
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Figure 4: Plots of Size of J against AUDC and percentage improvement in AUDC relative to the random
baseline for TSP (on the left) and XSUM (on the right) for models trained with different «; value. The
costs displayed in the legend refer to the deferral cost per token or oy,

Size of J OneTimeModel (Ours) OneTimeSoftmax OneTimeEntropy
AUDC % Improvement AUDC % Improvement AUDC % Improvement
3 1412.16(26.70) | 1.54(0.88) | 1444.68(16.16) | -0.74(0.77) | 1441.52(18.29) |  -0.52(0.61)
4 1398.39(25.51) |  2.50(0.80) | 1448.43(23.88) |  -1.00(0.91) | 1447.35(24.59) |  -0.92(1.02)
5 1407.01(19.33) | 1.89(0.43) | 1457.76(23.95) |  -1.65(1.11) | 1450.36(22.32) |  -1.13(1.04)
7 1406.88(19.64) 1.90(0.79) 1448.54(20.05) -1.01(0.97) 1439.58(16.68) -0.39(1.20)
10 1407.96(19.47) | 1.83(0.34) | 1452.68(15.51) | -1.31(1.44) | 1457.43(15.44) |  -1.63(1.29)
13 1408.87(23.47) | 1.76(0.71) | 1445.25(12.84) |  -0.80(1.78) | 1450.64(14.74) |  -1.17(1.72)
15 1408.94(16.75) | 1.75(0.68) 1453.11(6.66) “1.34(1.46) | 1460.17(14.20) | -1.83(1.43)
17 1418.97(16.00) |  1.05(0.59) | 1450.95(11.65) | -1.19(1.63) | 1457.15(10.29) |  -1.62(1.52)
21 1417.50(26.37) 1.17(0.68) 1452.79(15.86) -1.31(1.30) 1447.35(12.72) -0.93(1.20)

Table 4: AUDC scores and Percent improvement over the random baseline in XSUM of various sizes of J
with standard deviations in brackets
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as they efficiently maximize accuracy without requiring the large number of trainable parameters typically
needed for K separate binary classifiers.

Since the inputs of recurrent classifier chains at training time are typically ground truth labels, training token-

level rejectors would similarly require using the correct rejection decision, 1,, ~, ~ , to determine
Wyl )>e;(z,y<;.y)

the j* token prediction for the next label rejector. Following this strategy, also called “teacher forcing”
[Williams & Zipser| (1989)), can often cause a distribution shift, as label predictions will be used at test
time instead of the correct label, resulting in errors propagating through the chain. Scheduled sampling
[Bengio et al| (2015) offers a middle ground by labeling the training data with the correct rejection decision
with probability p, and otherwise using the predicted one. This probability p often decays at a linear or
exponential rate over epochs, gradually reducing the model’s dependence on ground-truth rejection rules.

We use both Multi Layer Perceptrons (MLP) and Long Short-term memory (LSTM) models to perform
token-level deferrals on XSUM data. All models are trained with teacher forcing, without teacher forcing,
or with scheduled sampling. The Scheduled sampler decayed the teacher forcing probability exponentially
by 0.95 with every epoch and the decay process stopped when the teacher forcing probability was 0.5. The
sampler has 5 warmup epochs where the teacher forcing probability was 1.0 before the decay started. The
coin flip of whether or not to teacher force occurred on a token-level, as opposed to a batch-level. Figure
shows the superiority of recurrent models like LSTMs over MLPs with teacher forcing adversely affecting
their performance. The selected model is an LSTM trained without teacher forcing. We present the AUDC
scores for each of the models in Table Bl
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0.80 4 MLP Scheduled Sampling
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Figure 5: Cost-Loss plots for XSUM for various model architectures and training strategies.
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Method AUC Score % Improvement
MLP No Teacher Forcing | 1375.48 (34.57) 4.07 (1.01)
MLP Teacher Forcing 1387.49 (25.96) 3.22 (1.25)
MLP Scheduled Sampling | 1377.01 (31.92) 3.96 (1.20)
LSTM No Teacher Forcing | 1323.92 (25.34) 7.66 (0.96)
LSTM Teacher Forcing 1340.43 (20.24) 6.49 (1.24)
LSTM Scheduled Sampling | 1324.83 (27.04) | 7.60 (0.98)
TokenwiseSoftmax 1354.78 (31.87) 5.51 (0.94)
TokenwiseEntropy 1360.41 (31.50) 5.12 (0.62)

Table 5: AUC Scores for various Token-level Rejector architecturs and training
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