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ABSTRACT

Learning-to-learn—using optimization algorithms to learn a new optimizer—has
successfully trained efficient optimizers in practice. This approach relies on meta-
gradient descent on a meta-objective based on the trajectory that the optimizer
generates. However, there were few theoretical guarantees on how to avoid meta-
gradient explosion/vanishing problems, or how to train an optimizer with good
generalization performance. In this paper we study the learning-to-learn ap-
proach on a simple problem of tuning the step size for quadratic loss. Our results
show that although there is a way to design the meta-objective so that the meta-
gradient remain polynomially bounded, computing the meta-gradient directly us-
ing backpropagation leads to numerical issues that look similar to gradient explo-
sion/vanishing problems. We also characterize when it is necessary to compute
the meta-objective on a separate validation set instead of the original training set.
Finally, we verify our results empirically and show that a similar phenomenon ap-
pears even for more complicated learned optimizers parametrized by neural net-
works.

1 INTRODUCTION

Choosing the right optimization algorithm and related hyper-parameters is important for training a
deep neural network. Recently, a series of works (e.g., Andrychowicz et al. (2016); Wichrowska
et al. (2017)) proposed to use learning algorithms to find a better optimizer. These papers use
a learning-to-learn approach: they design a class of possible optimizers (often parametrized by
a neural network), and then optimize the parameters of the optimizer (later referred to as meta-
parameters) to achieve better performance. We refer to the optimization of the optimizer as the
meta optimization problem, and the application of the learned optimizer as the inner optimization
problem. The learning-to-learn approach solves the meta optimization problem by defining a meta-
objective function based on the trajectory that the inner-optimizer generates, and then using back-
propagation to compute the meta-gradient (Franceschi et al., 2017).

Although the learning-to-learn approach has shown empirical success, there are very few theoreti-
cal guarantees for learned optimizers. In particular, since the optimization for meta-parameters is
usually a nonconvex problem, does it have bad local optimal solutions? Current ways of optimizing
meta-parameters rely on unrolling the trajectory of the inner-optimizer, which is very expensive and
often lead to exploding/vanishing gradient problems. Is there a way to alleviate these problems?
Can we have a provable way of designing meta-objective to make sure that the inner optimizers can
achieve good generalization performance?

In this paper we answer some of these problems in a simple setting, where we use the learning-
to-learn approach to tune the step size of the standard gradient descent/stochastic gradient descent
algorithm. We will see that even in this simple setting, many of the challenges still remain and we
can get better learned optimizers by choosing the right meta-objective function. Though our results
are proved only in the simple setting, we empirically verify the results using complicated learned
optimizers with neural network parametrizations.
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1.1 CHALLENGES OF LEARNING-TO-LEARN APPROACH AND OUR RESULTS

Metz et al. (2019) highlighted several challenges in the meta-optimization for learning-to-learn ap-
proach. First, they observed that the optimal parameters for the learned optimizer (or even just the
step size for gradient descent) can depend on the number of training steps ¢ of the inner-optimization
problem, which is also observed by Wu et al. (2018). Ge et al. (2019) theoretically proved this in a
least-squares setting. Because of this, one needs to ensure that the inner training has enough number
of steps (similar to the number of steps that it would take when we apply the learned optimizer).
However, when the number of steps is large, the meta-gradient can often explode or vanish, which
makes it difficult to solve the meta-optimization problem.

Our first result shows that this is still true in the case of tuning step size for gradient descent on a
simple quadratic objective. In this setting, we show that there is a unique local and global minimizer
for the step size, and we also give a simple way to get rid of the gradient explosion/vanishing
problem.

Theorem 1 (Informal). For tuning the step size of gradient descent on a quadratic objective, if the
meta-objective is the loss of the last iteration, then the meta-gradient can explode/vanish. If the
meta-objective is the log of the loss of the last iteration, then the meta-gradient is polynomially
bounded. Further, doing meta-gradient descent with a meta step size of 1/ Vk (where k is the
number of meta-gradient steps) provably converges to the optimal step size for the inner-optimizer.

Surprisingly, even though taking the log of the objective solves the gradient explosion/vanishing
problem, one cannot simply implement such an algorithm using auto-differentiation tools such as
those used in TensorFlow (Abadi et al., 2016). The reason is that even though the meta-gradient is
polynomially bounded, if we compute the meta-gradient using the standard back-propagation algo-
rithm, the meta-gradient will be the ratio of two exponentially large/small numbers, which causes
numerical issues. Detailed discussion for the first result appears in Section 3 (Theorem 3 and Theo-
rem 4).

The generalization performance of the learned optimizer is another challenge. If one just tries to
optimize the performance of the learned optimizer on the training set (we refer to this as the train-
by-train approach), then the learned optimizer might overfit. Metz et al. (2019) proposed to use a
train-by-validation approach instead, where the meta-objective is defined to be the performance of
the learned optimizer on a separate validation set.

Our second result considers a simple least squares setting where y = (w*, ) + & and & ~ N(0, 02).
We show that when the number of samples is small and the noise is large, it is important to use
train-by-validation; while when the number of samples is much larger train-by-train can also learn a
good optimizer.

Theorem 2 (Informal). For a simple least squares problem in d dimensions, if the number of samples
n is a constant fraction of d (e.g., d/2), and the samples have large noise, then the train-by-train ap-
proach performs much worse than train-by-validation. On the other hand, when number of samples
n is large, train-by-train can get close to error do® /n, which is optimal.

We discuss the details in Section 4 (Theorem 5 and Theorem 6). In Section 5 we show that
such observations also hold empirically for more complicated learned optimizers—an optimizer
parametrized by neural network.

1.2 RELATED WORK

Learning-to-learn for supervised learning Hochreiter et al. (2001) introduced the application of
gradient descent method to meta-learning. The idea of using a neural network to parametrize an
optimizer started in Andrychowicz et al. (2016), which used an LSTM to directly learn the update
rule. Before that, the idea of using optimization to tune parameters for optimzers also appeared
in Maclaurin et al. (2015). Later, Li & Malik (2016); Bello et al. (2017) applied techniques from
reinforcement learning to learn an optimizer. Wichrowska et al. (2017) used a hierarchical RNN as
the optimizer. Metz et al. (2019) adopted a small MLP as the optimizer and used dynamic weighting
of two gradient estimators to stabilize and speedup the meta-training process.
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Learning-to-learn in other settings Ravi & Larochelle (2016) used LSTM as a meta-learner to
learn the update rule for training neural networks in the few-shot learning setting, Wang et al. (2016)
learned an RL algorithm by another meta-learning RL algorithm, and Duan et al. (2016) learned a
general-purpose RNN that can adapt to different RL tasks.

Gradient-based meta-learning Finn et al. (2017) proposed Model-Agnostic Meta-Learning
(MAML) where they parameterize the update rule for network parameters and learn a shared ini-
tialization for the optimizer using the tasks sampled from some distribution. Subsequent works
generalized or improved MAML, e.g., Rusu et al. (2018) learned a low-dimensional latent repre-
sentation for gradient-based meta-learning, and Li et al. (2017) enabled the concurrent learning of
learning rate and update direction. Chen et al. (2020) studied a model with an optimization solver
stacked on another neural component. They computed Rademacher complexity of the model, but
didn’t give any optimization guarantee or study train-by-train versus train-by-validation.

Learning assisted algorithms design Similar ideas can also be extended to develop a meta-
algorithm selecting an algorithm from a family of parametrized algorithms. Gupta & Roughgarden
(2017) first modeled the algorithm-selection process as a statistical learning problem and bounded
the number of tasks it takes to tune a step size for gradient descent. However, they didn’t consider
the meta-optimization problem. Based on Gupta & Roughgarden (2017), people have developed
and analyzed the meta-algorithms in many problems (Balcan et al., 2016; 2018a;c;b; Denevi et al.,
2018; Alabi et al., 2019; Denevi et al., 2019)

Tuning step size/step size schedule for SGD Shamir & Zhang (2013) showed that SGD with
polynomial step size scheduling can almost match the minimax rate in convex non-smooth settings,
which was later tightened by Harvey et al. (2018) for standard step size scheduling. Assuming that
the horizon 7' is known to the algorithm, the information-theoretically optimal bound in convex non-
smooth setting was later achieved by Jain et al. (2019) which used another step size schedule, and
Ge et al. (2019) showed that exponentially decaying step size scheduling can achieve near optimal
rate for least squares regression. There are also a line of works that investigate methods which adapt
a vector of step sizes (Sutton, 1992; Schraudolph, 1999; Kearney et al., 2018; Giinther et al., 2019;
Jacobsen et al., 2019).

2 PRELIMINARIES

In this section, we first introduce some notations, then formulate the learning-to-learn framework.

2.1 NOTATIONS

For any integer n, we use [n] to denote {1,2,--- ,n}. We use ||-|| to denote the ¢5 norm for a vector
and the spectral norm for a matrix. We use (-, ) to denote the inner product of two vectors. For
a symmetric matrix A € R4*?4 we denote its eigenvalues as A\;(A) > --- > \4(A). We denote

the d-dimensional identity matrix as I;. We also denote the identity matrix simply as I when the
dimension is clear from the context. We use O(-),€(-), ©(-) to hide constant factor dependencies.
We use poly(+) to represent a polynomial on the relevant parameters with constant degree. We say
an event happens with high probability if it happens with probability 1 — ¢ for small constant c.

2.2 LEARNING-TO-LEARN FRAMEWORK

We consider the learning-to-learn approach applied to training a distribution of learning tasks. Each
task is specified by a tuple (D, Siwain, Svaiid, £). Here D is a distribution of samples in X x Y, where
X is the domain for the sample and Y is the domain for the label/value. The sets Sy and Syaiq
are samples generated independently from D, which serve as the training and validation set (the
validation set is optional). The learning task looks to find a parameter w € W that minimizes the
loss function ¢(w, z,y) : W x X x Y — R, which gives the loss of the parameter w for sample

(z,y). The training loss for this task is f(w) := m 2 (2.)€ S (W, T, y), While the population
loss is f(w) := E y)~pll(w,z,y)].
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The goal of inner-optimization is to minimize the population loss f(w). For the learned op-
timizer, we consider it as an update rule u(-) on weight w. The update rule is a parame-
terized function that maps the weight at step 7 and its history to the step 7 + 1 : w,41 =
w(wr, Vf(wy), Vf(wy_1),---;6). In most parts of this paper, we consider the update rule u
as gradient descent mapping with step size as the trainable parameter (here # = 7 which is
the step size for gradient descent). That is, u,(w) = w — nV f(w) for gradient descent and
uy(w) = w — nVyl(w,z,y) for stochastic gradient descent where (z,y) is a sample randomly
chosen from the training set Siin -

In the outer (meta) level, we consider a distribution 7 of tasks. For each task P ~ 7, we can define
a meta-loss function A(#, P). The meta-loss function measures the performance of the optimizer

on this learning task. The meta objective, for example, can be chosen as the target training loss f at
the last iteration (train-by-train), or the loss on the validation set (train-by-validation).

The training loss for the meta-level is the average of the meta-loss across m different specific tasks
Py, P, ..., Py, thatis, F(0) = 3" A(6, P,). The population loss for the meta-level is the

expectation over all the possible s%leciﬁc tasks F'(§) = Ep7[A(6, P)).

In order to train an optimizer by gradient descent, we need to compute the gradient of meta-objective
F' in terms of meta parameters 6. The meta parameter is updated once after applying the optimizer
on the inner objective ¢ times to generate the trajectory wgp, wy, ..., wy. The meta-gradient is then
computed by unrolling the optimization process and back-propagating through the ¢ applications of
the optimizer. As we will see later, this unroll procedure is costly and can introduce meta-gradient
explosion/vanishing problems.

3 ALLEVIATING GRADIENT EXPLOSION/VANISHING PROBLEMS

First we consider the meta-gradient explosion/vanishing problem. More precisely, we say the meta-
gradient explodes/vanishes if it is exponentially large/small with respect to the number of steps ¢ of
the inner-optimizer.

In this section, we consider a very simple instance of the learning-to-learn approach, where the
distribution 7 only contains a single task P, and the task also just defines a single loss function f'.

Therefore, in this section F'() = F(n) = A(n, P). We will simplify notation and only use F'(n).

The inner task P is a simple quadratic problem, where the starting point is fixed at wg, and the loss
function is f(w) = %wTH w for some fixed positive definite matrix H. Without loss of general-
ity, assume wg has unit ¢ norm. Suppose the eigenvalue decomposition of H is Zle Auia -
Throughout this section we assume L = A1 (H) and o = A\g(H) are the largest and smallest eigen-
values of H with L > «. For each i € [d], let ¢; be {wo, u;) and let cpin, = min(|ea], |cal). We
assume i, > 0 for simplicity. Note that if wy is uniformly sampled from the unit sphere, with
high probability ¢y, is at least Q(1/v/d); if H is XX T with X € R?*2? a5 a random Gaussian
matrix, with constant probability, both « and L — « are at least ©(d).

Let {w; ,} be the GD sequence running on f(w) starting from wq with step size . We consider
several ways of defining meta-objective, including using the loss of the last point directly, or using

the log of this value. We first show that although choosing F(n) = f(wy,y) does not have any bad
local optimal solution, it has the gradient explosion/vanishing problem. We use a (n) to denote the
derivative of F' in 7.

Theorem 3. Let the meta objective be F\(1)) = f(w;.,,) = %w;?me. We know F'(n) is a strictly

convex function in 1 with an unique minimizer. However, for any step size n < 2/L, |F’(77)| <
tZ?Zl EN2|1 — )| ?1; for any step size ) > 2/L, |F' ()| > G L2 (nL — 1)~ — L2t

Note that in Theorem 3, when ) < 2/L, |F”(n)| is exponentially small because |1 — n);| < 1 for
all i € [d]; whenn > 2/L, |F'(n)| is exponentially large because nL — 1 > 1. Intuitively, gradient

'In the notation of Section 2, one can think that D contains a single point (0,0) and the loss function
f(w) = £(w,0,0).
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explosion/vanishing happens because the meta-loss function becomes too small or too large. A
natural idea to fix the problem is to take the log of the meta-loss function to reduce its range. We

show that this indeed works. More precisely, if we choose F'(n) = 1log f(wy,y,), then we have

Theorem 4. Let the meta objective be F'(n) = 1 log f(wy,y). We know F(n) has a unique minimizer
n* and F'(n) = O (#&ﬂl)) for all ) > 0. Let {n;} be the GD sequence running on F with

meta step size [}, = 1/\/E Suppose the starting step size ng < M. Given any 1/L > ¢ > 0, there
exists k' = ]\f—:poly( L L, Y L) such that for all k > k', g, — n*| < e.

Cmin’ ' a’ L—«

For convenience, in the above algorithmic result, we reset 1) to zero once 1 goes negative. Note
that although we show the gradient is bounded and there is a unique optimizer, the problem of
optimizing 7 is still not convex because the meta-gradient is not monotone. We use ideas from
quasi-convex optimization to show that meta-gradient descent can find the unique optimal step size
for this problem.

Surprisingly, even though we showed that the meta-gradient is bounded, it cannot be effectively
computed by doing back-propagation due to numerical issues. More precisely:

Corollary 1. If we choose the meta-objective as F(n) = +log f(wy,,), when computing the meta-
gradient using back-propagation, there are intermediate results that are exponentially large/small

in number of inner-steps t.

Indeed, in Section 5 we empirically verify that standard auto-differentiation tools can still fail in this
setting. This suggests that one should be more careful about using standard back-propagation in the
learning-to-learn approach. The proofs of the results in this section are deferred into Appendix A.

4 TRAIN-BY-TRAIN VS. TRAIN-BY-VALIDATION

Next we consider the generalization ability of simple optimizers. In this section we consider
a simple family of least squares problems. Let 7 be a distribution of tasks where every task
(D(w*), Stwains Svatid, £) is determined by a parameter w* € R? which is chosen uniformly at ran-
dom on the unit sphere. For each individual task, (z,y) ~ D(w*) is generated by first choosing
x ~ N(0,1;) and then computing y = (w*,z) + & where £ ~ N(0,0?%) with ¢ > 1. The loss
function (w, z,y) is just the squared loss £(w,z,y) = %(y — (w, z))?. That is, the tasks are just
standard least-squares problems with ground-truth equal to w* and noise level 2.

For the meta-loss function, we consider two different settings. In the train-by-train setting, the
training set Sy, contains n independent samples, and the meta-loss function is chosen to be the
training loss. That is, in each task P, we first choose w* uniformly at random, then generate
(1,91), s (T, Yn) as the training set Siyin. The meta-loss function Aqyp(,) (1, P) is defined
to be

n

1
ATbT(n)(naP) = on Z(yz - <wt,n»$i>)2-

i=1

Here wy ,, is the result of running ¢ iterations of gradient descent starting from point 0 with step size
7. Note we truncate a sequence and declare the meta loss is high once the weight norm exceeds
certain threshold. We can safely do this because we assume the ground truth weight w* has unit
norm, so if the weight norm of our model is too high, it means the inner training has diverged and
the step size is too large. Specifically, if at the T-th step, ||w- .|| > 400, we freeze the training on this
task and set w,/ , = 400w for all 7 < 7/ < t, for some arbitrary vector u with unit norm. Setting
the weight to a large vector is just one way to declare the loss is high; we choose this particular way
for some proof convenience.

As before, the empirical meta objective in train-by-train setting is the average of the meta-loss across
m different specific tasks Py, Ps, ..., Pp,, that is,

| 1 &
Fryrmy(n) = o Z Aryrny (0, Pr)- (1
k=1
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In the train-by-validation setting, the specific tasks are generated by sampling n; training samples
and no validation samples for each task, and the meta-loss function is chosen to be the valida-
tion loss. That is, in each specific task P, we first choose w* uniformly at random, then generate
(1,91), -y (Tny, Yn, ) as the training set Siin and (27, 91), .., (7,,, Yy, ) as the validation set Syaig.
The meta-loss function Appy (n, n,) (7, P) is defined to be

1 &

= % (y§ - <wt,n,fﬂé>)2~

ATbV(7L1,n2)(777 P)
i=1

Here again wy ,, is the result of running ¢ iterations of the gradient descent on the training set starting
from point 0, and we use the same truncation as before. The empirical meta objective is defined as

. 1 &
FTbV(nl,nz)(n) = E Z ATbV(TLl,n2) (777 Pk)a 2
k=1

where each Py is independently sampled according to the described procedure.

We first show that when the number of samples is small (in particular n < d) and the noise is a large
enough constant, train-by-train can be much worse than train-by-validation, even when n; +ns =n
(the total number of samples used in train-by-validation is the same as train-by-train)

Theorem 5. Let FTbT(n)(n) and FTbV(nth)(n) be as defined in Equation (1) and Equation (2)
respectively. Assume n,nyi,ne € [d/4,3d/4]. Assume noise level o is a large constant cy. Assume
unroll length t > co, number of training tasks m > cglog(mt) and dimension d > c4log(mt) for
certain constants cs, cs, c4. With high probability in the sampling of training tasks, we have

Mgin = O(1) and E Hwt,n;m_” —w| ? = Q(1)o?,

for all ., € arg ming>g FTbT(n) (n);

7):alid = @(1/t) and E Hwt,n - w*H2 = ||’w*H2 - Q(l)

;I[i(]
for all n; ., € argmin,>g FTbV(nth)(n). In both equations the expectation is taken over new
tasks.

Note that in this case, the number of samples n is smaller than d, so the least square problem is under-
determined and the optimal training loss would go to O (there is always a way to simultaneously
satisfy all n equations). This is exactly what train-by-train would do—it will choose a large constant
learning rate which guarantees the optimizer converges exponentially to the empirical risk minimizer
(ERM). However, when the noise is large making the training loss go to 0 will overfit to the noise
and hurt the generalization performance. Train-by-validation on the other hand will choose a smaller
learning rate which allows it to leverage the information in the training samples without overfitting
to noise. Theorem 5 is proved in Appendix B. We also prove similar results for SGD in Appendix D

We emphasize that neural networks are often over-parameterized, which corresponds to the case
when d > n. Indeed Liu & Belkin (2018) showed that variants of stochastic gradient descent can
converge to the empirical risk minimizer with exponential rate in this case. Therefore in order to
train neural networks, it is better to use train-by-validation. On the other hand, we show when the
number of samples is large (n > d), train-by-train can also perform well.

Theorem 6. Let FT;,T(") (n) be as defined in Equation 1. Assume noise level is a constant ¢, . Given
any 1 > € > 0, assume training set size n > g—‘j log("3), unroll length t > c3log(Z;), number

2
of training tasks m > %o log(t?;”) and dimension d > c4 for certain constants c, ca, c3, c4. With

high probability in the sampling of training tasks, we have

d2
<1+,
n

E [|we,y,, —w’
Sforallm;, ., € arg min,>g FTbT(n) (n), where the expectation is taken over new tasks.

Therefore if the learning-to-learn approach is applied to a traditional optimization problem that is not
over-parameterized, train-by-train can work well. In this case, the empirical risk minimizer (ERM)
already has good generalization performance, and train-by-train optimizes the convergence towards
the ERM. We defer the proof of Theorem 6 into Appendix C.
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5 EXPERIMENTS

Optimizing step size for quadratic objective We first validate the results in Section 3. We fixed
a 20-dimensional quadratic objective as the inner problem and vary the number of inner steps ¢
and initial value 7. We compute the meta-gradient directly using a formula which we derive in
Appendix A. In this way, we avoid the computation of exponentially small/large intermediate terms.
We use the algorithm suggested in Theorem 4, except we choose the meta-step size to be 1/(100v/k)
as the constants in the theorem were not optimized.

An example training curve of 7 for ¢ = 80 and 79 = 0.1 is shown in Figure 1, and we can see that
1 converges quickly within 300 steps. Similar convergence also holds for larger ¢ or much larger
initial 9. In contrast, we also implemented the meta-training with Tensorflow, where the code
was adapted from the previous work of Wichrowska et al. (2017). Experiments show that in many
settings (especially with large ¢ and large 7)) the implementation does not converge. In Figure 1,
under the TensorFlow implementation, the step size is stuck at the initial value throughout the meta
training because the meta gradient explodes and gives NaN value.

In Figure 2, we verify the observation from Metz et al. (2019) that the optimal step size depends on
inner training length.

04 I ‘ 0.031 §
Ours N
Tensorflow f
]
=02 £ 0.03
a
@]
0 : : 0.029
0 100 200 300 0 50 100 150 200
Meta steps Inner training length t
Figure 1: Training n (t = 80, ng = 0.1) Figure 2: Optimal n* for different ¢

Train-by-train vs. train-by-validation, synthetic data Here we validate our theoretical results
in Section 4 using the least-squares model defined there. We fix the input dimension d to be 1000.

In the first experiment, we fix the size of the data (n = 500 for train-by-train, n; = no = 250
for train-by-validation). Under different noise levels, we find the optimal n* by a grid search on
its meta-objective for train-by-train and train-by-validation settings respectively. We then use the
optimal n* found in each of these two settings to test on 10 new least-squares problem. The mean
RMSE, as well as its range over the 10 test cases, are shown in Figure 3. We can see that for all
of these cases, the train-by-train model overfits easily, while the train-by-validation model performs
much better and does not overfit. Also, when the noise becomes larger, the difference between these
two settings becomes more significant.

6 6
—J—TbT —J— 0T

= |[—F—Tbv = |[—E=Tbv
® 4 3 4
o L
2, 2,
= =

0 0

0 1 2 3 4 0 1 2 3 4

Figure 3: Training and testing RMSE for different o values (500 samples)

In the next experiment, we fix ¢ = 1 and change the sample size. For train-by-validation, we always
split the samples evenly into training and validation set. From Figure 4, we can see that the gap
between these two settings is decreasing as we use more data, as expected by Theorem 6.
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Figure 4: Training and testing RMSE for different samples sizes (¢ = 1)

Train-by-train vs. train-by-validation, MLP optimizer on MNIST Finally we consider a more
complicated multi-layer perceptron (MLP) optimizer on MNIST data set. We use the same MLP
optimizer as in Metz et al. (2019), details of this optimizer is discussed in Appendix F. As the
inner problem, we use a two-layer fully-connected network of 100 and 20 hidden units with ReLU
activations. The inner objective is the classic 10-class cross entropy loss, and we use mini-batches
of 32 samples at inner training. In all the following experiments, we use SGD as a baseline with step
size tuned by grid search against validation loss.

To see whether the comparison between train-by-train and train-by-validation behave similarly to
our theoretical results, we consider different number of samples and different levels of label noise.
For each optimizer, we run 5 independent tests and collect training accuracy and test accuracy for
evaluation. The plots show the mean of the 5 tests. We didn’t show the measure of the spread because
the results of these 5 tests are so close to each other, such that the range or standard deviation marks
will not be readable in the plots.

First, consider optimizing the MNIST dataset with small number of samples. In this case, the train-
by-train setting uses 1,000 samples (denoted as “TbT1000”), and we use another 1,000 samples as
the validation set for the train-by-validation case (denoted as “TbV1000+1000”). To be fair to train-
by-train we also consider TbT2000 where the train-by-train algorithm has access to 2000 data points.
Figure 5 shows the results—all the models have training accuracy close to 1, but both TbT1000 and
TbT2000 overfits the data significantly, whereas TbV1000+1000 performs well.
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Figure 5: Training and testing accuracy for different models (1000 samples, no noise)

To show that when the noise is higher, the advantage of train-by-validation increases, we keep the
same sample size and consider a “noisier” version of MNIST, where we randomly change the label
of a sample with probability 0.2 (the new label is chosen uniformly at random, including the original
label). The results are shown in Figure 6. We can see that both train-by-train models, as well as SGD,
overfit easily with training accuracy close to 1 and their test performances are low. The train-by-
validation model performs much better.

Finally we run experiments on the complete MNIST data set (without label noise). For the train-by-
validation setting, we split the data set to 50,000 training samples and 10,000 validation samples.
As shown in Figure 7, in this case train-by-train and train-by-validation performs similarly (in fact
both are slightly weaker than the tuned SGD baseline). This shows that when the sample size is
sufficiently large, train-by-train can get comparable results as train-by-validation.
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Figure 6: Training and testing accuracy for different models (1000 samples, 20% noise)
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Figure 7: Training and testing accuracy for different models (all samples, no noise)

6 CONCLUSION AND FUTURE WORKS

In this paper, we have proved optimization and generalization guarantees for tuning the step size
for quadratic loss. From the optimization perspective, we considered a simple task whose objective
is a quadratic function. We proved that the meta-gradient can explode/vanish if the meta-objective
is simply the loss of the last iteration; we then showed that the log-transformed meta-objective has
polynomially bounded meta-gradient and can be successfully optimized. To study the generalization
issues, we considered the least squares problem. We showed that when the number of samples is
small and the noise is large, train-by-validation approach generalizes better than train-by-train; while
when the number of samples is large, train-by-train can also work well. Although our theoretical
results are proved for quadratic loss, this simple setting already yields interesting phenomenons
and requires non-trivial techniques to analyze. We have also verified our theoretical results on an
optimizer parameterized by neural networks and MNIST dataset.

Since this is a very first work studying the learning to learn approach, there are many potential future
works. One immediate future work is to extend the result for least squares to log-transformed meta
objective (as in Section 3). This is probably doable because compositing the log function with the
current meta-objective should not change its minimizer. For the least squares problem, we only
studied the generalization properties of the optimal step size under the meta-objective, it’s unclear if
meta-gradient descent can converge to such an optimal step size. We believe our techniques for the
meta-optimization of the simple quadratic objective function (Section 3) can also be useful in this
analysis. More broadly, we are also interested in analyzing more complicated optimizers on more
complicated tasks.
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In the appendix, we first give the missing proofs for the theorems in the main paper. Later in
Appendix F we give details for the experiments.

Notations: Besides the notations defined in Section 2, we define more notations that will be used
in the proofs.

For a matrix X € R™"*¢ with n < d, we denote its singular values as o1 (X) > --- > 0,(X).

For a positive semi-definite matrix A € R?*¢, we denote u” Au as ||ul|, . For a matrix X € R?*™,
let Proj, € R?*9 be the projection matrix onto the column span of X. That means, Proj, =SS,
where the columns of S form an orthonormal basis for the column span of X.

For any event &£, we use 1 {£} to denote its indicator function: 1 {€} equals 1 when & holds and
equals 0 otherwise. We use £ to denote the complementary event of £.

A PROOFS FOR SECTION 3 — ALLEVIATING GRADIENT
EXPLOSION/VANISHING PROBLEM FOR QUADRATIC OBJECTIVE

In this section, we prove the results in Section 3. Recall the meta learning problem as follows:

The inner task is a fixed quadratic problem, where the starting point is fixed at wg, and the loss
function is f(w) = Jw' Huw for some fixed positive definite matrix H € R%*¢. Suppose the

eigenvalue decomposition of H is Z?:l Aiu;u] . In this section, we assume L = \;(H) and o =
Aa(H) are the largest and smallest eigenvalues of H with L > «. We assume the starting point wyg
has unit £2 norm. For each i € [d], let ¢; be (wg,u;) and let ¢y = min(|eq], |cq|). We assume
Cmin > 0 for simplicity, which is satisfied if wq is chosen randomly from the unit sphere.

Let {w,,} be the GD sequence running on f(w) starting from wq with step size 7). For the meta-
objective, we consider using the loss of the last point directly, or using the log of this value. In
Section A.1, we first show that although choosing () = f(w.,) does not have any bad local
optimal solution, it has the gradient explosion/vanishing problem (Theorem 3). Then, in Section A.2,
we show choosing F(n) = % log f(w,y) leads to polynomially bounded meta-gradient and further
show meta-gradient descent converges to the optimal step size (Theorem 4). Although the meta-
gradient is polynomially bounded, if we simply use back-propogation to compute the meta-gradient,
the intermediate results can still be exponentially large/small (Corollary 1). This is also proved in

Section A.2.

A.1 META-GRADIENT VANISHING/EXPLOSION

In this section, we show although choosing F'() = f (w¢,,) does not have any bad local optimal
solution, it has the meta-gradient explosion/vanishing problem. Recall Theorem 3 as follows.

Theorem 3. Let the meta objective be F\(1)) = f(w;.,,) = %w;’rnHwt,n. We know F'(n) is a strictly

convex function in 1 with an unique minimizer. However, for any step size n < 2/L, |F’(77)| <
tS2 L 2N2|1 — )| 2L for any step size n > 2/ L, |F'(n)| > AL2t(nL — 1)%~1 — L2¢.

1=1"1""

Intuitively, if we write w; , in the basis of the eigen-decomposition of H, then each coordinate
evolve exponentially in ¢. The gradient of the standard objective is therefore also exponential in ¢.

Proof of Theorem 3. According to the gradient descent iterations, we have
Wy = W1,y — NV f(Wi—1,9) = w1,y — NHwi—1 = (I = nH)wi—1 = (I — nH)"w.

Therefore, F(1) := f(w,,) = Swg (I — nH)? Huw,. Taking the derivative of F'(1),

d
F'(n) = —tw] (I —nH)* " H?wo = —t Y _cZAF (1 —nA)> ",
=1

12
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where ¢; = (wy, u;) . Taking the second derivative of F'(7)),

d
F"(n) =t(2t — wg (I — nH)*2Hwg = (2t — 1) Y FAI(1 = nA)* 2.
=1

Since L > o, we have F"/ (1)) > 0 for any 7. That means (1) is a strictly convex function in 7 with
a unique minimizer.

For any fixed n € (0,2/L) we know |1 — 17)\'| < 1foralli € [d]. We have
‘ } < th2)\2 — P

For any fixed n € (2/L, 00), we know nL — 1 > 1. We have
F' ()

= —tcAL*(1 —nL)* ! —t Z N1 —n\)2t —t Z EN2(1—n))H
i#1:(1-nA;) <0 i#1:(1—nA;) >0

>t2 L3 (nL —1)%1 tz EXN > tALA(nL —1)% — L2,

?=1. O

where the last inequality uses ZZ 1 G

A.2 ALLEVIATING META-GRADIENT VANISHING/EXPLOSION

We prove when the the meta objective is chosen as + log f(wy,y,), the meta-gradient is polynomlally
bounded. Furthermore, we show meta-gradient descent can converge to the optimal step size within
polynomial iterations. Recall Theorem 4 as follows.

Theorem 4. Let the meta objective be F'(1)) = +log f(wy,,). We know F(n) has a unique minimizer
n* and F'(n) = O (CLi) for all ) > 0. Let {n;} be the GD sequence running on F with

a(L—a)
meta step size Mk =1/Vk VE. Suppose the starting step size 1o < M. Given any 1/L > € > 0, there
exists k' = 75 poly(cmm L, é, 7= ) such that for all k > k', [ —n*| < e.

When we take the log of the function value, the derivative of the function value with respect to 7
becomes much more stable. We will first show some structural result on ﬁ(n) — it has a unqiue
minimizer and the gradient is polynomially bounded. Further the gradient is only close to 0 when
the point 7 is close to the unique minimizer. Then using such structural result we prove that meta-
gradient descent converges.

Proof of Theorem 4. The proof consists of three claims. In the first claim, we show that F has
a unique minimizer and the minus meta derivative always points to the minimizer. In the second
claim, we show that £ has bounded derivative. In the last claim, we show that for any 7 that is
outside the e-neighborhood of n*, | F” ()| is lower bounded. Finally, we combine these three claims
to finish the proof.

Claim 1. The meta objective F has only one stationary point that is also its unique minimizer n*.
For any n € [0,n*), F'(n) < 0 and for any n € (n*,00), F'(n) > 0. Furthermore, we know
n*e1/L,1/a].

We can compute the derivative of F'in 7 as follows,

() = 20 (= nH)* ™ H?wo _ 2y %Af(l—w%l_ .
wg (I — nH )2 Huwyg YL @A (1 — )2

It’s not hard to Verify that the denominator 2?21 c2\i(1 — nX;)? is always positive. Denote the
numerator —2 3% ¢2A2(1 —n);)2 =L as g(n). Since ¢’ (n) > 0 for any 5 € [0, 00), we know g(n)

i=1Ci N

13
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is strictly increasing in 7). Combing with the fact that ¢(0) < 0 and g(oc0) > 0, we know there is a
unique point (denoted as n*) where g(n ) = 0and g(n) < 0forall n € [0,7*) and g(n) > O for all

n € (n*,0). Since the denominator in £”(n) is always positive and the numerator equals g(1), we
know there is a unique point n* where F”(n*) = 0 and F’(n) < 0 for all € [0,n*) and F'(n) > 0
for all n € (n*, 00). It’s clear that n* is the minimizer of F'.

Also, it’s not hard to verify that for any n € [0,1/L), F'() < 0 and for any € (1/a, o0),
F’(n) > 0. This implies that n* € [1/L,1/a].
Claim 2. For any n € [0,00), we have

. 413
F’ <
PO < 2

min

= Dmax~

Foranyn € [0 we have |1 —n)\;| < 1—na for all i. Dividing the numerator and denominator

2
: et
in F’(n) by (1 — na)?, we have

c; 27?2 —n\; —
S SR eyt en _sernylen_an
cda+Zd L2\ (3= ’777>‘ )2t~ cda(l —na) ~ Za(L — a) ~ Aol - )’

Fn)| =2

where the second last inequality uses 7 < + =T

Similarly for any € (=2, c0), we have |1 —n)\;| < nL — 1 for all 4. Dividing the numerator and

a+L>
denominator in £7(n) by (nL — 1), we have

d A (1-n)iy2t-1
pr = o B B GED] 238 dernSLid v
AL+, (2 T dLHL - 1) SLL-0a) - GLL-a)

where the last inequality uses 1 > + =T

Overall, we know for any n > 0,

3 3
< 2 max (e, =) <
L—-a CdOé clL mlna(L - OZ)

Claim 3. Given M > 2/aand 1/L > € > 0, forany n € [0,1* — €] U [n* + €, M], we have

2 2.3 2 L2 3 1 .
[F'(n)] > min( ecga ,—=q B ) > 2ec?, min <a > := Dpin(M).

(ML —1 L’ M2
Ifn €[0,n" —efandn < +L, we have
() = —plim XA AT S AL - nh) ! - S AL A
e ML= A S A=)
where the second equality holds because ZZ LE2X2(1 — 7" A;)%~1 = 0. For the numerator, we
have

Zcz)\z W Zcz)\z — " A)2 ! >0 ((1 —pa)® Tl — (1 n*a)2t—1)

>c§o¢2 ((1 —na)* 1 — (1 —na — ea)Zt*l) :

for the denominator, we have

d
Zf (1—nr)* < (Z ) (1—na)*
=1 =

14
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where the second 1nequa11ty holds because |1 — n\;| < 1 — na for all i. Overall, we have when
nel0,n —dandn < 27,

261 _( 2t—1)

c3a? ((1—na) 1—na— ea)

(Slan)a-

2ecia 2ecAa
> 2 —
(z %A)(l—m) L

where the last inequality holds because (1 — na) < 1 and Zf 2\ < L.

]F'(n)‘ >2

3

Similarly, if n € [0,n* — €] and n > we have

o
AL ((1 —nL)?*=1 —(1-nL - eL)Qt*l)
(Zz 1 z>\ ) (1 777L)2t
AL? ((nL +el —1)%"1 — (nL — 1)2‘5*1)
(ZZ L3N ) (nL —1)2
2eciL? 2ecia?L?

Z(zl LX) (L = 1)2 ST

where the last inequality holds because n < n* — e < 1/a and Zd 2\ < L.

[ (n)] >2

Ifn € [n* +¢€,00) and n < we have

a+L ’

cda 2(1=na+ea)? 1 — (1 —na)?t)

|7/(n)] 22
(Zz 1 1A ) (1 - na)Qt
>2ec§a3
- L )
If n € [n* +€,00) and n > +L,wehave

AGL? (1 —nL+ne)? ' — (1 —nL)* 1)
(Zl 1 z)\ ) (1 - UL)2t
2eciL? o 2eci L?

2(21 1CZA)(77L—1)2 T (ML-1)2

F'(n)| =2

where the last inequality uses the assumption that < M.

With the above three claims, we are ready to prove the optimization result. By Claim 1, we know
F'(n) < 0foranyn € [0,7*) and F’(n) > 0 for any i € (n*, c0). So the opposite gradient descent
always points to the minimizer.

Since ju = 1/VE, when k > k; := % we know py, < 5. By Claim 2, we know |E' ()| <

Doy for all p > 0, which implies | ,ukf?‘ '(n)| < eforall k > ky. That means, meta gradient descent
will never overshoot the minimizer by more than € when & > kp. In other words, after k£, meta
iterations, once 7 enters the e-neighborhood of n*, it will never leave this neighborhood.

We also know that at meta iteration ki, we have 0, < max(l/a 4+ Dpax, M) := M. Here,
1/a 4+ Diax comes from the case that the eta starts from the left of n* and overshoot to the right of
7* by Dpax. Since n* € [1/L,1/a], we have |nx, — n*| < max(1/a,1/a + Dpax — 1/L, M —
1/L) := R. By Claim 3, we know that |EF” ()| > Dy,in(M) for any n € [0,7* — €] U [n* + ¢, M].
Choosing some ko satisfying Zgikl 1/VE > ﬁ, we know for any k > ko, |nr — 1] < e
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Plugging in all the bounds for Dy, Dimax from Claim 3 and Claim 2, we know there exists k; =
E%poly( Lon, Ll L)k = J‘gpoly( L L,1 -1 )satisfying these conditions. O

Cmin ‘o’ L—« Cmin’ ' a’ L—«

Next, we show although the meta-gradient is polynomailly bounded, the intermediate results can
still vanish or explode if we use back-propogation to compute the meta-gradient.

Corollary 1. If we choose the meta-objective as F(n) = +log f(wy,,), when computing the meta-
gradient using back-propagation, there are intermediate results that are exponentially large/small

in number of inner-steps t.

Proof of Corollary 1. This is done by direct calculation. If we use back-propagation to compute the

derivative of 1 log(f(w¢,,)), we need to first compute W% log(f(wt,,)) that equals m

Same as the analysis in Theorem 3, we can show W is exponentially large when ) < 2/L and
t,n

is exponentially small when 1 > 2/L. ]

B PROOFS OF TRAIN-BY-TRAIN V.S. TRAIN-BY-VALIDATION (GD)

In this section, we show when the number of samples is small and when the noise level is a large
constant, train-by-train overfits to the noise in training tasks while train-by-validation generalizes
well. We separately prove the results for train-by-train and train-by-validation in Theorem 7 and
Theorem 8, respectively. Then, Theorem 5 is simply a combination of Theorem 7 and Theorem 8.

Recall that in the train-by-train setting, each task P contains a training set Sy.i, With n samples. The
inner objective is defined as f(w) = 3 2 ()€ S (W T) — y)® . Let {w-} be the GD sequence

running on f (w) from initialization 0 (with truncation). The meta-loss on task P is defined as the

inner objective of the last point, Apyr(n) (1, P) = f(wt,n) = ﬁ Z(m,y)esmm ((w,y, ) — y)2 . The
empirical meta objective FTbT(n)(n) is the average of the meta-loss across m different tasks. We

show that under FT;,T(,L) (n), the optimal step size is a constant and the learned weight is far from
ground truth w* on new tasks. We prove Theorem 7 in Section B.2.

Theorem 7. Let the meta objective FTbT(n) (n) be as defined in Equation 1 with n € [d/4,3d/4].
Assume noise level o is a large constant c¢1. Assume unroll length t > co, number of training tasks
m > c3log(mt) and dimension d > cqlog(m) for certain constants ca, cs, c4. With probability at
least 0.99 in the sampling of the training tasks, we have

? = Q(1)a?,

n;:’ain = ®<1) and Hwtm;m —w”
forall m}, ., € arg ming,>q FTbT(n) (n), where the expectation is taken over new tasks.

In Theorem 7, €2(1) is an absolute constant independent with o. Intuitively, the reason that train-by-
train performs badly in this setting is because there is a way to set the step size to a constant such
that gradient descent converges very quickly to the empirical risk minimizer, therefore making the
train-by-train objective very small. However, when the noise is large and the number of samples is
smaller than the dimension, the empirical risk minimizer (ERM) overfits to the noise and is not the
best solution.

In the train-by-validation setting, each task P contains a training set Sy, with n; sam-
ples and a validation set with ny samples. The inner objective is defined as f(w) =
i 2 () €S (W T) — y)®. Let {w;,} be the GD sequence running on f(w) from initial-
ization 0 (with truncation). For each task P, the meta-loss Aqyy (n, n,) (7, P) is defined as the
loss of the last point w;, evaluated on the validation set Syyig. That is, Aqpy (n, 0, (0, P) =
Tr7 2 (2y) S (Wein T) — y)® . The empirical meta objective FTbV(nhnf)(n) is the average of
the meta-loss across m different tasks Py, P, ..., P,. We show that under Frryy (p, 1, (1), the op-
timal step size is ©(1/t) and the learned weight is better than initialization 0 by a constant on new
tasks. Theorem 8 is proved in Section B.3.

Theorem 8. Let the meta objective FTW(M)M)(U) be as defined in Equation 2 with ny,ns €
[d/4,3d/4]. Assume noise level o is a large constant cy. Assume unroll length t > co, number of
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training tasks m > cs and dimension d > c4 log(t) for certain constants ca, c3, cq. With probability
at least 0.99 in the sampling of training tasks, we have

Mhatia = ©(1/) and E ||w, - w*HQ = ||lw*]]* = Q(1)

Matia
for all )., € argming>o Frpy (n, n,) (1), where the expectation is taken over new tasks.

Intuitively, train-by-validation is optimizing the right objective. As long as the meta-training prob-
lem has good generalization performance (that is, good performance on a few tasks implies good
performance on the distribution of tasks), then train-by-validation should be able to choose the op-
timal learning rate. The step size of ©(1/t) here serves as regularization similar to early-stopping,
which allows gradient descent algorithm to achieve better error on test data.

Notations We define more quantities that are useful in the analysis. In the train by train setting,
given a task P := (D(wy), St(rii)n, £). The training set St(rii)n x) 1, with
y® = <wz,x2(k)> e,

Let X'*) be an n x d matrix with its i-th row as (z\")T. Let H¥) = L(x* )T x®) pe e

train 7 train n train ) train

contains n samples {xgk), yZ(

covariance matrix of the inputs in St(r’;)n. Let §t(r];)n be an n-dimensional column vector with its ¢-th

entry equal to & Z-(k).

is full row rank. Therefore, X[(r’:i)n

Since n < d, with probability 1, we know X%

train has pseudo-
inverse (X*))T such that X*)

x®) )T = [I,. It’s not hard to verify that there exists w(k) =

lrain) train( train train
Proj(ka_))TwZ + (X(]C))Jr t(rii)n such that ngk) = <wt(r§i)n,x§k)> for every (w,gk),ygk)) € Sl(r{ji)n.

train

Here, Proj (X®)T is the projection matrix onto the column span of (X[(r}:i)n)T We also denote
Proj le_ﬁ)Tw;; as (wt(r];)n)* We use Bt(’j]) to denote (I — (I — nHt(r’:izq)t). Let w,gkn) be the weight

g

train

obtained by running GD on with step size ) (with truncation).

With the above notations, it’s not hard to verify that for task Py, the inner objective f (w) =

2 P
k . k
t(ra]-)n , - The meta-loss on task Py is just Aqyr(n) (0, P) = z Hwt’" — wfrai)n o

train train

1 —
L w=w

In the train-by-validation setting, each task Py contains a training set S with n] sam-

train

ples and a validation set Sv(flgd with my samples. Similar as above, for the training set Sl(rii)n,

we can define f(k) x® g® k) Bk wgkn), for the validation set S'*)

train? <> train? ** train’ “'train® 2t valia; W€ can define

. 2
féfh)d, X\Eakli)d, Hv(fli)d, w‘(:lzd. With these notations, the inner objective is f(w) = 1 ‘w — wt(rii)n )
. . (k) 9 train
and the meta-l1oss is Aryy (1, ny) (1, Pr) = 3 || Wt — Wigiq e

valid

We also wuse these notations without index £ to refer to the quantities defined
on task P. In the proofs, we ignore the subsripts on mn,nj,ne and simply write

Az (0, Pe), Aryy (0, Py), Fror, Frov, Fror, Fryy .

B.1 OVERALL PROOF STRATEGY

In this section (and the next), we follow similar proof strategies that consists of three steps.

Step 1:  First, we show for both train-by-train and train-by-validation, there is a good step size that
achieves small empirical meta-objective (however the step sizes and the empirical meta-objective
they achieve are different in the two settings). This does not necessarily mean that the actual optimal
step size is exactly the good step size that we propose, but it gives an upperbound on the empirical
meta-objective for the optimal step size.

17
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Step 2: Second, we define a threshold step size such that for any step size larger than it, the
empirical meta-objective must be higher than what was achieved at the good step size in Step 1.
This immediately implies that the optimal step size cannot exceed this threshold step size.

Step 3: Third, we show the meta-learning problem has good generalization performance, that
is, if a learning rate 1 performs well on the training tasks, it must also perform well on the task
distribution, and vice versa. Thanks to Step 1 and Step 2, we know the optimal step size cannot
exceed certain threshold and then only need to prove generalization result within this range. The
generalization result is not surprising as we only have a single trainable parameter 1, however we
also emphasize that this is non-trivial as we will not restrict the step size ) to be small enough that the
algorithms do not diverge. Instead we use a truncation to alleviate the diverging problem (this allows
us to run the algorithm on distribution of data whose largest possible learning rate is unknown).

Combing Step 1, 2, 3, we know the population meta-objective has to be small at the optimal step
size. Finally, we show that as long as the population meta-objective is small, the performance of the
algorithms satisfy what we stated in Theorem 5. The last step is easier for the train-by-validation
setting, because its meta-objective is exactly the correct measure that we are looking at; for the train-
by-train setting we instead look at the property of empirical risk minimizer (ERM), and show that
anything close to the ERM is going to behave similarly.

B.2 TRAIN-BY-TRAIN (GD)

Recall Theorem 7 as follows.

Theorem 7. Let the meta objective FTbT(n) (n) be as defined in Equation 1 with n € [d/4,3d/4].
Assume noise level o is a large constant c;. Assume unroll length t > co, number of training tasks
m > cglog(mt) and dimension d > c4log(m) for certain constants ca, cs, c4. With probability at
least 0.99 in the sampling of the training tasks, we have

* %12
Mrain = O(1) and E ||wy e —w*||” = Q(1)o?,
forallm},., € argming,>g FTbT(n) (n), where the expectation is taken over new tasks.

According to the data distribution, we know Xy.i, is an n X d random matrix with each entry
ii.d. sampled from standard Gaussian distribution. In the following lemma, we show that the
covariance matrix Hy, is approximately isotropic when d/4 < n < 3d/4. Specifically, we show

% < 0 (Xiain) < VLA and% < Ni(Hyain) < L forall i € [n] with L = 100. We use letter
L to denote the upper bound of || H.in || to emphasize that this bounds the smoothness of the inner
objective. Throughout this section, we use letter L to denote constant 100. The proof of Lemma 1

follows from random matrix theory. We defer its proof into Section B.2.4.

Lemma 1. Let X € R"*? be a random matrix with each entry i.i.d. sampled from standard
Gaussian distribution. Let H := 1/nX " X. Assume n = cd with ¢ € [%, 3]. Then, with probability
at least 1 — exp(—8(d)), there exists constant L = 100 such that

vd
VL

1

< 0y(X)<VLdand — < X\(H) < L,

|

foralli € [n].

In this section, we always assume the size of each training set is within [d/4,3d/4] so Lemma 1
holds. Since ||Hiin|| is upper bounded by L with high probability, we know the GD sequence

converges to Wy, for n € [0,1/L]. In Lemma 2, we prove that the empirical meta objective FTbT

monotonically decreases as 7 increases until 1/L. Also, we show Fror is exponentially small in ¢
at step size 1/L. This serves as step 1 in Section B.1. The proof is deferred into Section B.2.1.

Lemma 2. With probability at least 1 — mexp(—(d)), FTbT(n) is monotonically decreasing in
[0,1/L] and

. 1\?¢

Fryr(1/L) < 2L%0? (1 — L2> .
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When the step size is larger than 1/ L, the GD sequence can diverge, which incurs a high loss in meta
objective. Later in Definition 1, we define a step size 7 such that the GD sequence gets truncated
with descent probability for any step size that is larger than 7). In Lemma 3, we show with high
probability, the empirical meta objective is high for all > 7. This serves as step 2 in the proof
strategy described in Section B.1. The proof is deferred into Section B.2.2.

Lemma 3. With probability at least 1 — exp(—Q(m)),
o2

Fryr(n) > T0IE’

foralln > 1.

By Lemma 2 and Lemma 3, we know the optimal step size must lie in [1/L, 7j]. We can also show
1/L <7 < 3L, so i, is a constant. To relate the empirical loss at 7", to the population loss. We
prove a generalization result for step sizes within [1/L, 7j]. This serves as step 3 in Section B.1. The
proof is deferred into Section B.2.3.

Lemma 4. Suppose o is a large constant ¢1. Assume t > co,d > c4 for certain constants ca, Cy.

With probability at least 1 — mexp(—Q(d)) — O(t + m) exp(—2(m)),

2
| Fror(n) — Fror(n)] < f

forallm e [1/L,7],

Combining the above lemmas, we know the population meta objective Fryr is small at 7;7,;, which
means wy ,,+ 1s close to the ERM solution. Since the ERM solution overfits to the noise in training

tasks, we know ||wt’n:ain —w* H has to be large. We present the proof of Theorem 7 as follows.

Proof of Theorem 7. We assume o is a large constant in this proof. According to Lemma 2, we
know with probability at least 1 — m exp(—(d)), Fryr(n) is monotonically decreasing in [0, 1/L]
and Fryp(1/L) < 2L%0%(1 — 1/L?). This implies that the optimal step size 7%, > 1/L and
Fryr () < 2L2 2(1—1/L*)*. By Lemma 3, we know with probability at least 1 —exp(—£(m)),
FTbT( ) > 10 Lg for all 77 > 1), where 7] is defined in Definition 1. As long as ¢ > c» for certain
constant ¢y, we know 15 L8 > 2L%02(1—1/L?)!, which then implies that the optlmal step Size 1in
lies in [1/L, 7]. According to Lemma 6, we know 7 n € (1/L,3L). Therefore n;:,, is a constant.

According to Lemma 4, we know with probability at least 1 — mexp(—Q(d)) — O(t +
m) exp(—=Q(m)), |Fror(n) — Fror(n)| < Lz, for all n € [1/L,7]. As long as t is larger than
some constant, we have FTbT(n:;ain) < % Combing with the generalization result, we have

2 . 2
Fror (an) < %% Next, we show that under a small population loss, E ||wy ;- —w*||” has to
be large.

Let £; be the event that \/&/\/Z < 0i(Xiain) < VLdand 1/L < \j(Hyain) < L for all 4 € [n] and
\/80'/4 < H&rain” < \/g0'~ We have

2 1 2
B e, — > 55 e, — w11

1
Zf (E Hwt,n:ﬂi“ - w:;ain - (Xtrain)TftrainH 1 {51})2

1
> 7 (B || (Xiin) uran| {1} = E [[wr,gz,, — it | 1{E)°
Since E Hwt,n:ﬂi“ — w‘mi"HiI‘m < 4L" +, this then implies

[ 4 2
E H(Xtrain)]tftrainH 1 {gl} -E Hwtm;‘m wtram” 1 {81} < L ;3 fa

Conditioning on &1, we can lower bound H(Xtrain)TftrainH by 4\%. According to Lemma 1 and
Lemma 45, we know Pr[&;] > 1 — exp(—£(d)). As long as d is at least certain constant, we have
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Therefore, we have

Pr[€1] > 0.9. This then implies E [(Xuain) 'uwain| 1{€1} > 097

90 20 90 20 o

EHwtmLm - w;ainH 1{&} > m A = 1L L = 1L

where the first equality uses L = 100. Then, we have

—w’ |2 >2E Hwt»m’;ﬁn - wttainH2 L1{&}) > (E ||wtﬂl{;um wtram” 1{&} )

E ||we = 16L2’

where the first inequality holds because for any Siain, Wiain 18 the projection of w™ on the subspace
of Sirain and wy e is also in this subspace. Taking a union bound for all the bad events, we know
this result holds With probability at least 0.99 as long as o is a large constant ¢; and ¢ > co,m >
cslog(mt) and d > ¢4 log(m) for certain constants ca, 3, ¢4. O

B.2.1 BEHAVIOR OF Fryr FOR 7) € 0,1/

In this section, we prove the empirical meta objective Fryp is monotonically decreasing in [0,1/L].
Furthermore, we show Frryp(1/L) is exponentially small in ¢.

Lemma 2. With probability at least 1 — m exp(—Q(d)), Fror(n) is monotonically decreasing in
[0,1/L] and

R 1\*
FTbT(]-/L) S 2L202 (1 — L2> .

Proof of Lemma 2. For each k € [m], let £ be the event that Vd / VL < o (Xuain) < vV Ld and

1/L < X\i(Hyain) < L for all ¢ € [n] and \/&0/4 < éain|| < V/do. Here, L is constant 100 from
Lemma 1. According to Lemma 1 and Lemma 45, we know for each k € [m], & happens with
probability at least 1 — exp(—£2(d)). Taking a union bound over all & € [m], we know Nje[m]Ex
holds with probability at least 1 — m exp(—£2(d)). From now on, we assume My, Ex holds.

Let’s first consider each individual loss function Ay (n, Pr). Let {wT ,,} be the GD sequence
without truncation. We have

k ~(k k k) ~(k k
w‘("k% t(rdl)n —’U)S_ )1 n o wt(rdi)n - T]Hl(l‘dl)n( ‘(r )1 N L(rdl)n)
k k k
:(I - nHt(ral)n)( 7(' )1 mo wt(rai)n) = _(I - nHt(ral)n) t(ral)n

< 2\/fa for any

tram train

For any ) € [0,1/L], we have Hw&’?,H < Hw(k)

train
(F) H never exceeds the norm threshold and never gets truncated.

= e + i,

7. Therefore,

(k) (k) )TH(k) (w(k) _opF)

. . 1
Noticing that Aryr (1, Pr) = 5(w = Wigin) * Hipgin (W3 57 — Wiy ), we have

Lw® T g ®

tram train

(I nH(k) )Qtw(k_)

train train*

ATbT(777 Pk) 2

Taking the derivative of Apyr(n, Py) in 1), we have

0 X . o
G Aaur (0 Pi) = ~t(aigh) T () (1 = nHG >~ il

train*

(k)

train

) < Lforalli € [n ]andH( ) is full rank in the

Conditioning on &, we know 1/L < \;(H, wain
(k)
row span of X

train*
(k)
train

Therefore, we know a—nATbT(n, P;) < 0foralln € [0,1/L). Here, we assume

Hw > 0, which happens with probability 1.

Overall, we know that conditioning on N[ €k, every Aryr(n, Py) is strictly decreasing for 7 €

[0,1/L]. Since FTbT(n) = % >y Aryr(n, Pr), we know FTbT(n) is strictly decreasing when
n€[0,1/L].

20



Under review as a conference paper at ICLR 2021

At step size n = 1/L, we have
1
2

1 I\ &
§2l/<1—'L2> Hw&$
(k)

2 N
v || by 4Lo? at the last step. Therefore, we have Frryr(1/L) <
2L%0%(1 — £5)°. O

k k k t (k
(wt(rai)n)THt(rai)n(I - nHl(rai)n)mw( )

train

2< L?0? LY
_2 g l_ﬁ 5

Aqyr(n, Py) =

where we upper bound Hw

B.2.2 LOWER BOUNDING Fpyp FOR 1) € (7], 00)

In this section, we prove that the empirical meta objective is lower bounded by Q(o?) with high
probability for n € (7], 00). Step size 7 is defined such that there is a descent probability of diverging
for any step size larger than 7). Then, we show the contribution from these truncated sequence will

be enough to provide an Q(c2) lower bound for Fryp. The proof of Lemma 3 is given at the end of
this section.

Lemma 3. With probability at least 1 — exp(—Q(m)),

2

2 >
TbT(77) = 10L8 )

foralln > 1.

We define 7 as the smallest step size such that the contribution from the truncated sequence in the
population meta objective exceeds certain threshold. The precise definition is as follows.
Definition 1. Given a training task P, let £ be the event that \/8/ VL < 0i(Xirain) < vV Ld and

1/L < Ni(Hppain) < L for all i € [n] and \/E0/4 < N rainl| < Vdo. Let E>(n) be the event that the
GD sequence is truncated with step size 1. Define 1 as follows,

L. 1 9 = o2

7 = inf {77 > O‘EQ ||wt,77 — wtmmHHlmm 1 {51 n 52(77)} > L6} .
In the next lemma, we prove that for any fixed training set, 1 {51 Nn&n' )} >
1{& Né&(n)} for any ' > n. This immediately implies that Pr[&; N & (n)] and
El ||lwe,, — wtrainHime 1{& N & (n)} is non-decreasing in 7.
Basically we need to show, conditioning on &, if a GD sequence gets truncated at step size 7, it
must be also truncated for larger step sizes. Let {w , } be the GD sequence without truncation. We

only need to show that for any 7, if Hw’f’n || exceeds the norm threshold, must also exceed

w;,n’
the norm threshold for any 7’ > 7. This is easy to prove if 7 is odd because in this case Hw’T,’H is
always non-decreasing in 7). The case when 7 is even is trickier because there indeed exists certain
range of 1 such that ||w’ﬂ7 H is decreasing in 1. We manage to prove that this problematic case cannot

! ‘ is at least 4v/Lo. The full proof of Lemma 5 is deferred into Section B.2.4.

7'77I|

Lemma 5. Fixing a task P, let & and E5(n) be as defined in Definition 1. We have
1 {51 OEQ(UI)} >1 {51 052(77)} ,

happen when Hw

foranyn' >n.

In the next Lemma, we prove that 77 must lie within (1/L, 3L). We prove this by showing that the GD
sequence never gets truncated for n € [0,2/L] and almost always gets truncated for n € [2.5L, 00).
The proof is deferred into Section B.2.4.

Lemma 6. Let 1) be as defined in Definition 1. Suppose o is a large constant c1. Assume t > co,d >
c4 for some constants co, cy. We have

1/L <7< 3L.
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Now, we are ready to give the proof of Lemma 3.

Proof of Lemma 3. Let £, and &;(n) be as defined in Definition 1. For the simplicity of the proof,

we assume E% llwe 5 — wminHz{mm 1 {81 N gg(ﬁ)} > %Z We will discuss the proof for the other

case at the end, which is very similar.

Conditioning on &, we know 3 [|wy; — wtrainsz < 18L20?. Therefore, we know Pr[€; N

E(7)] > 1grs- For each task Py, define &™) and £ (n) as the corresponding events on train-
ing set .S, (k)

train®

By Hoeffding’s inequality, we know with probability at least 1 — exp(—2(m)),
LSy Lot o gh) 1
—Su{ePneP i} = o
m ! 2 (g2 20L8

By Lemma 5, we know 1 {8{’6) N gz(k) (17)} >1 {ka) N g‘ék) (ﬁ)} for any > 7. Then, we can

lower bound FTZ,T for any i > 7 as follows,

: Ll k)
FTbT(T]) = E Z:l 5 Hwt,n — Wirain

2 L wy
I ZE Z 9 Hwtm ™ Wirain
k

train

2

o 1M nEP )}

—1 train

L Qe [ o) o k)
2202% 1?:1 1 {51 né; (77)}

1 & N = 2
20— 1 {e &P @)} =

k=1

where the second inequality lower bounds the loss for one task by 202 when the sequence gets
truncated.

We have assumed EL ||w; 7 — Wiain 2 C1{E N &)Y > ”—Z in the proof. Now, we show the
2 R7 Huuin n L p

proof also works when E% llwe 5 — wmnH?{[ram 1 {51 N gg(ﬁ)} < Z—i with slight changes. Accord-
ing to the definition and Lemma 5, we know E3 |[wy,; — wtrainH?qm 1{&Nn&m)} > Z—z for all
n > 7. At each training set Siin, we can define 1 {& N & ()} as lim, 7+ 1 {& N Ex(n)} . We

also have Pr[& N & (77)] > 1grs. The remaining proof is the same as before as we substitute

1{& N&(®M)} by 1{& N&(i)}. 0
B.2.3 GENERALIZATION FOR 1) € [1/L, 7]

In this section, we show empirical meta objective Fryp is point-wise close to population meta
objective Frppp foralln € [1/L, 7).
Lemma 4. Suppose o is a large constant ci. Assume t > co,d > cy4 for certain constants ca,Cy.
With probability at least 1 — mexp(—Q(d)) — O(t + m) exp(—§(m)),

2

N o
| Fror(n) — Fror(n)] < 5

foralln € [1/L, 7],

In this section, we first show F‘TbT concentrates on Frpyp for any fixed 1 and then construct e-net for
Fryr and Fryr forn € [1/L, 7). We give the proof of Lemma 4 at the end.

We first show that for a fixed 1, Firyr(n) is close to Fryr(n) with high probability. We prove the
meta-loss on each task Ay (7, Py) is O(1)-subexponential. Then we apply Bernstein’s inequality
to get the result. The proof is deferred into Section B.2.4. We will assume ¢ is a large constant and
t > co,d > c4 for some constants ¢, ¢4 so that Lemma 6 holds and 7 is a constant.

Lemma 7. Suppose o is a constant. For any fixed n and any 1 > € > 0, with probability at least
1 — exp(—Q(em)),

Fryr(n) — Frr(n)| < e
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Next, we construct an e-net for Frrp7. By the definition of ), we know for any 1 < 7, the contribution
from truncated sequences in Frryr(n) is small. We can show the contribution from the un-truncated
sequences is O(t)-lipschitz.

Lemma 8. Suppose o is a large constant ¢1. Assume t > co,d > c4 for some constant co, c4. There
exists an 1}4‘4{2 -net N C [1/L, 7] for Fryr with |N| = O(t). That means, for any n € [1/L, 7],
1102

L4’

|Fror(n) — Fror(n')] <
forn' = arg minn”eN,n”Sn(n -n").

Proof of Lemma 8. Let £, and &> (n) be as defined in Definition 1. For the simplicity of the proof,
we assume E1 [lw; 7 — wtrainHiIm 1{&n&®M)} < Z—Z We will discuss the proof for the other

case at the end, which is very similar.

.. 1 . 2
We can divide E [|wt; — Wiin||py,  as follows,
1

2
E§ ”wt,n - wtrainHHmn
1 ~ 1 o
:E§ lwe,, — wuainH?{[min 1{&N&M)}Y+ E§ llwe.n, — wtrainH?{[mm 1 {51 N 52(77)}
1 _
+ ]E§ Hwt,n - wtrainH?{min 1 {51} .

We will construct an e-net for the first term and show the other two terms are small. Let’s first con-
sider the third term. Since 3 ||wy,, — wtrain”iluam is O(1)-subexponential and Pr[&;] < exp(—£2(d)),
we have E2 [|wt,;) — Wirain ||i,|rain 1{&} = O(1) exp(—€(d)). Choosing d to be at least certain con-

stant, we know % lwe,n, — wtramH?{m 1 {51} <o?/L*.

Then we upper bound the second term. Since E3 [|wy,; — wmmH?{m 1{&n&(H)} < %2; and
2w — wmnH?{m > 202 when w; diverges, we know Pr[€; N & (7)] < 575. Then, we can
upper bound the second term as follows,

1

2 G [/~ 2 92 1 90'2
]Ei llwe., — wtrainHHm 1 {51 N 52(7])} < 18L%c“ — =

26~ L[4

Next, we show the first term 1 [|w;,,) — Wirain ||?{m 1 {& N & (7))} has desirable Lipschitz condition.
According to Lemma 5, we know 1{& N&(n)} > 1{& N&(n)} for any n < 7). Therefore,
conditioning on & N (), we know w; ,, never gets truncated for any n < 7. This means wy , =
By yyWirain With By ;; = (I — (I — nHyain)"). We can compute the derivative of % lwe,, — wtrain”izm
as follows,

01 _
87775 ”wtm - wtrain”i[mm = <thl’ain(I - 77-Htralin)75 1wlrain7 Htrain(wt,n - wtrain)> .
Since ||wt717H = ||(I - (I - nHtrain)t)wtrainH < 4\/30' and ||wlrain|| < 2\/Z07

we have [|(I — nHyain) Weain| < 6vVLo. We can bound ||(I — nHiin)! ™ wyain|| with
(I — nHain) *Wiain|| + ||Wirain || by bounding the expanding directions using ||(I — 17 Hin ) Wirain |
and bounding the shrinking directions using ||wyin|| - Therefore, we can bound the derivative as
follows,

01

55 vy - Wiain % | < tL x 8V Lo x 6LV Lo = 48L%ct.
”7 train

Suppose o is a constant, we know E3 [jw;,, — wtmin”frimi“ 1{& N & (7))} is O(t)-lipschitz. There-
fore, there exists an %Z—net N for Ed [lw,, — wtrainH?{m_“ 1{& Né&(7)} with size O(t). That
means, for any n € [1/L, 7],

1

_ 1 _ 2
E§ l[wen — wtrain”?rj(lmin 1{& N &)} - E§ l|wt,n — wtrainHiI‘mm {& né&()} <

o
*
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for / = arg min, e n <y (n —n'"). Note we construct the e-net in a particular way such that )’ is
chosen as the largest step size in /V that is at most 7.

Combing with the upper bounds on the second term and the third term, we have for any n € [1/L, 7],

1102
L4

|Fryr(n) — Fror(n')] <

for = arg min, e N yr<n(n —1n").

In the above analysis, we have assumed EJ |jw;; — wlrain”?{m 1{&n&@M)} < 22. The
proof can be easily generalized to the other case. = We can define ]1{51 ﬁg’g(ﬁ)} as
lim,,5- 1{& N&(n)}. Then the proof works as long as we substitute 1 {& N & ()} by

1{& N& (7))} . We will also add 7 into the e-net. O

~ O

In order to prove Frpyr is close to Fryr point-wise in [1/L, 7], we still need to construct an e-net
for the empirical meta objective FTbT.

Lemma 9. Suppose o is a large constant c1. Assume t > co,d > c4 for certain constants co, cy.
With probability at least 1 — m exp(—$2(d)), there exists an Z—i-net N’ C [1/L, 7] for Fryp with
|N| = O(t + m). That means, for any n € [1/L, 7],

2
|Eryr(n) — Fror(n')| < T

Q

forn = argmingrens yr<y(n —1").

Proof of Lemma 9. For each k € [m], let & j be the event that Vd / VI < (X (k)n) < +/Ld and

tra
1/L < )‘i(Ht(r]:i)n) < Lforalli € [n] and Vdo /4 < Hf(k) H < Vdo. According to Lemma 1 and

train
Lemma 45, we know with probability at least 1 — m exp(—€(d)), €1 & s hold for all k¥ € [m]. From
now on, we assume all these events hold.

Recall that the empirical meta objective as follows,

. 1 —
Fror(n) = — > Aqyr(n, Pr).
k=1

For any k € [m], let 7 be the smallest step size such that wgkn) gets truncated. If n., > 7, by

similar argument as in Lemma 8, we know A7 (n, Py) is O(t)-Lipschitz in [1/L, 7] as long as o
is a constant. If 9., < 7, by Lemma 5 we know w§’i) gets truncated for any 1 > 7. ;. This then
implies that Ay (), Pr) is a constant function for ) € [n. k, 71]. We can also show that Apyr (1, Py)

is O(t)-Lipschitz in [1/L, 1. ). There might be a discontinuity in function value at 7. ;, so we need
to add 7., into the e-net.

Overall, we know there exists an Z—i-net N’ with |N'| = O(t + m) for Erpyp. That means, for any

n € [1/L, 7],

o2

Fryr(n) — Fror(n')| < T
for = arg min,ens yr<n(n —n"). O

Finally, we combine Lemma 7, Lemma 8 and Lemma 9 to prove that FT;,T is point-wise close to
FTbT for ne [1/L,’Iﬂ

Proof of Lemma 4. We assume ¢ as a constant in this proof. By Lemma 7, we know with probability

at least 1 — exp(—Q(e2m)), | Eror(n) — Fror(n)| < e for any fixed 7. By Lemma 8, we know

there exists an 1;{2 -net N for Fryr with size O(t). By Lemma 9, we know with probability at least

1 —mexp(—(d)), there exists an Z—j—net N’ for Epyyr with size O(t +m). According to the proofs
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of Lemma 8 and Lemma 9, it’s not hard to verify that N U N’ is sti 1;‘12 -net for FTbT and Fryp.
That means, for any n € [1/L, 7], we have
PN - , 1102
\Eryr(n) = Froz ()]s [Fror(n) = Proz ()] < =

for 7' = arg miny e NN’y <n(n — 1)
Taking a union bound over N U N’, we have with probability at least 1 — O(t + m) exp(—§(m)),

o2

Eryr(n) — Fryr(n)| < Ti
forally e NUN'.

Overall, we know with probability at least 1 — mexp(—£(d)) — O(t + m) exp(—Q(m)), for all
n € [1/L,1,

|Fryr(n) — FTbT(U)\
<|Pryr(n) = Pror ()| + [Fror(n) = Fror ()| + [ Fror(n') — Pror(n')|

2302 02
< J—
- 4 - L¥

where 7' = arg min, e NUN’ 7 <y (1 —n"). We use the fact that L = 100 in the last inequality. [J
B.2.4 PROOFS OF TECHNICAL LEMMAS

Proof of Lemma 1. Recall that X4, is an n x d matix with n = ¢d where ¢ € [1/4, 3/4]. According
to Lemma 48, with probability at least 1 — 2 exp(—t2/2), we have

Vid —Ved —t < 0i(Xyain) < Vd+ Ved +t,
forall i € [n].

Since Hiain = 1/nX i Xirain, we know \; (Hain) = 1/na2(Xtmm) Since ¢ € [4, 3], we have

L(Vd+ Ved)? <100 — ¢ and L, L(Vd—Ved)? > 105 + ¢, for some constant ¢’. Therefore, we
know with probability at least 1 — exp( Q(d)),

1
m < )\ (Htram) < 100
forall i € [n].

Similarly, since there exists constant ¢’ such that v/d + v/ed < (10 — ¢/)v/d and v/d — Ved >
(1/10 4 ¢)v/d, we know with probability at least 1 — exp(—(d)),

1
TO\/g S Ui(Xtrain) S 10\/Ea
for all ¢ € [n]. Choosing L = 100 finishes the proof. O

Proof of Lemma 5. We prove that for any training set S, 1 {51 Nné&; (77’)} >1 {51 Nn&, (77’)} for
any i’ > 7). This is trivially true if & is false on Sy, Therefore, we focus on the case when &; holds
for Siain- Suppose 7. is the smallest step size such that the GD sequence gets truncated. Let {w’m]c}
be the GD sequence without truncation. There must exists 7 < ¢ such that ler,nc || > 4v/Lo. We
only need to prove that ||w’ﬂ7 H > 4v/Lo for any > 1. We prove this by showing the derivative

of Hw in 7 is non-negative assuming Hw’T,’H2 > 4+/Lo.

all

Recall the recursion of w/ s w’T’n = Wyain — (I — NHirain) " Wirain. If 7 is an odd number, it’s

clear that Hw is non-negative at any 1 > 0. From now on, we assume 7 is an even number.

rall”
2 . .
Actually in thlS case, 87’ Hw’ﬂ7 H can be negative for some 7. However, we can prove the derivative

must be non-negative assuming ||w’7,7||2 > 4+/Lo.
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Suppose the eigenvalue decomposition of Hi;, is Z?:l )\Zulu;r with Ay > ---\,,. Denote ¢; as
(Wirain, ;) - Let A; be the smallest eigenvalue such that (1 — nA;) < —1. This implies A; < 2/7 for

any ¢ > j + 1. We can write down ||w 77|| as follows
J
||wﬂ7|| :Z (1= (1—=nx) c+z (1—( 1717)\))
i=1 i=j+1

J
Z 1 — (1 =n\i) ) sz + Hwtrain||2-
i=1

Since & holds, we know |[wy|® < 4Lo2. Combining with Hw

TnH > 16Lo?, we have
I (1= (1 =nx)"* 2 > 12Lo%. We can lower bound the derivative as follows,

) ! B u B
o [wryl® = 2621 =)™ (1= (1 =nA)") F + D 21 —nA)' ™ (1= (1 =n\)") e

i=1 i=j+1

j
ZQtZ)\Z-(l —pA) (1= (1 —nA\)Y) F — 2t7 Z c?

1=1 i=j+1

J
>2t ) N1 —nXi)' Tt (1= (1= n\)") ¢ — 2t x 8La? /.
i=1
Then, we only need to show that 327_, A;(1 — nA)) =1 (1 — (1 — nA;)?) ¢2 is larger than 8L /7.
We have
J
Z)\i(l —A) (L= (1 =nN)) &

i=1

(1_77)‘)t_1 t\2
ATy (e

>

i — t=1 2
‘H(l—(l—nkiﬂ c

>

M- 1M~

@
Il
—

(A —1)¢ 1 2
‘(77)\1‘ —1)t—1n\—1 <1 - nAi)t) ¢

.
Il
_

(1-(01- n)\i)t)z ¢ > 12Lo*/n > 8Lo? /n.

A%
iM-
S|

~.

]

Proof of Lemma 6. Similar as the analysis in Lemma 2, conditioning on &£;, we know the GD
sequence never exceeds the norm threshold for any n € [0,2/L]. This then implies
1 _
B ey — vl T{E N &M} =0,
foralln € [0,2/L].

Let {w] , } be the GD sequence without truncation. For any step size 7 € [2.5L, 00|, conditioning
on &1, we have

[wholl = (/L = 1)" = 1) wgain] > (1.5° — 1) (4\”@ - 1) > 4V To,

where the last inequality holds as long as ¢ > 5\FL, t > co for some constant co. Therefore, we
know when 7 € [2.5L,00), 1 {&; N&(n)} = 1{&}. Then, we have for any n > 2.5L,

1 - 1 2
E we.y — wnllf,, 1{€1 1 E(n)} 7(4\Fa—2fa) Pr&1] > 202 Pr[&y] > %
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where the last inequality uses Pr[€1] > 1 — exp(—£(d)) and assume d > ¢, for some constant c;.

Overall we know E1 |lw;,, — wtrain”iﬂmm 1{& N & (n)} equals zero for all n € [0,2/L] and is at

least & ﬁ foralln € [2.5L, 00). By definition, we know 77 € (1/L,3L). O
Proof of Lemma 7. Recall that FTbT(n) = %221:1 Arpr(n, P;). We prove that each
Aqyr(n, P) is O(1)-subexponential. We can further write Aryr(n, Pi) as follows,
k - k k
Aryr(n, Pr) = Hw( ) —wy, — (Xt(rai)n)Tgt(rai)n HO
Hwoc) HH(k ) |1* 1 wa will (22 (le® 1Y (L HXm
— 2 train train k \/ﬁ train \/ﬁ train

).

We can write HH( )

train

as 02, ( th(r]z;)n) According to Lemma 47, we know UmaX(Xt(r]:i)n) -

EUm%X(Xt(ral)n) is O(1)-subgaussian, which implies that opax( th(r{:I)n) — Eomax( th(r];L)
O(1/+/d)-subgaussian. Since Eamax(\}Xt(rﬁ) is a constant, we know opax( th(rI;L) is O( )-

(k)

train and

subgaussian and 02, ( \/IEX (k) ) is O(1)-subexponential. Similarly, we know both 5

train
(k) ) (L (k)
N

train train
Suppose o is a constant, we know w(k) — w;
pp s t,n k

( ﬁ ) are O(1)-subexponential.

is upper bounded by a constant. Then, we

know Aryr(n, Pr) is O(1)-subexponential. Therefore, Fiyr(n) is the average of m i.i.d. O(1)-
subexponential random variables. By standard concentration inequality, we know forany 1 > € > 0,
with probability at least 1 — exp(—£(e?m)),

‘FTbT('r]) - FTbT(U)‘ <e

B.3 TRAIN-BY-VALIDATION (GD)

In this section, we show that the optimal step size under FTW is ©(1/¢). Furthermore, we show un-
der this optimal step size, GD sequence makes constant progress towards the ground truth. Precisely,
we prove the following theorem.

Theorem 8. Let the meta objective FTW(nhm)(n) be as defined in Equation 2 with ni,ne €
[d/4,3d/4]. Assume noise level o is a large constant cy. Assume unroll length t > co, number of
training tasks m > c3 and dimension d > c4log(t) for certain constants co, c3, c4. With probability
at least 0.99 in the sampling of training tasks, we have

2 ‘
= Jw*|* - (1)

forallm},., € argmin,>q FTW(,L1 n2) (1), where the expectation is taken over new tasks.

n:jalid - (l/t and Hwt,n —w*

valid

In this section, we still use L to denote constant 100. We start from analyzing the behavior of the
population meta-objective Frrpy for step sizes within [0, 1/L]. We show the optimal step size within
this range is ©(1/t) and GD sequence moves towards w* under the optimal step size. This serves
as step 1 in Section B.1 We defer the proof of Lemma 10 into Section B.3.1.

Lemma 10. Suppose noise level o is a large enough constant c1. Assume unroll length t > co and
dimension d > cy for some constants cq, cy. There exist n1,m2,m3 = O(1/t) withm, < n2 < 13
such that

1. ., 9 o2
Fryv(nz) < 3 lw*||* - *CJF 7
1. ., o?
Fryy(n) > 3 Jw*||* = *C‘f‘ 5 ;¥ € [0,m] U [n3, 1/L]

where C'is a positive constant.
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To relate the behavior of Frpy to the behavior of FTW, we prove the following generalization
result for step sizes in [0,1/L]. This serves as step 3 in Section B.1. The proof is deferred into
Section B.3.2.

Lemma 11. Forany 1 > € > 0, assume d > c4log(1/¢) for some constant c4. With probability at
least 1 — O(1/€) exp(—Q(e?m)),

|Frov (1) — Frov(n)] < e,
foralln € [0,1/L].

In Lemma 12, we show the empirical meta objective Fryy is high for all step size larger than 1/L,
which then implies 1,4 € [0,1/L]. This serves as step 2 in Section B.1. We prove this lemma in
Section B.3.3.

Lemma 12. Suppose o is a large constant. Assume t > co,d > ¢4 log(t) for some constants co, c4.
With probability at least 1 — exp(—(m)),

. 1
FTbV (n) ZC’O’Z + 50'2,
forallm > 1/L, where C' is a positive constant independent with o.
Combining Lemma 10, Lemma 11 and Lemma 12, we give the proof of Theorem 8.

Proof of Theorem 8. According to Lemma 10, we know as long as d and ¢ are larger than certain
constants, there exists 11, 12,3 = O(1/t) with n; < 72 < 13 such that

1 2 9 2
F <t - = 2
Tov (12) < 5 [|w* | 1OC+U /

1, . 6
Frov(n) > 5 [lw*|* = 15C + 0*/2,vn € [0,m] U [i3, 1/ L],
for some positive constant C.

Choosing € = min(1,C/10) in Lemma 11, we know as long as d is larger than certain constant,
with probability at least 1 — exp(—Q(m)),

|Fryv (n) — Frov(n)] < C/10,
foralln € [0,1/L].

Therefore,
Prov(ne) < 5 || = —C + o%/2
Tov\"2) = B 10 g
. 1, . 7
FTbV(n) Z 5 ||’U) ||2 - EC + 02/27V77 S [07771] U [7737 1/L]

By Lemma 12, we know as long as ¢ > c¢o,d > ¢4 log(t) for some constants ¢z, ¢4, with probability
at least 1 — exp(—Q(m)),

. 1

FTbV(n) > 0/0'2 + 50’2,
forallp > 1/L. Aslong as o > 1/v/C", we have Frryy (1) > 1+ 1o forallp > 1/L. Combining
with Eryy (1) < L |Jw* >~ & C+02 /2, we know 14 € [0, 1/L]. Furthermore, since Fryy (17) >
3w = 50 +02/2,¥n € [0,m] U [n3, 1/ L], we have my < 1y < 73
Recall that 1,173 = ©(1/t), we know 1,4 = ©(1/t). At the optimal step size, we have

* - * ~ ]- * 7
Froy (aia) < Frov(yaia) + C/10 < Fryy (n2) + C/10 < 5 Jw* || — TOC +0°/2.

*

|2 +0?/2, we have

Since Frryy (iiq) = E% ’|wt7,,,$“d —w

%112 w12 7
E Hwt’n\talid -—w < H’U) || - gC
Choosing m to be at least certain constant, this holds with probability at least 0.99. (]
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B.3.1 BEHAVIOR OF Fryy FOR 7 € [0,1/L]

In this section, we study the behavior of Frryy whenn € [0,1/L]. We prove the following Lemma.

Lemma 10. Suppose noise level o is a large enough constant c1. Assume unroll length t > co and
dimension d > cy4 for some constants cs, cy. There exist 11,1m2,mn3 = O(1/t) withmy < n2 < 13
such that

1 2 9 0'2
F < - 2o+ Z
Tov (2) < 5 [l 10 + 5
1, ., 6 o?

Fryv(n) > 3 lw*||* — EC + ?7\777 €[0,m]Uns, 1/L]

where C'is a positive constant.

It’s not hard to verify that Fryy () = E1/2 |Jw;,, — w* ||*-+02 /2. For convenience, denote Q(1) :=
1/2 ||we,, — w*||* . In order to prove Lemma 10, we only need to show that EQ (1) < : [|w*||* —

15C and EQ(n) > 3 [ w*||? — 1C forall n € [0,7:] U [n3,1/L]. In Lemma 13, we first show that
this happens with high probability over the sampling of tasks.

Lemma 13. Suppose noise level o is a large enough constant cy. Assume unroll length t > co for
certain constant co. Then, with probability at least 1 —exp(—$2(d)) over the sampling of tasks, there
exists n1, 12, N3 = O(1/t) with m < n2 < n3 such that

1 * (12 1 * (12
Q) = 3wy, [P < 3 |~ €

\%

2
|

1 1, ., C
Q(n) == 3 lwe,y —w > > 3 |w*[]” — §7V77 € [0,m] U [n3, 1/L]

where C'is a positive constant.

Since we are in the small step size regime, we know the GD sequence converges with high proba-
bility and will not be truncated. For now, let’s assume w; 5, = By nWeain + Bty (Xtrain)-‘—gtraina where
By =1 — (I — nHgyain)"'. We have

2

1 N .
Q(n) 25 HBt,nwtrain + Bt,n(Xtrain)Tftrain —w
L . w2, L 2
:i HBtﬂ7wtrain -—w ” + 5 HBt,ﬁ(Xlrain)TglrainH
+ <Bt,nw;ain - ’LU*, Bt,n(XLrain)Tftrain>
1 * (|2 1 * 2 1
D) [Jw*[|” + 5 | Bty Werain||~ + ) HBt,n(Xlrain)Tgtrain

+ <Bt77]w;ain - w*, Bt,n(Xtrain)Tftrain> .

2
H - <Btﬂ7wtﬂ;ain7 w*>

In Lemma 14, we show that with high probability the crossing term
<Bt,7]wt’;am —w*, By (Xtram)fgtram> is negligible for all n € [0,1/L]. By Hoeffding’s in-
equality, we know the crossing term is small for any fixed 7. Constructing an e-net for the crossing
term in 77, we can take a union bound and show it’s small for all 7 € [0,1/L]. We defer the proof of
Lemma 14 to Section B.3.4.

Lemma 14. Assume o is a constant. For any 1 > € > 0, we know with probability at least
1 — O(1/e) exp(—Q(e3d)),
|<Bt,77w:;ain - U}*, Bt,n(Xtrain)Tgtrain>| é €,
forallnm € [0,1/L).
Denote

2
I" -

1 %12 1 * 2 1 * *
G(n) = 5 ||’LU H + 5 ||Bt»77wtrain|| + 5 HBt»U(Xmiin)Tflrain <Bt>77wtrain7w > .

Choosing ¢ = C'/4 in Lemma 14, we only need to show G(12) < ||w*||* — 5C/4 and G(n) >
[w*|[* = C/4 for all y € [0,m] U 3, 1/L].
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We first show that there exists 7 = ©(1/t) such that G(n) < 1 ||lw* |* — 5C/4 for some constant

C. It’s not hard to show that % ||Bt777w:;am||2 + % ||B,g’,7 (Xtrain)T&rainHQ = O(n*t?0?). In Lemma 15,
we show that the improvement (B; ,w;:.., w*) = Q(nt) is linear in 7). Therefore there exists 1, =
O(1/t) such that G(ns) < % ||lw* |* — 5C /4 for some constant C'. We defer the proof of Lemma 15
to Section B.3.4.

Lemma 15. For any fixed n € [0, L/t] with probability at least 1 — exp(—Q(d)),
- nt
<Bt:77wtrain7w > > 167[1

To lower bound G(n) for small 1, we notice

1
2
We can show that (B ,wi,, w*) = O(nt). Therefore, there exists 7; = ©O(1/t) such that
(BigWiyin, w*) < C/4forallnp € [0,m].

train?

%112 * *
G(W) > ”w H - <Bta'flwtrain7w >

To lower bound G () for large 7, we lower bound G(n) using the noise square term,

1
G(U) > 5 ||Bt,n(Xtrain)T§train||2

We show that with high probability ||Bt,,7(XHain)T§tmin||2 = Q(o?) for all n € [log(2)L/t,1/L).
Therefore, as long as o is larger than some constant, there exists n3 = ©(1/t) such that G(n) >
3 llw*|* for all € [, 1/L).

Combing Lemma 14 and Lemma 15, we give a complete proof for Lemma 13.
Proof of Lemma 13. Recall that
Q) = I Buatian — w1 + 3 | B (Xin) i
+ (B Weain — w*, B,y (Xirain) T Eirain )
=G(n) + <Bt,nw;ain —w", Bt,n(Xtrain)Tftrain>
We first show that with probability at least 1 — exp(—(d)), there exist 11, 12,73 = ©(1/t) with

m < me < 73 such that G(ny) < 1/2|lw*||> — 5C/4 and G(n) > 1/2|w*||> — C/4 for all
n € [0,m]U[ns,1/L].

According to Lemma 1, we know with probability at least 1 —exp(—(d)), Vd /VL < 0i(Xiain) <
VIdand 1/L < \j(Huan) < L forall i € [n] with L = 100.

Upper bounding G(72): We can expand G(n) as follows:
Gn) =3 | Bestian — 0" + 5 [ B Xonin) i
= S P 4 5 1Bl + 5 1B (i) ]| — (Begi )
Recall that By ;, = I — (I — 1 Hyain)", for any vector w in the span of Hixin,
[Biywl = |[(I = (I = nHuin)") w|| < Lt |w]| .

According to Lemma 45, we know with probability at least 1 — exp(—Q(d)), ||wain]] < Vdo.
Therefore, we have

1 1 - 2
5 ||Bt77lw:;ain||2 + 5 ||Bt,n(Xtrain)T£train|| S L2772t2/2 + L3n2t20'2/2 S L3772t20'2,

where the second inequality uses o, L > 1. According to Lemma 15, for any fixed € [0, L/t], with
probability at least 1 — exp(—$(d)), (B pw i, w*) > 2. Therefore,

16L°
1 2 nt 1 2
G(n) < = ||lw* L3n?t20% — 1 < Zjw*|? — =
(n) < 5 w*]® + L3PP0® — oo < S| = o2
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where the second inequality holds as long as 7 < 5+ Choosing 72 := 357157, we have
Lo w2 1 1. .2 5C
< — —_—_— = — _ —

where C' = m. Note C'is a constant as o, L are constants.

Lower bounding G(n) for n € [0,71] : Now, we prove that there exists 7, = ©(1/t) with
1 < 12 such that for any 5 € [0,m1],G(n) > 1 Jw*||* — € Recall that

1 * 12 1 * 2 1 2 * *
G(U) 25 Hw ” + 5 HBtﬂ?wtrainH + 5 ||Bt777(XtTain)T§train|| - <Bt7'r7wtrain’w > :

1 2
25 w1 = (Beywigin, wT) -

*

Since [(By pw;hin, w*)| < Lnt, we know for any n € [0, 7],

1 *
G(n) > 5 Jw*||* — Lit.

Choosing n; = %, we have for any 1 € [0, 71],
1 s C
>~ w*|? - =.
Gn) 2 5 llw™ll” =

Lower bounding G(n) for n € [n3,1/L]: Now, we prove that there exists n3 = O(1/t) with
13 > 12 such that for all n € [n3,1/L],

1 5 C
G(n) > = [[w*]|” = —.
() 2 5w - 5
Recall that

1

1
G(n) = ) ||Bt,nw:;ain - W*|‘2 + ) ||Bt,n(Xtrain)T€train||2 > ||Bt,77(AXtrain)JrSlrainH2 .

N |

According to Lemma 45, we know with probability at least 1 — exp(—(d)), % < |éuain]| -
Therefore,
2 o\ 2 02 o?
HBt,n(Xtrain)TftrainH 2 (1 —€ t/ ) 87 2 327;
where the last inequality assumes 1 > log(2)L/t. As long as t > log(2)L?, we have log(2)L/t <
1/L. Choosing 13 = log(2)L/t, we know for all 5 € [n3, 1/L],

H2 0'2

> —.
~ 64L
Note that 3 [|w* |* = 1/2. Therefore, as long as o > 8v/L, we have

Gn) > +

1
G(ﬁ) > 5 HBt,n(Xtrain)Té-train

2
[l

foralln) € [n3,1/L].

Overall, we have shown that there exist 11, 72,3 = ©(1/t) with 1 < 12 < n3 such that G(n2) <
1/2||w*||*> — 5C/4 and G(n) > 1/2||w*||* — C/4 for all y € [0,m] U [n3,1/L]. Recall that
Q(n) = G(n) + (BryWiyin — w*, Biy(Xuain) &rain ) - Choosing € = C/4 in Lemma 14, we know
with probability at least 1 — exp(—(d)), [(BnWian — 0", By Xuain) wain)| < C/4 for all

n € [0,1/L]. Therefore, we know Q(1) < 1/2||w*||*> — C and Q(n) > 1/2||w*||* — C/2 for all
n € [0,m]Uns, 1/L]. O

Next, we give the proof of Lemma 10.
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Proof of Lemma 10. Recall that Frryy () = E1/2 ||wy,, — w*||® + "—22 For convenience, denote
Q(n) == 1/2|lws,, — w*||*>. In order to prove Lemma 10, we only need to show that EQ(1) <
5w |” = 50 and EQ(n) = 5 w*||* — 5C forall g € [0,m:] U 3, 1/L].

According to Lemma 13, as long as o is a large enough constant c; and ¢ is at least certain constant

¢o, with probability at least 1 — exp(—£(d)) over the sampling of Sy, there exists 71, 72,13 =
O(1/t) with n; < n2 < n3 such that

%12 1 %12
Q(n2) :=1/2 |lwep, — w™||” < 5 [lw?|" = C
* 1 * C
Q) == 1/2|wyy — w*||* > 3 llw I” - 2V € [0,m]Ulns, 1/L]

where C'is a positive constant. Call this event £. Suppose the probability that £ happens is 1 — 9.
We can write EQ (7)) as follows,

EQ(n) = E[Q(n) €] Pr(&] + E[Q(n)|£] Pr[£].

According to the algorithm, we know ||wy,|| is always bounded by 4v/La. Therefore, Q(n) :=
1/2||wy, — w*||* < 13Lo2. When 1) = 1), we have

EQ(n2) < (; [|w*||* — C) (1—6)+13Lo%56
1, ,02 0 )
=*Ilw I* =5 = C+(C+13La%)0

2l - s

10’
. . C
where the last inequality assumes 6 < 57735757

When 7 € [0,71] U [n3,1/L], we have

BQUR) > (5 lo'1? - § ) (1= 6) - 13L0%
1 ] C
=5 Jw*||* — 5~ (=05 - 13Lo%6
z% w||? - % ~(1/2 + 13L0%)5
P -5
where the last inequality holds as long as § < m.

According to Lemma 13, we know ¢ < exp(—$(d)). Therefore, the conditions for § can be satisfied
as long as d is larger than certain constant. ]

B.3.2 GENERALIZATION FOR 7} € [0,1/L)]

In this section, we show Firpy is point-wise close to Frpy forall g € [0,1/L]. Recall Lemma 11 as
follows.
Lemma 11. Forany 1 > € > 0, assume d > c4log(1/¢) for some constant c4. With probability at
least 1 — O(1/€) exp(—2(e?m)),

|Erov (n) = Pryv(n)| < e,
foralln € [0,1/L].
In order to prove Lemma 11, let’s first show that for a fixed n with high probability Fryy (n) is close

to Fryy (). Similar as in Lemma 7, we show each Ay (1, Py) is O(1)-subexponential. We defer
its proof to Section B.3.4.
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Lemma 16. Suppose o is a constant. For any fixedn € [0,1/L] and any 1 > € > 0, with probability

at least 1 — exp(—Q(e?m)),

Fryy(n) — Frov(n)| < e

Next, we show that there exists an e-net for Frrpy with size O(1/€). By e-net, we mean there exists
a finite set N, of step size such that |Fryy(n) — Frey ()] < e for any n € [0,1/L] and 1y €
arg min,e n, |7 — n’|. We defer the proof of Lemma 17 to Section B.3.4.

Lemma 17. Suppose o is a constant. For any 1 > € > 0, assume d > c¢41og(1/€) for constant c4.
There exists an e-net N, for Fryy with |N.| = O(1/€). That means, for anyn € [0,1/L],

|Frov(n) — Frov(n')] <e,

forn' € argmin,en, [n — 7’|

Next, we show that with high probability, there also exists an e-net for Frryy with size O(1/e).

Lemma 18. Suppose o is a constant. For any 1 > € > 0, assume d > c41og(1/€) for constant cy.
With probability at least 1 —exp(—Q(e?>m)), there exists an e-net N for Fryy with |[N.| = O(1/€).
That means, for anyn € [0,1/L],

\Pryv(n) — Frov ()| < e,

forn' € argmin,en, [n — 7’|

Combing Lemma 16, Lemma 17 and Lemma 18, now we give the proof of Lemma 11.

Proof of Lemma 11. The proof is very similar as in Lemma 4. By Lemma 16, we know with
probability at least 1 — exp(—(e?m)), ’FTW(n) — Fryv(n)| < e for any fixed . By Lemma 17

and Lemma 18, we know as long as d = Q(log(1/¢)), with probability at least 1 — exp(—£(e?m)),

there exists e-net N, and N/ for Fryy and Fryy respectively. Here, both of N, and N/ have size
O(1/€). According to the proofs of Lemma 17 and Lemma 18, it’s not hard to verify that N, U N/

is still an e-net for Frryy and Frrpy . That means, for any ) € [0, 1/L], we have

|Frov (n) = Froy ()], | Frov (n) = Prov ()] < e,
for ' € arg min,en,uns |1 — 1|

Taking a union bound over N, U N/, we have with probability at least 1 — O(1/¢) exp(—Q(e2m)),

Fryv(n) — Prov(n)| < e
forany n € N. U N..
Overall, we know with probability at least 1 — O(1/¢) exp(—Q(€*m)), forall y € [0,1/L],
|Fryyv (n) — FTbV(n”

<|Fryv(n) — Frov ()| + |Erov (n) — Frov ()| + [Erov (') — Frov (1)
<3e,

where 7 € arg min,en,un;

7 — n’|. Changing ¢ to ¢’ /3 finishes the proof. O

B.3.3 LOWER BOUNDING Ey FOR 7 € [1/L, 00)

In this section, we prove Fryy is large for any step size 77 > 1/ L. Therefore, the optimal step size
Miqlia Must be smaller than Frryy,.

Lemma 12. Suppose o is a large constant. Assume t > co,d > c4log(t) for some constants ca, cy.
With probability at least 1 — exp(—(m)),

A 1
Fryv(n) >C'o* + 5027

forallm > 1/L, where C' is a positive constant independent with o.
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When the step size is very large (larger than 3L), we know the GD sequence gets truncated with
high probability, which immediately implies the loss is high. The proof of Lemma 19 is deferred
into Section B.3.4.

Lemma 19. Assume t > co,d > c4 for some constants co,cy. With probability at least
1 —exp(—=Q(m)),

Fryv(n) > o,
foralln € [3L,00)

The case for step size within [1/L, 3L] requires more efforts. We give the proof of Lemma 20 in this
section later.

Lemma 20. Suppose o is a large constant. Assume t > co,d > ¢4 log(t) for some constants co, c4.
With probability at least 1 — exp(—Q(m)),

A 1
Fryv(n) >Cy0® + 502,
forallm € [1/L,3L], where Cy is a positive constant independent with o.

With the above two lemmas, Lemma 12 is just a combination of them.

Proof of Lemma 12. The result follows by taking a union bound and choosing C' = min(Cy, 1/2).
]

In the remaining of this section, we give the proof of Lemma 20. When the step size is between 1/L
and 3L, if the GD sequence has a reasonable probability of diverging, we can still show the loss is
high similar as before. If not, we need to show the GD sequence overfits the noise in the training
set, which incurs a high loss.

Recall that the noise term is roughly % H I—-(I- nHtrain)t)(Xtram)TftramHQ. When n € [1/L,3L],
the eigenvalues of I — 1 Hpin in Syain Subspace can be negative. If all the non-zero n eigenvalues
of Hi.in have the same value, there exists a step size such that the eigenvalues of I — 1 Hy,i, in
subspace Siqin is —1. If ¢ is even, the eigenvalues of I — (I — 7 Hin)® in Syrain Subspace are zero,
which means GD sequence does not catch any noise in Siip.

Notice that the above problematic case cannot happen when the eigenvalues of Hyi, are spread out.
Basically, when there are two different eigenvalues, there won’t exist any large 7 that can cancel
both directions at the same time. In Lemma 21, we show with constant probability, the eigenvalues
of Hiin are indeed spread out. The proof is deferred into Section B.3.4.

Lemma 21. Let the top n eigenvalues of Hyyiy be N1 > -+ > \,. Assume dimension d > c, for
certain constant c4. There exist positive constants , 1, "’ such that with probability at least p,

>\[L/TL - An—,u’n+1 Z ,u//-

Next, we utilize this variance in eigenvalues to prove that the GD sequence has to learn a constant
fraction of the noise in training set.

Lemma 22. Suppose noise level o is a large enough constant ci. Assume unroll length t > co and
dimension d > c4 for some constants ca, c4. Then, with probability at least C

Z CZUQa

2
||Bt,77wlrain - UJ* HHm”.n

forallm € [1/L,3L], where Cy, Cy are positive constants.

Proof of Lemma 22. Let & be the event that v/d/v/L < 0;(Xiin) < VLdand 1/L < A\j(Hyain) <
L for all ¢ € [n] and \/30/4 < Nléurainl] < Vdo. Let & be the event that \/3/\/Z < 0i(Xyang) <

VLd and 1/L < M\j(Hygia) < L forall i € [n] and Vdo/4 < ||évaia]] < Vdo. According to
Lemma 1 and Lemma 45, we know both &; and &5 hold with probability at least 1 — exp(—Q(d)).

Let the top n eigenvalues of Hyyi, be Ap > -+ > A,,. According to Lemma 21, assuming d is larger
than certain constant, we know there exist positive constants (1, {12, ft3 such that with probability at
least f11, Apon — An—pont1 = p3. Call this event &5.
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Let S; and Sy be the span of the bottom and top pon eigenvectors of Hy,, respectively. Ac-
\/30 with probability at least 1 — exp(—Q(d)).

Q(d
Let P, € R" ™ be a rank-ysn projection matrix such that the column span of (Xin)' Py
is S1. By Johnson-Lindenstrauss Lemma, we know with probability at least 1 — exp(—Q(d)),

||Pr0j P, ftrainH \/’Tz ||€train|| - Taking a union bound, with probability at least 1 — exp(—Q(d)),
||Pr0] P, Etrain H > Y222 “ 2do . Similarly, we can define P; for the S subspace and show with probability

cording to Lemma 45, we know |[|&yain|] >

at least 1 — exp(—Q , HPI‘O] Py ftrainH > %. Call the intersection of both events as £,, which
happens with with probability at least 1 — exp(—$2(d)).

Taking a union bound, we know &1 N & N &5 N &, holds with probability at least 11 /2 as long as d
is larger than certain constant. Through the proof, we assume & N & N 5 N &4 holds.

Let’s first lower bound || By, Wirain — || as follows,

U'dlIl
||Bt,nwtrain - w;ain” = ||Bt777 (w;ain + (th’ﬂiﬂ)fftraiﬂ) - w:;'ainH
> (HBt,n (w:;ain + (Xlrain)Tglrain) H - 1)
Recall that we define S; and S5 as the span of the bottom and top psn eigenvectors of Hyy, re-

spectively. We rely on S; to lower bound ||w;, — w*|| when 7 is small and rely on S> when 7 is
large.

Case 1: Let oim(Btn) be the smallest singular value of B, within S; subspace. If
77)‘n—u2n+1 <2- M3/(2L)7 we have

1\ w3\t 1
o5 (By.,) > min 1—(1—L2> ’1_<1_ﬁ> > 2,

where the second inequality assumes ¢ > max(L?,2L/u3) log 2. Then, we have

||wt n—w || > ( mm( t,n) (HPI‘OjSI (Xlrain)TglrainH - 1) - 1)

= (0 ) )=

where the second inequality uses HPI‘O] P, Strain H > “2 2 and the last inequality assumes o > 4% .

Case2: IfnAn—pmnt1 > 2—ps/(2L), we have X, > 24 p3/(2L) since Ay — An—pont1 >
us and n > 1/L. Let %2 (B, ) be the smallest singular value of By, within S, subspace. We

have
oo (By) > ((1 + ﬁ) - 1) %

where the last inequality assumes ¢ > 4L/u3. Then, similar as in Case 1, we can also prove

iy — w*[| > L2

Therefore, we have

min (

fi20°
= 102412’

2
| Bty Wirain — W*”Hmi" = || Bty Wirain — wtra1n||Hm“ =7 HBt nWirain — wtrdm”

foralln € [1/L,3L]. We denote C; := u1/2 and Cy = O

1024L2 :

Before we present the proof of Lemma 20, we still need a technical lemma that shows the noise in
Svalid concentrates at its mean. The proof of Lemma 23 is deferred into Section B.3.4.

Lemma 23. Suppose o is constant. For any 1 > € > 0, with probability at least 1 —
O(t/e€) exp(—Q(€%d)), An(Hyaig) > 1/L and

+ (1 —€)o?

> [[wey — w*|;

Hyaiia

||wt,'r] - wvalid| ?{

forallm e [1/L,3L).

valid
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Combing the above lemmas, we give the proof of Lemma 20.

Proof of Lemma 20. According to Lemma 23, we know given 1 > € > 0, with probability at least

— O(t/e) exp(—Q(€3d)), An(Hyatia) > 1/L and |[wy,) — wyarall ;> lwey — w*|7, + (11—
€)a? for all € [1/L,3L)]. Call this event & . Suppose Pr[£;] > 1 — §/2, where § will be specifies
later. For each training set .S (k)

\rain> WE also define Sl(k). By concentration, we know with probability
at least 1 — exp(—Q(6*m)), 1/m> ;1 {51(k)} >1-6.

According to Lemma 22, we know there exist constants C, Cy such that with probability at least
Cl ’
| By Wirain — w*||fqlmin > (y0? for all n € [1/L,3L)]. Call this event &. For each training set

g

\rams WE also define Sz(k). By concentration, we know with probability at least 1 — exp(—£(m)),
ymyp, 1{ef} > a2

For any step size ) € [1 /L, 3L] we can lower bound Fryy (7)) as follows,

m 2
~ k k
FTbV Z 5 wwg,n) - w\(/alzd H®
— valid
Lemly ® |2 (k)
= ; 9 ||Wen — Wyaiia HO) 1 {51 }
1 - 1 (k) * 2 (k) 1 2
Za ; 5 wt’n Wk Hyaia 1 {51 } * 5(1 - 6)(1 - 5)0
Sy lm ]1{gw)mg<’“>}+1(176)(1f5)02.
-m 2 tn Hyaia ! 2 2

el
Il
-

Aslongas§ < Cy/4, weknow = > | 1 {El(k) N 82(k)} > (/4. Let E3(n) be the event that wﬁ’j}
gets truncated with step size n We have
1 B) _ 2
— —w
k Hyaiia

aH R ARG

m
_lzl w®
“m 2 ||t k
k=1
Lmby L2 (k)  o(k)  a(k)
+EZ§Hwt,n—wk Hwn{gl nePneP}.
k=1 vali

If L5 1 {Efk) n 52(k) N 53‘,’“)} > (C1/8, we have
1 &1 A . . 1 . e
OO R RTCILCD B S R

C'1 9L B 9C, 02
T N T;

1 {51““) neM n 5§’“>}

2
Hyalia

1{e® nep ne®)
lid

valid vali

k
Here, we lower bound ngn) —wj

by 902 when the sequence gets truncated.
Hyaiia

IfFLy 1 {Sl(k) N Sz(k) N gék)} < C1/8, we know =57 1 {El(k) N 82(k) N Eék)} > (/8.

Then, we have

722“ ) — i

1{ePne ne®}

k k I -1 k <12
]l{é'f )052( )} EE’; 5 HBgn)wtmm—wk

Hyalia

Hyalig

X =
-8 2 16
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Letting C5 = min(%51, €1C2) we then have
; 1 Cs0? 1
Fryy(n) > C30” + F—a - §o?> 27T 4 5027

where the last inequality chooses § = € = C3/2. In order for Pr[&;] > 1 — §/2, we only need
d > ¢4 log(t) for some constant c4. Replacing C3 /2 by C finishes the proof. O

B.3.4 PROOFS OF TECHNICAL LEMMAS

Proof of Lemma 14. We first show that for a fixed n € [0,1/L], the crossing term
|<Btmw;§am —w*, Btm(Xtmin)T&ramﬂ is small with high probability. We can write down the cross-
ing term as follows:

<Bt»nw;ain —w, Bt,n(Xtrain)Tgtrain> = <[(Xtrain)T]TBt,n(Btmw;ain - U’*)a ftrain> .

Noticing that &y, is independent with [(Xtrain)T]TBt,n(Bmw* — w*), we will use Hoeffding’s

train
inequality to bound | (B ,wiyin — w*, Bey(Xuain) '&uain) |- According to Lemma 1, we know with

probability at least 1 — exp(—Q(d)), \/E/\E < 03(Xiain) < VLd and 1/L < X\;(Hyain) < L for
all ¢ € [n] with L = 100. Since < 1/L, we know || By ;|| = ||I — (I — nHuain)"|| < 1. Therefore,
we have

2V L
H[(Xtrain)T]TBtvn(Btmw:;ain - w*)H < \\;;a

for any n € [0,1/L]. Then, for any ¢ > 0, by Hoeffding’s inequality, with probability at least
1 — exp(—9(e3d)),
|<Bt»77w:;ain - w*7 Bt-,ﬂ(Xtrain)TgtrainM <e

Next, we construct an e-net on 7 and show the crossing term is small for all € [0,1/L]. Let

9(77) = <Bt,nwéain - w*v Bt,n(Xtrain)Tgtrain> .

We compute the derivative of g(7) as follows:
g(n) = <tHLrain(I - nHtrain)t_lw;aim Bt,n(X‘Iain)TgLrain>
+ (Bt Wiain — W, tHyain (I — nHtrain)t71(Xtrain)Té-train>
By Lemma 45, we know with probability at least 1 — exp(—(d)), ||€ain|| < V/do. Therefore,
lg'(n)] < LY (1 - %)H o + 215 (1 - %)H o = 3Lt (1 - %)H .
We can control |¢’(n)]| in different regimes:

® For 7 € [0, 53], we have |¢/(n)| < 3L'to.

e Givenany 1 < i <logt— 1, foranyn € (;£, (i;tll)L], we have |¢' ()| < ?’LL#
e Foranyn € (Ltli)%t,l/L], we have |¢'(n)| < 3L1%0.

Fix any € > 0, we know there exists an e-net N, with size

logt—1 1.5
1 L 3L "to 1 Llogt 15
Ne| =- , - — L
[N e(t—liz_% e’ +(L t—1>3 7
1 (3eL*%t 1
<= (2 4 3VIo) = 0(3)
€ t—1 €
such that for any ) € [0, 1/L], there exists ' € N, with |g(n) — g(n)| < e. Note that L = 100 and

o is a constant. Taking a union bound over N, and all the other bad events, we have with probability
at least 1 — exp(—Q(d)) — O(1/€) exp(—(e3d)), for all y € [0,1/L],

|<Bt,nw:;ain - w*, Bt,n(Xtrain)Tgtrain>| <ede=2e
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Aslong as 1 > € > 0, this happens with probability at least 1 — O(1/¢) exp(—(e?d)). Replacing
e by €’ /2 finishes the proof. O

Proof of Lemma 15. According to Lemma 1, we know with probability at least 1 — exp(—(d)),
1/L < Xij(Hyain) < Lforalli € [n] with L = 100. We can lower bound (B ,w;:;., w*) as follows,

<Bt’77wt>’;ain7 w*> = <(I - (I - nHll‘ain) ) w?rainv w;ain>
>Amin (I = (I = nHiain)") Wil

nt . 2
> (1-exp (-2 ) lual?.

By Johnson-Lindenstrauss lemma (Lemma 49), we know with probability at least 1 —
2exp(—ce?d/4),

train’

1 o1
SA= ) ' = 51 —e).

Then, we know with probability at least 1 — 2 exp(—ce2d/4) — exp(—Q(d)),
B> (1= 00 (<) ) gl
n
>(1- -z
(1o ( L ))
S 1—2¢ 1_ ot
- 4 L

Since e < 1 —x + 22 /2 for any x < 0, we know exp(—nt/L) < 1 —nt/L+n*t?/(2L?). For any
n < L/t, we have exp(—nt/L) < 1—nt/(2L). Then with probability at least 1 —2 exp(—ce?d/4) —
exp(—Q(d)),

Hw;ain” Z

1—-2ent
> —_
- 4 2L
>—77t ,
—16L
where the second inequality holds by choosing € = 1/4. ]

<Bt777w:1<"aim w*>

Proof of Lemma 16. Recall that

Frov(n) : ZATbV 1, Pr)
gyt

For each individual loss function Ay (7, Px), we have

k k k
Arpy (n, Pr) = 5 ‘ wt(n) (X\Edll)d) g\salgd H(k)
valid
<2 A (k) (k) \T £(k)
2 ‘ wt 77 —w H(k) é-vdhd Wy n (delld) gvalid
valid
25LU k 1 & Kk 1 k
HH\gall)d 2n \(/al?d +5f0 <\/ﬁ HX\gali)d ) (\/ﬁ g\(/algd )

1

as Umax(ﬁXv(fn)d)- According to Lemma 47, we know opayx (X (k)

Vahd)

We can write H Vahd

IEO'max (X(k)

valid

) is O(1)-subgaussian, which implies that opax( fX\th)d) Eomax(—=X. (k)

/n “valid
O(1/+/d)-subgaussian. Since Egmax(\fXéah)d) is a constant, we know oax( va(Sl)d) is O(1)-

€(k)

valid

) is

2
subgaussian and o2, _( \FX‘th)d) is O(1)-subexponential. Similarly, we know both % and

(k) D (ﬁ ¢

valid valid

(L
NG

) are O(1)-subexponential. This further implies that Appy (n, Py) is
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O(1)-subexponential. Therefore, Firyy- is the average of m i.i.d. O(1)-subexponential random vari-
ables. By standard concentration inequality, we know for any 1 > € > 0, with probability at least
1 — exp(—Q(e?m)),

Fryv(n) — Fryv(n)] < e.

Proof of Lemma 17. Recall that
1 *
Fryv(n) :]E§ i,y = w?||* + 0% /2.
We only need to construct an e-net for E3 |lw;,, — w*||*. Let € be the event that vd/vVL <
0i(Xiain) < VLdand 1/L < \;(Hyuin) < L forall i € [n] and ||Epain|| < V/do. We have

1 1 1 _ _
By ey — w1 =B |5 oty — w7 || PrIE]+ B | oy — w17 ] Prie

We first construct an e-net for E B llwe,, — w*|? |E} Pr[€]. Let Q(n) = & |lwy,, — w*||* . Fix a
training set Sy, under which event € holds. We show that )(n) has desirable lipschitz property.

The derivative of Q)(n) can be computed as follows,

Ql(n) = <tH[rain(I - nHtrain)t_lwtraina wt,n - w*> .
Conditioning on &£, we have

/ _ N\t—1
Q)] =01 -1y,

Therefore, we have

I g Y wy, — w|? _ _ Ny
B |5 e — 0l €] Pl = O(r(1 =

Similar as in Lemma 14, for any € > 0, we know there exists an e-net N, with size O(1/¢) such that
forany € [0,1/L],
1 2 1 12
E 5 lwe,, —w™||” |€| PrE] — E 5 lwe,m —w* |7 |E| Pr[€]| < e

for 7/ € argmin,en, | —1'|.
Suppose the probability of £ is 5. We have

25Lo2
> 6 <,

1 _ _
B |5 ey — ol ] PriE] <

where the last inequality assumes § < 25%722 According to Lemma 1 and Lemma 45, we know
§ := Pr[&] < exp(—€2(d)). Therefore, given any € > 0, there exists constant ¢4 such that § < 52<

as long as d > ¢4 log(1/e).

Overall, for any € > 0, as long as d = Q(log(1/¢)), there exists N, with size O(1/¢) such that for
any n € [0,1/L], |Fryv(n) — Frev(n')| < 3e for ' € argmin,en, [n — 7’|. Changing € to €' /3
finishes the proof. U

Proof of Lemma 18. For each k € [m], let &, be the event that Vd/V'L < Ui(Xt(r]:i)n) < Vv Ld for
(k)

any ¢ € [n] and || || < V/do. Then, we can write the empirical meta objective as follows,

- 1 1
Fryy(n) == o Z Arer(n, Pp)le, + o Z Aqyr(n, Pr)lg, -
k=1 k=1
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Similar as Lemma 17, we will show that the first term has desirable Lipschitz property and the
second term is small. Now, let’s focus on the first term — Z we1 Arvr(n, Pr)le, . Recall that

(k)

1 k 2
Aqyr(n, Pr) =3 Hwt(n) — Wyaig ’

)

valid

_ (k) () *
_2 HB Wipgin — W _( Valld)fé.valld

Computing the derivative of Apyr (7, Py) in terms of 7, we have

0 k k k X k k

%ATbT(n7 Pk) = <th(ra1)n(I - nHt(ral)n) t(ral)n’ H\Eall)d (wgn) w = (X\Eali)d)Tg\(/algd)>
e ))

) (Galleal))

valid
n t—1 1 k 1 k 1
=0t (1 - f) <H Hygl| + (\/(3 HXv(an)d ) (\/3
f(k)

and (\f HXvahd’) (ﬁ valid ) are
O(l) subexponentlal Therefore, we know with probability at least 1 — exp(—Q(m)),

Ly, (H valid ’ + (\f HX‘ffh)d ) (ﬁ ¢ )) = O(1). This further shows that with proba-

valid
bility at least 1 — exp(—(m)),
1 &0
— —A Pyl
mz(’) o7 (1, Pr) e,

Conditioning on &, we can bound the derivative,

ﬁATbT(nvpk) =0(1)t (1 - %)hl <HHv(akh)d

‘377

Therefore, we have

1 k
+ (\/E HXv(ali)d

5(’6)

valid

1 o~ 9
— —A Pl
p” 2:: an Tor(n, Pr) e,

)

Similar as in Lemma 16, we know both HHv(ah)d

~oun(i- )"

Similar as in Lemma 14, we can show that for any ¢ > 0, there exists an e-net with size O(1/¢) for
1 m A P
m Zk 1 TbT(U: k‘) Ep-

Next, we show that the second term = 37" | Aqyp(n, Py)1g, is small with high probability. Ac-
cording to the proof in Lemma 16, we know

(k) ¢® I Ll L ||tk
Aryr(n, Pr) = (H‘Hvahd vaia|| T (\/& HXvalid > <\/c7 Eyalia
Therefore, there exists constant C' such that
¢® L) O]
m Z Aryr(n, Pe)lg, < C H vahd Eyalia ﬁ HXvalid f Evalia Lg,.
It’s not hard ify th eW I* 4 (2 X(k) 1g, is O(1
$ not hard to verily that valld + valld + Vd valid Vahd Ex is
subexponential. Suppose the expectation of (‘ gt § ‘ ( H x*) ) ( g(}“? ))
. valid valid Vd valid Vd valid
is p, which is a constant Suppose the probability of £, be J. We know the expectation of
(H Vahd’ ‘(,flzd ( 73 HXth)d ) ( 55:301 )) s is pud due to independence. By

standard concentration inequality, for any 1 > € > 0, with probability at least 1 — exp(—Q(e*m)),

L (Ilg® 2 (1 x4 1
mk; <HHvahd + \/E Xvalid \/g

where the second inequality assumes § < €/(Cu). By Lemma 1 and Lemma 45, we know § <
exp(—$(d)). Therefore, as long as d > ¢4 log(1/¢) for some constant ¢4, we have 6 < ¢/(Cu).

(k)

vahd

f(k)

valid

)> lg, < Cuo+Ce < (CH1)e,
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Overall, we know that as long as d > ¢4 log(1/¢), with probability at least 1 — exp(—(e*m)),
there exists N/ with |N!| = O(1/e) such that for any n € [0,1/L],

\Frov(n) — Frov ()] < (20 + 3)e,
for 7’ € arg min, ey, |7 — 1’'|. Changing € to €’ /(2C + 3) finishes the proof. O

Proof of Lemma 19. Let £; be the event that v/d/v'L < 0;(Xyin) < VLdand 1/L < \i(Hyain) <
L foralli € [n] and \fa/él < |l < Vdo. Let & be the event that \/E/\/Z < 0i(Xyana) <

VLd and 1/L < X\;(Hyaia) < L for all i € [n] and \/ga/él < ||évarial| < Vdo. According to
Lemma 1 and Lemma 45, we know both &; and &, hold with probability at least 1 — exp(—(d)).

Assuming d > ¢4 for certain constant ¢y, we know Pr[€; N &) > 2/3. Also define Sl(k) and Sék)

each training set Sl

tmm By concentration, we know with probability at least 1 — exp(—Q(m)),

1 Zm (k) ~ (k) 1
]]- { } > 9°
mi 51 n 52 -2

It’s easy to verify that conditioning on &;, the GD sequence always exceeds the norm threshold and

gets truncated for 7 > 3L as long as ¢ is larger than certain constant. We can lower bound Frpyy for
any 77 > 3L as follows,

Z ! (k) (k)
Fryv(n) :E 3 H Wy, — dehd .
valid
1 1 w® (%) ,1 ,
ZEZiH Wi — Wyalid (k)]l{glmEQ}ZQO' 5:0—,

valid

(k)

valid

(k)

by 202 when Wy

gets truncated. [

where the last inequality lower bounds Hwt(kn) —w

(k)

valid

Proof of Lemma 21. We first show that with constant probability in X4in, the variance of the
eigenvalues of Hy.,, is lower bounded by a constant. Let A be 1/n Z?=1 ;. Specifically, we show

1/nY"1 , A2 — A% is lower bounded by a constant.

Let’s first compute the variance of the eigenvalues in expectation. Let the ¢-th row of X, be :E;r .
‘We have,

E [3] :%E [( ( XLHXtmm»Q] :%E <i§n;xil|2>2

1 ¢ a1 20 2
=D Elal'+ = >0 Ellllz)
i=1 1<i#j<n
1 d?> 2d

Similarly, we compute E [1/n "7 | A?] as follows,

l Z A ‘| tr (XtralerathramXtrain)]
4, 1 2
:ﬁ Z]E [l ” + e Z E (@i, z;)
i=1 1<i#j<n
1
:ﬁ(nd(dJrQ)nLn(n—l)d) =3 +-+ =

Therefore, we have
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where the first inequality assumes n > 2 and the last inequality uses n < 37fl. Since n > id, we
know n > 2 as long as d > 8.

Let & be the event that vd/vVL < 0;(Xyain) < VLd and 1/L < A\i(Hyain) < L for i € [n] with
L = 100. According to Lemma 1, we know £ happens with probability at least 1 — exp(—$(d)).
Let 1 {€} be the indicator function for event £. Next we show that E[1/n Y 7", (A; — A)?1 {&E}] is
also lower bounded.

It’s clear that IE[XQIL{E'}] is upper bounded by IE[ ] In order to lower bound
E[237  A21{€}], we first show that E [1 3" A?1{€}] is small. We can decompose
E[2 30, 2?1 {&}] into two parts,

E [igxgn{g}

The first term can be bounded by L? Pr[£]. Since Pr[€] < exp(—(d)), we know the first term
is at most 1/6 as long as d is larger than certain constant. The second term can be bounded by
E [AMf1{\ > L}] . According to Lemma 48, we know Pr[A; > L + t] < exp(—€(dt)). Then, it’s
not hard to verify that E [Af1{\; > L}| = O(1/d) that is bounded by 1/6 as long as d is larger
than certain constant. Overall, we know E [2 3" A\?1{€}] > E[L Y7 | A?] — 1/3. Combing
with the upper bounds on E [A\?1 {£}], we have E [+ 37" (A, — A)?1{€}] > 1.

+E

1 n _
=E [n > A1{€and \ < L}

i=1

1 n
- > A {M > L}
=1

Since conditioning on &, A; is bounded by L for all ¢ € [n]. In order to make

E [l S (= A)2L{E }] lower bounded by one, there must exist positive constants (i1, (2 such

n

that with probability at least 11, € holds and £ ™7 | (X; — A)2 > po.

Since 2 3" | (A\;—A)? > psand \; < Lforalli € [n], we know there exists a subset of eigenvalues

S {\;}} with size uzn such that |\; — | > pg4 for all \; € S, where p3, 114 are both positive
constants.

If at least half of eigenvalues in S are larger than X\, we know at least E2fA% number of eigenval-
ues are smaller than \. Otherwise, the expectation of the eigenvalues w111 be larger than \, which
contradicts the definition of \. Similarly, if at least half of eigenvalues in S are smaller than A,
we know at least #224% number of eigenvalues are larger than \. Denote p5 := £524. We know
)\usn - )\n—usn-i-l > [y O

Proof of Lemma 23. Let & be the event that v/d / VL < 0 (Xrain) < V/Ldand 1 /L < Ni(Hyain) <
L for all ¢ € [n] and \/30/4 < léiainl] < Vdo. Let &; be the event that \/ﬁ/\@ < 0i(Xvana) <
V/Ld and 1/L < X\i(Hyaia) < L for all i € [n] and \/&0/4 < |vanal] < Vdo. According to
Lemma 1 and Lemma 45, we know both &; and &; hold with probability at least 1 — exp(—(d)).
In this proof, we assume both properties hold and take a union bound at the end.

2
We can lower bound ||wy,;, — Wyaia| 7 . as follows,
vald

2
||’U)t717 — wvalid| 2H = Hwtm —w* — (Xvalid)’rgvalidHHvand

valid
* 1 *
> [lwey — w* (I, + - €vatiall* = 2 [{we.y — w*, Huatia(Xvatia) Evatia)| -
For the second term, by Lemma 45, we know for any 1 > € > 0, with probability at least 1 —
exp(—Q(€%d)),
”gvahdH (1 - 6)
We can write down the third term as <[( vatid) '] T Hyatia (wy,) — w*), Evahd> Suppose o is a constant,

we know || [(Xvaia) '] " Hyatia (W, — w* = O(1/+/d). Therefore, for a fixed n € [1/L,3L], we
have with probability at least 1 — exp( Q(e2d)),

|<wt,n —w", Hvalid(Xvalid)Tgvalid>| <e
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To prove this crossing term is small for all € [1/L,3L], we need to construct an e-net for the
crossing term. Similar as in Lemma 9, we can show there exists an e-net for the crossing term with
size O(t/€). Taking a union bound over this e-net, we are able to show with probability at least

1 — O(t/e) exp(—Q(e3d)),
|(we,n — w*, Hyatia(Xvatia) " évatia) | < €,
forallnp € [1/L,3L).

Overall, we have with probability at least 1 — O(t/e€) exp(—£(€2d)),
1 *
i[w,id o €watiall® = 2 [(we.y — w*, Hyatia(Xvatia) Tvatia)|

> wey —w*ll7, + (1= €)o® =2 > (1 — 3e)o?,

2
lwey — waidl| 3, = lwey —w|

for all n € [1/L,3L], where the last inequality uses o > 1. The proof finishes as we change 3¢ to
€. O

C PROOFS OF TRAIN-BY-TRAIN WITH LARGE NUMBER OF SAMPLES (GD)

In this section, we give the proof of Theorem 6. We show when the size of each training set n
and the the number of training tasks m are large enough, train-by-train also performs well. Recall
Theorem 6 as follows.

Theorem 6. Let FTbT(n) (n) be as defined in Equation 1. Assume noise level is a constant ¢, . Given
any 1 > € > 0, assume training set size n > <% log(™™), unroll length t > cslog(Zy), number

. . - 2 . . . .
of training tasks m > % log(tfg“) and dimension d > c4 for certain constants c, ca, c3, c4. With

high probability in the sampling of training tasks, we have

do?
B, [ < (14 0%

forall m}, ., € argming,>q FTbT(n) (n), where the expectation is taken over new tasks.

In the proof, we use the same notations defined in Section B. On each training task P, in Lemma 24
we show the meta-loss can be decomposed into two terms:

1
Arpr(n, P) = 3
where Wiain = W* + (Xirain ) €irain- Recall that X is a n x d matrix with its i-th row as ] . The
pseudo-inverse (Xmin)' has dimension d x n satisfying X;athrain = Iy. Here, Projy . € R" ™ is
a projection matrix onto the column span of Xy .

2 1 . 2
lwen = weainll,,,, + m [[(Z = Proj x, ., )Ewain|

?

In Lemma 24, we show with a constant step size, the first term in Ay (7, P) is exponentially small.
The second term is basically the projection of the noise on the orthogonal subspace of the data span.
We show this term concentrates well on its mean. This lemma servers as step 1 in Section B.1. The
proof of Lemma 24 is deferred into Section C.1.
Lemma 24. Assume n > 40d. Given any 1 > € > 0, with probability at least 1 —m exp(—Q(n)) —
exp(—Q(e*md/n)),

1 n—d , €do?

Fryr(2/3) < 20(1 — 2)2t42 .
ror(2/3) < 20(1 = 5)%o™ + =5 =07+ 50

In the next lemma, we show the empirical meta objective is large when 7 exceeds certain threshold.
We define this threshold 7 such that for any step size larger than 7 the GD sequence has reasonable
probability being truncated. In the proof, we rely on the truncated sequences to argue the meta-
objective must be high. The precise definition of 7 is in Definition 2. This lemma serves as step 2 in
Section B.1. We leave the proof of Lemma 25 into Section C.2.

Lemma 25. Let 1) be as defined in Definition 2 with 1 > € > 0. Assume n > cd,t > ca,d > c4 for
some constants c, cz, c4. With probability at least 1 — exp(—Q(e*md? /n?)),

do? n-—-d 9 e2do?
o — )
&n 2n 20n

FTbT(U) >

foralln > 1.
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By Lemma 24 and Lemma 25, we know when ¢ is reasonably large, FTbT(n) is larger than

Eryr(2/3) for all step sizes 7 > 7. This means the optimal step size /) must lie in [0,7]. In
Lemma 26, we show a generalization result for 7 € [0, 7]. This serves as step 3 in Section B.1.
We prove this lemma in Section C.3.

Lemma 26. Let 1) be as defined in Definition 2 with 1 > € > 0. Suppose o is a constant. Assume n >
clog(%y)d,t > ca,d > cy for some constants c, ca, c4. With probability at least 1—m exp(—§2(n))—
O(:T”d + m) exp(—Q(me*d?/n?)),

. 17e2do?
|Fror(n) — Fror(n)] < ————,

n
Soralln € [0,7),
Combining Lemma 24, Lemma 25 and Lemma 26, we present the proof of Theorem 6 as follows.

Proof of Theorem 6. According to Lemma 24, assuming n > 40d, given any 1/2 > ¢ > 0,
with probability at least 1 — m exp(—Q(n)) — exp(—Q(e*md/n)), Fryr(2/3) < 20(1 — %)2%2 +

nodg? 4 %. Aslong as t > czlog(Zy) for certain constant cz, we have
- n—d 7e2do?
Fryr(2/3) < 2 .
ror(2/3) < 5 =0+ g,

Let 7} be as defined in Definition 2 with the same €. According to Lemma 25, as long as n > cd, t >
¢2,d > c4 with probability at least 1 — exp(—Q(e*md? /n?)),
edo? n—d 9 eEdo? n-—d 9 7.5€2do?
o2 —

)2 >
ror(n) 2 — =+ 5, 20m o 7 T oo

for all ) > 7). We have Fryr(n) > Fryr(2/3) for all n > 7). This implies that 7%, is within [0, 7]

[ - _ 2, 2
and Fryr () < Fryr(2/3) < %540® + 150,

By Lemma 26, assuming o is a constant and assuming n > clog(Z;)d for some constant c, we have
with probability at least 1 — m exp(—Q(n)) — O(&Y + m) exp(—Q(me'd? /n?)),
- 17¢%do?
|Eryr(n) — Pror(n)] < —

for all n € [0, 7]. This then implies

N - . 17¢2do® _n—d 24€%do?
FTbT(ntrain) < FTbT(ntrain) + n < m 02 + n :

By the analysis in Lemma 24, we have

1 2 1 . 2
Fror(ain) =B [[weng, = wiainl,, +Eg | (Tn = Projx )|
1 2 n—d 4
.
Therefore, we know E% Hwtﬂlim — wtmmHiI < %. Next, we show this implies
2 . train
E Hwt’mﬁ.‘m —w*||" is small.

Let & be the event that 1 — € < A\;j(Hyain) < 1+ e forall ¢ € [d]. According to Lemma 27, we know

Pr[f] > 1 — exp(—Q(e’n)) as long as n > 10d/€>. Then, we can decompose E ||wy -« — w*| ?

as follows,

E iz, — ][ = E e, 0[P 18} + E e — |1 {E).

*
? nlram

Let’s first show the second term is small. Due to the truncation in our algorithm, we know
l[wee —w*||* < 41202, which then implies E |[wy,- —w*||* 1 {€} < 41202 exp(—Q2(e2n)).

Aslong as n > 5 log(Z) for some constant ¢, we have E ||wt,,,;ain — w*||2 1{&} < #.
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We can upper bound the first term by Young’s inequality,

EHw

*
t 2 hrain

1 2 *
<1+ E)E [we e, — Waain]|” L{EY + (1 + €)E |[tieain — w " 1€}

Conditioning on &, we have ||wt Mo — 'I,Uu—ain| i{ > (1-9 Hwtm;m — wminHz which implies
train
Hwt,,,;m wtmmH (1 + 2e) mem wlrain”i{m as long as e < 1/2. Similarly, we also have
|| wirain — *|| (1 + 2€) || Wirain — *”Hm\an . Then, we have
2
E |‘wt’n;:ai|| - 1 {5}

1 2 *

<(1+ g)(l +26)E |[wi e — Winain | o LH{EF+ (14 €)(1 4 26)E [|wiain — w ||i,m 1{&}
1

S(5 + E)E ’|wt7nl:ain

1, 482do? do? do?
<5+ =) 4 (14 56) 7 < (1+293¢) .
€ n n n

2
- wtrain ||Htrain + (1 + 5€)E Hwtrain - w* ||H[ram

Overall, we have E |[wy,,- —w*||* < (1 + 293¢)92” 4 <d2® — (1 4 204¢)92” . Combining all
the conditions, we know this holds with probability at least 0.99 as long as o is a constant ¢y,

n> < g log(™),t > colog(y),m > S log(mm) d > ¢4 for some constants c, cg, c3,c4. We
ﬁmsh the proof by choosing € = ¢’ /294. ]

C.1 UPPER BOUNDING Frryp(2/3)

In this section, we show there exists a step size that achieves small empirical meta objective. On
each training task P, we show the meta-loss can be decomposed into two terms:

1 n 2
Aryr(n, P) =5 > <<wt,n — Wirain, Ti) — <§i - x;rXt];ainftrain)>

1=1
1 2 1 . 2
_5 ||wt,77 - wtrain”H"am + % H(In - Projxlmin)gtrainH 5

where Wgin = W* + (Xtmin)Tgtmm. In Lemma 24, we show with a constant step size, the first term is
exponentially small and the second term concentrates on its mean.

Lemma 24. Assume n > 40d. Given any 1 > € > 0, with probability at least 1 —m exp(—Q(n)) —
exp(—Q(e*md/n)),
1

7)2t0_2 4

n—d , €do?
o
3

2n 20n

Fryr(2/3) < 20(1

Before we go to the proof of Lemma 24, let’s first show the covariance matrix Hyq;, is very close to
identity when n is much larger than d. The proof follows from the concentration of singular values
of random Gaussian matrix (Lemma 48). We leave the proof into Section C.4.

Lemma 27. Given 1 > ¢ > 0, assume n > 10d/e. With probability at least 1 — exp(—Q(e?n)),
(1—€)vn < 0i(Xiam) < (1 +€)vVnand 1 — € < Xj(Hyuin) < 1+,

foralli e [d].

Now, we are ready to present the proof of Lemma 24.

Proof of Lemma 24. Let’s first look at one training set Syin, in which y; = (w*, x;) + §; for each
sample. Recall the meta-loss as

1 « .
ATbT 7], % Z wt n,:L'l — w 7xi> _ 51)2 .
i=1
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Recall that X, is an n X d matrix with its ¢-th row as x . With probability 1, we know X, is full
column rank. Denote the pseudo-inverse of X, as Xttdm € RI*" that satisfies lethram =14
and Xtraerram Projy, ., where Projy € R™*" is a projection matrix onto the column span of

train -

Let Wi, be w* + mmﬁtram, where &,in 1S an n-dimensional vector with its i-th entry as &;. We
have,

Aryr(n, P)

n

1 2
:% (<wt7n — Wrain» CCZ‘) - (fz — xl—'eriaingtrain))
=1
n

1 2 1 . 2 1
_5 ||wt,n - wtrain”H[mi“ + % H(In - PrOJX"ain)glrainH - ﬁ Z <wt,n — Wirain, xlgz - xix;‘rXI—aingtrain> .
i=1

We first show the crossing term is actually zero. We have,

1 n 1 n n
3 T xt _ 3 S i X

; <wt,77 — Wrain, :L'lgz — LT, Xtrainflrain> —E W,y — Wrain, xlgz - Z;x; X[mingtrain
i=1 i=1 =1

1
_ T T i
—E <wt,17 — Wrain, Xtrainglrain - XtraantrainX[mingtrain>

1
T T
:E <7~Ut,n — Wtrain, Xtraingtrain - Xtraingtrain> =0,

where the second last equality holds because Xiin X, f

train Proj Kirain*

as wi + (X, (k) ) k) for every training set S%) Then, we have

(k)
We can define w wain) ' Strain [ram

train

1 2

Fryr(n) = - > .

H (k)
2
=1

— Wyain

1 =1 k
+ — Z o H(I - PrO_]X(k))fl(mi)n

(k)
leain

We first prove that the second term concentrates on its mean. We can concatenate m noise vectors
E) . . . : e . .o
t(ral)n into a single noise vector i, with dimension nm. We can also construct a data matrix X, €

R™™Xdm that consists of X *)

wain @S diagonal blocks. Then the second term can be written as

2

1 1 . =
5 H \/ﬁ (Inm - PI‘Q] X train )gtrain

According to Lemma 45, with probability at least 1 — exp(—Q(e*md?/n)),

(- 0)e =1+ 2)-

By Johnson-Lindenstrauss Lemma (Lemma 49), we know with probability at least 1 —
exp(—Q(e*md)),

Vmd d e2d
\/7 HPI JX"amgtramH = )FF H&tram“ = 1 — € )\/;(1 - 7) .

2
> (1 —2€%)20?

2
Therefore, we have Hﬁ&min

2 . —
S (1 —+ 36Td)0'2 and Hﬁprojf(lmmg"ai“
Overall, we know with probability at least 1 — exp(—(e*md/n)),
2 < n—d 2, 5e2do?
o .
- 2n 2n

1 1 . =
5 H ﬁ(lnm - Pro])?train)ftrain

Now, we show the first term in meta objective is small when we choose a right step size. According
to Lemma 27, we know as long as n > 40d, with probability at least 1 — exp(—Q(n)), v/n/2 <

46



Under review as a conference paper at ICLR 2021

Ui(Xt(r]:i)rl) <3yn/2and1/2 < )‘i(Ht(r]:i)n) < 3/2, forall i € [d]. According to Lemma 45, we know

with probability at least 1 — exp(—2(n)), H (k)

train

‘ < 2\/50. Taking a union bound on m tasks, we

know all these events hold with probability at least 1 — m exp(—Q(n)).
(k)

For each k € [m], we have lemin

<1+ %2\/50 < 5. It’s easy to verify that for any step size at
most 2/3, the GD sequence will not be truncated since we choose the threshold norm as 40c. Then,

for any step size n < 2/3, we have

Ll k)
E Z 5 Hwt,n — Wirain
k=1

m

2 1 3 ! (k) ) (F)
H® :% 5 H(I - nHtrain)twlrain
train k

3 2t 2 Lot o
<—(1-— =)*"250“ < 20(1 — =
<51 = )%250% < 20(1 - 5)%o?,

2

7

-1 train

where the last inequality chooses 7 as 2/3.
Overall, we know with probability at least 1 — m exp(—(n)) — exp(—Q(e*md/n)),
A 1 n—d 5e2do?
Fryr(2/3) <20(1 — -)*o? 2 .
Tor(2/3) < 20( 3)U+ 2n0+ on

We finish the proof by changing % by (¢/)?/20. O

C.2 LOWER BOUNDING Fryr FOR 7 € (#, 00)

In this section, we show the empirical meta objective is large when the step size exceeds certain
threshold. Recall Lemma 25 as follows.

Lemma 25. Let 1) be as defined in Definition 2 with 1 > € > 0. Assume n > cd,t > ca,d > c4 for
some constants c, cz, c4. With probability at least 1 — exp(—$(e*md?/n?)),

e2do® n—d , €*do?

8n om C 7 20m

Fror(n) >
Sforalln > 1.

Roughly speaking, we define 7 such that for any step size larger than 7 the GD sequence has a
reasonable probability being truncated. The definition is very similar as 7 in Definition 1.

Definition 2. Given a training task P, let &; be the event that \/n/2 < 0;(Xyan) < 3v/n/2 and
1/2 < XNi(Hyain) < 3/2 forall i € [d] and \/no |2 < |[Eyain|| < 2+/no. Let E5(n) be the event that
the GD sequence is truncated with step size 1. Given 1 > € > 0, define 1) as follows,

rain

. 1 _ e2do?
n:lnf {772 O‘EQ ”wt,n_wtmmH?{, . ]].{51 052(11)} 2 " }

Similar as in Lemma 5, we show 1 {51 N 52(17’)} >1 {51 N gg(’f])} for any 1/ > 7. This means
conditioning on &1, if a GD sequence gets truncated with step size 7, it has to be truncated with any
step size 7’ > 7). The proof is deferred into Section C.4.

Lemma 28. Fixing a training set Sy, let & and E5(n) be as defined in Definition 2. We have
L{ENEM)} = 1{&n&Mm)},
foranyn' >n.

Next, we show 7} does exist and is a constant. Similar as in Lemma 6, we show that the GD sequence
almost never diverges when 7 is small and diverges with high probability when 7 is large. The proof
is left in Section C.4.

Lemma 29. Let 7) be as defined in Definition 2. Suppose o is a constant. Assume n > cd,t >
ca,d > c4 for some constants c, ca, c4. We have

- <n<6.
3 n
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Next, we show the empirical loss is large for any 7 larger than 7). The proof is very similar as the
proof of Lemma 3.

Proof of Lemma 25. By Lemma 29, we know 7) is a constant as long as n > cd,t > ca,d > ¢4
for some constants ¢, ¢z, c4. Let 1 and E2(n) be as defined in Definition 2. For the simplicity of the
proof, we assume EZ [lwy ; — w[min”?{"_ai“ 1{& &M} = #. The other case can be resolved
using same techniques in Lemma 3

o 2
Conditioning on &;, we know % lwe, 5 — wtrainHH[ - < %45202. Therefore, we know Pr[&; N
rain

E(R)] > de°d_ For each task k, define Sl(k) and gz(k)(n) as the corresponding events on training

3x452n
set St(r{zi)n' By Hoeffding’s inequality, we know with probability at least 1 — exp(—Q(e*md? /n?)),

LS fe) g ) s €4
m{e na @) = g
k=1
By Lemma 28, we know 1 {51(k) N gék)(n)} >1 {Efk) N SQ(k) (f])} for any n > 7.

Recall that

m

- 1 1 k k
FTbT(n) = — Z 5 ngn) - wl(rai)n

m
k

2 1 1 ] ) 112
+ 3 o [ = Proj ek,

1 Hlffn? m et 2n rain

We can lower bound the first term for any 7 > 1) as follows,

- 1 Zm Liw |2 1 Zm L w2 k) - p(h)
FTbT(n) = E 5 Hwt,n — Wirain q® ZE 5 Hwt,n ~ Wirain 7 1 {51 N 52 (77)}
k=1 train k=1 train
3520° 1 N~y fek) - gh)
> -3 {5 né }
=4 m - 1 2 (77)
35207 1 k) ~ (k) 2do?
> —Su{ePnePm} =
=4 m 2 1 2 (n)¢ = 3n

where the second inequality lower bounds the loss for one task by 35202 when the sequence gets
truncated.

For the second term, according to the analysis in Lemma 24, with probability at least 1 —
exp(—Q(e*md/n)),

131 . B> n—d Cdo
— S o H(I” - PI’OJXlE:i‘g)gt(rai)n o -
k=1

=~ 2n 20n

Overall, with probability at least 1 — exp(—Q(e*md?/n?)),

. 2do? n-—d e2do?
P > 2_
ror(n) 2 =g om ¢ 20m

for all n > 7). O

C.3 GENERALIZATION FOR 7) € [0, 7)]

Combing Lemma 24 and Lemma 25, it’s not hard to see that the optimal step size n;\;, lies in [0, 7]
In this section, we show a generalization result for step sizes in [0, ]. The proof of Lemma 26 is
given at the end of this section.
Lemma 26. Let 1) be as defined in Definition 2 with 1 > € > 0. Suppose o is a constant. Assume n >
clog(%y)d,t > ca,d > c4 for some constants c, ca, 4. With probability at least 1 —m exp(—§(n))—
O(EtT”d + m) exp(—Q(me*d?/n?)),
- 17€2do?

|Fror(n) — Fror(n)] < —

foralln € [0,17),
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In Lemma 30, we show FTbT concentrates on Fry at any fixed step size. The proof is almost the
same as Lemma 7. We omit its proof.

Lemma 30. Suppose o is a constant. For any fixed n and any 1 > € > 0, with probability at least
1 — exp(—Q(e?m)),
Fryr(n) — Fror(n)| < e.

Next, we construct an e-net for Fryr in [0, 7). The proof is very similar as in Lemma 8. We defer
its proof into Section C.4.
Lemma 31. Let 1) be as defined in Definition 2 with 1 > € > 0. Assume the conditions in Lemma 29
hold. Assume n > clog(Zy)d for some constant c. There exists an 8e’do” d" -net N C [0, 1) for Fryr
with N| = O(4%). That means, for any n € [0, 1),
27 2
|Fryr(n) — Fror(n')] < scdo )

n

forn = argmingse .y <n(n —n").

We also construct an e-net for the empirical meta objective. The proof is very similar as in Lemma 9.
We leave its proof into Section C.4.

Lemma 32. Let 1) be as defined in Definition 2 with 1 > € > 0. Assume the conditions in Lemma 29

2 2
hold. Assume n > 40d. With probability at least 1 — mexp(—Q(n)), there exists an <97~ -net
" C [0, 7] for Epyp with |N'| = O(&y + m). That means, for any 1) € [0,7)],
e2do?

|Pryr(n) — Fror(n')| < o

for 77' = arg min’i”’EN’m”Sn(ﬂ _ 77”)-
Combing the above three lemmas, we give the proof of Lemma 26.

Proof of Lemma 26. We assume o as a constant in this proof. By Lemma 30, we know with
probability at least 1 — exp(—Q(me*d?/n?)), |Fryr(n) — Frop(n)| < <4 d” for any fixed 1. By

Lemma 31, we know as long as n > clog(Z;)d for some constant c, there exists an 8¢ SU -net NV
for Fryr with size O(5Y). By Lemma 32, we know with probability at least 1 — m exp(—£(n)),

there exists an < ‘fl" -net N for Fipyr with size O( 75 +m). It’s not hard to verify that N U N’ is

still an 8¢ 7‘5" -net for F'ryy and Fryy . That means, for any 7 € [0,7)], we have
- - 8e2do?
\Fror(n) — Fryr ()], | Frer(n) — Fror(n')] < —

for ' = arg min,»c nun'.7<n(n —1").

Taking a union bound over N U N’/ we have with probability at least 1 — O(:T"d +
m) exp(—Q(me*d?/n?)),

e2do?

Eryr(n) — Fryr(n)| < -

foralln € NUN'.

Overall, we know with probability at least 1 —m exp(—(n)) — O(&Y4 +m) exp(—Q(me*d?® /n?)),
for all n € [0, 7],

|Fryr(n) — Frer(n)]
<|Pror(n) — Frox ()| + |1 Pryr () — Pror ()| + |[Fror (') — Fror(n')|
17€2do?
<—,
n
where ' = arg ming e NUN’,7'<n n=n"). =
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C.4 PROOFS OF TECHNICAL LEMMAS

Proof of Lemma 27. According to Lemma 48, we know with probability at least 1 — 2 exp(—t2/2),
Vit = Vd —t < 0i(Xiain) < Vi + Vd +t

for all ¢ € [d]. Since d < 612—(?, we have \/n — i/l% —t < 0y(Xain) < V1 + %ﬁ + ¢. Choosing
2

t=(3— \/%T))e n, we have with probability at least 1 — exp(—Q(e?n)),

(1 - %)\/E < Ji(Xtrain) < (1 + %)\/ﬁ

Since A\ (Hyain) = 1/1n0%(Xiain), we have 1 — € < X\j(Hyain) < 1+ €. O

Proof of Lemma 28. The proof is almost the same as in Lemma 5. We omit the details here.
Basically, in Lemma 5, the only property we rely on is that the norm threshold is larger than 2 || wigin |
conditioning on &;. Conditioning on &1, we know ||wiin|]] < 50. Recall that the norm threshold is
still set as 400. So this property is preserved and the previous proof works. ]

Proof of Lemma 29. The proof is very similar as in Lemma 6. Conditioning on &;, we know
([ Hirain]] < 3/2 and ||wirin|| < 50. So the GD sequence never exceeds the norm threshold 400 for
any 1 < 4/3. That means,

1 _
E: llwey - Weain 3y, L{E1NEM)} =0

foralln < 4/3.

To lower bound the loss for large step size, we need to first lower bound ||wyain|| . Recall that
Wirain = W* + (Xirain) '€ rain. Conditioning on &1, we know ||Eain|| < 24/n0 and 0q(Xain) > /12/2,
which implies H(Xtmin)TH < 2/y/n. By Johnson-Lindenstrauss Lemma (Lemma 49), we have

|Projx, . &uain|| < 2+/d/n||€wain]| With probability at least 1 — exp(—$2(d)). Call this event &s.
Conditioning on & N &3, we have

2 3 /d d
H(Xtrain)TftrainH S Qﬁg\/ﬁ2\/; S 6\/;0’,

which is smaller than 1/2 as long as n > 122do2. Note that we assume ¢ is a constant. This then
implies || wWeain|| > 1/2.

Let {w/ , } be the GD sequence without truncation. For any step size ) € [6, oc], conditioning on
&1 N &3, we have

1 1
Hwé,nH 2 ((6 X 5 - 1)t - 1) HwtrainH > (2t - 1) § > 400‘7

where the last inequality holds as long as ¢ > ¢, for some constant cp. Therefore, we know when
n € [6,00), 1{& N&E(n)} = 1{& NEs}. Assuming n > 40d, we know €7 holds with probability
at least 1 — exp(—€(n)). Then, we have for any > 6,

e2do?

1 - 1
]E§ H’U}t’n — wtrainHiI.min ]1 {81 M 62(77)} ZZ (400’ — 50’)2 Pr[gl n 53] Z n 5

where the last inequality assumes n > ¢, d > ¢4 for some constant ¢, c4.
Overall, we know E3 |[wy,, — w[rainH?{mi“ 1{& N & (n)} equals zero for all € [0,4/3] and is at
least # for all € [6, 00). By definition, we know 7 € (4/3,6). O

Proof of Lemma 31. By Lemma 29, we know 17 is a constant. The proof is very similar as in
Lemma 8. Let & and &> (n) be as defined in Definition 2. For the simplicity of the proof, we assume

EZ |lwe,s — wtrainHi{m 1{&n&M)} < #. The other case can be resolved using techniques
in the proof of Lemma 8.
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Recall the population meta objective

1

n—d
Fryr(n) = ]E§ [we,y — wtrainHiIm + ’

o-.
2n

Therefore, we only need to construct an e-net for the first term.

. 2
We can divide E3 [|w;,;; — Wirain| ... as follows,

1 2
]E§ ||wt,n - w"ai“HH‘mn

1 . 1 5 .
:E§ ”wt,ﬂ - wtrainH?{min 1 {51 N 82(77)} + E§ ||wt,7] - wtrain‘lé‘min 1 {gl n 52(77)}

1 _
+ ]E§ Hwtm — ’u}tmin”?{mm 1 {51} .

We will construct an e-net for the first term and show the other two terms are small. Let’s
first consider the third term. Assuming n > 40d, we know Pr[&;] < exp(—Q(n)).

Since %Hwt,n — wtrainH?{m.n is O(1)-subexponential, by Cauchy-Schwarz inequality, we have
El ||lwe,, — wtrain”zm 1{&} = O(1) exp(—(n)). Choosing n > clog(n/(ed)) for some con-

stant ¢, we know 1 [|wy 5 — wtrainHiIm 1{&} < #

Then we upper bound the second term. Since E3 [|wy,; — wtrainHiIm 1{&n&A)} < %T"Q and
% lwe ;3 — wlrainH?{m > 351"2 when w, 5 diverges, we know Pr[€; N &2(7)] < ;f;zz

upper bound the second term as follows,

. Then, we can

1 G
E§ ”wt,n - wtrain‘lé[min 1 {51 N 62(77)} S

3 x 45202 4€2d < 6e2do?
4 352n = n

Next, similar as in Lemma 8, we can show the first term % llwe,, — wtrain”?{mi“ 1{& N&()} is
O(t)-lipschitz. Therefore, there exists an €do® net N for El ||lwe,, — wminH?{[“ 1{& N&M)}

n

with size O(5% ). That means, for any n € [0, 7],

2do?

n

1 . 1 R
E§ ||wt777 - wtrainH?{lm“ 1 {81 N 52(77)} - E§ ||wt,’rz’ - wtrain”ijlruin 1 {gl N 82(77)} <

for 7/ = arg min, e N yr<n(n —1n").
Combing with the upper bounds on the second term and the third term, we have for any 7 € [0, 7],
8e2do?

|Fror(n) — Fror(n')] < -

for n = arg min,enyr<n(n —1n"). O

Proof of Lemma 32. By Lemma 29, we know # is a constant. For each k € [m], let & j be
the event that \/n/2 < Ui(Xt(r]:i)n) < 3y/n/2and 1/2 < )‘i(Ht(r]:i)n) < 3/2 for all i € [d] and
Vno/2 < t(r]jl)nH < 2y/no. Assuming n > 40d, by Lemma 27, we know with probability at least

1 —mexp(—(n)), &1,%’s hold for all k € [m].

Then, similar as in Lemma 9, there exists an #—net N’ with |[N'| = O(
means, for any 1 € [0, 7],

% +m) for Fryr. That

e2do?

n

FTbT(U) - FTbT(n/) <

for ’17/ = arg minnueN/mngn(n - 77”). |
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D PROOFS OF TRAIN-BY-TRAIN V.S. TRAIN-BY-VALIDATION (SGD)

Previously, we have shown that train-by-validation generalizes better than train-by-train when the
tasks are trained by GD and when the number of samples is small. In this section, we show a similar
phenomenon also appears in the SGD setting.

In the train-by-train setting, each task P contains a training set Syan = {(z;,yi)}1~,. The
inner objective is deﬁnAed as f(w) = ﬁZ(Ly)eSm ((w,z) —y)*. Let {w-} be the SGD
sequence running on f(w) from initialization 0 (without truncation). That means, w; ,
Wr—1,m — nvf(wal,n% where vf(w'rfl,n) = (<w771,n7$i(7—1)> - yi(T—l)) Li(r—1)- Here in-
dex i(t — 1) is independently and uniformly sampled from [n]. We denote the SGD noise as
Nr_1y = Vf(wr_1,) — Vf(wr_1,). The meta-loss on task P is defined as follows,

A 1
ATbT(n) (773 P) = ESGDf(wt,T]) = ]ESGD% ( )Zes (<wt,n7 I> - y)2 )
z,y train

where the expectation is taken over the SGD noise. Note w; , depends on the SGD noise along the

trajectory. Then, the empirical meta objective F’TbT(n) (n) is the average of the meta-loss across m
different specific tasks

. 1 m
Eryre(n) = — > Agury(n, Pe). 4
k=1

In order to control the SGD noise in expectation, we restrict the feasible set of step sizes into O(1/d).

We show within this range, the optimal step size under FTbT(,,,) is (1/d) and the learned weight is
far from ground truth w* on new tasks. We prove Theorem 9 in Section D.1.

Theorem 9. Let the meta objective Fryr(, be as defined in Equation 4 with n € [d/4,3d/4].
Suppose o is a constant. Assume unroll length t > cod and dimension d > c4log(m) for certain
constants co, c4. Then, with probability at least 0.99 in the sampling of training tasks Py, --- , Pp,
and test task P,

n;uin = Q(l/d) and ]ESGD ||wt7nltain — IU*H2 = Q(O’Q),

for all 1, € argming, < 1 FT;,T(”) (n), where L = 100 and wy ;) is trained by running SGD
— '—2L°d train
on test task P.

In the train-by-validation setting, each task P contains a training set Sy, with n; sam-
ples and a validation set with ny samples. The inner objective is defined as f (w) =
ﬁz(x,y)esm ((w, ) —y)*. Let {w,,} be the SGD sequence running on f(w) from ini-
tialization O (with the same truncation defined in Section 4). For each task P, the meta-loss
ATpy (ny ns) (1, P) is defined as

1
ALV (ny,n0) (10, P) = ESGD% Z (wen, ) — ?J)Q-
(z,9) € Svata

The empirical meta objective FTW(m na) (n) is the average of the meta-loss across m different tasks
P17P25 "'7P7R7

. 1 &
Froy(ny.na) (1) = — > Azsy (nyna) (0, P). 5)
k=1

In order to bound the SGD noise with high probability, we restrict the feasible set of the step sizes
into O(#ggd). Within this range, we prove the optimal step size under Fryy (n, n,) is ©(1/t) and
the learned weight is better than initialization 0 by a constant on new tasks. Theorem 10 is proved
in Section D.2.

Theorem 10. Let the meta objective FTbV(7L1 no) be as defined in Equation 5 with ni,ny €
[d/4,3d/4]. Assume noise level o is a large constant ¢,. Assume unroll length t > cyd? log®(d),
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number of training tasks m > cs and dimension d > cy4 for certain constants cs, cs, c4. There exists
constant cs such that with probability at least 0.99 in the sampling of training tasks, we have

2
‘|

Thatia = ©(1/t) and E ||w; = |lw* | = Q(1)

* = W
Mhalia

Jor all n;,;, € argming<, < FTW(nl,nz) (1), where the expectation is taken over the new

tasks and SGD noise.

- 1
c5d? log2(d)

Notations: In the following proofs, we use the same set of notations defined in Appendix B.
We use Ep. 7 to denote the expectation over the sampling of tasks and use Eggp to denote the
expectation over the SGD noise. We use E to denote Ep..7Esgp. Same as in Appendix B, we use
letter L to denote constant 100, which upper bounds || Hyyin || with high probability.

D.1 TRAIN-BY-TRAIN (SGD)

Recall Theorem 9 as follows.

Theorem 9. Let the meta objective FT;,T(,L) be as defined in Equation 4 with n € [d/4,3d/4].
Suppose o is a constant. Assume unroll length t > cod and dimension d > c4log(m) for certain
constants co, c4. Then, with probability at least 0.99 in the sampling of training tasks Py, - - , Py,
and test task P,

2
Mrain = U1/d) and Bscp ||wr.p,, —w*||” = Q(o?),
oralln} . € argming<,« 1 FTbT 2 (1), where L = 100 and wy = is trained by running SGD
train 0<n = (n) R
— '—2L°d train
on test task P.

In order to prove Theorem 9, we first show that #;,;, is Q(1/d) in Lemma 33. The proof is similar
as in the GD setting. As long as n = O(1/d), the SGD noise is dominated by the full gradient.
Then, we can show that Apyr(n, P) is roughly (1 — ©(1)n)*, which implies that 7", = Q(1/d).
We leave the proof of Lemma 33 into Section D.1.1.

Lemma 33. Assume t > cod with certain constant co. With probability at least 1 — m exp(—(d))
in the sampling of m training tasks,
Mirain = 654’

foralln} ., € arg minogngﬁ Fryr(n).

Let P = (D(w*), Siain, £) be an independently sampled test task with |Syain| = n € [d/4, 3d/4].
For any step size n € [ﬁ, ﬁ], let w, ,, be the weight obtained by running SGD on f(w) for ¢
steps. Next, we show Eggp ||wy,,, — w* |? = Q(0?) with high probability in the sampling of P.

Lemma 34. Suppose o is a constant. Assume unroll length t > cod for some constant co. With
probability at least 1 — exp(—S2(d)) in the sampling of test task P,
2
o
E —wtP > —
sop [wey —w* ™ 2 507

forallm € [ﬁ, ﬁ], where wy ,, is obtained by running SGD on task P for t iterations.
With Lemma Lemma 33 and Lemma 34, the proof of Theorem 9 is straightforward.

Proof of Theorem 9. Combing Lemma 33 and Lemma 34, we know as long as o is a constant,
t > cad, d > cqlog(m), with probability at least 0.99, ni;, = €(1/d) and Escp ||we ? =
Q(0?), for all g, € argming., <

’nltain - w*
Fryr(n). U

1
2L34d
D.1.1 DETAILED PROOFS

Proof of Lemma 33. The proof is very similar to the proof of Lemma 2 except that we need to
bound the SGD noise term. For each k € [m], let & be the event that VAd/VEL < 0i(Xain) <
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VLd and 1/L < X\j(Hyain) < L for all i € [n] and Vdo/4 < ||€gain]| < Vido. According
to Lemma 1 and Lemma 45, we know for each k € [m], & happens with probability at least
1 —exp(—£2(d)). Taking a union bound over all k& € [m], we know N[, Ex holds with probability
at least 1 — m exp(—(d)). From now on, we assume My Ex holds.

For each k € [m], we have

1 2
Arpr(n, Py) = §ESGD Hwt(kn) _o®

train

Since 1/L < )\i(H(k)) < Land (w§’2 —wk) ) is in the span of H™  we have

train train train?

(k) 2

train

2 L
< Arpr(n, Pr) < §ESGD HwE’i,) —wk)

train

! (k)
ﬁESGD Hwt’n —w

Recall the updates of stochastic gradient descent,

wff) — = (7 = nBE) w,, — w5 — i,
Therefore,
Bson |y — wlia| 10| = |7 =m0, - wl)| s [, 10l
We know for any n < 1/L,
(1 =20 |, —wl [ < || = nEE @, — w0 < 0 =Dy, o)

The noise can be bounded as follows,

o 112,
UQESGD ni(ff)l,nH |w£7)1,n

r 2
k k k k k k
:UQESGD xi(t—l)xqj{t_l)(wt(—)l,n - w( ) ) — H( ) (wgf)l,n - w( ) ) |w§)1,n}

train train train

M 2
T k k k
<n’Escp -ri(tfl)xi(t—l)(wi—)l,n - wt(rai)n) \ t(—)m]
5 2| (k) (k) ||?
<n zI(rtliDl{) Hxi(tfl)H Hwt—l,n ~ Wyrain H‘(rfiz :

Since || Xipain|| < V' L\/d, we immediately know max;(;_1) ||asi(t_1) H < v/LV/d. Therefore, we can
bound the noise as follows,

2

81?7, (k 21 (k k
7 Escp Mnl(f—)l,nH |w£_)1777 <1’ lr(rt@)l() Hxi(tfl)H ng—)l,n - wt(rai)n

IN0)

2
<L*n%d Hwt@l,n —

train

Aslongasn < ﬁ, we have

2 2

(1-1nL) Hw(k) (k)

t—1,n — Wyain

2
S ESGD |:Hw7£7k;7) - w(k)

train

k n k k
|wt(—)1,n:| < (1 - ﬁ) wag—)l,n - wt(rai)n
This further implies

2
< (1= 50)" lwiwanl .

train

(1 - ﬂL)t ”wlrain”2 S IE:SGD ng’kn) - U}(k)

Letn, := ﬁ, we have

ATZ7T(777 Pk) < )t Hwtrain”2

La
2\ 4L
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Let n; := 5755, forall ) € [0,71] we have

1 1 9
A P)>—(1—-—— ¢ rain .
oz (1, ) 2 57 (1= o) i
Aslong as t > caod for certain constant ¢, we know
1 1 2 L 1 2
—(1- t ain > —(1- t rain .
As this holds for all k € [m] and Fryr = 1/m S Aryr(n, Py), we know the optimal step size
N 18 Within [M%d, ﬁ] O

We rely the following technical lemma to prove Lemma 34.
Lemma 35. Suppose o is a constant. Given any € > 0, with probability at least 1 —
O(1/¢) exp(~Q(e2d)),
|<Bt77lwt*min - ’LU*, Btm(Xfmi")Tf”’”i"M <
foralln € [0, 5755]-

Proof of Lemma 35. By Lemma 1, with probability at least 1 — exp(—Q(d)), Vd/vVL <
0i(Xuwain) < VLd and 1/L < XN(Hyn) < L for all i € [n].  There-
fore ||[(Xain) '] " Bry(Brywin — w)|| < 2v/L/v/d. Notice that £y, is independent with
[(Xtrain) '] " Be (Beywity, — w*). By Hoeffding’s inequality, with probability at least 1 —
exp(—Q(e*d)),

‘<[(X‘Iﬂin)wTBt,ﬂ(Bt-,nw;ain - w*)vflrain>| <e

Next, we construct an e-net for 7 and show the crossing term is small for all € [0, ﬁ] For

*

simplicity, denote g(n) := (Bt yWikn — W*, Be.y(Xiain) rain) - Taking the derivative of g(n), we
have

9/(77) =t <Htrain(I - nHHain)tilw;aim Bt,n (Xtrain)TStrain>
+t <Bt,17w:;ain - w*7 leain(I - nHtrain)t_l(Xtrain)Tgtrain>

According to Lemma 45, we know with probability at least 1 — exp(—Q(d)), ||éwin| < Vdo.
Therefore, the derivative ¢’ (n) can be bounded as follows,

/ M\t—1
19/l = ot - )

Similar as in Lemma 14, there exists an e-net N, with size O(1/€) such that for any 1 € [0, 3755,
there exists ' € N, with |g(n)—g(n’)| < e. Taking a union bound over N, we have with probability
at least 1 — O(1/¢) exp(—Q(€%d)), for every n € N,

|<Bt,nw;ain - w*v Bt,n (Xtrain)Tgtrain>| <e
which implies for every n € [0, ﬁ]
’<Bt’77wltain - w*a Bt,n(Xlrain)Tflrain>| S 2e.
Changing e to ¢’ /2 finishes the proof. O

Proof of Lemma 34. According to Lemma 1 and Lemma 45, we know with probability at least
1 — exp(—=Q(d)), Vd/VL < 0i(Xuin) < VLd and 1/L < N\j(Hyain) < L for all i € [n] and
Vdo /4 < ||€uain|| < V/do. We assume these properties hold in the proof and take a union bound at
the end.

Recall that Esgp [|wy,, — w* ||* can be lower bounded as follows,

t—1

Bt,n(wt*rain + (Xtrain)Tgtrain) -"n Z(I - nHtrain)t_l_Tn'r,n —w*
7=0

Escp ||we,n, — UJ*||2 =Escp

=z ||Bt,7l(w::‘ain + (Xtrain)Tgtrain) —w* |2
= ||Bt’n (‘Xtmm)Jrgtmm||2 +2 <Bt’7]w;ain —w", By (Xtrain)Tgtrain>

55



Under review as a conference paper at ICLR 2021

For any 1) € [g755, 5754], We can lower bound the first term as follows,

2 2
2 t o
HBt,n(Xlrain)TftrainH 2 (1 — exp <—Z_]>) ]_67_[/
t 2 52
>11— - o
B ( P < 6L6d>) 16L

> ’
~64L
where the last inequality holds as long as ¢ > caod for certain constant cs.

Choosing € = % in Lemma 35, we know with probability at least 1 — exp(—£2(d)),
2

|<Bt,nw;am U) Bt,n(Xtram 5tra1n>‘ = 256[/

for all n € [0, 575].

Overall, we have Eggp ||wy,,, — w* 1? > %. Taking a union bound over all the bad events, we
know this happens with probability at least 1 — exp(—(d)). |

D.2 TRAIN-BY-VALIDATION (SGD)

Recall Theorem 10 as follows.
Theorem 10. Let the meta objective FTW(,Lhm) be as defined in Equation 5 with ni,ny €
[d/4,3d/4]. Assume noise level o is a large constant ¢,. Assume unroll length t > cyd? log®(d),

number of training tasks m > cs and dimension d > cy4 for certain constants cs, cs, c4. There exists
constant cs such that with probability at least 0.99 in the sampling of training tasks, we have

* * |2 *
Weatia = O(1/1) and E [[wr,,, — w”||” = [Jw*[|* = Q(1)

Myaia

Jor all ny,;, € argming<, < FTW(nlmQ) (n), where the expectation is taken over the new

tasks and SGD noise.

1
c5d? log2(d)

To prove Theorem 10, we first study the behavior of the population meta objective Frrpy,. That is,

1 N 2
Fryy (n) == Ep~mAriv (n, P) =Ep~7Escp5 |we — w* — (Xvatia) "Evatia Hoos

2

1 o
=Ep~7Esep; [wey — w*]* + -

We show that the optimal step size for the populatlon meta objective Fryy is ©(1/t) and
Ep~7Escp ||we,, — w*||* = lw*||* = Q(1) under the optimal step size.

Lemma 36. Suppose o is a large constant c,. Assume t > cod? logz(d)7 d > c4 for some constants
Ca, c4. There exist n1,m2,m3 = O(1/t) with ny < ne < n3 and constant cs such that

1 2 9 o
P < = *(12 _ 7 i
rov (n2) < 5 [ 106’Jr 2
1 2 6 o 1
Frov(n) >  [w| = —C + £ € [0,m] U g, ————
TbV(n) ) || H 10 2 n [ ]1] [773 c5d2 logQ(d)}

where C'is a positive constant.

In order to relate the behavior of Frrpy to FTW, we show a generalization result from FTW to Frpy
1

forn € [0, e logz(d/e)]'

Lemma 37. Forany 1 > € > 0, assume o is a constant and d > ¢4 1og(1/€) for some constant c4.

There exists constant cs such that with probability at least 1 — O(1/¢) exp(—§(e?m)),

\Froy () — Frov(n)] < e,

foralln € [07 m]
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Combining Lemma 36 and Lemma 37, we give the proof of Theorem 10.

Proof of Theorem 10. The proof is almost the same as in the GD setting (Theorem 8). We omit the
details here. ]

D.2.1 BEHAVIOR OF Fryy FOR 1) € [0, o]

In this section, we give the proof of Lemma 36. Recall the lemma as follows,

Lemma 36. Suppose o is a large constant c,. Assume t > cod? log2(al)7 d > c4 for some constants
Ca, cy. There exist n1,m2,m3 = O(1/t) with mny < ne < n3 and constant cs such that

1 2 9 0'2
F < — ||lw* — —
Tov (n2) < 5 [Jw™]| 1OO+ 5
1 2 6 o? 1
F > —|w*||" - =C+—,Yn e 0,m|U[ns, ————
Tov (1) = 5 [|w™|] 10 + 5 V1 [0,m] U [n3 c5d210g2(d)}
where C'is a positive constant.
Recall that Fryy(n) = EpurEsepl/2|wy, — w*|> + 02/2. Denote Q(n) =

Esopl/2 ||we,, —w*|®>. Recall that we truncate the SGD sequence once the weight norm

exceeds 4v/Lo. Due to the truncation, the expectation of 1/2 [jw; ,, — w* |* over SGD noise is very
tricky to analyze.

Instead, we define an auxiliary sequence {w’m]} that is obtained by running SGD on task P without

truncation and we first study Q’'(n) := 1/2Esgp Hw,’fn — w* |2 . In Lemma 38, we show that with
high probability in the sampling of task P, the minimizer of Q’(n) is ©(1/t). The proof is very
similar as the proof of Lemma 13 except that we need to bound the SGD noise at step size 7. We
defer the proof into Section D.2.3.

Lemma 38. Given a task P, let {w , } be the weight obtained by running SGD on task P without
truncation. Choose o as a large constant c1. Assume unroll length t > cod for some constant cs.

With probability at least 1 — exp(—S(d)) over the sampling of task P, Vd/NL < 0;(Xiain) <
VLd and 1/L < N(Hyain) < L for all i € [n] and \/Eo/él < Nrainl] < V/do and there exists
m, N2, ns = O(1/t) withn < na < n3 such that

* 2 *
Q' () := 1/2Esep ||wi,,, —w*||” < 3 llw I>-c
!/ / * 2 1 * 112 C
Q'(n) :==1/2Escp ||w},, — w*||” > 3 [Jw*[|” — gvVU € [0,m] U [ns, 1/L]

where C'is a positive constant.

To relate the behavior of @Q'(n) defined on {w’ ,} to the behavior of Q(n) defined on {w, ,}.
We show when the step size is small enough, the SGD sequence gets truncated with very small
probability so that sequence {w; ,} almost always coincides with sequence {w; ,}. The proof of
Lemma 39 is deferred into Section D.2.3.

Lemma 39. Given a task P, assume \/&/\E < 0i(Xpain) < VLd and 1)L < N\;(Hpain) < L for
all i € [n] and \/&0/4 < | train]|l < Vdo. Given any € > 0, suppose 1 < mﬁyr some
constant cs, we have

1Q(n) — Q'(n)] < e

Combining Lemma 38 and Lemma 39, we give the proof of lemma 36.
Proof of Lemma 36. Recall that we define Q(n) = 1/2Eggp ||wy,, — w* I? and Q'(n) =
1/2EsGp ||w£77 —w* ||2 - Here, {w/ ,} is a SGD sequence running on task P without truncation.

According to Lemma 38, with probability at least 1 — exp(—£2(d)) over the sampling of task P,
Vd/VL < 0i(Xuin) < VLd and 1/L < \j(Hyain) < L for all i € [n] and vVdo /4 < |[&ainl|

IN
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V/do and there exists 71, M2,m3 = ©(1/t) with n; < 12 < 13 such that

1
Lot

o= Lz C
Q') > 5w = 5% € [0,m] Vs, 1/1]

Q'(n2) <

where C' is a positive constant. Call this event £. Suppose the probability that £ happens is 1 — J.
We can write Ep.7Q(n) as follows,

Ep~7Q(n) = Ep~r[Q()IE] Pr[€] + Ep~7[Q(n)|€] Pr[€].

According to the algorithm, we know ||w; || is always bounded by 4v/Lo. Therefore, Q(n) :=
1/2||wy,, — w*||> < 13Lo2. By Lemma 39, we know conditioning on &, |Q(n) — Q'(n)| <

€
for any n < As long as t > cod? log?(d/e) for certain constant ¢y, we know 73 <

1
cs5d? log?(d/e) "

N S
c5d? log?(d/e) "

When n = 79, we have
Ep7Q(n2) < (Q'(m2) + €) (1 —0) + 13Lo%5

1
< (2 Jw*||? = C + e) (1—6)+13Lo%s

1 1
<3 |w*||* = C +13Lo%6 + € < 5 lw*]|® — %7
where the last inequality assumes § < ﬁ and e < %,
When 7 € [0,m] U 3, m], we have
EpngQ(n2) > (Q'(n) — €) (1 —6) — 13Lo?s
1
> <2 Jlw*||* — % - e) (1—6)—13Lo%s
1 2 C (S 2 1 9 60
25 " =5 =5~ 13L0%6 — e > = ||w*||* — —
>l = 5 = 5 —18Lo% — e > o lw'|* - 75,

where the last inequality holds as long as § < 280% and e < 2%.
According to Lemma 38, we know ¢ < exp(—£(d)). Therefore, the conditions for § can be satisfied
as long as d is larger than certain constant. The condition on € can be satisfied as long as n <

SE 2@ for some constant cs. O

D.2.2 GENERALIZATION FOR 1) € [0, ooy

In this section, we prove Lemma 37 by showing that Fipyy (1) is point-wise close to Fiyy (1) for all

n € [0, m} Recall Lemma 37 as follows.

Lemma 37. Forany 1 > € > 0, assume o is a constant and d > c4log(1/€) for some constant c4.

There exists constant cs such that with probability at least 1 — O(1/¢) exp(—£(e?m)),

\Fryy () — Frov(n)| <e,

foralln € [07 Wg%d/e)]'

In order to prove Lemma 37, we first show that for a fixed 1 with high probability Fryy (n) is close to
Fryy (n). Similar as in Lemma 16, we can still show that each Ay (7, P) is O(1)-subexponential.
The proof is deferred into Section D.2.3.

Lemma 40. Suppose o is a constant. Given any 1 > € > 0, for any fixed n with probability at least
I~ exp(—(em)),

Fryv(n) — Fryv(n)] < e.
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Next, we show that there exists an e-net for Frrpy with size O(1/¢€). By e-net, we mean there exists a
finite set N, of step sizes such that | Fryy () — Fryyv (1))| < e forany nand 1)’ € arg min,en, |17 —
7'|. The proof is very similar as in Lemma 17. We defer the proof of Lemma 41 into Section D.2.3.

Lemma 41. Suppose o is a constant. For any 1 > € > 0, assume d > c4log(1/€) for some c.

There exists constant ¢ and an e-net N, C [0, Wﬁ(d/e)] for Fryy with |[N.| = O(1/€). That

means, for any n € [0, m]’

|Fryv(n) — Frov(n')] <,

forn' € argmin,en, [n — 7’|

Next, we show that with high probability, there also exists an e-net for Firyy with size O(1/€). The
proof is very similar as the proof of Lemma 18. We defer the proof into Section D.2.3.

Lemma 42. Suppose o is a constant. For any 1 > € > 0, assume d > ¢4 log(1/€) for some cy. With
probability at least 1 — exp(—Q(e2m)), there exists constant c5 and an e-net N! C [0 L

N ? c5d? logz(d/e)]
for Fryy with |N¢| = O(1/€). That means, for any n € [0, sz(d/e)}’

\Frov () — Frov (n)| <,

forn' € argmin,en, [n — 7’|

Combing Lemma 40, Lemma 41 and Lemma 42, now we give the proof of Lemma 37.

Proof of Lemma 37. The proof is almost the same as the proof of Lemma 11. We omit the details
here. |

D.2.3 PROOFS OF TECHNICAL LEMMAS

In Lemma 43, we show when the step size is small, the expected SGD noise square is well bounded.
The proof follows from the analysis in Lemma 33.

Lemma 43. Let {w) , } be an SGD sequence running on task P without truncation. Let n_ , be the
SGD noise at w, ,. Assume VA/NL < 0i(Xiain) < VLG for alli € [n] and ||€yain|| < Vdo.
Suppose 1) € [0, 3754], we have

Esop || ||° < 4L%02d

forall T <t.
Proof of Lemma 43. Similar as the analysis in Lemma 33, for n < 57353 ng 5> We have
2 2
Esa | [ w1, | < L2 |y, — wiean]
and
2 _ 2
Escp ||w) 1., — Weain ||~ < (1 - %)T U wiain|? < || w05iin + (Xosain) T €rain||” < 4L0>.

Therefore, we have

Escp Hn;nHZ < L*dEsgp Hw;,n — wtrainH2 < 4L30%d.

]
Proof of Lemma 38. We can expand Q' (n) as follows,
1 L2
Q' (n) 5:§]ESGD |w),, —w*|
1 t—1 2
:iESGD Bt,nw;ajn + Bt,n (Xtrain)Tglrain —n Z(I - nHtrain)t_l_Tn;—m —w*
=0
2
1 * * 12 1 T 2 772 — t—1—71, 1
:§ ||Bt,?7wtrain —w || + 5 ||Bt,n(Xtrain) gtrain” =+ ?ESGD Z(I - 77Htrain) nrn
7=0

+ <Bt»77w:;ain - w*7 Bt,n(Xtrain)Tgtrain>
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Denote
1 1 2 n? = ’
G(n) = 3 [ By Wirain — W*H2+§ || B (Xisain) " Eirain| +?ESGD Z(I — NHyain)' 0],
7=0

We first show that with probability at least 1 — exp(—£2(d)), there exist 11,172,173 = ©(1/t) with
m < m2 < ns such that G(ny) < 1/2]|w*||* — 5C/4 and G(n) > 1/2||w*||* — C/4 for all
1 € [0,m] U [ns,1/L].

According to Lemma 1, we know with probability at least 1 —exp(—Q(d)), Vd/vVL < 0;(Xigain) <
VLv/dand 1 /L < \j(Hyin) < Lforalli € [n]. According to Lemma 45, we know with probability
at least 1 — exp(—Q(d)), Vdo /4 < ||€ain|| < Vo

Upper bounding G(72): We can expand G(n) as follows:

2
1 * * 1 2 2 — —1—7
G(n) ::i HBt,nwtrajn —w ||2 + 9 HBt,n(Xlrain)TglrainH + %ESGD Z(I - nHtrain)t ! n;m
7=0
1 772 t—1 2
:i Hw*” ||Bt ﬂwtrd.m” + = ||Bt n XTIdlIl) gtrdm” + ?ESGD Z(I - 77-[7[train)t_1_7—”;777
=0

- <Bt77lw;aim w*> .

. 2 2
Same as in Lemma 13, we know 3 || Be ywinll” + 3 || Bty (Xirain) &uain ||~ < L3n?*t?0>. For the

SGD noise, by Lemma 43 we know Escp ||n < 4L30?d forall 7 < t as long as ) <

rall”

Moot 3i5a-
erefore,
9 t—1 2 t—1
n —1-7 7’ 2
?]ESGD ;(I — N Hggin) nyall < 57 z:: SGD Hnlﬂ,H <2L%n?c%dt < 2L°n*0*t?,

where the last inequality assumes ¢ > d. According to Lemma 15, for any fixed n € [0, L/t], with
probability at least 1 — exp(—£(d)) over Xiin,

s s M
<Bt,nwtrain7w > = 16L
Therefore, for any step size n < ﬁ,
12 3.2 2,2 2t
< = L t — 297
G(n) < 5 llw*|l” +3L%"0 16L—2H =5

where the second inequality holds as long as n < W. Choosing 1o := m that is smaller
than Tlgd assuming ¢t > d. Then, we have

=1 _
where constant C' = z5=575-7.

Lower bounding G(n) for n € [0,7;] : Now, we prove that there exists n; = ©O(1/t) with
m1 < 12 such that for any 5 € [0,m],G(n) > 1 |w*||* — € Recall that
2

t—1
1 * (12 1 * 2 1 2 772 t—1—71_1
G(n) =5 [[w™[|” + 3 | Bty Weain |~ + 5 HBtJ](Xtrain)TgtrainH + ?ESGD ;(I 1N H ain) L
- <Bt»7]wttama ’UJ*>
1

2
>§ ”w*H - <Bt,7lw:;ain7w>k> .

Same as in Lemma 13, by choosing 71 = %, we have for any n € [0, 7],
1 s C
Gn) > = ||w|” = —.
() = 5 Jw']* - 5
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Lower bounding G(n) for n € [n3,1/L]: Now, we prove that there exists n3 = O(1/t) with
13 > 12 such that for all n € [n3,1/L],

1, .. C
Gn) > 5 | = 7.

-2
Recall that
1 1 2 n? = ’
* * 12 —1—7
G(n) =3 | By Wirain — w* ||~ + B || Btn(Xigain) T €irain ||~ + 5 Esap ;(I — NHain) ™00,

1
25 HBtJI(Xlrain)Tgtrain H2 .

Same as in Lemma 13, by choosing 73 = log(2)L/t, as long as o > 8v/L, we have

1 * (12
G > 3 ]

forall n € [n3,1/L]. Note n3 < 1/L as long as t > log(2)L?.

Overall, we have shown that there exist 11, 72,3 = ©(1/t) with 1 < 12 < n3 such that G(12) <
1/2 |w*||* = 5C/4 and G(n) > 1/2||w*||> — C/4 for all n € [0,71] U [ns,1/L]. Recall that
Q' (n) = G(n) + (BiyWiin — w*, By (Xiain) ' €main ) - Choosing € = C'/4 in Lemma 14, we know
with probability at least 1 — exp(—(d)), [(BinWian — 0", Bty Xuain) wain)| < C/4 for all
n € [0,1/L)]. Therefore, we know @’ (2) < 1/2|jw*||*> — C and Q'(n) > 1/2 ||w*||* — C/2 for all
n € [0,m]Uns,1/L]. 0
In order to prove Lemma 39, we first construct a super-martingale to show that as long as task P
is well behaved, with high probability in SGD noise, the weight norm along the trajectory never

exceeds 4v/Lo.

Lemma 44. Assume V/d/\'L < 0i(Xyain) < VLd and 1)L < Nj(Hyain) < L for all i € [n) and
Vdo /4 < ||€pain|| < Vdo. Givenany 1 > 6 > 0, suppose 1 < 65dQlo%gzw/é)for some constant cs,
with probability at least 1 — § in the SGD noise,

ol
n

<4VLo

e

forall T < t.
Proof of Lemma 44. According to the proofs of Lemma 43, as long as < ﬁ, we have
2 n 2
Bsco [0t~ il 01 1) < (1= 22 ] 1, —
Since log is a concave function, by Jenson’s inequality, we know
2
Escp [log (|}, — Wiain| |w271,n}
<logE ! NP ! / 112 n
= 10g ILsGD Hwt,n - wlram” |wt*1,77 < IOg ||wt71,77 - wtramH + 1Og(1 - ﬁ)

Defining G; = log le,fn — wtrainHQ — tlog(1 — 5% ), we know G is a super-martingale. Next, we
bound the martingale differences.

We can bound |G — Esp[G¢|w;_4 ]| as follows,

||(I - nHtrain)(wllf—L”] B wtrai") _ 77”;5—1,77H2>

H(I - nHtrain)(w;g_l,n - wtrain) - nn;/_l)nHQ

|Gt — Esep[Gilw;_q ]| < max  log <

nt—l,n’ni/—l,n
2
We can expand ||(I — 7 Huain) (W} 1 ,) — Wirain) — 17} _1 || as follows,

2
||(I - nHtrain)(w;,_l,n - wtrain) - nn;_l,nH

= H(I - nHtrain)(wzls—l,n - wtrain)H2 —2n <n;—1,nv (- nHtrain)(WQ—l,n - wtrain)> +7 Hng—l,nHQ
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‘We can bound the norm of the noise as follows,

/ _ T / /
Hnt—LT]H - ’ Ii(t—l)xi(t_l) (wt—l,n - wtrain) - Htrain(wt_Ln - wtrain)

<

+ Hleain(wg_Ln - wtrain)”

< (Ld + L) ng—la’fl - wtrain” <2Ld ||w72—1777 - wtrain” y

T !
xi(tfl)xi(t_l) (wt—l,n - wlrain)

where the second inequality uses Hxi(t,l) H < v/ Ld. Therefore, we have

’277 <n271,n7 (I - nHtrain)(wéan - wtrain)>‘ <4Lnd ngfl,n - wtrain||2 )
772 Hné—l.ﬂ“? S 4L2772d2 ||wilt—17n - wtrain||2
This further implies,

|Gy — Esop|Gt|wi_q ]

<H(I - nleain)(w;ffl’n - wtrain)H2 + (4L77d + 4L2772d2> Hwéfl’n - 'wtrainH2
I

<log

||(I - nleain)(wgan - wtrain)H2 - 4L77d Hwéfl,n — Wrain
8Lnd + 4L*n*d>
(1 —2Lny—4Lnd)

<log <1 + > < 16Lnd + 8L*n?d?,

where the second inequality uses ||(I antram)(wg_Ln7wlram)“2 > (1 —

2Ln) ||w£71777 — wtram||2. The last inequality assumes 1 < ﬁ and uses numerical inequal-
ity log(1 + x) < . Assuming 1) < 1/(Ld), we further have |G; — Esp[G¢|w;_, ]| < L*nd.

By Azuma’s inequality, we know with probability at least 1 — 4 /¢,
Gi < Go + L*V2tndlog(t/6).

.. 2
Plugging in G; = log ngn - wtrainH —tlog(1—5%) and G = log |lwy — wtrainHQ = log ||wtrainH2 ,
we have

1og [, — wan||* < 10g [l |” + tlog(1 = 57) + L*V2indlog(t/)

< log |[weainl|> — %t + L2V2tyd log(t/5).

This implies,
2 1
|w} ) — Wieain ||~ < |[tieain || > exp (17 <_2Lt + Lgx/ilog(t/é)d\/{f))
= || wiain || > exp (O(d? log®(d/5))n)
S ||wtrainH2 exp (2/3) ’
where the second inequality assumes 1 < WQ(W&) for some constant c;. Furthermore, since

| Wiain |l < (1 + VL), we have leltn|| < (14 eY3) || wiain|| < 4VLo.

Overall, we know as long as 7 < W"’(d/é)’ with probability at least 1 — § /¢, ||w£n|| < 4V Lo.
Since this analysis also applies to any 7 < t, we know for any 7, with probability at least 1 — §/¢,
||w'ﬂ7H < 4v/Lo. Taking a union bound over 7 < t, we have with probability at least 1 — 4,
Hw’TnH < 4y/Lo forall 7 < t. O

Proof of Lemma 39. Let & be the event that ||w/, || < 4vLo for all 7 < t. We first show that

Esep ||we,y, — w* || is close to Esgp ngyn —w* Hz 1{€}. It’s not hard to verify that

* * 2 * ad
Escp |[wey — w*|[* = Esop [|wf,,, — w*[|” 1{€} + [lu — w*|* Pr[],
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where u is a fixed vector with norm 4v/Lo. By Lemma 44, we know Pr[€] < ¢/(25Lo?) as long as

1
n < S 10g7(d/e) for some constant c5. Therefore, we have

’ESGD ||wt,n - ’LU*H2 - ESGD ||w£m — ’LU*||2 1 {5}’ <e.

Next, we show that Eggp ngm - w*H2 1{&} is close to Esgp ||w£n —w* ||2 Forany 1 <7 <t
let £, be the event that Hw’TnH > 4v/Lo and Hw’T,nH < 4v/Lo for all 7/ < 7. Basically &, means

the weight norm exceeds the threshold at step 7 for the first time. It’s easy to see that U _, &, = &.
Therefore, we have

t
2 1 {g} + ZESGD Hw,é}77 —w* 2 1 {57—} .

T=1

2
!/ * / *
Esop [[wf, —w”||" = Escp [|wt, —w

/

T—l,nH < 4v/Lo. Since we assume vd < 0 (Xiain) < L/ for

VL
all i € [n] and Egain < V/do, we know ||wiain || < 2v/Lo. Therefore, we have ||w]_,

6v/Lo. Recall the SGD updates,

Conditioning on &, we know Hw

m wtrain” <

wff'ﬁ] — Wtrain = (I - nHtrain)(w;—_lm - wtrain) - 7]":—_1777-
!

T*l,n’
assuming 1 < Tld Therefore, we have ||w’T,, - w[rainH <2 Hw’T_lm - w[rainH < 12v/Lo. Note
that event &; is independent with the SGD noises after step 7. Therefore, according to the previous

: 1
analysis, we know as long as < 5757,

| < 2nLd||w! — Wirain| that is at most lerfl,n — Wirain|

For the noise term, we have Hn r—1,m

2

Esan [ |11, — wean|* €:] < [[w],, = wean]” < 20202,

Then, we can bound Eggp {Hwén —w* H2 |ET} as follows,
Esan [Juf, — 0| €,
=Esap {Hw?/f,’fl — Wyrain T Wirain — w* ||2 |57':|
<Escp {Hwiﬂl - wtrainH2 |57—} + 2Escp [Hwé}n - wtrain” |5‘r] ||wtrain - w*H + ||wtrain - w*H2

<2I%6% +2-2Lo -3V Lo + 9Lo? < 3L202.

Therefore, we have

2
|

t t
> Eson [t — w14} =" Been [[lwr,, — w”|* 1] Prie]
T=1 =1

t
<3L%¢* Y Pr[&,] = 3L%0° Pr[€] < 3L%0.

T=1

This then implies that ‘]ESGD ||w£,7 —w* ||2 — Esgp Hw,@n - w*|

1 {5}‘ < 3L%0%.
Finally, we have

*

‘ESGD lwe,, — UJ*||2 — Escp Hwé’n —w 2‘
< [Esap ey — wI* = Bson [t — w*|[* 1{€}] + [Bsco [[ur,, — w*||* = Eso ut,, — w*|* 1{€}
< (3L20'2 + 1) €

as long as n < Wgz(d/e). Therefore, |Q(n) — Q'(n)] < (3L*0?+1)¢€/2. Choosing € =

ﬁ finishes the proof. 0
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Proof of Lemma 40. Recall that

. 1 & 1 & 1 k B 112
Frov(n) = — > Ampy(n, P) = o ZESGD§ Hwt(n) - w\(/agd‘
k=1 k=1

RO

valid

2
. . 1|, (k) (k)
Similar as in Lemma 11, we can show 5 Hwt’77 — Wyalid

(y 18 O(1)-subexponential, which implies
valid
(k)

valid is O(1)-subexponential. Therefore, Fryy (1) is the average of m i.i.d.

1 (k)
Escpy Hwt,n —w e

valid

O(1)-subexponential random variables. By standard concentration inequality, we know for any
1 > € > 0, with probability at least 1 — exp(—Q(em)),

‘FTbV(n) - FTbV(n)‘ <e

Proof of Lemma 41. Recall that
1 *
Fryy(n) :EP~TESGD§ we,, — w*|* + 02 /2

We only need to construct an e-net for Ep7Escn3 [[we, — w*||*. Let £ be the event that
VA/VL < 0i(Xiain) < VLdand 1/L < A\j(Hyain) < L for all i € [n] and vVdo /4 < ||€ain]| <
Vdo We have
1 *
EPNTESGD§ lwe, —w 12

1 1 _ _
=Ep.1 |:2]ESGD ||wt,,7 _ w*||2 |5:| Pr[g] +EpoT |:2ESGD ||wt,77 — w*||2 g:l Pl"[g]

According to Lemma 39, we know conditioning on &,
1 1 9
s oy — I~ JEsen Jut, — w7 <

as long as n < Note {w/ , } is the SGD sequence without truncation.

1
cs5d? log?(d/e) "

For the second term, we have

| 1 i
e | 380 [un, — u | €| Plé] < 1320° Pre] <«

where the last inequality assumes Pr[€] < i37-. According to Lemma 1 and Lemma 45, we

know Pr[€] < exp(—€(d)). Therefore, given any € > 0, we have Pr[€] < 375 as long as
d > ¢4 log(1/¢) for some constant c;.

Then, we only need to construct an e-net for Ep,. 7 BESGD ngn —w*

? |5] Pr[€]. By the analysis
in Lemma 33, it’s not hard to prove

0 1 12 N \i—
%EPNT [QJESGDngm—w | |5} Pr[é]‘ :O(l)t(l—ﬁ)t !

forall n € [0, m}. Similar as in Lemma 14, for any ¢ > 0, we know there exists an e-net

N, with size O(1/¢) such that for any 1 € [0, m],

1 1
Epo7 |:2ESGD ||’LU£W _ w”‘”2 5:| Pr[g] —Epor |:2ESGD ||w£m/ - ’LU*HQ 5:| Pr[é‘]‘ <e€

forn’ € argminyen, |7 — 1]

|2 1 {5}‘ and

Combing with the bounds on ‘%ESGD lwe,n, — w*||?1{&} - +Esop Hw£m —w*

Epo1 [%]ESGD [ wyy — w* || \g} Pr[€], we have for any 1) € [0, W;(d/d}’

Frov(n) — Frov(n') < 4e
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for 7’ € arg min,cy, [n — 1’|. We finish the proof by replacing 4¢ by €’. O

Proof of Lemma 42. The proof is very similar as the proof of Lemma 18. The only difference is that
we need to first relate the SGD sequence with truncation to the SGD sequence without truncation
and then bound the Lipschitzness on the SGD sequence without truncation (as we did in Lemma 41).
We omit the details here. (]

E TooLs

E.1 NORM OF RANDOM VECTORS

We use the following lemma to bound the noise in least squares model.
Lemma 45 (Theorem 3.1.1 in Vershynin (2018)). Let X = (X1, Xs, -+, X,,) € R™ be a random
vector with each entry independently sampled from N (0,1). Then

Prl| [z — v/n| > 1] < 2exp(—*/C?),

where C'is an absolute constant.

E.2 SINGULAR VALUES OF GAUSSIAN MATRICES

Given a random Gaussian matrix, in expectation its smallest and largest singular value can be
bounded as follows.

Lemma 46 (Theorem 5.32 in Vershynin (2010)). Let A be an N X n matrix whose entries are
independent standard normal random variables. Then

\/N - \/ﬁ S IE5rnin(14) S Esmax(A) S \/N + \/ﬁ

Lemma 47 shows a lipchitz function over i.i.d. Gaussian variables concentrate well on its mean.
We use this lemma to argue for any fixed step size, the empirical meta objective concentrates on the
population meta objective.

Lemma 47 (Proposition 5.34 in Vershynin (2010)). Let f be a real valued Lipschitz function on
R™ with Lipschitz constant K. Let X be the standard normal random vector in R™. Then for every
t > 0 one has

t2

Pr(f(X) ~ Bf(X) > 1] < exp(—55).

The following lemma shows a tall random Gaussian matrix is well-conditioned with high probability.
The proof follows from Lemma 46 and Lemma 47. We use Lemma 48 to show the covariance matrix
is well conditioned in the least squares model.

Lemma 48 (Corollary 5.35 in Vershynin (2010)). Let A be an N X n matrix whose entries are
independent standard normal random variables. Then for every t > 0 with probability at least
1 — 2exp(—t2/2) one has

\/Nf\/rﬁftgsmin(A) S Smax(A) S \/N+\/ﬁ+t

E.3 JOHNSON-LINDENSTRAUSS LEMMA

We also use Johnson-Lindenstrauss Lemma in some of the lemmas. Johnson-Lindenstrauss Lemma
tells us the projection of a fixed vector on a random subspace concentrates well as long as the
subspace is reasonably large.

Lemma 49 (Johnson & Lindenstrauss (1984)). Let P be a projection in R® onto a random n-
dimensional subspace uniformly distributed in G . Let z € R? be a fixed point and € > 0, then
with probability at least 1 — 2 exp(—ce?n),

(- e>\/Z|z <Pl < (1 +e>\/Z||z||.
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F EXPERIMENT DETAILS

We describe the detailed settings of our experiments in Section F.1 and give more experimental
results in Section F.2.

F.1 EXPERIMENT SETTINGS

Optimizing step size for quadratic objective In this experiment, we meta-train a learning rate
for gradient descent on a fixed quadratic objective. Our goal is to show that the autograd mod-
ule in popular deep learning softwares, such as Tensorflow, can have numerical issues when using
the log-transformed meta objective. Therefore, we first implement the meta-training process with
Tensorflow to see the results. We then re-implement the meta-training using the hand-derived meta-
gradient (see Eqn 3) to compare the result.

A general setting for both implementations is as follows. The inner problem is fixed as a 20-
dimensional quadratic objective as described in Section 3, and we use the log-transformed meta
objective for training. The positive semi-definite matrix H is generated by first sampling a 20 x 20
matrix X with all entries drawn from the standard normal distribution and then setting H = X7 X
The initial point wq is drawn from standard normal as well. Note that we use the same quadratic
problem (i.e., the same H and wy) throughout the meta-training. We do 1000 meta-training iter-
ations, and collect results for different settings of the initial learning rate 7y and the unroll length
t.

We first implement the meta-training code with Tensorflow. Our code is adapted from Wichrowska
et al. (2017) 2. We use their global learning rate optimizer and specify the problem set to have
only one quadratic objective instance. We implemented the quadratic objective class ourselves (the
”MyQuadratic” class). We also turned off multiple advanced features in the original code, such as
attention and second derivatives, by assigning their flags as false. This ensures that the experiments
have exactly the same settings as we described. The meta-training learning rate is set to be 0.001,
which is of similar scale as our next experiment. We also try RMSProp as the meta optimizer, which
alleviates some of the numerical issues as it renormalizes the gradient, but our experiments show
that even RMSProp is still much worse than our implementation.

We then implement the meta-training by hand to show the accurate training results that avoid nu-
merical issues. Specifically, we compute the meta-gradient using Eq (3), where we also scaled the
numerator and denominator as described in Claim 2 to avoid numerical issues. We use the algorithm
suggested in Theorem 4, except we choose the meta-step size to be 1/ (100\/%) as the constants in
Theorem 4 were not optimized.

Train-by-train vs. train-by-validation, synthetic data In this experiment, we find the optimal
learning rate n* for least-squares problems trained in train-by-train and train-by-validation settings
and then see how the learning rate works on new tasks.

Specifically, we generate 300 different 1000-dimensional least-squares tasks with noise as defined
in Section 4 for inner-training and then use the meta-objectives defined in Eq (1) and (2) to find the
optimal learning rate. The inner-training number of steps ¢ is set as 40. We try different sample sizes
and different noise levels for comparison. Subsequently, in order to test how the two n* (for train-
by-train and train-by-validation respectively) work, we use them on 10 test tasks (the same setting
as the inner-training problem) and compute training and testing root mean squared error (RMSE).

Note that since we only need the final optimal n* found under the two meta-objective settings (re-
gardless of how we find it), we do not need to actually do the meta-training. Instead, we do a grid
search on the interval [107%, 1], which is divided log-linearly to 25 candidate points. For both the
train-by-train and train-by-validation settings, we average the meta-objectives over the 300 inner
problems and see which 1 minimizes this averaged meta-objective.

Train-by-train vs. train-by-validation, MLP optimizer on MNIST To observe the trade-off
between train-by-train and train-by-validation in a broader and more realistic case, we also do ex-

2Their open source code is available at https://github.com/tensorflow/models/tree/
master/research/learned_optimizer
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periments to meta-train an MLP optimizer as in Metz et al. (2019) to solve the MNIST classification
problem. We use part of their code ? to integrate with our code in the first experiment, and we use
exactly the same default setting as theirs, which is summarized below.

The MLP optimizer is a trainable optimizer that works on each parameter separately. When doing
inner-training, for each parameter, we first compute some statistics of that parameter (explained be-
low), which are combined into a feature vector, and then feed that feature vector to a Muti-Layer
Perceptron (MLP) with ReLU activations, which outputs two scalars, the update direction and mag-
nitude. The update is computed as the direction times the exponential of the magnitude. The feature
vector is 31-dimensional, which includes gradient, parameter value, first-order moving averages
(5-dim), second-order moving averages (5-dim), normalized gradient (5-dim), reciprocal of square
root second-order moving averages (5-dim) and a step embedding (9-dim). All moving averages
are computed using 5 different decay rates (0.5, 0.9, 0.99, 0.999, 0.9999), and the step embedding
is tanh distortion of the current number of steps divided by 9 different scales (3, 10, 30, 100, 300,
1000, 3000, 10000, 300000). After expanding the 31-dimensional feature vector for each parameter,
we also normalize the set of vectors dimension-wise across all the parameters to have mean 0 and
standard deviation 1 (except for the step embedding part). More details can be found in their original
paper and original implementation.

The inner-training problem is defined as using a two-layer fully connected network (i.e., another
“MLP”) with ReLLU activations to solve the classic MNIST 10-class classification problem. We use
a very small network for computational efficiency, and the two layers have 100 and 20 neurons. We
fix the cross-entropy loss as the inner-objective and use mini-batches of 32 samples when inner-
training.

When we meta-train the MLP optimizer, we use exactly the same process as fixed in experiments
by Wichrowska et al. (2017). We use 100 different inner problems by shuffling the 10 classes and
also sampling a new subset of data if we do not use the complete MNIST data set. We run each of
the problems with three inner-training trajectories starting with different initialization. Each inner-
training trajectory is divided into a certain number of unrolled segments, where we compute the
meta-objective and update the meta-optimizer after each segment. The number of unrolled segments
in each trajectory is sampled from 10 + Exp(30), and the length of each segment is sampled from
50 + Exp(100), where Exp(-) denotes the exponential distribution. Note that the meta-objective
computed after each segment is defined as the average of all the inner-objectives (evaluated on the
train/validation set for train-by-train/train-by-val) within that segment for a better convergence. We
also do not need to log-transform the inner-objective this time because the cross entropy loss has a
log operator itself. The meta-training, i.e. training the parameters of the MLP in the MLP optimzier,
is completed using a classic RMSProp optimizer with meta learning rate 0.01.

For each settings of sample sizes and noise levels, we train two MLP optimizer: one for train-by-
train, and one for train-by-validation. When we test the learned MLP optimizer, we use similar
settings as the inner-training problem, and we run the trajectories longer for full convergence (4000
steps for small data sets; 40000 steps for the complete data set). We run 5 independent tests and
collect training accuracy and test accuracy for evaluation. The plots show the mean of the 5 tests.
We have also tuned a SGD optimizer (with the same mini-batch size) by doing a grid-search of the
learning rate as baseline.

F.2 ADDITIONAL RESULTS

Optimizing step size for quadratic objective We try experiments for the same settings of the
initial 1y and inner training length ¢ for all of three implementations (our hand-derived GD version,
Tensorflow GD version and the Tensorflow RMSProp version). We do 1000 meta-training steps for
all the experiments.

For both Tensorflow versions, we always see infinite meta-objectives if 7 is large or ¢ is large, whose
meta-gradient is usually treated as zero, so the training get stuck and never converge. Even for the
case that both 79 and ¢ is small, it still has very large meta-objectives (the scale of a few hundreds),
and that is why we also try RMSProp, which should be more robust against the gradient scales. Our

*Their code is available at https://github.com/google-research/google-research/
tree/master/task_specific_learned_opt
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Table 1: Whether the implementation converges for different ¢ (fixed 9 = 0.1)

t 10 20 40 80

Ours v v v v
Tensorflow GD X X X X
Tensorflow RMSProp | vv v/ X X

Table 2: Whether the implementation converges for different 0y (fixed ¢ = 40)

Mo 0.001 0.01 0.1 1

Ours v v v Y
Tensorflow GD X X X X
Tensorflow RMSProp v v X X

hand-derived version, however, does not have the numerical issues and can always converge to the
optimal n*. The detailed convergence is summarized in Tab 1 and Tab 2. Note that the optimal n* is
usually around 0.03 under our settings.

Train-by-train vs. train-by-validation, MLP optimizer on MNIST We also do additional ex-
periments on training an MLP optimizer on the MNIST classification problem. We first try using all
samples under the 20% noised setting. The results are shown in Fig 8. The train-by-train setting can
perform well if we have a large data set, but since there is also noise in the data, the train-by-train
model still overfits and is slightly worse than the train-by-validation model.

0.9 ‘ ‘ ‘ ‘ ‘ ‘ ‘ 0.9 ‘
SGD
0.85 0.85 TbT60000
= N TbV50000+10000
s 08 @ 08
30.75 ﬁ—f 30.75 ﬁ'
g g
> 3
8 07 :(5 0.7
< SGD
0.65 TbT60000 4 065
TbV50000+10000
06 ‘ ‘ ‘ ‘ I I I 06 ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 05 1 15 2 25 3 3.5 4 0 05 1 15 2 25 3 35 4
Steps x10* Steps x10*

Figure 8: Training and testing accuracy for different models (all samples, 20% noise)

We then try an intermediate sample size 12000. The results are shown in Fig 9 (no noise) and Fig
10 (20% noise). We can see that as the theory predicts, as the amount of data increases (from 1000
samples to 12000 samples and then to 60000 samples) the gap between train-by-train and train-by-
validation decreases. Also, when we condition on the same number of samples, having additional
label noise always makes train-by-train model much worse compared to train-by-validation.
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Figure 9: Training and testing accuracy for different models (12000 samples, no noise)
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Figure 10: Training and testing accuracy for different models (12000 samples, 20% noise)
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