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ABSTRACT

Neural PDE solvers achieve remarkable speedups over classical numerical meth-
ods but apply uniform computational effort across the spatial domain at inference
time, ignoring the inherent non-uniformity of solution complexity. We introduce
ATCA (Adaptive Test-time Compute Allocation), a framework that learns to allo-
cate variable refinement depth across the spatial domain during inference. ATCA
trains a lightweight difficulty estimator network that predicts local solution er-
ror from an initial neural operator prediction, then routes computational budget
to high-difficulty regions via spatially non-uniform iterative refinement. We es-
tablish a theoretical connection between ATCA and classical adaptive mesh re-
finement, proving that optimal compute allocation under a fixed budget satisfies
an error equidistribution principle analogous to Dörfler marking. Experiments on
four benchmark PDEs (Burgers’ equation, Darcy flow, Navier-Stokes at varying
Reynolds numbers, and shallow water equations) demonstrate that ATCA achieves
equivalent accuracy to uniform refinement methods such as PDE-Refiner while us-
ing 2.5–4.3× fewer FLOPs at inference, or alternatively achieves 18–37% lower
error at equal compute budgets. Our results suggest that test-time compute scal-
ing for neural PDE solvers, analogous to recent findings in large language models,
benefits substantially from adaptive rather than uniform allocation strategies.

1 INTRODUCTION

Partial differential equations (PDEs) are the mathematical backbone of modeling complex physical
phenomena in fluid dynamics, climate science, materials engineering, and beyond. Classical nu-
merical methods (finite elements, finite volumes, spectral methods) provide rigorous convergence
guarantees but often demand prohibitive computational resources for high-resolution, multi-scale
problems (Berger & Oliger, 1984). Over the past several years, neural PDE solvers have emerged as
a compelling alternative, offering orders-of-magnitude speedups while retaining useful accuracy for
many applications (Li et al., 2021; Lu et al., 2021; Kovachki et al., 2023).

The dominant paradigm in neural PDE solving treats the problem as operator learning: given input
conditions (initial/boundary conditions, PDE coefficients), a neural network directly maps to the
solution field in a single forward pass (Li et al., 2021; Lu et al., 2021). Foundation models such as
Poseidon (Herde et al., 2024) extend this to pre-trained, general-purpose models that can be fine-
tuned for diverse PDE families. While single-pass inference is fast, it provides no mechanism to
improve the solution by spending additional computation when the initial prediction is inadequate.

Recent work has begun exploring test-time refinement strategies. PDE-Refiner (Lippe et al., 2023)
applies diffusion-inspired iterative denoising at each autoregressive step, improving accuracy across
the entire frequency spectrum. The physics-informed neural operator (PINO) framework (Li et al.,
2024) performs instance-wise optimization of the PDE residual at test time, trading compute for
accuracy. These methods demonstrate a nascent but important principle: test-time compute scaling
for neural PDE solvers, i.e., spending more inference computation to improve solution quality, is
both feasible and effective.

However, all existing test-time refinement methods share a critical limitation: they apply uniform
computational effort across the spatial domain. PDE-Refiner runs the same number of denoising
steps at every spatial location; PINO minimizes a global residual without spatial weighting. This
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uniformity is fundamentally mismatched with PDE solutions, which exhibit dramatic spatial varia-
tion in complexity. Turbulent wakes, shock fronts, boundary layers, and phase interfaces represent
localized high-complexity regions, while large portions of the domain contain smooth, easily pre-
dicted flow.

Classical numerical methods learned this lesson decades ago. Adaptive mesh refinement (AMR)
(Berger & Oliger, 1984; Dörfler, 1996) concentrates computational resources (grid points, poly-
nomial degrees) in regions where a posteriori error estimates indicate insufficient resolution. The
principle of error equidistribution dictates that optimal allocation equalizes per-element error con-
tributions across the domain (Verfürth, 2013), achieving provably optimal convergence rates for
elliptic problems.

In this paper, we propose ATCA (Adaptive Test-time Compute Allocation), a framework that brings
the adaptive allocation principle from classical AMR into the neural PDE solving paradigm. ATCA
operates in three stages at inference time: (1) an initial forward pass through a neural operator
produces a coarse prediction; (2) a lightweight difficulty estimator network evaluates the prediction
and produces a spatial map of estimated local error; (3) iterative refinement steps are allocated non-
uniformly across the domain, concentrating computation where the difficulty estimator flags high
error. We make the following contributions:

• We formalize the problem of optimal test-time compute allocation for neural PDE solvers
as a constrained optimization problem and prove that the optimal solution satisfies an error
equidistribution condition analogous to classical AMR theory (Section 4).

• We propose a practical architecture for adaptive compute allocation, consisting of a plug-
in difficulty estimator and a spatially non-uniform refinement mechanism compatible with
existing neural operators (Section 3).

• We demonstrate on four benchmark PDE families that ATCA achieves 2.5–4.3× compu-
tational savings over uniform refinement at matched accuracy, or 18–37% lower error at
matched compute budgets (Section 5).

2 RELATED WORK

Neural PDE solvers. The Fourier neural operator (FNO) (Li et al., 2021) learns mappings between
function spaces via parameterized Fourier-domain integral operators. DeepONet (Lu et al., 2021)
factorizes the operator into branch and trunk networks. Graph-based (Brandstetter et al., 2022) and
transformer-based (Wu et al., 2024) architectures extend to irregular geometries, while foundation
models (Herde et al., 2024; Alkin et al., 2024) pre-train on diverse PDE datasets. All produce
predictions in a single forward pass without adaptive compute allocation.

Test-time refinement for PDEs. PDE-Refiner (Lippe et al., 2023) applies iterative denoising to
refine neural operator predictions, recovering high-frequency information for stable long rollouts.
PINO (Li et al., 2024) fine-tunes a pre-trained operator on the PDE residual per test instance. The
solver-in-the-loop paradigm (Um et al., 2020) interleaves learned corrections with classical solver
steps. Conservation-preserving corrections (Liu et al., 2023; 2025) enforce physical constraints
via post-hoc projections, and variationally correct operator learning (Qiu & Chen, 2025) provides
rigorous a posteriori error bounds. Concurrently, Wang et al. (2025) propose reward-model-driven
inference-time scaling for PDE foundation models, allocating compute across candidate solutions
via best-of-N sampling rather than spatially within a single solution; our work is complementary,
targeting spatial allocation of iterative refinement steps. None of these methods allocate refinement
non-uniformly across the spatial domain.

Adaptive computation in deep learning. Adaptive computation time (Graves, 2016) allows re-
current networks to vary the number of processing steps per input token. Universal Transformers
(Dehghani et al., 2019) iterate transformer layers with halting mechanisms. Mixture-of-Depths (Ra-
poso et al., 2024) dynamically allocates compute across tokens in language models. In the LLM
reasoning literature, test-time compute scaling (Snell et al., 2025; Bansal et al., 2024) demonstrates
that allocating more inference compute (via best-of-N sampling, chain-of-thought, or iterative re-
finement) systematically improves output quality. Our work transfers this principle to PDEs with
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the crucial insight that spatial non-uniformity of solution complexity demands spatially adaptive
allocation.

Adaptive mesh refinement. AMR (Berger & Oliger, 1984) is the classical approach to non-
uniform compute allocation in numerical PDE solving. A posteriori error estimators (Verfürth,
2013) identify elements where local error is high, and Dörfler marking (Dörfler, 1996) selects the
minimal element set whose cumulative error exceeds a fixed fraction of the total. Our difficulty
estimator is a learned analogue of a posteriori error estimation adapted to neural operators, where
the “mesh” corresponds to iterative refinement depth.

3 METHOD: ADAPTIVE TEST-TIME COMPUTE ALLOCATION

3.1 PROBLEM FORMULATION

Consider a parametric PDE of the form

N [u; a](x) = 0, x ∈ Ω ⊂ Rd, (1)

with appropriate boundary and initial conditions, where a parameterizes the PDE instance (e.g.,
coefficients, forcing terms, initial conditions) and u : Ω → Rc is the solution field. A neural operator
Gθ : a 7→ û approximates the solution operator, producing an initial prediction û(0) = Gθ(a).

We consider an iterative refinement process that, starting from û(0), applies K total refinement steps
to improve the prediction. In uniform refinement (e.g., PDE-Refiner), each spatial location receives
the same number of refinement steps. We generalize this by introducing a compute allocation map
k : Ω → {0, 1, . . . ,Kmax} that assigns a variable number of refinement steps to each spatial region,
subject to a total budget constraint:

M∑
i=1

ki ≤ B, (2)

where the domain is partitioned into M patches {Ωi}Mi=1, ki is the number of refinement steps for
patch i, and B is the total budget (measured in refinement-step-patch units). Uniform allocation
corresponds to ki = B/M for all i.

The goal is to find the allocation k∗ that minimizes the total prediction error:

k∗ = argmin
k

M∑
i=1

ei(ki) s.t.
M∑
i=1

ki ≤ B, ki ∈ {0, . . . ,Kmax}, (3)

where ei(ki) is the local error on patch i after ki refinement steps.

3.2 ARCHITECTURE OVERVIEW

ATCA operates in three stages at inference time, illustrated in Figure 1:

Stage 1: Initial prediction. A base neural operator Gθ (e.g., FNO, Poseidon, U-Net) produces an
initial prediction û(0) = Gθ(a) via a standard forward pass. This is identical to existing inference
pipelines and introduces no additional cost.

Stage 2: Difficulty estimation. A lightweight difficulty estimator Dϕ takes as input the initial
prediction û(0), the input conditions a, and optionally the PDE residual r(0)(x) = N [û(0); a](x),
and outputs a spatial difficulty map d ∈ RM

+ :

d = Dϕ

(
û(0), a, r(0)

)
. (4)

The difficulty map estimates the local error ∥û(0) − u∗∥ at each patch. The estimator is designed to
be computationally cheap (a shallow convolutional network operating at coarsened resolution), so
its cost is negligible relative to the refinement steps.
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Figure 1: Overview of the ATCA framework. Stage 1 produces an initial prediction via a standard
neural operator. Stage 2 estimates a spatial difficulty map. Stage 3 allocates refinement steps non-
uniformly based on difficulty and applies local iterative refinement.

Stage 3: Adaptive refinement. The difficulty map d is converted into a compute allocation k via
a budget-constrained allocation policy π:

k = π(d, B) =

⌊
B · dγi∑M

j=1 d
γ
j

⌉
, i = 1, . . . ,M, (5)

where γ > 0 controls the sharpness of allocation (higher γ concentrates more compute on the
hardest patches) and ⌊·⌉ denotes rounding with adjustment to satisfy the budget constraint exactly.
Each patch Ωi then receives ki steps of a local refinement operator Rω:

û
(ki)
i = R(ki)

ω

(
û
(0)
i , ai

)
, (6)

where R(k)
ω denotes k sequential applications of the refinement operator on patch i. The final pre-

diction assembles the locally refined patches with overlap blending to ensure continuity:

ûfinal(x) =

M∑
i=1

wi(x) · û(ki)
i (x), (7)

where wi are smooth partition-of-unity weights supported on (slightly extended) patch Ωi.

3.3 REFINEMENT OPERATOR

The local refinement operator Rω can be instantiated in several ways. We consider two primary
variants:

Denoising refinement (DR). Following PDE-Refiner (Lippe et al., 2023), each refinement step
applies a learned denoising function conditioned on the current prediction and the input conditions.
Given the current local estimate û

(k)
i , we add calibrated noise at scale σk and train the refiner to

denoise:
û
(k+1)
i = û

(k)
i +Rω

(
û
(k)
i + σkϵ, ai, k

)
, ϵ ∼ N (0, I). (8)

The noise schedule {σk} is shared across all patches; only the number of denoising steps varies
spatially.

Residual-guided refinement (RR). Inspired by PINO (Li et al., 2024), each refinement step per-
forms a gradient-based correction using the PDE residual as the loss signal:

û
(k+1)
i = û

(k)
i − α∇ûi

∥∥N [û(k); a](x)
∥∥2
Ωi
, (9)

where α is a step size and the gradient is computed only on patch Ωi. This variant requires the PDE
to be known but avoids training a separate refinement network.

Both variants can be applied at the patch level, and crucially, patches receiving zero refinement steps
(ki = 0) incur zero additional cost, enabling significant savings in smooth regions.
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3.4 TRAINING PROCEDURE

ATCA requires training three components: the base operator Gθ, the difficulty estimator Dϕ, and
(for the denoising variant) the refinement operator Rω .

Base operator. We train Gθ using standard supervised learning on input-output pairs
{(a(n), u(n))}Nn=1 generated by a classical solver.

Difficulty estimator. Given a trained base operator, we construct training data for Dϕ by comput-
ing the pointwise error ∥u(n)(x) − û(0,n)(x)∥ for each training sample, then averaging over each
patch to obtain ground-truth difficulty labels d

(n)
i = ∥u(n) − û(0,n)∥L2(Ωi). We train Dϕ with a

regression loss:

Ldiff =
1

NM

N∑
n=1

M∑
i=1

∣∣d̂(n)i − d
(n)
i

∣∣2. (10)

The difficulty estimator can additionally use the PDE residual r(0)(x) as an input feature when the
PDE is known, which we find substantially improves prediction quality (Section 5).

Refinement operator. For the denoising variant, we train Rω following PDE-Refiner (Lippe et al.,
2023), adapted to operate on local patches. The residual-guided variant requires no additional train-
ing.

End-to-end fine-tuning. After independent training of all components, we optionally fine-tune
end-to-end with the allocation policy in the loop, using a straight-through estimator for the discrete
allocation step. This improves performance by 5–10%.

4 THEORETICAL ANALYSIS

We now establish the theoretical foundation for adaptive compute allocation, drawing on classical
results from adaptive mesh refinement theory.

4.1 OPTIMAL ALLOCATION AND ERROR EQUIDISTRIBUTION

We begin with a simplified continuous model. Suppose the local error after k refinement steps decays
as ei(k) = ci · k−β for some local difficulty constant ci > 0 and convergence rate β > 0, both of
which may vary across patches. This power-law decay is motivated by empirical observations from
PDE-Refiner (Lippe et al., 2023) and is consistent with classical refinement convergence rates.

Proposition 1 (Optimal allocation). Under the power-law error model ei(k) = ci · k−β , the allo-
cation k∗ that minimizes

∑
i ei(ki) subject to

∑
i ki = B satisfies:

k∗i = B · c
1/(β+1)
i∑M

j=1 c
1/(β+1)
j

, (11)

and the resulting per-patch errors satisfy the equidistribution condition:

ei(k
∗
i ) · k

∗ β
i = ci = const ∀ i. (12)

Proof. We solve the continuous relaxation using Lagrange multipliers. Define L =
∑

i cik
−β
i +

λ(
∑

i ki − B). Setting ∂L/∂ki = 0 yields −βcik
−β−1
i + λ = 0, so ki ∝ c

1/(β+1)
i . The

budget constraint gives the normalization in Eq. equation 11. Substituting back, ei(k∗i ) = ci ·
(Bc

1/(β+1)
i /Z)−β = c

1/(β+1)
i · (B/Z)−β , where Z =

∑
j c

1/(β+1)
j , confirming equidistribution up

to a global constant.

This result is the neural operator analogue of the classical Dörfler marking principle (Dörfler, 1996):
under optimal allocation, the error contributions from all patches should be equalized. The allocation
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parameter γ in Eq. equation 5 corresponds to 1/(β + 1); setting γ = 1 is optimal when β = 0 (no
refinement benefit), and γ → 0 when β → ∞ (refinement is extremely effective). In practice,
β ≈ 1–2 for diffusion-based refiners, suggesting γ ≈ 0.33–0.5.

4.2 COMPLEXITY ADVANTAGE OVER UNIFORM ALLOCATION

Proposition 2 (Speedup bound). Let c = (c1, . . . , cM ) be the difficulty vector. The ratio of total
error under uniform allocation to total error under optimal allocation, at equal budget B, satisfies:∑

i e
uniform
i∑

i e
optimal
i

=
M · c̄

(
∑

i c
1/(β+1)
i )β+1/Bβ

· Bβ

Mβ
≥ 1, (13)

with equality if and only if ci = c for all i (spatially uniform difficulty). When difficulty is concen-
trated on a fraction α of patches, the speedup scales as O(α−β/(β+1)).

For Navier-Stokes solutions with turbulent structures occupying ∼10% of the domain and β = 1,
the theoretical speedup is ∼ 3.2×, consistent with our empirical findings.

4.3 CONNECTION TO A POSTERIORI ERROR ESTIMATION

Our difficulty estimator Dϕ is a learned analogue of classical a posteriori error estimators. In finite
elements, residual-based estimators provide two-sided bounds: C1ηi ≤ ∥u − uh∥H1(Ωi) ≤ C2ηi,
where ηi combines the element residual and inter-element gradient jumps (Verfürth, 2013). In the
neural operator setting, the PDE residual N [û; a](x) serves an analogous role. When used as input
to Dϕ, the estimator learns the mapping from locally computable quantities (residual magnitude,
gradient features) to actual error, bridging the gap between the residual, which is cheap to compute
but only indirectly measures error, and the true error requiring the unknown exact solution.

5 EXPERIMENTS

We evaluate ATCA on four PDE benchmarks spanning different equation types and physical phe-
nomena. All experiments use the PDEBench dataset (Takamoto et al., 2022) and the modern U-Net
architecture (Gupta & Brandstetter, 2023) as the base operator, following the experimental protocol
of PDE-Refiner (Lippe et al., 2023).

5.1 EXPERIMENTAL SETUP

PDE benchmarks. We evaluate on: (1) 1D Burgers’ equation with viscosity ν ∈ [0.001, 0.01],
which develops sharp shock fronts; (2) 2D Darcy flow with spatially varying permeability, an elliptic
problem with sharp coefficient discontinuities; (3) 2D Navier-Stokes at Reynolds numbers Re ∈
{500, 1000, 2000}, exhibiting localized vortical structures; and (4) 2D shallow water equations
with varying bathymetry, featuring wave fronts and reflections.

Baselines. We compare against: (a) Base operator (single forward pass, no refinement); (b) PDE-
Refiner (Lippe et al., 2023) with uniform refinement at K ∈ {1, 2, 4, 8} steps; (c) PINO (Li et al.,
2024) with K gradient steps of test-time optimization; (d) Random allocation (refinement steps
allocated randomly as a stochastic baseline); (e) Residual-proportional allocation (steps allo-
cated proportional to ∥r(0)∥L2(Ωi) per patch, a non-learned heuristic using the PDE residual); (f)
Gradient-magnitude allocation (steps allocated proportional to ∥∇û(0)∥L2(Ωi), detecting sharp
features without requiring the PDE); and (g) Oracle allocation (allocation based on the ground-
truth error, serving as an upper bound on allocation quality).

ATCA configuration. We partition the domain into M = 8 × 8 = 64 patches (for 2D problems)
or M = 32 segments (for 1D). The difficulty estimator is a 4-layer convolutional network with
∼50K parameters (less than 1% of the base operator). We use the denoising refinement variant as
the default and report residual-guided results separately. The allocation exponent is set to γ = 0.5
based on validation, and the total budget B is varied to trace the compute-accuracy Pareto frontier.
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Table 1: Relative L2 error (×10−2) at matched compute budget (B = 4M refinement-step-patches).
Lower is better. Best results in bold.

Method Burgers’ Darcy Navier-Stokes Shallow Water
Base operator (no refinement) 4.83± 0.21 3.67± 0.14 12.41± 0.53 6.92± 0.28
PDE-Refiner (K=4, uniform) 1.72± 0.09 1.53± 0.07 5.38± 0.31 2.81± 0.15
PINO (K=4 grad steps) 1.95± 0.12 1.41± 0.08 5.89± 0.34 3.12± 0.18
Random allocation (B=4M ) 1.68± 0.11 1.49± 0.09 5.21± 0.29 2.74± 0.16
Gradient-mag. allocation (B=4M ) 1.51± 0.10 1.44± 0.08 4.52± 0.30 2.48± 0.15
Residual-prop. allocation (B=4M ) 1.42± 0.09 1.38± 0.07 4.15± 0.28 2.32± 0.14

ATCA-DR (ours) 1.19± 0.07 1.25± 0.06 3.41± 0.22 1.98± 0.12
ATCA-RR (ours) 1.31± 0.08 1.29± 0.07 3.72± 0.25 2.15± 0.13

Oracle allocation 1.08± 0.06 1.19± 0.05 3.12± 0.19 1.82± 0.10

Metrics. We report the relative L2 error: ∥û−u∗∥L2/∥u∗∥L2 , averaged over the test set. Compu-
tational cost is measured in effective refinement FLOPs: the total FLOPs spent on refinement steps
(excluding the base operator forward pass, which is identical across all methods).

5.2 MAIN RESULTS

Accuracy at matched compute. Table 1 reports the relative L2 error at a fixed budget equivalent
to K = 4 uniform steps. ATCA achieves 18–37% lower error across all benchmarks, with the largest
gains for Navier-Stokes (37%) and Burgers’ (31%), which exhibit the most spatially concentrated
difficulty. Notably, simple non-learned heuristics (residual-proportional and gradient-magnitude
allocation) already capture a portion of the adaptive gain (17–23% and 10–16% error reduction over
uniform, respectively), confirming that spatial adaptivity itself is valuable. However, ATCA’s learned
estimator provides a further 10–18% error reduction beyond the residual heuristic, demonstrating
that learning the nonlinear mapping from locally computable features to true error improves upon
raw residual or gradient indicators.

Compute savings at matched accuracy. Figure 2 shows the compute-accuracy Pareto frontiers.
To match PDE-Refiner at K = 4, ATCA requires only K ≈ 0.9–1.6 average steps per patch, a 2.5–
4.3× reduction in refinement FLOPs. Savings are largest for Navier-Stokes (4.3×), where ATCA
allocates Kmax = 8 steps to vortex cores and zero to the laminar free-stream.

Wall-clock speedup. On a single NVIDIA A100, ATCA’s end-to-end wall-clock speedup is
smaller than the FLOP savings: for Navier-Stokes at B = 4M , total inference time is 16.6 ms
(base 4.2 ms + difficulty estimation 0.3 ms + adaptive refinement 12.1 ms) versus 22.2 ms for K=4
uniform refinement (base 4.2 ms + 18.0 ms refinement), a 1.34× speedup. The gap between FLOP
and wall-clock savings arises from bookkeeping overhead for variable-length patch computation and
partition-of-unity blending. We expect this gap to narrow with batched patch scheduling or multi-
GPU parallelism, where independent patches can be distributed across devices with no inter-patch
communication during refinement. Full cost breakdowns for all benchmarks appear in Appendix B.

5.3 ABLATION STUDIES

Difficulty estimator inputs. Table 2 reports difficulty estimator quality as a function of input
features. Using only û(0) yields Spearman ρ = 0.71; adding the PDE residual improves this to 0.89;
further including a reaches 0.92. The PDE residual is a strong physics-based signal for locating
high-error regions.

Allocation exponent γ. Sweeping γ ∈ {0.25, 0.5, 0.75, 1.0, 1.5} on Navier-Stokes, the optimal
value is γ = 0.5, consistent with the theoretical prediction γ∗ = 1/(β + 1) ≈ 0.5 for β ≈ 1.
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Figure 2: Compute-accuracy Pareto frontiers for Navier-Stokes (left) and Burgers’ (right). ATCA
achieves consistently lower error at every compute budget compared to uniform refinement. The
gap widens for PDEs with localized complexity (Navier-Stokes).

Table 2: Difficulty estimator quality (Spearman ρ between predicted and true patch errors) and
downstream ATCA performance on Navier-Stokes (B = 4M ).

Estimator inputs Spearman ρ Rel. L2 (×10−2) FLOPs saved vs. uniform

û(0) only 0.71 4.28 2.1×
û(0) + r(0) 0.89 3.58 3.6×
û(0) + r(0) + a 0.92 3.41 4.3×
Oracle (true error) 1.00 3.12 5.1×

Proportional allocation (γ = 1.0) yields 8% higher error, while highly concentrated allocation (γ =
0.25) yields 5% higher error.

Patch granularity. Varying M ∈ {16, 64, 256, 1024} for 2D Navier-Stokes, performance im-
proves from M = 16 to M = 256 then plateaus. We use M = 64 as a practical default balancing
performance and overhead. Intuitively, patch size should be comparable to the characteristic length
scale of the PDE’s localized features (e.g., shock width, vortex core diameter); patches much larger
than this cannot isolate high-error regions, while patches much smaller incur diminishing returns
alongside increased blending and scheduling overhead.

8



Published as a conference paper at ICLR 2026

(a) Initial error ∥û(0) − u∗∥ (b) Allocation map k (c) Final error (ATCA)

Figure 3: Illustration for Navier-Stokes (Re=1000). (a) Initial prediction error from the base opera-
tor, showing concentrated error at vortex cores and shear layers. (b) ATCA allocation map: darker
regions receive more refinement steps. (c) Error after adaptive refinement is spatially uniform and
globally reduced.

Compatibility with foundation models. Applying ATCA to a fine-tuned Poseidon-T model
(Herde et al., 2024) on Navier-Stokes yields 2.8× savings, less than the 4.3× with U-Net, since
the stronger base model has smaller, more uniformly distributed errors. This provides preliminary
evidence that ATCA can serve as a plug-in for pre-trained foundation models, though we caution
that this is a single architecture and PDE family; broader validation across architectures with differ-
ent inductive biases (e.g., AFNO-style global spectral operators vs. locally attentive transformers)
is needed before claiming general compatibility, since native resolution, tokenization, and patching
strategies may materially affect allocation behavior.

5.4 VISUALIZATION OF ADAPTIVE ALLOCATION

Figure 3 illustrates the allocation maps produced by ATCA for a Navier-Stokes instance at Re =
1000. The difficulty estimator correctly identifies vortex cores, shear layers, and boundary layers as
high-difficulty regions, allocating 6–8 refinement steps, while the laminar free-stream receives 0–1
steps. The resulting error field is substantially more uniform than after uniform refinement at equal
budget, confirming approximate error equidistribution in practice.

5.5 SCALING BEHAVIOR

We investigate how ATCA’s advantage scales with total compute budget and base model capacity.
Figure 2 shows that the gap between ATCA and uniform refinement is maintained across budgets
from B = 0.5M to B = 8M . At very high budgets (B ≫ MKmax), all patches saturate at
Kmax steps and the advantage diminishes, as expected. The practical regime B ∈ [M, 4M ] yields
the most pronounced advantage. We also test with U-Net models of varying sizes (10M, 25M,
55M parameters) and find consistent 2–4× savings, with slightly larger relative improvements for
smaller models that produce more spatially non-uniform errors, mirroring findings in LLM test-time
compute scaling (Snell et al., 2025).

6 DISCUSSION AND LIMITATIONS

When does ATCA help most? ATCA’s advantage grows with spatial non-uniformity of solution
complexity. PDEs with localized features (shocks, vortices, boundary layers) benefit most; for statis-
tically homogeneous problems the advantage diminishes. The difficulty concentration α is a useful
diagnostic: ATCA is most valuable when α ≪ 1.

Known-PDE vs. data-only regimes. ATCA’s design spans two distinct deployment scenarios.
When the governing PDE is known, the residual r(0) = N [û(0); a] is available and provides a
strong physics-based signal. In this regime, one might ask whether a simpler non-learned indicator
(e.g., residual-proportional allocation) suffices. Our results (Table 1) show that residual-proportional
allocation captures a substantial portion of the adaptive gain, but ATCA’s learned estimator still
provides 10–18% additional error reduction by learning the nonlinear, PDE-specific mapping from
residual features to true error, a mapping that a raw ℓ2 residual norm does not capture. When the
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PDE is unknown or partially specified (e.g., data-driven surrogates, black-box simulators), residual-
based signals are unavailable and a learned difficulty estimator is the only viable route. ATCA still
functions in this regime using only the prediction û(0) and input a (Spearman ρ = 0.71; Table 2),
though with reduced allocation quality. Developing self-supervised or uncertainty-based difficulty
signals for this regime is an important direction for future work.

Fixed patches and structured computation. ATCA uses a fixed patch grid rather than learned
or hierarchical regions. This is a deliberate choice: fixed patches allow batched GPU execution,
whereas irregular decompositions introduce computation graphs that are difficult to parallelize.
Classical AMR faced the same tension, and structured (block-based) AMR (Berger & Oliger, 1984)
prevailed for the same reason. A natural extension is multi-resolution patching (coarse patches
globally, subdivided in high-difficulty regions), preserving structured computation while increasing
spatial adaptivity.

Difficulty estimator robustness. The difficulty estimator is trained supervised using ground-truth
error, which ties it to the training distribution. To assess robustness, we train the estimator on Navier-
Stokes at Re ∈ {500, 1000} and evaluate at Re = 2000. The Spearman correlation drops from 0.92
(in-distribution) to 0.78, and ATCA error increases by 11%. Crucially, degradation is graceful: when
the estimator is uncertain, moderate γ spreads compute more uniformly, effectively reverting toward
uniform refinement. The method never performs worse than uniform refinement by more than 3%
in our OOD tests. The PDE residual input is key to this robustness, providing a physics-based signal
that transfers across parameter regimes.

Scope of theoretical analysis. Our theoretical results assume power-law error decay and inde-
pendent patch behavior, neglecting cross-patch error propagation. These assumptions are standard
in AMR convergence theory but limit applicability to coupled dynamics. We frame the theory as
motivating analysis: its value lies in correctly predicting qualitative behavior, notably the optimal
γ and the scaling of advantage with difficulty concentration, both of which match our experiments.
We also note that our formulation is budget-driven (minimize error for a fixed compute budget),
whereas classical adaptive solvers are typically tolerance-driven (minimize work for a prescribed
error tolerance). A tolerance-driven variant (refining until the difficulty estimator predicts all patch
errors fall below ϵ, with the total cost as the outcome rather than a constraint) is a natural extension
that would bring the framework closer to classical AMR practice.

Temporal adaptation. ATCA currently recomputes the difficulty map independently at each au-
toregressive timestep, adding 0.3 ms of overhead per step (negligible relative to the 4.2 ms base
forward pass). For unsteady PDEs, three extensions are natural but unexplored: (i) temporal co-
herence: carrying forward the previous difficulty map dt−1 as a warm start for the estimator at
step t, reducing estimation cost and smoothing allocation across time; (ii) predictive allocation: an-
ticipating downstream feature propagation (e.g., advected shocks) to pre-allocate refinement where
features will arrive, rather than where they currently reside; and (iii) long-horizon budget scheduling:
distributing a total rollout budget across both space and time, concentrating compute on timesteps
where error amplification is greatest. These directions are important for rollout stability, which we
do not evaluate in this work and leave to future investigation.

7 CONCLUSION

We introduced ATCA, a framework for adaptively allocating test-time compute in neural PDE
solvers. A lightweight difficulty estimator identifies regions of high prediction error, and iterative
refinement is concentrated there, achieving 2.5–4.3× computational savings over uniform refine-
ment at matched accuracy across four PDE benchmarks. The framework is grounded in classical
AMR theory via an error equidistribution principle and is compatible with existing neural operator
architectures, with preliminary evidence of applicability to pre-trained foundation models.
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A PROOF DETAILS

A.1 PROOF OF PROPOSITION 2

Under uniform allocation, each patch receives kui = B/M steps, yielding total error Eu =∑
i ci(B/M)−β = (M/B)β

∑
i ci. Under optimal allocation from Proposition 1, the total error

is:

E∗ =
∑
i

ci

(
Bc

1/(β+1)
i∑

j c
1/(β+1)
j

)−β

=
1

Bβ

(∑
i

c
1/(β+1)
i

)β+1

. (14)

The ratio is:
Eu

E∗ =
Mβ

∑
i ci(∑

i c
1/(β+1)
i

)β+1
. (15)

By the power mean inequality, ( 1
M

∑
i c

1/(β+1)
i )β+1 ≤ 1

M

∑
i ci (since 1/(β + 1) < 1), which

yields Eu/E∗ ≥ 1 with equality when all ci are equal.

For the concentrated case where ci = c for αM patches and ci = 0 for the rest, the ratio becomes
(αM)−β/(β+1) ·Mβ/(β+1) = α−β/(β+1).

B ADDITIONAL EXPERIMENTAL DETAILS

Hyperparameters and training protocol. The base U-Net follows the architecture of Gupta &
Brandstetter (2023) with hidden dimensions [64, 128, 256, 1024] and ∼55M parameters. The dif-
ficulty estimator uses hidden dimensions [32, 64, 64, 32] with group normalization and GELU ac-
tivations. All components are trained with Adam (learning rate 10−4, weight decay 10−5), cosine
annealing over 200 epochs, batch size 32, and gradient clipping at max norm 1.0. The refinement
operator follows PDE-Refiner’s denoising schedule with cosine noise scheduling. We use the stan-
dard PDEBench train/validation/test splits: for each PDE, 80%/10%/10% of samples are used for
training, validation (hyperparameter selection and early stopping), and final evaluation, respectively.
All reported metrics are computed on the held-out test set. Results in the main tables report mean ±
standard deviation across 3 independent training seeds.

Computational cost breakdown. For a single 2D Navier-Stokes test instance on a single NVIDIA
A100 GPU: base operator forward pass takes 4.2ms; difficulty estimation takes 0.3ms; one uniform
refinement step takes 4.5ms; ATCA with B = 4M averages 12.1ms total refinement (vs. 18.0ms
for K = 4 uniform), a 1.49× wall-clock speedup. The wall-clock speedup is smaller than the
FLOP speedup because patches with zero refinement still require bookkeeping overhead and the
partition-of-unity blending.
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