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ABSTRACT

We propose a general diagram-based approach to analyze scaling regimes and
obtain explicit analytic solutions for gradient descent evolution in large learning
problems. We focus on a class of problems in which an identity tensor is learned
by gradient descent starting from a sum of rank-one tensors with random normal
weights. A central element of our approach is to expand the loss evolution in
a formal power series over time. The coefficients of this expansion can be de-
scribed in terms of suitable diagrams akin to Feynman diagrams. Depending on
the scaling of the initial weight magnitude and the number of parameters, we find
several extreme learning regimes, such as NTK, mean-field, under-parameterized
learning, and free evolution. These regimes include lazy training as well as strong
feature learning. We identify these regimes with extreme points and sides of a
hyperparameter polygon. We then show that in some of these regimes, the loss
power series satisfies a formal partial differential equation. For certain scenarios,
this equation is first order and can be solved by the method of characteristics, pro-
ducing explicit loss evolution formulas that agree very well with experiment. We
give a series of specific examples where this methodology is fully implemented.

1 INTRODUCTION

Motivation and setting. The purpose of this work is to propose a general framework for analyt-
ical studies of learning in large models with tractable scalable structure. The framework allows to
identify and classify various learning regimes and, in a number of scenarios, obtain explicit analyt-
ical solutions for the evolution of the loss L(t) under Gradient Flow (GF). More specifically, our
motivation is as follows.

1. We are interested in large theoretical learning problems in which the size of the target to
be learned is described by a large parameter p, while another large parameter H controls
the complexity of the model (e.g., the number of weights). We are interested in scenarios
with an easily tractable pattern of target scalability with p. We assume that the weights
u = {u} of the model are initialized with i.i.d. Gaussians with variance σ2 and are learned
by standard gradient flow with learning rate 1/T :

du

dt
= − 1

T
∂uL(u). (1)

2. We want to classify and characterize the different learning regimes according to the mutual
scaling of p,H and σ.

3. Ideally, we want to obtain explicit formulas of the loss L(t) as a function of time under
gradient flow. We expect such formulas to emerge in a large-p limit. We are particularly
interested in nonlinear (non-lazy-training) regimes that display feature learning.

In the present work we consider the following class of naturally scalable problems. We assume the
target to be the diagonal identity tensor Fi1,...,iν = δi1=...=iν , and the model to be the following,
along with the standard quadratic loss:

fi1,...,iν =

H∑
k=1

ν∏
m=1

u
(m)
k,im

, L(u) =
1

2

p∑
i1,...,iν=1

(fi1,...,iν − Fi1,...,iν )
2. (2)

1
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That is, the model factorizes an order-ν tensor by contracting ν matrices (indexed with (m)) along
their row-dimensions (indexed with k). Putting it differently, we are looking for a canonical polyadic
decomposition (see A.5): the goal is to decompose the order-ν identity tensor into a sum ofH rank-1
tensors f (k)i1,...,iν

=
∏ν

m=1 u
(m)
k,im

indexed with k.

We also consider a symmetric version of the model, for which

u
(1)
k,i = . . . = u

(ν)
k,i =: uk,i. (3)

If this symmetry condition is not imposed, we refer to this scenario as asymmetric.

The two especially notable cases are ν = 2, 3. The ν = 2 model describes learning to approximate
an identity matrix with matrix products UUT (symmetric scenario) or UV T (asymmetric). The ν =
3 model describes learning modular addition on the full data set in a Fourier mode representation
(up to complex conjugates), see B. We review modular arithmetic in B.4.

Despite apparent simplicity, this class of problems is quite rich. It is connected to a number of known
problems and models, such as (1) modular arithmetic as a supervised learning problem, (2) infinitely
wide networks, (3) gradient descent dynamics on linear networks, (4) diagrammatic methods in Deep
Learning, (5) parameter expansions, and (6) canonical polyadic tensor decomposition. However, our
work is not based directly on any of the present works we are aware of, and we are not aware of
any systematic studies of learning in this setting from the above mentioned perspective. We invite
the reader to read our Appendix A, where we present an extensive survey of the above-mentioned
topics.

Our contribution.

1. [Diagram expansions, diagram calculus] We develop a general method for analyzing the
expected loss evolution E[L(t)] in such problems based on the formal expansion

E[L(t)] ∼
∞∑
s=0

E
[dsL
dts

(0)
] ts
s!
, (4)

where E is with respect to Gaussian initialization of the weights. We show that the co-
efficients in this expansion admit an interpretation and computation in terms of suitable
diagrams akin to Feynman diagrams. We develop the combinatorics relevant for comput-
ing the expansion terms (“diagram calculus”).

2. [Pareto-optimal terms, hyperparameter polygon, extreme regimes] As p,H → ∞, the
leading contribution to the expansion terms comes from minimally contracted diagrams
and depends on the mutual scaling of p,H , and σ. We describe all scaling possibilities via
a hyperparameter polygon. We identify the vertices and sides of this polygon with several
extreme learning regimes, including NTK, mean-field and free evolutions.

3. [Formal PDE and solutions by characteristics] At least in some regimes, the power series
Eq. (4) can be extended to a multivariate generating function admitting a formal partial
differential equation. Moreover, in some regimes this equation is first-order and can be
explicitly solved by the method of characteristics. We demonstrate such solutions for free
evolutions (i.e. no-learning), as well as for several interacting regimes (i.e. with learning).

We emphasize that we are not aware of any other works where diagram expansions would be em-
ployed to usefully classify and analyze learning regimes and obtain explicit nonlinear solutions of
the GF evolution.

2 LOSS EXPANSION AND DIAGRAM CALCULUS

Diagrams. Loss (2) is polynomial in the weights. We can write it as a sum of three terms:

L(u) =
1

2

p∑
i1,...,iν=1

H∑
k=1

H∑
k′=1

ν∏
m=1

u
(m)
k,im

u
(m)
k′,im

−
p∑

i=1

H∑
k=1

ν∏
m=1

u
(m)
k,i +

p

2
. (5)

Each of the three terms is a sum of monomials in indexed variables over their indices. Let us identify
with each such expression (summed monomial) a diagram:

2
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Figure 1: Top row: Diagrams in the asymmetric scenario with ν = 3 (three colors). Yellow squares
correspond to H-nodes and cyan circles to p-nodes. Left to right: D6; R3; diagrams appearing in
D6 ⋆ D6 (up to recoloring); in D6 ⋆ R3; in R3 ⋆ R3. Bottom row: generic diagrams in different
regimes. Left to right: a diagram fromD⋆s

6 (free evolution); a “flower” with oneH-node (contracted,
underparameterized); a “flower” with one p-node (contracted, overparameterized); circular (ν = 2);
circular contracted to a tree (symmetric case, ν = 2).

1. The diagram is a multi-graph with nodes corresponding to summation indices (e.g., im, k)
and edges corresponding to the respective weights (e.g., u(m)

k,im
).

2. There are two kinds of nodes: some (i1, i2, etc.) correspond to summation up to the target
size p – we call them p-nodes. Others (k, k′) correspond to summation up to the model size
parameter H – we call them H-nodes. An edge always connects a p-node with an H-node.

3. Edges can have ν different colors corresponding to the indexm of the weight. In symmetric
models (3) all edges have the same color.

We review diagrammatic approaches in DL in Appendix A.3. A diagram implies summation of
monomials over the respective node indices. The first term in the loss expansion (5) corresponds to a
diagram with ν p-nodes, two H-nodes and 2ν edges – let us call this diagram D2ν . The second term
corresponds to a diagram with one p-node, one H-node and ν edges – let us call this diagram Rν .
See illustration for ν = 3 in top row of Fig. 1. The third term corresponds to the empty diagram. We
will occasionally slightly abuse notation and identify diagrams with respective summed monomials.
We can then schematically represent the loss (5) as

L =
1

2
D2ν −Rν +

p

2
. (6)

Loss evolution and diagram merging. Representation (6) is written in terms of current weights.
We, however, would like to write the loss in terms of initial, non-evolved, i.i.d. normal weights.
To this end, recall the GF evolution law (1) showing that the time derivatives of the weight under
GF is given by a suitable polynomial determined by L. It is convenient to formulate a respective
general rule describing the time derivative dG/dt of an arbitrary summed monomial associated with
a diagram G. Specifically, we write this rule in terms of the diagram merging operation ⋆:

dG

dt
= − 1

T

∑
u

∂G

∂u

∂L

∂u
= − 1

T
G ⋆ ( 12D2ν −Rν + p

2 ) = − 1

T
G ⋆ ( 12D2ν −Rν). (7)

Here, given two diagramsG1 andG2, we defineG1 ⋆G2 as the sum of diagrams resulting by choos-
ing two edges in G1, G2 of matching colors, removing these edges, and identifying the respective
p- and H-nodes. The operation ⋆ is bilinearly extended to linear combinations of diagrams, i.e.
(
∑

k ckGk) ⋆ (
∑

k′ c′kG
′
k′) =

∑
k,k′ ckc

′
k′Gk ⋆ Gk′ .

For example, in the asymmetric scenario D6 ⋆ R3 consists of 3 · 2 = 6 diagrams with 5 nodes and 7
edges, while in the symmetric scenario D6 ⋆ R3 consists of 6 · 3 = 18 diagrams. See Fig. 1 for the
examples of diagrams occuring in D6 ⋆ D6, D6 ⋆ R3, R3 ⋆ R3.

The formalism of merging allows us to write the loss at any time t as the formal expansion

L(t) ∼
∞∑
s=0

dsL

dts
(0)

ts

s!
=
p

2
+

∞∑
s=0

( 12D2ν −Rν)
⋆(s+1) (−t)s

T ss!
. (8)

3
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Here the diagrams D2ν , Rν involve initial rather than current weights. We review closely related
expansions in Appendix A.4.

Expectations, edge pairing, and diagram contraction. We are interested in the expected loss

E[L(t)] ∼ p

2
+

∞∑
s=0

E[( 12D2ν −Rν)
⋆(s+1)]

(−t)s

T ss!
. (9)

Each coefficient E[( 12D2ν −Rν)
⋆(s+1)] in this power series is an expectation of a Gaussian polyno-

mial in initial weights represented by a linear combination of diagrams. Let us analyze how to com-
pute the expectation E[G] for one such diagram G. By Wick theorem, the expectation E[X1 · · ·X2l]

of a product of jointly Gaussian variables equals the sum of products
∏l

r=1 E[XrXϕ(r)] over all
partitions {1, . . . , 2l} = ⊔l

r=1{r, ϕ(r)} of the variables into disjoint pairs. In our context, since
the weights are represented by edges, this means that we need to consider all edge pairings in the
diagramG. Since the initial weights are independent, a paring has a non-vanishing contribution only
if the paired edges have a matching color (m). Moreover, the expectation E[u(m)

k,ir
u
(m)
k′,ir′

] vanishes
unless k = k′ and ir = ir′ , meaning that we need to impose these additional constraints when
summing over the indices. This shows that E[G] can be computed as follows.

1. Consider all possible pairings of edges with matching colors.
2. For each such pairing, identify (”contract”) the diagram nodes corresponding to paired

edges. (Note that an identification can only involve same-type nodes, i.e. p-nodes are never
identified with H-nodes).

3. If the resulting diagram is left with n H-nodes and q p-nodes, and the number of edges is
2l, then this pairing contributes the term pqHnσ2l to E[G].

We will henceforth refer to the identification of some of the same-type nodes as diagram contraction.

Leading terms and Pareto-minimal contractions. The above procedure computes the coeffi-
cients in expansion (9) as linear combinations of terms pqHnσ2l. Here, 2l is the number of edges in
a diagram and does not depend on the contraction. On the other hand, the powers q and n in pqHn

do depend on the contraction. To simplify the combinatorics of contractions, it is natural to only
consider Pareto-optimal pairings and Pareto-minimal contractions that corespond to leading terms
under our assumption p,H → ∞.

Specifically, we say that an edge pairing in G is Pareto-optimal if the factor pqHn induced by the
respective contraction is not dominated by the factor pq

′
Hn′

of any other pairing, that is, if there are
no pairings such that q′ ≥ q, n′ ≥ n, and at least one of these inequalities is strict. This means that
if p,H → ∞, the leading terms in E[G] will be given by some of the Pareto-optimal pairings. Given
a specific scaling relation between p and H (a ”learning regime”), some particular Pareto-optimal
pairings will provide leading contributions to E[G]. For example, if one pairing has factor p2H3 and
another p3H2, then the first pairing will provide the leading contribution if H ≫ p. At the same
time, a pairing with factor p2H2 is Pareto-suboptimal and will never provide a leading contribution.

We call, accordingly, a contraction Pareto-minimal if it corresponds to one or more Pareto-optimal
pairings. We also call the respective contributions pqHn (or pqHnσ2l) Pareto-optimal. In the sequel,
we will only consider Pareto-optimal components in the coefficients E[( 12D2ν −Rν)

⋆(s+1)].

3 CLASSIFICATION OF LEARNING REGIMES

Pareto frontier of leading terms. We will now describe the Pareto-optimal terms pqHnσ2l ap-
pearing in the coefficient E[( 12D2ν −Rν)

⋆(s+1)]. The description depends on the presence of sym-
metry in the model, and for symmetric models also on the parity of the model order ν. The case of
symmetric models with odd ν is more complicated, and we skip it in the present paper.

Observe that the power 2l is simply the number of edges in a diagram and can be computed by
binomially expanding the expression ( 12D2ν − Rν)

⋆(s+1). If a diagram G results from merging
sD diagrams D2ν and sR diagrams Rν in some order, then G has 2l = 2νsD + νsR − 2s edges.

4
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Figure 2: Pareto optimal points (black) and the corresponding hyperparameter polygon (red) for the
symmetric scenario (i.e. when the matrices are shared), left, and for the asymmetric one, right; for
a few small values of s. The extremal points we had to remove from the triangle when switching to
the asymmetric scenario are colored gray.

Simplex Scaling condition Natural T Parame-
terization Learning Interpretation

A – B H ≍ pν−1, pν−1σν → ∞ Hσ2ν−2 Balanced No Free evolution

B – C pν−1Hσ2ν ≍ 1, Hσν → ∞ Hσ2ν−2 Over- Lazy NTK

C pν−1Hσ2ν → 0, Hσν → ∞ Hσ2ν−2 Over- Lazy NTK, f(0) ≡ 0

C – D Hσν ≍ 1, H/pν−1 → ∞ σν−2 Over- Rich Mean-field

D – E H ≍ pν−1, Hσν → 0 σν−2 Balanced Rich —

E – A pν−1σν ≍ 1, H/pν−1 → 0 σν−2 Under- Rich —

Table 1: Extremal simplices along with their interpretations; asymmetric scenario. See Table 2 for
a similar table covering both scenarios.

Since sD + sR = s + 1, we can equivalently write this number as 2l = ν(sD + 1) + (ν − 2)s. If
both ν and sR are odd, then the number of edges is odd so that such diagrams do not contribute to
E[( 12D2ν −Rν)

⋆(s+1)]. Also note that the power n ofH can only take values between 1 and sD+1,
since merging a diagram with D2ν adds one H-node while merging with Rν adds no H nodes.

A complete description of the Pareto optimal terms is given by the following theorem.
Theorem 1 (E). Up to nonzero numerical coefficients, Pareto-optimal terms in E[( 12D2ν −
Rν)

⋆(s+1)] have the form
pQ(n,sD)Hnσν(sD+1)+(ν−2)s, (10)

where 0 ≤ sD ≤ s+ 1, 1 ≤ n ≤ sD + 1 and

Q(n, sD) =

{
1 + (ν − 1)sD − ν

2 (n− 1), symmetric models, even ν,
1 + (ν − 1)(sD + 1− n), asymmetric models.

(11)

In the symmetric scenario with even ν all of these terms occur. The asymmetric scenario has excep-
tional terms that do not occur: a) terms with odd sR = s+1−sD; b) term (n, sD) = (s+2, s+1).

Hyperparameter polygon. For a fixed value of s, the Pareto-optimal terms found in the above
theorem could be conveniently visualized as points on a two-dimensional grid with axes associated
with n and sD. We refer to the convex hull of this set of points as hyperparameter polygon: Fig. 2.

Although Pareto-optimal terms dominate all others as p,H → ∞, a subset of these terms may
become dominant relative to others in this limit, depending on the relative rate of divergence of p,
H , and 1/σ. To be precise, only an extremal simplex of the hyperparameter polygon (i.e. a vertex or
an edge), or the whole polygon could become dominant as p, H , and 1/σ diverge at the same time.

These extremal simplices allow for natural interpretations summarized in Table 1 for the asymmetric
scenario, and in Table 2 for both scenarios. For example, some of the edges correspond to limit

5
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regimes that previously appeared in the literature: namely, the constant NTK and the mean-field
regimes; see Appendix C for a detailed description and derivations of the scaling conditions for each
extremal simplex, and Appendix A.1 for a detailed literature overview on limit regimes.

For each of the identified limit regimes, there is a natural scaling for the inverse learning rate T that
leads to a nondegenerate evolution of the average loss as a function of t. We obtained it by balancing
the base of power s in the leading Pareto-term provided by Theorem 1 with T . See Appendix C for
details.

Here we describe only the high-level properties of the hyperparameter polygon. As Theorem 1
claims, it is a triangle in the symmetric scenario, while in the asymmetric one, one or two summits
have to be removed, which turns the polygon either into a quadrangle, or into a pentagon, see Fig. 2.

As one moves from left to right, sD increases, hence sR = s + 1 − sD decreases. The rightmost
edge, A-B, corresponds to sR = 0, which means that the target is never used for computing loss
derivatives, hence the target is never learned. This edge becomes dominant when initialization is
large: in this case, the identity target is essentially zero compared to the initial model, and the model
attempts to learn zero throughout most of its training process. We call this regime free evolution.

Moving left gives sR > 0, and we expect learning to occur. When only points with sR bounded
from above by a constant independent on s become dominant, we say that weak learning occurs:
loss derivatives do depend on the target but only weakly (polynomially with bounded degree). A
notable qualitative difference between the symmetric and the asymmetric scenarios is that weak
learning exists in the latter, but does not exist in the former. Indeed, Point C and Edge B-C are
extremal simplices with sR = 2 and sR ∈ {0, 2}, respectively. On the other hand, the only extremal
simplicies that contain sR > 0 in the symmetric scenario are Edges B-E and E-A, Point E, and the
whole triangle A-B-E. All three contain Point E with sR = s+ 1.

A special case is ν = 2 which corresponds to matrix factorization; in this case, the model is a
conventional two-layer fully-connected network. For Edge B-C to become dominant, one needs
σ2 ≍ 1/

√
pH , which is a conventional NTK scaling that results in a linearized (or, lazy) training in

the limit of inifinite H: see Appendix A.1. In App. D, we give an alternative explanation for why
linearized training does not exist in the symmetric scenario, but does exist in the asymmetric one.

Following previous works (e.g. Chizat et al. (2019)), we call the training process rich if it is not
lazy: i.e. when higher-order target correlations occur when computing loss derivatives. Important
examples of rich regimes are Edges B-E (symmetric) and C-D (asymmetric), who require σ2 ≍ 1/H
and σ2 ≍ 1/H2/ν , respectively. For ν = 2, these scalings coincide and yield a mean-field limit
discovered independently in a number of works: see Appendix A.1.

Moving bottom-up on the hyperparameter polygon corresponds to increasing n. As Theorem 1
claims, the larger n, the more important is growing H over growing p. For this reason, top edges,
i.e. B-E (resp. B-C and C-D), correspond to overparameterized regimes, while the bottom one, E-A,
is an underparameterized one. In turn, side edges, A-B and E (resp. D-E), give balanced regimes.
We note that the balancedeness condition depends on ν: H2 ≍ pν (resp. H ≍ pν−1), while H = p
is always necessary and sufficient to fit an identity tensor for any ν.

4 EXPLICIT SOLUTIONS

General methodology. We propose a general methodology that allows us to deduce an explicit
loss evolution L(t) from the diagram expansion in multiple scenarios and regimes.

1. We write a recurrence relation for the formal coefficients of the loss expansion. In these
coefficients, we generally keep only the Pareto-optimal terms, and further drop terms that
are subleading in the particular regime under considerations.
Typically, such a recurrence relation cannot be written without considering additional aux-
iliary variables. Accordingly, this requires us to consider the diagram expansion of the loss
as a special case of a more general generating function (g.f.) f(x).

2. Using Theorem 2 below, we convert the recurrence relation into a (formal) partial differen-
tial equation (PDE) on f .

6
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Figure 3: Experimental confirmation of theoretical loss evolution formulas from Section 4. Thin
lines: experimental data; thick lines: theory. Left to right: (1) Eq. (17), (2) Eqs. (20) and (21),
(3) Eq. (22), (4) Eqs. (23) and (28). See App. K for details about experimental part of our work.

3. In many cases, the resulting PDE is a first-order PDE of the form

Φ(x)T∇f(x) = ϕ(x) (12)

with some particular vector field Φ(x) and function ϕ(x). Such an equation can be solved
by the method of characteristics:

f(x(τ0)) = f(x(τ1))e
−

∫ τ1
τ0

ϕ(x(τ))dτ
, (13)

where x(τ) is any integral curve of the field Φ, i.e. a solution of the ordinary differential
equation (ODE) d

dτ x(τ) = Φ(x(τ)). We use Eq. (13) to transfer the values of f from the
points x(τ1) where we know f to points x(τ0) of our interest.

While this method is not entirely rigorous, we show that it is applicable in many scenarios, and when
applicable, the resulting solution agrees well with numerical gradient descent (Fig. 3 and App. K).

The PDE on g.f. f is derived by the following general theorem (see F for proof and comments).
Theorem 2. Given a formal multivariate power series f(x) ∼

∑
n∈Nd

0
Cnx

n, suppose that its
coefficients satisfy the conditions

∑
k∈K Cn+kPk(n + k) = 0, ∀n ∈ Zd, where K is a finite

subset of Zd, Pk are some d-variate polynomials, and Cn = 0 if n ∈ Zd \ Nd
0. Then f formally

satisfies the differential equation
∑

k∈K x−kPk(x
∂
∂x )f = 0.

Free evolutions. (G) The simplest illustration of the above methodology is for free evolutions in
the underparameterized setting. In this case, no auxiliary variables are needed and the resulting PDE
is an easily solved first-order differential equation in one variable.

Indeed, free evolutions can be obtained by removing the target from loss (2) and accordingly remov-
ing the target interaction diagrams Rν from expansion (9):

E[L(t)] ∼
∞∑
s=0

E[( 12D2ν)
⋆(s+1)]

(−t)s

T ss!
∼

∞∑
s=0

E[D⋆(s+1)
2ν ]

(−t)s

2s+1T ss!
. (14)

In the underparameterized setting (H ≪ pν−1 in the asymmetric or H ≪ pν/2 in the symmetric
even-ν scenario), by Theorem 1, the leading terms in the diagram expansions are given by contracted
diagrams with n = 1 contracted H-node. Such contracted diagrams have a simple “flower-like”
structure that allows to easily connect the coefficients E[D⋆(s+1)

2ν ] for neighboring values of s.

Consider, for example, the asymmetric underparameterized scenario. The respective leading con-
tracted diagrams in D⋆(s+1)

2ν are “flowers” with a single H-node and ν + (ν − 1)s “petals”, each
consisting of a p-node and a pair of same-color edges (see Fig. 1). These diagrams are obtained
from the diagrams in D⋆s

2ν by merging with D2ν over all edges in D⋆s
2ν and one of the two edges of

the matching color in D2ν , giving the recurrence

E[D⋆(s+1)
2ν ] ∼ 4(1 + (ν − 1)s)pν−1σ2ν−1E[D⋆s

2ν ]. (15)

Theorem 2 and expansion (14) then give an easily solvable (formal) ODE

−T d
dtE[L(t)] = 2pν−1σ2ν−1(ν + (ν − 1)t d

dt )E[L(t)]. (16)

The arguments in the symmetric even-ν scenario are similar. We thus obtain

7
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z Figure 4: Elliptic characteristics of PDE (12) in
the yz plane for underparameterized asymmetric
ν = 2 scenario. “learning” indicate the zones
where the loss drops below the loss p

2 of the trivial
zero model. See H for details.

Theorem 3. For free evolution in the underparameterized setting (i.e., keeping only contracted
diagrams with n = 1 H-node in the loss expansion), the expected loss is given by

E[L(t)] ∼ pνHσ2ν

2

(1 + 2(ν−1)pν−1σ2(ν−1)t
T )−

ν
ν−1 , asymmetric,

(1 + 2ν(ν−1)pν−1σ2(ν−1)t
T )−

ν
ν−1 , symmetric.

(17)

Here we observe a natural scaling for T for free evolutions, summarized in Tables 1 and 2 (note that
pν−1 ≍ H for asymmetric free evolutions).

Underparameterized asymmetric model with ν = 2. (H) This model involves interactions with
the target through diagrams R2. As an underparameterized model, it only involves contracted di-
agrams having the form of “flowers” with “petals” consisting of a p-node and two edges of two
possible colors. However, combinatorics now is more complicated than in the free case. Merging
with R2 has the effect of recoloring one of the edges. For the diagram to admit a pairing with-
out additional contractions, all petals must have same-color edges. Let q denote the number of
differently-colored petals, and consider a generalized generating function

f(x, y, z) =

∞∑
sR=0

sR∑
q=0

∞∑
s=max(0,sR−1)

CsR,q,sx
sysRzq, (18)

where CsR,q,ss! is the combinatorial factor corresponding to diagrams with q differently-colored
petals in expansion terms of ( 12D4 + R2)

⋆(s+1) with exactly sR factors R2. It is easy to derive a
recurrence for the coefficients CsR,q,s. Theorem 2 then gives first-order PDE (12) with

Φ(x, y, z) =

(
1+2xyz−2x

2(y−y2z)

2(y−yz2)

)
, ϕ(x, y, z) = 4(1− yz). (19)

The corresponding characteristic ODE is explicitly solvable; the characteristics are elliptic in the yz
plane (see Figure 4). The model loss is expressed in terms of the generating function f by

E[L(t)] ∼ p

2
+ p2Hσ4f(−pσ2t/T, 1/(pσ2), 0), (20)

so we need to find f on the plane z = 0. On the other hand, we know f on the plane x = 0, since
Eq. (18) implies f(0, y, z) = 1

2 − yz. We transfer the values of f from the plane x = 0 to the plane
z = 0 along characteristics using Eq. (13) and obtain explicit solution

f(x, y, 0) = y2
1 + 2yr − r2

2(y − r)2
, r = sinh(2xy). (21)

Overparameterized asymmetric model with ν = 2. (I) We solve this model in a similar way
as the underparameterized one above. It involves contracted diagrams which are again ”flowers”,
but the petals consist of H nodes instead of p ones, while there is a p node at the flower center. By
performing similar steps as above, we arrive at the following asymptotic for the average loss:

E[L(t)] ∼ p

2

( 1 + ρ2

1 + ρ2 coshψ + ρ
√

1 + ρ2 sinhψ

)2
, ψ =

2t

T

√
1 + ρ2, ρ = Hσ2. (22)

8
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General symmetric model with ν = 2. (J) The symmetric ν = 2 model can be solved by
our method for general p,H → ∞ without assuming extreme under/over-parameterization or
strong/weak target interaction regimes (i.e. without discarding any Pareto-optimal diagrams). The
uncontracted diagrams resulting in ( 12D4 − R2)

⋆(s+1) in this case are single-color circular graphs
of length 2sD + 2 with alternating sD + 1 p-nodes and sd + 1H-nodes, where sD is the number of
factors D4. Minimal contractions contract these loops to trees. The loss can be represented as

E[L(t)] ∼ p

2
+ p2σ2Ψ(−t/T,H/p, pσ2) (23)

with the generating function

Ψ(x, y, z) =

∞∑
sD=0

zsD
∞∑

s=max(0,sD−1)

Ms,sD

s!
xs

sD+1∑
n=1

NsD+1,ny
n, (24)

where Ms,sD is the combinatorial uncontracted diagram-count coefficient resulting from E[( 12D4 −
R2)

⋆(s+1)] with exactly sD factors 1
2D4, while Nm,n is the number of minimal contractions of

circular graphs of length 2m with alternating p- and H-nodes to trees with n H-nodes.

A notable property of this 3-variable g.f. Ψ is that its coefficients Ms,sD
NsD+1,n

s! are partially factor-
ized, which allows to express Ψ in terms of two 2-variable g.f.’s f and h:

Ψ(x, y, z) =
1

2πi

∮
γ

h(ζ, y)f
(
x,
z

ζ

)dζ
ζ
, (25)

f(x, z) ∼
∞∑
s=0

s+1∑
sD=0

Ms,sD

s!
xszsD , h(z, y) ∼

∞∑
sD=0

sD+1∑
n=1

NsD+1,nz
sDyn. (26)

The combinatorial numbers Nm,n are known as Narayana numbers, and their g.f. h is known:

h(z, y) =
1− z(y + 1)−

√
1− 2z(y + 1) + z2(y − 1)2

2z2
. (27)

On the other hand, the g.f. f satisfies PDE (12) with explicit Φ, ϕ and can again be found by
transfering along characteristics by (13). Performing integration in (25) by a residue computation,
we find an explicit form of Ψ:

Ψ(x, y, z) =
(ze−4x

2
∂zh(z(1− e−4x), y)− h(z(1− e−4x), y)

)
e−4x. (28)

5 SUMMARY, FUTURE WORK, AND LIMITATIONS

We presented a general method for analyzing the average loss E[L(t)] evolution by combining a
formal power series expansion and a diagram calculus similar to Feynman diagrams for computing
asymptotics of each term. We applied our method to the problem of factorizing the identity tensor.
Despite its specificity, this problem exhibits a rich family of limit regimes. We derived a complete
classification of these regimes. Some of them (e.g. NTK, mean-field) were previously studied for
conventional neural architectures, while others did not receive much attention. Our diagrammatic
approach allowed us to derive the average loss explicitly as a function of training time in the specific
case of matrix factorization for most of the identified limit regimes.

Due to a lack of space, we have not included several other results (e.g., solutions for higher-order
tensors and overparameterized free models, a detailed diagrammatic picture of NTK). Considering
future work, our diagrammatic method is directly applicable to more general scenarios, including
(1) GF with momentum and weight decay, (2) unbalanced initialization (as in, e.g., Kunin et al.
(2024)), (3) deep linear nets (see A.2), (4) incomplete training dataset. The last option immediately
pushes us forward to the question of generalization: arriving at an explicit evolution of the average
distribution loss will make our model one of the few (if not the only) nonlinear models exhibiting
feature learning whose generalization ability is precisely quantified. We discuss some limitations of
our approach in L.
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REPRODUCIBILITY STATEMENT

We have taken several steps to ensure the reproducibility of our work:

1. All necessary experimental details are provided in Appendix K.

2. We include example Jupyter notebooks in the supplementary materials, which illustrate the
experimental pipeline and enable verification of our results.

We believe these resources will facilitate successful reproduction and validation of the findings
presented in this paper.
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Surya Ganguli. Get rich quick: exact solutions reveal how unbalanced initializations promote
rapid feature learning. Advances in Neural Information Processing Systems, 37:81157–81203,
2024.

Zhiyuan Li, Yuping Luo, and Kaifeng Lyu. Towards resolving the implicit bias of gradient descent
for matrix factorization: Greedy low-rank learning. arXiv preprint arXiv:2012.09839, 2020.

Lek-Heng Lim and Christopher Hillar. Most tensor problems are np hard. University of California,
Berkeley, 2009.

Ziming Liu, Ouail Kitouni, Niklas S Nolte, Eric Michaud, Max Tegmark, and Mike Williams. To-
wards understanding grokking: An effective theory of representation learning. Advances in Neu-
ral Information Processing Systems, 35:34651–34663, 2022.

Kaifeng Lyu, Jikai Jin, Zhiyuan Li, Simon S Du, Jason D Lee, and Wei Hu. Dichotomy of early and
late phase implicit biases can provably induce grokking. arXiv preprint arXiv:2311.18817, 2023.

Neil Mallinar, Daniel Beaglehole, Libin Zhu, Adityanarayanan Radhakrishnan, Parthe Pandit, and
Mikhail Belkin. Emergence in non-neural models: grokking modular arithmetic via average
gradient outer product. arXiv preprint arXiv:2407.20199, 2024.

Gavin McCracken, Gabriela Moisescu-Pareja, Vincent Letourneau, Doina Precup, and Jonathan
Love. Uncovering a universal abstract algorithm for modular addition in neural networks. arXiv
preprint arXiv:2505.18266, 2025.

Mohamad Amin Mohamadi, Zhiyuan Li, Lei Wu, and Danica J Sutherland. Why do you grok? a
theoretical analysis of grokking modular addition. arXiv preprint arXiv:2407.12332, 2024.

Depen Morwani, Benjamin L Edelman, Costin-Andrei Oncescu, Rosie Zhao, and Sham Kakade.
Feature emergence via margin maximization: case studies in algebraic tasks. arXiv preprint
arXiv:2311.07568, 2023.

Neel Nanda, Lawrence Chan, Tom Lieberum, Jess Smith, and Jacob Steinhardt. Progress measures
for grokking via mechanistic interpretability. arXiv preprint arXiv:2301.05217, 2023.

Phan-Minh Nguyen. Mean field limit of the learning dynamics of multilayer neural networks. arXiv
preprint arXiv:1902.02880, 2019.

Phan-Minh Nguyen and Huy Tuan Pham. A rigorous framework for the mean field limit of multi-
layer neural networks. Mathematical Statistics and Learning, 6(3):201–357, 2023.

11



594
595
596
597
598
599
600
601
602
603
604
605
606
607
608
609
610
611
612
613
614
615
616
617
618
619
620
621
622
623
624
625
626
627
628
629
630
631
632
633
634
635
636
637
638
639
640
641
642
643
644
645
646
647

Under review as a conference paper at ICLR 2026

Alethea Power, Yuri Burda, Harri Edwards, Igor Babuschkin, and Vedant Misra. Grokking: Gen-
eralization beyond overfitting on small algorithmic datasets. arXiv preprint arXiv:2201.02177,
2022.

Adityanarayanan Radhakrishnan, Daniel Beaglehole, Parthe Pandit, and Mikhail Belkin. Mecha-
nism of feature learning in deep fully connected networks and kernel machines that recursively
learn features. arXiv preprint arXiv:2212.13881, 2022.

Grant M Rotskoff and Eric Vanden-Eijnden. Neural networks as interacting particle systems:
Asymptotic convexity of the loss landscape and universal scaling of the approximation error.
stat, 1050:22, 2018.

Andrew M Saxe, James L McClelland, and Surya Ganguli. Exact solutions to the nonlinear dynam-
ics of learning in deep linear neural networks. arXiv preprint arXiv:1312.6120, 2013.

Justin Sirignano and Konstantinos Spiliopoulos. Mean field analysis of neural networks: A law of
large numbers. SIAM Journal on Applied Mathematics, 80(2):725–752, 2020.

Justin Sirignano and Konstantinos Spiliopoulos. Mean field analysis of deep neural networks. Math-
ematics of Operations Research, 47(1):120–152, 2022.

Vimal Thilak, Etai Littwin, Shuangfei Zhai, Omid Saremi, Roni Paiss, and Joshua Susskind. The
slingshot mechanism: An empirical study of adaptive optimizers and the grokking phenomenon.
arXiv preprint arXiv:2206.04817, 2022.

Ashish Vaswani, Noam Shazeer, Niki Parmar, Jakob Uszkoreit, Llion Jones, Aidan N Gomez,
Łukasz Kaiser, and Illia Polosukhin. Attention is all you need. Advances in neural informa-
tion processing systems, 30, 2017.

Greg Yang and Edward J Hu. Tensor Programs IV: Feature learning in infinite-width neural net-
works. In International Conference on Machine Learning, pp. 11727–11737. PMLR, 2021.

Ziqian Zhong, Ziming Liu, Max Tegmark, and Jacob Andreas. The clock and the pizza: Two
stories in mechanistic explanation of neural networks. Advances in neural information processing
systems, 36:27223–27250, 2023.

12



648
649
650
651
652
653
654
655
656
657
658
659
660
661
662
663
664
665
666
667
668
669
670
671
672
673
674
675
676
677
678
679
680
681
682
683
684
685
686
687
688
689
690
691
692
693
694
695
696
697
698
699
700
701

Under review as a conference paper at ICLR 2026

CONTENTS

1 Introduction 1

2 Loss expansion and diagram calculus 2

3 Classification of learning regimes 4

4 Explicit solutions 6

5 Summary, Future work, and Limitations 9

References 12

A Literature survey 14

A.1 Infinitely wide networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

A.2 Gradient descent dynamics on linear networks . . . . . . . . . . . . . . . . . . . . 15

A.3 Applications of diagrams to Deep Learning theory . . . . . . . . . . . . . . . . . . 16

A.4 Parameter expansions in Deep Learning . . . . . . . . . . . . . . . . . . . . . . . 17

A.5 Canonical polyadic decomposition . . . . . . . . . . . . . . . . . . . . . . . . . . 17

B Connection between modular addition and ν = 3 problem 17

B.1 Modular addition setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

B.2 Fourier analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

B.3 Connection to analytic solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

B.4 Related works . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

C Hyperparameter polygon 22

C.1 Symmetric scenario . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

C.2 Asymmetric scenario . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

D Non-existence of linearized training regimes for the symmetric scenario 25

E Proof of Theorem 1 26

E.1 Symmetric models, even ν . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

E.1.1 Realizability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

E.1.2 Optimality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

E.2 Asymmetric models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

E.2.1 Realizability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

E.2.2 Optimality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

F Recurrence relations and partial differential equations 34

G Underparameterized free evolution 35

13



702
703
704
705
706
707
708
709
710
711
712
713
714
715
716
717
718
719
720
721
722
723
724
725
726
727
728
729
730
731
732
733
734
735
736
737
738
739
740
741
742
743
744
745
746
747
748
749
750
751
752
753
754
755

Under review as a conference paper at ICLR 2026

H Underparameterized asymmetric model with ν = 2 36

I Overparameterized asymmetric model with ν = 2 41

J General symmetric model with ν = 2 45

K Experiments 48

K.1 Underparametrized free evolutions . . . . . . . . . . . . . . . . . . . . . . . . . . 48

K.2 Asymmetric ν = 2 problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

K.3 Symmetric ν = 2 problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

L Limitations 51

A LITERATURE SURVEY

Our work is not based directly on any of the present works we are aware of. Nevertheless, it draws
connections with numerous topics, namely: (1) modular arithmetic as a supervised learning problem,
(2) infinitely wide networks, (3) gradient descent dynamics on linear networks, (4) diagrammatic
methods in Deep Learning, (5) parameter expansions, and (6) canonical polyadic decomposition.
We overview the first topic in Appendix B and all the rest below.

A.1 INFINITELY WIDE NETWORKS

Neural Tangent Kernel. A pioneering work of Jacot et al. (2018) demonstrated that under a spe-
cific parameterization and in the limit of infinite width, the process of training a fully-connected
neural network is equivalent to a kernel gradient descent for a specific kernel coined Neural Tangent
Kernel, or NTK. Notably, the required parameterization is non-standard; because of this, the equiva-
lence does not hold for standartly parameterized neural nets. Since a kernel method could be seen as
a linear model in a large (but fixed) feature space, the absence of a kernel method equivalence means
that neural networks parameterized in a standard way, in fact, do learn features during training. This
fact is believed to explain why neural nets perform better in some tasks compared to conventional
kernel methods.

Two of the limit regimes we identify in our setting, namely, that corresponding to Point C and Edge
B-C in the asymmetric scenario (see Fig. 2, right), correspond to the constant NTK limit of Jacot
et al. (2018). Indeed, Point C corresponds only to diagrams in the loss expansion resulted from
merging exactly two sub-diagramsRν together with any number of sub-diagramsD2ν . This implies
that the loss at any time step t depends only quadratically on the target. This is possible only when
the learned weights depend linearly on the target. See Appendix C for further details.

Mean-field limit. A number of works demonstrate that the gradient flow dynamics on a two-layer
MLP is equivalent to an evolution of measure: Chizat & Bach (2018); Rotskoff & Vanden-Eijnden
(2018); Sirignano & Spiliopoulos (2020). Under a specific parameter scaling, the moments of this
measure stay finite as the number of neurons in the hidden layer grows. Thanks to this fact, a
limit of infinite width comes naturally. Note that the required parameterization is different from
that required for the NTK equivalence of Jacot et al. (2018). While the scaling leading to the NTK
regime corresponds to Edge B-C on the hyperparameter polygon, that leading to the mean-field
regime corresponds to Edge C-D in the asymmetric case, of Edge B-E in the symmetric one. See
Appendix C for further details.

The name ”mean-field” comes from the fact that the measure interacts with itself not directly, but
through interacting with a scalar variable (namely, the loss) which it forms itself. This is in line with
a mean-field approximation in particle physics, where particles are assumed not to interact with
each other directly, but to interact with a field formed by these particles collectively (e.g. charged
particles collectively form a magnetic field and interact with it).
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The main advantage of the mean-field limit is that it allows for feature learning (that is, the associ-
ated NTK changes throughout training). However, the constructions of the above-mentioned works
do not allow for a straightforward generalization to MLPs beyond two layers. Nevertheless, several
works propose various formulations of the gradient flow in terms of a measure evolution for deep
nets: see Araújo et al. (2019); Nguyen (2019); Sirignano & Spiliopoulos (2022); Nguyen & Pham
(2023). We note also a µP limit (Yang & Hu, 2021) which is well-defined for deep nets and coin-
cides with the mean-field one for two-layered nets, but does not allow for a physical interpretation
in terms of measures as above.

Classification of infinite-width regimes. Note that the network parameterizations required for
the NTK limit and the µP limit are different and lead to qualitatively different behavior: in the
former case, the model becomes equivalent to a kernel method, hence does not learn features, while
in the latter case it provably does (Yang & Hu, 2021). Are there are any other meaningful infinite-
width regimes? One of the contribution of the present work is a classification of infinite p and H
regimes for identity tensor decomposition: see Theorem 1 visualised with a hyperparameter polygon
of Fig. 2. A few earlier works (Golikov, 2020a;b) classified all possible infinite-width limits (in our
terms, only H is infinite) for a two-layer net. It follows from their classification that all other limits
are in some sense degenerate. Later, Yang & Hu (2021) provided an alternative classification for
multi-layer nets.

A.2 GRADIENT DESCENT DYNAMICS ON LINEAR NETWORKS

In the matrix case, one could think of the problem we study as training a linear network fU,V (x) =
V ⊤Ux to fit an identity map. Linear networks, i.e. MLPs with identity activation functions, attracted
a lot of attention during recent years. The reason is that even though they cannot express nonlinear
maps, their training dynamics is nonlinear and might exhibit features which are typical for nonlinear
nets, but could not be observed for a one-layer linear model.

In contrast to generic non-linear nets, the training dynamics of linear ones could be solved in several
important cases which we review below. One of the main contributions of the present work is explicit
solutions for our tensor decomposition model in various limit regimes, see Section 4. We underline
that our model is a linear net with one hidden layer for ν = 2, but not a linear net for ν ≥ 3.

The study of gradient descent dynamics for multi-layer linear nets dates back to a seminal work
of Fukumizu (1998) who presented an exact analytic solution for gradient flow under a crucial
assumption of balanced initialization. This assumption is quite specific and not satisfied by a random
Gaussian initialization. Their solution was later revised by Braun et al. (2022) and generalized to
λ-balanced initializations by Dominé et al. (2024).

Whereas the balancedeness assumption of Fukumizu (1998) does not depend on data, an alterna-
tive solution proposed by Saxe et al. (2013) assumed the initial linear map to be aligned with the
eigenvectors of the feature correlation matrix of the training dataset. If this is the case, the above
alignment property holds throughout the whole training process, and the whole parameter evolution
separates into independent scalar evolutions.

While the above assumption is neither satisfied automatically for standard initialization strategies,
it is trivially satisified for zero initialization. Though zero is a saddle point from which the training
process cannot start, one can hope that initializing near the origin also approximately keeps the
alignment property. Saxe et al. (2013) empirically observed this claim, while Braun et al. (2022)
proved it for balanced initializations. We underline that the explicit solutions we present in Section 4
hold for a generic Gaussian initialization without any additional constraints.

Saddle-to-saddle regime. An interesting feature of aligned near-zero initialization is that in this
case, the gradient flow empirically exhibits a peculiar dynamics. It starts near a saddle point (the
origin), stays there for a while, then escapes it until it gets stuck near another saddle point, where
the process repeats. The training process ends when the gradient flow arrives at a minimum instead
of a saddle. Each saddle corresponds to learning a finite number of strongest principal components
of the data. Hence, the data are learned sequentially. This regime is coined saddle-to-saddle and is
studied in a number of works, including Li et al. (2020); Jacot et al. (2021).
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Since we consider only identity targets, all our principal components have equal strength, and are
learned the same time. Therefore the only saddle we encounter during the optimization process is
that in the origin. However, we claim that our analysis generalizes easily to a number of other targets,
including F 0

i1,...,iν
= δi1=...=iν=1, which corresponds to a tensor with a single ”one” on a diagonal

with all the rest entries being zeros, and a mix of the latter and the identity target: F = F I + αF 0

for some α > 0 possibly depending on p and H . In the latter case, the target has two distinct
eigenvalues: 1 and 1 + α. Here, we expect to observe a non-trivial saddle-to-saddle dynamics, for
which the strong component is learned first (it corresponds to the first non-trivial saddle in the weight
evolution), while the rest are learned afterwards.

A.3 APPLICATIONS OF DIAGRAMS TO DEEP LEARNING THEORY

Diagrams turn out to be a handy tool we use in our analysis to get leading terms of loss time deriva-
tives for large H and p; see examples in Fig. 1 and the discussion of our approach in Section 2.
Diagrammatic approaches akin to Feynman diagrams in particle physics turned out to be a natural
tool for studying small deviation corrections for limits of certain quantities. In Deep Learning, the
most well-studied limit is the infinite width limit in the NTK regime (see the discussion above).

Before proceeding with a discussion of works that compute finite-width corrections for limit NTKs
using diagrammatic approaches, we underline that in contrast to expanding quantities around infinite
width, we expand them around zero training time. Surprisingly, our expansions match very well with
numerical experiments even for very large training time: see Fig. 3.

Finite-width corrections to NTK. The work of Dyer & Gur-Ari (2019) considers so-called cor-
relation functions, which are expectations of products of derivative tensors of a given scalar function
f . NNGP, NTK, as well as higher-order kernels and kernel time-derivatives could be expressed as
correlation functions. The main result is a simple upper-bound for an exponent of a correlation
function as a function of width n.

This bound is computed by counting the numbers of even-sized and odd-sized components in the
corresponding cluster graph. Vertices of this graph correspond to derivative tensors, while edges
mark that the two tensors are tied with derivatives. While the definition of correlation functions is
agnostic to the structure of f , the exponent upper-bound crucially realies on the structure of f being
an NTK-parameterized fully-connected network.

The bound is proven in some scenarios (e.g. linear nets), but empirically holds for all scenarios
considered (including Tanh and ReLU nets). Feynman diagrams are not cluster graphs; they are
used merely as a tool for proving the bound for linear nets. That is, for correlation functions not
involving any derivatives (that is, E[f(x1), . . . , f(xm)]), the corresponding Feynman diagrams are
graphs with vertices corresponding to inputs x1, . . . , xm, and edges corresponding to paired weights
of the same layer. The pairing is given by Wick’s formula. That is, Feynman diagrams encode
pairings involved in the Wick’s formula. Each vertex has L incident edges, where L is the number
of layers. When the correlation function involves derivatives, the two f ’s contracted by the derivative
act as a forced edge in the same type of diagrams.

In Dyer & Gur-Ari (2019), Feynman diagrams encode pairings in Wick’s formula, while vertices
encode different model inputs. In our work, these pairings are encoded by diagram contractions,
while vertices encode common summation indices for adjacent weight matrices.

Higher-order derivatives we use in the loss expansion could be directly mapped to cluster graphs.
However,

1. Initial weight variance σ2 is a free parameter, dependence on which we study.

2. There are two non-equivalent notions of ”width”, which are p and H .

3. We are interested not only in the leading term exponents, but also in exact constants in the
leading terms, in their dependence on s specifically. This is because we are looking for
exact loss behavior for large t.

This is why the results of Dyer & Gur-Ari (2019) do not suffice in our case.
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A follow up work of Aitken & Gur-Ari (2020) aims to prove the main exponent bound of Dyer
& Gur-Ari (2019) for nets with polynomial activation functions. As before, the main theorem is
formulated in terms of cluster graphs. However, Feynman diagrams are no longer used as a proof
technique. Instead, they use ”tree-like structures” (actually, forests), where vertices correspond to
indices of weight matrices (that is, input and output weight matrices are mapped to a single vertex,
while intermediary weight matrices are mapped to a pair of vertices), while edges mark the fact
that adjacent weight matrices are tied with the corresponding summation index. Pairings defined by
the Wick’s formula are represented also as edges (as a pairing essentially ties the indices). These
tree-like structure are more similar to diagrams in our work, but are still not the same thing.

Andreassen & Dyer (2020) is another follow up work. It aims to generalize the results of Dyer &
Gur-Ari (2019) to networks with convolutions, global average poolings, and skip connections. Their
main conjecture is very similar to that of Dyer & Gur-Ari (2019) but slightly more general: they
consider mixed correlation functions for which derivative tensors are taken for different functions
sharing weights (this is needed to model convolutions). The proof technique alsor relies on Feynman
diagrams as in Dyer & Gur-Ari (2019).

A.4 PARAMETER EXPANSIONS IN DEEP LEARNING

Recall that we expand the loss function as a function of time t: L(t) =
∑∞

k=0
dkL(0)
dtk

tk

k! , see Sec-
tion 2. A similar expansion appeared earlier in Dyer & Gur-Ari (2019) for the NTK: Θ(t) =∑∞

k=0
dkΘ(0)
dtk

tk

k! . The subsequent derivatives in that work were computed with a recursive formula.
A parallel work of Huang & Yau (2020) expresses this recurrence as an infinite system of ODEs,
where the time derivative of Θ is expressed using a higher-order kernel, whose derivative in turn is
expressed with an even higher-order one.

A.5 CANONICAL POLYADIC DECOMPOSITION

The loss function we consider in the present work is nothing more than a deviation of the identity
tensor from its rank-H approximation. Whenever the best approximation exists (i.e., when there ex-
ist weights that deliver a minimum to the loss), it is called a canonical polyadic (CP) decomposition,
or, PRAFAC.

For a generic target tensor of order ν ≥ 3, computing its CP-decomposition withH ≥ 2 is known to
be NP-hard (Lim & Hillar, 2009), contrary to matrices (ν = 2), where it could be derived from their
SVD. Moreover, in some non-degenerate cases, the loss function does not even admit a minimum;
recall a famous example of De Silva & Lim (2008):

A = u⊗ u⊗ v + u⊗ v ⊗ u+ v ⊗ u⊗ u, (29)

for unit non-identical vectors u and v. Here, A is a tensor of order ν = 3 and rank 3; then
limn→∞ ∥An −A∥F = 0 for

An = n

(
u+

1

n
v

)
⊗
(
u+

1

n
v

)
⊗
(
u+

1

n
v

)
− nu⊗ u⊗ u. (30)

Here, all An are of rank 2. In this case, looking for a rank-2 CP-decomposition of A leads to a
diverging sequence of approximations. De Silva & Lim (2008) proved that the set of order-3 tensors
not admitting a best rank-2 approximation is strictly positive.

Nevertheless, in our study, we do not care about finding a best low-rank approximation of the target
tensor at the first place, but rather describe the evolution of the loss function under the gradient flow
dynamics. As we can see, the loss does not exhibit any divergences, even though the parameters
might (as in the example of the above paragraph).

B CONNECTION BETWEEN MODULAR ADDITION AND ν = 3 PROBLEM

In this section we discuss a direct connection between our general framework and the modular
addition task. This connection can be established in the case ν = 3, where the tensor factorization
problem can be interpreted as learning modular addition with a simple neural architecture.
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B.1 MODULAR ADDITION SETUP

Consider one-hot inputs x,y ∈ Rp, and define a one-hidden-layer bilinear network, where the
activation is given by multiplication:

fl(x,y) =

H∑
k=1

wkl

(
p∑

i=1

ukixi

)(
p∑

j=1

vkjyj

)
, l = 1, . . . , p, (31)

where {uki}, {vkj} are the input weights and {wkl} are the output weights. The target function is
the modular addition map

f∗,l(x,y) = (x ∗ y)l =
p∑

s=1

xsy l−s, l ∈ Zp, (32)

and we train with the quadratic loss

L =
1

2
Ex,y

p∑
l=1

(
fl(x,y)− f∗,l(x,y)

)2
, (33)

where the expectation is taken over the training dataset.

B.2 FOURIER ANALYSIS

The map equation 32 is a cyclic convolution in l and therefore diagonalizes under the unitary discrete
Fourier transform (DFT) over Zp. We use the unitary DFT matrix F ∈ Cp×p with entries

Frs = p−1/2e−2πirs/p, r, s ∈ {1, . . . , p}, (34)

so that F ∗F = FF ∗ = I (with F ∗ the Hermitian conjugate). For any vector a = (a1, . . . , ap)
⊤ ∈

Cp we write
â = F a, ǎ = F ∗ a, (35)

i.e., componentwise,

âr = p−1/2

p∑
s=1

e−2πirs/p as, ǎs = p−1/2

p∑
r=1

e2πirs/p ar. (36)

We use x̂ = Fx, ŷ = Fy, f̂ = F f for the Fourier transforms of inputs/outputs.

When taking the DFT along the output index l (with hidden index k fixed), we apply equation 36 to
the vector (wk1, . . . , wkp)

⊤:

ŵkl = p−1/2

p∑
t=1

e−2πilt/p wkt, l = 1, . . . , p, (37)

with inverse

wkt = p−1/2

p∑
l=1

e2πilt/p ŵkl, t = 1, . . . , p. (38)

Similarly, to rewrite the linear forms
∑p

i=1 ukixi and
∑p

j=1 vkjyj in the Fourier basis, we apply the
inverse DFT F ∗ along the corresponding input indices: for each k, define

ǔkr := p−1/2

p∑
i=1

e2πiri/p uki, v̌kq := p−1/2

p∑
j=1

e2πiqj/p vkj , (39)

so that, using F ∗F = I ,
p∑

i=1

ukixi =

p∑
r=1

ǔkr x̂r,

p∑
j=1

vkjyj =

p∑
q=1

v̌kq ŷq. (40)
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Diagonalization of the target. Applying the forward DFT (in l) to equation 32 and using changes
of variables and sum reordering, we get

f̂∗,l(x̂, ŷ) = p−1/2

p∑
t=1

e−2πilt/p f∗,t(x,y) = p−1/2

p∑
t=1

e−2πilt/p

p∑
s=1

xs y t−s (41)

= p−1/2

p∑
s=1

xs

p∑
t=1

e−2πilt/p y t−s (swap the order of summation) (42)

= p−1/2

p∑
s=1

xs

p∑
u=1

e−2πil(u+s)/p yu (let u = t− s; indices are modulo p) (43)

= p−1/2

(
p∑

s=1

xs e
−2πils/p

)(
p∑

u=1

e−2πilu/p yu

)
(factor e−2πils/p) (44)

= p−1/2
(√
p x̂l
) (√

p ŷl
)
= p1/2 x̂l ŷl. (45)

Thus the modular addition target is diagonal in the Fourier basis:

f̂∗,l(x̂, ŷ) =
√
p x̂l ŷl.

Network in the Fourier basis. By definition of the DFT of the output,

f̂l(x̂, ŷ) = p−1/2

p∑
t=1

e−2πilt/p ft(x,y).

Substituting equation 31 and interchanging sums yields

f̂l(x̂, ŷ) =

H∑
k=1

(
p−1/2

p∑
t=1

e−2πilt/p wkt

)(
p∑

i=1

ukixi

)(
p∑

j=1

vkjyj

)

=

H∑
k=1

ŵkl

(
p∑

i=1

ukixi

)
︸ ︷︷ ︸
=

∑p
r=1 ǔkrx̂r

(
p∑

j=1

vkjyj

)
︸ ︷︷ ︸
=

∑p
q=1 v̌kq ŷq

(46)

=

H∑
k=1

ŵkl

( p∑
r=1

ǔkr x̂r

)( p∑
q=1

v̌kq ŷq

)
, (47)

where
∑

i ukixi =
∑

r ǔkrx̂r follows from u⊤k x = (F ∗uk)
⊤(Fx) (and similarly for vk).

Averaging over the full dataset. Because F is unitary, Parseval’s identity lets us evaluate the loss
in the Fourier domain:

L =
1

2
Ex,y

p∑
l=1

∣∣∣f̂l(x̂, ŷ)− f̂∗,l(x̂, ŷ)
∣∣∣2 (48)

=
1

2
Ex,y

p∑
l=1

∣∣∣∣∣
H∑

k=1

p∑
r=1

p∑
q=1

ŵkl ǔkr v̌kq x̂r ŷq − √
p x̂l ŷl

∣∣∣∣∣
2

, (49)

where we used equation 47 and equation 45.

Computing the expectations inside the sum. Fix l ∈ {1, . . . , p} and set

A(l)
rq :=

H∑
k=1

ŵkl ǔkr v̌kq (r, q = 1, . . . , p).

Then equation 49 reads
f̂l − f̂∗,l =

∑
r,q

A(l)
rq x̂r ŷq − √

p x̂l ŷl.
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Expand the squared modulus and take the dataset expectation:

Ex,y

∣∣∣f̂l − f̂∗,l

∣∣∣2 = Ex,y

[(∑
r,q

A(l)
rq x̂rŷq −

√
p x̂lŷl

)(∑
r′,q′

A
(l)
r′q′ x̌r′ y̌q′ −

√
p x̌ly̌l

)]

=
∑
r,q

∑
r′,q′

A(l)
rqA

(l)
r′q′ E[x̂rx̌r′ ]E[ŷq y̌q′ ]︸ ︷︷ ︸

(I)

−√
p
∑
r,q

A(l)
rq E[x̂rx̌l]E[ŷq y̌l]︸ ︷︷ ︸

(II)

−√
p
∑
r′,q′

A
(l)
r′q′ E[x̂lx̌r′ ]E[ŷly̌q′ ]︸ ︷︷ ︸

(III)

+ pE[x̂lx̌l]E[ŷly̌l]︸ ︷︷ ︸
(IV)

. (50)

Here we used independence of x and y to factor the expectations. Since the dataset is the full
Cartesian product with a uniform measure and the Fourier modes are orthogonal:

Ex[x̂rx̌r′ ] = δrr′ , Ey[ŷq y̌q′ ] = δqq′ .

Therefore each line in equation 50 simplifies as follows:

(I) =
∑
r,q

∑
r′,q′

A(l)
rqA

(l)
r′q′ δrr′δqq′ =

∑
r,q

∣∣A(l)
rq

∣∣2,
(II) =

√
p
∑
r,q

A(l)
rq δrl δql =

√
pA

(l)
ll ,

(III) =
√
p
∑
r′,q′

A
(l)
r′q′ δlr′ δlq′ =

√
pA

(l)
ll ,

(IV) = p · 1 · 1 = p.

Putting the pieces together gives, for each fixed l,

Ex,y

∣∣∣f̂l − f̂∗,l

∣∣∣2 =
∑
r,q

∣∣A(l)
rq

∣∣2 − 2
√
pℜ
(
A

(l)
ll

)
+ p.

Finally, use the elementary identity (valid for any Arq)∑
r,q

∣∣∣Arq −
√
p δr=q=l

∣∣∣2 =
∑
r,q

|Arq|2 − 2
√
pℜ(All) + p,

to rewrite the previous line as

Ex,y

∣∣∣f̂l − f̂∗,l

∣∣∣2 =
∑
r,q

∣∣∣A(l)
rq −√

p δr=q=l

∣∣∣2.
Summing over l and restoring A(l)

rq =
∑

k ŵklǔkrv̌kq yields

L =
1

2

p∑
l=1

p∑
r=1

p∑
q=1

∣∣∣∣∣
H∑

k=1

ŵklǔkrv̌kq−
√
p δr=q=l

∣∣∣∣∣
2

=
1

2

p∑
i,j,l=1

∣∣∣∣∣
H∑

k=1

ŵklǔkiv̌kj−
√
p δi=j=l

∣∣∣∣∣
2

. (51)
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Problem simplification. The following two simplifications let us connect the modular-addition
objective to our general CP setup and keep the notation lightweight.

1. Absorbing the √
p factor (w.l.o.g.). In equation 51 the target carries a factor

√
p. We

remove this by the readout reparameterization

w̃kl := p−1/2 ŵkl,

which turns
√
p δi=j=l into δi=j=l. This is a one-to-one change of variables on the read-

out that leaves the optimization landscape unchanged. For brevity we drop the tilde and
continue to write w.

2. Passing to real-valued weights (surrogate). The diagonal expression in equation 51 is
written in complex Fourier coordinates (with conjugate symmetry when spatial-domain
weights are real). One could keep the complex formulation or split into real and imag-
inary parts, but this introduces additional couplings and heavier notation. To streamline
the analysis and align with our general framework, we adopt the following real, diagonal
surrogate. This surrogate is not mathematically identical to the complex formulation; we
proceed under the working assumption that it preserves the key features of the correspond-
ing gradient-flow dynamics.

With these conventions, we get the real-valued tensor factorization objective

Lreal =
1

2

p∑
i,j,l=1

∣∣∣∣∣
H∑

k=1

ukivkjwkl − δi=j=l

∣∣∣∣∣
2

. (52)

This is exactly the instance of our general setup equation 2 with ν = 3 (asymmetric case); imposing
the constraint equation 3 gives the symmetric version.

B.3 CONNECTION TO ANALYTIC SOLUTIONS

Gromov (2023) exhibit an exact solution to modular addition using a one-hidden-layer network with
Fourier-aligned weights. Their construction identifies a family of global minimizers whose features
are periodic and whose frequencies match the group structure of Zp. Importantly, that work does
not analyze training dynamics (gradient descent or gradient flow); convergence to the constructed
minimizers is supported empirically rather than proved.

Our viewpoint is complementary. In the complex Fourier basis, modular addition is diagonal, and
the same structure is captured in our framework by the diagonal identity tensor δi=j=l for ν = 3.
Thus, Gromov’s analytic Fourier solution and our CP formulation describe the same underlying
modular structure in different coordinates. Beyond existence, however, our goal in the present work
is dynamical: we aim to derive explicit, time-dependent formulas for the loss L(t) under the gradient
flow.

B.4 RELATED WORKS

The primary motivation for the problem of identity tensor decomposition we study in the present
paper is the problem of training a two-layer fully-connected network with a quadratic activation
function on modular addition. We review various instances of modular arithmetic problems in Deep
Learning.

Modular arithmetic as a case study for grokking. To the best of our knowledge, the problem
of modular arithmetic first appeared in Power et al. (2022). In this work, the authors noticed that
a shallow Transformer (Vaswani et al., 2017) trained to solve various modular arithmetic problems
exhibits a remarkable phenomenon dubbed grokking: the model achieves perfect generalization
much after reaching the perfect train accuracy. By the time the model achieves a perfect train
accuracy, the test one usually stays at the random guess level.

Attempts to provide a theoretical explanation for this phenomenon in the original setting (i.e., Trans-
formers trained on modular arithmetic) include slingshot mechanism (Thilak et al., 2022) and circuit
formation (Nanda et al., 2023). This phenomenon has later been observed also for MLPs (Morwani
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et al., 2023; Mohamadi et al., 2024) and for non-neural models trained not with gradient methods
(Mallinar et al., 2024). Grokking has also been observed for various problems that differ from mod-
ular arithmetic, including (1) group operations (Chughtai et al., 2023), (2) sparse parity (Barak et al.,
2022; Bhattamishra et al., 2022), (3) greatest common divisor (Charton, 2023), (4) image classifica-
tion (Liu et al., 2022; Radhakrishnan et al., 2022), as well as generic supervised learning problems
under specific conditions (Lyu et al., 2023).

Mechanistic interpretation of learned algorithms for models trained on modular arithmetic.
A problem of modular addition could be naturally solved by first, Fourier-transforming one-hot
representations of the summands, convolving them next, and finally, transforming them back to the
original space. Applying methods of mechanistic interpretability, Nanda et al. (2023) demonstrated
that a trained Transformer indeed converges to this kind of algorithm. Their conclusion was later
refined by Zhong et al. (2023) who demonstrated that the claimed algorithm (dubbed Clock) is not
unique a trained Transformer could converge to, but there is another typical one, dubbed Pizza, as
well as a class of algorithms that mixes between these two. As a sequel, Furuta et al. (2024) extended
their analysis to other modular arithmetic problems.

In the meantime, Gromov (2023) demonstrated that a two-layer MLP with a quadratic activation
function could implement the above Fourier-feature algorithm in the limit of infinite width by ex-
plicitly providing the corresponding weights. This architecture is closely related to the model we
study in the present work, as we explain Appendix B. A subsequent work of Doshi et al. (2024) ex-
tends their explicit construction to modular multiplication and modular addition with multiple terms.
Finally, a recent work of McCracken et al. (2025) building on Nanda et al. (2023) and Zhong et al.
(2023) claims that both MLPs and Transformers trained on modular addition implement an abstract
algorithm they dub approximate Chinese Remainder Problem implicitly providing the correspond-
ing weights.

C HYPERPARAMETER POLYGON

We interpret some of the extremal simplices of the hyperparameter polygon, Fig. 2, below. Our
conclusions are summarized in Table 2. We compute the natural scaling for the inverse learning rate
T by balancing the base of power s in the leading Pareto-term provided by Theorem 1.

C.1 SYMMETRIC SCENARIO

In this scenario, as Theorem 1 states, the hyperparameter polygon is a triangle: see Fig. 2, left. Let
us denote its summits as A, B, and E, as depicted on the figure.

Edge A-B. Here we have sD = s + 1, hence sR = 0. This means that the target is never used
for computing the loss derivatives. We call this regime free evolution. It becomes dominant when
pν ≍ H2, while pν−1σν → ∞. That is, when the initialization is huge, the identity target is
essentially zero compared to the initial model, and the model attempts to learn zero throughout most
of its training time. The natural scaling for T is T ≍ pν−1σ2ν−2.

The whole edge stays dominant when the model is balanced: H ≍ pν/2. When this condition gets
violated, either Point A (underparameterization), or Point B (overparameterization) becomes solely
dominant.

Edge B-E. Here we have n = sD + 1, hence Q(n, sD) = 1 +
(
ν
2 − 1

)
sD. It becomes dominant

when pν−2H2σ2ν ≍ 1, while H2/pν → ∞. That is, H has to be large compared to some power of
p, hence this regime is overparameterized. The natural scaling for T is T ≍ σν−2.

Recall that ν = 2 corresponds to matrix factorization, and the model is a conventional two-layer
fully-connected network. In this case, the edge B-E becomes dominant when σ2 ≍ 1/H , while
H/p → ∞. This is nothing but a hyperparameter scaling that yields a mean-field limit discovered
independently in a number of works (see Appendix A.1). For two-layer nets, the training dynamics
could be expressed as an evolution of measure. Under the above scaling, the moments of this
measure stay finite in the limit.

22



1188
1189
1190
1191
1192
1193
1194
1195
1196
1197
1198
1199
1200
1201
1202
1203
1204
1205
1206
1207
1208
1209
1210
1211
1212
1213
1214
1215
1216
1217
1218
1219
1220
1221
1222
1223
1224
1225
1226
1227
1228
1229
1230
1231
1232
1233
1234
1235
1236
1237
1238
1239
1240
1241

Under review as a conference paper at ICLR 2026

Simplex Scaling condition Natural T Parame-
terization Learning Interpretation

Symmetric scenario, even ν

A – B
H2 ≍ pν ,

pν−1σν → ∞
pν−1σ2ν−2 Balanced No Free evolution

B – E
pν−2H2σ2ν ≍ 1,

H2/pν → ∞
σν−2 Over- Rich Mean-field

E
pν−2H2σ2ν → 0,

pν−1σν → 0
σν−2 Agnostic Rich —

E – A
pν−1σν ≍ 1,

H2/pν → 0
σν−2 Under- Rich —

Asymmetric scenario

A – B
H ≍ pν−1,

pν−1σν → ∞
Hσ2ν−2 Balanced No Free evolution

B – C
pν−1Hσ2ν ≍ 1,

Hσν → ∞
Hσ2ν−2 Over- Lazy NTK

C
pν−1Hσ2ν → 0,

Hσν → ∞
Hσ2ν−2 Over- Lazy NTK, f(0) ≡ 0

C – D
Hσν ≍ 1,

H/pν−1 → ∞
σν−2 Over- Rich Mean-field

D – E
H ≍ pν−1,

Hσν → 0
σν−2 Balanced Rich —

E – A
pν−1σν ≍ 1,

H/pν−1 → 0
σν−2 Under- Rich —

Table 2: Some extremal simplices along with their interpretations.
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Edge E-A. Here we have n = 1, hence Q(n, sD) = 1 + (ν − 1)sD. It becomes dominant when
pν−1σν ≍ 1, while H2/pν → 0. The natural scaling for T is T ≍ σν−2.

For ν = 2, the edge E-A becomes dominant when σ2 ≍ 1/p, while p/H → ∞. That is, the required
scaling coincides with the mean-field one with p and H swapped.

Point E. This summit deserves a special consideration. Recall that for Edge A-B the initialization
variance σ2 has to be large, while for the other two edges, it has to balance the growth of p andH in a
specific way. For Point E to become dominant, this variance has to be small: pν−2H2σ2ν → 0 along
with pν−1σν → 0. For ν = 2, this yields a saddle-to-saddle regime extensively studied for linear
networks: see Appendix A.2. However, in our case, when the target is identity, the only saddle the
training process encounters is the one at the origin. This makes the saddle-to-saddle regime trivial.
Same as for Edges B-E and E-A, the natural scaling for T is T ≍ σν−2.

C.2 ASYMMETRIC SCENARIO

As Theorem 1 states, one or two extremal points are missing compared to the triangle of the sym-
metric scenario. This gives a quadrangle for odd s, or a pentagon for even s, hence more edge-cases:
see Fig. 2, right. In particular, the point C which appears as an extremal point due to exclusion of
Point B from the triangle, yields a linearized training regime which was absent in the symmetric
scenario; see below.

Edge A-B. This is the same free evolution as before, but the dominance condition changes:
pν−1 ≍ H , while pν−1σν → ∞ and the natural scaling for T is T ≍ pν−1σ2ν−2 as before, or,
equivalently, T ≍ Hσ2ν−2. Note that this condition coincides with that of the symmetic case when
ν = 2 (for matrix factorization).

Point C. This point corresponds to (n, sD) = (s, s − 1). In this case, sR = 2, hence in contrast
to free evolution, the target does appear in loss derivatives but only weakly. This corresponds to a
linearized learning regime akin to NTK, see Appendix A.1, but starting from a zero model.

The natural scaling for T is T ≍ Hσ2ν−2. Point C becomes dominant when pν−1Hσ2ν → 0, while
Hσν → ∞. In particular, this implies that H/pν−1 → ∞, hence this regime is overparameterized.

Edge B-C. This edge always contains only two Pareto-optimal points: B and C. Point B adds
terms with sR = 0; because of this, the corresponding regime is still linearized but the initial model
is no longer zero.

Edge B-C becomes dominant when pν−1Hσ2ν ≍ 1, while Hσν → ∞. We again need H/pν−1 →
∞, hence this regime is still overparameterized. The natural scaling for T is again T ≍ Hσ2ν−2.
When ν = 2, for this edge to become dominant one needs σ2 ≍ 1/

√
pH . This is nothing but a

conventional NTK initialization scaling: see Appendix A.1.

We note that the original NTK paper of Jacot et al. (2018) applies a constant learning rate, while we
claim T ≍ Hσ2 to be natural for ν = 2. There is no contradiction. The reason of this discrepancy
lies in the fact that Jacot et al. (2018) initialize neural network’s weights from N (0, 1), while putting
σ as a pre-factor in the form ϕ(σ ×W ) for ϕ being an activation function and W being a weight
matrix. In contrast, we initialize our weights from N (0, σ2) with no pre-factors. The GF dynamics
in these two cases become equivalent if we rescale the learning rate appropriately; this gives us the
claimed scaling for T .

Edge C-D. Here we have n = sD+1, henceQ(n, sD) = 1. It becomes dominant whenHσν ≍ 1,
while pν−1σν → 0. In particular, this implies that H/pν−1 → ∞, hence this regime is overparame-
terized. Akin to the symmetric scenario, we recover a conventional mean-field scaling when ν = 2.
The natural scaling for T is T ≍ σν−2.

Edge D-E. Here we have sD = 1 for even s and sD = 0 for odd s. Therefore sR is maximal, and
only the highest-order target correlations survive in loss derivatives.
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The natural scaling for T is again T ≍ σν−2. For this edge to become dominant, one needs Hσν →
0, while H ≍ pν−1. In words, it is a critically overparameterized regime with small initialization.
Same as for Point E under the symmetric scenario, this edge yields a trivial (single saddle) case of a
well-studied saddle-to-saddle regime for linear nets: see Appendix A.2.

Edge E-A. Similar to the symmetic scenario, we have n = 1, hence Q(n, sD) = 1 + (ν − 1)sD.
This edge becomes dominant when pν−1σν ≍ 1, while H/pν−1 → 0. That is, here we have a
critically initialized insufficiently overparameterized regime. Akin to the symmetric scenario, the
dominance condition gives that of the mean-field regime (Edge C-D) after swapping H and p when
ν = 2. The natural scaling for T is again T ≍ σν−2.

D NON-EXISTENCE OF LINEARIZED TRAINING REGIMES FOR THE
SYMMETRIC SCENARIO

From the limit polygons we derived, we see that there is a linearized training regime (akin to NTK)
for the identity matrix factorization in the asymmetric scenario, while there are no such regime in
the symmetric one. We are going to demonstrate that in the former case, the NTK is not constant
unless the model does not learn, while it is constant in the latter case.

Consider first the symmetric case. We could pose our loss minimization problem as a supervised
learning problem with inputs (x, y), targets x⊤y, and a model to learn f(x, y) = x⊤U⊤Uy, where
x, y ∈ Rd. The training dataset consists of all (and only) one-hot inputs.

A model weight derivative is
∂Uf(x, y) = Uxy⊤ + Uyx⊤, (53)

hence the NTK is given by

Θ(x, y, x′, y′) = Tr
[
∂⊤U f(x, y)∂Uf(x

′, y′)
]

= ⟨y, y′⟩ f(x, x′) + ⟨x, x′⟩ f(y, y′) + ⟨x′, y⟩ f(x, y′) + ⟨x, y′⟩ f(x′, y).
(54)

As we see, there is a direct connection between the NTK and the model itself. Because of this, the
NTK evolution is directly related to the model evolution. As we shall see shortly below, there is no
such connection when the weights are not shared.

We are interested only in one-hot inputs. Let x be a one-hot vector for n, while y is a one-hot vector
for m; similarly for x′ and y′. Then by slightly abusing notation,

Θ(n,m, n′,m′) = 1m=m′ f(n, n′) + 1n=n′ f(m,m′) + 1m=n′ f(n,m′) + 1n=m′ f(n′,m).
(55)

Proposition 1. For the above scenario, dtΘ(n,m, n′,m′) = 0 ∀n,m, n′,m′ ∈ [0 : p − 1] if and
only if dtf(n,m) = 0 ∀n,m ∈ [0 : p− 1].

Proof. The ”if” part is trivial. Let us prove the ”only if” part. Suppose the kernel does not vary:
dtΘ(n,m, n′,m′) = 0 ∀n,m, n′,m′. Consider any n,m,m′ with no two of them being equal.
Then Θ(n,m,m,m′) = f(n,m′). Therefore dtf(n,m′) = 0 ∀n ̸= m′. Consider then any n. In
this case, Θ(n, n, n, n) = 4f(n, n). Therefore dtf(n, n) = 0 ∀n.

Why there is a linearized regime in the asymmetric scenario. On the other hand, when weight
matrices are different, we get the following. The associated model becomes f(x, y) = x⊤U⊤V y.
Its weight derivatives are given by

∂Uf(x, y) = V yx⊤, ∂V f(x, y) = Uxy⊤, (56)

while the NTK is given by

Θ(x, y, x′, y′) = Tr
[
∂⊤U f(x, y)∂Uf(x

′, y′) + ∂⊤V f(x, y)∂V f(x
′, y′)

]
= ⟨x, x′⟩ y⊤V ⊤V y′ + ⟨y, y′⟩x⊤U⊤Ux′.

(57)
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As we see from here, in the symmetric case, the NTK is not directly connected to the model f . In
order to study its evolution, we need the evolution of weights:

TdtU = V
(
I − V ⊤U

)
, TdtV = U

(
I − U⊤V

)
. (58)

Therefore
TdtΘ(x, y, x′, y′) = ⟨x, x′⟩ y⊤

[
V ⊤U

(
I − U⊤V

)
+
(
I − V ⊤U

)
U⊤V

]
y′

+ ⟨y, y′⟩x⊤
[(
I − U⊤V

)
V ⊤U + U⊤V

(
I − V ⊤U

)]
x′.

(59)

Turning to one-hot vectors as before, we get

TdtΘ(n,m, n′,m′) = 1n=n′

[
f(m′,m) + f(m,m′)− 2

p−1∑
k=0

f(k,m)f(k,m′)

]

+ 1m=m′

[
f(n′, n) + f(n, n′)− 2

p−1∑
k=0

f(n, k)f(n′, k)

]
.

(60)

As we demonstrated in Appendix C, in order to have a nondegenerate loss evolution with training
time t at Point C or Edge B-C, we need T ≍ Hσ2, while we need pHσ4 = Ω(1) and H/p→ ∞ as
H, p, 1/σ → ∞ for these simplices to become dominant. Because of this,

T ≍ Hσ2 = Ω

(√
H

p

)
→ ∞. (61)

Therefore as long as the model stays finite, dtΘ(n,m, n′,m′) vanishes in this limit.

E PROOF OF THEOREM 1

E.1 SYMMETRIC MODELS, EVEN ν

E.1.1 REALIZABILITY

We need to prove that for each term

p1+(ν−1)sD− ν
2 (n−1)Hnσν(sD+1)+(ν−2)s (62)

with some 0 ≤ sD ≤ s+ 1 and 1 ≤ n ≤ sD + 1, there exists a diagram G obtained by merging, in
some order, sD diagrams D2ν and sR = s+ 1− sD diagrams Rν , such that some contraction Ĝ of
G has n H-nodes, 1 + (ν − 1)sD − ν

2 (n − 1) p-nodes, and admits an edge pairing. If true, such a
diagram contributes the respective term (62) to E[( 12D2ν − Rν)

⋆(s+1)] with the coefficient (−1)sR

2sD
multiplied by the number of admitted pairings.

Note that there can be no cancellations of contributions of different diagrams: the triplet of powers q

n

2l

 =

1 + (ν − 1)sD − ν
2 (n− 1)

n

ν(sD + 1) + (ν − 2)s

 (63)

in (62) is uniquely determined by s, sD, n, therefore all the diagrams with the same triplet of powers
have the same coefficient (−1)sR

2sD . This shows that we only need to find one suitable diagram G to
guarantee the presence of the respective term pqHnσ2l in E[( 12D2ν −Rν)

⋆(s+1)].

We construct desired examples by induction on sD. The base of induction is sD = 0. The respective
diagrams G have the form R

⋆(s+1)
ν and consist of one p-node and one H-node connected by ν +

s(ν − 2) edges. Since ν is even, these diagrams admit an edge-pairing and contribute a term with
(n, q) = (1, 1), consistent with Eq. (62).

Now we make an induction step. As the induction hypothesis, suppose that we have a diagram
G satisfying our conditions. We will show that merging G ⋆ D2ν produces another diagram G′

satisfying our conditions, with new numbers n′, q′ of contracted p-nodes and H-nodes that also
satisfy our conditions. We consider two options.
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1. [Retaining n] We construct the new diagramG′ such that the new numbers n′, q′ are related
to the numbers n, q for G by

n′ = n, q′ = q + ν − 1. (64)
To this end, we simply take any edge uki in G and merge G with D2ν over this edge. This
adds a new H-node k′ and ν−1 new p-nodes i1, . . . , iν−1 to G, and replaces the edge uki:

uki ⇝ uk′i

ν−1∏
m=1

ukimuk′im . (65)

⋆D8⇝

Now, we contract the resulting diagram G′ by retaining the contractions in G and addition-
ally contracting the node k′ to k.

⇝

This makes the edges ukim , uk′im naturally paired, and also allows to identify the new
edge uk′i with the old edge uki. We then have an edge pairing in Ĝ′ obtained by retain-
ing the pairing in Ĝ and additionally supplementing it with the pairing of the new edges
ukim , uk′im . This creates the desired diagram fulfilling condition (64).

2. [Increasing n] Alternatively, we can construct a new diagram such that

n′ = n+ 1, q′ = q +
ν

2
− 1. (66)

To this end, we define again G′ by merging G with D2ν over any edge. But now we don’t
contract the nodes k and k′. Instead, we divide the nodes i1, . . . , iν−1 and i into pairs
(which is possible since ν is even) and contract the nodes in each pair. This gives the
relation (66).

⇝

To construct an admissible edge pairing, we form pairs among the edges (uk′im)m=1,...,ν−1

and uk′i using the introduced contraction. Similarly, we form pairs among the edges
(ukim)m=1,...,ν−1 except for m∗ such that im∗ is contracted with i (this ukim∗

is left un-
paired because of the missing edge uki in G′). We also retain the edge pairing from G,
except for the edge uk′′u′′ paired with uki (again, because uki is no longer present in G′).
To complete the pairing in G′, we can pair ukim∗

with uk′′i′′ , because the node k′′ is con-
tracted to k while the node im∗ is contracted to i and hence to i′′.

Clearly, the above two transformations allow to generate all terms (62) (for given s, sD, n just start
from a diagram Rs+1−sD

2ν , perform n-retaining transformation sD + 1 − n times and n-increasing
transformation n− 1 times).
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E.1.2 OPTIMALITY

We need to show that each term listed in Eq. (10) is Pareto-optimal with respect to the factor pqHn,
i.e. for given s, sD there are no diagrams in the binomial expansion ( 12D2ν−Rν)

⋆(s+1) with exactly
sD factors D2ν that would contribute a strictly Pareto-dominating factor pq

′
Hn′

.

Since merging withD2ν creates one additionalH-node while merging withRν creates noH-nodes,
possible values of n are necessarily restricted to 1, . . . , sD + 1. Thus, the optimality condition that
we need to prove can be stated as follows: for any contracted diagram with given s, sD and admitting
a pairing, the number of contracted H-nodes n and the number of contracted p-nodes q satisfy the
inequality

q ≤ 1 + (ν − 1)sD − ν

2
(n− 1). (67)

We prove this by induction on sD mimicking the induction used in the proof of realizability. The
base of induction is sD = 0, i.e. diagrams R⋆(s+1)

ν . Such diagrams consist of one p-node and one
H-node connected by ν + s(ν − 2) edges. Since ν is even, such diagrams admit pairings and thus
contrubute a term with (n, q) = (1, 1), satisfying condition (67).

Now we make the induction step. We will use the following general argument, Let G be some
diagram obtained by merging sD diagrams D2ν and some number of diagrams Rν , in some order.
Suppose thatG has a contraction – call it Ĝ – that has nH-nodes and q p-nodes and admits a pairing.
We will then construct a diagram G′ obtained by merging sD − 1 diagrams D2ν and some number
of diagramsRν , in some order, such that G′ has some contraction Ĝ′ admitting a pairing and having
n′ H-nodes and q′ p-nodes, where

q′ +
ν

2
n′ ≥ q +

ν

2
n− ν + 1. (68)

Condition (67) then follows for G by the induction hypothesis:

q ≤ q′ +
ν

2
(n′ − n) + ν − 1 (69)

≤ 1 + (ν − 1)(sD − 1)− ν

2
(n′ − 1) +

ν

2
(n′ − n) + ν − 1 (70)

= 1 + (ν − 1)sD − ν

2
(n− 1). (71)

Now we detail the construction of G′. The given diagram G can be viewed as obtained by first
merging sD − 1 diagrams D2ν and some diagrams Rν into a diagram G1, then merging G1 with
D2ν , and then merging with some number of Rν’s1:

G ∈ (. . . ((G1 ⋆ D2ν) ⋆ Rν) . . .) ⋆ Rν . (72)

Observe that in the present case of symmetric models of even order ν, merging with Rν simply adds
an even number of edges between some H-node and some p-node. If any diagram F merged with
Rν admits a pairing, then F also admits a pairing, with the same contraction (if necessary, we can
rewire a pairing in F ⋆Rν so that the edges of F are paired within themselves, and the newly added
edges are also paired within themselves).

Thus, without loss of generality we can ignore the trailing mergers with Rν in Eq. (72) and simply
assume that

G ∈ G1 ⋆ D2ν . (73)
Merging G1 with D2ν over an edge uki in G1 consists in creating ν − 1 new p-nodes i1, . . . , iν−1

and one new H-node k′, and replacing the edge uki with new edges:

uki ⇝ uk′i

ν−1∏
m=1

ukimuk′im . (74)

Now consider several possibilities regarding the structure of the contracted diagram Ĝ.
1Here, the symbol ∈ means that G is one of the several diagrams produced by merging.
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1. The new H-node k′ is not contracted to any other node in Ĝ. In this case we will show
that a desired diagram G′ exists with

n′ = n− 1, q′ ≥ q − ν

2
+ 1, (75)

which satisfies condition (68).
Specifically, since the new H-node k′ is not contracted to any other node, the incident
edges (uk′im)m=1,...,ν−1 and uk′i must be paired within each other. This requires at least
ν
2 contractions among the ν p-nodes i1, . . . , iν−1 and i. Consider now the pairings in Ĝ of
the new edges (ukim)m=1,...,ν−1 involving the old node k. Without loss of generality (by
rewiring the pairings if necessary), we can assume these pairings to mimic the respective
pairings of the edges (uk′im)m=1,...,ν−1 and uk′i, since they can be served by the same
contractions of the nodes i1, . . . , iν−1 and i. The only exception involves the edge paired
with uk′i – call it uk′j (where j ∈ {1, . . . , iν−1)). The edge ukj is then paired in Ĝ with
some other edge ukh, where h is some node in G contracted with i.
Now define G′ simply as G1, and define the contraction Ĝ′ to be inherited from the con-
traction Ĝ′. Since k′ was not contracted to any node, we have n′ = n − 1 for the num-
ber of H-nodes. Also, as remarked, there were at least ν

2 contractions among the nodes
i1, . . . , iν−1 and ν, so removing these ν p-nodes means removing at most ν

2 − 1 contracted
p-nodes nodes. This ensures condition (75). The pairing admitted by G′ is the pairing
inherited from G, with the exception that, on the one hand, we now need to pair the edge
uki not present in G, and we need to pair the edge ukh that in Ĝ was paired with the edge
ukj not present in G′. However, as pointed out, the nodes j and h were contracted in G, so
we can just pair the edges ukh and ukj .

2. The new H-node k′ is contracted to the node k. In this case we will show that a desired
diagram G′ exists with

n′ = n, q′ ≥ q − ν + 1. (76)
Indeed, in this case each edge ukim is naturally paired with uk′im (for m = 1, . . . , ν − 1),
and also uk′i can be identified with uki. By rewiring if necessary, we can assume this
pairing structure without loss of generality. We can then again choose G′ simply as G1

with inherited contraction – this gives above conditions for n′, q′. The pairing in G is
naturally restricted to a pairing in G′.

3. The new H-node k′ is not contracted to the node k, but is contracted to some other
nodes in G. In this case we will again show that a desired diagram G′ exists with

n′ = n, q′ ≥ q − ν + 1. (77)
Let us collectively denote all the nodes contracted to k in G by K, and all the nodes con-
tracted to k′ by K ′. Also collectively denote by I1, . . . , Ir all the contracted groups of
p-nodes to which the nodes i1, . . . , iν−1 and i belong. The number r of such groups is,
clearly, not larger than ν.
Since k′ is not contracted to k, k does not belong to K ′, and k′ to K. Accordingly, the new
edges (ukim)m=1,...,ν−1 cannot be paired with edges (uk′im)m=1,...,ν−1. If im belongs to
a contracted group It, the edge ukim is paired with some edge uk̃j̃ with k̃ ∈ K, j̃ ∈ It, and

the edge uk′im is paired with some edge uk̃′ j̃′ with k̃′ ∈ K, j̃′ ∈ It. The latter also applies
to the edge u
Now defineG′ asG1. Define the contraction Ĝ′ as inherited from Ĝ, but with the additional
contraction of all the groups I1, . . . , Ir into a single group I . Since k′ was contracted and
r ≤ ν, we have conditions (77).
Now we check that there is pairing admitted by this contraction. Consider the set of edges
uk̃′ j̃′ introduced above. They were paired in G with the edges uk′im and uk′i that are no
longer present in G′. Since ν is even, the number of such edges uk̃′ j̃′ is even. Since we
have contracted all the sets I1, . . . , Ir into I , all these edges have the same contracted nodes
(p-node I and H-node K ′) and can be paired.
A similar argument applies to the edges uk̃j̃ , but the number of these edges is odd. Accord-
ingly, we can pair all of them with each other except for one. However, we recall that G1

has the edge uki not present in G. The unpaired edge uk̃j̃ can then be paired with this uki.
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All the other edge pairs in Ĝ′ are inherited from Ĝ.

This completes the induction step and thus the proof for symmetric models with even ν.

E.2 ASYMMETRIC MODELS

E.2.1 REALIZABILITY

We need to prove that for each s, n, sD such that
0 ≤ sD ≤ s+1, 1 ≤ n ≤ sD+1, sR = s+1−sD is even and (sD, n) ̸= (s+1, s+2), (78)

there exists a diagram G constructed by merging sD diagrams D2ν and sR diagrams Rν , and its
contraction Ĝ admitting a pairing and having q p-nodes and n H-nodes, where

q = 1 + (ν − 1)(sD + 1− n). (79)
As in the symmetric, even-ν case discussed in Section E.1.1, all the diagrams with the same triplet
(q, n, 2l) (where 2l is the number of edges) contribute a coefficient of the same sign, so we just need
to produce one such diagram.

The key difference between the present asymmetric case and the symmetric case discussed in Section
E.1.1 is that the edges are now colored, so edge pairing requires not only that the edges have the
same node (after contraction), but also the same color.

An important observation is that merging any diagram G with Rν changes the parity of the total
number of edges of each particular color, while merging withD2ν preserves this parity. In particular,
this explains the constraint in (78) that the number sR of mergers with Rν must be even.

The second special constraint in (78), that (sD, n) ̸= (s+ 1, s+ 2), means that diagrams D⋆(s+1)
2ν ,

involving only D2ν but not Rν , cannot admit an edge pairing without contracting at least two H-
nodes. This follows by observing that the new H-node created by merging any diagram with D2ν

has ν edges of different colors (one per color), so must be contracted to some other nodes for a valid
edge pairing.

The n-retaining transformation considered in Section E.1.1 (see Eq. (64)) remains valid in the
present colored context since it involves pairing same-color edges of D2ν . In contrast, the n-
increasing transformation (see Eq. (66)) is no longer valid since it involves pairing edges that are
now differently colored.

It is possible to consider a suitable version of the n-increasing transformation in the present colored
context, but it requires extra assumptions on the structure of the diagram G appearing in the induc-
tion step. Therefore, we find it more convenient to directly construct a suitable diagram for given
(s, sD, n).

First, consider the case sD = 0. Note that this case is realized only if s is odd (otherwise sR = s+1

is odd). The relevant diagrams are those appearing in R⋆(s+1)
ν . These diagram have one p-node and

one H-node connected by multiple edges. By above remark, since s + 1 is even, the parity of the
number of edges of each color is even, so there is a valid pairing, as desired.

Note also that, similarly and more generally, given any diagramG admitting an edge pairing, we can
always merge it with an even number of diagrams Rν without changing the number of nodes and so
as to extend the pairing.

Now consider a general case with sD ≥ 1. It is useful to construct an auxiliary “ring-like” diagram
D⋆sD

2ν as follows. Pick some color, say m = ν. Merge sD diagrams D2ν , always over an edge of
this color. As a result we get a ring-like diagram with sD + 1H-nodes and ν + sD(ν − 1) p-nodes:
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(In this figure ν = 3, sD = 7.) There are two edges of color ν (red in above figure) connecting one
p-node to twoH-nodes. All the other edges form sD groups of 2(ν−1) edges of colors 1, . . . , ν−1
(blue and green in above figure), each connecting ν − 1 p-nodes to two H-nodes.

Let us now consider separately the cases n ≤ sD and n = sD + 1.

1. n ≤ sD. In this case we can construct a desired diagram with n H-nodes and q = 1+(ν−
1)(sD − 1− n) p-nodes by suitably contracting the above ring-like diagram. Specifically,
first contract the two H-nodes having the ν-colored edge:

Then additionally contract a contiguous sequence of sD − n + 1 H-nodes so as to bring
the total number of H-nodes to n:

Finally, for each color, contract all the (ν−1)() p-nodes remaining in the ring and incident
to edges of this color:

The result is a diagram with exactly n H-nodes and q = 1+ (ν − 1)(sD −n+1) p-nodes,
as desired. Thanks to the implemented contractions of H-nodes and p-nodes, the diagram
admits edge pairing.
The diagram was constructed without merging with diagrams Rν , but, as remarked, we
can merge it with sR = s + 1 − sD such diagrams (assuming this number is even) while
maintaining the numbers of H- and p-nodes and extending the edge pairing.

2. n = sD+1. This case requires allH-nodes to stay uncontracted. However, the constructed
ring-like diagram D⋆sD

2ν contains two ν-colored edges connected to different H-nodes, and
so it cannot admit an edge pairing without contracting these nodes. But we can resolve this
issue by merging the ring diagram twice with Rν over these two special edges:

⇝
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The resulting diagram then has only edges of colors 1, . . . , ν−1. Edges of each color form
a circle going through each H-node; all the circles also connect at one p-node. We can
contract all the p-nodes into one node, getting a flower-like diagram with sD + 1 petals,
each consisting of ν − 1 pairs of edges of colors 1, . . . , ν − 1:

Such a diagram admits an edge pairing and has (n, q) = (sD + 1, 1), as desired. We can
then further merge it with an even number of diagrams Rν while keeping these properties.
The described construction requires merging with two diagrams Rν , so, as expected, it
works for all s except s + 1 = sD, when sR = 0 and n = s + 2. This is exactly the
exceptional, unrealized case.

E.2.2 OPTIMALITY

We have already argued in Section E.2.1 that the terms with odd sD and (sD, n) = (s+1, s+2) are
missing from the expansion. It remains to establish a bound on feasibile q analogous to the bound
(67) from the symmetric, even ν scenario:

q ≤ 1 + (ν − 1)(sD + 1− n). (80)

We generally follows the logic of the proof given in Section E.1.2 for that scenario, though the
present asymmetric scenario is slightly more complex due to a more subtle influence of diagrams
Rν .

As before, we perform induction on the number sD of factors D2ν appearing in a sequence of
merging operations (along with some factors Rν). The base of induction is sD = 0, i.e. diagrams
Rs+1

ν . They have a vanishing contribution for s even, and a nonzero contribution for s odd with
n = q = 1, by parity considerations.

For the induction step, suppose again that a diagram G is obtained from a diagram G1 by first
merging it with D2ν and then additionally merging with some number of Rν’s:

G ∈ (. . . ((G1 ⋆ D2ν) ⋆ Rν) . . .) ⋆ Rν . (81)

Consider an m-colored edge u(m)
ki in G1 with a H-node k and p-node i. Without loss of generality,

assume m = ν. The merger G1 ⋆ D2ν then replaces this edge by

u
(ν)
ki ⇝ u

(ν)
k′i

ν−1∏
m=1

u
(m)
kim

u
(m)
k′im

. (82)

In contrast to the symmetric, even-ν scenario, we can no longer discard now all the trailing diagrams
Rν , because now they can significantly affect the pairing possibilities.

Observe, however, that merging has partial commutativity, in the following sense. Given any three
diagrams G1, G2, G3, consider the difference between the merging sequences (G1 ⋆ G2) ⋆ G3 and
(G1 ⋆ G3) ⋆ G2. Note that if in (G1 ⋆ G2) ⋆ G3 the merger with G3 is performed over an edge in
G1 ⋆ G2 already present in G1, then the same resulting diagram will appear in (G1 ⋆ G3) ⋆ G2. In
other words, the difference between (G1 ⋆ G2) ⋆ G3 and (G1 ⋆ G3) ⋆ G2 is exclusively due to the
second mergers being over new edges created in the first mergers.

In particular, in sequence (81) we can commute all mergers with Rν not performed over the new
edges u(ν)k′i , (u

(m)
kim

, u
(m)
k′im

)ν−1
m=1 to be performed before the merger with D2ν . Accordingly, we can

assume without loss of generality that the mergers with Rν in (81) are performed over these new
edges or the edges resulting from subsequent mergers with Rν .
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Moreover, if we merge a diagram G1 with Rν over some edge with nodes k and i, this simply adds
new edges between these two nodes. If we continue the process by merging again withRν over some
edges between k and i, each merger changes the parity of the number of edges of each color. Accord-
ingly, if the initial diagram admitted an edge pairing, then the diagram resulting after an even number
of such mergers will admit an edge pairing. This shows, in particlar, that in (81) we don’t need to
consider more than one merger with Rν over each specific edge among u(ν)k′i , (u

(m)
kim

, u
(m)
k′im

)ν−1
m=1.

We consider now the particular options of transition (analogous to those in Section E.1.2) from G
given by (81) to a smaller diagram G′ also admitting an edge pairing. To establish desired condition
(80), we ensure that at each step we have

q′ + (ν − 1)n′ ≥ q + (ν − 1)(n− 1). (83)

1. The new H-node k′ is not contracted to any other node in Ĝ. In this case we show that
a desired diagram G′ exists with

n′ = n− 1, q′ ≥ q, (84)

which satisfies condition (83).
First we claim that, by color parity considerations, existence of an edge pairing in G in
this case requires the sequence (81) to include some trailing mergers with Rν over the
edges (u(m)

k′im
)m=1,...,ν−1 and u(ν)k′i ; moreover all new p-nodes i1, . . . , iν must be contracted

together and to i.
Indeed, take some subsetA of the nodes i1, . . . , iν−1, i and consider the vector of total color
parities of the edges between k′ and A (one component of the vector corresponds to one
color). Before merging with Rν , this vector has odd components for nodes in A and even
components for nodes in {i1, . . . , iν−1, i} \A. Merging with Rν over any edge between k′
and A changes the parity of each of the ν colors. If A represents a set of contracted nodes,
then for an edge pairing we need to make each component in the respective color parity
vector even, This is only possible if A is the whole set {i1, . . . , iν−1, i} and mergers with
Rν are performed an odd number of times over some edges between k′ and A.
As a result, if we consider the contraction of the diagram G1 inherited from the contraction
of the diagramG admitting a pairing, then it has the same number of p-nodes and one fewer
H-node, in agreement with (84). However, we still need to endowG1 with an edge pairing.
As usual, we form the edge pairing by inheriting it with suitable modifications from the
one in G. As discussed, the new edges in G connecting k′ with i1, . . . , iν−1, i were paired
within each other, so we only need to consider pairings involving the edges connecting
k with (im)m=1,...,ν−1 and i. In G, all these p-nodes are contracted and the color parity
vector for the edges uki1;1, . . . , u

(ν−1)
kiν−1

in G is (1, . . . , 1, 0). Edge pairing is ensured by
complementary edges either present in G1 between p-node i and some H-nodes contracted
with k, or created by merging with Rν . The respective complementary parity vector is also
v = (1, . . . , 1, 0); if we exclude merging with Rν , then it may be v′ = (0, . . . , 0, 1). Now
in G1 we have the edge u(ν)ki instead of the edges uki1;1, . . . , u

(ν−1)
kiν−1

in G. This edge has
exactly the parity vector v′. By merging with Rν over this edge, we can also create a set of
edges with the parity vector v. Thus, if G admits a pairing, then also either G1 or G1 ⋆ G
admits a pairing.

2. The new H-node k′ is contracted to the node k. In this case a desired diagram G′ exists
with

n′ = n, q′ ≥ q − ν + 1. (85)

Indeed, in this case each edge u(m)
kim

is naturally paired with u(m)
k′im

(for m = 1, . . . , ν − 1),

and also u(ν)k′i can be identified with u(ν)ki . If there were no subsequent mergers withRν over
these edges (afer the merger with D2ν), then the desired G′ is simply G1 with the pairing
inherited from G by removing the pairs (u(m)

k′im
, u

(m)
kim

).
Suppose now that there have been mergers with Rν over the edges in question, say with
u
(m)
kim

with some m ∈ {1, . . . , ν − 1}. Such a merger changes the color parity vector of
the node im from (0, . . . , 0) to (1, . . . , 1). Paring the resulting edges requires the node im
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to be contracted to some other node i′ (or several nodes) that provide counterpart edges.
These counterpart edges must collectively also have the color parity vector (1, . . . , 1). If
we remove the edges at the node im, since their color parity vector is (1, . . . , 1), they can
be compensated in the pairs with edges at the node i′ by new edges at i′ created through
merging with Rν over one of the existing edges.
This argument shows that in any case we can take G′ as G1, possibly merged with some
Rν . The bound (85) holds in all cases (if there are extra mergers with Rν , the bound can
even be strengthened since in these cases some of the vertices im must be contracted).

3. The new H-node k′ is not contracted to the node k, but is contracted to some other
nodes in G. In this case, again, a desired diagram G′ exists with

n′ = n, q′ ≥ q − ν + 1. (86)

The argument is similar to the respective proof for symmetric models in Section E.1.2 and
also to arguments above (remove the nodes i1, . . . , iν−1, i and k′ and contract together
all the p-nodes contracted with some of i1, . . . , iν−1, i; possibly merge G1 with Rν to
compensate for the removed edges).

This completes the proof of the theorem in the asymmetric scenario.

F RECURRENCE RELATIONS AND PARTIAL DIFFERENTIAL EQUATIONS

We clarify the context of Theorem 2 and provide its proof. Recall the statement of Theorem 2:

Theorem 2. Given a formal multivariate power series f(x) ∼
∑

n∈Nd
0
Cnx

n, suppose that its
coefficients satisfy the conditions

∑
k∈K Cn+kPk(n + k) = 0, ∀n ∈ Zd, where K is a finite

subset of Zd, Pk are some d-variate polynomials, and Cn = 0 if n ∈ Zd \ Nd
0. Then f formally

satisfies the differential equation
∑

k∈K x−kPk(x
∂
∂x )f = 0.

Here, the coefficients Cn appearing in the definition of the generating function are indexed by n ∈
N0, where N0 = {0, 1, 2, . . .}. However, padding the coeffiicents by 0 allows us to formally extend
summation to all n ∈ Z:

f(x) ∼
∑
n∈Zd

Cnx
n. (87)

It is important for the recurrence to hold for all n ∈ Zd (otherwise a proper handling of the boundary
conditions would be needed).

The differential operator
∑

k∈K x−kPk(x∂x) appearing in the statement is understood in the sense∑
k∈K

x−k1
1 · · ·x−kd

d Pk(x1∂x1
, . . . , xd∂xd

), (88)

where x = (x1, . . . , xd) and k = (k1, . . . , kd). When applied to a formal power series (87), such a
differential operator naturally produces another formal power series with well-defined coefficients.
The statement of the theorem is that this series vanishes, i.e. all the coefficients are 0.

Proof of Theorem 2. For any polynomial P

P (x ∂
∂x )f ∼

∑
n

CnP (n)x
n =

∑
n

Cn+kP (n+ k)xn+k. (89)

It follows that ∑
k∈K

x−kPk(x
∂
∂x )f ∼

∑
k∈K

∑
n

Cn+kPk(n+ k)xn ∼ 0. (90)
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(a) Uncontracted diagrams from D⋆s
6 (left) and D⋆s

4 (right).

(b) An optimally contracted diagram for the free underparameterized regime: a “flower” with one H-node and
ν + (ν − 1)s “petals”. Each petal has two edges of a matching color.

Figure 5: Diagrams from the free evolutions D⋆s
2ν .

G UNDERPARAMETERIZED FREE EVOLUTION

General diagram expansion. Recall that free evolution is a special regime where the target ten-
sor consist of only zeros, or equivalently when the target is just removed from the loss (2). Conse-
quently, the expected loss evolution in our diagram expansion includes only the diagrams D2ν and
no diagrams Rν :

E[L(t)] ∼
∞∑
s=0

E[( 12D2ν)
⋆(s+1)]

(−t)s

T ss!
∼

∞∑
s=0

E[D⋆(s+1)
2ν ]

(−t)s

2s+1T ss!
. (91)

Se Figure 5 (a) for examples of diagrams in D⋆s
2ν .

The large-p,H behavior of the loss function is determined by Pareto-optimal terms described in
Theorem 1 and corresponding to minimal contractions of diagrams in D⋆s

2ν . The combinatorics of
such minimal contractions is complicated for general free regimes. However, it is substantially
simplified in extreme cases, in particular in the underparameterized regime (H ≪ pν−1 in the
asymmetric or H ≪ pν/2 in the symmetric even-ν scenario).

In this regime, by Theorem 1, the leading terms in E[( 12D2ν)
⋆(s+1)] are given by contracted dia-

grams that have n = 1 H-node and q = ν + (ν − 1)s p-nodes. Such diagrams have the form of
“flowers” with ν + (ν − 1)s “petals”, each consisting of a p-node and two edges of matching colors
(see Fig. 5 (b)). This contraction has a unique edge pairing.

This picture applies to both symmetric and asymmetric scenario, the difference is only that in the
symmetric scenario there is only one color. The arguments in both scenarios will be similar, up to
different numerical coefficients due to different color distributions.

Asymmetric scenario. For convenience, define the generating function f(x) by

f(x) =

∞∑
s=0

Csx
s, (92)
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where the coefficient Cs multiplied by s! is the total number of minimally contracted diagrams
(flowers) produced in E[D⋆(s+1)

2ν ]. By Eq. (91), we can relate the loss to f by

E[L(t)] ∼
∞∑
s=0

Css!p
ν+(ν−1)sHσ2(ν+(ν−1)s) (−t)s

2s+1T ss!
(93)

=
pνHσ2ν

2
f(−pν−1σ2(ν−1)t/(2T )). (94)

Observe that a contracted diagram in D⋆(s+1)
2ν is obtained by merging a contracted diagram in D⋆s

2ν
with D2ν , and there are 2 · 2(1 + (ν − 1)s) possibilities for that, since D⋆s

2ν has 2(1 + (ν − 1)s)
edges, and there are 2 edges of matching color in D2ν . It follows that

sCs = 4(1 + (ν − 1)s)Cs−1. (95)

This condition holds even for s = 0, thanks to the vanishing l.h.s. and r.h.s. Using Theorem 2, we
then obtain the ODE

xf ′ = 4x(νf + x(ν − 1)f ′), (96)

or, simplifying,
f ′ = 4(νf + x(ν − 1)f ′). (97)

Taking into account the initial condition f(0) = C0 = 1, its solution is

f(x) = (1− 4(ν − 1)x)−
ν

ν−1 . (98)

We thus obtain

E[L(t)] ∼ pνHσ2ν

2
(1 + 2(ν − 1)pν−1σ2(ν−1)t/T )−

ν
ν−1 , (99)

as claimed.

Symmetric even-ν scenario. The arguments in this scenario are completely similar, up to replac-
ing the coefficient 4 in Eq. (95) by 4ν, since in this case any edge in D2ν can be used for merging.

This completes the proof of Theorem 3.

H UNDERPARAMETERIZED ASYMMETRIC MODEL WITH ν = 2

The diagram expansion of the asymmetric ν = 2 model. Recall our general diagram expansion
(9), which in the case ν = 2 reads

E[L(t)] ∼ p

2
+

∞∑
s=0

E[( 12D4 −R2)
⋆(s+1)]

(−t)s

T ss!
. (100)

The diagramsD4 andR2 are show in Fig. 6 (a), (b). The edges in the diagrams can be of two colors,
m = 1, 2. Merging a given diagram G with diagram D4 over a particular edge u(m)

ki in G, where k
is a H-node, i is a p-node and m is a color, replaces this edge by a sequence of three edges, thereby
adding two new nodes k′, i′ and two edges of another color:

u
(m)
ki ⇝ u

(3−m)
ki′ u

(3−m)
k′i′ u

(m)
k′i . (101)

Thus, diagrams obtained by repeated mergers of diagrams D4 (i.e., “free” diagrams) have a circular
shape with alternatingH- and p-nodes, with the edges attached to p-nodes forming same-color pairs
(Fig. 6 (c)).

Merging a given diagram G with diagram R2 over a particular edge in G recolors this edge. As a
result, “nonfree’ diagrams of ( 12D4 − R2)

⋆(s+1) still have a circular shape, but without the color
constraint. Considering the binomial expansion of ( 12D4 − R2)

⋆(s+1) into variously-ordered se-
quences of mergers of sD diagrams D4 and sR diagrams R2 with sD + sR = s + 1, the resulting
circles have length 2(sD + 1).
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(a) D4 (b) R2

(c) An uncontracted diagram from the free evolution D⋆s
4 . It has a circular form with alternating s+1 p-nodes

and s+ 1 H-nodes. Each p-node has same-color edges. The provided example is with s = 6.

(d) An optimally contracted diagram for the free underparameterized regime: a “flower” with one H-node and
s+ 1 “petals”.

(e) Contracted non-free underparameterized diagrams from ( 1
2
D4 − R2)

⋆s. Due to merging with R2, some
edges are recolored. When there are petals with differently-colored edges (as in this example), the diagram
does not admit an edge pairing without extra contractions.

Figure 6: Diagrams for the asymmetric model of order ν = 2.
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Diagrams in the underparameterized regime. By Theorem 1 and discussion in Section 3, the
underparameterized asymmetric model is represented by Pareto-optimal terms (10) with n = 1, i.e.,
in the case ν = 2,

psD+1Hσ2(sD+1). (102)

These terms result from contractions of diagrams in ( 12D4 −R2)
⋆(s+1) into “flowers” with a single

H-node (i.e., the H-nodes are fully contracted, while the p-nodes remain uncontracted), see Fig. 6
(d), (e). The flower has sD + 1 “petals”, each consisting of a p-node connected to the contracted
H-node by two edges, possibly of two difefrent colors. If there is at least one petal with differently-
colored edges, the diagram does not admit an edge pairing (without extra contractions) and so does
not contribute to the leading term.

Thus, we are interested only in those contracted flower diagrams in ( 12D4−R2)
⋆(s+1) in which petals

do not have differently-colored edges. However, the combinatorial coefficients associated with such
special diagrams are not simply related to each other. It is convenient to consider diagrams with
q petals having differently-colored edges, for general q. This more general point of view allows
to simplify the connection between combinatorial coefficients, leading to a first-order PDE for the
generating function.

The generalized generating function and its connection to the loss. Motivated by above con-
siderations, we introduce the generating function

f(x, y, z) =

∞∑
sR=0

sR∑
q=0

∞∑
s=max(0,sR−1)

CsR,q,sx
sysRzq. (103)

Here, we define CsR,q,s so that CsR,q,ss! is the total numerical coefficient corresponding to those
terms in the binomial expansion of ( 12D4−R2)

⋆(s+1) that include sR factorsR2 and result in flower
diagrams with exactly q differently-colored petals. The coefficicient CsR,q,s absorbes the factors 1

2

and −1 appearing in 1
2D4 − R2. Summation in f is restricted to 0 ≤ q ≤ sR because, clearly, q

differently-colored petals require at least q recoloring of edges, i.e. sR ≥ q.

In our approximation of keeping only the Pareto-optimal underparameterized terms (102), the loss
(100) can be written in terms of the g.f. f by noting that taking only the q = 0 terms in f corresponds
to setting z = 0:

E[L(t)] ∼ p

2
+

∞∑
s=0

s+1∑
sD=0

Cs+1−sD,q=0,sp
sD+1Hσ2(sD+1) (−t)s

T ss!
(104)

=
p

2
+

∞∑
s=0

s+1∑
sR=0

CsR,q=0,sp
s+2−sRHσ2(s+2−sR) (−t)s

T ss!
(105)

=
p

2
+ p2Hσ4f(−pσ2t/T, 1/(pσ2), 0). (106)

The recurrence. Diagrams in ( 12D4−R2)
⋆(s+1) are obtained from diagrams in ( 12D4−R2)

⋆s by
merging with D4 or R2. In the former case, the number q of petals with differently-colored edges
does not change, while in the latter case it is either increased by one (if we merge over a same-
colored petal) or decreased by one (if we merge over a differently-colored petal). By counting the
relevant edges and taking into account the necessary coefficients, we get the recurrence

sCsR,q,s = − 2(q + 1)CsR−1,q+1,s−1 (107)
− 2(s− sR − q + 3)CsR−1,q−1,s−1 (108)
+ 2(s− sR + 1)CsR,q,s−1. (109)

Importantly, this recurrence holds for all s2, q, s ∈ Z. At the initial value s = 0 the reduction to
s − 1 described above is not applicable, but the recurrence still holds since both the l.h.s. and r.h.s.
vanish. The values CsR,q,s do not vanish only if 0 ≤ q ≤ sR ≤ s+ 1, s ≥ 0, and q and sR have the
same parity.
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Learning: f(0, y, z) = 1
2
− yz < 0

Learning: f(0, y, z) = 1
2
− yz < 0

y

z

Figure 7: ODE (112) in the yz plane.

The PDE and reduction to ODE. By Theorem 2, the recurrence yields the differential equation

x∂xf = 2x[−yz−1z∂z − yz(x∂x − y∂y − z∂z + 2) + (x∂x − y∂y + 2)]f, (110)

or equivalently

[(1 + 2xyz − 2x)∂x + 2(y − y2z)∂y + 2(y − yz2)∂z]f = 4(1− yz)f. (111)

This is a 1’st order PDE that can be solved by the method of characteristics. Denote x = (x, y, z)
and write the PDE as

Φ(x)T∇F (x) = ϕf(x) (112)
with the vector field

Φ(x) =

1 + 2xyz − 2x

2(y − y2z)

2(y − yz2)

 (113)

and function
ϕ(x) = 4(1− yz). (114)

Then the solution at a given point x0 can be found as

f(x0) = f(x1)e
−

∫ τ1
τ0

ϕ(x(τ))dτ
, (115)

where x(τ) is an integral curve of the field Φ connecting the point x0 to the point x1:

ẋ = Φ(x), x(τ0) = x0, x(τ1) = x1. (116)

By Eq. (106), finding the loss requires us to find the values of f on the hyperplane z = 0. On the
other hand, the only terms present in f with s = 0 are CsR=0,q=0,s=0 = 1

2 and CsR=1,q=1,s=0 =
−1, so f has a simple form on the hyperplane x = 0:

f(0, y, z) = C0,0,0 + C1,1,0yz =
1

2
− yz. (117)

Accordingly, we will obtain the solution f on the hyperlane z = 0 by transfering f from the plane
x = 0 along characteristics.

Analysis of the ODE. The ODE (112) has subsystem {y, z} independent of x. The evolution in
this subsystem has the first integral

I =
1− z2

(y − z)2
, (118)

showing that the phase curves in the yz plane are arcs of ellipses touching the lines z = ±1 at the
points (y, z) = ±(1, 1) (see Figure 7).

Another first integral, involving all three variables, is

J = 4xy + ln
1− z

1 + z
. (119)
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We can also note that
d

dτ
ln y = 2(1− yz), (120)

so that ∫
ϕ(x(τ))dτ = 4

∫
(1− yz)dτ = 2 ln y + c. (121)

It follows that we can write the multiplier e−
∫ τ1
τ0

ϕ(x(τ))dτ appearing in the solution (115) simply as

e
−

∫ τ1
τ0

ϕ(x(τ))dτ
=
y20
y21
. (122)

The solution. By Eqs. (116) and (121), we have

f(x, y, 0) =
(1
2
− y1z1

)y2
y21

(123)

along an integral curve connecting the points

x0 = (x, y, 0), x1 = (0, y1, z1). (124)

It remains to express y1, z1 in terms of x, y. From the first integral J we get

z1 =
e−4xy − 1

e−4xy + 1
. (125)

Then from the first integral I we get

y1 = y
√
1− z21 + z1 (126)

= y
2e−2xy

1 + e−4xy
− 1− e−4xy

1 + e−4xy
(127)

=
e−4xy + 2ye−2xy − 1

1 + e−4xy
. (128)

It follows that

f(x, y, 0) =
(1
2
− y1z1

) y2

y21(τx,y)
(129)

=
y2[(1 + e−4xy)2 + 2(1− e−4xy)(e−4xy + 2ye−2xy − 1)]

2(e−4xy + 2ye−2xy − 1)2
(130)

= y2
1 + 2yr − r2

2(y − r)2
, r = sinh(2xy). (131)

Interpretation of learning. The above analysis and Figure 7 provide a simple interpretation of
learning in this model. We are interested in the values f(x, y, 0) that correspond to the y axis in
Figure 7. Different values of x correspond to different points along the elliptic arc going through the
point (y, 0). In the context of loss function (106), the values y are positive, since y = 1/(pσ2) and
the sign of y is preserved by the dynamics. On the other hand, the initial x = −pσ2t/T < 0. Taking
larger time t corresponds to going along the arc towards the point (y, z) = (1, 1). At sufficiently
large t (i.e., large negative x) we get into the region 1

2 − yz < 0. Then, by (115) or (123), f(x, y, 0)
becomes negative, meaning that the loss becomes less than the loss p

2 of the trivial zero model. That
makes it natural to identify the region 1

2 − yz < 0 as the learning region.

As t→ +∞ (i.e., x→ −∞), the characteristic trajectories converge to (y, z) = (1, 1) and

lim
x→−∞

f(x, y, 0) = −y
2

2
. (132)

It follows by (106) that

lim
t→+∞

E[L(t)] ∼ p

2
− H

2
, (133)

which is the natural and expected result: using a model of tensor rank H allows us to learn H out of
p nonzero components of the target tensor δi1=...=iν .
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I OVERPARAMETERIZED ASYMMETRIC MODEL WITH ν = 2

In order to compute the loss, we need to count the total number of trees with exactly one p-type
vertex that result from contraction of loops in

(
1
2D4 −R2

)⋆(s+1)
for all s ≥ 0. These trees are

”flowers” with a p-vertex at the center and H-vertices at the ”petals”. We call loops that could be
contracted to such flowers p-contractible. These flowers look like the flowers in Figure 4 for the
underparametrized regime, but with exchanged roles of p- and H-nodes.

We call a vertex adjacent to edges of different colors trans vertex. A loops is p-contractible iff it has
no trans-H vertices.

Generating function. Let us introduce the following generating function:

fsR,q(x) =

∞∑
s=max(0,sR−1)

CsR,q,sx
s, (134)

where CsR,q,s is defined as follows. Let

1

s!

(
1

2
D4 −R2

)⋆(s+1)

=

s+1∑
sR=0

∑
G∈GsR,s

cGG, (135)

where GsR,s is a set of all loops in the above expression resulted from using exactly sR R2 terms.
Then we define

CsR,q,s =
∑

G∈GsR,s:
G has q trans-H vertices

cG. (136)

When Hσ2 ∼ ρ, while H/p → ∞, we are interested only in p-contractible loops. Since a loop is
p-contractible iff it has no trans-H vertices, the expected loss is given by

E[L(t)] ∼ p

2
+ pH2σ4

∞∑
sR=0

fsR,0(−Hσ2t/T )

HsRσ2sR
∼ p

2
+ pρ2

∞∑
sR=0

fsR,0(−ρt/T )
ρsR

, (137)

where ρ = Hσ2.

Recursive relation for C. We have the following recurrence:

sCsR,q,s =− 2(q + 1)CsR−1,q+1,s−1 − 2(s+ 2− sR − (q − 1))CsR−1,q−1,s−1

+ 2qCsR,q,s−1 + 2(s+ 1− sR − (q − 2))CsR,q−2,s−1

=− 2(q + 1)CsR−1,q+1,s−1 − 2(s− sR − q + 3)CsR−1,q−1,s−1

+ 2qCsR,q,s−1 + 2(s− sR − q + 3)CsR,q−2,s−1.

(138)

By construction, CsR,q,s = 0 whenever s < 0, or sR > s+ 1, or sR < 0, or q < 0.

Generalized generating function. Let us intoduce the following generalized generating function
of three variables:

f(x, y, z) =

∞∑
q=0

∞∑
sR=0

fsR,q(x)y
sRzq =

∞∑
q=0

∞∑
sR=0

∞∑
s=max(0,sR−1)

CsR,q,sx
sysRzq. (139)

Given the above, the loss is expressed as follows:

E[L(t)] ∼ p

2
+ pρ2

∞∑
sR=0

fsR,0(−ρt/T )
ρsR

=
p

2
+ pρ2f

(
−ρt
T
,
1

ρ
, 0

)
. (140)

The main recurrence Eq. (138) yields the following ODE:

x∂xf + 2xy∂zf

+ 2xyz (x∂x − y∂y − z∂z + 2) f − 2xz∂zf − 2xz2 (x∂x − y∂y − z∂z + 2) f = 0,
(141)
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or, equivalently,(
1 + 2xyz − 2xz2

)
∂xf +

(
−2y2z + 2yz2

)
∂yf

+
(
2y − 2yz2 − 2z + 2z3

)
∂zf =

(
−4yz + 4z2

)
f.

(142)

This is a first-order ODE which could be expressed as follows:

F (x) · ∇f(x) = ϕ(x)f(x), (143)

where x = (x, y, z), and

F (x) =

 1 + 2xz(y − z)

−2yz(y − z)

2(1− z2)(y − z)

 , ϕ(x) = −4z(y − z). (144)

Then the solution at a given point x0 is given by

f(x0) = f(x1)e
−

∫ τ1
τ0

ϕ(x(τ)) dτ
, (145)

where the integral curve x(τ) is defined by

ẋ(τ) = F (x(τ)), x(τ1) = x1, x(τ0) = x0. (146)

We are interested in the solution at z = 0. We already know the solution at x = 0:

f(0, y, z) = C0,2,0z
2 + C1,1,0yz =

z2

2
− yz =

z

2
(z − 2y) . (147)

The {y, z} subsystem. The {y, z} subsystem is independent on x and allows for the following
first integral:

I =
y2

1− z2
. (148)

The phase curves are ellipses for I > 0, or hyperbolae for I < 0, y2+ Iz2 = I with common points
(y, z) = (0,±1). Since we interested in curves passing z = 0, I has to be non-negative. If we take
z0 = 0 then I = y20 .

For the loss to decrease, we need f(x, y, 0) to be negative. For this, we need f(x(τ)) to stay negative
along the integral curve. Suppose x(τ) = 0 for some τ∗ ∈ (τ0, τ1). Then f(0, y(τ∗), z(τ∗)) has
to be negative. Then z(τ∗) < 2y(τ∗) whenever z(τ∗) > 0, and z(τ∗) > 2y(τ∗) otherwise. In
particular, z(τ∗) and y(τ∗) have to be of the same sign. Since z = y is a stationary point, z(τ) and
y(τ) keep their (same) signs all along the way. Therefore we could rewrite the above first integral as

y = y0
√

1− z2. (149)

Note that
ϕ(x) = −4z(y − z) = 2

ẏ

y
= 2

d ln y

dτ
. (150)

Therefore

e
−

∫ τ1
τ0

ϕ(x(τ)) dτ
=
y20
y21

=
1

1− z21
. (151)

General (y, z)-solution.

ẏ = −2yz(y − z), ż = 2(1− z2)(y − z). (152)

Given the above first integral,

ż = 2(1− z2)
(
y0
√
1− z2 − z

)
. (153)

This gives the solution in implicit form:

τ1 − τ0 =

∫ z1

z0

dz

2(1− z2)
(
y0
√
1− z2 − z

) =
1

4
ln

(
1− z21
1− z20

)
− 1

2
ln

(
y0
√
1− z21 − z1

y0
√

1− z20 − z0

)
.

(154)
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We are ultimately interested in the case of z0 = 0:

τ1 − τ0 =
1

4
ln
(
1− z21

)
− 1

2
ln

(√
1− z21 − z1/y0

)
=

1

4
ln

 1− z21(√
1− z21 − z1/y0

)2
 . (155)

This gives

e4(τ1−τ0) =
1

(1− u1)
2 , u1 =

z1

y0
√
1− z21

. (156)

Hence u1 = 1± e−2(τ1−τ0). We know that if τ1 = τ0 then z1 = z0 = 0, therefore u1 = 0. Then the
desired root has a minus sign:

u1 = 1− e−2(τ1−τ0). (157)

This gives a linear equation for z21 :

z21
y20(1− z21)

=
(
1− e−2(τ1−τ0)

)2
; (158)

z21 =
a2

1 + a2
, 1− z21 =

1

1 + a2
, a = y0

(
1− e−2(τ1−τ0)

)
. (159)

Therefore assuming τ0 = 0, the general solution for z(0) = 0, y(0) = y0 is given by

z2(τ) =
y20
(
1− e−2τ

)2
1 + y20 (1− e−2τ )

2 , y2(τ) =
y20

1 + y20 (1− e−2τ )
2 . (160)

The x dynamics. Note that
d(xy)

dτ
= ẋy + xẏ = y. (161)

Therefore

x(τ1)y(τ1)− x0y0 =

∫ τ1

0

y(τ) dτ. (162)

The final solution. Since we already know the solution for x = 0, we take x(τ1) = 0. Then the
above formula gives a condition for τ1:

−x0y0 =

∫ τ1

0

y(τ) dτ = y0

∫ τ1

0

dτ√
1 + y20 (1− e−2τ )

2

=
y0

2
√
1 + y20

tanh−1

 1 + y20
(
1− e−2τ1

)
√
1 + y20

√
1 + y20 (1− e−2τ1)

2

− tanh−1

(
1√

1 + y20

) ;

(163)

tanh

(
−2x0

√
1 + y20 + tanh−1

(
1√

1 + y20

))
=

1 + y20
(
1− e−2τ1

)
√

1 + y20

√
1 + y20 (1− e−2τ1)

2
. (164)

Introducing u = y0
(
1− e−2τ1

)
, we get a quadratic equation on u:

a2 =
(1 + y0u)

2

1 + u2
, a =

√
1 + y20 tanh

(
−2x0

√
1 + y20 + tanh−1

(
1√

1 + y20

))
; (165)

(y20 − a2)u2 + 2y0u+ (1− a2) = 0; (166)

u =
−y0 ±

√
y20 − (y20 − a2)(1− a2)

y20 − a2
=

−y0 ±
√
a2 − a4 + y20a

2

y20 − a2
=

−y0 ± a
√
1− a2 + y20

y20 − a2
.

(167)

43



2322
2323
2324
2325
2326
2327
2328
2329
2330
2331
2332
2333
2334
2335
2336
2337
2338
2339
2340
2341
2342
2343
2344
2345
2346
2347
2348
2349
2350
2351
2352
2353
2354
2355
2356
2357
2358
2359
2360
2361
2362
2363
2364
2365
2366
2367
2368
2369
2370
2371
2372
2373
2374
2375

Under review as a conference paper at ICLR 2026

If we take x0 = 0 then a = 1, while τ1 has to be zero, which means that the expected solution is
u = 0. Then we have to choose the ”plus” sign. Plugging back a,

u =
−y0 + a

√
1 + y20 sech (v0)

(1 + y20) sech
2 (v0)− 1

=
−y0 cosh2(v0) + (1 + y20) sinh (v0)

1 + y20 − cosh2(v0)
=

−y0 cosh2(v0) + (1 + y20) sinh (v0)

y20 − sinh2(v0)
,

(168)

v0 = −2x0

√
1 + y20 + tanh−1

(
1√

1 + y20

)
. (169)

Then

f(x(τ0)) = f(x(τ1))e
−

∫ τ1
τ0

ϕ(x(τ)) dτ
=

y20
y2(τ1)

(
z2(τ1)

2
− y(τ1)z(τ1)

)
= y20

(
z2(τ1)

2y2(τ1)
− z(τ1)

y(τ1)

)
= y20

(
1

2

(
1− e−2τ1

)2 − (1− e−2τ1
))

=
u2

2
− y0u.

(170)

Explicit loss expression.

E[L(t)] ∼ p

2
+ pρ2f

(
−ρt
T
,
1

ρ
, 0

)
=
p

2

(
1 + ρ2u2 − 2ρu

)
=
p

2
(1− ρu)2, (171)

where

u =
−ρ cosh2 v + (1 + ρ2) sinh v

1− ρ2 sinh2 v
, v =

2t

T

√
1 + ρ2 + tanh−1

(
ρ√

1 + ρ2

)
. (172)

This could be further simplified:

1− ρu =
1− ρ2 sinh2 v + ρ2 cosh2 v − ρ(1 + ρ2) sinh v

1− ρ2 sinh2 v

=
(1 + ρ2)− ρ(1 + ρ2) sinh v

1− ρ2 sinh2 v
=

1 + ρ2

1 + ρ sinh v
;

(173)

v =
2t

T

√
1 + ρ2 + sinh−1(ρ); (174)

sinh v = ρ cosh

(
2t

T

√
1 + ρ2

)
+
√

1 + ρ2 sinh

(
2t

T

√
1 + ρ2

)
. (175)

This gives a final expression:

Theorem 4. Consider the case when H, p, σ−2 → ∞ in such a way that H/p→ ∞, while Hσ2 →
ρ > 0. Then for any t, T > 0,

E[L(t)] ∼ p

2

(
1 + ρ2

1 + ρ2 coshψ + ρ
√
1 + ρ2 sinhψ

)2

, ψ =
2t

T

√
1 + ρ2. (176)

For ρ = 1 (i.e. in the ”conventional” mean-field limit), the above solution simplifies:

E[L(t)] ∼ 2p(
1 + cosh

(√
8t
T

)
+
√
2 sinh

(√
8t
T

))2 . (177)

For large ρ, we get E[L(t)] ∼ p
2e

−4ρt
T , while as ρ vanishes,

E[L(t)] ∼ p

2
(1− ρ sinhψ)2 ∼ p

2

(
1− 2ρ sinh

(
2t

T

))
. (178)
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Figure 8: Diagrams in the symmetric ν = 2 scenario. Left to right: D4; R2; a circular diagram
from ( 12D4 −R2)

⋆(s+1); a minimal contraction of a circular diagram to a tree.

Large time behavior. As t→ ∞, we arrive at

E[L(t)] ∼ 2p

(
1 + ρ2

ρ2 + ρ
√
1 + ρ2

)2

e−
4t
T

√
1+ρ2

. (179)

J GENERAL SYMMETRIC MODEL WITH ν = 2

Diagram expansion. In contrast to the asymmetric scenario, in the symmetric case the edges in
the diagrams have only one color. Similarly to the symmetric scenario, all uncontracted diagrams
occurring in ( 12D4 − R2)

⋆(s+1) are circular, with alternating p- and H-nodes and 2(sD + 1) edges
(see Fig. 8). The absence of different colors simplifies combinatorics. However, in contrast to the
scenarios considered in Sections H and I, we do not impose now the assumption of over- or under-
parameterization. As a result, we need to consider now general minimal contractions, not just the
flowers as in Sections H and I.

By Theorem 1, a minimal contraction of a circular diagram of length 2(sD + 1) has n H-nodes and
sD + 2− n p-nodes, with n ∈ {1, . . . , sD + 1} (the flower contractions correspond to the extreme
cases n = 1 and n = sD + 1). It is easy to see inductively that minimal contraction contract the
circle to trees as in Figure 8 (right). (Indeed, since the total number of contracted nodes is sD + 2,
at least one node of the circle must be uncontracted. Then its neighboring nodes must be contracted
to enable edge pairing. By removing this node and its two edges we then reduce the question to a
smaller sD.) Alternatively, one can identify a minimal contraction with a non-crossing partition of
the set of H-nodes (into contracted groups). The number of such contractions is known to be given
by Narayana numbers NsD+1,n.

The general generating function. This discussion shows that within the approximation by mini-
mal diagrams, we can write

E[( 12D4 −R2)
⋆(s+1)] ∼

s+1∑
sD=0

sD+1∑
n=1

Ms,sDNsD+1,np
sD+2−nHnσ2(sD+1), (180)

where Ms,sD is the coefficient in the expansion ( 12D4 − R2)
⋆(s+1) =

∑s+1
sD=1Ms,sDGsD over

circular diagrams GsD of length 2(sD + 1). Given our standard loss expansion (9), we can then
write

E[L(t)] ∼ p

2
+ p2σ2Ψ(−t/T,H/p, pσ2) (181)

with the generating function

Ψ(x, y, z) =

∞∑
sD=0

zsD
∞∑

s=max(0,sD−1)

Ms,sD

s!
xs

sD+1∑
n=1

NsD+1,ny
n. (182)

Reduced generating functions. Note that the coefficient Ms,sD
NsD+1,n

s! appearing in the general
generating function is partially factorized, in the sense of being a product of the coefficient Ms,sD

s!
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depending on s, sD, and the Narayana numbers NsD+1,n depending on sD, n. It is convenient to
introduce two respective two-variable generating functions:

f(x, z) ∼
∞∑
s=0

s+1∑
sD=0

Ms,sD

s!
xszsD , (183)

h(z, y) ∼
∞∑

sD=0

sD+1∑
n=1

NsD+1,nz
sDyn. (184)

The g.f. h for the Narayana numbers is known:

h(z, y) =
1− z(y + 1)−

√
1− 2z(y + 1) + z2(y − 1)2

2z2
. (185)

We will find f using a reduction to 1st order PDE.

The generating function f . Reducing the case of s to s − 1 by writing ( 12D4 − R2)
⋆(s+1) =

( 12D4 −R2)
⋆s ⋆ ( 12D4 −R2) and considering different possibilities gives the recurrence

Ms,sD = −4(sD + 1)Ms−1,sD + 4sDMs−1,sD−1. (186)

Taking into account the additional factor 1
s! and using Theorem 2, we find the PDE

x∂xf = 4x(−(z∂z + 1) + z(z∂z + 1))f, (187)

i.e.
(∂x + 4z(1− z)∂z)f = 4(z − 1)f. (188)

We write this as
ΦT∇f = ϕf, (189)

where

Φ =

(
1

4z(1− z)

)
, (190)

ϕ = 4(z − 1). (191)

The solution along an integral curve x(τ) is

f(x0) = f(x1)e
−

∫ τ1
τ0

ϕ(x(τ))dτ
. (192)

The integral curves are given by
dz

dx
= 4z(1− z), (193)

i.e.
4dx = d ln

z

1− z
. (194)

We get a first integral

I =
1− z

z
e4x. (195)

We also note that
d ln z = 4(1− z) = −ϕ(z), (196)

so that
e
−

∫ τ1
τ0

ϕ(x(τ))dτ
=
z1
z0
. (197)

Accordingly, along an integral curve

f(x0, z0) = f(x1, z1)
z1
z0
. (198)

In particular, we can set x1 = 0, then

1− z0
z0

e4x0 =
1− z1
z1

, (199)
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implying

z1 =
1

1−z0
z0

e4x0 + 1
(200)

Then, the general solution can be written as

f(x0, z0) = f(0, z1)
z1
z0

= f
(
0,

1
1−z0
z0

e4x0 + 1

) 1

(1− z0)e4x0 + z0
. (201)

In our setting

f(0, z) =M0,0 +M0,1z =
z

2
− 1. (202)

It follows that

f(x, z) = f(0, z1)
z1
z0

(203)

=
2(z − 1)e4x − z

2(z − (z − 1)e4x)2
. (204)

Merging the two g.f.’s. In general, given two sequences an, bn with g.f.’s A(z), B(z) :

A(z) ∼
∞∑

n=0

anz
n, (205)

B(z) ∼
∞∑

n=0

bnz
n, (206)

the g.f. C(z) for the product sequence anbn,

C(z) =

∞∑
n=0

anbnz
n, (207)

can be found by

C(z) =
1

2πi

∮
γ

A(ζ)B
(z
ζ

)dζ
ζ

(208)

with a suitable contour so that the arguments of A,B lie in the convergence discs.

It follows that we can find the full 3-variate g.f. Ψ by

Ψ(x, y, z) =
1

2πi

∮
γ

h(ζ, y)f
(
x,
z

ζ

)dζ
ζ
. (209)

We have

f
(
x,
z

ζ

)
=
ζ(z(1− e−4x/2)− ζ)e−4x

(ζ − z(1− e−4x))2
, (210)

so

Ψ(x, y, z) =
1

2πi

∮
γ

h(ζ, y)
(z(1− e−4x/2)− ζ)e−4x

(ζ − z(1− e−4x))2
dζ. (211)

As the contour γ, we can take a circle |ζ| = ϵ with some small ϵ; then the above integral representa-
tion for Φ is valid for all sufficiently small z.

The integral is computed by calculating the residue at the pole ζ = z(1− e−4x) :

Ψ(x, y, z) = ∂ζ

(
h(ζ, y)(z(1− e−4x/2)− ζ)e−4x

)∣∣∣
ζ=z(1−e−4x)

(212)

=
(ze−4x

2
∂zh(z(1− e−4x), y)− h(z(1− e−4x), y)

)
e−4x. (213)
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K EXPERIMENTS

Finite difference integration of gradient flow. In order to compare the theoretical continuous
gradient flow equation 1 with numerical experiments, we discretize the dynamics by means of an
explicit Euler scheme. Concretely, we fix the maximal integration time tmax and the number of steps
Nsteps, which determines the integration step

τ =
tmax

Nsteps
.

The continuous flow
du

dt
= − 1

T
∂uL(u)

is then approximated by the finite-difference update rule

u(k+1) = u(k) − τ

T
∂uL(u

(k)), k = 0, 1, . . . , Nsteps − 1.

Thus the effective learning rate of the numerical scheme is η = τ/T , depending jointly on the
physical scale T and the discretization step τ .

We emphasize that the explicit Euler discretization above is precisely the standard gradient descent
iteration with step size η = τ/T . Classical results in numerical analysis show that, under mild
smoothness assumptions, the Euler scheme converges to the solution of the underlying gradient–
flow ODE with a global error of order O(η). Consequently, for sufficiently small η, the discrete
dynamics remain uniformly close to the continuous gradient flow; conversely, gradient flow provides
an accurate infinitesimal description of the behavior of discrete gradient descent.

Studying optimization through its gradient–flow limit is a classical and widely used approach in
theoretical machine learning, as the continuous dynamics offer a convenient analytical model while
discretization errors can be controlled by standard arguments.

Memory efficient loss computation. The evaluation of the quadratic loss equation 2 requires
summation over all pν index tuples (i1, . . . , iν), which becomes prohibitive to store in memory
when both p and ν are large. To overcome this difficulty, we employ a batching procedure at the
level of loss computation. Specifically, we partition the full index set

{1, . . . , p}ν =

B⋃
b=1

Bb,

where each Bb is a batch of multi-indices. For a given batch Bb we compute the partial loss

LBb
(u) =

1

2

∑
(i1,...,iν)∈Bb

(
fi1,...,iν − Fi1,...,iν

)2
, (214)

and accumulate its gradient contribution. Iterating over all batches and summing their contributions
yields exactly the full loss equation 2 and its gradient:

L(u) =

B∑
b=1

LBb
(u).

In this way the computation can be performed in a memory-efficient manner, since only one batch is
loaded and processed at a time. Importantly, unlike stochastic gradient descent, this batching proce-
dure does not approximate the loss but reproduces it exactly after all batches have been processed,
so the optimization dynamics still correspond to the full gradient descent with loss equation 2.

K.1 UNDERPARAMETRIZED FREE EVOLUTIONS

Asymmetric models. In asymmetric scenario we performed our experiments with ν = 3. For this
ν the requirement for underparametrized regime is H ≪ p2, so we scaled H ∼ p, and performed
three experiments with p = {32, 64, 128}. We also keep the parameter c = 4p2σ4

T = 0.2 (constant),
so that the loss behavior (after proper normalization) is independent of p,H, σ (see Eq. (17)).
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Figure 9: Experimental confirmation of our theory for underparametrized free evolution (Ap-
pendix G). Theoretical curves were plot based on Eq. (17). See Appendix K.1 for experimental
details.
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Figure 10: Experimental confirmation of our theory for asymmetric ν = 2 problems. The first
panel shows the underparameterized case (Appendix H), where theoretical lines represent Eqs. (20)
and (21). The second panel shows the overparameterized case (Appendix I) and theoretical lines
represent Eq. (22). See Appendix K.2 for experimental details.

Symmetric models. In symmetric case we worked with matrices (ν = 2). We experimented with
p = {64, 128, 256}, while scaling H ∼ p0.5, so that H ≪ p. We keep parameter c = 4pσ2

T = 0.1.

Results. The results suggest a well correspondence between theory (Eq. (17)) and experiment,
which becomes better with growing values of p and H . See Fig. 9.

K.2 ASYMMETRIC ν = 2 PROBLEM

Our theory for asymmetric ν = 2 case covers under- (H ≪ p) and overparameterized (H ≫ p)
limits, which are described by the segments E-A and C-D respectively on the pareto-front diagram
(see Fig. 2).
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Figure 11: Experimental verification of our theory for symmetric ν = 2 problem (Appendix J). Here
theoretical curves represent Eqs. (23) and (28). See Appendix K.3 for experimental details.

Segment E-A. Parameter pσ2 describes the exact location of a point at the segment E-A on the
diagram. In our experiments we covered all three limits of segment E-A:

1. General case with finite pσ2 = 1.

2. Point A limit, when pσ2 = p→ ∞ as p→ ∞.

3. Point E limit, when pσ2 = 1/p→ 0 as p→ ∞.

In all experiments we set time scale as T = pσ2, which is a natural scaling of parameter T in this
scenario.

Segment C-D. In this overparameterized scenario, parameter Hσ2 describes the point at the seg-
ment C-D. Similarly, we performed three sets of experiments, all with timescale T = Hσ2 except
for point D, where we set T = 1.

1. General case with finite Hσ2 = 1.

2. Point C limit, when Hσ2 = p0.5 → ∞ as p→ ∞.

3. Point D limit, when Hσ2 = 1/p→ 0 as p→ ∞.

Results. In certain cases it is possible to renormalize loss in a way that it exhibits a limiting shape
independent from p,H, σ. We tried to always perform such renormalization, when it is possible, in
order to see how experimental curves converge to theoretical predictions (Eqs. (20) to (22)) as we
grow p,H . In short, experiments confirmed our theory. See Fig. 10 for results and specific values
of parameters that we used in all experiments.
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K.3 SYMMETRIC ν = 2 PROBLEM

In this part we describe our experiments in case of symmetric model with ν = 2. For this problem
we derived the exact formula for the expected loss evolution (see Appendix J), and our goal is to
verify these theoretical predictions. The main result for expected loss evolution is valid for any
scenario, the only requirement is p,H → ∞, so we performed four different experiment sets under
different conditions for parameters scaling and all with timescale T = 1 in order to validate our
theory.

General case. In this scenario, we performed experiments with three different values of p =
{256, 512, 1024}. We set the width H = p and scale parameter variance so that pσ2 = 1.

Point A limit. This case is a limit of underparameterized free evolution, so we tried p =
{256, 512, 1024}, while we scaled the width H ∼ p1/2 and keep σ2 = 0.1, so that pσ2 = 0.1p →
∞, as p→ ∞.

Point B limit. Point B is an overparametrized free evolution. We expremented with p =
{32, 64, 128} and scaled H ∼ p3/2. Parameter variance was set to σ2 = 1, so pσ2 = p → ∞
as p→ ∞.

Point E limit. Point E is the case of underparametrized theory with the strongest interaction with
target. We cosidered p = {256, 512, 1024} and scaledH = p1/2.We also scaled parameter variance
so that pσ2 = 10/p→ 0 as p→ ∞.

Results. We see a great correspondence of experimental lines with theory (Eqs. (23) and (28)) in
all cases for all values of p,H that apparantly were chosen sufficiently large (see Fig. 11).

L LIMITATIONS

The identity target. In this paper, we have focused on the learning target having a particular form
of the identity tensor. There were three main reasons for that:

1. Even with this seemingly simple target, the explicit solutions we obtain for the loss dy-
namics E[L(t)] are fairly complicated. It seems natural to first study the more tractable
scenarios before passing to more complex ones.

2. The identity target is transformed in a natural way with growing p. General targets require
special (less transparent or justified) assumptions controlling their scaling with p.

3. As discusseed in Section B, the identity tensor target is effectively present in some standard
learning tasks such as modular addition.

The model. We have only considered one particular type of the model (CP-type tensor approxima-
tion). We expect that our approach can be extended to other models, such as deep linear networks.
Also, we expect it to be possible to extend our approach to neural networks with nonlinear activation
functions (say, polynomial).

Omission of the symmetric scenario with odd ν. The classification of our Theorem 1 does not
cover odd ν for the symmetric scenario. Our preliminary results suggest that this scenario is more
complex and requires some essential additional considerations not relevant for the covered scenarios
of asymmetric and symmetric even-ν models.
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