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Abstract

This paper addresses the problem of stochastic optimization in a streaming setting, where
the objective function must be minimized using only time-dependent and biased estimates of
its gradients. The study presents a non-asymptotic analysis of various Stochastic Gradient
(SG) based methods, including the well-known SG descent, mini-batch SG, and time-varying
mini-batch SG methods, as well as their iterated averages (Polyak-Ruppert averaging). The
analysis establishes novel heuristics that link dependence, biases, and convexity levels, which
allow for the acceleration of convergence of SG-based methods. Specifically, the heuristics
demonstrate how SG-based methods can overcome long- and short-range dependencies and
biases. In particular, the use of time-varying mini-batches counteracts dependency structures
and biases while ensuring convexity, and combining this with Polyak-Ruppert averaging
further accelerates convergence. These heuristics are particularly useful for learning problems
with highly dependent data, noisy variables, and lacking convexity. Our results are validated
through experiments using simulated and real-life data.

1 Introduction

In recent decades, intelligent systems, such as machine learning and artificial intelligence, have become
mainstream in many parts of society, e.g., through online, deep, reinforcement, and supervised learning
(Goodfellow et al., [2016; Sutton & Bartol, 2018} [Hastie et al.l 2009; [Hazan et al., [2016; |Shalev-Shwartz et al.,
2012). These systems predominantly follow traditional learning schemes, also known as batch or offline
learning, where the model is trained on an entire dataset before making predictions on new data. However,
such methods have significant drawbacks, such as expensive re-training costs, as the model needs to be
retrained from scratch when new data arrives, leading to poor scalability in large and real-world applications.

At the same time, these intelligent systems generate vast amounts of data, much of which arrives as a
continuous stream of samples, known as streaming data Examples of streaming data include network traffic
(tweets, search engines, advertisements), self-driving cars, financial investments, weather data, and sensor data
(Kushner & Yinl 2003} |Abu-Mostafa et al., |2012)). Streaming data presents unique challenges as the algorithm
must adapt to the data observed so far to predict new samples accurately. Such streaming algorithms can never
be seen as complete but must be updated continuously as newer samples arrive. Methods that re-calculate
the model from scratch on the arrival of new samples are impractical due to their high computational cost.
Therefore we need procedures that effectively update as more samples arrive. This computational efficiency
should not be at the expense of accuracy; the model’s accuracy should be close to that achieved if we built a
model from scratch using all the samples (Bottou & Cunl [2003).

A hallmark of learning from streaming data (or large-scale learning) is the uncertainty from limited (or
no) access to accurate information about incoming data. We assume that the optimization’s objectives are
stochastic, leading to Stochastic Optimization (SO) (Nemirovskij & Yudinl [1983)). Solving the SO problem
in a streaming framework means we approach the objective using the gradually arriving samples drawn
according to an unknown time-dependent process. Next, the computational complexity of an algorithm is
a limited element when handling streaming data. Stochastic algorithms, such as the Stochastic Gradient
(SG) method (Robbins & Monrol [1951)), have proven effective in overcoming the drawbacks of traditional
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(batch/offline) learning methods, as they use the samples one by one without knowing their total number.
These SG methods are scalable and robust in many areas ranging from smooth and strongly convex problems
to complex non-convex ones (Bach & Moulines|, 2013; Moulines & Bach, 2011). They solve many large-scale
machine learning tasks for real-world applications where data are large in size (and dimension) and arrive at
a high velocity. Such first-order methods have been intensively studied in theory and practice in recent years
(Bottou et al.l |[2018).

The classical analyses of SO problems typically require unbiased gradients drawn independently and identically
distributed (i.i.d.) from some underlying (and unknown) data generation process (Cesa-Bianchi et al., 2004).
But in practice, the inference often involves data-generating processes that produce highly dependent data
examples, which are known to heavily bias the problem and slow down convergence. Such time-dependent
streaming data can, for example, be meteorological or financial time series. Nevertheless, SG-based methods
can converge even if they only have access to biased gradients (Bertsekas), 2016; |d’ Aspremont), 2008} [Devolder
et al.l 2011} [Schmidt et al., [2011)). However, many of these studies have been conducted with specific
applications in mind. Yet, some researchers have examined the convergence of SG-based methods under these
difficult settings, e.g., see |Agarwal & Duchil (2012); Karimi et al.| (2019); [Ma et al.| (2022); |Ajalloeian & Stich
(2020); |Chen & Luss| (2018]); [Schmidt et al. (2011)).

While the above works utilized concepts of data dependence to characterize different SG-based methods for
dependent data, there is still a lack of theoretical understanding of how different levels of data dependence
affect these algorithms. In particular, the learning scheme of SG-based methods critically affects the bias and
variance of the learning process. In fact, under i.i.d. data and convexity, SG-based methods achieve only
scaled improvements in their convergence by using constant mini-batch vs. single batch (Godichon-Baggioni
et all 2021). However, these learning schemes may lead to substantially different convergence behaviors over
highly dependent data, as the gradients are no longer unbiased estimates. Therefore, it is vital to understand
the interplay between data dependence and SG-based methods.

Contributions. This paper goes beyond standard assumptions by allowing for dependent and biased gradient
estimates in stochastic optimization problems in a streaming framework. The study provides non-asymptotic
convergence rates of time-varying mini-batch SG-based methods, which can be applied to a wide range of
applications with dependence and biased inputs. The results establish a connection between the dependency
and convexity levels to the model parameters, enabling us to achieve and improve convergence.

The study shows that SG-based methods can overcome long- and short-range dependence by using time-
varying mini-batches, which counteract the dependency structures. Additionally, the results demonstrate
that biased SG-based methods converge and can achieve the same accuracy as unbiased SG-based methods if
the bias is not too large.

Furthermore, the study presents an explicit heuristic that can be used in practice to increase the stability of
SG-based methods and improve convergence. Specifically, the findings show that increasing mini-batches is
essential to break dependence and ensure convexity, while the use of Polyak-Ruppert averaging can accelerate
convergence (Polyak & Juditsky, [1992; Ruppert), [1988]). These contributions are particularly valuable for
learning problems with highly dependent data, noisy variables, and lacking convexity.

Organization. Section |2 provides an overview of the streaming framework on which our non-asymptotic
analysis is based. We introduce key concepts, definitions, and assumptions, including those related to
dependency structures for gradient estimates. In particular, section [2.3] outlines our assumptions regarding
a-mixing conditions for verifying dependency structures.

In section [3] we present our convergence results for SG-based algorithms, both with and without averaging.
The proofs of our results are provided in appendix [A] We discuss each result in detail, drawing connections
to previous work in the field. Our convergence analysis depends on the assumptions outlined in section [2 and
some additional conditions for the averaged case (section .

In section[d] we provide experimental results that validate our findings on synthetic and real-life time-dependent
streaming data. Finally, we conclude our paper in section [f| with some closing remarks.
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2 Problem formulation

In statistics and machine learning, one often wants to describe the behavior of a real system of interest, usually
in the form of a parameterized mathematical model (Hastie et all 2009; Bottou et al., |2018). Therefore, we
set up a mathematical function representing how well the model describes the system of interest with the
model parameters as arguments: we consider the Stochastic Optimization (SO) problem

min{L(6) = E[L(6)]}, 1)

where [; : R? — R are some differentiable random functions (possibly non-convex), e.g, see Nesterov et al.
(2018); Nemirovskij & Yudin| (1983). Throughout this paper, we refer to L as the objective function.

An example of such a SO problem can be given as follows (Kushner & Yin, [2003): there is an unknown
one-to-one mapping L : R — R embedded into the system by nature, which we are interested in. Thus, in
order to approximate L (and recover 6 from it), we use the stochastic gradient estimates (Vgl;), where I
is e.g., the loss between the predicted hg(X;) and true Y; outputs, respectively; here we assume that the
prediction function hy has a fixed form and is parameterized by a vector § € R? over which the optimization
is to be performed, e.g., see [Teo et al.| (2007)) for examples of scalar and vectorial loss functions and their
derivatives. Hence, the aim is to find 6 such that the prediction function hy minimizes the objective L.

2.1 Stochastic streaming gradient methods

We solve the SO problem in a streaming framework, where a time-varying mini-batch Iy = (Iz.1,...,ltn,)
of n; € N random functions arrives at any given time t € N. To solve the SO problem , we use the
Stochastic Streaming Gradient (SSG) method proposed by |Godichon-Baggioni et al.| (2021), given as

(SSG) 6 =01 — 25" Voloi (6r-1) (2)
=1

Ny <

where 7, is the learning rate satisfying the conditions Y ;2 v; = co and >~ 72 < oo (Robbins & Monro,
1951). Note that if Vt, ny = 1, SSG becomes the well-known SG descent, which has attracted a lot of attention
(Bousquet & Elisseeft, |2002; [Hardt et al., [2016}; Shalev-Shwartz et al., |2011; [Zhang), 2004} |Xiao, [2009). In
many models, there may be constraints on the parameter space, which would require a projection of the
parameters; therefore, we also introduce the Projected SSG (PSSG) estimate, defined by

_ _MN“w
(PSSG) 0: =Po <0t1 n ;Wlm (9t1)> ; (3)

where Pg denotes the Euclidean projection onto a closed convex set © in RY, i.e., Pg(#) = arg ming cg||0—0'2.
If one examined the trajectory of the stochastic gradients (Vgl;;), one would be surprised; they contain
high noise levels and lack robustness which can lead to slow convergence or prevent convergence altogether.
Therefore, it intuitively makes sense to use sets of stochastic gradient estimates in each iteration as it reduces
the variance and makes it easier to adjust the learning rate (7:), which improves the quality of each iteration.

In this streaming framework, we are also interested in acceleration approaches to the existing algorithms in
and . An essential extension is the Polyak-Ruppert procedure (Polyak & Juditsky, [1992; Ruppert, [1988)),
which guarantees optimal statistical efficiency without jeopardizing the computational cost: the Averaged
SSG (ASSG) is given by

_ 1 t—1
(ASSG)/(APSSG) b = Z:Oni+1(9i» (4)

where N; = 2221 n; is the accumulated sum of observations; in order to compare our streaming methods
fairly, we should always compare in terms of the number of observations used, namely using N;. Likewise, let
APSSG denote the (Polyak-Ruppert) averaged estimate of PSSG in . These averaging methods sequentially



Under review as submission to TMLR

aggregate past estimates, which leads to smoother curves (i.e., variance reduction in the estimation trajectories),
and accelerates the convergence (Polyak & Juditsky, [1992). Practically, as we handle data sequentially,
we will make use of the rewritten formula, 6; = (Nt_l/Nt)ét_l + (n¢/Ny)bi—1 with 6, = 0. Pseudo-code
of these streaming estimates to () are presented in algorithm [1} In addition, (4) can be modified
to a weighted average version, giving greater weight to the latest estimates and thereby improving the
convergence while limiting the effect of poor initializations; examples of such algorithms can be found in
[Boyer & Godichon-Baggioni| (2022); Mokkadem & Pelletier| (2011)).

Algorithm 1: Stochastic streaming gradient estimates (SSG/PSSG/ASSG/APSSG)

Inputs :6p € © C R?, project: True or False, average: True or False
Outputs: 6;, 0; (resulting estimates)

Initialization: 6, € R?

for each t > 1, a time-varying mini-batch of ny data arrives, do

0p < 0,1 — %: :zl V(;ltyi (Otfl) /* update */
if project then

| 6; < Po(6:) /* project */
if average then

‘ 0; < (Nt—l/Nt)e_t—l + (ne/Np)bp—1 /* average */

Due to the massive popularity of SG-based methods, it is obvious to ask how we can make SG-based algorithms
even more efficient, robust, and user-friendly for several different optimization problem. This question has
led to very many variants, e.g., see Boyd & Vandenberghe| (2004); [Nesterov et al.| (2018)); Byrd et al| (2016
for more details on second-order methods (such as Newton’s method), or other extensions. The choice of
learning rate () has a significant impact on the convergence of SG methods; if it is too small, it will slow
down the convergence, while too high a learning rate may prevent convergence as the loss function will
fluctuate around the minimum. Thus, an adaptive learning rate would be much more effortless to adjust
and more user-friendly, as it requires less fine-tuning. In addition, it would be preferable to have a learning
rate per-dimension, which thereby adjust learning individually as convergence evolves[T] Bottou et al| (2018)
gives an overview of various SG-based methods for (convex and non-convex) optimization, including how to
parallelize and distribute the SG updates.

2.2 Quasi-strong convex objectives

The analysis of SO algorithms requires assumptions on the objective function L: the SO problem is
specified over a convex domain O, which in this paper we always take to be a closed subset of R, d > 1,
and an objective function L : © — R which is convex with respect to its argument § € ©. This is a closely
related branch of optimization tools for (online) convex optimization (Boyd & Vandenberghe, |2004; Nesterov|
let al., 2018; [Hazan et al., |2016; Shalev-Shwartz et al., 2012). Following Moulines & Bach| (2011)); \Gower et al.|
(2019); Nguyen et al.| (2019), we assume that L has a unique global minimizer 6* € © such that Vo L(0*) = 0,
and it is pu-quasi-strongly convex (Karimi et al., [2016; Necoara et al., [2019), i.e, there exists x> 0 such that
Vo € O,

—

L(87) = L(0) + (VaL(6),0" = 0) + 510" — 0]%. (5)

The p-quasi-strongly convexity assumption is a non-strongly convex relaxation of the SO problem, which is
more conservative than u-strongly convexity. provides a comprehensive record of various
objectives L used in machine learning applications. Milder degrees of convexity have been studied by, e.g.,
Karimi et al. (2016), which studied SG-based methods under the Polyak-Lojasiewicz condition
Lojasiewicz, 1963)), or (Gadat & Panloup| (2023), which studied the Ruppert-Polyak averaging estimate under
some Kurdyka-FLojasiewicz-type condition (Kurdykal [1998; Lojasiewicz, |1963). Relaxations of convexity is

1Some of the most common adaptive learning algorithms for SG optimization is Momentum Qianl 1999)), Nesterov accelerated

gradient (Nesterov} [1983)), Adagrad (Duchi et all, [2011]), Adadelta (Zeiler, [2012), RMSprop (Tieleman et all], [2012), and Adam

(Kingma & Ba), [2014).
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crucial in practice to ensure robustness and adaptiveness of the algorithms, e.g., for non-strongly convex SO,
see Bach & Moulines| (2013); [Nemirovski et al.| (2009); Necoara et al.| (2019)).

2.3 Assumptions; dependence, bias, expected smoothness, and gradient noise

We go beyond the classical assumptions that require unbiased (uniformly bounded) gradient estimates by
allowing the gradients to be dependent and biased estimates (Godichon-Baggioni et al 2021). Our aim is
to non-asymptotically bound the SSG estimates to explicitly using the SO problem parameters. To
shorten notation, we let Vyl;(6) = n;l Yot Voli;(0). Next, let the natural filtration of the SO problem
Fio=o0(l;:i<t)withl, = (l1,...,ln,), and assume the following about the stochastic gradients (Vgl;):
Assumption 1-p (D,v-dependence and B, v4-bias). Let 0y be Fo-measurable. For each t > 1, the random
function Vol (0) is square-integrable, Fi-measurable, and for a positive integer p, there exists some positive
sequence (1¢)y>1 and constants D,, B, > 0 such that

E[IE[Vol:(0)|Fi-1] — Vo L(0)[I"] < vf (DJE[||6 — 67[I”] + BY), (6)
for all Fy_1-measurable 0 € ©.
Assumption 2-p (kg-expected smoothness). For a positive integer p, there exists some positive sequence
(Kt)es1 such that ¥0 € ©, E[|[Voly(8) — Voly(6%)]7) < VE[|0 — 6%]7].
Assumption 3-p (o-gradient noise). For a positive integer p, there exists some positive sequence (o¢)i>1
such that E[|| Vel (0%)|P] < of.

Discussion of assumptions. Assumptions to are milder assumptions than the standard assumptions
for stochastic approximations, e.g., see Benveniste et al| (2012)); Kushner & Yin| (2003)); Moulines & Bach
(2011)); |Godichon-Baggioni et al.| (2021]). They include classic examples such as stochastic approximation but
also more complex models such as learning from time-dependent data, which we will demonstrate later in
section [l

Assumption[I-p|is on the form of mixing conditions for weakly dependence sequences, implying that dependence
dilutes with the rate of 1. It is possible to verify Assumption by moment inequalities for partial sums of
strongly mixing sequences (Riol 2017)); we will refer to this as short-range dependence. Note that for any
positive integer p, Assumption [I-p| can be upper bounded by

E[[E[Voli(0)|Fi] = Vo L(O)[) < E[[[Voli(0) = Vo L(O)]”] = ny "E[[|:S:["], (7)

using Jensen’s inequality, where Sy = > 1 (Volsi(6) — Vo L(0)) is a d-dimensional vector. Let (Vgl; ;) be
a strictly stationary sequence and assume that there exists some r > p such that supm>0(er(x))1/ " < oo,
where Q(z) denotes the quantile function of ||Vl ;||. Suppose that (Vgl; ;) is strongly a-mixing in the sense
of Rosenblatt| (1956), with strong mixing coefficients (ay)>; satisfying a; = O(t~P7/(2r=2P)). Then by Rio
(2017, Corollary 6.1), we have that E[||S;|] = (’)(n?/z), meaning, is at most O(n;p/z); this includes
several linear, non-linear, and Markovian time series, e.g., see Bradley| (2005)); Doukhan| (2012)) for more
examples, other mixing coefficients of weak dependence and the relations between them. In relation to the
form of Assumption this means that B, # 0 in this case. However, having B, = 0 is possible in unbiased
examples, which we will see later in section 4

Regarding Assumptions and the classical convergence analysis of SG methods is conducted under
uniformly bounded gradients (Vyl;). However, this assumption is too restrictive as it only may hold for some
losses (Bottou et al., [2018; Nguyen et all 2018]). Instead, we follow the same ideas as in Moulines & Bach
(2011)); | Gower et al.| (2019)), to make an assumption about the expected smoothness of (Vyl;) (Assumption [2-p)
and an assumption about the expected finitude of (Vgl¢(6*)) (Assumption 3-p). Note that Assumptions
and can be verified using a-mixing conditions by analogues arguments as for Assumption such that

kP and of is O(n;*'?).

3 Convergence analysis

In this section, we consider the SSG estimates in to with streaming batches (n;) arriving in non-
decreasing streams. We aim to non-asymptotically bound &, = E[||6; — 6*|?] and §; = E[||#; — *||?], such
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that they only depend on the parameters of the problem (Sections and . But before we do this, we
will in section [3.1] specify the function forms of the learning rate (), the uncertain terms (1), (kt), (o¢),
and the streaming batch (n;).

3.1 Learning rates and function forms

Throughout this paper, we consider learning rates on the form ~; = C,ynft’o‘ with C, >0, 8 € [0,1], and «
chosen accordingly to the expected streaming batches n;. This learning rate gives us the opportunity to add
more weight to larger streaming batches through the hyperparameter 8. Obviously, (1), (kt), and (o}) may
be considered as uncertain terms depending on the streaming batches (n:). Thus, let vy = n; ", Ky = Cng 7,
and oy = C,yny ° with v € (0,00), k,0 € [0,1/2], and C,,C, > 0. Having, o,k € [0,1/2] follows directly
from |Godichon-Baggioni et al.| (2021)), since 0 = k = 1/2 corresponds to the i.i.d. causeﬂ7 whereas o,k < 1/2
allows noisier outputs. Similarly, v; = 0 corresponds to the classical i.i.d. setting (Godichon-Baggioni et al.|
2021). Having v, = n; ¥ means Assumption allow so-called long-range dependence when v € (0,1/2)
(also known as long memory or long-range persistence) and short-range dependence when v € [1/2,00). Thus,
the i.i.d. case is when v — oco.

Next, for the sake of simplicity, we consider (time-varying) streaming batches (n;) on the form C,t?
with C, € N and p € [0,1) such that n, € N; this form includes classical (online) SG descent methods
when {C, = 1,p = 0} and (online) mini-batch procedures of both constant and time-varying size when
{C, € N,p =0} and {C, € N,p € [0,1)}, respectively, as well as the Polyak-Ruppert average of (online)
time-varying mini-batches. We will refer to C), as the streaming batch size and p as the streaming rate.

3.2 Stochastic streaming gradients

Theorem 1 (SSG/PSSG). Let &, = E[||0; — 0*||?], where (0;) either follows the recursion in or ,
Suppose Assumptions to hold for p = 2. If i, = p— 1y,—0y2D,C;" > 0, then there exist explicit
constants Cs, C5, C§ >0 such that for o — pfp € (1/2,1), we have

1+pB—a
pC N, *7 C!B2 crcze,
5t < @ €xXp | — 1-B—a + 127”” fﬂ 26—fB—a = p(20—B)ta * (8)
Cécp 1+p MMUCPer Nt +p Mucp 1+p Nt 1+p

An explicit version of this bound is given in appendiz[4]

Sketch of proof. Under Assumptions [1-p| to [3-p| with p = 2, it can be shown that (J;) satisfies the recursive
relation,

6t < [L— (u—2Dyvi)ye + 267771601 + p ' BRviye + 20797, (9)

for (), (1), (k¢), (o), and (n) on any form. This recursive relation (9) can be explicitly upper bounded
in a non-asymptotic way using classical techniques from stochastic approximations (Benveniste et al., [2012;
Kushner & Yin, [2003). As mentioned in |Zinkevich| (2003)), bounding the projected estimate in follows
directly from that E[||Pe(0) — 6*||?] < E[||§ — 67]|?], as © is a closed convex set. Note that the projected
estimate could also be proved through a bounded gradient assumption that replaces Assumptions
and [3-p} e.g., see Moulines & Bach| (2011)); |Godichon-Baggioni et al.| (2021).

Related work. Theorem [1| replicates the results of the unbiased i.i.d. case considered in |Godichon-Baggioni
et al.| (2021)), i.e., with B, =0 and ¢ = 1/2. Furthermore, our findings also reproduce the results of Moulines
& Bach| (2011)), where they considered the unbiased i.i.d. case (under slightly different assumptions) using
the SG descent, i.e., when C, =1 and p = 0.

Bound on function values. If the objective L has Cvy-Lipschitz continuous gradients, then implies
a bound on the function values of L, namely, E[L(6;) — L(6*)] < Cvd:/2 by Cauchy—Schwarz’s inequality.
Indeed, when we consider the average estimate in section we assume that the objectives L has
Cv-Lipschitz continuous gradients (Assumption .

2You can’t beat the system.
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Ensuring convexity through non-decreasing streaming batches. The positivity of the dependence
penalised convexity constant p, = p — 1,-0}2D,C, " is essential in all terms of . If the streaming rate
p =0, then p, solely depends on the convexity constant i, streaming batch size €, and the dependency
quantities imposed by Assumption [I-p] e.g., if the dependence D,, is so large that s, is no longer positive,
then we should take streaming batch size C), large enough such that yu, becomes positive again; this is
illustrated in sections and for ARCH models (Werge & Wintenberger, 2022). Another way to
ensure convexity is to take increasing streaming batches, i.e., streaming rate p > 0, which is more robust
since we do not have to find C, such that p, remains positive. However, combining both more ideal, as we
ensure convexity while a large C, reduces variance.

Variance reduction from larger streaming batches. Not surprisingly, larger streaming batches C,
have a variance-reducing effect, e.g., see the illustrations in section Nevertheless, explicitly shows
the variance-reducing effect in each term, which can help us better understand how to optimally tune the
hyperparameters.

Decay of the initial conditions. The initial conditions in the first term of will be forgotten sub-
exponentially fast; an explicit version of this term can be found in appendix The last term of can
be seen as the noise term, which depends on the gradient noise (Assumption. For ao — ppB € (1/2,1),
the noise term is (’)(N;(p(%*ﬂHa)/(Hp)), eg,ifa=2/3 8=1/3, and o = 1/2, we have (’)(N;2/3) for any
streaming rate p € [0, 1); this is illustrated in |(Godichon-Baggioni et al.| (2021]). In unbiased cases (B, = 0),
the noise term would also be the asymptotic term. In addition, the noise/asymptotic term is positively
affected by large streaming batches C, when o + 8 < 20, e.g., see section @

Behavior for bias B, > 0. The second term of is a pure bias term determined by bias B,, level of
dependence v, and (dependence penalised) convexity constant p,. It is noteworthy that the bias term is
independent of the learning rate but depends on the streaming batch C, and streaming rate p. The dependence
term is O(Nt_2py/(1+p)), which requires p positive since v € (0, 00), e.g., to obtain O(Nt_l/z), we would need
p=1and v =1/2. Tt is surprising that Theorem [l allows both long- and short-range dependence. Indeed,
long-range dependence leads to slow convergence (slower than (’)(N;l/ 2)) but a positive streaming rate p will
break long-range dependence. To conclude, increasing streaming batches ensure convexity and breaks long- and

short-term dependence, by which we can obtain 6; = O(Inax{ﬂ{Bu>0}Nt_2py/(1+p), Nt_(p(Qa_'g)+a)/(l+p)})~

3.3 Averaged stochastic streaming gradients

In what follows, we consider the averaging estimate 6,, given in with (6;) following the SSG estimate in
(2) or the PSSG estimate in . Some additional smoothness assumptions on L is needed for the averaging
estimate:

Assumption 4 (Cy- and Cg-smoothness). The objective function L have Cvy -Lipschitz continuous gradients
around 0%, i.e., there exists a constant Cy > 0 such that V0 € O,

IVoL(0) = Vo L(07)|| < Cv |0 — 07 (10)

Neat, the Hessian of L is C% -Lipschitz-continuous around 6%, that is, there exists a constant Cg > 0 such
that V6 € ©,

IVEL(0) = VEL(6")] < Cgllo — 67]. (11)

As discussed in [Bottou et al.| (2018]), Assumption |4| ensures that VoL does not vary arbitrarily, making the
gradient VgL a useful indicator on how to decrease L. For deterministic optimization, convergence rates
for smooth optimization are better than for non-smooth optimization, but for SO, smoothness only leads to
improvements in constants (Nesterov et al., 2018).

Next, in continuation of Assumption With or = Cony ? for o € [0,1/2], we make the following assumption
about covariance of (Vgli(0*)), which we interpret as the sequence of score vectors with respect to the
parameter vector 6*:
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Assumption 5 (Covariance of the scores). There exists a non-negative self-adjoint operator ¥ such that
Vt > 1, n2°E[Vgl,(0%)Vels(0*) 7] X X+ 54, where X4 is a positive symmetric matriz with Tr(X;) = C'n _2‘7 ,
Cl >0, and o’ € (0,1/2].

Remark that in the independent or some unbiased cases, such as in section Assumption [5] is verified
with o = 1/2 and C! = 0 (Godichon-Baggioni et al, [2021). The short-range dependence cases is when
o =1/2 (and C/ > 0), as in section whereas, the long-range dependence case is for o < 1 / 2 (and
C!. > 0). Assumption [5] allows us to obtain leading term A/N; with A = Tr(V3L(0*)"'SV3L(6*)~1). Also,
Assumptlon I bl makes it possible to acquire the Cramer-Rao lower bound in the (unblased) iid. case ie.,a
non-asymptotic bound of the averaged estimate (6;) of the form E[||6; — 6*]|?] < O(AN; ') + O(N; %) w1th
b>1.

To consider the averaged estimate 6, (4) of the projected estimate PSSG from , called APSSG, an
additional assumption is necessary to avoid to calculate the sixth-order moment; we make the unnecessary
assumption that (Vgl;) is uniformly bounded but the derivation of the six-order moment can be found in
Godichon-Baggioni| (2016).

Assumption 6 (Go-bounded gradients). Let Dg = infgcgol|f — 6*|| > 0 with 0O denoting the boundary of
©. Moreover, there exists Gg > 0 such that Vt > 1, supyce||Vole(0)||> < G3 a.s

Theorem 2 (ASSG/PASSG) Let 6, = E[||6, — 6*||?] with 6,, given by (4 , where (0;) either follows the
TECUTSION TN or . Suppose Assumptzonsn to@ hold for p = 4. In addition, Assumptzonl must hold if

(0:) follows the recursion in (3)). If p, = p — 1(,—0y2D,C;" > 0, then for a — pf € (1/2,1), we have
A3 23 A3 2P 2:C; 0573)
of < T Ho=1/2y + 1 Lo<i/zy + R YR (12)
f Nt2(1+p) MNt 2(1+p)
B _ 24p(204B)—a _ p(20—B)ta
+0 (max {Nt ke ON, T }) + 1B, 20y ¥s, (13)
with

5 _plotv) _ 14p(Btv)—a _ 1+2pv _8/2+pv _ 2pu
¥, = O | max Nt 2(1+p) ’Nt T+p ’Nt 2(1+p) 7Nt 2(1+p) ’Nt T+p ,

where § = 1yp,—0}(p(20 — B) + ) + 1y, 20y min{p(20 — B) + «,2pv}. An explicit version of this bound is
given in appendiz[4]

Related work. Note that the bound in Theorem |2 is on the root mean square error, but our discussions
are about 0; (without the root). Similarly to the unbiased i.i.d. case (Godichon-Baggioni et al.,[2021), the
leading term of ¢, in and is A/N, which obtain the (asymptotically optimal) Cramer-Rao lower
bound (Murata & Amari, 1999). Each term of is a direct consequence of Assumption [5| and they are
all independent of the choice of learning rate (v;). Moreover, as discussed in |Gadat & Panloup| (2023)), the
bound of &; can be seen as a bias-variance decomposition between the leading terms and the remaining

terms in .

Ensuring convexity through non-decreasing streaming batches. As for Theorem [T} the positivity of
1, is essential for all terms in even if it does not appear directly. In case of lack of convexity p or high
levels of dependence constant D,,, we can only ensure convergence by increasing C,,, i.e., ensuring positivity
of p,; this is illustrated in sections and for ARCH models.

Accelerated decay. By averaging it is possible (in some specific cases) to achieve the leading term A/Ng,
which is known to obtain the asymptotically optimal Cramer-Rao bound in the i.i.d. case (Godichon-Baggioni
et al.l 2021). Thus, we could obtain the optimal and incorrigible rate of §, = O(N; *). This is always achieved
in the unbiased case (i.e., B, = 0) with ¢ = 1/2, even under short-range dependence. More specifically,
and (|13]) simplifies signiﬁcantly in the case of o = 1/2: the last two terms of become negligible
as o’ > 0. The first term of (13) decay at the rate O(N, ~(2Hp(2o+h)= a)/(Hp)) or (’)( 2(p(20 ﬁHa)/(Hp))
which suggests choosing «, 3 5uch that a4+ p(20/3 — ‘ 2/3,eg,a=2/3,6=1/3 and o =1/2 yields a
(13

decay of O(Nt_4/ 3) for any p. Thus, the first term of (13 robustly achieve O(N, —4/3 ) for any streaming rate
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p by setting @ = 2/3 and 8 =1/3 if 0 = 1/2. Likewise, the last term of is O(N, P2/ AH0)) for any
p when a = 2/3 and 8 = 1/3. To summarize, Theorem [2| with o = 1/2 simplifies into the bound,

1 A3 5 s 5 _p(1/24v)
5 < =5+ O (NTF) 415,200 (Nt 205 ) (14)
N7

using o = 2/3 and 5 =1/3.

Variance reduction from larger streaming batches. Taking 5 > 0 would damage the variance reduction
effect from having C, large (e.g., see discussion after Theorem . Thus, there is a trade-off between
accelerating the convergence by taking 5 > 0 or taking 8 = 0 to favor from variance reduction. In practice,
an immediate choice would be to take 8 = 0, but if the data contains a low amount of noise or the model is
robust, it can be advantageous to raise 8 to improve convergence (Godichon-Baggioni et al., 2021]).

Behavior for B,. The influence of B, is exclusively contained in W;, with the exception of the second
term of via the decay rate §. Also, increasing p will always diminish the bad influence of this bias term.
Surprisingly, ¥; — 0 as t — oo for any v, but long-range dependence is excluded if we wish to obtain the
desired rate of ; = O(N~'). However, it does not seem to have any major influence in our experiments in
section Ml

4 Experiments

4.1 Synthetic data

A way to illustrate our findings is by use of classical methods that aim to model and predict an underlying
sequence of real-valued time-series (X); here s is short notation for indexing the sequence of observations,
(Xnys XNyt s XNy—ny = XN,y XNy_y -1, ) With N, = 3V n;. The AutoRegressive (AR), Moving-
Average (MA), and AutoRegressive Moving-Average (ARMA) models are the most well-known models
for time-series (Brockwell & Davis|, 2009; Box et al.l 2015; [Hamilton, [2020). The standard time-series
analysis often relies on independence and constant noise, but it can be relaxed by, e.g., the AutoRegressive
Conditional Heteroskedasticity (ARCH) model (Engle, 1982)). Online learning algorithms of (both stationary
and non-stationary) dependent time-series have been studied in |Agarwal & Duchi (2012); |Anava et al.| (2013]);
Wintenberger| (2021)).

4.1.1 AR model

A process (X) is called a (zero-mean) AR(1) process, if there exists real-valued parameter 6 such that
Xs =0X,_1 + €5, where (€;) is weak white noise with zero mean and variance 052. To illustrate the versatility
of our results, we construct some (heavy-tailed) noise processes with long-range dependence: the noisiness is
integrated using a Student’s ¢-distribution with degrees of freedom above four, denoted by (z5). The long-range
dependence is incorporated by multiplying (zs) with the fractional Gaussian noise G5(H) = Bs1(H)— Bs(H),
where (Bs(H)) is a fractional Brownian motion with Hurst index H € (0,1). (Gs(H)) can also be seen as a
(zero-mean) Gaussian process with stationary and self-similar increments (Nualart), 2006).

Well-specified case. Consider the well-specified case, in which, we estimate an AR(1) model from the
underlying stationary AR(1) process X; = 6*X;_1 + €5 with |#*| < 1. The squared loss function () =
ny Y (XN, i — 0X N,y pio1)? with gradient Vly(0) = —2n, " >0 X, i 1(Xn, 40 —0X N,y 4im1)-
Thus, the objective function is L(6) = (02(0* —0)?)/(1—(6*)?) +02, as E[X,] = 0 and E[X2] = 02 /(1 —(6%)?),
yielding Vo L(0) = 202(6 — 6*)/(1 — (6*)?). Assumption can for p = 2, we written as

BBV (0)17i1] - VoL 0)?) = O EOEE (2 ),

meaning that Assumption is verified if (X) has bounded moments; this is fulfilled by the natural constraint
that |0*] < 1 Thus, we can deduce that D, > 0, B, = 0, and v; is O(n; '). The remaining assumptions can

3The verification is available in a longer version in appendix
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be verified in the same way, in particular, Assumptions and is satisfied with x; and oy is O(n, 1 2),
Assumption [4| with Cy = 262/(1 — (6*)?) and Cg = 0, and Assumption [5| with ¥ = 45?/(1 — (§*)?) and
3 = 0. Furthermore, for an AR(1) process X constructed using the noise process e, = /G5 (H )z, with Hurst
index H > 1/2, one can verify that v, K}, o} is O(nf ~1) in Assumptions [1-p| to [3-p| using the self-similarty
property (Nourdin) [2012]).

Misspecified case. Next, assume that the underlying data generating process follows the MA(1)-process,
Xs = €5 + ¢p*es—1, with ¢* € R. The misspecification error of fitting an AR(1) model to a MA(1) process
can be found by minimizing L(0) = E[(X, — 0X,_1)?] = 02(1 + (¢* — 0)? + 6%(¢*)?), where VoL(0) =
2(0 — ¢*)o? + 20(¢*)%02. Thus, as 6* = argmin, L() = argming(¢* — )2 + 62(¢*)? is a strictly convex
function in 6, we have VoL(0) = 0 < 2(0 — ¢*) + 20(¢*)? = 0 & 20(1 + (¢%)?) = 2¢0* < 0 = ¢* /(1 + (¢*)?).
This means for any ¢* € R then 0 € (—1/2,1/2). With this in mind, we can conduct our study of fitting
an AR(1) model to the MA(1) process with ¢* drawn randomly from R (figure [Ib)). Furthermore, this
reparametrization trick can be used to verify Assumption in the following way:

4(0 — 6%)2

E[|[E[Vel:(0)|Fi-1] — VoL(0)]*] = >

f(za*(GNt,l),

where fy+(en, ,) is finite function depending on the moments of (e, ,) and qb*ﬂ Hence, we have D, > 0

and B, = 0 with v; being O(n; !). Similarly, it can be verified that s; and o; are O(nt_l/Q)

reparametrization trick (Assumptions and [3-p)).

by use of the

4.1.2 ARCH model

A key element of time series analysis is modeling heteroscedasticity of the conditional variance, e.g., volatility
clustering in financial time-series; ARCH models are some of the most well-known models that incorporate
this feature. A process (es) is called an ARCH(1) process with parameters ag and o if it satisfies

2
o = o+ ar€;_q,

€s = OsZs,
fo- .

where ag > 0 and «; > 0 ensures the non-negativity of the conditional variance process (¢2), and the
innovations (zs) is white noise. We employ the quasi-maximum likelihood procedure for the statistical
inference as outlined in [Werge & Wintenberger| (2022); the quasi likelihood losses is given by 15(0) =

271(e2/a%(0) + log(c2(0)) with first-order derivative

Vols(0) = Vool (0) ("2(062(;)6) :

where Vyo2(0) = (1,€2_;)T. Verification of Assumptions to can be done using mixing conditions;
Francq & Zakoian| (2019, Theorem 3.5) showed that stationary ARCH processes are geometrically S-mixing,
which implies a-mixing as well. Observe that the loss function (I;) itself is not strongly convex but only
the objective function L may be strongly convex; convexity conditions of ARCH processes was investigated
in \Wintenberger| (2021). This makes the parameters challenging to estimate in empirical applications as
the optimization algorithms can quickly fail or converge to irregular solutions. There are different ways to
overcome lack of convexity: first, projecting the estimates such that the (conditional) variance process (o2)
stays away from zero (and close to the unconditional variance). Second, in the specific example of ARCH
model, one could also recover convexity by implementing variance targeting techniques; an example using
Generalized ARCH (GARCH) models can be found in|Werge & Wintenberger| (2022)). To simplify our analysis
we consider stationary ARCH(1) processes, where we fix o at 1 and initialize it at 1/2.

4The verification is available in a longer version in appendix
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4.1.3 AR-ARCH model

We complete our experiments by considering an AR models with ARCH noise: the process (Xj) is called an
AR(1)-ARCH(1) process with parameters 0, o and oy if it satisfies

X, = 9Xsfl + €5,
€s = 0sZs; (16)

2 _ 2
05 = o+ €.

where the innovations (z;) is weak white noise. The statistical inference of this model is done using the squared
loss for the AR-part and the QMLE for the ARCH part, e.g., see sections and Assumptions
to can be verified by [Doukhan| (1994, Proposition 6), which showed that ARMA-ARCH processes are
[-mixing.

4.1.4 Discussion

Our experiment measures the performance by the mean quadratic error E[||fx, — 0*]|?] over one thousand
replications with 6y and #* drawn randomly according to the models’ specifications. We have omitted to
project our estimates as this would hide the errors we want to explore, namely the errors from the dependence
and the lack of convexity. It should be noted that averaging over several replications gives a reduction in
variability, that mainly benefits the SSG. The experiments will demonstrate how the choice of C), and p
affects the dependence D, bias B,, and the (dependence) penalised convexity constant u,. To compare
different data streams through the selection of C, and p, we fix the parameters C;, = 1, « = 2/3, and § = 0.

The experiments described in sections to can be found in figure [T} here {C, =1, p = 0} corresponds
to the classical SG descent and its (Polyak-Ruppert) average estimate, {C,, = 64,p = 0} is a mini-batch
SSG/ASSG, and {C, = 64, p = 1/2} is an increasing SSG/ASSG with initial batch size of C, = 64.

First consider the AR (well- and misspecified) cases in figures [La] and these figures shows the results for
long-range dependent white noise processes with Hurst index H = 3/4. Each pair of data streams converges,
but it is clear that the traditional SG method experiences a large amount of noise initially, particularly
affecting the average estimate period but not its decay rateﬂ But despite this, we still achieve better
convergence for the ASSG method. Both methods show a noticeable reduction in variance when C,, increases,
which is particularly beneficial in the beginning. Nevertheless, too large streaming batch sizes C, may hinder
the convergence as this leads to too few iterations. Furthermore, figures [Ia] and [TH] indicates an improved
decay of the SSG methods when the streaming rate p is increased. Conversely, improvements to the ASSG
method do not occur as we do not exploit the potential of using more observations through parameter
parameter, which could accelerate convergence, e.g., see section It is surprising that we do not see any
effect from the long-range dependent white noise processes, but this seems to be an artifact effect in the proof
as we need fourth-order moments (i.e., Assumptions to with p = 4). Therefore, we conjecture that
only second-order moment properties are responsible for the behavior of our simulations and that o = 1/2
even for long-range dependent white noise processes, as proved in section [£.1.1]

In figures |1l and we have the experiments for the stationary ARCH(1) models, with and without an
AR-part, respectively, as outlined in sections[4.1.2)and [f.1.3] These figures illustrate the lack of convexity when
using small streaming batch sizes C,, e.g., the traditional SG descent and its average estimate, {C, =1, p = 0}
diverges. Remark that the lack of convexity is expressed through the lack positively of u,, which only larger
streaming batch sizes C), can counteract. Moreover, the traditional SG descent {C, =1, p = 0} is omitted in
figure [Ld| due to lack of convexity. Figure|ld|shows that large (C,, = 64) and non-decreasing (p > 0) streaming
batches can converge under difficult settings.

5A modification of our average estimate to a weighted average version could improve convergence as it could limit the effect
of poor initializations Mokkadem & Pelletier| (2011)); [Boyer & Godichon-Baggioni| (2022]).
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Figure 1: Simulation of various data streams n; = C,t”. See section for details.

(a) AR(1): well-specified case. See section for (b) AR(1): misspecified case. See section for
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4.2 Historical hourly weather data

To illustrate our methodology on real-life time-dependent streaming data, we consider some historical hourly
weather dataﬂ The dataset contains around five years (roughly 45000 data points) of high temporal resolution
hourly measurements over various weather attributes, such as temperature, humidity, and air pressure. These
measurements are available for thirty-six cities, i.e., the dimension d = 36. In our study, we consider the
hourly temperature measurements, which we filter for monthly and annual seasonality by subtracting the
monthly and annual averages.

4.2.1 Geometric median

When the data are noisy, robust estimators such as the geometric median are preferred; (1948)
introduced the geometric median as a generalization of the real median. The efficiency of the geometric median

6The historical hourly weather dataset can be found on |https://www.kaggle.com/datasets/selfishgene/
historical-hourly-weather-data.

12


https://www.kaggle.com/datasets/selfishgene/historical-hourly-weather-data
https://www.kaggle.com/datasets/selfishgene/historical-hourly-weather-data

Under review as submission to TMLR

makes it suitable for handling high-dimensional streaming data (Cardot et al., |2013; |Godichon-Baggionil
2016)). We estimate the geometric median of X, € R? by minimizing the objective L(0) = E[|| X — 0| — || X][]
using the stochastic gradient estimates Vgl;(6) = —n; ' S0 (Xn, 1 +i —0)/|| Xn, 1+ —0]]; properties such as
existence, uniqueness, and robustness (breakdown point) can be found in [Kemperman| (1987); |Gervini| (2008).
We omit to project our estimates as this would hide the errors we want to explore. Instead of projecting the
estimates, one could adapt the proof of |Gadat & Panloup| (2023) to a streaming setting. Otherwise, if X is
bounded, one can adapt |Cardot et al.|(2012)) to the streaming setting showing that the streaming estimates

are bounded.

4.2.2 Discussion

To measure the performance, we use the mean quadratic error of the parameter estimates over one-hundred
replications, given by E[||n, — 0*[|?]; here we compare our estimates to the geometric median estimate
calculated by the Weiszfeld’s algorithm (Weiszfeld & Plastrial, |2009). Suppose (X) is standard Gaussian
centered at (6;)1<i<q with 6; taken randomly in the range [—d,d]. Moreover, following the reasoning of
Cardot et al.| (2013), we set C, = Vd, and let a = 2/3.

Figure [2] shows the results of the geometric median estimated in the same way as described in section [£.2.1]
Although the geometric median is a robust metric, we still see a considerable amount of fluctuations in
figure [2] which comes from the time-dependency and the noise in the weather measurements. Figure
shows that it is essential to use a mini-batch C, of a certain size to stabilize the optimization, i.e., ensure
convexity through larger streaming batches C,. But to achieve reasonable convergence, we need to have
increasing streaming batches, i.e., positive streaming rates p > 0; this is illustrated in figures 2b] and
These figures shows an increase in decay of the SSG when the streaming rate p increase. However, the lack of
convergence improvements in figure [2¢| comes from g = 0, which means we do not exploit the potential of
using more observations to accelerate convergence, e.g., see |Godichon-Baggioni et al.| (2021) for a discussion
in the unbiased i.i.d. case. As discussed after Theorem [2] one example of this could be achieved by setting
a=2/3 and 8 =1/3. As shown in figure we can achieve this acceleration by simply taking 5 = 1/3. In
addition, 8 = 1/3 provides optimal convergence robust to any streaming rate p. Choosing a proper 8 > 0 is
particularly important when C, is large, as robustness is an integral part of the geometric median method.
Most surprising is that we can achieve excellent convergence with a final error of only 10~® by combining
increasing streaming batches with averaging, e.g., see figure 2d| with C), = 64, p > 0 and 3 = 1/3. Following
the discussion in section [I.1.4] together with these real-life experiments, we suspect that the sequence of
scores (Vpli(6%)) is a martingale difference sequence that generalizes beyond our examples. In particular, our
findings indicate that o = 1/2 even under long-range dependence. Thus, the complexity of Theorem [2| seems
to be an artifact of the proof, which relies on Assumptions to with p = 4.

5 Conclusions

This study examined the robustness and convergence guarantees of SG-based methods under different settings,
covering a broad range of applications with dependence and biased gradients. The non-asymptotic convergence
rates of SG-based algorithms were explored, and theoretical results were used to develop heuristics that link
the level of dependency and convexity to the model parameters. These heuristics provided new insights into
determining optimal learning rates, which can increase the stability of SG-based methods.

The findings demonstrate that SG-based methods can break short- and long-term dependence by using
non-decreasing batch sizes, which counteracts the dependency structures. Specifically, mini-batch is essential
to break dependence and ensure convexity, and convergence can be accelerated by simultaneously averaging.
The experimentation results validate these conclusions, suggesting large non-decreasing mini-batches for
highly dependent data sources.

Furthermore, in large-scale learning problems with dependence, noisy variables, and lack of convexity, we
now know how to accelerate convergence while reducing variance through the learning rate and the treatment
pattern of the data. Overall, this study offers valuable insights into the use of SG-based methods in complex
learning problems and provides practical guidelines for optimizing convergence rates.
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Figure 2: Geometric median for various data streams n; = C,t”. See section for details.
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Future perspectives. There are several ways to expand our work about stochastic streaming algorithms:
(a) we can extend our analysis to include streaming batches of any size (and not as a function of streaming
batch size C), and streaming rates p), e.g., |Godichon-Baggioni et al.| (2021) discuss random streaming batches
with negative and positive drift. (b) an extension to non-strongly convex objectives could be advantageous as
it will provide more insight into how we should choose our learning rates (Bach & Moulines| [2013} [Nemirovskil
let al.,[2009; Necoara et al.l [2019; |Gadat & Panloup}, [2023). (c) learning rates should be made adaptive so they
are robust to poor initialization and require less tuning; an adaptive learning rate is essential for practitioners
as it builds a form of universality across applications, e.g., see [Duchi et al. (2011)); Kingma & Baj (2014)).
(d) non-parametric analysis could improve our theoretical results for large values of d. (e) we have focused
on results in quadratic mean but another way to strengthen our non-asymptotic guarantees could be high
probability bounds (Durmus et al., [2021; [2022); for any ¢ € (0, 1), we could obtain bounds on the sequence
{||6: — 6*]| : t € N} that holds with probability at least 1 — 4.
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A Proofs

We start by deriving recursive relations to the desired quantities 6; = E[||6; — 0*|?] and 6; = E[||0; — 6*||?].
These, are derived for any (v:), (14), (kt), (0%), and (nt). Finally, we insert the specific functions forms
of these, which yield the results seen in Theorems [[] and 2] Before doing the proofs, we recall a repeating
argument used to non-asymptotically bound &; and d;:

Proposition 1 (Godichon-Baggioni et al.| (2021)). Suppose (w;), (ou), (n¢), and (B;) to be some non-negative
sequences satisfying the recursive relation,

wr < [1 = 2Xay + mroy]wi—1 + Braw, (17)

with wg > 0 and X > 0. Let C, > 1 be such that Aoy <1 for all t > t,, with t, = inf{t > 1 : C,n < A}.
Then, for (o) and (n:) decreasing, we have the upper bound on (wy) given by

1
<mt~ 1
wt*Tt+)\t/I§12i}<gtﬁ (18)
with
t t 1 t/2—1
r=exp|-A > a;| |exp (Cw me) (wo + 5 max 5z‘> + > Biai
i=t/2 i=1 ='= i=1

Proposition [1| shows a simple way to bound (w;) in ; the bound in consists of a sub-exponential term
7; and a noise term A~! max; s2<i<¢ Bi- Thus, our attention is on reducing the noise term without damaging
the natural decay of the sub-exponential term where 7z — 0 exponentially fast as t — oo.

Later in the proofs, we will insert some specific functions, resulting in different generalized harmonic numbers,
which can be bounded with the integral test for convergence. Moreover, to present our results in terms of
N; = Y'_ mi, we will use that (N;/2C,)(1+P) <t < (2N,/C,)/(1+°) To ease notation, we will make use
of the functions v, (t), ¥¥(¢) : Ry \ {0} — R, given as

/(1 —z) ifz<l1, tA=o)/A4y) /(1 —z) ifx <1,
Yz (t) = < 1+ log(t) if =1, and 9Y(t) =< 1+ log(t/(1+v) ifr=1, (19)
z/(x—1) ifx>1, xz/(x—1) ifae>1,

with y € R, such that ¥(t) = 1, (t1/0+¥)). Thus, 32/, =% < 1, (t) for any = > 0. Furthermore, we have

that ¢Y(t)/t = Ot~ @TW/UTW)Y if o < 1, 9U(t)/t = O(log(t)t™1) if z = 1, and ¢Y(t)/t = O(t™1) if = > 1.
Hence, for any o, x1, 22,y > 0, ¥ (t)/t = (’)(t—(mo+y)/(1+y)) and ¥¥ (HYY, (t)/t = (f)(t—(m1+za+y—1)/(1+y)),
where @() suppress logarithmic factors.

In the following lemma, we derive an explicit recursive relation of d; to non-asymptotically bound the ¢-th
estimate of (2)) for any (v¢), (v1), (kt), (0+), and (n;) using classical techniques from stochastic approximations
(Benveniste et all |2012; [Kushner & Yin, 2003)). As mentioned in |Zinkevich| (2003), bounding the projected
estimate in (3)) follows directly from that E[||Pe(8) — 0*||?] < E[||0 — 0*||?], V0 € RY, V§* € O, as © is a convex
body.

Lemma 1. Let §; = E[||,—60*||?], where (6;) either follows the recursion in (2)) or (3). Suppose Assumptions[1]
@ to hold for p = 2. Let 1y,,—cy and ly,,-cy indicate whether (v;) is constant or not. If u, =
p—Lg,—cy2Dyvy > 0, then for any learning rate (7y;), we have

2
O < + max I/i2 + — max Uf’yi,
WLy, t/2<i<t Ly t/2<i<t
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with

i
L
M =exp | =5 > v

t t
exp (]l{ytﬁc}QC(sDy Z Vi’Yi) exp (206 Z “?73)

i=t/2 i=1 i=1

0 B2 4 B2 t/2—1 t/2—1
oo + Y max v? + — max 0»27) + -z V,Q'y. +2 02’72
( pp 1ist o agise ) p ; o ; o

Proof of Lemma[dl By taking the quadratic norm on , expanding the norm, and taking the expectation,
we can derive the equation,

6 = 0—1 + E[| Vol (0:-1) 1] — 2%E[(Voly(0:—1),0:—1 — 67)], (20)
with & > 0. To bound the second term in (20)), we use Assumptions and for p = 2, to obtain that
E[[|Vol:(6:—1)1”] < 2E[[|Vole(0:-1) — Vole(0%)|1] + 2E[|Vols(8%)]1%] < 2678; -1 + 207, (21)

as ||z + yl|? < 2P71(||z||P + ||ly||P). As noted in Bottou et al| (2018); Nesterov et al.| (2018)), implies
that (VoL(0),0 — 6%) > pul|0 — 6%||* for all € ©. Next, since L is u—strongly convex (5) and 6;_; is
Fi—1-measurable (Assumption , we can bound the third term on the right-hand side of (20]) as follows:

E[{(Volt(01—1),0i—1 — 0%)] >udi—1 — Dyv16p—1 — Byvid2 4, (22)
since

E[E[Volt(0:-1)|Fr-1] = VoL(0i-1),0: 1 — 07)] = —E[|E[Vels (6:—1)|Fi1] = Vo L(Or—1)[[[|62—1 — 07]]]

> —VE[[E[Vol:(0e—1)[Fer] = VoL(0r—1) 2] VE[[6—1 — 0[]

> —\/VtQ(Dl%tfl + B2)\/0t—1 > —Dyv40r—1 — Byvin/0¢—1,

by Jensen’s, Cauchy—Schwarz, and Hélder’s inequality, and Assumption [I-p] with p = 2. Hence, applying the

inequalities and to , yields

1
0 < [1—2uvy + 2Dy vy + 2,‘4‘,%’}/3](575_1 + 2B viye62 4 + 203%2
5
< [1— (u—2Dyve)ve + 267771001 + 7%2% + 20777,

1
using Young’s inequalit 2B,y 162 1 < pyedi—1 + B2v2y: /. Next, we introduce the indicator function for
whether (1) is constant (= C) or not (—C), such that

B2
8¢ < [1 = (1o = Lip,—ey2Dove)ve + 267771601 + 71/?% + 20777, (23)

with p1, = p — 1y,—¢32D, vy > 0. Let Cs be the constant fulfilling the conditions of Proposition |I| such that
Cs is chosen larger than 1 verifying Cs(1y,,-c12D, v + 2K27) < p1,,/2 such that it’s imply p,7:/2 < 1, which
is possible as the sequence (14) is non-increasing, and (x;) and () is decreasing. At last, bounding by
Proposition [1| concludes the proof. O

Proof of Theorem[] Inserting the functions v, = Cﬂ,ntﬁt*“, ve =n;”, ke = Ceng ™, o = Cony 7, and
ny = Cyt” into the bound of Lemma [I] yields

21+2p1/B3 22+p(20*ﬁ)+acgc’ycg

ST pubn, O 2P N p, C2otp(20=F)Fa >y
9(2+6pv)/(14p) g2 2(7+6p0)/(140) 02
ST+ 3 90 N 2o0] () T G ) (79 (3o B T (T3 (25)
i, Cp N; puCp N

"If a,b,c¢ > 0, p,q > 1 such that 1/p+ 1/q = 1, then ab < aPcP /p + b9 /qcA.
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with p, = p— 1;,20y2D,C;" > 0, and

e _uycycgtlﬂﬁfa . 14201205 D, C,Cl_ (-1 (1) o 4 — p(B — K))CsC2C2C20
L= 92 P Cy (20— 2p(8 — r) — 1)C2=

<50+ 287 403@053) BYC,Cltbapa-2)(1/2) | 4o = plB — 0))CZCIC3

pC - p CRe nCzv (200 = 2p(B — o) — 1)C2%°
<e /LC,yNt(lerﬁia)/(ler) ]l{pgéO}ZC(SDuC’yCEwZ_p(B_V)(ZNt/Cp)
w | —
= 2(B8+p(2+8)=a)/ (14+p) 01 ==/ (1+) P o

A(a = p(B — K))C5C2C2C2P 2B2  4C2C,CP
(2a—2p(5 —r) — )2+ J " pup,C2 T p,C2

N BZC,CUE_ s 0 (Ne/Cp)  4(a— p(B — 0))C2C2C2P

a-vp

nCgr (200 = 2p(8 — o) — 1)C2°

; (26)

with help of an integral test for convergenceﬂ the functions v, () and ¢¥(¢) from , and by use of
(N /2C, )Y/ (A+P) < ¢ < (2N, /C,) Y/ (1F0), O

Next, we need to study fourth-order rate A; = E[||6; — 0*||4] of the recursive estimates and . As in
Lemma [I} we begin the following sections by conducting a general study for any (v¢), (v¢), (¢), (0¢), and
(n:), when applying the Polyak-Ruppert averaging estimate (6;) from .

Lemma 2. Let A; = E[||0; — 0*||*], where (0;) either follows the recursion in or . Suppose As-
sumptions to hold for p = 4. Let 1y,,—¢cy and 1y,,-cy indicate whether () is constant or not. If
w, = p—1g,—cy2Dyv}t /3 > 0, then for any learning rate (v;), we have

B! 4 1024 49

4
At SHt + Y max o

96
3, max + — max 043
woph, t/2<i<t L, t/2<i<t

Y.
wl, tj2<i<e tt

i
with I given as

t

o 1 CADA 2560 < i
14 v —C A v
o (37 o) o (202 S o (52 5t a1 3ot

i=t/2 H i=1 i=1 i=1
t/2—1 t/2—1 t/2—1
4B, 4, 1024 1.2, 96 4.3 B, 4 256 4.3 4.4
(Ao+ B ax vl o max oo} 4+ o max ol ) + 75 Z Vit = Z oiyd 424 Z oty
v v v i=1 =1 =1

Proof of Lemma[3 The derivation of the recursive step sequence for the fourth-order moment A; of (2)
follows the same methodology as for the second-order moment in Lemma |l In the same way we deduced (20]),
we can take the quadratic norm on , expand the norm, take the square on both sides, and the conditional
expectation on both sides of the equality;
A =81+ RE[|Vole(0r-1) "] + 477E[(Vole(Br-1), be—1 — 0°)2] + 297 E[[|0r—1 — 07[1*||Vle (6:—1)||”]
— A3 B[[|0—1 — 0*[*(Vole(Be-1), i1 — 07)] = 4% E[[[Vole (0:-1)[|*(Vole(6:-1), 0r—1 — 67)]
<A1+ E[[[Vole(Br—1)[|"] + 677E (611 — 6% [*[[V ol (Br—1)[|°]

— A3 E[[|0—1 — 0**(Vols(Be-1), i1 — )] + 47 E[[|0s-1 — 6*[[[| Vol (8e-1) ],
by use of Cauchy-Schwarz inequality. Next, Young’s inequality yields 4+3(|6,—1 — 6*||[|[Vole(6:—1)|]> <
29/ Vole(0e-1)[I* + 297100 —1 — 0% (12| Vole(0r—1)[|> and 87 (10p—1 — 0% (12| Vole(Or—1)[I* < (17e/2)[10r—1 — 07" +
32712 Vgli(6;—1)||*, which helps us to obtain the simplified expression,

At <[1+ pye /2] 801 + 3% El[Vole(0e—1) '] + 32~ /Bl Vole (0e—1) '] = 4%E[10e—1 — 0" *(Vole(0-1), 01 — 7).

8Note that 22:1 i2p(B=r) =20 < (20 — 2p(B — K))/(2a — 2p(B8 — k) — 1) and Zzzl i2p(B=0) =20 < (20 — 2p(8 — 0)) /(2 —
20(B—0)—1)asv>0,0,k€[0,1/2], pe[0,1), B€[0,1], and o — pB € (1/2,1).
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To bound the fourth-order term E[||Vjl;(6:—1)||*], we make use of the Lipschitz continuity of Vgl (As-
sumption [2-p)), Assumption and that 0;_, is F;_j-measurable (Assumption , to show that
E[|[Vole(0:—1) "] < 8K{A¢—1 + 807 as |lz +y|[P < 207 ([|lz[|P + [|y||*) for any p € N. Thus,

Ap <[1+ pye/2 + 2560wy + 24k 71 A1 + 2560 oy + 2407
— 4y E[[[0s—1 — 0**(Vole(6:-1), 0:—1 — 67)]. (27)

Next, using the same arguments as in the proof of Lemma [T} Young’s inequality, and Assumption [I-p| with
p =4, we have

Ay B[[|0:—1 — 07> (E[Voli(0:—1)|Fr—1] = VoL(6:-1), 01 — 67)]
> 4y E[[|0:-1 — 0[P E[Vols(0s—1)|Fe-1] = VoL(G:-1)]

> =3 A1 — P HE[E[V ol (01-1)|Fi1] — VoL(0p—1)||*]
=3y De—1 — PP Dt Ay — p P By,

AV

such that the last term of can be bounded as follows,

Ay E[||0,—1 — 0%[|>(Vole(01—1), 01 — 0)] = 4E[[|0—1 — 0% *(E[Voli(01—1)[Fr-1], 0:—1 — 0%)]
= Ay E[[|0r—1 — 0* [P (VoL(01-1), 01 — 0°)] + 49E[[|0r—1 — 0" |*(E[Voli(0;1)|Fio1] — VoL(0;-1),0, -1 — 0%)]
> i1 = p Dy Ar oy — p TPy By

Indeed, inserting this into together with using the indicator function that determines whether (1) is
constant (= C) or not (—C), gives us

2 u3

Bivi, 2560y

+ 24kt Ay + e

” 1, - D44 256k3~3
At<[1—<“ il it t)%+ Z”t +240ind,  (28)

with ul, = p — ]l{w=c}2D§1/f/,u3 > 0. Note that p, from Lemma [1|is lower bounded by u),, and strictly
lower bounded for (1) constant, i.e., p, > ), > 0. Let Ca > 1 fulfill the conditions of Proposition [1} the
Ca constant is chosen such that Ca(1y,,-cyDpv/p® + 256k /i + 24k¢~¢) < pl,/2 implying p),y: /2 < 1,
which is possible as the sequence (1) is non-increasing, and (x;) and () decrease. Hence, by applying
Proposition |1{ on , we obtain the desired bound for A;. O

Corollary 1. Let A, = E[||6; — 0%||*], where (0;) either follows the recursion in or , Suppose

Assumptions to hold forp=4. If ., = u— IL{,,ZO}2D§/MBC§V > 0, then for a — pp € (1/2,1), we
have

22+4puB3 N 22p(20—B)+2a(210M—1 + 270705)0303036
13, Cavttev i, Cprtrre=p)+2a 7

Ay <IIL + (29)

with II; given in such that 11; = (’)(exp(—Nt(HpB_a)/(Hp))).

Proof of Corollary[]l Inserting the functions v = C’ant_a, v, =mn; ", ke = Ceny ™, oy = Cony %, and
nt = C,t” into the bound of Lemma [2 and using 7} < C’VC’EVE as @ — pf € (1/2,1), yields with
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W= — Il{pzo}Qij/u?’Cﬁ” > 0, where II; can be bounded as follows:

t
M:/CWCPB

1 CaDiC,CP L
1 <esn 3 ) o (LG IO 5
4 i=t/2 M CP =1
8 43138 T Avdap
exp | 2CACLCICY N sy 50 | gy (HCACECIC i1t
P MC4K p 04/{
P i=1 ? =1
(A L 4B wdcicicy 9603030;36) BiC,CP ”fl ) —a
0 v o o v t
12, Cy py, Co 1, Cy prCyy =
t/2—1 t/2—1
2CoCICY S pas-tor-sa | HCoCICH S~ app-0)-ta
4o 4o
nCy i=1 Co i=1
oy [ G CRETT N (L0 CaDUC O 50 (D)) (2CACICIC)
=P 23 P pusCL Y pCyr

o 26CACLCICHS . 2B +21003030§5+2703030§ﬁ
Cpr "B Cy T, Cle py, Co°

ByC,Cope s an(t/2) N 210¢iC3Css 28crcicss

30
#3024)1/ /J’C?;U + C;lo ’ ( )

with help of the integral test for convergence; 27;:1 jP(38—4z) =30 < 3 < 92 and Zle i*P(B=w)=4a < 9 for any
x>0asa—pBe(l/2,1). O

Lemma 3. Let 6; = E[||0; — 6*||?] with 6, given by , where (0;) either follows the recursion in or
. Suppose Assumption to and@ hold for p = 4. In addition, Assumption @ must hold true if (0;)
g

follows the recursion in (3), which is indicated by 1{py<cc}- Then, for any learning rate (), we have

1/2 1/2 .
B 12 [t oLz ) ol2pL/2 [t j—1
12 _A 2(1-0) o 2(1—0—0’) O P
U (Z”i ) TN, (Z”i ) TN, RPN

1/2

i=1 i=1 j=2
1 = /2 | i n; n n 1 /
+ N t51/2+1<+21/20v+n )5”
(N ; Pl vl o mneNe T uNe \m ( 1) %
- 1/2 t—1
21/2 t—1 ) C// 1/2
+ — n2, (0% +k2,,)6; + =X nis1AY ,
MNt ; Jrl( v +1) IJ/Nt ; +18;

1/2

23/4 t—1 j—1
+ W Z (Dylsjl-/? + 21/QBy)nj+1Vj+1 Z(Cv + Hi+1)nz‘+15il/2 ;
t i=0

with A = Tr(VZL(0*) ' SVEL0*) 1) and C% = C4 /2 + Lipe <0} 2Go /D3,
Proof of Lemma[3 The proof is divided into two parts; in the first part, (6;) follows , and the second part

considers . Assume that (6;) is derived from the recursion in . Following [Polyak & Juditsky| (1992), we
observe that

V2L(0*) (-1 — 0%) = — Vol (0%) + Vole(By—1) — [Vols(0r—1) — Volo(6%) — VoL(6:_1)]
— [VoL(0;-1) = VZL(6*)(0:—1 — 07)],
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where V2L(0*) is invertible with lowest eigenvalue greater than yu, i.e., V2L(6*) > uly. Thus, summing the
parts, taking the quadratic norm and expectation, and using Minkowski’s inequality, gives us the inequality,

27\ 2
(E[lle: - o"|*])" < | E || V3L anvez
r 2 2
+ | E|||VEL (8 anvgz
: 2 2
+ | E |||V2L (6*) Nt an Vol; (6i1) — Voli (6%) — VoL (6:-1)]
- 27\ 2

(31)

I
+ | E |||VZL (67) 1ﬁ2ni [VoL (0;-1) — V3L (0") (0;—1 — 0%)]
ti=1

First term of (31): As (Vol;(8*)) is a square-integrable sequences on R? (Assumption [1-p)), we have

]

= > mngB [(VRL(67) 7 Vol (6%), V3L (67) 7 Wl (67))]

t 1<i<y<t

E

t
V2L (6%) " anvez H 2Zn2E [HW (0%) "' Vol; (6%)

where the first term can be bounded by Assumption [5] namely
t t t
1 2 27 e —1 o2 A 2601-0)  C 21—o—0")
VE;”JE [HVGL(G ) Voli (67) < W;nl Jri/ﬂNf;ni )
where A denotes Tr[VZL(0*)"1XVZL(0*)~1]. For the next term, we use

N O o [(VRL6) VAl (6), VAL(6°) 7 Val; (69)]

t 1<i<j<t

_ML S nnE[(Vols (6%), Vol (9%) — VoL(6"))]

to1<i<j<t

> B[ Vols (07| I[E[Vol; (67)Fj-1] = VoL(6)]]

t<i<j<t

<mr 30 sy B (1900 0)F] B [JEIVl, 0715 - VL))

1<i<j<t

2B,
STINT Z ninjov; = 2N2 Z (nJuJ anaz> ,

p Ve 1<i<j<t

by Cauchy-Schwarz and Holder’s inequality, and Assumptions [I-p| and Thus,

N 1 }
Az 2(1—0)
< — n;
§ |) <5

1 1
11/2 t 3 1/2 pl/2 t j—1 2
o —o—0o' 2 B

+07 ( E n?(l )> ( E (njl/] g nzm>) . (32)

t

V3L(67) " anvgz (%)
i=1

1/2
NNt/ i=1 Jj=2
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Second term of Next, using that 1t St niVeli(0i1) = N%Zt Ly — ;) = = S0 —

9*)(:;—111 - ) - (Ot -0 + 5 L0y — )2 leads to an up}z):ei Vioound on norrrllvéd quantity
IVGL(6*)~* 1\1/t Zﬁzl nzv@lz( i—1)| given by

LS - g a2 o 8= 02— 6 — 0] 2

pNy = ' Vi Vi pN Yo N ga!
Hence, with the notation of & = E[|¢; — 0*]|?], the second term of (31), namely

(E[HV%L(Q*)AN% 22:1 niVoli(6;—1)|*])*/?, can be bounded by

t—1

1 1
NNt Z o

=1

Tit1 ng Ny ni

1
02, 33
Yi+1 Vi 0 ( )

1
62 +
e Ny K py1 Vg

Third term of (31): Here, we use that E[[|VZL(0*) "L 5 S0, ni[Voli(6i-1) — Voli(0%) = Vo L(6;1)][?] can
be derived as

1
{2 N7

Zn?E[nveziwi_o — Voli(0%) = VoL(0;-1)]]

+ QZTLZTLJ Vgl ) - V‘QZZ(Q*) - ng(ai_l), Vglj(@j_l) - VQZJ(Q*) - VgL(Oj_l»]

1<J
Here, we use Cauchy-Schwarz inequality, Assumption and to show that
t t
> niE[||Vali(0i-1) — Voli(0%) — VoL(6;-1)|%] < 22712&251 14208 nisia,
j i=1 i=1
and for the other term, we note that
E[(Voli(0i-1) — Voli(0%) — Vo L(0i-1), Vol;(0;-1) — Vol;(0%) — VoL (0;-1))]
<VE[|Veli(0i—1) = Voli(0*) — [VeL(0;—1) — Vo L(6%)]||?]
\/]E[||E[Velj(9j—1)|fj—1] = VoL(0j-1) = [E[Vol; (6%)|Fj—1] = VoL(6*)]]?]
<V/2E[[Voli(0i-1) — Veli(67)[|2] + 2E[|[ Vo L(0;-1) — VoL (6%)[?]
\/2E[\IE[Velj(9j—1)|fj—1] — VoL(0;-1) |1 + 2E[[[E[Vol; (6*)[F; 1] = Vo L(0%)]?]

S\/%féi_l + 26%51*_1 \/2D21/2(5j_1 + 4Bgl/j2
<2V2(k;6;"5 + O 6,3)(Dyv;6} + 22 By,

J

using F;—1 C F;_1 since i < j, Cauchy—Schwarz and Hélder’s inequality, |la + b||? < 2P~ (||a||? + ||b]|P) with
p € N, Assumptions and and . Thus, the third term of can be upper bounded by

o172 1/2 2 /ZC’V 1/2
uN ZnQﬁQ(Sl 1 ZnQ(Sl 1
t =1

1/2

23/4 t j—1
—|—m Z ((D (51/2 +22B,)n;v; Z Cv + m)nlézl/i . (34)
j=2 =1

Fourth term of (31): Here, we use that imply V0, |VoL(0) —VZL(0*)(0—6%)| < Co|l6—06%%/2 (Nesterov
et al., 2018)), which gives the upper bound % 22:1 nzAXQ1 using the notion A; = E[||0; — 6*||*]. Combining
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the terms to into , together with shifting the indices and collecting the §y terms, gives use the
desired bound for when (6;) follows (2).

Now, assume that (;) is derived from the recursion in (3)). As above, we follow the steps of [Polyak &
Juditsky| (1992)), in which, we can rewrite to %(Ht_l —0;) = Vol (0i—1) — %Qt, where Q; = Po(0;—1 —
Yt Vole(0i—1)) — (6i—1 — 7t Vels(0:—1)). Thus, summing the parts, taking the norm and expectation, and using
the Minkowski’s inequality, yields the same terms as in , but with an additional term regarding 2,
namely

t 2

11 n;

E||[|[VZL (09" =Y =,
H o (&) Ny 1 Vi

1=

t
1 n; 2
< o 2 [0 o s ee] 69

using (Godichon-Baggionil |2016, Lemma 4.3). Next, we note that

1261 =P (611 = 7eVole (0i-1)) = 611 + 7 Voli (0-1)|*
<2||Pe (01 =7 Vole (6:-1)) = 01| + 297 | Vols (0r-1) )
=2Pe (611 — 7t Vole (61-1)) — Po (6:—1)[I* + 247 [ Vole (1)
<201 = 1 Vals (B1-1) = b1l + 297 [ Vol (6:-1)|* < 447G,
as P is Lipschitz and ||Vl (0)]|? < G2 for any § € ©. This means that the inner expectation of (35),
E([Q¢:)° 110, 1, Vori(0: )20} = WV2GEP0i—1 — 7 Vgli(0:—1) ¢ O]. Moreover, as in (Godichon-Baggioni &

Portier} |2017, Theorem 4.2) with use of Lemma we know that P[0 1 — vVl (6:—1) ¢ O] < A;/Dg, where
Dg = infpepol|d — 0*|| with 0O denoting the frontier of ©. Thus, can then be bounded by

t
1 n; 9 2Ge 1/2
,U/Nt Z ’Y\/E |:||QZ|| ]]‘{ei—l_'Yiveli(Gifl)ig}} < MD%)Nt Zni+1Ai/ )
i=1 " 2 —

since the sequence (n;) is either constant or increasing, meaning Vt,n;/ni11 < 1. At last, let C@ =
C4/2 + Lipe<s0y2Ge /D indicate whether (6;) follows (3) or not. O

Proof of Theorem[3 The result follows by simplifying and bounding each term of Lemma with use of
Theorem (1| and Lemma |2} Thus, by inserting v, = C nf = vy =n; Y, ke = Cyeny ", op = Cony 7, and
= C,t? into the bound of Lemma [} we obtain

1/2
_ 1/2 A1/2CI o t
12 _ A 2p(1—0
6t < Wl{gzl/z} + — E 1 d ) ]1{07&1/2}
t

1n/2 A—geo' [t 1/2 t—1
+ Co CP Z Z'Qp(lfafo') + (p(]' _ ﬂ) + a)Cﬂ Zip(lf,@)Jrafl&'l/Q
pNt = pC,CiN, = '

1/2
. /

o+v t
nCy N\ nC,Cy Ny

1/2
C 1 Cy 12 2Y2eA-0C C,
+ =2 | —— +2/2 (+C ) 3’ + 2P1=r)g,
N <Cvc§ cr V) )t uCr N, Z

_ 1/2 _

2124005, (A L 204G 12

+ Y s ”E: N
,LLNt im1 ILLNt =0

1/2
23/4+p(271/)/2cf -1 j—1 25,
’uCu/QN Z D 51/2 21/23 P(l v Z <CV + C:@ lm) Z‘P(gil/2 7
P

j=1 i=1
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using n11/n; < 2° and that |n;41 /741 —ni/v| < (p(1—B)+a)CL=F/C, itmPA=B= as p(1—-B)+a < 1—p
with p € [0,1). Next, as o € [0,1/2] and o’ € (0,1/2], we have Y°;_ i2(1=0=0") < 1+20(0=0=0") /(] 4 2p(1 —
o —0')), where ¢t < (2Nt/C )1/ (+p)  Similarly, as v € (0,00), we have that

t—1

— t—1 t—1
5 ( 1) zwu o>> SIS 0D < G Oy (O
j=1

i=2 i=1
Sq/)g(yfl) (QNt/Cp)wS(afl) (2Nt/cp)a

(2Nt/C )/Nt is O( U+")/2(1+p))'

using the 1-function defined in 1) Hence, \/W;(o,l)(QNt/C Y? w—1)

Let DS denote Cy + 2°%C,; /Cy with k € [0,1/2], such that

1/2 -1 1/2 =1 12
1/24p(1—k 1/2 1z v
2 /2+p( )C C Z 2p(1—k) + % ZiQp(Si < w Zi2p5i y
nCyNy HNy e

i=1 =1

and, likewise,

t—1 j—1
Z < (D, 51/2+21/2B p(1—v Z (CV+ 2C'n€li> p51/2> <D%Z < D, 51/2+21/2B p(1— V)Z p61/2> .
j=1 i=1

From we know that 6; < Ds/t° with

ol+20v g2 92+p(20-B)ta2cr OB
Ds = sup mt® + 2V—|— 207p,
teN o C3Y i C37

and § = 15,0y (0(20 — B) + @) + Lig, 40y min{p(20 — B) + 20}, yiclding

t—1 j—1 t—1
<(Dy5;/2 +212B,)j70 =) N " ies) 2) < D237 ((D,Dy/257502 4 21/2B,) 70555 (1))
j=1 i=1 j=1

Dy Dsts oo ()05 /24 pw—1y (1) + 21/ B D§/21/15/2 p (D) p—1)(t)
Dy Dstf 1y 2N/ Co)ES o 1y @Ne/Cp) + 22 B D208 (2N /C)00 1 (2Ni/Cy),

if 5/2 = p = 0. Hence, (/Uf, (Ni/Co)tf s, 1)(2Ne/Cp) /Ny is O(N 20 and
\/¢g 1oy 2N /CO0 1 (2N /C,) [Ny is O(N; 2P 2UH0))  Next, we define 7, = Yoi_y i2m > S0, 7

such that m; < 1 22:1 7 < t717 <t 74 since 7y is decreasing. Similarly, let II; = 22:1 i?11;. Both
and IT; convergences to some finite constant depending on the model’s parameters. With use of these notions,
we have

172 AL/2 ; 91/271/201=20)/2(1+0) . 91/20I12 12+ /204 p)
< —Lo=1/2y + o#£1/2) + ;
t N2 {o=1/2} N{+200)/2(040) {o#1/2} N H2e(ota ) /2(040)

22+(7+2p<1+a))/2(1+p)cgcf—?a—ﬂ—a)/mﬂ) rC, 2(2“)/(1”)C£2+5‘“)/(1+")7‘r00

+ PO N 20T 2T p) N, T 1Oy NP (50)
2(1+p(1+2a—/3)+a)/(1+p)(25u—1/2+24C}//2Cg/2)0 CQC

+ i, OO 27— () (=B ) [T + s, 201V
2(5/2+p(5—2o’))/2(1+p)Dﬁ c, 01/20(1+672a+a)/2(1+p)

* Y (T (203 )/ (3770

. 23/4+p<27u>/2\/mpi/z’p;”c,,\/w(S 1y N CUE 1y (2N2/C)

Merd

27



Under review as submission to TMLR

asa—pf € (1/2,1), where u!, = u—]l{pzoﬂD,‘f/M?’Cﬁ”, D¢ = C’v+2"””C,€/_C;”, CY = C’v—l—IL{D@<oo}2G@/D%7
T = 27,/C,C8 + (1/C,CP + 2Y/2Dg)§y* + 2V/2+vDErll? 4 20C% I, D = Cy + 25C,/C5, § =
Ly, —0}(p(20 — B) + @) + 1B, 20y min{p(20 — 3) + a,2pv}, and ¥, given as

21/2B$/203/20p\/1/;5(0_1)(2Nt/C,,)¢§(y_1)(2Nt/Cp) P3(1+0) p, (1 =H—v =)/ (1+0)

LTI, T e NG )
. 1/2 /4
. 91+p(2-1)/2pY2 /D pY/ Cp¢¢§/27p(2Nt JCIUY 1 2N/ C,)
nCy* N,

N 22(1+pV)BEC%CP1/)Z(2U71)(2Nt/C'p) N 23/2+p(1+u)BuDKV'Cp\/¢§p(u—1)(2Nt/Cp)

p5/2\/ul,C2 Ny 322 CY N,
) 23/2+pVBVCow+p(B+V71)7a(2Nt/CP)

/2,120 COTVN, ’

B Ly Lp t

Furthermore, using the O-notation one can show that

172 AL/2 ) 91/2\1/2¢(1-20)/2(1+0) . 91/20I1 /212 +e ) /204 p)
< —5 Lio=1/2) + o£1/2} T ;
t N2 {o=1/2} N(+200)/2(040) {o#1/2} N H2e(e e /2(0+0)

26000f()2—20—ﬂ—a)/2(1+/7) N 27(‘u71/2 + C«i/QCpﬁ/Q)C%OgO’Y
1/2 ~1/2 2 20)— 2(1 1—2po— 1 20— 1
uuy/ CV/ Nt( +p(B+20)—a)/2(1+p) ,U\/ITLCfg po—a)/( +P)Nt(/)( B)+a)/(1+p)
22D%CUC$/20£1+B_20-+@)/2(1+)0) FCp 22O§2+ﬂ—a)/(1+l))7—roo

_|_
u‘ulll/QNt(1+p(20—6)+a)/(2(1+ﬁ’)) 1INy NCth(2+pﬁ_a)/(l+p)

+ @(Nt_(5+py)/2(l+p)) + 1B, 20} Vs, (36)

where W, = O(N;PH)/2050)) 4 BN (LHp(B+)=0)/(0)) 4 o N=(1420)/2040)) 4 5N =(0/2400)/2040)y |
@(Nt_zp”/(ler)), implying that v > 1/2 to obtain the desired rate 6; = O(N~!) if B, = 0. O

B Verifications of Assumptions [I-p| to [3-p| for the AR model

Well-specified case. Consider the well-specified case, in which, we estimate an AR(1) model from the
underlying stationary AR(1) process X; = 6*X;_1 + €5 with |#*] < 1. The squared loss function () =
et i (XN, i = 0X N,y i-1)? with gradient Vole(0) = —2ny " 3200 X,y io1(Xn, o4 — 0XN,y1i-1)-
Thus, the objective function is

1 & o2(0* — 6)?
LO)=E|— > (Xn,_,4i —0Xn, 14i-1)°| = I+ 0

( ) [nt ;( Ni_1+ Ni_1+ 1) ‘| 1_ (0*)2 +og,

using E[X;] = 0 and E[X?] = 02 /(1 — (6*)?), yielding VoL(0) = 202(0 — 6*)/(1 — (6*)?). Next, to verify
Assumption for p = 2, we first note that

20 2
E[Voli(0)|Fi-1] = -~ > E [X]%/t,ﬁ-i—l‘]:t—l} T > B [Xn, i1 Xn, il Feoa]
=1 =1

200 — 0*) & 2
2= sy (X3 i | 7] - o DB [Xnien il Bl (37)

n
t i=1 i=1
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as XN, ,4+i = 0" XN, ,4i—1 + €n,_,+i- For the first term of (37)), we use that E[X,,,|F] = (0*)'X, and
VarlXowi| Fo] = 02(1= (6%)%)/(1 = (0%)2), yielding

Tt 2 nt
€

S i — a * i— 0‘€2nt
;E[Xﬁt_ﬁi_l\]-}_l] = X%, ;(9*)2(1 1y _ =) ;(9 )21 )
A= 0))XR, - (00 | o
(1—(6%)%) (L=(07)2)2  1—(07)*

Next, the second term of is zero by utilising that (e;) is a Martingale difference sequence, i.e., E[es ;| Fs| =
0 and Elesqi€s4]Fs] = 0 for ¢ # j. Thus,

4(0 — 0*)2(1 — (6%)%™)202 1

BBV (0)17i-1] ~ VL)) = “O— 0B (02 4 i)
meaning that Assumption is verified for p = 2 if (X,) has bounded moments; this is fulfilled by the
natural constraint that |§*] < 1. Thus, we can deduce that D, > 0, B, = 0, and v; is O(n;'). The
remaining assumptions can be verified in the same way, in particular, Assumptions and is satisfied
with x; and oy is O(nt_l/Q), Assumption 4| with Cy = 202 /(1 — (0*)?) and C% = 0, and Assumption |5 with
¥ =402/(1 — (0*)?) and X; = 0. Furthermore, for an AR(1) process X constructed using the noise process
€s = \/Gs(H)z, with Hurst index H > 1/2, one can verify that v}, k},of is O(n ') in Assumptions
to using the self-similarty property (Nourdin, [2012]).

Misspecified case. Next, assume that the underlying data generating process follows the MA(1)-process,
Xs = €5+ ¢ es—1, with ¢* € R. The misspecification error of fitting an AR(1) model to a MA(1) process can
be found by minimizing

L(e) :E[(XS - 9X8*1)2] = ]EKES + (b*esfl - 9(6571 + ¢*6372))2]
=E[(es + (¢ — O)es—1 — 09 €s—2)*] = 02(1 + (¢* — 0)* + 60%(¢")?),

where VoL (0) = 2(0 — ¢*)o? + 20(¢*)%02. Thus, as 0* = argmin, L(f) = argming(¢* — 0)% + 6%(¢*)? is a
strictly convex function in 0, we have VyL(0) = 0 & 2(0 — ¢*) + 20(¢*)? = 0 & 20(1 + (¢*)?) = 2¢* &
0 = ¢*/(1 + (¢*)?). This means for any ¢* € R then 6 € (—1/2,1/2). With this in mind, we can conduct
our study of fitting an AR(1) model to the MA(1) process with ¢* drawn randomly from R (figure [Lb)).
Furthermore, this reparametrization trick can be used to verify Assumption first, we can reparameterize
VoL(0) = 202(0 — 0*)(1 4 (¢*)?) using 0* = ¢* /(1 + (¢*)?). Next, for E[Vgl;(0)|F;—1] one have that

20 2 &
E[Vgli(0)|Fi-1] = - ZE[XJQVt_1+i_1\]:t—1] T ZE[XNf,_1+z‘—1XNf,_1+i|}—t—ﬂ»
=1 =1

where
nt
Z ]E[X]2\/vt71+i71|ft71] :XJ2Vt71 + ]E[X]2Vt71+1|“rtfl] + e E[X?Vt71+’nt71|ft71]
1=1
=XR,_, T 0L+ (¢)eN,_, + o+ 0l 4 (67)%07
=X%,_, +(07)%en,_, +ol(n — 1)+ (¢")02(ny — 2)
=X3, , + () (X, — D)+ (1 +(¢"))al(n — 1),
and
n
Z]E[XNt—l‘i’i*lXNtfl“ri'Ft*l] :qS*XNt—leNt—l + ¢*Uz(nt - 1)
=1

=0"(1+ (")) Xn,_yen,y + 07 (14 (¢7))0l (0 — 1),
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using the same white noise properties as for the well-specified case above. This yields,

400 — 6%)?
BBVl (0)1Fir] - VoL @)) =" 0 o en, ),
¢
where fg-(en,_,) is finite function depending on the moments of (en, ,) and ¢*. Hence, we have D, > 0

and B, = 0 with v; being O(n; !). Similarly, it can be verified that x; and o; are O(n;, 1 %) by use of the
reparametrization trick (Assumptions and |3-p)).
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