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ABSTRACT

Domain shift remains a key challenge in deploying machine learning models to the
real world. Unsupervised domain adaptation (UDA) aims to address this by min-
imising domain discrepancy during training, but the discrepancy estimates suffer
from high variance in stochastic settings, which can stifle the theoretical benefits
of the method. This paper proposes Variance-Reduced Domain Adaptation via
Stratified Sampling (VaRDASS), the first specialised stochastic variance reduction
technique for UDA. We consider two specific discrepancy measures — correlation
alignment and the maximum mean discrepancy (MMD) — and derive ad hoc strati-
fication objectives for these terms. We then present expected and worst-case error
bounds, and prove that our proposed objective for the MMD is theoretically opti-
mal (i.e., minimises the variance) under certain assumptions. Finally, a practical
k-means style optimisation algorithm is introduced and analysed. Experiments on
three domain shift datasets demonstrate improved discrepancy estimation accu-
racy and target domain performance.

1 INTRODUCTION

Machine learning models often underperform when the test data distribution differs from the training
distribution, a phenomenon known as domain shift. Improving robustness to domain shift has been a
longstanding goal in machine learning, and is crucial to the widespread deployment of Al (Gulrajani
& Lopez-Paz, 20215 Koh et al., 2021)).

Unsupervised domain adaptation (UDA) is a common approach, where models learn representations
invariant across source and target domains by minimising a “domain discrepancy” loss. Two widely
used objectives are the correlation alignment (CORAL) loss, which matches covariance matrices
(Sun & Saenkol 2016), and the maximum mean discrepancy (MMD), which aligns kernel mean
embeddings (Tzeng et al., 2014} |[Long et al., 2015} [L1 et al.l 2018). Although theoretically well-
grounded (Ben-David et al.l 2006; 2010; Redko et al., [2022), a key limitation is that empirically
estimating these discrepancies is extremely noisy, especially in high dimensions and with small
minibatches. This can destabilise training, and sometimes even lead to worse target domain per-
formance than with no domain alignment at all (Dubey et al.l [2021}; |Gao et al.| 2023} |Gulrajani &
Lopez-Paz, 2021} |Koh et al., |2021; Napoli & White}, 2023} [2024; Wang et al., 2019).

Stochastic variance reduction offers a natural remedy. However, many classical such methods, in-
cluding SAGA (Defazio et al.} 2014), SVRG (Johnson & Zhang, |2013)), and dual coordinate ascent
(Shalev-Shwartz & Zhang| 2013)), are incompatible with MMD and CORAL, since these losses
lack finite-sum structure. Momentum-based approaches (Polyak, |1964; [Polyak & Juditsky) [1992;
Kingma & Ba, 2014) avoid this problem, but at the cost of biasing the gradients, since the training
examples are not weighted equally (Gower et al.,[2020). Estimator shrinkage (Ledoit & Wolf, [2020)
may also be applied, but again this introduces bias.

A more flexible direction is to alter the sampling distribution, then correct the sampling bias using
weighted losses. Importance sampling biases selection towards points with higher gradient impact
(Alain et al., 2015; Johnson & Guestrin, 2018; [Katharopoulos & Fleuret, 2017} 2018; |[Kutsunal
2025} Loshchilov & Hutter, [2016; [Zhao & Zhang]| 2015)). Similarly, typicality sampling upweights
examples in higher-density regions (Peng et al.l [2020). Diverse sampling methods reduce variance
by enforcing dissimilarity within minibatches, for example using antithetic pairs (Liu & Xul 2018},
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repulsive point processes (Zhang et al.l [2017; 2019} [Bardenet et al.| 2021} Napoli & White, 2024)),
or faster heuristics such as k-means++ (Napoli & Whitel 2024).

Finally, stratified sampling partitions the data into strata and samples independently from each. This
can be considered a special case of diverse sampling (Zhang et al.| 2017), but is more compu-
tationally efficient since the only significant cost is in stratifying the data, rather than drawing the
samples themselves. Zhao & Zhang|(2014) cluster the input space directly, which offers an iteration-
independent stratification, but this assumes the gradients are Lipschitz continuous with respect to the
inputs. Alternatively, Liu et al.[(2020b) reconstruct the clusters periodically during training, and pro-
pose a criterion to determine when to do so. [Fu & Zhang|(2017) and|Lu et al.|(2021) extend stratified
sampling to Bayesian and time-series learning respectively.

This paper proposes Variance-Reduced Domain Adaptation via Stratified Sampling (VaRDASS), the
first specialised variance reduction strategy for UDA. By using stratified data samplers, VaRDASS
obtains variance-reduced stochastic losses without having to trade off bias or make any other com-
promises with the model or learning algorithm. Moreover, we derive specific stratification objec-
tives for two widely-used UDA losses — MMD and CORAL, present expected and worst-case error
bounds, and prove that our proposed objective for the MMD is theoretically optimal (i.e., minimises
the variance) under certain assumptions. We then propose a practical k-means style alternating op-
timisation algorithm to solve this problem in tractable time.

In experiments and simulations, we validate our choices of clustering objectives, whilst showing that
VaRDASS both reduces the estimation error of the domain discrepancy for a given minibatch size,
and improves target domain accuracy on 3 UDA benchmark datasets.

2 METHOD

2.1 PRELIMINARIES

In UDA, we are given labelled examples D; = {(zs, ys.,i)}?;1 from a source distribution P;, and
unlabelled examples D; = {z; ; };”:1 from a different target distribution P;. The goal is to produce a

model © : X — Y such that the target risk E(,, o)~ p, [Ltask (© (7¢) , y¢)] for some task loss Liask
is minimised. We assume © decomposes into a featuriser O : X — Z and prediction head O¢ :
Z — ), and has intermediate feature representations zg, z;. Since the target data are unlabelled,
UDA methods instead minimise Li,s; On the source domain, alongside a domain adaptation term
Lpa which aligns the source and target feature distributions:

In@in]E(;cs,ys)NP87 T~ Py [Ltask (@ (xs) 7ys) + X Lpa (257 Zt)] (D

During training, minibatches D, = {(@,h,ﬂs,h)}ﬁzl C Dy and D; = {ft)h}zzl C D; are ran-
domly sampled at each iteration (we assume for simplicity that |Ds| = |D;| = k), and used to
compute stochastic losses Liask (O (Zs) ,¥s) and Lpa (Zs, 2)-

Our aim is to reduce Var (ED A) by constructing the minibatches using stratified sampling. In the
following sections, we will formulate and justify stratification objectives to this end for the MMD
and CORAL losses, and propose a practical clustering algorithm to solve this problem. Since Dj

and D, are sampled independently, they can also be stratified independently. The following sections
describe the process for Dy; the same procedure can be analogously repeated for D;.

2.2  OPTIMAL STRATIFICATION FOR MMD

The (squared) MMD loss is

Laiwip = 6, = 1o, ll5 2
where 1y s = E [ (25)], 1ot = E[¢ (2¢)], H is a reproducing kernel Hilbert space, and ¢ : Z — H
is an implicit mapping. H is associated with a unique positive-definite kernel x : Z x Z— R for
which the reproducing property (2, 2') = (¢(2), ¢(2')),, is satisfied (Gretton et al.,[2012).

With minibatch size k, the maximum variance reduction is achieved by partitioning D into k strata
S= {Sh}izl such that | S;, = Ds, (S, = @, and drawing a single instance (Zs p, ¥s,n) ~
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Uniform (S}) from each (Giles, 2015). Thus, a simple estimate of (2)) is

2 3)

Ly = ||[Hg,s — .t
where fig s = ni 22:1 |Sh| & (Zs,n) and Z5 5, = OF (Zs,1,), and similarly for fig ¢.

First, we show that to reduce Var (EMMD>, a good surrogate objective is to reduce

Var (fig,s) = E [Hf%s — [g.s ||i] directly. Variance expressions for estimates of the squared MMD

have been derived in various prior work (Bounliphone et al., 2016; [Liu et al., [2020a} [Sutherland
& Deka, 2022). However, to keep our analysis straightforward, we use a simpler expression that
assumes the empirical mean embeddings are normally distributed. To proceed, let X5, , and X, ,
denote the covariance matrices of the respective empirical mean embeddings.

Lemma 1. Assume [igs ~ N (pig.s, 35, ) and [igs ~ N (1, Sp, ) are independent random
vectors, and that the relevant conditions for normality under the central limit thiorem are satis-
fied. Then, fig s — fige ~ N (m,Sa,  + Sg,,), where m = pig s — jug1, and Lo follows a
generalised chi-squared distribution with variance (Seber, |2007)

Var (ZMMD) =2Tr ((E%,s + Zﬁw)Q) +4m” (Ef%,s + Zﬁw) m. 4)

The only quantity dependent on the stratification of Dy is Y7, .. Therefore, we consider the

variance as a function of X5 |

will have the same minimisers if they are related by a monotonic function, which occurs when
X is isotropic.

with the remaining variables constant. Var (ZMMD> and Var ([, s)

He,s

Theorem 1. Assume H has finite dimensionality d and Y., | = o1 for some positive scalar 2.
Then,

arg Irfsin Var (EMMD) = arg Irgin Var (fig,s)- (5)

Proof. See Appendix O

For the anisotropic case, the relation is not monotonic and so the special case in Theorem|[I|no longer
holds. However, by characterising the degree of monotonicity using Spearman’s rank correlation p,
we can derive expressions for the expected and worst-case errors of the surrogate solution, in terms

of p, n, k, and the growth rate of Var (EMMD) with respect to the solution rankings.

To proceed, let f(S) = Var (EMMD) and ¢g(S) = Var(jiss) be the target and surro-
gate partitioning objectives as functions of the dataset partitioning. Define the order statistic
Sy = arg{f(S)(i)} for all possible partitionings (e.g., Sy = argming f(S)) and
p = Stirling (ng, k) the number of such partionings, given by the Stirling partition num-
ber. Given a Spearman coefficient p between f and g, define also a rank displacement
§; = rank (g (5)@)) ~ rank ( f (3)@) = rank (g (5)(1.)) — 4, such that, from the formula

2_
for Spearman correlation, > 62 = M(

minimiser of g (S) which has rank / on f (S).

1 — p). Finally, let S;) = argming g (S) be the

Theorem 2 (Worst-case error bound). Assume the growth rate of the sorted f (S )(i) is bounded by
some constant K, such that, for any indices 1, j, f (S)(i) —f (S)(j) < K(i — j). Then, the error
incurred by minimising g instead of f satisfies

F&aw = (S SK\/p(pz_l)(l—p). (6)
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Figure 1: The relationship between the target (Var (ZMMD)) and surrogate (Var (fiy,s)) partition-
ing objectives, for a range of feature dimensionalities d.

2_
Proof. Asdy =1 —1and 67 <Y 62, satisfies (1 —1)2 < Y67 = w(l —p). O

Theorem 3 (Expected error). If the rank displacements are assumed to be homogeneous, then the

error is

pP—1
6

F@&uy—fS)ny=K (1-p). (7

Proof. With homogeneous displacements, 02 = 3~ 62 /p, and so (I — 1)2 = 2=1(1 — p). O

Figure [1| shows the relationship between Var (EMMD) and Var (fi4 s) for randomly generated co-

variances Y5 5o0 withm =1, %5, ot = = 0, and 4 different values of d. Note that ford = 1, Theoremm
holds and so p = 1 exactly, meaning the errors defined in Theorems[2]and[3]are nil. In the remaining
cases, the correlations are all > 0.99, validating our choice of surrogate clustering objective.

To solve arg ming Var (i1, ), observe that
k
Var (fig,s) = Var < Z |Sh| ¢ (Zs.n ) =3 Z Su|? Var (¢ (o))
3 i=1

k
1
= 3 2150 2 119() — ol ®

h=1 z€Sh

where 14, = ‘S—lﬂ >.cs, ¢(2) is the stratum mean. Thus, we have the optimisation

argm1nZ|Sh| Z llo(2) Nd),h”ip )

zZE€Sh

which can be seen as a kernel k-means-style clustering problem with dynamically weighted clusters.
Compared to ordinary (kernel) k-means clustering, this objective imposes a greater penalty on larger
clusters, and thus encourages (but does not strictly enforce) the clusters to be of balanced sizes.

2.3  OPTIMAL STRATIFICATION FOR CORAL

The CORAL loss is defined as )
Lcorar = ||Rs — Re|| %, (10)

where R, and R; are the covariance matrices of z; and z; respectively. An estimate using stratified
sampling is
2

Leorar = R = Ref| . (an
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Figure 2: The relationship between the target (Var (}A%s>) and surrogate (Var (E;)) partitioning

objectives, for a range of feature dimensionalities d, and two distributions.

where R, = " Sy ISul Gon — is) Gon — i)™ s = - S 1 |Sh] Zs, 0, and similarly for
Rt and ﬁt*

As previously, ﬁs and }ABt can be assumed to be Gaussian and so Theoremimplies that to minimise
Var (f(;ORAL), a good surrogate is to minimise Var (1/%5) and Var (ﬁt) directly. However, unlike

previously, Var (RS) is not a convenient clustering objective, since s cannot be expressed as a

kernel mean embedding. Therefore, we propose instead to minimise the variance of
~ 1 <&
R= — 3180l (Fo — 110) (o — 1) (12)
S h=1

which is the sample covariance of z, in the hypothetical case where p4 is known.

Again, we can assess the validity of this surrogate objective by estimating its rank correlation with
the Var RS>. Given population parameters R and ps, Var (ﬁs) and Var (ﬁ’s) can be estimated
for arbitrary distributions and dimensionality using Monte Carlo simulations. For the special case

where Z, »,, h = 1,..., k are Gaussian scalars, an exact relation can also be derived (Theorem .
’llheorenAl 4. Assume Zs p, ~ N (pn, ) h = 1,..., k, are independent random scalars, and let
R and R’ be sample covariance matrices of zs as defined. Then,
Var (R,) =% (Tr ((AC)?) + 4uT ACTAC) (13)
Var ( ) = 2Tr ((A%)?) + 44T ACSACH (14)
Var (R, ) =42 (Var (RL) +2Tr (4%5)" - 4Tr (4%52) ) (15)
where ;1 = (i1, - .. ,,uk) Y =diag ((Z1,...,%)), A = idiag (5], 1SkD), v = n:Lil is

a bias correction factor, and C' = I — J A is the weighted centering matrix, with J the square matrix
of ones.

Proof. See Appendix [B] O

Figureshows the relationship between Var (R,,) against Var (ﬁ;) for a range of dimensionalities

of Z and 2 different distributions, the normal distribution (above) and the lognormal distribution
(below), to show an asymmetric non-Gaussian case. We set k = 8 and the cluster size ratio 1, . . . , k.

The rank correlation is near-monotonic in all cases, suggesting that Var (1/?:;) is indeed a valid

surrogate objective.
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Note that

k
Var (}/%;) = Var <1 Z |Sh| (Es,h, - ,Ufs) (Es,h, - ,us)T)

Ms 35
B (16)

k
1 ~ ~ T
= = 1S Var (B — ) Gon = 1)),
8 h=1
and thus we obtain the same dynamically-weighted kernel k-means problem (9) as before,
with the specific mapping ¢.(z) = (z — ps)(z — ps)” . and an associated kernel r.(z,2') =

(G =)™ " = )
2.4  OPTIMISATION ALGORITHM

Equation () can be solved to a local minimum by applying a Lloyd’s-style alternating optimisation
algorithm (Lloyd, |1982) along with the kernel trick (Algorithm .

Algorithm 1 Dynamically-weighted kernel k-means clustering

1: Initialisation: Use kernel k-means++ (Arthur & Vassilvitskii, 2007)) to obtain an initial set of
assignments. Then, alternate between Steps 2 and 3 until convergence or max iterations reached.

2: Distance Update: Compute the distance matrix D € R"s** from each datapoint to the centroid
of each cluster using the kernel trick.

3: Dynamically Weighted Assignment: Compute the one-hot cluster assignment matrix U €

{0,1}" “* that assigns each point to exactly one of the k clusters.

U is the solution to the quadratic program

ar, ming
& U
i,J

Note that we are able to relax the binary constraint U;; € {0, 1} as Hoffman’s sufficient conditions
for total unimodularity (Heller & Tompkins| [1956)) are met, meaning the program will always have
integer solutions without having to enforce them explicitly. Since the Hessian of is indefinite
in general, this problem is nonconvex and thus finding the global minimum is NP-hard. Although
the problem as currently defined could be readily input to a gradient-based interior point method (to

UijDij ZUU subjectto 0 < Uij <1, Z Uij =1. (17

J

find a local minimum), these have O ((k‘ng)3> complexity, and we found empirically that this is

only practical up to a maximum of a few hundred data points. Instead, by considering the specific
structure of the problem, we propose in this section a scalable heuristic that can find a local minimum
in O (kn) time. The idea is to construct U incrementally row-by-row using a greedy strategy,
weighting the clusters using interim values for the cluster sizes (Algorithm 2).

Greedy algorithms are susceptible to local minima and so a single run of Algorithm [2]is likely to
give a poor solution. However, the algorithm can be randomised by permuting the order in which
the rows of U are filled. Given the speed (each iteration simply finds the minimum value of a list),
a large number of randomised trials can be performed and then the lowest-cost solution selected.
We further found that by parallelising row assignments, more random trials are possible in a given
time budget, and this improves the best selected solution, even though the average solution is worse
(since the n; cannot be updated between parallel assignments).

The performance characteristics of Algorithm [2] are shown in Figure 3] The input comprises Eu-
clidian distances between randomly sampled embeddings of the Humpbacks dataset (described in
the subsequent section). We use a small problem with ny; = 100 and k¥ = 16 which allows us to
compare performance with the interior point solution. Figure [3a] compares the solutions found by
Algorithm [2| (10 parallel assignments, 10° random trials), a commercial interior point solver (The
MathWorks Inc., [2021)), as well as an unweighted assignment which simply assigns each point to
its closest centroid as in the standard k-means algorithm. Figure [3b] shows the effect of varying the
number of random trials between 1 and 10°, with the number of parallel assignments fixed at 10.
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size for Algorithmm (purple) vs 3 ablations.

Conversely, Figure [3c|shows the effect of varying the number of parallel assignments between 1 and
20, with the number of random trials fixed at 100.

An ablation study illustrating the effect of each novel component of our sampling method is shown
in Figure EI The plot shows how Var (fis, s) varies with k for 4 different sampling strategies: uni-
form random sampling, stratified sampling with linear k-means clustering, stratified sampling with
kernel k-means clustering, and finally Algorithm [I] which dynamically weights the clusters. The
simulations use 1,000 feature embeddings from the Humpbacks dataset using a radial basis function
kernel with unit bandwidth. It is seen that each component provides a consistent reduction in esti-
mator variance. For k = 40, our proposed sampling method achieves around a 10-fold reduction
in variance compared to uniform random sampling, and a 1.9-fold reduction compared to stratified
sampling using ordinary k-means clustering.

2.5 OVERALL TRAINING STRATEGY

Although the optimal stratification depends on the network weights, it is not necessary to reconstruct
the strata at every training iteration. This is because, if the network weights at consecutive training
iterations are in a locally smooth region of the parameter space, the structure of the embeddings
will be preserved between iterations (Liu et al., 2020b). Based on this, |[Liu et al.| (2020b) propose a
low-cost criterion to determine when to re-cluster the data. However, for simplicity, in this paper we
re-cluster the data periodically every fixed 7" iterations, where 7" is thus a trade-off between the com-
putational burden and the degree of variance reduction achieved. Based on empirical observations
from |Liu et al.| (2020b)), we choose T' = 100 for our experiments.
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3 EXPERIMENTS

In this section, the proposed method is evaluated in realistic training conditions to assess whether
the reduction in variance observed in Figure [4] translates to an increase in test-domain accuracy.
Experiments are conducted using the DomainBed framework (Gulrajani & Lopez-Paz,[2021) on the
following 3 domain shift datasets.

Camelyon17-WILDS (Bandi et al., |2019; |[Koh et al.l 2021)) tumour detection in microscopic tis-
sue images across samples from different hospitals. This benchmark comprises a single training-
evaluation split, 5 domains, and 14,000 examples.

Humpbacks (Napoli & White} [2023) detection of humpback whale vocalisations in underwater
acoustic recordings across data from different acoustic monitoring programs. This benchmark com-
prises 4 data splits, 4 domains and 8,000 examples.

Spawrious (Lynch et al.l 2023) classification of 4 dog breeds across images with different back-
ground environments (desert, jungle, snow etc.). This benchmark comprises 6 data splits of varying
difficulty, 6 domains and 18,664 examples.

For Spawrious and Camelyon17, we use a ResNet-18 (He et al., [2015]) backbone pre-trained on Im-
ageNet. For Humpbacks, we use the same audio frontend and architecture described in |[Napoli &
White] (2023). The domain discrepancies are measured between the union of all training data and a
held-out subset of the evaluation set. For the MMD, we use a radial basis function (RBF) mixture

7112
kernel (Li et al}, 2018), given by x(z,2') = 2o e I1==*II", with ¢ = {0.001,0.01,0.1,1, 10}.
With reference to Section [2.4] we run Algorithm 2] with 100 random trials and 10 parallel assign-
ments.

Models are trained using the Adam optimiser (Kingma & Bal, 2014)) for 3,000 iterations. Hyper-
parameters are tuned with a random search of size 10 using an in-distribution (training domain)
validation set, independently for each sampler. The entire set of experiments is repeated 3 times for
reproducibility, using different random seeds for hyperparameters, weight initialisations, and dataset
splits. All other hyperparameter choices and training details follow the DomainBed default options.

In addition to uniform random sampling, three variants of stratified sampling are compared, with dif-
ferent stratification strategies: k-means clustering on the input data (Zhao & Zhang|,2014); k-means
clustering on zy, z;; and VaRDASS, which clusters z, z; using Algorithm|I} Table|I|shows the aver-
age test accuracy and standard errors over the data splits and repeats, for each dataset. Breakdowns
by data split for Humpbacks and Spawrious are given in Appendix [C]

It can be seen that clustering the input data (Zhao & Zhang, |2014) is not effective in improving
test domain accuracy, since the required smoothness conditions do not hold for deeper models.
Performing simple k-means clustering on the features provides a decent improvement (corroborated
by Figure[d] which also shows a good reduction in estimator variance), but VaRDASS performs best,
with the highest accuracy in all 6 cases.

In addition to the targeted UDA algorithms, the tables also report test-domain accuracy in the case
of non-adaptive training by empirical risk minimisation (ERM). The performance of ERM does not
significantly change by varying the sampler, which indicates that the gains observed in CORAL and
MMD are indeed due to the sampler’s effect on the adaptation component of the loss.

Finally, we investigate whether the discrepancy between the training and test domain features is
lower when the variance reduced samplers are used (Appendix D). The domain discrepancy is mea-
sured between held-out datapoints which were not seen during training. The discrepancy is lower
for the variance-reduced samplers in 3 out of the 6 tested scenarios. Thus, the results from this ex-
periment are inconclusive. We note that all the discrepancy values are already extremely low (2 to 3
orders of magnitude below ERM training), so we posit that this is because any differences between
samplers are likely below the noise floor and cannot be measured in this setup.

4 LIMITATIONS

Like all kernel methods, Algorithm [I|requires constructing a kernel matrix, which has quadratic cost
in the size of the training set. Although low-rank approximation methods exist which can improve
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Table 1: Average test accuracy for each dataset and training algorithm. ERM is included as an
ablation but is not part of the main results comparison.

(a) Camelyonl7
Sampler \ ERM CORAL MMD
Uniform random 895+14 929+0.6 93.7+04

Stratified: k-means (inputs) 84.0+1.8 93606 935+0.7
Stratified: k-means (features) | 88.6 £0.4 93.8+0.1 94.1+£0.8

VaRDASS 882+05 945%+0.2 94703
(b) Humpbacks
Sampler \ ERM CORAL MMD
Uniform random 78.8+1.3 815+1.6 883+14
Stratified: k-means (inputs) 757+17 81715 828+14
Stratified: k-means (features) | 77.8 £ 1.1 829+2.0 83.0%x1.8
VaRDASS 78.0+1.1 849%+11 904=*1.5

(c) Spawrious

Sampler | ERM CORAL MMD

Uniform random 58.1+£0.7 620+£09 62.7+1.0
Stratified: k-means (inputs) 58.0+06 558%+13 632+09
Stratified: k-means (features) | 58.0+0.8 66.5+1.1 71.1£2.2
VaRDASS 587+04 68420 724+22

the scalability to linear (Chitta et al.l 2014), this was not investigated in this paper, and the method
will likely still be impractical for very large-scale datasets.

k-means clustering is known to be NP-hard and heuristics such as Lloyd’s (on which Algorithm
[ is based) only search for local solutions. Thus, even though our derived objective is a good
surrogate for minimising variance, there is no guarantee that an improved solution can actually be
found. Similarly, the runtime of Lloyd’s is known to be superpolynomial in the worst case (Arthur
& Vassilvitskiil [2000), although this algorithm remains popular due to its simplicity and the fact it
performs well in practice (Arthur et al.,|2009; |Cordeiro de Amorim & Makarenkov, [2023)).

Another problem which can emerge with kernel k-means clustering, especially when # is high
dimensional, is large imbalance in the strata sizes or even singleton strata. This would slow down
the convergence rate of the training, but can be dealt with by introducing minimum cluster size
constraints to the cluster assignment step.

5 CONCLUSION

This paper introduced VaRDASS, a novel stochastic variance reduction technique for UDA based
on stratified sampling, which specifically targets the MMD and CORAL losses. A novel clustering
algorithm was proposed to solve this problem and thoroughly analysed. We showed that the method
significantly reduces variance in the targeted losses, and that this results in consistent improvements
in target domain accuracy. For future work, the method could adopt a strata reconstruction condition
as in [Liu et al.| (2020b), be combined with complementary variance reduction techniques, or be
extended to additional UDA or domain generalisation algorithms. Alternative clustering algorithms
with superior performance to Lloyd’s could also be investigated.
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A PROOF OF THEOREM 1]

Theorem 1. Assume H has finite dimensionality d and ¥, | = o1 for some positive scalar o>.
Then,

arg min Var (EMMD) — argmin Var (fig,s)- (18)

Proof. Noting that Var (fiy,s) = od, we have
Var (EMMD> =2Tr (( 2I+Eﬁ¢t) ) +4m” ( 2I+Eﬁ¢t)

+x2

_ ER IS
=2Tr (01 + 20 2,

Flot )+4am m+mT3;

fig.+ 1T

=20%d +40® (mTm + Tr (S5,,)) +2Tr (Z%q;,,,) +m"Ss, ,m (19)

2 N 4 ~
= E Var (,U,¢75)2 + a Var (,Uqb.,s) (me +Tr (Eﬂd:,t))

£2Tr (E/% )+m S, m

which is monotonically increasing in Var (i s) for all fixed m, ¥z, ,, d. O
B PROOF OF THEOREM [4]
Theol‘em 4. Assume Zs p, ~ N (pn, Xn) ,h = 1,..., k are independent random scalars, and let ﬁs
and R’ be sample covariance matrices of zs as defined. Then,
Var (R, ) =42 (Tr ((ACE)?) + 4u" ACTACH) (20)
Var ( ) = 2Tr ((A%)2) + 44T ACSACH 1)
Var (R,) =% (Var (R,) +2Tr (425)” - 4Tr (4%52) ) (22)
where i1 = (p1, ..., )", © = diag (31, ...,5%)), A = n%diag ((151]5-- [SkD), v = Jreq is

a bias correction factor, and C' = I — J A is the weighted centering matrix, with J the square matrix
of ones.

Proof. For scalar z; p,, the covariances can be written as quadratic forms
R, = (CZ)TA(CZ) =~ZTACZ (23)
R, =(Z—p)" A(Z — py) 24)

with Z = (Z5 1, - - ,Zs_rk)T ~ N(u,X). For Var (Es) the expression is immediate from |Seber
(2007). For Var (E’S) , one has

Var (RL) = 2T ((AD)?) + 4 (1 = 1) ASA (= ) (25)
and note that Cy = 1 — s because ps = ni Zizl | S| pn- The result follows.
Expanding Tr ((ACY)?) = Tr ((A(I - JA)E)2> and substituting then gives

L var (R.) =2 (Tx ((A%)?) + Tr (4%5)” - 2T (4752) ) + 4" ACTACH
v

(26)
= Var (R,) +2Tr (4%%)” — 4Tv (4%52). =
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C PERFORMANCE BREAKDOWN BY DATA SPLIT

Table 2: Average test accuracy for the Humpbacks dataset by data split.

Sampler \ ERM CORAL MMD
Domain 1
Uniform random 70.0+2.7 72.1+08 805+24

Stratified: k-means (inputs) 61.7+£23 67.7+36 732+2.1
Stratified: k-means (features) | 73.6 +2.6 745+4.1 702+4.1

VaRDASS 68.0+3.0 77.8+2.8 80.0+04
Domain 2
Uniform random 7777+3.0 884+59 922+1.9

Stratified: k-means (inputs) 80.1£57 914+24 885+3.3
Stratified: k-means (features) | 73.6 £3.1 89.0+6.2 948+14

VaRDASS 803+28 95220 971+1.1
Domain 3
Uniform random 73.4+28 T24+12 87.0+4.6

Stratified: k-means (inputs) 68.6+2.1 T774+4.0 78839
Stratified: k-means (features) | 69.8 £ 1.1 755+2.0 73.2+5.6

VaRDASS 68.5+0.7 71.7+1.8 89.8+5.9
Domain 4
Uniform random 942 +13 93.1+2.1 935+0.6

Stratified: k-means (inputs) 922+13 903+£09 90.8%1.6
Stratified: k-means (features) | 94.5+0.9 927+1.6 93.6+0.9
VaRDASS 95.0+0.7 948+21 94.8+0.8
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Table 3: Average test accuracy for the Spawrious dataset by data split.

Sampler \ ERM CORAL MMD
020-Easy
Uniform random 664+1.6 694+36 73.8+22

Stratified: k-means (inputs) 672+12 744+62 904+09
Stratified: k-means (features) | 69.5+0.6 87.7+3.2 81.0+7.0

VaRDASS 652+13 834+71 91.7+28
020-Medium
Uniform random 625+1.0 56020 61919

Stratified: k-means (inputs) 60.7+14 592+23 548+1.8
Stratified: k-means (features) | 60.4 +0.7 60.8+£0.8 57.7+2.6

VaRDASS 614+06 61916 60.8+04
020-Hard
Uniform random 61.3+09 649+0.6 60.5+1.9

Stratified: k-means (inputs) 604+1.7 51224 602+29
Stratified: k-means (features) | 63.8 £ 1.1 61.1+2.8 81.4+4.2

VaRDASS 61.5+15 712+84 83.4=x3.7
M2M-Easy
Uniform random 70.7+29 79.1+23 80.5+4.0

Stratified: k-means (inputs) 70.0+1.1 78.8+0.1 783+32
Stratified: k-means (features) | 69.6 +0.4 81.0+£3.1 80.8+4.7

VaRDASS 71.6+0.7 852+3.6 842=x1.2
M2M-Medium
Uniform random 443+1.4 544+£20 513+24

Stratified: k-means (inputs) 496+13 52710 50.0=x1.1
Stratified: k-means (features) | 47.8 +2.3 574 +25 59.8+33

VaRDASS 484+08 594+1.6 60.0+11.3
M2M-Hard
Uniform random 433+1.2 483+08 48.1+0.7

Stratified: k-means (inputs) 40.0+22 186+34 455%1.5
Stratified: k-means (features) | 36.8 +4.2 51.2+2.7 66.2 +8.7
VaRDASS 440+ 1.1 494+£24 541+48
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D DOMAIN DISCREPANCY POST-TRAINING

Table 4: Average discrepancy between the training and test domains for each dataset.

(a) Camelyonl7
Sampler | CORAL MMD
Uniform random 0.151 £0.074 0.135 = 0.021

Stratified: k-means (inputs) 0.093 £0.011 0.183 +£0.030
Stratified: k-means (features) | 0.117 = 0.084 0.260 + 0.038

VaRDASS 0.114 £0.023 0.217 £0.042
(b) Humpbacks
Sampler | CORAL MMD
Uniform random 5712 £1.203 6.489 £ 0.289

Stratified: k-means (inputs) 4.551 £1.049 6.936 +0.380
Stratified: k-means (features) | 8.984 + 1.885 6.396 + 0.326
VaRDASS 8.695 +1.533 6.008 = 0.321

(c) Spawrious

Sampler | CORAL MMD

Uniform random 0.281 £0.049 0.206 = 0.038
Stratified: k-means (inputs) 0.201 £0.043 0.229 +£0.041
Stratified: k-means (features) | 0.270 £ 0.061 0.255 £ 0.041
VaRDASS 0.220 £ 0.034 0.317 £0.051
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