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Abstract

Reinforcement Learning with Human Feedback
(RLHF) is a widely used fine-tuning approach
that aligns machine learning model, particularly
Language Model (LM) with human preferences.
There are typically multiple objectives driving the
preference, hence humans find it easier to express
per-objective comparisons rather than a global
preference between two choices. Multi-Objective
RLHF aims to use per-objective preference feed-
back and achieve Pareto optimality among these
objectives by aggregating them into a single uni-
fied objective for optimization. However, nearly
all prior works rely on linear aggregation, which
rules out policies that favor specific objectives
such as the worst one. The only existing approach
using non-linear aggregation is computationally
expensive due to its reward-based nature and the
need for retraining whenever the aggregation pa-
rameters change. In this work, we address this
limitation by transforming the non-linear aggre-
gation maximization problem into a series of sub-
problems. Each sub-problem involves only linear
aggregation, making it computationally efficient
to solve. We further extend our framework to han-
dle multi-group scenarios, where each group has
distinct weights for the objectives. Our method
enables achieving consensus or maximizing the
aggregated objective across all groups. Theoreti-
cally, we demonstrate that our algorithmic frame-
work achieves sublinear regret and can be easily
adapted to a reward-free algorithm. Empirically,
leveraging our theoretical insights, we propose a
nearly training-free algorithm once the optimal
policies for individual objectives are obtained.
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1. Introduction

In recent years, there has been considerable effort to fine-
tune a machine learning model, particularly Large Language
Model (LLM), to perform better on particular tasks. RLHF
is a popular fine-tuning approach, which receives the hu-
man’s preference feedback and aligns the LLM model with
human values using fine-tuning. Standard RLHF exploits hu-
man preference feedback between two outputs to maximize
the expectation of the implicit or explicit reward function.

However, there are two main challenges for the application
of RLHF in the real world. First, standard RLHF only maxi-
mizes a single reward function. However, people often find
it hard to evaluate choices in an overall sense as, in reality,
there are often multiple objectives. For example, comparing
two papers or essays overall is harder than comparing them
on specific objectives such as novelty, clarity, correctness etc.
Similarly, recommending a city for vacation is harder than
comparing cities on food options, nightlife, safety, etc. Each
objective has its own implicit or explicit reward function,
and the LLM needs to achieve a Pareto optimal trade-off
between them by, for example, maximizing an aggregation
of these reward function. Second, there are multiple groups
of users in the real world who may prefer different aggrega-
tions of the objectives. For example, groups with different
genders, political views, marital status, etc. This requires
that the LLM either (a) satisfies the requirements of all the
groups simultaneously, or (b) optimizes some aggregation
across multiple groups.

Multi-Objective Problem There are some works (Rame
et al., 2024; Yang et al., 2024; Shi et al., 2024) that con-
sider balancing the utilities of multiple objectives to get
the Pareto optimal point or maximize the average expecta-
tion. Some works (Zhong et al., 2024; Park et al., 2024)
consider multi-party problem in which each reward rep-
resents a group, which can also be regarded as a multi-
objective problem. We assume that we have m different
objectives, and each objective has its own reward function
ri(x,y)(1 < i < m). Each reward corresponds to an
objective of the response y like safety or helpfulness of
the LLM, and the expected rewards E, ., yr(.|o)[7i (2, ¥)]
evaluate the LLM on these objectives respectively, where
p is the distribution of the prompt. Nearly all of the
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previous work consider only linear aggregation, i.e., op-
timizing u(m) = > @By p yon( (o) [1i(2, y)], where
o = {a;}ic[m] is the weight of all objectives that is as-
sumed to be known.

However, this kind of aggregation may not lead to an LLM
that treats all objectives fairly. For example, the LLM may
favor one objective significantly at the expense of another.
In social choice theory, certain natural axioms such as mono-
tonicity, symmetry, scale invariance, etc. which apply to
multi-objective aggregation as well, lead to a more general
function class (Cousins, 2021)

m 1/17
U(ﬂ') = (Z O4iI['Ea:r\/p,y~‘n'(~|:v) [ri(xay)]p) , P < 1a
i=1
()

The general p-norm aggregation with p < 1 promotes fair-
ness across multiple objectives, which is particularly useful
when aiming for a machine model that achieves a balanced
performance among different objectives. Only one paper
(Zhong et al., 2024) addresses the p-norm aggregation set-
ting. In that work, the authors first learn a reward function
for each objective, aggregate them into a new reward, and
then attempt to optimize this new reward directly. How-
ever, this reward-based approach is computationally ineffi-
cient compared to the reward-free, DPO-based algorithm
(Rafailov et al., 2024). Moreover, it requires retraining the
entire policy whenever the aggregation method changes,
which becomes even more time-consuming.

To reduce the computational cost of the reward-based RLHF
algorithm, the paper (Shi et al., 2024) shows that for p = 1,
once the optimal policy 7,, for each individual objective is
obtained, the optimal policy 7, for the linear averaged sum
can be calculated as 7, (y | ) o [[;~, 7, (y | )*. How-
ever, the derivation heavily depends on the linear structure
of the aggregated reward r(z,y). When p # 1, this ap-
proach breaks and the optimal policy cannot be written as a
simple closed-form of the optimal policies of each objective.
That raises the first question:
Question 1: Can we derive a computationally efficient
MORLHF algorithm with non-linear aggregation?

In our work, we propose a projection-based algorithm both
in offline and online preference data settings, which trans-
forms the nonlinear objective maximization problem into
a sequence of subproblems, each involving only a linear
maximization problem. Theoretically, we provide a thor-
ough analysis for both offline and online setting, showing
that it can converge to the optimal policy with a sublinear
regret. Empirically, by leveraging the fact that there is a
training-free algorithm for linear aggregation maximization,
we derive a training-free algorithm for the generalized re-
ward aggregation, which saves significant training time.

Moreover, previous work typically assumes that the weight
for each objective is known. This assumption simplifies the
problem and allows for straightforward optimization. How-
ever, in real-world applications, the importance weights
{«;} for each objective are usually unknown. In our work,
we observe that the weight of an objective reflects its impor-
tance, which can be learned by how frequently the objective
is reported in the human preferences. We propose a learning
paradigm where the LLM learns objective weights from
collected data, enabling the estimation of {«; } and incorpo-
rating them into our theoretical results.

Multi-Group Problem Classical RLHF often assumes a
single-group setting, ignoring the heterogeneity in human
feedback and assuming that the human feedback relies on
one unique reward function. However, real-world scenarios
involve multiple groups with distinct preferences. Fine-
tuning an LLM for each group is computationally expensive,
making it essential to fine-tune the LLM to accommodate
all groups’ preferences simultaneously.

Since previous papers (Zhong et al., 2024; Park et al., 2024)
working on multi-group RLHF only consider learning the
reward function of each group under a single objective and
then aggregating them, we regard them as a special case of
the MORLHEF. Hence, there is a lack of discussion about the
multi-group setting where each group may have different
importance for different objectives.

Formally, assume that we have N group and m objectives,
and each group n € [N] has their own weight o™ € A,,, ;.
The utility of the group n for a LLM 7 is then defined by

m 1/p(")
n n (n)
u™ (r) = (Z A By ooy 7 (5 9)]P ) :

=1

where p(™) < 1 is the parameter of the aggregation for group
n. The reward function of each objective, {r;(z,y) }ic[m]
remains fixed across different groups, while the weight «
and the parameter p can vary. In other words, the reward
of each objective is the inherent value, and the importance
weight represents the subjective part of each group. Now
we pose the last question:

Question 2: Can we formulate and tackle the multi-group

problem under MORLHF setting?

In this paper, we consider two final goals for multi-group
problem. Motivated by the poll theory, the first objective
is called “consensus”, in which LLM needs to meet the re-
quirements of all groups as good as possible simultaneously.
Motivated by social choice theory, the second objective is
called “aggregation”, in which the LLM needs to optimize
a general aggregation of the utilities of all groups. We will
show that our formulation and algorithmic framework natu-
rally solve these two final goals. In summary, we have the
following contributions:
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* We reformulate the reward maximization in MORLHF
as minimizing the distance between the current reward
vector and a target set. This reframing decomposes the
aggregated reward maximization into sub-problems,
each focusing on minimizing the distance in a specific
direction. These sub-problems reduce to linear aggre-
gation and can be efficiently solved using previous
approaches. Theoretically, we provide converge guar-
antees for both offline and online setting. Empirically,
we provide a training-free algorithm once the optimal
policy and the reward function for each objective is
given, making it more computationally efficient.

* We tackle the multi-group problem in two ways: (1)
achieving consensus by defining the target set as the in-
tersection of all groups’ target sets, and (2) minimizing
the malfare function (Cousins, 2021) which aggregates
the distance between each group’s expected reward
vector and its target set. Our framework addresses both
problems concisely with theoretical guarantees.

* We establish a learning paradigm where the LMs learn
the importance weight from data. We integrate weight
estimation into the online setting and provide theoreti-
cal guarantees.

2. Related Works

RLHF Fine-tuning LLMs with human feedback and RL
is known as RLHF. The reward-based RLHF first extracts
a reward model with a Bradley-Terry (BT) assumption on
human preferences, and then optimizes the reward model
(Ouyang et al., 2022; Bai et al., 2022; Touvron et al., 2023;
Azar et al., 2024). On the other hand, the reward-free RLHF
avoids explicit reward modeling by directly formulating
the preference loss as a function of the policy and then
using supervised learning (Wang et al., 2023; Rafailov et al.,
2024), which is more stable and computation-friendly.

MORLHF Multi-Objective RLHF (MORLHF) aims to
align an LLM with human preferences while optimizing for
multiple objectives, such as harmlessness, helpfulness, and
humor. Most previous works aggregate rewards or models as
the weighted sum of individual components. MORLHF (Wu
et al., 2023; Bai et al., 2022) directly optimizes the aggre-
gated reward using PPO, while MODPO (Zhou et al., 2023)
provides a lightweight reward-free alternative. RS (Rame
et al., 2024) combines individual models by averaging them.
MOD (Shi et al., 2024) calculates the closed-form solution
of the optimal policy for aggregated reward directly and
derives a training-free algorithm. Only one work (Zhong
et al., 2024) consider non-linear aggregation, and they op-
timize the aggregated reward function directly. However,
this approach is computationally expensive and requires
retraining when the aggregation changes. Instead, we pro-

Table 1. Comparison of previous work for MORLHEF. The parame-
ter p means the exponent in Eq.(1). Algorithm 3 (offline setting)
& 4 (online setting) have theoretical guarantees, while Algorithm
5 is the more practical version.

Aggereation Reward Traning Multi-
i Free Free Group
MORLHF _
(Wu et al., 2023) p=1 X X X
RS —
(Rame et al., 2024) b= 1 v X
MOD _
(Shi et al., 2024) p=1 v v X
PNB
(Zhong et al., 2024) p< 1 X X X
Algorithm 3 & 4 p<l1 v/ X 7
Algorithm 5 p<l1 K3 v 7

pose a theoretical framework that can be easily adapted to a
reward-free algorithm, along with a training-free empirical
algorithm built on the same theoretical framework. Detailed
comparisons are shown in Table 1.

Pluralistic Alignment and Preference Aggregation
There is a growing body of work on aligning machine learn-
ing models with diverse preferences, accounting for differ-
ent values and perspectives. The works (Chakraborty et al.,
2024; Ramesh et al., 2024) focus on optimizing the worst-
case group loss, ensuring that the model achieves reasonable
performance across all groups. (Park et al., 2024; Sorensen
et al., 2024; Conitzer et al., 2024) explore how to aggregate
preferences using social choice and voting theory, outlining
a high-level roadmap for pluralistic Al alignment. (Ge et al.,
2024) technically demonstrate that the BTL model fails to
satisfy well-known standards in social choice theory and
propose a novel rule-based approach for learning reward
functions. (Chen et al., 2024) further study the generaliza-
tion of the BTL model and introduce an ideal point model
that better accommodates diverse groups.

3. Preliminaries and Notations

Denote the prompt space of the LLM as X and the response
space as ). The distribution p € A(X) represent the distri-
bution of the prompt. A policy 7 : X — A()) represents
an LLM that generates a response distribution given prompt
z. In RLHF, we assume that we can get a pre-trained LLM
Trof that is usually trained on supervised data. The goal is to
fine-tune the pre-trained model to align the model with the
human preference on one particular task. To be more spe-
cific, given prompt = ~ p, LLM can generate two responses
Y1, Y2 , then the human gives a preference feedback on the
response pairs as either ;1 < y2 or y; > yo2. The responses
Y1, Yo are labeled as y,,,y; respectively with probability
P(y, > y2 | ), and are labeled as y;, y,, with probability
1 —P(y1 > yo | ). It is further assumed that the human
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preference is modeled by a Bradley-Terry (BT) model with
the reward function r*(z,y) : X x Y — [0, B]:

Pyr = y2 [ z) = o(r*(z,51) — 7" (2, y2)),

where 0(2) = (3= and B > 1. Given the reward
p(—2)

function r, the optimal policy 7, maximizes the expected

reward function, with an additional KL divergence term that

prevents the policy from deviating too much from ..

7 = argmax J(m)
s

= EwwayNTr(-\z) [’I"* (l’,y) - ﬁDKL(Tr H 7Trefﬂ . (2)

In this paper, we consider both offline and online RLHF.
For the offline RLHF setting, the LLM has access to a
pre-collected offline data D consisting of prompts and corre-
sponding winning and losing responses, and the expectation
in the optimal policy is calculated on the offline data. For
the online setting, at each round LLM can generate two
responses y1, yo following the policy 7, and then receive
the preference feedback by human for data collection.

We assume there are m known representations {¢;(x,y) €
Rd}ie[m] and the corresponding reward function class
{ri(z,y) = 0 i(z,y) € [0, B, l¢ull < 1,16:]]2 < B}
for each objective ¢ € [m]. The true reward r; for ob-
jective i can be written as 7 (z,y) = (0}) " ¢;(z,y). This
assumption is purely theoretical. In practice, the reward
can be parameterized as 7 using a neural network, and our
practical algorithm 5 also does not rely on this assumption.

Since the preference only contains the information of
ri(z,y1) — ri(x, y2) for each objective i, rewards are in-
variant to constant shifts in feedback. Follow (Cen et al.,
2024), we can assume there is a known policy mpase and
constant C, such that for each ¢ € [m], the reward parameter
space O; is defined as

@i = {9 € Rd : Eﬂ-base<9i7¢i(mﬂy)> = C} . (3)

3.1. Multi-Objective Learning

We assume that there are m different objectives, and each
objective has reward function r;(z, y) € [0, B] for i € [m].
As discussed in the introduction, we apply the definition
of social welfare function in social choice theory to multi-
objective setting and consider the weighted p-norm aggre-
gation across objectives

m 1/11
U(’/T) = (Z aiEpr,yNW(~|x) [Irl(xvy)]p> P < ]-a

i=1

where o € A,,,_; are weights of the objectives. Note that
for positive rewards, aggregation yields Pareto optimality.

The goal is to find the optimal policy for the aggregated
utility function. One natural approach to solving multi-
objective RLHF is to first learn a reward model for each
individual objective, and then aggregate these models to
formulate a new reward. Finally, RL methods like PPO
can be applied to optimize this new reward. However, this
reward-based approach is significantly more computation-
ally inefficient and unstable compared to reward-free ap-
proaches, such as DPO (Rafailov et al., 2024). Additionally,
it requires retraining the entire model for all possible reward
aggregations, which becomes time-consuming when the
aggregation parameters change. In this work, we first pro-
vide a theoretical algorithmic framework for multi-objective
RLHF, which naturally leads to the derivation of a reward-
free algorithm. Based on this theoretical framework, we
propose a nearly training-free practical algorithm that incurs
almost zero computational cost once the optimal policy for
each objective is obtained.

Previous techniques cannot be easily applied to this set-
ting. In fact, for the linear aggregation when p = 1, the
paper (Shi et al., 2024) finds that the optimal policy 7, can
be written as a closed-form of the optimal policy 7., as
(- | @) o e (- | ) - exp (%r(m, )) , and conduct a de-
coding algorithm MOD using this derivation. By the linear
aggregation r(z,y) = Y v, a;ri(x,y) and >0 oy = 1,
it is easy to verify that m,.(y | ) o [\t 7, (y | @)%
Hence, one natural reward-free algorithm is to first learn the
optimal policy 7, for each objective using DPO, then calcu-
late the optimal policy .. It is also a training-free algorithm
once the optimal policy for each objective is known. How-
ever, when we choose the general aggregation with p < 1,
this derivation will fail due to the non-linear structure of the
reward, making the problem much more complicated.

To avoid this technical difficulty, we draw inspiration from
RL with Blackwell-approachability (Yu et al., 2021), which
focuses on minimizing the distance between the reward
vector and a specified target set. This approach makes the
problem more tractable since we can incorporate the non-
linear aggregation into the definition of the target set. To be
more specific, a target set W C R is a convex set that is
defined by

m 1/p
Wp.= zeR’Z”O:(Zaizf> >cp,
i=1

where « represents the weights assigned to the objectives by
humans, p represents the degree of fairness, and c reflects
the requirement of humans. In practice, we can learn o and
p from supervised and preference data, and the parameter ¢
can be provided by humans or chosen by parameter tuning.
The definition of target set implies that the group can be
satisfied if the aggregation of the reward function is larger
than some pre-defined constant. We also define the expected
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reward vector S(w) € R™ as (S(n)); = Ex[r(z,y) —
BD g 1, (|| e )], which is the expected reward following
the policy 7 with a regularized term of KL divergence. Now
assume c, p, v are all given, we can transfer the aggregation
maximization problem to minimizing the distance between
the expected reward vector (with some regularizer) and the
target set 1. The goal changes to minimizing the distance
between () and W' :

7* = argmin D(7) := d(S(m), W'.). 4

Note that if we choose c as the maximum value that there
exists a policy 7 that satisfies d(S(r), W'.)) = 0, then 7
is one of the optimal policies and

m 1/p
= . * — p
m arg 216312[( <Zl azE‘n' [’I”l (xay) 5DKL(7T||7Tref)} )

where every 7 € Il satisfies that E [r} (x, y)] — 8Dkuw (7|
Tref) > 0. This statement highlights the connection between
the original maximization problem Eq. (2) and our formu-
lation Eq. (4). Therefore, our formulation can be viewed
as an alternative metric for measuring the performance of
LLMs in achieving multi-objective learning tasks.

Now we demonstrate that more general aggregation meth-
ods can enable LLM to accommodate a wider range of
objectives by selecting different values of p.

Example 3.1 (p = 1 : Linear Aggregation). Now if we
choose p = 1, and choose ¢ > max, Y .—; o;Ex[r (2, y)],
then the goal D(7) will become

D(m) = d(S(m), Wi,)
¢ — ey il [rf (2, y)] + BDkr( || mrer)
Dm0 .
The last equality is because the selection of c. From this

derivation, we know that it is equivalent to the previous
classical MORLHF with linear aggregation.

Example 3.2 (p = —oo : worst-case reward). When p =
—00, the target set becomes
Weee= {z € RY) : minz; > c} ,
- 3

which represents that the human wants to find an LLM with
no obvious drawback for any of the objectives, i.e., requiring
min; E. [rf(z,y)] — Dk (7] 7yer) larger than some thresh-
old. Now we establish the connection between p = —oo
and the max-min RLHF in (Chakraborty et al., 2024). The
proof is provided in Appendix B.1.

Theorem 3.3. Define the max-min value as c* =
max, [min; B [rf] — BDky (7]|7rer)]. Then, if we choose
the target set W< __ _ such that c is close to c*, the resulting

optimal policy also achieves a max-min value that close to
c*. To be more specific, we have

min Ex[r} (z, y) — Dxe.(wl|mer)] > ¢ — (vVim + 1)]e” — .

3.2. Multi-Group Learning

Beyond the single group setting, we also study the multi-
group setting, where each group has a different aggregation
approach (parameterized by ¢, p and «). For each group n,
we assume there is a target set

- (n) el
w ={ze RY - Zagn)zf > (™
i=1

representing the aggregation rule across objectives for them.
We consider two types of goals that represent the effective-
ness of alignment across diverse groups.

Consensus The first goal is called “consensus”, in which
we wants to minimize the distance between the expected
reward vector and the intersection of all target sets from
diverse groups. Formally, the goal is to choose the optimal
policy that minimizes the Euclidean distance

N
7 = argmind <S(Tl’), N W<">> : )

n=1

Malfare Function Minimization Another goal is to min-
imize the aggregated malfare function, where the malfare
function for each group is the square of the distance be-
tween the expected reward vector and the group’s target set.
Formally, with group weight ¢,, > 0 and Zi:f:l Cn =1, the
goal is to find the optimal policy 7* that

N 1/q
7% = arg min (Z Cn (d2(5(ﬂ'), W(n))>q> ,q> 1.
n=1

4. Algorithms for Multiple Objectives with
Linear Aggregation

In this section, we consider the simplest setting where the
reward function is a linear aggregation, i.e. r(z,y) =
Yo dirf(z,y), where d € R™ is called the direction.
In fact, the linear aggregation can be viewed as projecting
the reward vector onto a specific direction d. As we will
show later, this will become an essential sub-problem in our
final algorithm for non-linear aggregation.

Given the dataset D; = {27, (,,y/)}c[ar containing M
data points for objective ¢, we provide offline and online al-
gorithms to learn the optimal policy with respect to multiple
objectives in a consistent way. Now we aim to minimize the
negative log-likelihood loss of preference data

Li(o:)=— >
(Ivyw sYt ) €D;

for each objective ¢. Following (Cen et al., 2024), we
can refine our estimation of the reward by adding an

log(J(T?i (LL’, yw) - rzg7 (xvyl)))
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additional exploration term max, J(r’ d,7) = max,

E.[>", di(r% — BDkL(7||7rer))], which represents the
optlmlsm/pessnmsm principle of the online/offline learning
process. To be more specific, for the offline and online
setting, LLM learns the O,gmine and Oopnjine respectively by

01, ,0m

Oofine = arg max ( maxJ 7’ ,d, ) ZnL > (6)

Oonline = arg max (max J(r?, d, ) — Z nLi(Gi)> ., (D
01, 0m 7 i=1

where we use a single parameter 6 to refer the set {0; }ie[m]-
The difference lies in the optimism and the pessimism
principle. In the offline setting, we subtract the explo-
ration term to avoid over-optimization (Cen et al., 2024;
Liu et al., 2024) while in the online setting, we add the
exploration term to encourage the model to explore (Cen
et al., 2024). Then, the LLM executes the greedy policy
7% = argmax, J(r?, d, 7) to generate the response and re-
ceives the human feedback (y.,, y;). We called the algorithm
Multi-Objective Projection (MOP), and the pseudocode for
online setting is shown in Algorithm 1. (There is no Line 4
and the output only has 6 for the offline setting.)

Algorithm 1 MOP-Reward Based (RB)

1: Input: Direction d, dataset {D; };c[m]. 1, 5.

2: Calculate 0,mine by Eq. (6) or Ogpjine by Eq ).
3: Execute 7% = argmax, J(r{,r§, - - d, ).
4

) 7]’) )

. Given the prompt z, Generate two responses y1, Y2 ~ T,
and get a preference y = (Yuw, Yi1)-
5: Output: Data point D = {x, (v, y;)} and 6.

The computational cost of Algorithm 1 mainly lies on Line 2.
In fact, it needs to learn multiple reward functions directly,
and then get the estimation of the optimal policy, which
requires a joint optimization subprocedure. In the following,
we consider the reward-free version of Algorithm 1.

Reward-Free Modification We now show that Algorithm
1 can be easily adapted to a reward-free version. We mainly
consider the online setting since the offline setting is similar.
Denote 7% = argmax,. J(r?, d, 7). By the same derivation
in (Cen et al., 2024), we can get

0
I, d, ) = C = BBy yor {log Ty |) } 7

et (Y | @)

where C' and 7y,,5. are the constant and the baseline policy
in Eq. (3), 7y, is the policy for objective i and 7% oc et (y |
z) - TTi~y (7o, (y | 2))% is the optimal policy for linear ag-
gregation. The detailed derivation above will be provided

in Appendix E. By the derivation in (Rafailov et al., 2024),
you can further get the reward-free version of Eq. (7) as

nZe(Di,ei)} ®)

=1

0 = argmin {ﬁEﬂbab_e log7’(y | #) —
0

where £(D;, 0;) = Z(w,yrw-,yz)eDi log U<ﬁ log Toglyul7) _

Tref (Yw|T)

o, (yi|x)

Plog = )
expectation B[] means By, yr(a)[]-

) is the reward-free loss function, and the

Algorithm 2 MOP-Reward Free (RF) (Online Version)
1: Input: Direction d, dataset {D; }ic[m]» 1, 8-
2: Calculate Oypiine € R™ by Eq. (8) and 7 = 7?.
3: Given the prompt z, Generate two responses ¥, Y2 ~ T,
and get a preference y = (Yuw, Yi1)-
4: Output: Data point D = {z, (y, y;)} and 6.

The Eq. (8) involves an optimization problem on 6, which
is a complicated joint optimization since 6 refers to m pa-
rameter 01, - - - ,0,,. In Appendix E, we further study the
computational cost of Eq. (8), showing that the gradient
descent update rule can be easily computed once the expec-
tation of the score function is available, which commonly
appears in previous RL algorithms such as REINFORCE
(Williams, 1992).

5. General Algorithm for Preference
Aggregation

In this section, we introduce general offline and online algo-
rithms that work for both linear and non-linear preference
aggregation, and provide their theoretical guarantees. Both
algorithms transform the non-linear aggregation into a series
of linear aggregation sub-problem, using Algorithm 1 and 2
as their core sub-procedures.

5.1. Offline Algorithm

Now we introduce our algorithm Multi-Objective Projection
Optimization (MOPO), which follows from the competi-
tive RL with Blackwell-approachability literature (Yu et al.,
2021). We receive the offline data set D = {D;};c[m)
which contains M data points D; for each objective i.
The algorithm learns the reward or optimizes the policy
directly from the offline data. Our algorithm contains T'
iterations. In each iteration ¢, we first project the reward
vector on the direction d* € R™ defined in the last itera-
tion, i.e. 7(z,y) = Yo, dir;(z,y), and then using the
sub-procedure in the previous section to find the estimated
parameter 0 and determine the corresponding policy 7.
Finally, we derive the estimated expected reward vector
VteR™as (V1); = En[r? (2,y) — DL (7| mret)], and
calculate the averaged reward vector as V' = 1 Z;Zl Vi,
Finally, the direction is updated based on the projection of
the estimated point V' onto the target set, guided by either
the consensus problem or the malfare function minimization
problem. The pseudocode is in Algorithm 3.
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Algorithm 3 MOPO-Offline
1: Initial: Dataset D = {D; }ic[m] {W(")}HG[N], 1, B.
2: fort=1,2,---,T do o
3:  Collect #* by MOP-RB(d?, D) or MOP-RF(d¢, D).
Get the corresponding policy ¥ = = 7?".
4 Calculate the point Vi = K[! (z, y) —
BDkL (|| 7ret)] = C = BBy, [10g ()

Tref (ylx)
+6Ey~ﬂ't [log 7::):((;1‘33))], and V = %V —|— Vi

5. Calculate the direction d'*! by Eq. (9) or Eq. (10),

- t+1
and calculate dt+1 = HddtTHl‘
6: end for
. ~T _ 1 T t
7: Return 7 = £ 5, «".

The key component of our algorithm is the direction cal-
culation in each iteration. Intuitively, the algorithm aims
to optimize the reward to guide the expected reward vec-
tor toward the target set as effectively as possible. Sup-
pose the target set is W, the direction can be calculated by

B o Ty IOw (V)
d*l = Proj(W,V') = W

problem, we can substitute into W = ﬂn:l W) and get

N
d*1 = Proj (ﬂ W("),Vt> : )

n=1

For the consensus

For the malfare function minimization problem, we can first

calculate the projection to each target set W (™) and then
aggregate them as

n —t —
Cal W — V3!

N
dtt =" Proj (W, V"
— ~t
= (S0 Gallw e — P 30) =
10

Note that if we apply MOPO with p = 1, it reduces to the
classical MORLHEF algorithm. This is because the direction
d" = Proj(V*,Wy*,) = a for each t as long as c is large.
However, for p # 1, MOPO solves the non-linear aggrega-
tion maximization problem by transforming into a series of
subproblems, in which each subproblem only contains the
linear aggregation and can be easily solved using any previ-
ous algorithm. Thus, MOPO serves as a general framework
for MORLHF with non-linear aggregation. Moreover, sup-
pose we use MOP-RF for each subproblem, MOPO is also a
reward-free algorithm since the current reward vector can be
computed as (V1); = Eﬂt [r? (z,y) — BDKL (7| Trer)] =

C = BE, oy log T8 | 4 GE, . [log Ta2)] (Sce

. T, f(y\a;) i (ylz)
Appendix E.3 for the derivation.)

Now we provide theoretical guarantee of Algorithm 3. The
following result shows that MOP-offline can learn the opti-
mal policy well if the offline dataset D has sufficient cover-
age for each objective.

2¢g—1 °

Theorem 5.1 (Consensus Problem). Letnn = 1/v/ M and
EDi = % Z(m,yuuyz)ebi (¢(‘T7 yw) _¢(x’ yl))(¢($7 yw) -

é(x,y1)) " be the empirical covariance matrix of the data
for objective i. We consider the consensus problem that

W = ﬂﬁ;l W) and calculate the direction using Eq. (9).
Define D(m) = d(S(m), \N_,W ™). For § € (0,1), with
probability at least 1 — §, we have

) -

m3/2 -1
( fpoly <eB7 B/’ (miin Amin(EDi) + %) ))

o (5F),

The above theorem shows that the final gap of returned
policy depends on the coverage term min; Apin(Xp,) of
the offline dataset and the number of iterations 7. As
T increases, we achieve a standard convergence rate of
O(1/+/M), which is standard in prior offline RL algorithms
(Jin et al., 2021; Liu et al., 2020). We also provide the theo-
retical guarantee for malfare function minimization.

Theorem 5.2 (Malfare). With the same definitions and con-
ditions in Theorem 5.1, we consider the malfare function
minimization problem with an integer' exponential param-
eter ¢ € Nt and use Eq. (10) for the direction. Define
Dy(m) = XS0 ¢ud?a(S(m), W), For § € (0,1),
with probability at least 1 — 6 we have

Dy(7") = Dy(m")

de/Z\[
=T
( min Cn)1/2q>> +0 (B\/ETfl/m) .

ne[N]

-0 (pOIY < Hl_iIl Amin(E'D,;)ilv

5.2. Online Algorithm

Now we provide the online version of MOPO, which is sim-
ilar to the offline setting. The main difference is the adop-
tion optimism principle (Eq. (7)) rather than the pessimism
principle (Eq. (6)). Additionally, the dataset is collected
incrementally online, and we also estimate the importance
weight « instead of assuming it is known.

Additionally, rather than assuming the weight is known, we
estimate it based on the frequency with which humans re-
port the objective. This method also works offline by using
the frequency of related data in the dataset. At each round
t, given a prompt 2 ~ p and two responses y; and yo,
each group n identifies an objective I*(") € [m] showing
the greatest difference and provides preference feedback

'We focus on the integer case to simplify the proof.
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Algorithm 4 VPO-objective-learning-general

1: Initial: D = (). parameter {p(™), c(”)}ne[N], n, 3.

2: fort =1,2,---, T do

3:  Calculate 6! = argming L(0) for all i € [m].

4 Estimate &%) = {Eﬁ’(")}ie[m] for each n € [N] by
MLE with D and {0!};¢ [ by Eq. (11)

5. Calculate WhH(™ = W;(ﬁ;f’j
ELgt=1m) 4 2445 for each n € [N].

6:  Collect Dy;,6" by MOP-RB(d’,D) or MOP-
RF(d!, D), and update D = D U D;.

7. Calculate the point V! = En[rf (z,y) —

ot =
5DKL (T(t”’]rref)] = C - B]EyNWbase[log i (yl )]

t,(n) _—
) Where « =

Tref (Y]2)
2% (y|z —t _q—t—1
+BE e [log Tr] and V' = L2V 4V
8:  Calculate the direction c{il by Eq. (9) or Eq. (10),
and calculate dt*+! = HﬁT\Il'

9: end for
10: Return 77 = L ST 7t

(yfé(n), ylt7(”))
t,(n)

(2, v ,ylt’(”),ft*(”)) into D) for all group n. Next,
we model how humans select the objective index. For re-
sponses ¥y, and y;, the gap on objective ¢ is quantified as
| - (13 (2, yw) — (2, y1))|, with the selection following a
softmax distribution:

on that objective. The model collects the data

P(I | a7r*axayu17y1) X exp(ai : |T;k(x’yw) - T:(I,y[)D

Then if we define the likelihood function as

Lo, D™, ) = >

(%ymyuf)ep(")

P(I | Q, x7ywayl7r9)7

we can estimate the importance weight vector for each group
by MLE as

dt-,(”) = argmaXL(Oé,D(n)vét)v (1)

a€EA, 1

where we use an estimated reward parameter 6 to approx-
imate 0*. Before we present our results, we assume there
is a gap between the reward obtained by following the op-
timal policy 7* and the reference policy m..¢. This gap is
reasonable since the expected reward should be improved
after fine-tuning.

Assumption 5.3. There exists a constant v > 0 such that

min EwNP,leW*7y2~Wref T;k ('73’ yl) - T;k (.13, 92)| > 7.

1€[m]

The following theorem shows that Algorithm 4 is a no-regret
online algorithm that can converge to the optimal policy for
the consensus problem.

Theorem 5.4 (Consensus). For the consensus problem, sup-
pose the Assumption 5.3 holds and the group n has param-
eter p\™ and ™), then if we use Eq. (9) to calculate the
direction, for § € (0,1) and ) = 1//T, with probability at
least 1 — § we have

D(zT) — D(z*)
<~y 'poly(exp(1/8),m, N, e?, d,log(1/6), s,
(min p™)~1), By) - O(1/VT),

n€e[N]

~T __ 1 T t _ Thase (Y]T) —
where #* = 7 >, 7', and k = sup,,, ey B =
2/m(B + max,, ™) are constants.

For the malfare minimization problem, we can derive online
results similar to the offline setting.

Theorem 5.5 (Malfare). With the same setting in Theorem
5.4, if we consider the malfare function minimization prob-
lem with an integer exponential parameter ¢ € Nt and uses
Eq. (10) to compute the direction, then for 6 € (0,1) and
n= 1/\/T, with probability at least 1 — 6 we have

Dy(7") — Dy(m")
S FyilpOIY(eXp(]‘//B)7 m? N? er d? log(]‘/é)’ Kﬂ Bl?

in p(M)—1 in ()2 . QT2
(féfﬁ]p ) ,(nrg[ljr;]C ) ) - O( ),

~T _ 1T ¢ B Tbase (¥|T) _
where 70 = >, 7', and k = sup, , =00, By =

7Tref(ylx) ’
2/m(B + max,, ¢™) are constants.

6. Experiments

We fine-tune a LLAMA?2-7B model using Anthropic-HH
dataset (Bai et al., 2022) with three different objectives of
an LM assistant: Humor, Helpful, and Harmless. We run
the offline version of MOPO, and use MOD (Shi et al.,
2024) as the sub-procedure to solve the linear aggregation
maximization problem at each round. The pseudocode is
shown in Algorithm 5.

For p = 0.5, we compare the RS algorithm (Rame et al.,
2024) and MOD algorithm (Shi et al., 2024) (both of which
use linear aggregation), and a baseline AR that directly
aggregates the reward using non-linear aggregation. The
experimental results show that MOPO performs generally
better. For p = —o0, we compare MOPO with max-min
RLHF (Chakraborty et al., 2024), showing that we achieve
comparable performance. Note that MOPO is an iterate
algorithm, thus the computational cost can still be high
due to the large number of iterations. In practice, we can
mitigate this by either reducing the number of iterations or
computing a single gradient update per iteration (Guo et al.,
2024). In our experiments, we set the number of iterations
to 7, striking a balance between computational efficiency
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and performance. To compute the expected reward vector
V', we calculate the expectation by taking the expectation
over 100 training samples, and we believe the performance
of MOPO can be improved by using more training samples
to calculate the expectation.

MOPO is a more general framework and can be applied to
multi-group problems. More experiments and details are
provided in Appendix A.

Table 2. Comparison of previous representative work for
MORLHF with p = 0.5,¢ = 0.5 and the objective Harmless
and Helpful. The score is the distance between the reward vector
and the target set. The smaller one is better.

« Ours RS MOD AR
(0.1,0.9) 0.229 0971 0.808 0.555
(0.3,0.7) 0.051 0.666 0.079 1.459
(0.5,0.5) 0.015 0.078 0.103 1.314
(0.7,0.3) 0.067 0.707 0.800 1.004
(0.9,0.1) 0.184 1.153 1.137 1.526

Table 3. Comparison of previous representative work for
MORLHF with p = 0.5, ¢ = 1.3 and the objective Harmless
and Humor. The score is the distance between the evaluated re-
ward vector and the target set. The smaller one is better.

« Ours RS MOD AR
(0.1,09) 0335 0.362 0337 1.767
0.3,0.7) 0.578 0.678 0.572 2.011
(0.5,0.5) 0.720 0.882 0.723 1.970
(0.7,0.3) 0.630 0.860 0.722 2.411
(0.9,0.1) 0.217 0.391 0396 2.068

Table 4. Comparison with max-min RLHF for objectives Humor
and Harmless. The number pair represents the reward vector. The
pair with the larger minimum value is better.

Ours Max-Min RLHF
(Harmless, Humor)  (1.097,1.297) (1.530, 1.146)
(Harmless, Helpful)  (0.034,0.497)  (-0.135, 0.393)

7. Conclusion

In this paper, we study efficient multi-objective and multi-
group RLHF problems under non-linear aggregation. By
transforming the non-linear aggregation maximization into a
series of linear aggregation maximization sub-problems, we
find a computationally efficient algorithm that can converge
to the optimal policy. Theoretically, we establish a general
framework with converge guarantees for both offline and
online settings, and the framework is also adaptable to a
reward-free version. Empirically, we present a training-free
framework given the reward functions and optimal policies
for all objectives.

There are many future directions worth exploring. First, one
can study how to learn the parameter p in the aggregation
function like (Pardeshi et al., 2024) using the preference
feedback. Second, one can further study the token-level
MORLHEF (Zeng et al., 2024) based on our idea. Last, it
is interesting to further study the multiple preference ag-
gregation in Stochastic Transitivity model (Fishburn, 1973)
instead of BTL model, and further discuss the relationship
between them and previous distortion negative results (An-
shelevich et al., 2021).

Impact Statement

The goal of this paper is to advance the field of multi-
objective RLHF, which can be applied to many applica-
tions in society. Our approach aims to mitigate biases in
language models and promote fairness across diverse popu-
lations. However, it should be careful for implementation
and evaluation to avoid unintended consequences, such as
exacerbating inequalities or overlooking underrepresented
groups.
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A. Experiment Details

In this section, we provide our practical algorithm. We run the offline version of MOPO, and use MOD (Shi et al., 2024)
as the sub-procedure to solve the linear aggregation maximization problem at each round. The pseudocode is shown in
Algorithm 5.

Algorithm 5 MOPO(Practical Version)-Offline

. Tnitial: 4 = (L,--+, )7, dataset Doiine, W.
: Calculate the optimal policy 7; for each objective i € [m] using offline dataset Dosine.
cfort=1,2,--- T do

Execute 7* = MOD({; }i<m, d*1).

Calculate the point V' € R™.

Calculate the direction d* = Proj(W, V*), and get the average direction d* = 1 >~
end for

t d?
J=1 [ld7][x "

N R

Note that the algorithm average the direction instead of averaging the estimated reward vector function, which can lead to
a more stable result. To execute the Line 2, following the previous paper (Shi et al., 2024), we first fine-tune the model
LLAMAZ2-7B on the Anthropic-HH dataset (Ouyang et al., 2022) to get the reference policy 7..r. We then get the optimal
policy 7; for each objective i € {1, 2, 3} using PPO approach trained on three off-sheld reward model:

e Harmlessness: https://huggingface.co/Ray2333/gpt2-large-harmless—reward_model
* Helpfulness: https://huggingface.co/Ray2333/gpt2-large-helpful-reward_model

e Humor: https://huggingface.co/mohameddhiab/humor—-no—humor

Multi-Group Problem with Multiple Objectives We perform the experiments on Harmless and Humor dataset when
we have N = 2 groups. One group has the target set W's | 5 and the other has the target set W< ;. We compare our
consensus algorithm with Eq. (9) and a variant of max-min RLHF. In this variant of max-min RLHF, we use min{ry, rs, aq -
(max{ry,0})"® + as - (max{ra,0})%5} as the reward. We also perform experiments on the Harmless and Helpful dataset
with the target set W'; ; 5 and the target set W2 . The following tables show the experiment results. The results show
that our algorithms perform relatively stable and better, while this variant of max-min RLHF performs unstable. However,
note that this variant of max-min RLHF also needs retraining whenever one group changes the aggregation approach, which
is time-consuming for real-world applications.

Table 5. Comparison of MOPO and a variant of Max-Min RLHF on multi-group setting. The objectives are Harmless and Humor. The
score is the distance between the evaluated reward vector and the target set. The smaller one is better.

a Ours  Max-Min RLHF
(0.1,0.9)  0.408 0.992
0.3,0.7) 0.577 1.171
(0.5,0.5) 0.708 0.429
(0.7,0.3) 0.619 1.342
(0.9,0.1) 0.406 0.208

Table 6. Comparison of MOPO and a variant of Max-Min RLHF on multi-group setting. The objectives are Harmless and Helpful. The
score is the distance between the evaluated reward vector and the target set. The smaller one is better.

« Ours Max-Min RLHF
(0.1,0.9)  0.230 1.073
(0.3,0.7) 0.052 0.123
(0.5,0.5) 0.015 0.261
(0.7,0.3)  0.067 0.204
(0.9,0.1) 0.184 0.121
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B. Proof of Theorems
B.1. Proof of Theorem 3.3

Proof. Then, suppose the reward vector S(7) is (s1,--- ,5m) ', then by the definition of D(7), we have
D(m) = imax{c — 5,012 < i max{c — s},0}?,
=1 1=1
where s¥ = (S(7%)); = En«[r} (2, y) — 8Dk (7| 7rer)]. Hence we have
max{c — miin 54,02 < i max{c — s;,0}>
i=1
< zm: max{c — s},0}?
i=1

<m-(c—mins})* < m(c—c*)?
7

which implies that .
c—mins; < v/m-|ec— ',
K3

and

¢ —mins; < (vVm+1)|c" —cl.
1

Thus, if ¢ is selected such that |¢ — ¢*| is small, then we can also find a policy , such that

miinE,r[rf(;v,y) — DkL(7||mrer)] = ¢ — (Vm + 1)|c* — ¢].

B.2. Proof of Theorem 5.1

For simplicity, for the following proof, we use [E,:[] to represent E,., yrt(.|z)[-]. Since we do not assume the target set
W™ is approachable, we have the following property for the approachability:

Lemma B.1. For each 6 € R, with ||0||2 = 1, we have

. * - * * * * 9* * * *
Jg§J&x>SE&4wﬂymﬁﬁy_§:@ﬁDme|hmg}+D@r):HMM.J&D.“7nm”6m,W7,F)+ZXW)
x i=1

9 i} .
< \/TTLJ(TL 7Tj7va7W*a7T )+D(7T )

Proof. By the definition of D(7*) = d(S(7*), W*), we know that there exists a vector p with S(7*) +p € W* and
|lpll2 = D(7*). Then we can have

m

min (6,2) < (6, S(x") + ) < Ex (6,77 (2,)) = Y 0:8Dkcr (7" [mer)) + D).

The last inequality holds because of ||0]|1 < /m. O

We can first bound the regret by

D(#T) — D(z*)
= d(W*,Ezr[r*(z,y)] — ADkL(7" ||mrer)) — D(7")

13
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] =

<d (W*,EﬁT [r*(z,y)] = DKL(thmef)) - D(7")

o~
I
—

Nl N>

T 1 T 5 T
=d (W*aEﬁ'T [’I"*(ﬂ?,y)] - ZDKL(ﬂq'Wref)) —d (W*a T ZE T Z ||7Tref >
(A)
T ﬂ T
( Z T Z ||7Tref > - D(ﬂ'*)
— (A) +d( “V ) D(r). (12)

The inequality uses the fact that
T
~ 1
Dgr (7 || Tref) < T (; DKL(WtHWmf)) :

Recall that
D(r) = d(W*,Exe[r(2,y)] — BDkL(7||7ref))

and 7* = min, D(7*). Now, by Lemma B.1, for each § € R™ with ||0||; < 1, we have

Juin (0, 2) < B [(6) Ze BDRL(n” [ meer)] + D(x*) = J(1F, - 77, 0,W*,7%) 4 D(r").

Denote V! € R™ with (V1); = E ¢ [f(z,y) — BDkL (7 ||7rer )], and %Vt =>'_, V. We have

—T . —T —T
AV, WP =V —Tw-(V7)]?
=T —T—1

<V —Mw-(V" )2

T—-1

I

D@ e (7)) (v e (7).

First, based on the definition of W*, it is easy to show that d* = 0. 7! is the optimal policy such that

T—-1\>, —r-1 . 1 _
~(55) ar e v - e

+

ﬂt[ d 7“ T y Zd ﬁDKL ||7Tref)] Eﬂ'rcf[<dt772(x?y)>] > 07

thus (3°7", db) - BDkr, (7| mrer) < Ege[d' - #(x,y)] < B. Hence, given d* = 0 and ||d*||2 = 1,
B

l7reet) < ; < B.
Ez 1 1

BDky (7

we have [(V?);| < B and
VT =Ty (V" )[1% < B*m

Thus by iteration we can have

T
2V W ST BPm+ Y 20t = )V — Ty (V') - (V= T (V' )).
t=1
Now, by the definition of d!, we have
t—1 t—1 —t—1 —t—1 t—1

V' My (7)) (V= e (V) = d(V W) -t (I (7 = V).

Then, we prove the following lemma.

14
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—t—1

Lemma B.2. mingcw-(d",z) =d" -y« (V ).
Proof. In fact, we only need to prove that for any = € W*, (V' — Iy (V' ),z — Iy« (V' 1)) < 0. Suppose there
exists z € W* such that <Vt71 — Iyy- (Vtil)7 x — - (Vt71)> > 0, then since W* is a convex set, for any A € (0,1),
we have xy = Az + (1 — \)Iy- (Vt_l) € W*. Consider the line
—t—1
—t— Iy« (V -z
My (V) + t—Y (7H) ,
M- (V") — x|

. L —t—1 - .
Also, we consider the projection of V'~ on this line, and denote it as p. Then we can get

teR.

0< (V" ~Iy (V") —ptpz Iy (V) = (p— M- (V' ),z — My (V' 1)).

Hence when A — 0, x is between p and Ilyy - (Vt_l). Also,

[V = a2 =1V = pl2 + o = a2 < [V = pl® + llp = T (V)2 < [T (V) = )%,
which contradicts the selection of ITy« (Vtil). O
Now, by Lemma B.1 and Lemma B.2, we can get
d' Ty (V) < It -k db 7%) + D().

Then, since we define d? = d'/||d*||;, we can continue the analysis by

(V' =T (V7)) (V= Ty (V)

=d(V W) (Nl T (5,75, e dw) + D) — d V)

= d(V W) (- (TG T @) = Ty, @) + D)

=d(V" W) (d - (Y] La(0Y) — Y Li(0%) + D).
=1 =1

Thus we can get

TdV' ,W*)? < B

LWl ST Li(8%) = alld' Y Li(6%) + D(x*)).
=1 i=1

Now we use induction method to show that

m

T
T o L ¢ "
dV ,W*) <D +7 §: lld?]| § (Li(0") — Li(6%)) +2Bm/Vt.

=1

When ¢ = 1, the inequality holds by
1AV, W*) — D(x*)|| < d(V", S(x*)) < 2B.

Denote A; = n- |||y - (31, (L;i(0%) — Li(67))) and S; = 22:1 A;, then for all t € [T — 1], suppose we have

—t—1 1 \/m
* < * )
a(\v ,W)_D(w)+t_15t_1+28<m>

15
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Then we substitute these induction hypothesis into the recursion inequality and get

Ta(V', W)

T

2(t
> m* 2B (A; + D(m
B*m + T ( )+t Si1+ ( ) ¢+

t=1

)
m+é<2 7 D) + St 1+QB< )) (A; + D(r*))
( D4 ) )

=B*m+ (T — Z =5t lAt+Z( St—1+
T
£y 2 (QWT ”‘1) (4 + D(r*))

2 w2, L d * r'+it-1 .
< B?m+ (T = 1)D(r")* + 557 +) D(n*)- (TAt> +2y/m - 2BVTD(*) + (2y/m - 2B/VT)Sr

< B’m+ (T —1)D(7*)? + %S% + D(x*) - (2S87) + 2/m - 2BVTD(7*) 4+ 2y/m - 2B/VTSr

< T-(2BVm/VT + D(7*) + %ST)Q.

Thus we have

%

" W) D)+ 3 I S 0) ~ Lo + P

Now we derive the final regret. By inequality Eq. (12), we can get

DY) — D(r*) < (A) +d(W*, V") — D(x%)

”E]Wm}: )—wamﬁig?
=1

(B)

Now we consider the error term (A), which represents the approximation error of the reward function. Now we have
m
3 it i

T m
ZZ (1646 9) 2o, 431116} = 67 120, 01 -

Similar to (Cen et al., 2024), since (r?, 7%) can be formulated as a saddle point of the objective J(r, d,m) + > i~ nL;(6;)
for any direction d € (R*)™, we have

nVe,Li(0;) + iy yrt [9i(z,9)] + MEsnpymmyae [@i(2, y)] = 0.
Also, denote fyirg = argmingcg Z;Zl nL;(0;), we have

NV, Li(0; MLE) + MEamp yrmpae [0i (2, Y)] = 0.

1 T
W§T2mt

ﬂ \

Follow the same derivation in (Cen et al., 2024), we can get

di (34 eB )4 Amin(Ep,) + A)
16; — 0 mLEl5p, 2 < — - ( )4 (Amin (Xp,) + A) o

i )\(B/)Q
n

16
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(3+ eB/)4(>‘min(2Di) + )‘)_1
< NIT; + 2

where B’ is the upper bound of norm of 6, i.e. maxyceg ||0]]2 < B'.

A(B')?,

Now we recall the Lemma 3.1 in (Zhu et al., 2023), which bounds the true parameter and the MLE parameter.

Lemma B.3 (Lemma 3.1 in (Zhu et al., 2023)). A > 0 is a positive constant. For § € (0,1), with probability at least 1 — 6,
we will have

" d +log(1/9)
||6; —az,MLEHEDi-;-)\I <O ((3+ ) Tg/ \/T>

Also, L;(0) is a convex function. In fact,

1 1

V2] <
3+e B'ED — V ( )_ 421)1..
Hence, we get
1 &
(A) < T ZZEﬂ—t |:H¢1 X y)” Sp,+A)~ 1||9 QIHEDF"AI}
t=1 1=1
T m ,
1 (3 + eB )4()\m1n d + log 1/6
SiZZ”EWWbZ (z,y H(E +AI)- 1-(’)( \/T
T t=1 1=1 Pi \/M
~ B’ X _9
<& (m(3+e )4(Amm(2% N)"?V/d +1og(1/9) A(B')2>,

The notation O(-) hides all the logarithm term like log(1/6).

Now we consider the term (B). First, based on the convexity of L;(6), we have

Li(0)) — Li(0:aaie) < (VoLi(0Y),0) — 0; mLE)

1
= 5< di]Epr,ywﬂ'e [¢2 (.’L’, y)] - >‘1Ez~p,y~ﬂ'base [(bl (337 y)]> ef - Gi’MLE>
d;
= g< Exwp,yw'n'e [¢2 (LL', y)] - EINp,yNTrbase [¢l(x7 yﬂ’ ef - 6i’MLE>
d;
< N ymn® [0 (2 9)] = Eanpymmpnae [95 (@, 9]l 2, 201 105 — Oimrell 5o, +21
2d; -1 t
< o (Amin(Ep;) +A) 7 - [10; — i MLEllsp, +a1

<0 ((3 + eB )()‘II:}‘%ZD‘) + )\)_2 + % )\(-BI)2 : ()‘min(ZDi) + >\)_1> :

The last inequality uses the fact that d; < 1. Also, with probability at least 1 — §, we have

Li(0ine) — Li(0%) < O(1).

Now sum over ¢ € [T], we can get

3+ 6 )(mlnz Amin(Z’Dv) + A)_Q 4 . _1
: + =V A(B)?- Amin (Zp,) +A) 7+ 1,
\/M n ( ) (Hliln ( D ) )

17
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where the last inequality uses the fact that 7 = 1/v/M and ||d*||; < v/m. Hence, we have

D(") — D(x*)

<(A)+B) + 23%
. (5( m*?(3 + ) (min; Aminfgi +A)72 d-+1og(1/8) ?7”\1/*3 VA Gait i (m,) £ ) % B\>/>Tm>
<5 m*2(3 + ") (min; Amhj%;i +A) VA Tog(1/9) 4m\;;\i43' i e (B,) £ ) % . %ﬁ)
= \/mM O (poly( mm Amin (XD;) \/m B )) (Bf)
The last step is because n = 1/ VM, A=1 /M. Hence we complete the proof. O

B.3. Proof of Theorem 5.2

Proof. The main proof framework is similar to Theorem 5.1. The difference lies in the approach to deal with the aggregated
p-norm of the distance.

N N
N G (VW) = chuVT — Ty (V)] (13)
n=1
<Zgn||v —HW*(V R (14)
N

For the vector z,,,y, € R™ with x,, = (T — 1)(VT_1 — Hw:(V
2T By/m, ||yl < 2B+/m. Hence, since g > 1, we have

T—1 1 —T-1

—HW;(V )) + T(VT—HW;(V (15)

T_l))vyn = (VT — Iy (VT_l)) we know ||z, | <

lzn +ynl*? < (lzall® + lynll® + 2(@n, yn))?
< Nlwnll*? + 2(zn, yo)lza 2972 + 37 - T2472(2B)*'m

We can further bound the inequality (15) as

TQ‘JZC 29V W) < ZQ,Hxn + yn||% (16)

n=1

~1) QqZC AUV T W) + 129 T2 2 Ry (17)

T-1

N
T-1)Y GV (V' )V Ty (V) a2 (18)
n=1

Then since ||z, || = (T — 1)d( W*) we can finally get
T2qZ§ 29V, W) ~1) 2‘124 A9V W) + 12972472 B2 (19)
n=1

T—-1 T—-1

N> ).

n

+ 2T — 1)20 Z GV = Tl (V) (VT = T, (V
(20)

18
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Hence by the recursion, we have

N
T%0y " Gud™ V', W) < 1297291 g2apya

n=1
N —t—1 —t—1 —t—1 —t—1
DXIN NGV =Ty (V) (VE =T (V7 )d> 2 (VW)
t=1 n=1

Now the last term at the right side can be further bounded by

M=
M=

Calt =127V — My (V) (V= Ty (V)T 2(V, W)

-
—
3
Il

NIRRT
M=

Ca(t — 212NV WL - (M (V') = V)

-
Il
=

1

n

M=
M=

Galt = 1?1125 (VW) (b 05 s ™) 4+ d(S (), W) = [l T (- P )

o+
Il
-

n=1

2g—1

N 29
O (Z cnd%(vt‘l,vv;))
n=1

IA
NE
I~

-
Il
-

N
: (ldtllJ(rI«-- Ty df ") + J > Cud?a(S(m*), W) — || [[1 T (Fr, - ,fm,dt,nt)> 1)
n=1

2g—1
2q

<> (Z cnd2q<v“,wzz>> ~ (Dq<7r*> |l <Z L") - n_sz))) . )

The inequality Eq. (21) derives from the definition of d* in Eq. (10) and Cauchy’s inequality. Let Sp =
2{/221:1 CndQ‘l(VT, W), then we can get

(t— 1)

TS2q < 12q B2q q + Z WSfEII . <D ( +T]||dt||1 (Z Lt ZLf(Gt)>> .
i=1

t=1

Define A; = Dy(*) + nl|d*||y - (3=, LE(6*) — >0, LE(6)), then we use the induction to show that there exists a
constant C, such that

1¢ _
S; < <tZAS +C,T 1/2‘1> :

s=1
In fact, it holds when ¢ = 1. Now suppose it holds fort = 1,2,--- [T — 1, we have
T

2t —1)%1 ., A
s < v pamyr Y 2D g A

T 1 t—1 2g—1 4
<127 B /T +2 <T > As+ ch1/2q> T

t=1 s=1 T
T 201 = k+1 A o
<129 BT +2) > < 4= >T <2A5> .%.(Cq)zq Ik
t=1 k=0 s=1
T g1 o (1
9. B24,,4 2q—1—kp—=5—=—" [ =
<127.B m/T+kZ=;( L )(cq) T <T;At> .
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Now we choose C,, = (129 - B2Im?) 27 — \/12B2%m, then we have
q

2q—1

T k1
2qg—1 29-1-k 1
sp<owem+ Y (M) e ( ZAt)

k=0 1

t=

2—1 % . T k+1
2q q—1—k — 29 1

C/T+Z<k+1)0) T ( Z;At>

2q
1 _
< (TZAt+ch V?q) .

t=1

Nl

which implies that

St < ;iASJrch—l/?q = ;ZT:AS+4B\/E-T_1/2‘1. (23)
Hence we have
i icnqu(VT W) — QET: l|dt||1 i LL(07) — LY0Y)) + O(By/mT~1/?9).
W T 2

n=1 =

Now we derive the final regret. We can see

Dq(frT) - Dq(W*)

(24)
= 2“Z<nd2q ), W) — Dy(r")
- 2& Zgnch Wi, Exr [r*(z,y)] — —ZDKL ¢ mret)) - 1™
n=1
N T 8 T N _r
2:: 1(Wit, = 2:: wt [r? (2,)] fz:: L (| Trer)) - 17 + 2 Z::c wd21(Ws, V') = Dy(n")
N 3 T T 3 T 24
< % Z{n( (Wi, Ear [r*(z,y) 7?2 L(mt || 7pet) - 1) — d(Wys, — Z *TZ L(m || 7ret) - 1m)>
n=1 t=1 t=1 t=1
(A)
T m
7) t t ot 1/2
TZ [Ca® Z — Li(0") +O(BYmT /7). (25)

(B)

The last inequality uses the triangle inequality for 2¢g-norm. Now also note that

T
1
d(W;:vE o l‘ y — T ZDKL |7Tref ) - d(W;, T ZEﬂ-t [’I”

1 T m
STZZ 7T*|r xy (J? y)|
t=1 i=1

T
Z t”ﬂ'ref )-1m)

*ﬂ\@

we have

1 o
fZEﬂt[T;‘k(x?y) 77’i €z Z-,I

t=1

=S Bl (@,9) — 72, 0)

t:l

20
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Now follow the same proof as Theorem 5.1,

m(3 + €Bl)4(/\min(ED1:) + >\)72m + m)

ROT
()SO( YT

and

m

T
n t t(pnx topt
(B) < T; [[d"[|x ;(Li(e ) — L;i(0%)

Nym-m < [ (34 P (min; Apin(Ep,) +A)72 4
S \/ﬁ mO ( +e )(mll’l ( ’D1)+ ) + = )\(B/)2'(minAmin(EDi)"‘)\)_l“rl ,
\/M \/M T} 7
where the last inequality we use the fact that
N ) —t29—1 N
W|W — V|37
Ay p— | <> ¢ < Ny,
24 n=1

= (S Glwe = V)

Combining the Eq. (25) and the upper bounds for (A) and (B), substitute into = 1/v/ M and A = 1/M, we can complete
the final proof. O

B.4. Proof of Theorem 5.4

Proof. Recall that V' € R™ with (V*); = E,« [rfz (z,y) — BDkL(7!||mef)], and V= 15~ V. We also define
WO = {(0,0)}. Since W is the estimation of W* at round ¢, we have

AV W2 = |V Ty (V)2

—T —=T—1
< |V =Twe (V")

=T —T—1 _
<V = Twr— (V7)1 + [Ty (V

2V My (V) My (V

Tﬁl) - HwT—l (VTil

) =y (V

)I?
))- (26)

T-1 T-1

Now by Lemma C.3, since ||VT~!||,, < B is bounded, we have

—T—1

—T—-1 —=T—-1 _ _ —
My (V") = e (V)3 <4d(VE T W dp, (W, W) + 2dg, (WH, W),

Then we can get

T—-1

e (77 = Thyr 1 (77l < 20/a(V" " e s (77 )i, (W W) 4 v2dg, (W, W),

Then the third term on the right side can be bounded by

T-1 T-1

(V' =Ty s (V') Ty (V )
<V e (VY Mypr (V0 Y) = oy (V.

—T —T-1 —T-1 —T-1
+ V' =V [y (V) = Hypr— (V)|

) = yyr— (V
T—1

)

<dV' w1 <dt,HWT V'Y - Myra (V1 v

1 T-1
)+ 7y (7

Y= My (V)]

HWT (VT_l)fvT_l

Now denote df = Ler 7T V7T then by Lemma C.4, we can get
wT -

dVT T wTYy Lt - dY| < 4\/d(VT_1, WT=1)dg, (WT=1, WT) + 2dp, (W1, WT),

21
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Then we can bound the inner product term as
avTT w1y <dt,HWT v - HWT_l(VT’1)>

—T-1 _ 5 —T-1 —T-1
<dV W ld = d - [Tyr (V) =Ty (V)

vavT T Wy <c2t,HWT v - HWT,l(VT‘1)> .

By the definition of Jt, we know that

—T—1

(dt, Tyr (V

)) = min (d",2) < (@, Myr ([Dyr (V)

zeWT
—T—-1

< dBl (WT7 WT_l) + <d~t7HWT_1(V )>

Hence the inner product term can be further bounded by

—1I—1 _ —T-1 —=T-1
av T wT 1)-<dt,HWT(v )~ Myyrs(V )>

< (4\/d(VT1, WT-Vdg, (WT-1L, WT) 4 2dg, (WT1, WT)> :
+dVTT WY g, (W, WY
<33d(V" L WT) dp, (WT, W) 4 8%, (WL W), 27)
Now continue to bound the right side in Eq. (26), we can further get that
T2V W2 < TV =My (V7 243772V WY d, WE,WT ) + 107245, (WL wT).  (28)

Now we can further bound the Eq. (28) by expanding the first term on the right side:

—T—1 1 T—-1

—T —=T— —T—-1 —
T2V~ Ty (V)P = (T =1V = Thyra (V)P + VT =Ty (V)|
+ 2T — 1) <VT‘1 My (V) VT (VT‘1)> (29)
<@V =Ty (V)P4 (B+ Bi)*m
+ 2T - 1) <VT‘1 Ay (V) VT~ Myprs (VT‘1)> . (30)

The inner product term is

<—T71 —=T-1

—T—-1 —=T—-1 _ _ —=T—-1
Vi e (VY VT Sy (V )>=d(V w7 1)-<dT L yr 1 (V )—VT>.

Note that (d7—1, HWT—I(VT71)> = min,cyr-1(df 71, 2). Because ||ITyy - (VT71)|| < By, thereis a 2/ € WT~1 such

that ||2' — Ty~ (V' )|l < dp, (W*, WT=1). Hence,

@ My (7)< min (@772) < (@71 2) < min (@77 2) + di, (W)

< J(r*,dT 1) + D(a*) +dp, (W, W),

The last inequality holds by Lemma B.1. Now we continue to bound the inner product term. We have

<VT*1 My (VT ), VT = My (VT*1)>
=V T wTy. <dT—1,HWT71(VT‘1) - VT>

< d(VT_1>WT_1> : (”dT_llll : J(Tra T ,T:n,dT_l,W*) + D(ﬂ-*) + dBl(WT_17W*) - J(Wiv T ft dT_177Tt))

yimo

22
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<A@ wT. <n||d“||1 - (iL? -y u —1«9“)) +D(') +dBl<WT1,W*>> .

Thus the Eq. (28) can be rewritten as
T2V, wT)?
< (T =1V = yrn (V)P + (B + By)*m + 1072d%, (W, wT)
+2T - 1AV wTh.

<n|dtll'<ZLTl ZLT19t> <w*>+dsl<wT-1,w*>+37Td31<wT,wT-1>>.

Then by the recursion, we can get

1 -1

Td(V',WwT)?
10£2d3%,, (W1, W)
T

< (B+ By) m+z

t=1

T m m
=3 2wy (nndT-wh- (ZLH&*)—ZLH&T*))

t=1 i=1 i=1

+ D(r*) +dp, (W'Y, W*) + 37tdp, (W?, W“)) )

By this recursion formula, we can use the induction method to prove that

—T B+B1)?m <= 10¢2 , Ln .
a7 wy < B S, (VL W 4Dl antn Z (L") - L")
t=1

(A) (B)

T T

1
§ : t— 1 * § : t t—1
- W + 7T 37td31 (W 5 W ) .

t=1

© D)

Now we bound all four terms. We first prove that term (A), (C) and (D) are all at level 6(1 / \/T)

Term (A): First we consider term (A). Since Wt = ﬂn L p(il)( "C)(n), the term d} (W', W*) can be bounded by

t—1 + at™ 1,(n) at,(n) at™ 1,(n) at,(n)
dy, (WL W) <§ dBl( o) em)s Wiin) o(m) <N§ A, (Wit s Wik oo ) -

Since of = =Lal ™! 4 167, we can know [af — a' 7| < }[&' || < 7. Then, by Lemma C.2, we have
d ( at—1 ,(n) at,(n) m3/231 1 (31)
B n)._oln moem) S T
V(W enys Wit et EOI

Thus by Eq. (31), we know that

(32)
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Term (C): We have

3/231 = t— 1 *
© < Z o ZH — oo
T
N T
1 m3/2B, 1
< = -y Lexp(4/8 pol B d,log(1/5)) —
7 ; O (4/8) - O (poly(m g(1/5)) ;\ﬁ
1 Nm3/2B,
< — - — -y Lexp(4/8) - pol eP . d, log(1/6))) . (33)
Term (D): First, we have
1 X N
D) < = t,(n) t—1,(n)
( )_T;m;dgl(w 144 )

Then, by Lemma C.2,

T N
37B; 1 ZZ 37tm3/2 B, o™ _ g1

D) < + =
T T t=2n=1 |p(’ﬂ)|
3Tm3/2B] e 1 ( ¢
- - Aty (n) _ t—1,(n)
< . & « —|—1>
T .
3Tm32B1 o~ 1 (= (yattm) vin Cn
< B S A (3 (10 0 Ot o — 0] )
n=1 ‘p ‘ t=2 o
3Tm32B) e 1 |, 37m?/2B
-~ . A )( ) a(n t— 1(” _ *7(”) 71
< ;‘p(n)‘ ;lla +lea oW+ G4

(E) (F)

For the term (E), by Eq. (57), we have
T ~
<) @kt —an M|, <471 O (poly(m, e”, exp(1/8), d,log(1/6))) - VT.
t=1
Also by Eq. (57),

(F)<ZT1 O (poly(m, e”, exp(1/8)d, log(1/9))) -

Sl -

<~ - 16) (poly(m, e 7exp(l/ﬁ), d, log(l/é))) VT.
By Theorem B.4, the term (E) can be bounded by
(B) < v 'poly(exp(1/8),m,e”, d,log(1/8))O(VT).

Thus substitute these upper bound to the Eq. (34), we get

T N
1 t(n) yprt-1,(n)
(D)STE 37t > dp, (WH, W )

t=1 n=1

< v Ipoly(exp(1/8),m, N, e?, d,log(1/6), Bl,(m[m]p( )~ - O /VT). (35)
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Combine them: Now we combine the upper bound of (A), (C), (D), i.e., Eq. (32), (33), (35), we can get

v, wT) < (B+By)*m + 7 poly(exp(1/8), m,e?, d,log(1/6), min %,31)6(1/\/:7) +D(7*) + (B).

T 9 9 » ) nE[N] p )
(36)
Now we consider the proof of Theorem 5.4.

D(z") — D(n*)
=d(W", Ezr[r"(z,y)] - BDKL( Tlimvet)) = D(7%)

< d(W* Ezr| ZDKL Hmee)) — D(*)
, ’f;l Lo g
=d(W*,Ezr| T Z: |7Tref —d(Wr, T ;Ent [Tt(xvy)] Rl ;DKL(Wt||7Tref))
(*)
+d(W*,lzT:1E EXT: 7 mrer)) — D(r*)
T = T~

= () +d (W, V") = D(x)

< (%) +dW*, WT) +d (WT, VT) — D(r").

(%)

Term (x): First, the term (x) can be bounded by

I A

= B [l y) — i) |
t:l

Now note that
1 & 1 &
7O Bt [#(@,9) =11 @09)] = 7 Y Byt iz [(FL@,30) = ré(@,2) = (0 290) = 77 (@,3)))] - GBT)
t=1 t=1

Now since the reward contains a linear structure, by Lemma D.3 with deoyer (1/T') = 4] (d), for any p; > 0 we can derive
that

t—1

m T
* * dcover 1/T ~
1S3 DS B0 10) ) — o3 w) i )+ 2+ B8
i=1 t=1 j=1 v
- o * * 2 dcover(l/T) ~
<Y piexp(A/B)k D 0D By iy (1 (@ y1) = i y2) — (7 (00) — 7 (2,42))) ]+ T O(Bd)
i=1 t=1 j=1 v
m T t—1
dcover 1/T A
=3 /B 30Dy s (A + 2Ty 5, 38)
i=1 t=1 j=1 Hi
The last inequality uses the fact that
sup 77%&.56(2/ | 2) < sup Moase(y | ) - sup ﬂrf’ff(y | 2) <exp(4/B) -k

vy TYle) T ey met(y ) wy m(y|z)

where 1 = sup,, , ™2<WlT) (Cen et al., 2024).

Y Tref(y|x)
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Term (xx): Now we consider the term (xx). By Eq. (36), we know that

2m
(**)Ew\/?+vlpoly(exp(l/ﬂ),m €% d,log(1/8), min ~, B)O(/VT)
T m

Now by the MLE loss, there exists a constant C” such that

TZ 77HdtH (Li(07) — Li(07))

3

;T m

C
Z 1" ]|+ log(|R]/3) — TZZnIIdtlll D Eyers [Al(z,)7]
1=1 t=1 =1 jefol
" ! T m
= 0@mnymd) === > > lld'l D] Eyems [Al(.9)°] (40)
t=1 i=1 jE’Di-‘_l

Now consider the second term in Eq. (40). We can bound it by

T m
ZZ Z Eyl,yzNﬂ'j[AE(‘rvyy]

t=1 i=1 jEDif_l

T m t—1
B Z Eyl’y2~77j’IN]P('|‘1*¢1%111,212,T*)[Ag(xa y)2]1{]3 = i}]
t=1 i=1 j=1
m T T
2 K1 Z Z Z By, yormi.1 Z[At(xj )2]1{[] =i}]
i=1j=1t=j+1

m T
=m0 D By e [AL()°), @D

where the inequality uses the fact that inf, ; ; = k1 for some constant . Since the distribution of index

[ S
I P(ITo x,y1,y2,7)

is a bounded softmax distribution, we can derive that k; > W > meB Thus we can get
T m 1 m T t—1
ZZ Z Eyl Yol [A (‘T y Z meB ZZ EylayZNﬂ'J y) ]
t=1i=1 jept—1 i=1 t=1 j=1
Hence, the Eq. (40) can be further bounded by
1Tm t t tnt 77O||d||1m:Ft1
7 2 2 nlld Il (LHE;) = Li)) < O@mnyimd) — gt 3 0N Y By g [Al(@,9)’] (42)
t=1 i=1 =1 t=1 j=1
m T t—1
(anfd TmeB ZZZE% yoromd [ y) J- (43)
=1 t=1 j=1

The last inequality uses the fact that ||d'||; > 1. Now combining (x) (Eq. (38)) and (*x) (Eq. (39)), by choosing p; =
C/
B exp (A BIRVT we can get

D(z") — D(r%)
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< (%) + (%) +d(W*, W)
- meB exp(i/cﬁl)j;wver(l/T> LB +¢Bfl)2m +O(Bd)+ 0O (m\j/;d) +d(w*,wT. (44)
Note that
»wa<i &%@,ﬁ$m<MWz ot — ot
< m?\)fTBl . (ﬂij:l p(1”)> -y poly(exp(1/8), m,e?, d,log(1/6)) (45)
< nﬁ/j/?v ' (nnel[iﬁ]l’(”))’l -y~ poly(exp(1/B),m, e, d,log(1/d)), (46)

where the inequality Eq. (45) holds by Theorem (B.4).
Hence, combining Eq. (44) and Eq. (46), we complete the proof. O

B.5. Proof of Theorem 5.5

Proof. First, note that

AV, W2 = [V Ty (V)2

T—-1
)HQ"
—T

-1 —T-1
<||V Ty (T O + [T (V) = Mypr—roo (V)2

T -
< ||V — Iy, (n) (V

q
LoV —Myr (V') My (V) = My 1.0 (V“») . 47)

Now by Lemma C.3, since ||[VT~!||o, < B is bounded, we have

T—1

_ —T—-1 —T—1 —1.(n n —1.(n n —1,(n
IMyro (V) = Myr oo (V' )[E <4d(V W20 gg (W wT=1m)) 4 og (W) wT=1m),

(48)
Also, by Eq. (27), we can also have

T—1 —1T—1 —T—1

—T —
V' e (V) My (V) = Ty (V)
< 33d(VT_1, WT—l) . dBl (WT,(n)’ WT—I,(n)) + Sdél (WT—I,(n), WT,(n)).

Hence, by Eq. (47), we can get

T2V W)
T —T—-1 —T—-1 —T-1
< <||V —yyr-1.oo0 (V' O+ Mz (V) = Dz (V)|

T —T—

LoV~ Myr oo (V 1

l)vHWT,(m (V ) = yyr—1.0m (VT1)>> :

— T T q
< 7% (||VT My (V0 2 +37d(V T WTY) - dp, (WD) T4 41042, (W10, WT’(")))
(49)
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. _ 3/2 _ 3/2
Now, since d(WT(") WwT=1(n)) < mlp(n)flh lab () — =1 < "’;Tﬁ, we know

(50)

7 37B2m3/2  10B?m?3
3TA(V W) < dp, (WO, W) e 10dy, (W00, W) < S0 4+

Hence, the Eq. (49) can be further bounded by
T2V W)
< T2qd2q(VT7 WT—I,(n)) + @(poly(B‘f, ma, ( m[ijr\}] p(n))*q)T2q72)
ne
=T —T—-1 _
+ TPV Iy (V)27
(37d(VT71, WT717(n)) . dBl (WT’(n)7 WTfl,(n)) + 10d231 (WTfl,(n), WT,(TL)))
< T W) 1 Ofpoly (B, iy ) )T
ne
+ 37T (VL W) g (W) Ty,

The last inequality is because || Pr || = poly(B1, m, (min,¢|y) p™)~1.O(1/T), and
—T—1

V5 = Myroson (VP72 227 W00 < O(poly(BY, e, (min p™)~)T2072).
ne

Now we further bound the first term T2qd2q(VT, WT=1(n), Using the same derivation for Eq. (20), we know that

N
TS Gt (7 W10
n=1

N
S (T _ 1)2q Z Cnqu(VT_17 WT*],(n)) + 12qT2(Z7QB%qmq
n=1

T—1 T-1

N
+2T - 12 (VT e (V D22V wT-Lm),

n=1

))(VT —yyr-1.0m (V
Hence, we can derive

N
Ty Gud(V W)

n=1

N
< (1= P37 G (VT W00 4 Olpoly (B m, (min pl™) )T~
1 ne

N
+ 37qT2q Z Cnd2q71(VT*1’ WTfl.,(n)) . d81 (WT,(n)’ WTfl,(n))

n=1

—T—1

N
+2(T — 1)24_1 Z Cn(VT71 —Iyyr—1. (V ))(VT — Iyr—1,m) (VTil
n=1

))d2q—2(7T*1, WT—l,(n)>.

Now we consider the last term in the inequation above. Similar to the Eq. (22), we have

N
N GV My (VT NV = My (VT ))d2 27 wT=h)
n=1

2qg—1
2q

N m m
< (Z <nd2q<vT‘1wa-l’(">>> Dy(*) + nlld"||, (ZLW) —ZLW)) :
n=1 =1 =1

(%)
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then we can get

N
T24 Z Cnd(VT7 wT(n) )2<1

n=1
N . _
Z Cn dzq ’WT—l,(n)) + O(poly(Bf, md, ( m[izr\}] p(n))—q)T2q—2)
foprt ne
N 5 N
+ 37qT2q (Z Cndzq (VT_I, WTL(TL))) . 2a Z d%ll (I/{/T,(n)7 WT*I,(TL))
n=1 n=1

2q

2T —1)* <Z Cud® (V" WT‘“”’)) “(Dg (") + (+))

N
< (T —-1)% ZC >V v ,WT=10)) 4 O(poly (B2, m?, (mln pM)~0)2a-2)
n=1

€[N]
2¢—1
N 2q
+ 2(T _ 1)2(1—1 (Z Cnqu(VT—l7 WT—I,(N)))
n=1
N
37(]T2q q 2 _1.(n *
T ZIQ‘IT%HW“"% WT=1) 4 Dy (") + (+)
n=
Hence, by the reduction and the fact that = < 2 for T' > 2,, we can further get
N
Ty G (VW)
n=1
~ T N s 7S
< O(poly(BY, m?, (m{l}r\}] pM)~ T2 4 ZQ 1)2a-1 <Z< 429V 7VVT—l,(n))>
t=1 =1
N
37q - 21T - ¢ Zdzq W) WT=1) 4 D, (x Z 2 (WT=100, W) + (x)
n=1 n=1

Similar to the Section B.3, we can use the induction method to derive

N
23" Gud2a(V W) - Dy(x*)

n=1

T N
= 1
<O ly(B1, m, in p()~1 T1/2q) + i 2q nd2q t=1,(n) P+
< (po y(B1,m (n%fﬁ]p )7) (*) T ;:1 n§:1C B (W W)

T N
1
7 D 8Tq- 2% Y Cudi (WD, W),

t=1 n=1

Now note that

N m31 B2 at-1.(n) — qr(m)||%
2¢q 2q n % 1 & ’ a ”00
E Cnd g, (WE=1(n) TV%) § EOIE (51

n=1

29



Projection Optimization: A General Framework for Multi-Objective and Multi-Group RLHF

<t O(poly(m, e?, exp(1/B),d,log(1/5))) 1 (52)
min, ¢y [p™| Vit

Also, by Eq. (35), we have

n=1 t=1 n=1

1 T 1 T N
TZ ¢ 2 chd% (Wt(m) Wt=1.(n) th NU& () pt- 1("))

< v 'poly(exp(1/8),m, N, e?, d,log(1/5), Bl,(m[m]p(") - 0(1/VT).
(53)

Hence, combining Eq. (52) and Eq. (53),

N
WS Gud2i(VH W) — Dy(n)

n=1

<0 (poly(Bl7 m, ( min p("))_l)T_1/2q>
n€e[N]

+ v 'poly(exp(1/B),m, N, e”,d,log(1/5), B, (min p™)"HO(1/VT) + (B)

<0 ((7_1poly(exp(1/6),m7N e”,d,1og(1/6), By, (m[ln]p(”)) )T_1/2q> + (%).

Now we derive the proof. First,

N
= %D Gda(SET), W) — Q#Zw% ), WE) + Qﬂzgd% ), W) — Dy(m")

IN

N D Gald(S(RT), WiE) — d(S(7T), Wi)[2a

n=1

T N
J 3 o (W B I ?Z Dict (7 ) - 1) — J S Gua (W, V)

&jc AW, V") = Dy(n")
Z W, wh

N T 2q
+ 2q\j Z C’!l < Wn 7]E7rT [T (J? y gz ||71-lref lm) - d(W’r’{’7VT)>
()

n=1

+0 ((yflpoly(exp(l/ﬂ),m e”,d,log(1/9), mln] %,Bl)]\flqu*lmq) + (%).

First, for the term S, d(W;, W), we can bound it by

N N /2B1

dwr,wh) < Z

n=1 =

et — oM
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From the Theorem B.4, we can get

3/2 B
Zd Wy, Wy < BN —1-O(poly(m,eB,exp<1/ﬁ>,d,log(1/6>))-%, (54)

Now by Eq. (38), note that

. 1 & 3 T
V5= 2> Ee [ @y)] - 5 3 D meer) - 1
t=1 t=1
we have
N m o 2q N m |y T
2q * At * At
SRR D) 9{ 1) SEVEIRE TN IR D S ol B SR R
n=1 i=1 t=1 n=1 i=1 t=1
m T t—1
dcover 1/T e
<> miesp(t/B Y0 3 By (80,07 + L2 4 (), 55)
i=1 t=1 j=1 g
Consider the term (B). By Eq. (42), we can get
1 ¢~ t ¢ t(pt UCdeHlmTtl f
=7 2 Dl (Li(0]) = Li0) < O@mny/md) = T2 3 TS D By s [Al(2,9)7]
t=1 i=1 =1 t=1 j=1
B 770/ 1/2¢ m T t—1
< O(2mny/md) — - P Ty DD By [Al(,9)%]. (56)
Tm R p——
The last inequality is because, if we choose n' = max,,¢[nj Ca W) — Vt||§q, then
Gl =V G W =V G mine G
_ 2¢=1 = 2¢-1 2¢=1 N otiag—1 N2 T 2
(S w7 ™ N G e Pt NN
Hence, we have
N ! 2g—1 : 1/2q
Col|l W) — V12 min, cn1 Cn
s = |50 -] e R M PR
N Y7 q q
(Zn:l Cn”W(n) -V ng) 1

c’ min, ¢[n] <1/2q

Now we choose p; =17 - r 1)) ;2%,1 ,n=1/ VT, and use the inequality Eq. (56) for bounding (B), we finally get
me® exp K q

< Z AW, W)+ (A) + (B) + O ((’ylpoly(exp(l/ﬂ),m e”,d,log(1/9), mln] }),Bl)Nl/qu1/2q>

n=1

< 7_1poly(exp(1/ﬁ),m,N7 eB d, log(1/4), k, By, ( m[lﬁ] p(”)) ,(m[llr\} Cn)” 1/2‘1) . O(T_1/2q).
ne

B.6. Estimation of «

In this subsection, we give a theoretical upper bound of the estimation error of a.
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Theorem B.4 (Estimation of «). Assume that we execute the Algorithm 4 with the Assumption 5.3, then for each t € [T,
with probability at least 1 — 6 we have

t

* 1 * ~ — ~ 1
HO{ - atHOO < ; Z HO[ - ak”OO <y . (@ (pOIY(ma ereXp(l/B)vda 10g(1/5))) : % (57)
k=1
Proof. First, for any k € [t], we estimate & with 6%, 0%, . ,Hlﬁn, where 6% = arg min, L¥(#) only minimizes the log-

ok
likelihood loss without optimistic exploration. Define 6¥ (x,y) = re (z,y1) — rf (x,y2) — (rf(z,y1) — 1) (z, yg))‘ then,

by theorem D.1, with probability 1 — § we have

k—1

E : Eryy~Ds

s=1

Gk Gk 2

A 0; 0; * * *
(@ " (@) = 1" (@) = Softmax(a - [} (w,0) — v (o))

TV

< 2log(dr(1/k*)/6) + 1/k,

where F = {Softmax(z;) | 1 < i < m,z; < 1}, and the log of e—covering number log(d(1/k2)) = O(m).

thus by the Cauchy’s inequality, we can get

V2klog(dr(1/k2)/6) + 1

k—1
2 Z Ewayﬂ?s
s=1

k—1

> " Eayep, |[Softmax (& - |7} (z,51) — 7} (2, y2)|) — Softmax(a] - [r} (z,y1) — 77 (2, 92)]) || 1y
s=1

k—1
- E :ELyNDS
s=1

nk nk

~ 0; 0; * * *
(@ Ir" (o, 92) = 17" (2.92)]) — Softmax(a - | (2. 1) = 7; (w,2)])

TV

nk nk

(@ " (@) = 1" (2, 0)]) — Softmax(@f - r (w,pn) =iz y))| - (58)

Now we bound the difference of « based on the difference of the softmax distribution.
nk

nk
Fixed k, since the upper bound of 0 < 7" (2,y) < B and 0 < r*(z,y) < B, define X; = [r (z,y1) — r!" (x,,)| < B
and X = |} (x,y1) — 77 (2,92)| < B, then

A o (5’“ A
HSoftmax(af Sy, y) = (xy2)|) — Softmax(ai-“ i (z, ) — rf(x,yz)\)HTv
e Xi-af X5 ak

i Zjexrd Ze 5%

; (3, ) (32, e

N | A (65;0?”}9 1)

m2

. . ok x4k . N
where the last inequality uses the fact that Zj eXi'® > m and Zj eXi% > m. Now since e % RN < Blai+ay) <
eB,ande® — 1 < eP . aforevery 0 < a < B, we can have

D j4i € B(skak 4 oFal)
m2

< ;—222(55@;? +okak)

i jFEe
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2B

(&
< — E okak,
— 3 (2

i

Now choose the index | = arg max;c(,,,) X; o o — &F|, and WLOG, assume &F = o + ¢, then we can bound
|[Softmax (&7 - 1] (2, y1) — 77 (z,y2)|) — Softmax(a; - |1} (z,y1) — 17 (2, 52)])|| 1y

Xiar eXi-ai

=

eXL*(O‘?'i'E) eXITk'O‘If
X7 (arte) X*ak T Xrar - Xrag
eN T 5 et e 2
S eXi e X (aite) _ X oS+ X[ af
J#l
X*ak X*a*
(Zje] J)(Zjej 7)

Now by the selection of the [, we can have

hence

*

e XX (a7 +e) > X S+ X g

Also, since Y, af = >, &¥ = 1, and the fact that & = o} + ¢, we can further derive
* ~k
- e
i i
then at least one j" # [ such that o, > (i;?/ + &/m. then

Xyok X[ (af +e) _ &85 X5+X[af S X5 a%5+X] (o] +e) _

Ak ok _
e a].,X].,+XL o

(& e

> eXl*(ozf—l-s) _ eXl*ozl*

> eal*Xl*(ele* _ 1)

> e XL e XT

Thus,
||Softmax (&7 - |} (,y1) — 7 (2, y2)|) — Softmax(aj - |r] (2, y1) — 7 (2, y2)]) || 1
ea?XL*
> — X/
(32, %) (5, %)
1 ~k * *

> (m63)2 : ‘al - |Xl .

Now define X* = (X7, X5, -+, X)) " € R™and |o* — &F| = (a7 — &Fk|,--- ,|af, — &k |)T € R™. We can get

1X* o la* = a"|[loc < m?e*P |[Softmax(a; - |} (,y1) — 7 (2,2)|) — Softmax(e; - |} (z,y1) — 7 (2,92))|| gy »
where X oY denotes the Hadamard product. then take the expectation we can get
Ezynp, [|X* 00" = 6"|[lo

< m?e*PEq yp, |[Softmax(a; - [} (z,y1) — 17 (x,2)|) — Softmax(a; - |} (z,y1) — 7} (2, y2)]) | p -
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Hence, by Eq.(58), we have
V2klog(dr(1/k2)/6) + 1

k—1
>Y E

(&5 -7} (2, 51) — 77 (2,92)]) — Softmax(a; - |r} (z,91) — 7} (z,y2)]) || v

k—1
nk nk
= Y Eeyp, [[Softmax(@k - Ir" (,50) " (@, 2)]) — Softmax(@} - [ (2, 1) = v @)
T
s=1
k—1 1
* * ~k
> 71Em¢y~Dsm||X (z,y)]a" = &"|[|oo
k—1 _ .
Ak 0F oF Aok %
=Y By, ||Softmax(af - |rf" (,0) = 1" (2.92)]) — Softmax(@l - 1 (x,51) — v ()|
s=1
k—1 1 QB k—1
2 Ez y~p, m2e2B [X* (2, y) - [a” _dkmoo - 7Z]Ew y~Ds [65(557?/)6‘5]
s=1 s=1
Hence we finally get
k—1 2B k—1 m
S Evyen. | X (2,9) 0 la* — 6% <nfeﬂ?<v@kmgdf1/k%/&-+1+- > o f)
s=1 s=1i=1
k—1 m
= poly(m, exp(B (Vkmlog 1/9)) +ZZ]Ey1,y2Nﬂs (x,y)]& )
s=11=1
(59)

the last inequality holds by Azuma-Hoeffding’s inequality with probability at least 1 — §. Now by Lemma D.2, we can get

SUpP, 4 rrsgzm < exp(4/p) and sup, , izf(;“’lg) < exp(4/f8), we can get

(k= Dja” — dkHoo < (k- I)Ey1~7r*,y2~7rref | X*(z,y) oo™ — @k|||w
k—1

< exp(8/p) Z By, yarms

X (@, y) o fa” = 6°|[loo- (60)

The first inequality uses the Assumption 5.3 that E, wr+ yyom,oe [ X (2, y)] > 7. Now combining Eq.(59) and Eq.(60), we
can further get

k—1 m
(k= 1)|Ja* — 6*[| 0 < exp(8/8) - poly(m, exp(B (x/kmlog 1/6)) + By, ysnme [0 (2, )] )
s=1i=1
k—1 m
< exp(8/p) - poly(m, exp(B <\/k:m10g 1/6)) + ZEthNWS (x y)]) . (61)
s=1i=1

Now we further derive the final result. Frist, by of = 2 "% _| &*, we can get

t
1 )
lo” = a'lloo < - D lla = ae
k=1

1 t k—1 m
<2 exp(8/5) - I;OIY m,exp(B ZO (m ¥+ ZZEyhyzwﬂs [6f(x7y)]> . (62)
k=1

1
VE k

=

s=1 i=
Now we derive the final result. First, we can get
OF (@ y") = (B — 07 01" D) — u(a” )|
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<105 = O5lls ey - N0i(2,97) = di(a®, u3)ll ez, 1)1

where D! = {s € [k — 1] | I, = i} and Spr-1 = 2 cpr—1 @i(x%,y*)pi(a*,y*) T is the covariance matrix. then by
Lemma 3.1 in (Zhu et al., 2023), we can get ||6 — 0;"Hng71 < C(d, B,d) = poly(d, B,log(1/0)) for some constant
C(d, B, ¢), and then we can get '

5 (z®,y*) < C(d, B, ) - [l ds(®, y7) — ¢i(z* 93) Iz )1

Now apply the same technique in Eq.(41), we can get

k—1

m i t m
Z Z Em,UzNﬂ* n (x, y)df] < me” Z Z By, yo~ms l[ézk(% y)@ﬂ
k

i=1 k=1 s=1 k=11=1

The second line is because that, the summation is over

{(k,i,s) | k €t],i € [m],s € DF"1Y = {(k,i,s) | k € [t],i € [m],s <k —1,I° =i}
={(k,i,s) | s €t],k>s,i=1I}.

the last inequality uses the fact that ’1“ < 1. then we can use the Azuma-Hoeffding’s inequality to further get

k—1

S By e 1[5 )] < meBzz{ 2| + OViIog(1/a)

i=1 k=1 s=1 k=1k>s

<meBZZ[ (0.5.0) - on. (2" ) ~ 61" 1) s |

k=1k>s Is

+ O(Vtlog(t/9)) (63)
with probability at least 1 — §. Now to present the proof in a simple way, we simplify EDk: 1 as ©F1Us) We will have

meB ZZ |: d B 5) ||¢]9(£C8,yf) - ¢Is(xsay§)|(zk17(s))1:|

s=1k>s

< meBZZ v C(d, B,0) - |lor, (2%, 47) — o1, (2%, y3) | (2 00y 1

s=1k>s

t t
S S S S 1
<me? Y " C(d, B,8)|ér, (z°,y3) — ¢r, (2%, 3) | meviony—1 D Z

s=1

k>s
logt !
< > C(d, B, )1, (%, 43) — b1, (2%, 45) || se.0y -1 (64)
s=1
Now, we can decompose {1,2,---,t} into m different set D; = {s € [t] : I, = i}. then, we fixed ¢ and denote

My = [|gi(z®, y5) — ¢, y3) |17 ps )1 with || M,]|| < B?, by Cauchy’s inequality,

S on (2, y3) — o, (@, 3) [l mevon -

s€D;
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<Vt YO M,
seD;
<VE YT MJI{M, <1} +VE [ MJI{M, > 1}
seD; seD;
<Vt > min{l, M} + [B> Y T{M,>1}
s€D; s€D;
< O(BdvV).

Then, by summing over i € [m], we can get

logt : S S S S
: § C(d, B,0)||or. (x°,y7) — o, (2 7y2)||(2jD_)*1
s=1 ‘

K1
< l‘;ﬁ .C(d, B,8) - m - O(BdV)

1
= O(m?e? - Bd - C(d, B, 5)V1). (65)

Now combining Eq.(62), Eq.(63), Eq.(64) and Eq.(65), we can finally get

t
* 1 * A~ — A 1
lo” = a'llos < 5> lla" = ¥l <77 exp(8/8) - O (poly(m, e, d,log(1/9))) - 7
k=1
1 1
=~ O (poly(m, e”, exp(1/5),d,log(1/9))) - NG
with probability at least 1 — 34. By substituting /3 with §, we complete the proof. O

C. Error of Estimating the Target Set

First we provide a lemma to show that the projection on W* is also bounded.

Lemma C.1. Fixed the requirement p™) , c\™ for all k € [K]. For any importance weight {a(”)}ke[K] such that o™ > 0
and ||a™ ||y = 1 forall k € [K], for By = 2¢/m(B + max,, ¢)), we have

K
(n)
My (@)oo < B1, W5 = () Wiy s
=1

holds for all |||l < B.

Proof. Suppose we choose any y € W*, then by the definition of projection, we can get

[T~ (2)loo = vVmB < || = T« (2)||loo < [l —Tw-(z)]l2 < [|l# — yll < vVmB + |yl
which induces
[y (2)[] < 2v/mB + [|y]|.

Now consider y = (z, - - - ,z)T € R™, when z = max,, ¢(™, for any a(™
m 1/17(”) m 1/p(n)
) " "
P )
i=1 i=1

That means y € Wﬁgg)c(") and then y € W* for any k € [K]. Hence we have

Iy (2)]| < 2B + [lyll < 2v/m(B + max ™).

We complete the proof of lemma. O
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Now we consider the estimation of the W *. First, we consider the estimation error of W when we have an estimation error
of . The following lemma tells us the estimation error of parameterized target set.

Lemma C.2 (Estimation error of parameterized target set). Suppose we have two different o, o, the distance between Wy,
and W;’; can be bounded by
m??Blla — ||

Ip|

dp(We

p,c?

W) <

)

where

N = ’
n(s,8) = max{ _ s deTo(o), _ max | deTIs() |

represents the distance of two sets S and S’ restricted to some bounded set.

Proof. Suppose p € [0,1] and z € W*, with ||z| . < B, then we have

m
E a;xh > P,
i—1

First, if )", afa? > P, thenz € Wﬁ‘; and the distance d(z, Il ./ (z)) = 0. Now we consider the auxillary vector
; o,

y € R™ where y; = 2% fori € [m]. Then Y. | a;y; > ¢P. By the formula of the distance between one point to a line, the

distance between y and W;‘/, ={y: > ", a;y; > P, y; = 0} can have the following upper bound:

,C
max{e” — Y oy 0} _ max{S (o — 0y 0 _ [l — o [oomB

2 iz (af)? - iz (af)? T VRS (@))?
Now consider p < 0 we have Y ;" | a;zt < P If Y " aly; < P, thenz € Wz?,r and the distance d(z, HW,S’,'C (z)) =0.
Otherwise, note that we can rewrite W', = {y : 31", i < ¢,y = 0}. We have

d(y, Myyar (y)) =

Yoy = _ o=l 30 4 _ fla = o/l - mB?

2ima(@)? Yima(a)* T VL (a))?

d(y Myyor (y)) =

So in both cases, we can find

o= o'l B _ o = o]l -mB?

2ima(af)? 1/v/m

Ay, Mo (y)) < =m*?B? - |la - o/||.

Now since by Langarian mean value theorem we have |z? — y?| > |[pBP~!||z — y|, the distance between x can be bounded

by

1 m32BP - ||la — o |le  M3?B|la—/||s
——d(y, o (y)) < = .
p _1‘ ( Wp,c( )) |p|Bp_1 |p‘

d(, My (7)) <

The second lemma shows that the distance between the projection of one point on different convex set.

Lemma C.3 (Distance of Projections). Fixed a point x with ||z||cc < B. Suppose we have two convex sets Ay, Aa, then the
distance of two projections can be bounded by

||HA1 (:L’) — 14, ($)||§ < 4d(.’£, Al)dBl (A17A2) +2dp, (Ala A2)2‘
Proof. WLOG, we can assume d(z,A;) < d(x,As). First, we consider IT4,(TT4,(z)) € Ay and

d(ITa, (TTa, (2)), 114, (x)) < dp, (A1, A3), where By is from the bounded assumption of the target set. Now we only need
to consider d(I1 4, (IT 4, (x)), L4, (z)). Since Az is a convex set and IT 4, (IT 4, (z)) € As, we can have

<fL’ —1La, ('T)’ a, (3;‘) —1L4, (HAI ($)> > 0,
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then it is easy to get
d(HAQ (HAl (I))r I)Q 2 d(xa A2)2 + d(HAz (HA1 (‘T))v HA2 (I))Q

Also, by the triangle inequality, we can derive
AT, (T4, (), 2) < d(z, A1) + d(a, (), 14, (114, (z))) < d(x, A1) + dp, (A1, A2).
By combining these two inequality we can get
d(ILa, (T4, (2)), T4, (2))? < 2d(z, A1)dp, (A1, A2) + dp, (A1, As)?.
Hence we can finally get

LA, (2) = TLa, (2) 13 < 2d(ILa, (TLa, (2)), ILa, (2))* + 2d(I1a, (4, (), Ha, (2))?
S 4d(.2?, Al)dBl (Al, Ag) + 2dBl (Al, AQ)Z.

Now we derive the difference between the direction.

s, (z)—2 d T4, (x)—x

Lemma C4. If the angle between the direction Az A nd =750 is less than /2, then the difference between them

can be bounded by

Mo, (z) 2 Ma,(@) —x _ 4y/d(z, Ar1)dg, (A1, A2) + 2dp, (A1, Az)
d(z, Ay) d(z,Ay) — max{d(x, A1),d(z, A3)} ’

Proof. Denote the angle as A Consider the triangle (z, 114, (), I14,(x)). By the law of sines, we can get

d(HAl (l‘)7 d(HA2 (l‘)))

o |
WA S x{d(r, Ay), d(z, Aa)}

By Lemma C.3, we can get

2\/d(z, A1)dg, (A1, As) + V2dp, (A1, A2)

inA <
. max{d(, A1), d(z, Az)}

Now since A < 7r/2 and the direction can be bounded by

HAI({IJ) — X _ HAQ(.’E) — X < sin A S \/iSiDA S 4\/d($7A1)dBI(A1,A2) +2dBl(A17A2>

d(z, A1) d(z, A2)  ~ sin(752) max{d(z, A1), d(z, Az)}

D. Auxiliary Lemmas

Lemma D.1 (MLE Lemma). We are given a dataset D := {(z;,y;)}, where z; ~ D; = D;(x1.5-1,y1.i-1) and y; ~ p(- |
x;) = f*(xi,-). Now if we calculate the MLE by

f = argmax ) log f(wi,y),

fer 3

then fixed § € (0,1), assume |F| < oo and f* € F, then with probability at least 1 — §, we have

n
§ ExeDi
=1

fa )= 1)L, < 2los(171/5).
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Lemma D.2. Forany 7,7’ € {n' - 7t 7* 7ot }, we can have

"yls) _
W =

Proof. First, note that 7w and 7’ are both optimal policy with respect to some reward 7, then 7 can be rewritten as

m(y | &) < met(y | @) exp({&, 7)/B).

Thus by the Appendix A.2 in (Cen et al., 2022), then for any y and =, we have

|[logm(y | ) — log met (y | )| < 2B/B.

Then

nly| 7) eyl
bui)m < exp(2B/B), 275 (y | ) < exp(2B/B).

Now from the two inequalities following

m(y | )
sup ——————
oy Tret(Y | T)

Teet (Y | )
sup —————= < exp(2B/f).
Py o) - PEB)

< exp(2B/B),

we can multiply them and get
sup myle) < exp(4B/f).
y|z)

O

Lemma D.3 (Linear Structure). Suppose that we have reward sequence {r'(z)},cr) with v'(z) = (0, ¢(x)) with
10l < 1,||¢(x)|| < B, then for any policy {n* }sc (1) for any p > 0, we can have

T T t—1
cover(l/T)
Byt [ (2)] < EIW O(Bd) + Sl

Proof. First, denote X' = E,. ;¢ [¢(x)], then

T
Z Bt [ (2)]

]Eavwfr” [<9t7 ¢($)>]

I
B

“
Il
—

(0", X*).

Il
™=

~
Il
—

Now define Xy = eI + ZZ: X%(X") 7", then we can decompose the term above as

T T

T
SO X =00 XX |y < 1+ > (08 XX g > 1}
t=1

t=1 t=1

(A) (B)
The term (A) can be bounded as

T
B = S0 X g T X g0 < 1)

t=1
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10[ls, min{L, | X3}/

Pjﬂ

t=1

<

i1 1/2
[5||9t||2 + Z<9t,X’>Q] min{1, || X*|3 0}/
i=1

M=

t=1

[Z (enetnz +i<9axz‘>2)] - [Zmin{Lnth;,} ,

t=1 i=1

IN
_—

where the last inequality uses the Cauchy’s inequality.

Now we recall the elliptical potential lemma in (Abbasi-Yadkori et al., 2011), we can get

T
> min{1, IX*I351} < de) = O(dlog(1/e)). (66)

t=1

Thus substitute it into the the inequality for (A), we can get

T t—1
(A) <\ [d(e) - [Z <5||9t||2 —&-Z(et,Xi}?)].

t=1 i=1

Now by the inequality that \/a + b < \/a + /b, we can get

3 (a||et||2 n iwam?)]

i=1

(A) < 4| d(e) -

T t-—1

< \d()eT + | d(e ZZeth
t=11t

-1

T
< \/d(e)aT—&—ﬁ’Z)ﬁ—u ZZ 0, X%

t=1 1=1

T t—1
AT + ‘L) S E (@)

t=1 j=1

Now if we choose ¢ = 1/T, then d(g) = O(d), and the upper bound of (A) becomes

dcover 1 T =
(A) < Vdeover(1/T) + %""M'ZZ(EW‘[T%%)])Q'
H t=1 j=1
Now we derive the upper bound of (B).
T
B) =D (0", XH{||X* |51 > 1}
t=1

T
<B-Y KX > 1}
t=1

T
< BY minfL 1X'IE )
S B cover(l/T) (Bd)
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So by adding (A) and (B), we can finally get

T t—1

cover 1 T —
S0 X < Bl (1/T) + Vo D) + 2200 S 5
t=1 t=1 j=1
T t—1
A ver 1 T
< O(Bd) + deove / Y Y (B
t=1 j=1
O
E. Some Derivations in Section 4 and Section 5
E.1. Derivation of Reward-free Modification
Now we derive the equation
0, .0 O 0 - (ylz
J(Tllar227 Ty, O T ) - ; 77Li(9i) =C - BEprnyﬂ'base |:10g Tref y ‘ x :| Z L

In fact, since

J(r?,r§%-~-,rZr,a,w>::1EyNﬂw‘m>[ZZIO@T?<x7y>-—z3-§£jcu~ (log 7 (y | x)-—logn}&<y|:v»]

i=1
- EyNTre(-\z) [Z Oéi’I"(ZE,y) - B : Zai : (logﬂﬁ(y | CC) - 1Og7rref(y | l‘))]
i=1 i=1
= Eywﬂg(‘\z) [log Z(T7 I)] )

where Z(r,z) = >_ y Tret(y | @) exp(r(z,y)/B) is a normalization factor independent with y (Rafailov et al., 2024).
Now, since Z(r, z) is independent with y, we can get
J(Tfl,r;b, e ,r,en o, m) =Ky o |q [log Z(r, z)]

=Eyrppc(fo) log Z(r, z)]
= Eywﬂbase(~|m) [7”(.13, y) - B(log ﬂ-g(y ‘ J}) - log Trref(y | I))}

(y | x)
:o_meWero}.
y (|lz) [1O8 Tret (Y | 2)

We complete the derivation.

E.2. Update Rule of Gradient Descent

In this section, we show that the computational cost of Eq. (8) can be easily computed once the expectation of the score
function can be derived.

In fact,

Vo, <_ﬁEw~p,y~rbaSC [108 We(y | 35)]) —nVe, Z[(Di, 9i)

=1
= —BEampymmia Vo, logm® (y | )] =1V, ((Dy, 01) .
(a) (b)

Term (b) in the last line is the gradient of log-likelihood loss that appears in classical reward-free algorithm like DPO. For
term (a), note that if ||d||; = 1, we have

mmﬂmww%Zwﬁw0=HWwa

=1 i=1
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Hence, denote s(6, m*) = E.«[Vglog 7 (y | )] is the expectation of the score function, we can then derive that
(@) = Bdy (5(01, Tpase) — s(01,77)) .

Hence, the update rule can be efficiently computed as long as the score function is available, which commonly appears in
previous RL algorithms such as REINFORCE.

Thus, if the learning rate is £ > 0, the gradient descent update rule of 6 is
01 = 0171 — & (Ba(5(01, moase) — 5(601, 7)) — 1V r L (017))
Also, for the reward-free version, we can change the term Lf (#:™1) to
> w5 (lgiyltlgw»
(@,yw,y1)ED1 ref (Yo | @) Tret (Y1 | @)

E.3. Derivation of the reward-free equation of expected reward vector

We now prove that

t 02 05
(V) = Bt [ (2, ) — Bk (' Tret)] = C — BEym . llog m e [log m] |
Proof. We note that
t : :
E ¢ [rfi (x,y) — BDkL(7*||7re)] = Ent [Tfi (@.y) =5 <log m)]

_ o i (y | ) ™y | 2)

=Er [Z(r;",2)+ 8 (log W) -5 (log 7rf(y|x))]

= Bl 207 o) + BEn | log ol )|

t
Now note that Z (rf i z) is independent on y, hence

B (207 2)] = En, _[Z(ri, 2)]

i Tbase

= Eny... [ (2,9) = Blog 7"y | 2) ~ log mrer(y | )]
iy | x)] |

=C—-PEyr,... |lo
6 y bl gﬂ'ref(y|$)
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