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ABSTRACT

Neural PDE surrogates are often deployed in data-limited or partially observed
regimes where downstream decisions depend on calibrated uncertainty in addition
to low prediction error. Existing approaches obtain uncertainty through ensem-
ble replication, fixed stochastic noise such as dropout, or post hoc calibration.
Cross-regularized uncertainty learns uncertainty parameters during training us-
ing gradients routed through a held-out regularization split. The predictor is op-
timized on the training split for fit, while low-dimensional uncertainty controls
are optimized on the regularization split to reduce train–test mismatch, yielding
regime-adaptive uncertainty without per-regime noise tuning. The framework can
learn continuous noise levels at the output head, within hidden features, or within
operator-specific components such as spectral modes. We instantiate the approach
in Fourier Neural Operators and evaluate on APEBench sweeps over observed
fraction and training-set size. Across these sweeps, the learned predictive distri-
butions are better calibrated on held-out splits and the resulting uncertainty fields
concentrate in high-error regions in one-step spatial diagnostics.

1 INTRODUCTION

Neural operators provide a practical route to fast PDE surrogate modeling and have become a stan-
dard backbone for data-driven scientific simulation (Li et al., 2021; Lu et al., 2021; Takamoto et al.,
2022). In many downstream settings, however, raw predictive accuracy is not sufficient: decisions
require uncertainty estimates that are both numerically stable and calibration-aware under distribu-
tion shift.

The dominant baselines are MC dropout, deep ensembles (Gal & Ghahramani, 2016; Lakshmi-
narayanan et al., 2017), and post hoc conformal wrappers (Angelopoulos & Bates, 2021; Ma et al.,
2024). While these approaches provide essential baselines, they lack a direct mechanism to opti-
mize uncertainty against the train–test mismatch driving overfitting in neural PDE pipelines. Con-
sequently, fixed stochastic settings often fail to adapt to regime-specific scarcity or sparsity.

We formulate uncertainty as a learnable optimization target coupled directly to the regularization ob-
jective. Concretely, we keep a predictive uncertainty branch optimized on the training split through
the likelihood objective, and we introduce a separate generalization-uncertainty branch whose pa-
rameters are updated only using gradients computed on a regularization split. This brings the cross-
regularization (XReg) principle (Brito, 2025) to neural PDE surrogates, shifting the focus from ar-
chitectural noise placement to objective-routed learning. Distinct from conventional hyperparameter
tuning, XReg updates uncertainty parameters online using the regularization set without re-fitting
the predictor backbone. Throughout, we use “predictive” and “generalization” uncertainty as oper-
ational labels defined by this gradient routing rather than as a physical decomposition.

Our contributions are:

• Cross-regularized uncertainty learning for neural PDE surrogates. We partition parameters
into predictor and uncertainty controls and train them with a train/reg split: predictor parameters
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are updated on the training split, while generalization-uncertainty controls are updated online from
regularization-split gradients (Algorithm 1).

• Regime-adaptive uncertainty scaling from held-out gradients. The regularization update di-
rectly adjusts uncertainty magnitude in response to train–test mismatch estimated on the regular-
ization split, yielding uncertainty that increases when observations are sparse or data are scarce
and decreases when supervision is informative.

• Empirical calibration and localization evidence. On APEBench sweeps over observed fraction
and training-set size, the learned predictive distributions improve held-out Gaussian-mixture cal-
ibration relative to MC dropout and 3-member ensembles under matched protocols, and one-step
spatial diagnostics show uncertainty concentrating in high-error regions.

2 RELATED WORK

Neural operator surrogates for PDEs. Operator-learning architectures such as DeepONet and
Fourier Neural Operators are now standard baselines for PDE surrogate modeling (Lu et al., 2021;
Li et al., 2021). Benchmark efforts have further clarified both their strengths and their calibra-
tion/generalization challenges across tasks and resolutions (Takamoto et al., 2022).

Uncertainty baselines in deep models. Widely used uncertainty baselines include MC dropout and
deep ensembles (Gal & Ghahramani, 2016; Lakshminarayanan et al., 2017). Conformal approaches
provide finite-sample calibration guarantees and have recently been adapted to operator-learning
settings (Angelopoulos & Bates, 2021; Ma et al., 2024). Our focus is an adaptive coupling between
train and reg. set objectives that tunes uncertainty scale to regime-specific mismatch.

Validation-gradient complexity control. Prior work on cross-regularization (XReg) introduces
learning regularization controls directly from held-out gradients (Brito, 2025). We use this prin-
ciple with neural operators to disentangle predictive and generalization uncertainty within a single
optimization loop.

3 XREG PRIMER

Cross-regularization (XReg) (Brito, 2025) separates feature fitting from complexity control by rout-
ing their gradients through different data partitions. We decompose uncertainty into two operational
categories: predictive uncertainty, which absorbs residuals required for training fit, and generaliza-
tion uncertainty, which smooths the model to reduce train–held-out mismatch. This decomposition
is model-relative rather than mechanistic: predictive uncertainty mirrors aleatoric uncertainty in ab-
sorbing residual variability (including approximation and optimization error), while generalization
uncertainty captures epistemic ambiguity driven by limited evidence. The distinction between pre-
dictive and generalization uncertainty arises solely from the optimization signal rather than distinct
probabilistic architectures.

3.1 CROSS-REGULARIZED OPTIMIZATION SPLIT

Let model parameters be partitioned into deterministic backbone parameters θ, predictive-noise pa-
rameters ψ, and generalization-noise parameters ρ. XReg uses alternating updates:

(θ, ψ)t+1 = (θ, ψ)t − ηθ,ψ∇(θ,ψ)Ltrain((θ, ψ)t, ρt), (1)

ρt+1 = ρt − ηρ∇ρLreg((θ, ψ)t+1, ρt). (2)

4 CROSS-REGULARIZED UNCERTAINTY FRAMEWORK

4.1 BACKBONE-AGNOSTIC FORMULATION

Consider a generic neural operator backbone fθ. We augment it with two stochastic parameter sets:

ψ ∈ Ψ (predictive-noise parameters), ρ ∈ R (generalization-noise parameters).
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For input x, the model produces predictive moments

µθ,ψ,ρ(x), σpred,ψ(x),

where ρmay affect the output distribution through stochastic perturbations of internal features and/or
output layers.

4.2 WHERE NOISE CAN BE INJECTED

The framework is defined by the train/regularization optimization split, so the uncertainty pathways
can be attached to many model sites. In this paper we focus on output-head and internal-feature
instantiations, with the option to co-locate predictive and generalization noise while keeping them
distinct through gradient routing.

For the internal variants used here, stochasticity is implemented as multiplicative Gaussian pertur-
bations of selected latent feature blocks and, when enabled, selected Fourier-mode channels, using
h 7→ h ⊙ (1 + σϵ). This placement flexibility does not require a Bayesian weight posterior and
avoids committing to a single architectural proxy for aleatoric versus epistemic uncertainty.

4.3 TRAIN AND REGULARIZATION OBJECTIVES

Train objective. Train updates optimize a Monte Carlo approximation of the marginal (mixture)
likelihood under generalization sampling:

Ltrain = − log
1

S

S∑
s=1

phier(y | x, ωs),

with

phier = exp

(
−1

2

[
log(2πσ2

pred) +
(y − µ)2 + σ2

gen

σ2
pred

])
.

In internal-noise variants, σgen is implicit in sampled model instances, and the generalization contri-
bution is measured through Varω[µ] at evaluation time. Train updates optimize (θ, ψ); regularization
parameters ρ are optimized only by Lreg.

Regularization objective. Regularization updates are performed on held-out one-step pairs. We
use two estimators in this work:

1. Mixture NLL:

Lmix
reg = − log

1

S

S∑
s=1

p(y | µs, σ2
s),

where each Monte Carlo sample induces one Gaussian.
2. Moment-matched NLL:

µmm = E[µs], σ2
mm = E[σ2

s + µ2
s]− µ2

mm,

Lmm
reg = − log p(y | µmm, σ

2
mm).

Head-only special case (predictive and generalization branches at the same model position).
When both branches are output heads (without internal-layer stochastic sampling), the asymmetry
is explicit:

Ltrain =
1

2

[
log(2πσ2

pred) +
(y − µ)2 + σ2

gen

σ2
pred

]
,

whereas the regularization objective uses total variance

σ2
tot = σ2

pred + σ2
gen, Lreg =

1

2

[
log(2πσ2

tot) +
(y − µ)2

σ2
tot

]
(or its MC-mixture counterpart when internal stochastic noise is enabled). This objective/data-
routing asymmetry enables distinct learning dynamics even when predictive and generalization pa-
rameters are co-located at the output head.
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Algorithm 1: Cross-Regularized Dual-Noise Training
Input: Dtrain,Dreg, T, kreg, ηθ,ψ, ηρ, S.
Parameters: backbone θ, predictive-noise parameters ψ, generalization-noise parameters ρ.
Output: trained (θ, ψ, ρ).

Step 1: Initialize (θ, ψ, ρ).
Step 2: For t = 1, . . . , T , repeat:

(a) Sample train mini-batch Btrain ∼ Dtrain.
(b) Sample model instances ω1:S ∼ qρ and compute Ltrain(Btrain; θ, ψ, ω1:S).
(c) Update

(θ, ψ)← (θ, ψ)− ηθ,ψ∇(θ,ψ)Ltrain.

(d) If t mod kreg = 0:
(i) Sample regularization mini-batch Breg ∼ Dreg.

(ii) Sample ω1:S ∼ qρ and evaluate Lreg(Breg; θ, ψ, ρ, ω1:S).
(iii) Update

ρ← ρ− ηρ∇ρLreg.

Step 3: Return (θ, ψ, ρ).

Figure 1: Cross-regularized dual-noise training. Train updates optimize (θ, ψ) onDtrain, and periodic
regularization updates optimize ρ on Dreg.

4.4 ALGORITHM

Every iteration updates (θ, ψ) on Dtrain; every kreg steps, a second pass updates only ρ on Dreg.
Here qρ denotes the stochastic model family induced by ρ, and ω ∼ qρ denotes one sampled model
instance. In head-only variants, ω corresponds to sampled output-level generalization-noise real-
izations; in internal-noise variants, ω corresponds to multiplicative perturbations in selected latent
feature blocks. In our main experiments, kreg = 5; practical overhead and its dependence on kreg
are summarized in Appendix A.7, and less frequent regularization updates approach near-standard
training cost (Brito, 2025).

4.5 INSTANTIATION IN THIS WORK

For empirical study, we instantiate the framework with a 1D Fourier Neural Operator backbone (Li
et al., 2021). The model outputs

µθ(xt), log σpred,ψ(xt), log σgen,ρ(xt),

with output-head and internal-layer variants used across ablations and sweeps.

4.6 UNCERTAINTY DECOMPOSITION AT EVALUATION

At inference, we separate uncertainty into predictive and generalization terms:

Upred(x) = σ2
pred(x), (3)

Ugen(x) = Varω∼qρ [µ(x;ω)] , (4)

Utot(x) ≈ Upred(x) + Ugen(x), (5)

where Ugen has two implementation cases used in this work:

head-only: Ugen(x) = σ2
gen(x), internal stochastic: Ugen(x) = Varω[µ(x;ω)] .

We report one-step likelihood and Gaussian-mixture calibration as the primary quantitative metrics,
plus spatial localization diagnostics.
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Figure 2: Regression-mixture calibration in three representative regimes. Left: XReg reference
regime with moment-matched regularization. Middle: low-observation XReg regime (30% ob-
served). Right: model without learned regularization. In all panels, XReg tracks the diagonal more
closely on held-out splits, with the largest gains under limited observations.

5 EXPERIMENTAL SETUP

5.1 DATA AND PAIR CONSTRUCTION

The primary experiments use one-step teacher-forced pairs from APEBench trajectories, and the car
experiment uses the OTNO pipeline on car-surface pressure data. Appendix A documents dataset
provenance, split construction, masking protocol, and metric definitions.

5.2 EXPERIMENTAL CONFIGURATIONS USED IN FIGURES

Main-paper figures compare four controlled regimes:

• Low-observation XReg regime: output-head predictive and generalization scales under partial
observations.

• Head-only decomposition ablation: both uncertainty branches at the output head, used to test
whether objective/data routing alone separates their roles.

• Baseline without learned regularization: same backbone family with no active learned general-
ization branch.

• Internal-noise XReg reference regime: internal generalization-noise injection enabled, predic-
tive head enabled, head-level generalization branch disabled, and moment-matched regularization.

These regimes test decomposition identifiability, calibration behavior, and the effect of where un-
certainty is injected.

6 EMPIRICAL CALIBRATION AND DYNAMICS

6.1 MIXTURE CALIBRATION COMPARISON

We prioritize calibration analysis to validate the method’s ability to capture predictive distributions
beyond simple mean error. Figure 2 shows representative regimes under a matched protocol; for-
mal metric definitions (including ECEmix and one-step NLL normalization) are provided in Ap-
pendix A.6.

6.2 OPTIMIZATION DYNAMICS AND LEARNED UNCERTAINTY SCALES

Optimization trajectories (Figure 3) illustrate the coupling between train and regularization objec-
tives and how uncertainty magnitude is distributed across injection sites.
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(a) Train and regularization losses up to step 10,000. (b) Layerwise evolution of generalization-noise scales
up to step 10,000.

Figure 3: Optimization and uncertainty-allocation dynamics. Left: model without learned regu-
larization versus XReg train/reg losses (solid=train, dashed=reg). XReg maintains a substantially
tighter train-to-reg. set gap. Right: pre-head and layerwise generalization-noise scales. Uncertainty
is allocated non-uniformly across layers, indicating learned structure.

Figure 4: One-step teacher-forced maps (time indices 0 to 100): true field, absolute one-step error,
generalization uncertainty (Stdω[µ]), and total predictive uncertainty. Error and uncertainty panels
share the same numeric range (set by total-uncertainty limits) to enable direct spatial comparison.
High-error regions co-localize with high predicted uncertainty, indicating spatially selective uncer-
tainty assignment.

6.3 SPATIALLY RESOLVED ONE-STEP UNCERTAINTY TRACKING

To test spatial selectivity of uncertainty assignment, we analyze one-step spatiotemporal maps.

Figure 4 compares one-step error and predicted uncertainty at matched space–time coordinates. The
uncertainty field varies spatially, concentrating in regions with larger residuals.

6.4 OTNO CAR SURFACE-PRESSURE EXPERIMENT

Transfer beyond 1D trajectories is evaluated with a geometry-conditioned car-pressure experiment
using an Optimal Transport Neural Operator (OTNO) backbone (Li et al., 2025). The data source
and preprocessing provenance are documented in Appendix A.3.

The run shown in Figure 5 uses a deliberately data-limited split with ntrain = 30 and nreg = 50,
with the remaining settings following the default protocol in Appendix A.1. Predictive uncertainty
is parameterized at the output head, while generalization uncertainty is injected in internal layers.

Figure 5 shows three complementary views: absolute error on the car surface (left), cross-regularized
uncertainty on the same surface (middle), and a roofline slice with mean and uncertainty bands
(right). The spatial correspondence between the left and middle panels indicates that uncertainty
concentrates in high-error regions and remains spatially selective. The slice view shows contri-
butions from both predictive and generalization uncertainty, with uncertainty envelopes widening
around difficult regions and narrowing where the fit is stable. Figure 8 reports additional uncertainty-
scale trajectories for this run.
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Figure 5: OTNO car-pressure experiment with cross-regularized uncertainty (ntrain = 30, nreg =
50). Left: absolute prediction error on the car surface. Middle: learned uncertainty field on the
same sample. Right: roofline slice with ground truth, predictive mean, and uncertainty bands. Error
hot spots and uncertainty hot spots are spatially aligned, and the slice shows calibrated widening of
uncertainty in regions with larger residuals.

Figure 6: Observed-fraction sweep (0.4, 0.6, 0.8, 1.0) comparing XReg and MC dropout on one-step
test NLL (left, MC-evaluated) and test mixture ECE (right). The two-panel view separates fit quality
from calibration quality. XReg is consistently better calibrated (lower ECE) across all observation
fractions while preserving competitive one-step NLL.

6.5 SWEEP COMPARISON: XREG VS. BASELINES (LOSS + ECE)

XReg is compared against two stochastic baselines under matched observation settings: MC dropout
(p = 0.1) and deep ensembles (3 members). Dropout p = 0.1 is used as a compute-matched
baseline; tuning p per regime is possible but would undermine the no-hand-tuning objective of
this comparison. Figure 6 compares performance scaling between XReg and MC dropout. Exact
observed-fraction values are reported in Table 1, and the train-size sweep values are reported in
Appendix Table 2. Deep-ensemble values are computed from the aggregated predictive mixture of
the three trained members at each sweep point.

These results demonstrate that cross-regularized uncertainty scales are learned directly from regime-
specific train–test mismatch. By construction, XReg updates generalization uncertainty from
regularization-split gradients, allowing the uncertainty scale to track observation level and data
regime during training. Relative to fixed-rate dropout and 3-member deep ensembles, this yields
more consistent calibration across data and observability conditions.

7



Obs. Frac Method Test NLL (MC)↓ Test ECEmix ↓ Reg ECEmix ↓
0.4 XReg -0.5083 0.0296 0.0248
0.4 MC Dropout -0.2999 0.1115 0.1153
0.4 Deep Ensemble (3) -0.1002 0.1121 0.1125

0.6 XReg -0.6533 0.0020 0.0040
0.6 MC Dropout -0.7710 0.0370 0.0324
0.6 Deep Ensemble (3) -0.8900 0.0491 0.0522

0.8 XReg -2.4052 0.0220 0.0139
0.8 MC Dropout -1.0506 0.0228 0.0159
0.8 Deep Ensemble (3) -2.0772 0.0624 0.0530

1.0 XReg -3.3849 0.0614 0.0596
1.0 MC Dropout -1.7310 0.3696 0.3695
1.0 Deep Ensemble (3) -3.5632 0.2943 0.2972

Table 1: Numeric comparison for the observed-fraction sweep. XReg achieves the lowest test and
regularization mixture ECE across all four observation fractions, while maintaining competitive one-
step likelihood.

Figure 7: Noise/data scaling of learned generalization uncertainty, measured as mean Stdω[µ] on
the final slice. Left: increasing mask fraction (fixed train size = 50) corresponds to less observed
signal and produces larger learned generalization uncertainty. Right: increasing train-set size (fixed
observed fraction = 0.7) reduces learned generalization uncertainty. These trends indicate that
XReg adapts uncertainty magnitude to regime difficulty.

6.6 GENERALIZATION UNCERTAINTY TRACKS NOISE AND DATA AVAILABILITY

Figure 7 isolates how the learned generalization uncertainty responds to regime difficulty. When the
observed fraction decreases (weaker supervision), the learned generalization uncertainty increases;
when the training-set size increases (more evidence), it decreases. Under the cross-regularized up-
date, regularization-split gradients set the uncertainty scale in the direction predicted by train–test
mismatch, producing regime-dependent noise levels.

6.7 MAIN FINDINGS AND IMPLICATIONS

Across matched protocols, cross-regularized uncertainty improves held-out mixture calibration
while preserving competitive one-step likelihood, indicating that the calibration gains are not ex-
plained by trivial variance inflation. The supporting diagnostics are consistent with the proposed
mechanism: optimization traces show a reduced train-to-regularization gap; learned uncertainty
scales evolve non-uniformly across layers; and one-step spatial maps concentrate uncertainty in
regions that exhibit larger one-step error.
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7 DISCUSSION: MODEL-RELATIVE UNCERTAINTY

Uncertainty in neural PDE surrogates is operational and therefore model-relative. Predictive un-
certainty combines irreducible observation noise (including masking and measurement noise) with
residual structure arising from approximation limits, optimization error, and data scarcity. Gener-
alization uncertainty captures the sensitivity of the fitted model to train-specific patterns that fail
to transfer to held-out data, resembling an epistemic component. Here it is learned by optimizing
uncertainty controls with regularization-split gradients, without requiring a prior over weights or a
posterior approximation. Appendix B discusses implications for chaotic regimes and clarifies the
distinction from conventional hyperparameter optimization.

8 CONCLUSION

We presented cross-regularized uncertainty learning for neural PDE surrogates, where uncertainty
parameters are trained online using regularization-split gradients while predictor parameters are
trained on the training split. This train/reg routing yields an operational separation between pre-
dictive uncertainty (fit-time residual absorption) and generalization uncertainty (train–held-out mis-
match control) without ensembles or Bayesian posterior approximations. Empirically, the resulting
predictive distributions improve one-step Gaussian-mixture calibration under partial observability
and limited data, and spatial diagnostics show uncertainty concentrating in high-error regions. Ex-
tending these guarantees from one-step teacher-forced evaluation to calibrated long-horizon autore-
gressive rollouts requires propagating uncertainty through compounding model error; we leave that
setting to future work.

A related direction is richer predictive noise inside the model interior. Predictive noise injected
at internal layers can, in principle, induce correlated or multimodal output uncertainty. Extending
the current instantiations in that direction may narrow the gap between single-model uncertainty
learning and richer uncertainty families used in scientific decision-making.
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A APPENDIX: DATASETS, SPLITS, AND REPRODUCIBILITY

A.1 DEFAULT TRAINING CONFIGURATION

Unless explicitly overridden in a sweep axis, runs use:

• a 4-layer FNO backbone with 12 Fourier modes, hidden width 8, and GELU activations,

• batch size 16,

• total optimization steps 30,000,

• evaluation interval 250 steps,

• one regularization update every 5 training steps,

• 10 Monte Carlo samples for train, regularization, and test evaluations,

• learning rates 10−3 for backbone weights, 10−2 for internal predictive-noise scales, 10−2 for
internal generalization-noise scales, and 10−3 for head-level generalization-noise scales,

• initialization log σpred = −5, log σgen = −5.

A.2 APEBENCH DATA AND TASK CONSTRUCTION

All primary experiments are built from APEBench (Koehler et al., 2024) one-dimensional trajectory
data under the diff ks setting (160 spatial points). From each trajectory, we construct one-step
supervised pairs (xt, xt+1) for teacher-forced training and evaluation. Unless stated otherwise, train
horizon is 10 and test horizon is 200. We report one-step metrics directly on these pairs because the
model is trained to quantify one-step uncertainty. Long-horizon rollout calibration is future work
and is nontrivial: uncertainty must remain calibrated after repeated autoregressive propagation with
compounding prediction error.

A.3 OTNO CAR DATA PROVENANCE

The car-pressure experiment uses the ShapeNetCar slice from the DINOZAUR data release
(Matveev et al., 2025; PhysicsX, 2025), using the local data/shapenetcar split prepared for
these experiments. In this setup, each sample is a car-surface point set with geometry/flow-derived
inputs and scalar surface pressure targets. Our OTNO model follows the neuraloperator implemen-
tation protocol, and OTNO denotes Optimal Transport Neural Operator (Li et al., 2025).

A.4 TRAIN/REG/TEST SPLITS

The optimization protocol uses an explicit three-way split:

• train split: used to optimize deterministic model weights and predictive uncertainty parameters;

• regularization set (reg. set): used only for updates of generalization-noise parameters via regu-
larization objectives;

• test split: held out for final one-step and calibration reporting.

This split is central to the method claim: predictive and generalization uncertainty are separated by
data routing and objective routing, with parameter naming reflecting that separation.
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A.5 OBSERVATION MASKING PROTOCOL

Spatial masking is controlled by the observed fraction of input and target fields. We use a controlled-
occlusion protocol: for each run, masks are sampled once with a fixed seed and reused throughout
training to remove mask stochasticity from method comparisons. In all sweep plots, observation
settings are matched between compared methods (XReg vs. MC dropout), so differences are at-
tributable to uncertainty-learning strategy with data visibility held fixed. Random-per-step masking
is a relevant extension for future work.

A.6 EVALUATION METRICS AND LOGGING CONVENTIONS

Mixture calibration is measured with

ECEmix =
1

|A|
∑
α∈A

∣∣∣ ̂Coverage(α)− α
∣∣∣ ,

where A = {0.1, . . . , 0.9}. For each α, ̂Coverage(α) is empirical central-interval coverage com-
puted from the Gaussian-mixture predictive CDF and averaged over space-time one-step targets.
One-step NLL is reported per spatial target point.

We report:

• one-step test NLL from MC predictive evaluation,

• mixture calibration error (ECE) on regularization and test splits,

• calibration curves over nominal coverage grid points,

• uncertainty decomposition statistics including Stdω[µ] and layerwise generalization-noise scales.

A.7 COMPUTATIONAL OVERHEAD

XReg adds a periodic regularization update for ρ. If one train update has cost Ctrain, one regulariza-
tion update has cost Creg, and regularization is applied every kreg steps, the approximate overhead
factor is

overhead ≈ 1 +
1

kreg

Creg

Ctrain
.

In our default setting (kreg = 5), this is a moderate overhead because ρ-updates are sparse and
low-dimensional. The cost can be reduced further by increasing kreg (less frequent regularization
updates). Prior empirical reports indicate that practical settings can approach roughly 1.1× standard
training cost (Brito, 2025), comparable to ordinary training pipelines that already include periodic
validation checks.

B APPENDIX: EXTENDED DISCUSSION ON INTERPRETATION AND
OPTIMIZATION

This section expands two discussion points that are secondary to the main empirical claims.

Model-relative uncertainty in deterministic regimes. The model-relative interpretation is espe-
cially relevant in domains where “intrinsic noise” is debated. Chaotic systems are an illustrative
case: the governing dynamics may be deterministic, yet finite data and finite-capacity models still
produce large predictive residuals. In this setting, predictive uncertainty tracks unexplained residual
structure, while generalization uncertainty tracks overfitting to the specific training sample.

Why adaptation remains stable. The adaptation mechanism learns uncertainty magnitude from
observed train–held-out mismatch during optimization. In our setup, this remains stable because
regularization variables are low-dimensional noise controls, not full feature maps; the regularization
step adjusts uncertainty scales without re-fitting the full predictor on held-out data.

Relation to hyperparameter optimization. XReg performs direct parameter learning of uncer-
tainty controls within a single training process. Classical hyperparameter tuning optimizes external
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meta-parameters (e.g., a fixed λ selected by outer-loop search), whereas XReg updates model pa-
rameters that control uncertainty. In Algorithm 1, (θ, ψ) are updated on train data, and ρ is updated
online from reg. set gradients.

C APPENDIX: OTNO CAR UNCERTAINTY DIAGNOSTICS

This appendix reports optimization-time uncertainty-scale trajectories and final uncertainty mag-
nitudes for the OTNO car experiment in Figure 5. The goal is to show that both predictive and
generalization branches remain active and non-degenerate in the data-limited car regime.

Figure 8: Sigma diagnostics for the car experiment shown in Figure 5. Left: trajectory of learned
uncertainty scales during optimization. Right: final values across uncertainty components. The run
exhibits non-degenerate predictive and generalization scales, with clear growth in selected general-
ization components and no collapse to near-zero values.

D APPENDIX: SWEEP CALIBRATION PANELS

This appendix provides full calibration montages for all runs in the XReg and MC-dropout sweeps
summarized in the main text tables and aggregate figures. These panels serve as a full visual audit
trail beyond scalar ECE summaries.

Train Size Method Test NLL (MC)↓ Test ECEmix ↓ Reg ECEmix ↓
20 XReg -0.3277 0.0965 0.0867
20 MC Dropout -0.4343 0.1254 0.1197
20 Deep Ensemble (3) 0.7512 0.1344 0.1361

30 XReg -0.5962 0.0273 0.0210
30 MC Dropout -0.6894 0.0857 0.0815
30 Deep Ensemble (3) 0.1574 0.1157 0.1131

40 XReg -0.6671 0.0144 0.0118
40 MC Dropout -0.8858 0.0375 0.0410
40 Deep Ensemble (3) -0.7355 0.0760 0.0727

70 XReg -1.4173 0.0118 0.0128
70 MC Dropout -1.1361 0.0666 0.0654
70 Deep Ensemble (3) -2.0064 0.0569 0.0555

Table 2: Numeric comparison for the train-size sweep at fixed observed fraction 0.7. XReg maintains
substantially lower test/reg mixture ECE across all four train sizes, including regimes where baseline
one-step NLL is competitive.
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Figure 9: Full XReg sweep calibration montage (regression-mixture calibration for all eight XReg
runs in the 10k-step sweep reported in the main text). These panels are included as a raw visual
audit trail: they expose per-run curve shape differences that are not fully captured by scalar ECE
summaries.

Figure 10: MC-dropout sweep calibration montage for the full completed 8-run sweep (observed-
fraction axis and train-size axis, dropout p = 0.1). Along with Figure 9, these panels provide a
many-panel calibration comparison complementing the aggregate loss/ECE table in the main text.

Figure 11: Deep-ensemble sweep calibration montage for the full completed 8-point sweep
(observed-fraction axis and train-size axis), with each point evaluated as a 3-member aggregated
predictive mixture. This view complements Figures 9 and 10 with a full-panel visual audit for the
ensemble baseline.
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