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ABSTRACT

Test-time compute has emerged as a promising strategy to enhance the reasoning
abilities of large language models (LLMs). However, this strategy has in turn
increased how much users pay cloud-based providers offering LLM-as-a-service,
since providers charge users for the amount of test-time compute they use to
generate an output. In our work, we show that the market of LLM-as-a-service is
socially inefficient—providers have a financial incentive to increase the amount
of test-time compute, even if this increase contributes little to the quality of the
outputs. To address this inefficiency, we introduce a reverse second-price auction
mechanism where providers bid their offered price and (expected) quality for
the opportunity to serve a user, and users pay proportionally to the marginal
value generated by the winning provider relative to the second-highest bidder. To
illustrate and complement our theoretical results, we conduct experiments with
multiple instruct models from the L1ama and Qwen families, as well as reasoning
models distilled from DeepSeek—-R1, on math and science benchmark datasets.

1 INTRODUCTION

The massive computational resources required to run large language models (LLMs) have led many
users to rely on a growing market of cloud-based service providers that offer LLM-as-a-service. A key
driver of this computational demand is the use of test-time compute (TTC)—additional computations
performed by an LLM at inference time to improve its performance using techniques such as chain-
of-thought (Wei et al., 2022), tree-of-thought (Yao et al. [2023b), and best-of-n sampling (Chow
et al.,[2025). Importantly, in the LLM-as-a-service market, the cost of these additional computations
ultimately falls on the users, who pay for all tokens generated by a model during inference, including
intermediate tokens that are not visible in the final outputs observed by the users.

In this context, providers have the flexibility to (dynamically) adjust the amount of test-time compute
an LLM uses to respond to a user’s query| | However, in a competitive market, this flexibility creates
a new strategic dimension beyond how providers price their services. In particular, providers can
strategically increase the amount of test-time compute allocated to a user’s query to maximize profit,
even if the additional test-time compute contributes little to the quality of the response. Consider
a simple illustrative example where, for a given set of queries with verifiable ground truth (e.g.,
diagnosing patients based on their medical records), two different providers can run their LLMs in
either a low-TTC mode (e.g., standard generation) or a high-TTC mode (e.g., chain-of-thought), with
average accuracies and generation costs for the providers given by:

Provider 1 Provider 2
Avg.acc. Avg. gen. cost Avg.acc. Avg. gen. cost
Low TTC 70% $0.25 Low TTC 50% $0.5
High TTC 90% $1 High TTC 95% $10

'For example, GPT-5 uses real-time routing to adjust reasoning depth, and thus test-time compute. See
https://openai.com/index/introducing—gpt-5/|


https://openai.com/index/introducing-gpt-5/
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If both providers price their models with a 25% profit margin over their generation costs, it is easy to
see that a user who values each percentage point of accuracy as $0.02 would always select the first
provider, who offers them higher value (i.e., $0.02 x accuracy — price) independently of the TTC
mode chosen by the second provider. However, to increase their profit, the first provider is financially
incentivized to choose the high-TTC mode, even though the low-TTC mode would maximize the
sum of the user value and provider profit, and would therefore be socially optimal. In our work,
we formally characterize the above gap and show that, when providers act to maximize profit in
a competitive market, they cannot, in general, be expected to use the socially optimal amount of
test-time compute.

Our contributions. We start by modeling the current LLM-as-a-service market as a normal-form
game (Nisan et al.,2007a) between /N providers who choose their test-time compute allocations to
maximize profit, and users pay according to the price per compute set by their selected provider.
Building on this characterization, we show that the LLM-as-a-service market admits a pure Nash
equilibrium and that, under natural assumptions, the market providers are guaranteed to reach this
equilibrium in finite time. Then, we characterize the test-time compute used by providers in an
LLM-as-a-service market at the Nash equilibrium and show that, in general, it is not socially optimal.
To address this, we conceptualize and analyze a forward-looking market based on a reverse second-
price auction mechanism where providers bid with their offered price and (expected) quality for the
opportunity to serve a user, and the user’s price is determined by the marginal value generated by
the winning provider relative to the second-highest bidder. We show that this auction mechanism is
socially optimal, and it guarantees that users always obtain at least their second-best achievable value
for the task and providers secure non-negative profits.

To complement our theoretical results, we conduct experiments with multiple instruct models from
the L1ama and Qwen families, as well as reasoning models distilled from DeepSeek—-R1, on math
and science benchmark datasets. Our results show that the existing pay-for-compute market is up to
19% (socially) inefficient, as measured by the Price of Anarchy

Further related work. Our work connects to the rapidly growing literature on the economic and
strategic aspects of machine learning systems (Kleinberg & Raghavan, [2021} |Tsirtsis et al., 2024
Einav & Rosenfeld, [2025; Saig & Rosenfeld, [2025; Rosenfeld & Xul, [2025), and more specifically,
LLMs-as-a-service (Duetting et al., [2024; [La Malfa et al., 2024; |Mahmood, 2024; Laufer et al.,|2024;
Saig et al., [2024; Bergemann et al.| |2025; |Velasco et al.| [2025; 2026} |Cao et al., [2025). Therein,
most closely related to ours is a strand of recent works that analyzes the incentives of providers of
LLM-as-a-service when they act strategically. Specifically,|Velasco et al.| (2025} 2026) study how
providers can overcharge users by misreporting the number of tokens used by the LLM to encode
a given text, and introduce an auditing method to detect such behavior. In a similar vein, Sun et al.
(2025)) and |Cao et al.|(2025) consider a setting where a provider injects additional reasoning tokens
to inflate the user’s payment, while|Saig et al.|(2024) and |Cai et al.|(2025) study a scenario in which
providers have a financial incentive to be unfaithful to users by deploying cheaper-to-run models to
maximize profit.

Further, our work relates to a line of work that analyzes the capabilities enabled by test-time
compute (Wen et al.,[2025; 'Wu et al., 2025; Bi et al.} [2025; [Liu et al., [2025; Snell et al., [2025). While
most of the literature has focused primarily on performance aspects, there is increasing interest in
analyzing the economic implications of test-time compute. In particular, recent works by Wang et al.
(2024), |Zellinger & Thomson| (2025) and [Erol et al.| (2025)) argue for incorporating the substantial
costs of test-time compute into LLM evaluation and ranking, while Wan et al.| (2025)), Komiyama
et al.| (2025) and Kalayci et al.| (2025) develop methods for selecting test-time compute resources
once performance gains become marginal under majority voting and best-of-n. However, our work
is the first to show that, in the LLM-as-a-service market, providers are incentivized to strategically
decide about the amount of test-time compute used by the LLMs they serve, and to examine the
resulting effects on the social welfare.

Finally, our work also draws on the classic literature in auctions and mechanism design (Krishna, [2009;
Chel 1993} Nisan et al.|[2007b)), which has studied optimal auction design (Kersten, 2014 Myerson)
1981; Bhawalkar & Roughgarden, 2011), mechanisms to incentivize truthful bidding (Ledyard,

>The code for our experiments is publicly available at |https://github.com/
Human-Centric-Machine-Learning/strategic-ttc.


https://github.com/Human-Centric-Machine-Learning/strategic-ttc
https://github.com/Human-Centric-Machine-Learning/strategic-ttc
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1987; [Vickrey, 1961} [Clarkel [1971}; |Groves, |1973)), and the (in)efficiency of various markets when
players act in their own interest (Koutsoupias & Papadimitriou, |1999; [Roughgarden & Tardos, [2002
Roughgardenl [2015). Within this literature, the mechanism we propose for test-time compute markets
is closely related to scoring auctions studied in the context of procurement contracts and supplier
selection (Chel |1993; [Roughgarden et al., 2017} |Cai & Liao, 2026)), where bidders submit offers
specifying not only a price but also additional attributes of their offer (e.g., quality), and the seller
uses a scoring rule to determine the winner. In many settings, such scoring auctions have been shown
to outperform first-price auctions, achieving higher efficiency (Asker & Cantillon, |2008; |Awaya
et al.l |2025); yet, to the best of our knowledge, they have not been considered in the context of
LLM-as-a-service.

2 A GAME-THEORETIC MODEL OF TEST-TIME COMPUTE

We model the LLM-as-a-service market as a normal-form (test-time compute) game G (Nisan et al.}
2007a) between IV providers who simultaneously deploy their own pre-trained model and compete
for user demand by strategically selecting the level of test-time compute they use. In practice, each
provider ¢ € [N] can select different levels of test-time compute for different types of tasks (e.g., low
for fact retrieval and high for mathematical reasoning or coding), and their choice of compute for one
task does not restrict their choices for other tasks. As a result, providers compete to serve each task
independently, and each task defines an independent game between providers.

More formally, given a task 7 characterized by a set of queries O, each provider can select a test-time
compute level § € © for the model they serve from a finite set © of test-time compute levelsﬂ For
instance, in test-time compute methods such as majority voting (Wang et al., 2023)) and best-of-n
sampling (Chow et al., 2025)), each level of test-time compute € naturally corresponds to the number
of generated samples and, in chain-of-thought (Wei et al, 2022), it may correspond to different
“reasoning effort” levels. Then, given a test-time compute level 6, the model served by provider ¢
produces an average output quality ¢;(0) € R for the task 7, which may scale differently across
providers, i.e., g; # g; for i # j. In practice, the average output quality ¢; may correspond to average
accuracy across queries if the task 7 has a verifiable ground truth, or to an average user satisfaction
score if the task 7 is open-ended. Moreover, there is extensive empirical evidence (Wen et al.,[2025}
Wu et all 2025} Bi et al., [2025) that the quality g; typically increases with the level of test-time
compute, i.e.,

a:(0) < q(0') for 0<¢, ()
where < denotes a total order in the space © describing whether 6 corresponds to a level of compute
that is on average higher than 6’ (e.g., as measured by the average number of tokens used by the
model per query).

Although provider ¢ can increase the average quality g;(6) they offer to users by selecting a higher level
of test-time compute 6, this comes at the expense of a higher (average) generation cost ¢;(#) € R,
for the provider. As a result, to compensate for higher generation costs, the price p;(6) charged by
each provider 7 increases with the level of test-time compute 6, i.e., p;(6) < p;(8’) for 6 < 0'. Here,
since each provider ¢ is unlikely to set a price per unit of test-time compute lower than the costﬂ we
assume any increase in test-time compute leads to a positive marginal profit for the provider, i.e., for
0 < 0', it holds that pi(e) — Cl<9) < pi(Q’) — CZ'(QI).

Further, given a test-time compute level 6, each provider i offers a certain average value V;(6) to users
for the task 7, which is given by the difference between the average output quality ¢;(6) produced by
their model and the average price p;(6) charged by the provider for task 7. That is,

Vi(0) = ¢;(0) — pi(0), @)
where, for ease of exposition, we assume no ties in the values offered by different providers, i.e.,

Vi(0) # V;(0') for all i # j and all 6,0" € ©, since in practice both ¢; and p; refer to average
quantities and thus take real values.

Given the test-time compute levels selected by all providers, @ = (6,...,0x) € OV, users allocate
their demand across providers based on the value V;(6;) offered by each provider, but they also

3For ease of exposition, we consider that all providers share the same action space ©.
“In practice, a provider’s generation cost and price for a model’s output is proportional to the number of
tokens it used to generate the output.
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Table 1: Market share function, s;(V;(0;); V_;(0_;))

Perfect rationality Bounded rationality
BVi(6:)

eBVo 4+ Zj‘vzl eBVi(0;)

1{Vi(6;) > max {V_;(6_,)}}

have the option to abstain from using any provider if none of them offers a value higher than an
abstention threshold value V) € R. More formally, we characterize the allocation of user demand
across providers through a market share function s : RV — [0, 1]V that maps the values offered
by all providers and the abstention value to the fraction of queries served by each provider and the
fraction of queries where users abstain. Moreover, as is typical in game theory, we use the notation
$:(V;3(0;); V_;(0—;)) to denote the market share of provider ¢ as a function of their offered value
V;(6;) while keeping fixed all other values V_;(0_;).

In the remainder of the paper, we will focus on the two canonical market share functions shown
in Table E} The first function corresponds to a Bertrand market (Tirolel [1988) where users are
perfectly rational and always select the provider offering them the highest value. The second function
corresponds to a market where users are boundedly rational (McKelvey & Palfrey}, [1995) and select
providers probabilistically based on their offered ValuesE] Here, the parameter 8 > 0 controls the
degree of rationality; as [ increases, users become more rational and, in the limit 3 — oo, users
become perfectly rational.

Given the choices of test-time compute levels made by all providers and the resulting market share
they attain, each provider 7 obtains a utility U;(6;; 0_;) given by

Ui(0i;0-i) = 5i(Vi(0:); V_i(0-:)) - (pi(0:) — ci(6;)) - 3)

Provider’s market share Provider’s profit

In the next section, we will analyze the (social) welfare W(0) generated by an LLM-as-a-service
market, which naturally corresponds to the sum of the total value obtained by users and the total

utility obtained by all providers. More formally:
N N

W(B) == Ui(0:;0_:) + > V() - si(Vi(6:); V_i(6-.)) + Vo - 5:(Vo; V(8))
i=1 i=1

©
Il

N “
=D si(Vil0:); Voi(0-0) - (4:(6:) — ci(6:) +V0 - si(Vo; V(0))
i=1 T e

where prices p;(6) cancel out, and W;(6;) denotes each provider’s contribution to social welfare,
reflecting the quality they offer relative to the generation cost incurred by their chosen level of
test-time compute.

3 SOCIAL WELFARE OF TEST-TIME COMPUTE GAMES

In this section, we will show that, in the LLM-as-a-service market, we can expect the test-time
compute levels selected by the market providers to be suboptimal in terms of social welfare. To this
end, as is typical in game theory, we will analyze the (pure) Nash equilibria of the test-time compute
game G introduced in Section E}

A choice of test-time compute levels 87 € ©Y is a pure Nash equilibrium of G if no provider can
improve their utility through a unilateral change in test-time compute, i.e.,

U; (07,61 ,) > U;(0;61,) forall i e [N],0, €®. (5)

To determine the existence of pure Nash equilibria, we resort to the theory of potential games (Mon-
derer & Shapley, |1996)). Specifically, we start by showing that every test-time compute game is a

3In the context of random utility models (RUMs), boundedly rational users are those who only have access to
noisy estimations of the value offered by each provider (Yao et al.| 2023a).
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generalized ordinal potential game, that is, there exists a function @ : 0N 5 R, called a potential,
such that any unilateral deviation of some provider ¢ that strictly increases their utility also strictly
increases the potential. More specifically, let

108 (Pr(1)(Or(1)) = Cx(1)(Or(1))) + C - Va2)(0r(2)) (perf. rat.)
(I)(B) _ N N N
Z log (pi(0:) — ci(6:)) + B Z Vi(6;) —log | e”¥° + Z ePVil%) ) (bound. rat.)
=1 i=1 i=1
(6)

where C' > 0 is a constant whose value is explicitly given in Appendix [C.I]and 7 is the ordering of
providers in decreasing order of the value they offer under 8. Then, we have the following theorem:

Theorem 1. The function ® defined in Eq.[6)is a potential for the test-time compute game G, i.e., for all
0 € OV, i € [N], and 0 € ©, it holds that U; (0};0_;) > U; (0;;0_;) = ® (01;0_;) > ® (0;;0_;).

Intuitively, Theorem I|reveals that, although each provider acts selfishly to increase their own utility,
the structure of the market is such that their actions jointly optimize the potential ®(8), which
captures the overall state of the market. In this context, it is worth noting that competition between
providers drives up both the value offered to the users and (some of) the providers’ profits.

Following well-known results in game theory |Nisan et al.|(2007a), the characterization of the test-time
compute game G as an ordinal potential game readily implies that the game admits a (not necessarily
unique) pure Nash equilibrium (Monderer & Shapleyl, [1996).To understand why this holds, consider
that the levels of test-time compute selected by the providers start at some arbitrary point 8* €
and follow better-response dynamics over time. Formally, this means that, at each time step ¢, the
levels of test-time compute 6* are such that either (i) there exists a single provider i € [N] who
changes their level of test-time compute to 61! = 6% with U;(0:71;0% ;) > U;(6%;6%,) or (ii)
0!+ = 0" if no such change is possible by any provider. Then, since the domain ©% is finite, it
is guaranteed that the sequence 8% eventually becomes constant—otherwise, the better-response
dynamics would keep increasing the potential function ¢ indefinitely—at which point no provider
can further increase their utility and the market reaches a pure Nash equilibrium. In this context, note
that better-response dynamics are particularly natural in practice. One can think of the better-response
of a provider as the (minor) release of a model that has not undergone additional pre-training or
post-training, but whose performance has changed due to optimizations in test-time compute methods.

Further, we identify properties that hold in the equilibrium of a test-time compute game G, starting
from an explicit characterization of the levels of test-time compute selected by providers under perfect
rationality. When users are perfectly rational, they always opt for the provider that offers them the
highest value (see Table[I). Thus, each provider’s incentive is to select a level of test-time compute that
offers higher value than what their competitors are offering. This observation allows us to determine
the equilibrium reached by the providers using the maximum value V;* := maxgco {¢:(0) — p:(0)}
that each provider can offer, where, without loss of generality, we assume that providers are indexed
such that V;* > V¥ > ... > V7 and we will refer to the provider who can offer the highest value V}*
as the dominant provider. In particular, we have the following theorem:

Theorem 2. In any pure Nash equilibrium 0 of a test-time compute game G with perfectly rational
users, (i) the dominant provider serves all queries with 91[ = maxg,co {01 | Vi(61) > V5'}, and (ii)
there exists at least one provider i # 1 such that

vi(6)) > max {‘/1(91) ’ Vi(01) < V5 and pi(6h) — ci(61) > pr(6]) — 01(91)}7
where the right-hand side of the inequality is —o< if the set is empty.

The above result states that, in equilibrium, the dominant provider captures the market by selecting
a level of test-time compute that offers higher value to the users than what their competitors can
possibly offer and, once they achieve that, they increase their test-time compute as much as possible
to maximize their utility. At the same time, at least one competitor offers a sufficiently high-value
alternative while gaining zero utility—otherwise, the dominant provider could also lower the value
they offer, and the situation would not be an equilibrium.

For games G with boundedly rational users (5 < c0), the levels of test-time compute in equilibrium
cannot be characterized explicitly, since all providers serve a positive fraction of user queries and
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their chosen levels of test-time compute depend on the costs, prices, and qualities {c;, p;, ¢} Y., of
all providers. Nonetheless, we next show that, as long as users are sufficiently rational, any Nash
equilibrium of the game G with 8 < oo is also an equilibrium of the game G with perfectly rational
users and, hence, also satisfies the properties of Theorem[2] Formally, we have the following theorem:

Theorem 3. Consider a set of providers specified by {c;, pi, q; }X_,. Then, there exists a (finite) level

of user rationality By > 0 such that, for any B > [y, any pure Nash equilibrium 8" of the game G
with boundedly rational users is also a Nash equilibrium of the game G with perfectly rational users.

Taken together, the above results provide some intuition regarding the provider utilities and user value
in equilibrium. However, they do not elucidate to what extent we can expect the actions of providers
in equilibrium to be optimal in terms of social welfare. To shed light on this question, in what follows,
we will analyze the price of anarchy (PoA), a standard game-theoretic measure (Koutsoupias &
Papadimitrioul |1999; Nisan et al.,2007b) that compares the social welfare achieved by the test-time
compute levels 87 selected by the providers in equilibrium against the test-time compute levels that
maximize the social welfare of the market. More formally, the price of anarchy of a test-time compute
game G is given by

maXgconN W(O)

PoA (G) = W@

(N
By definition, the price of anarchy is always at least 1, and it equals 1 only when the compute levels
0" selected by providers at equilibrium also optimize the social welfare. However, this is unlikely to
happen, because rational providers act to maximize their individual utilities rather than coordinating
to maximize the social welfare of the market. To better understand what conditions can lead to
PoA(G) > 1, and since explicitly characterizing the test-time compute level arg maxgecgn W(0) in
an arbitrary game G is generally intractable, we compare the test-time compute 87 selected by the
providers at equilibrium against the test-time compute 6* selected by the providers in an idealized
situation in which they maximize their individual contribution W, (6} ) to the welfare. By doing so,
we obtain the following lower-bound on the price of anarchy:

Theorem 4. The price of anarchy of the test-time compute game G is lower-bounded, up to higher
order terms, as

Ww*(l)w;*u)) - Ww(l)(ejru))
W) (9;*(1))

PoA (G) > 1+ + f(8),

where f(8) = O (efﬁAV), AV > 0 is a constant depending on the game instance, and 7, T are

permutations of providers in decreasing order of the value they offer at 01 and 6*, respectively. Refer
to the proof in Appendix|C.4|for the exact expression of f, AV, and the higher order corrections to
the above lower bound.

The first term in the lower-bound of the price of anarchy given by Theorem ] quantifies the difference
between the contributions to the social welfare by the providers who offer the highest value in an
idealized situation in which they select a test-time compute level that maximizes their individual
contributions to social welfare (i.e., 8*) and in equilibrium (i.e., @), while the term f (8) quantifies
the effect of users’ bounded rationality, which vanishes exponentially fast as users become fully
rational (8 — o0).

Although Theorem [] illustrates the fact that competition between providers can lead to levels of
test-time compute that are inefficient in terms of social welfare, it is worth highlighting that, even
in the absence of such inefficiencies, there is still room for the social welfare to improve further.
Specifically, as can be seen in Eq. [] the social welfare depends not only on the provider’s test-
time compute choices, but also on the way market shares are allocated across providers, which is
determined by the providers’ prices and the way users select which provider serves their queries
(see Table[T). In an ideal scenario, each provider would select the level of test-time compute 6; that
maximizes their individual contribution W;(6}) to social welfare, and users would select the provider
delivering the highest such contribution. However, even under perfect rationality, this ideal scenario
may not be achievable because the provider delivering the highest contribution W;(6;) may not be
the one delivering the highest value to the users. In the next section, we conceptualize and analyze an
alternative forward-looking market that realizes such an ideal scenario.
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4 AN AUCTION MECHANISM FOR TEST-TIME COMPUTE

To design a market in which social welfare is maximized, we draw inspiration from mechanism
design (Nisan & Ronen, [2001} Krishna, |2009) and propose a reverse second-price auction that, by
design, incentivizes each provider to choose the level of test-time compute 8 that maximizes their
individual contribution W;(67) to social welfare. Within this auction, a user takes the role of a seller
who provides queries representative of a task they would like to be served and providers take the
role of bidders who declare a quality and price they can offer for serving the user’s task based on the
representative queries. Moreover, the auction is conducted by a third-party platform that allocates
the user’s task to the provider who offers the best quality versus price trade-off and determines the
payment of the provider based on the stated qualities and prices of all providers.

Formally, we denote the game induced by the aforementioned auction as G and, for simplicity
of notation, we overload the notation used in Sections 2] and [3] with the understanding that the
corresponding definitions may actually differ. The process starts with a user submitting a set of
queries Q representative of a task 7 they wish to solve to the third-party platform conducting
the auction. Then, all NV providers bid simultaneously for the opportunity to serve the task 7.
Specifically, each provider i selects a level of test-time compute 6;, and submits a bid (g;(6;), p;),
where ¢;(6;) € R is the average output quality achieved by the model they serve with the test-
time compute level 6; and p; € R is the price, as is common in scoring auctions (Chel 1993
Asker & Cantillon, [2008)). Here, since the average quality of the responses generated by a provider
can be verified, we assume that providers are truthful regarding the quality achieved by the model
they serve. Finally, the platform assigns the task 7 to the provider who offers the highest value
Vi(0;,pi) = qi(6;) — p; where, similarly to Section we assume there are no ties between providers.

To align the incentives of the providers with social welfare, the third-party platform sets the payment
made by the user to the winning provider using a second-price payment rule—the user pays an
amount that does not depend on the price p (1) bid by the winning provider, but instead equals
the difference between the quality delivered by the winning provider and the value offered by the
second-best provider. Formally, the payment is given by

P(0,P) = 1) (0r1)) — Vr2)(Or(2), Pr(2)) ®)

where 7 is the ordering of providers in decreasing order of the value they offer, and € and p denote
the vectors of test-time compute levels and prices selected by all providers, respectively. Based on
the payment in Eq. |8} the utility obtained by each provider is then given by

U 01.95:0-1.0-2) = (P(0.9) = (00) - 1 {Vihp) > maxViOpm) | ©)

where ¢;(0) € R, is the generation cost, and the utility of all providers except for the winning one
equals zero. Similar to the competitive market setting in Section 2] we define social welfare as the
sum of the total utility obtained by all providers and the net value obtained by the user, which is the
difference between the quality offered by the winning provider and the payment set by the third-party
platform. More concretely, since the only provider with non-zero utility is the winning one, social
welfare is given by

W(0,p) = Ur1)(0r(1): Pr(1); O—x(1), Por(1)) + @ (1) (Ox1)) — P(O,P) = W1y (Or(1)) »

Winning provider’s utility Net user value

where the second equality follows from Eqs. [§]and [9)and highlights that, due to the structure of
the payment rule, the social welfare depends entirely on the quality, generation cost, and level of
test-time compute of the winning provider 7 (1).

Next, we proceed to analyze the equilibrium properties of the game G induced by the auction. Our
starting point is the observation that, under the payment rule given by Eq.[§] each provider i has a
dominant strategy, that is, a combination of test-time compute 93 and price p;-r that maximizes their
utility regardless of how the other providers act. Formally, a dominant strategy for provider ¢ satisfies
for all (9“ 0_1) € OV and (p,-, p_i) S R_i]\_fi

U (6], p!50_i,p_i) > Us(0:,p;0_i,p—4), (10
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Figure 1: Outcome of a test-time compute game. The figure shows the outcome of a test-time
compute game with N = 9 providers using best-of-n to serve queries from the GSM8K dataset. The
left panel shows the value V;(6) that each provider offers to users as a function of their test-time
compute. The right panels represent the better-response dynamics of the game and show the test-time
compute 8% of each provider (with a small vertical jitter for visibility), together with the inefficiency
of the game maxg W(0)/W(6') — 1 (dashed black curve), and to the market share of each provider.

and, consequently, the choice of test-time compute levels @' and prices p' is a pure Nash equilibrium

of G. The following theorem shows that such strategies (and hence, equilibria) always exist and
characterizes their associated level of test-time compute and price:

Theorem 5. In the game G, the choice of test-time compute level 92 = 07 = argmaxgco W;(0) and
price pl—L = ¢; (0}) is a dominant strategy for provider i.

The above holds because, conditioned on winning the auction, the payment defined in Eq. [§]does not
depend on the price pr(1). Thus, a provider can simultaneously increase their utility and the value
they offer to the user by selecting the compute level 87 to maximize V;(;, ¢;(6;)) = W;(0;), and
bidding the corresponding quality ¢;(0) and the lowest possible price—their generation cost ¢;.

As an immediate consequence, in the Nash equilibrium (87, p') of the game G, the value V;(6;, p;)
offered by each provider 7 is equal to the maximum individual contribution to social welfare W,;(6})
they can make. Since the platform selects the provider who offers the highest value to serve the task
T, in equilibrium, the winning provider is the one who can make the highest individual contribution to

social welfare, i.e., m(1) = arg max;e[n] W;i(0;). Then, the price of anarchy of the game G satisfies

= = =1,
W(61,p) Wo) (05 4)

~) maxe p W(O, p) (%) max; g, Wl(ﬁz)

PoA (g (11)

where (*) holds because it is possible to set the prices p such that any provider wins the auction.

Together, the above results show that, at equilibrium, the game G achieves the maximum possible
value of social welfare.

In this context, it is worth noting that, due to the choice of payment rule in Eq. 8} the game G enjoys
several additional desirable properties. First, one can easily verify that the winning provider receives
a payment strictly higher than the price they bid (i.e., P(6,p) > px(1)), and therefore always obtains
positive utility. Second, the value received by the user matches the value offered by the second-best
provider, i.e., ¢z (1)(0r(1)) — P(0,P) = Vr2)(0x(2), Pr(2)). We further explore these properties, as
well as their implications for users and providers, in our experiments in Section [3]

5 EXPERIMENTS

In this section, we conduct experiments to analyze the outcome of test-time compute games. We
begin by briefly describing our experimental setup and refer the reader to Appendix [D]for additional
details.
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Experimental setup. For concreteness, here we focus on a particular game instance. Refer to
Appendix [E.2] for similar results for games with different levels of user rationality, and across other
test-time compute methods (majority voting and chain-of-thought) and tasks.

We consider a test-time compute game, as defined in Section [2] in which each provider serves a
different LLM, which we use to identify providers. More concretely, we study a game G with NV =9
providers, each serving a non-reasoning model selected from one of two families: (i) four models
from the L1ama family, L1ama—{3-8B,3.1-8B, 3.2-1B, 3.2-3B}-Instruct, and (i) five
models from the Qwen family, Qwen-{2-0.58,2-1.58,2-7B,2.5-3B,2.5-7B}-Instr
uct. In the game G, the task T that providers compete to serve consists of queries drawn from
GSM8K (Cobbe et al.|2021), which contains mathematical questions with verifiable ground-truth
answers. To serve this task, all providers use the same test-time compute method, namely best-of-
n (Chow et al.;[2025), in which providers can generate 6 independent model outputs for a given query,
and as the final response, they select the highest-scored one according to a reward model.

Lastly, we need to specify how the providers’ compute choices determine both the value V;(6) they
offer to users, and their own utilities U;(8). To this end, as we report in Appendix we first
measure the average accuracy and the average number of generated tokens of all models for all
test-time compute levels. Based on these measurements, we compute, for each provider and compute
level 0, the prices p;(#) by multiplying the average number of generated tokens per query by the
average per-token price. These token prices are obtained from the Hugging Face list of providers (see
Appendix @]) Then, we infer the provider costs ¢;(#) by assuming a fixed profit margin per token of
25% for all providers. Finally, we linearly map model accuracies into user values by considering that
each (average) percentage point of accuracy is worth $0.008 and set 5 = 1000.

Results. Figure [T| shows the outcome of the game G described above. In the upper panel, we
show that the values V;(0) offered by providers are approximately concave with respect to their
compute: users initially benefit from a slight increase in compute; however, as shown in Figure [3|in
Appendix the number of tokens—and thus the price paid by the user—increases rapidly with
compute, eventually diminishing their value.

To visualize how these differences in offered value translate into specific market outcomes, we show
in the middle and lower panels of Figure|[I|the dynamics of a test-time compute game where providers
sequentially adjust their compute levels to increase their utility. In accordance with Theorem I} since
G is a potential game, the better-response dynamics converge to a pure Nash equilibrium. Importantly,
we find that, once providers have reached an equilibrium, the market is socially inefficient: the
price of anarchy is 1.19, representing a 16% loss in social welfare. Altogether, the above results
suggest that competition in test-time compute markets does not naturally lead to the socially optimum
outcome.

Lastly, in Table 3] (Appendix [E.3), we show that compared to the test-time compute game G, the
auction mechanism G increases social welfare by 25% and user value by 30%, while reducing the
provider’s utility by 25%. For other game instances, however, both users and providers can benefit

simultaneously from the auction mechanism (see Tabled), while still guaranteeing that the mechanism
is socially efficient (Eq. [TT).

6 CONCLUSIONS

In this work, we introduced test-time compute games, a game-theoretic model in which LLM
providers in a market of LLMs-as-a-service strategically select the level of test-time compute used
by their model to compete for user queries and maximize their profit. Based on this model, we have
demonstrated, first theoretically and then empirically, that current pricing approaches in markets
of LLMs-as-a-service incentivize providers to set their level of test-time compute in a way that is
not aligned with social welfare, as it does not optimally balance the tradeoff between generation
cost and output quality. To address this, we proposed a forward-looking market based on a reverse
second-price auction that provably aligns provider incentives with social welfare. We hope that our
work inspires users, LLM providers, and online platforms to explore alternative market structures for
generative Al that place social welfare at the center of their design choices.
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A DISCUSSION AND LIMITATIONS

In this section, we highlight several limitations of our work and discuss avenues for future research.

Model. Our definition of test-time compute games considers only factors related to the quality of
LLM outputs and financial aspects, such as the pricing of LLMs by providers and their generation
costs. In practice, however, other factors may influence users’ choices among providers, leading to
more complex behavior than described by the canonical market share functions in Table[I} These
could include, for example, a provider’s popularity or the support and reliability of their API service.
Consequently, it would be interesting to extend our definition of test-time compute games to account
for these additional factors and develop auction mechanisms for such (complex) games. Moreover, in
our work, we assume that all users derive the same (average) value from a given LLM and test-time
compute level; however, in practice, different users may value output quality differently, even for the
same query and output. Extending test-time compute games to heterogeneous users is an interesting
direction for future work.

Evaluation. We have studied the equilibria of test-time compute games on simulated markets using
several state-of-the-art LL.Ms, including both reasoning and non-reasoning models, and test-time
compute methods. In each of these games, a set of simulated providers compete to serve queries
drawn from a benchmarking dataset with verifiable ground truth. However, it would be interesting to
study the equilibria of test-time compute games where providers compete to serve open-ended queries
without a verifiable ground truth that do not fall squarely into a single benchmarking dataset. Further,
it would be important to analyze the dynamics of the LLM-as-a-service market using real-world data
and deploy and evaluate our proposed auction mechanism in a real-world deployment.

Practical considerations. We have assumed that, in the auction mechanism described in Section 4]
providers report truthfully the quality achieved by the models they serve. This is a reasonable
assumption, since if a (dishonest) provider were selected to serve the task, the third-party platform
could, in principle, detect discrepancies between the reported and realized quality. In practice,
however, implementing such a mechanism would require the provider, the user, and the platform to
agree ex ante on a contract specifying how quality is defined and measured. For tasks with verifiable
ground truth, quality metrics are often well-defined. Examples include accuracy for fact retrieval or
medical diagnosis, and pass@k for coding tasks. In contrast, open-ended tasks without verifiable
ground truth are substantially more challenging to evaluate. In these settings, output quality is
inherently subjective and may vary significantly across users depending on their preferences and
intended use. In such cases, as recently argued by |Saig et al.| (2024)), a practical approach is to
automate quality evaluation using an agreed-upon evaluator, such as a designated LLM. Moreover,
our second-price auction requires that providers accurately estimate the (average) quality that the
model they serve can deliver for a given task. This requirement may be realistic in domains with
established benchmarking datasets (e.g., coding); however, it may be questionable in novel domains
in which LLMs have not been extensively tested. Lastly, we note that, while second-price auctions
possess many desirable properties, they also make a provider’s payment dependent on the bids of other
providers, leaving the mechanism potentially vulnerable to manipulation or collusion (Hendricks &
Porter}, |1989; Mailath & Zemsky} [1991} |Che et al., 2018)).
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B ADDITIONAL DETAILS FOR THE INTRODUCTORY EXAMPLE

Here, we provide additional details regarding the introductory example in Section|l} Therein, two
LLM providers compete to serve a user on a fixed task and may each choose between a low- and a
high-TTC mode for their respective models. The resulting average output accuracy and generation
cost associated with each mode are given by:

Provider 1 Provider 2
Avg. accuracy  Avg. gen. cost Avg. accuracy  Avg. gen. cost
Low TTC 70% $0.25 Low TTC 50% $0.5
High TTC 90% $1 High TTC 95% $10

Suppose that providers have fixed their prices to obtain a margin of 25% over their generation costs
for both low and high TTC modes, and that the user values each percentage of accuracy as $0.02.
Then, using the notation in Section for each compute mode 6 € {Low, High} used by each provider
1 =1, 2, the value they offer to the user is

Vi(6) = $0.02 x a;(6) — 1.25 x ¢;(6), (12)

q:(0) pi(0)

where a;(60) € [0,100] are the average accuracy when selecting compute 6, and ¢; are the generation
costs. Using the specific values in the above table, we obtain:

V1(Low) = $1.0875 Va(Low) = $0.375 (13)
n
V1 (High) = $0.55 V2 (High) = —$10.6.

Consequently, a perfectly rational user would select the first provider to serve the queries, no matter
which compute level they use, and the market (for this particular task) is monopolistically dominated
by the first provider. The total user value and provider utility of this market (i.e., the social welfare W

in Section[3)) is, depending on the compute level selected by the first provider:
{W(91 = Low, 62) = V1 (Low) + p1(Low) — ¢1(Low) = $1.15

14
W(6, = High, 6,) = Vi (High) + p1 (High) — c; (High) = $0.8, 19

irrespectively of the compute level 65 of the second provider. That is, the low compute mode is
socially optimal. However, the utility obtained by the first provider is
{Ul (Low; 6) = 0.25 x $0.25 = $0.0625

1
Uy (High; 65) = 0.25 x $1 = $0.25, (15)

which strictly incentivizes the provider to select the high-TTC mode despite its lower social welfare.
In this stylized example, the price of anarchy is:

$1.15
PoA = —— = 1.4375. 1
0 303 375 (16)
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C PROOFS

C.1 PROOF OF THEOREM/[I]

We prove Theorem [1| for the case of perfectly rational (5 = oco) and boundedly rational (8 < co)
separately.

C.1.1 POTENTIAL GAME (PERFECT RATIONALITY)

We will show that, in the case where users are perfectly rational, the game G is a generalized ordinal
potential game, i.e., there exists a function ® : ©V — R such that for any provider i:

Ui (05;0_5) —U; (0;;0_;) >0=®(0,;0_;) — ®(0;;0_;) >0 forall 8 c OV ¢, c O.

Given the test-time compute levels of all providers 0, let 7 be the permutation ordering providers by
the value they offer to users, i.e.,

V) (Or1)) > Va@) (Ox(2)) > - > Vo (O v))-
and denote, for conciseness, V(1) = Vr(1)(0r(1)) and Vi (2) = Vi(2)(0r(2)). We define the potential
function as a weighted sum of the second largest value and the utility gained by the provider 7 (1),
Le.,

@(9) =C- Vﬂ-(g) + log Uﬂ(l)(eﬂ.(l); 0_.,..(1)) a7
=C- V7r(2) + log (p‘n'(l) (971'(1)) - cﬂ'(l)(eﬂ'(l))) )
where C' > 0 is a constant whose value we will specify later on.

To prove that the function given by Eq.[I7]is a generalized ordinal potential function for the game
g, we distinguish two cases, depending on whether the provider ¢ who unilaterally changes their
test-time compute level to increase their utility (i) is the winning provider under 0, that is, ¢ = 7(1),
or (ii) is not the winning provider under 6.

In the first case, based on Eq. [3|and the fact that the provider ¢ strictly increased their utility, it has
to hold that s;(V;(6;); V_;(0_;)) = s;(Vi(0.); V_;(0—;)) = 1 and 6; < @}. This implies that the
ordering of providers in terms of the value they offer to the users remains the same before and after
the change of test-time compute level by provider z, and the second highest value under 8 and 6’

coincide. Thus,
P (0;;0-;) — P (05;0-;) = log Ur (1) (07 (1); 0—=(1)) — 108 Ur(1) (O (1); 0—r(1))
=logU;(0.;0_;) —logU;(6;;0_;) > 0.

In the second case, it holds that s;(V;(6;); V_;(6_;)) = 0, therefore, the only way for provider i
to strictly increase their utility is by offering a higher value to the users than the previous winning
provider and becoming the winning provider themselves. Therefore, under 6’, the winning provider
is 7 and the provider who offers the second highest value to the users is the previous winning provider,
which implies that V, @2 = Vi (1), where ' orders providers according to the values they offer under

0’. As a result, the difference in the function @ is
D (0;;0_i) — @ (05;0_;) = C- (Vr) — Vaqz)) +10g Us(0;50 ;) —log Ur(1) (O (1); O—=(1)), (18)

where V(1) — Vz(2) > 0 because we have assumed no ties in the values providers can offer to the
users. Moreover, since the action space O is finite, there has to exist a value U4, > 0 such that, for
all j and 6, it holds that U;(0;; ;) < U,,4,. Combining this with the fact that provider utilities are
non-negative, Eq. [T8|implies that

D (0;;0_;) — D (0::0_;) > C- (V1) — Va2)) — 108 Upnaa,

and it suffices to find a value for the constant C' such that C' > % Since we have
assumed no ties in the values that providers can offer to the users, there has to exist a §,,;, such
that V;(0;) — V;(6;) > dmin, uniformly across providers i, j and compute levels 6;,6;. Setting

C= 1(’%[]7‘“ concludes the proof.

min
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C.1.2 POTENTIAL GAME (BOUNDED RATIONALITY)

We will show that, in the case of boundedly rational users, the game G with § < oo is also a
generalized ordinal potential game. To this end, we extend the potential in Eq. [T7] under perfect
rationality to a potential ® under bounded rationality by observing that: (i) for 8 < oo, all providers
can have a non-zero market share (and hence non-zero utilities), (ii) each provider partially aims
to improve their profit p;(0;) — ¢;(0;) while still offering a sufficiently high value V;(6;) relative to
others, and (iii) in the log domain, utilities decompose as:

log Ui (03;0—;) = log (si(Vi(0:); V-i(0-:)) - (pi(0:) — ci(6:))) (19)
N

= log (pi(0;) — ci(6;)) + BVi(0;) — log Zexp(ﬂ -Vi(0;)) | (20
=0

for @ € ©V and any provider i, and we denote V;(6y) := Vp for simplicity. Based on the three
observations above, let us define:

N N N
O(0) = log(p;(0;)—c;(0;))+B8->_V;(0;)~log [ > exp(B-V;(6;)) |, V6 €O, (21)
Jj=1 j=1 j=0

where note that the last term is not summed over all providers, since it is a shared normalization
constant related to the softmax allocation s under bounded rationality. To verify that ® is indeed an
ordinal potential function, consider a deviation 6, for provider . Then:

Ui(0;;0-) > Ui(0:;0-;) (22)
< logU;(0};0_;) > log U;(6;;0_;) (23)
< log(pi(0;) — ci(0;)) + BVi(0;) — log Z ePVi0i) 4 PVi07)

Jj#i

N
> log(pi(6:) — ci(6:)) + BVi(6;) —log [ > ePV3(%) (24)
j=0

= Y [log(p;(0;) — c;(0;)) + BV;(0;)] + log(pi(6;) — ci(6})) + BVi(0}) —log | Y e¥5l0) 4 £AVi(0)
i#i.0 i

N
> > [log(p;(6;) — ¢;(6)) + BV;(8;)] +log(pi(8:) — ci(65)) + BVi(8;) —log | Y e¥a%)
4,0 =0

(25)

(26)
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and we can conclude that:

Ui(0;;0-:) > Ui(0:;0—;) @7

= Y [log(p;(0;) — ¢;(6;)) + BV;(0;)] + log(pi(0]) — ci(6))) + BVi(0;) —log | D V30 4 V(0D

i#i.0 i
(07:6-4)
N N N
> Y log(p;(6;) — ¢;(6;) + > BV;(0;) —log | > e?¥9t%) (28)
j=1 j=1 =0
®(0)
< D(0,;0_;) > D(0). (29)
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C.2 PROOF OF THEOREM[Z]

We fix a test-time compute game G under perfect rationality and any pure Nash equilibrium 8 € ©%.
Firstly, observe that it must be

51 (Vl(aj);v,l(ail)) =1 (30)

Indeed, if the above were false, by definition of s under perfect rationality, there would exist a provider
i # 1 such that Vi(ﬂiT ) > Vl(QI). Then, given that providers are indexed in decreasing order of their
maximum possible offered values, we have that V;* > V.* and hence provider 1 could best respond
and strictly increase their utility, meaning that 87 would not be a Nash equilibrium. Hence, in 87,

provider 1 offers a strictly higher value than any other provider. Furthermore, if V; (0{) < V', then,
at least provider 2 could best respond by increasing the value they offer to V5, serving all queries
and obtaining strictly positive utility. Thus, in 81 it holds that V3 (6;) > V", and since provider 1 is
playing a best response conditional on serving all queries, it must be that:

0 = argmax {p1 (61) — e (61) | Vi(61) > V5'} = max{i|Va(6) > V5'), 31)
1€06

where the second equality holds because providers have profits that are increasing with the compute
level. Next, we derive conditions on the compute of providers i # 1 such that 87 is a Nash equilibrium.

To this end, observe that since V (91) > V5, any provider ¢ # 1 is unable to serve any queries, and
hence has utility 0 independently of their deviations in @T. We then distinguish two cases:

o If for any 0, € © we have that V1 (6;) > V5, then any provider ¢ # 1 cannot increase their
utilities, and provider 1 selecting their compute as in Eq. [31]is not able to improve their
utility. We conclude that in this case, providers ¢ # 1 selecting their compute arbitrarily
leads to a pure Nash equilibrium (although the equilibrium is not strict).

* Suppose there exists §; € O such that that V1(0;) < V5 and that p(61) — c1(61) >
D1 (91) -1 (01) (note that we recover the previous case if p; (01) —c1(01) < p1 (01) —c1 (01)),
with 91 as in Eq. Then, provider 1 can strictly increase their utility by choosing #; unless
there exists another provider i with compute 6] such that V;(6]) > Vi (6y).

We can summarize the above two cases by stating that at least one provider must offer a value higher
than:

max {Vi(60)|Vi(02) < V5 and pi(62) = c1(61) > pa(6]) — 2 (6]) | (32)

with the constraint being lifted if the above set is empty. This concludes the proof.
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C.3 PROOF OF THEOREM[3]

The intuition for the proof is that the softmax converges to an indicator function for the maximum
offered value as § — oo, and hence, the equilibrium computes should also converge. We now
make this intuition precise, and assume Vj = 0 in what follows for simplicity. We will leverage the
following well-known fact about the softmax function, which we prove here for completeness:

Lemma 1. Let X = (x1,...,25) € RY such that 1 > x5 > --- > xn and 0’ (X) denote the
softmax function with inverse temperature (3. Then:

0P(X); —1{i =1} < (N = 1) -exp(—f - (x; —22)), VYi=1,...,N. (33)

Proof. From the softmax definition, we have:

A (X), = L
(X1 1+ 30, exp(—B(z1 — ;7)) )
o9 (X); = exp(—B(z1 — ;) -

1+ exp(—Bar — 7))
Then, for i # 1 we have:
0?(X); — 1{i = 1}| = 0’ (X); < exp(—B(z1 — 2;)) < (N — 1) -exp(—B - (x1 — 32)), (35)

while for + = 1 we have:

N
0 (X)i=1{i =1} = 1= 0" (X)1 < 3 exp(=5- (1 =) < (N = 1)-exp(= (a1~ 2)).
Jj=2 36)

O

In our setting, we can use the above lemma with X corresponding to the vector of offered values
V' (0). More precisely, let us denote by s° and s> the market share functions under bounded
rationality and perfect rrationality respectively (see Table. Then, for any @ € ©V, and any provider
1, we have:

s (Vi(0:); V_i(0-3)) — s3°(Vi(6;); V_i(O_i))’ <N -exp (=8 (Vey(0=(1)) = Vaiz)(0r2)) »
(37)
where 7 is the permutation ordering providers by their offered value. Taking the maximum among
providers ¢ and the (finitely many) compute levels they can select in the above expression, and letting
Omin > 0 be the minimum gap in value offered by any two different providers (recall that we are
assuming that providers always offer different values):

meaxmax S'ZB(V;(HZ), V_i(B_i)) — S;X)(V;(tgl), V_i(B_i)) S N - exp (—6 . 6min) . (38)
Thus, we have that s — s with B — oo, where the convergence is uniform over O~ and the
provider index i. Then, since for each provider 4, the mapping 0; — p;(6;) —c;(0;) takes finitely many
values, we have that U? — U with B — oo uniformly over ON and i, where U?: N —» RY
denotes the function that maps a joint compute choice 6 to the provider’s utilities as defined in Eq.
using the market allocation function s”, and U is defined analogously.

To use the above convergence result, we let € > 0 such that:
1
€<3 min min {1U(050_0) = U (0;;07,)| = |U(05;0-) — U (0;;0-,)| >0} (39)

be at most half the minimum positive change in utility a provider can achieve in the game G under
perfect rationality. Then, let 5y be such that for any 5 > fy, it holds that

) (Vi(62): Voi(6-0)) = s (Vil01); Vi (0-))| < < (40)

max max
4 g
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and fix any pure Nash equilibrium ' of G for 3 > /3. To show that 8" is also an equilibrium of G
under perfect rationality, we argue by contradiction, and suppose this premise is false. Then, there
exists a provider ¢ that can change their compute in the game G under perfect rationality and strictly
increase their utility, that is, there exists 6, € © such that:

2e (2) ‘Uioo(ejiaii) - Uioo(‘%éeii) 41)
< |6t vl el6n )| + [uf 6l 6t ) - U ogs6t) (42)
(+%)

< e+e¢ (43)

where (x) follows from Eq.[39|and (xx) follows from Eq. This is a contradiction, which proves
that @' is also an equilibrium of G under perfect rationality.
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C.4 PROOF OF THEOREM[4]

The following is an auxiliary result that will be used to prove Theorem [}

Lemma 2. Let x1 > x2 > ...xn and y1, . . . ,ynN be real positive numbers, and denote both vectors
by X and Y, respectively. Denote by o (X)) the softmax with inverse temperature (3. Then,

N N
Yy o (X)i <y e PO Ny — )+ O (672““*”))
i=1

i=2
N N (44)
i=1 i=2
Proof. From the softmax definition, we have:
1
B —
o’ (X)) =
( )1 1+ Z;VZQ e—ﬁ(xl—wj)
Bz, (45)
e B(z1—x;)
o’ (X); = X <ePlmmm) >,
1+ Zj=2 e—B(z1—x;)
and,
N N
D> wiof (X)i =i+ Y (i —w) - o (X)s. (46)
i=1 i=2

We begin by showing that the first inequality in #4] holds. To this end, note that for i > 2, if
yi —y1 = 0, then:

(yi —y1) - 0P (X)i < (i — 1) - e PE77) < (y; —gyy) - e Plor—2), (47)

while if y; — y1 < 0, we have:

(v 1) - (X = (s — ) - —— 8)
Yi—¥y1) 0 i=Yi— Y1)
1+ Z;VZQ e~ Alzr—z;)
N
< (g —yp) e PR 1=y e Pl (49)
j=2

N
S(i—yr) e POy, — gy | e PEmmd [N emflmme) | (50)
j=2

N
<(yi—yr)-e PO 4y, — gy e P | N e Plmmm) (s
j=2

M(X,Y)
(52)

where we have used that 1/(1 +¢) > 1 — ¢ for any ¢ > 0. Summing over alli = 2,..., N, and
noting that \?(X,Y) = O (e=2#(1722))  we obtain:

S uef (X)i S+ (i — ) e F) 4 0 (e (53)
which proves the first inequality in
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Similarly, we can show that the second inequality in[44]also holds. Indeed, from Eq.[46] we obtain:

N N
ZyiUB(X)i =y — Z(yl — i) - 07 (X); (54)
i=1 =2
N
>y =Y (n+u) o (X); (55)
=2
N
>y — Z(Z/l +yi) e ) (56)
=2
N
>y =Y (i +yi)-e ) (57
i=2
(58)
O

We now prove Theorem To this end, fix a test-time compute game G with 0 < S < oo and a Nash
equilibrium 7. Further, for each provider i, denote by 6 = arg max,{q;(0) — c;(6;)} their socially
optimal compute, and let 8* = (0;),. Recall the definition of the price of anarchy in Eq.

PoA(G) — maxi;(?gfg’v(@) > ggg:; _ =1 . (59)

Denote by 7 and 7* the permutations ordering providers by their value at the equilibrium 6% and at
0%, respectively. Then, we can use Lemma [2| to lower bound the numerator and upper bound the
denominator in the above.

Starting with the numerator (¢), we take in Lemma[2] X to be the vector (V' (6*), V) with N + 1
components ordered by 7* (assuming without loss of generality that all providers can offer a value
higher than the abstention value) and Y to be the vector (W;(6;), 0) with N + 1 components ordered
by 7*. Then, Lemma [2)implies:

N
(©) = Wore (1) (0 1)) - (1 _ e BAV ) _ BAV” Z (Wﬂ*(i)(o;;(l)) + Wﬂ*(l)(aj‘r*(i))) ,
i>2

(60)
where AV* = V. (1) (0% (1)) — Ve (2) (9;*(2)) is the difference in values at 8* between the first and
second providers.

Similarly, the term (e) can be upper-bounded by taking in Lemma X to be the vector (V(81),0)

ordered by 7 (assuming without loss of generality that all providers can offer a value higher than the

abstention value Vj and taking Vj) = 0) and Y to be the vector (\7&71(9;r ), 0) ordered by 7. Then, we
obtain:

N

(o) < Ww(1)(‘9j,(1)) : (1 - 67%‘/#) +ePAVT, > (Wﬂ(i)(ojr(i)) - Ww(l)(ai(i))) + 27, (61)
i>2
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where AVT = Vﬂ(l)(éi(l)) - Vﬂ(g)(ﬁjr@)) and \* = O (e’zBAVT) is the correction term defined
as in Lemmal[2l

Using such bounds on (¢) and on (e), the price of anarchy satisfies:

" _ * _ * N % %
Wﬂ'*(l)(aﬂ-*(l)) : (]- —€ pav ) —e€ PAVT. 2122 (WW*O) (071'*(1)) + W-rr*(l) (077*(1)))
i N
Ww(l)(elr(l)) . (1 — e—ﬁA‘”) + e—BAVT . 2122 (Ww(i)(el(i)) - Wﬂ'(l)(ejr(l))) + A7
_ * _ * N Woen () (075 (4))
(1— e BAVT) 8V '§L22(1+’ OIS U

Way (6] 1) W1y (0F 1)) =Wae iy (6] )
W) Yry/) —BAVT —_gAvt N (1) Y7 (1) LQNEIO! A8
W= (1 e’ ) e b Z'>2 W~ ~ W

?

PoA(G) >

i

(62)

where we have defined W* := W .. 1 (07 (1)). The above can be further simplified by noting that:

Wﬂ(l)(ajr(l)) - Ww(i)(al(i)) _ QF(l)(Gjr(l)) - cﬂ(l)(ﬁl(l)) - (Q‘ﬂ'(i)(o;-rr(q',)) - Cﬂ'(i)(ojr(i)))
W* - W*
>0

' ' f f
~ Vey(0r) = Ve Ori)) +p”(1)(9ﬂ(1>) — e Ur)
t t
Pr(i) (071—(1)) — Cr(i) (071'(1))
W)

2

— W* * W* I’

1 T 1 i
S pﬂ'(l)(eﬂ'(l)) — Cx(1) (971-(1)) - (pﬂ'(l) (071-(1)) — Cr(3) (071-(1))) . ApT

where Apg represents the (normalized) difference in profits at equilibrium. Similarly, we can define:
AW = Wﬂ'*(l)(e;kr*(l)) - Wﬂ.(l)(ejr(l))

where AW, represents the (normalized) difference in the contribution to the social welfare by
the provider offering the highest value at equilibrium, and at compute 8*. Using the two above
simplifications in the bound in Eq. 62| and Taylor-expanding up to second order the function ¢
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1/(1 —t) around t = 0, we obtain:

(1— e PAVT) —epaVT. vagz (1 + W))

POA(G) = — e e A 5 (63
1 - AW/W* —¢ e Yo Apl /WS + O ([l ,AW2)
* * N Wﬂ*i 0** i
> (1 _ BAv ) _ BAV Z (1 n (\))\E*ﬂ (z))) 64)
i>2
+ N+1 +
14+ AW/W* 4 ¢ PAVT 4 o=0AV] > Apf/wr|+0 (||e—ﬁAV' , e—BAV*,AWHQ)
i>2
(65)
N *
) Wiy (07 (1))
> 1 e Bav 4. 7 (4)
> e + Z <1 + w (66)
i>2
N+1
L AW/W eV 1 ST A W | 0 (et e awe)
i>2
(67)
N N Wiy (0% 1)
> 14+ AW/W* + e B8V frwe | — e-save . MEOMNG O
>1+AW/W" fe 1—|—ZApZ/W e 1+Z 1+ W
1>2 1>2
(68)
+ 0 (JlePAV! AV AW (69)
N
> 14 - [AW e PAY w1 ST Ap] (70)
i>2

N
—e AV 14 Z (W* + Wo (i) (9;*(1')))

i>2

+O (JlePaV 8V AwE)

(71)

To obtain the same form of in the statement of TheoremE], we can let AV = min(AV*, AVT) and
define:

N N
F(B) = e PRI Wr £ 3 Ap] | e AV 14 Y (W* + Wﬁ*(i)(@*(i)» =0 (e772Y)

i>2 i>2
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C.5 PROOF OF THEOREM [3]

Fix a game G, a provider ¢, and any compute levels 8_; and bid prices p_;. We will prove that, for
provider 4, selecting 0; = 6 and p; = ¢;(0}) is a dominant strategy. To this end, we first show that
given a fixed 6;, the provider maximizes their utility by bidding p; = ¢;(6;), and then show that
6; = 07 is their best choice of compute. Recall that the utility of provider i is (Eq.[9):

Ui(0:,pi;0_i,p—i) = (P(0,p) —¢;i(0;)) - 1 {Vi(@,pi) > I?jf‘@(e.jap,j)}

= (ar(1)(0x(1)) = €i(02) = (4r(2)(O(2) = Pr2)) - L{i = (1)}

Bidding generation cost is optimal. Let us first prove that, for a fixed 6;, bidding p; = ¢;(6;) is
always optimal. To this end, we assume that the provider bids p; = ¢;(6;) and show that no deviation
to a different price bid can increase their utility. Consider first that provider ¢ wins the bid when
bidding (qi(ei), Ci(ei». Thus, it must be that ¢ = 7'('(1) and qi(ei) — Ci(ei) > qﬂ(g)(eﬂ(g)) — Px(2)-
Then, consider a deviation where provider ¢ bids a different price p; # ¢;(6;). With their new bid
(¢:(0:), ), they either lose the auction, in which case they strictly decrease their utility to 0, or they
are still winning the auction. However, in the latter case, since conditional on winning, their utility
is independent of p;, we conclude that this deviation maintains their utility, and hence the provider
cannot profit from it.

Now, suppose that provider i initially loses the auction by bidding (g;(6;), ¢;(6;)), which implies
that:

qi(0:) — ¢i(0:) < Gr(2)(Ox(2)) — Pr(2)- (72)

Then, any deviation where they bid a higher p; > ¢;(0;) will further decrease their offered value, and
hence they will still lose the auction and maintain their null utility. In case the provider deviates to a
lower price p; < ¢;(#;) and wins the auction by doing so, their new utility will be:

Ui(0i,pi;0—i,p—i) = @:(0:) — ¢5(0;) — (an(2)(0n(2)) — Pr(2)) <O, (73)

meaning that the deviation is not profitable. Hence, we conclude that bidding p; = ¢;(6;) is always
optimal.

Bidding the socially optimal compute is dominant. We now prove that bidding with 8, = 07 is
dominant for provider i. To this end, we assume that for any compute 6;, provider ¢ selects their
optimal price p; = ¢;(6;). Then, the utility of the provider can be written as:

Ui(0i,¢i(0:);0—i,p—i) = (¢x(1)(Or1)) — ci(0:)) - 1 {i = (1)}
— (qr2)(O(2)) — Pr2)) - 1{i = m(1)}

Since, conditional on provider ¢ winning the bid, the second term in the above expression does not
depend on the action of provider ¢, their optimal compute level is to select:

arg max {qi(0:) — ci(0)]i = m(1)} = arg max {ai(0:) — ci(0:)|ai(0;) — ci(0:) > Gn(2)(On(2)) — Pr(2) }
. =

i i

(74)

= argmax {q;(0;) — ci(6;)} (75)
0,0

=07, (76)

which proves the claim.
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D ADDITIONAL EXPERIMENTAL DETAILS

Here, we provide additional experimental details for our empirical evaluation in Section [3]
We have released the complete code and implementation at https://github.com/
Human—-Centric—Machine—-Learning/strategic-ttc.

Hardware setup. Our experiments are executed on a compute server equipped with 2 x Intel
Xeon Gold 5317 CPU, 1,024 GB main memory, and 2 x A100 Nvidia Tesla GPU (80 GB, Ampere
Architecture). In each experiment, a single Nvidia A100 GPU is used.

Models. We use the following LLMs in our experiments. From the Llama family, we use
Llama-3-8B-Instruct, Llama-3.1-8B-Instruct, Llama-3.2-1B-Instruct, and
Llama-3.2-3B-Instruct. From the Qwen family, we use Qwen-2-0.5B-Instruct,

Qwen-2-1.5B-Instruct, Qwen-2-7B-Instruct, Qwen-2.5-3B-Instruct,
and Qwen-2.5-7B-Instruct. Finally, we include three reasoning mod-
els distilled from DeepSeek-R1: DeepSeek-R1-Distill-Llama-8B,

DeepSeek-R1-Distill-Qwen-1.5B, and DeepSeek-R1-Distill-Qwen-7B. Ad-
ditionally, when using best-of-n sampling, we use the ArmoRM-Llama3-8B-v0. 1 reward model
to score the generated outputs by the above models. We obtain all the models from the publicly
available Hugging Face repository.

Datasets. We use three datasets to evaluate the performance of all LLMs and simulate test-time
compute games: GPQA Rein et al.|(2024), a multiple-choice STEM question-answering benchmark;
GS8MK [Cobbe et al.| (2021)), a mathematical benchmark containing grade-school level problems;
and AIME Zhang & Math-Al| (2025), a mathematical reasoning benchmark with problems from the
American Invitational Mathematics Examination. All datasets have, for each query, the corresponding
verifiable ground-truth that we use to evaluate the accuracy of the models. All datasets are obtained

from the publicly available Hugging Face repository!

Generation details. When generating model outputs and evaluating them on the above datasets,
we adhere to the temperature settings recommended in the official Hugging Face model cards.
That is, temperature 0.6 for the L1ama family and the corresponding distilled reasoning model,
and temperature 0.7 for the Qwen family and the corresponding distilled reasoning models. We
disable top-p and top-k sampling when generating model outputs. To ensure robust evaluation and
enable bootstrap resampling to estimate uncertainties, we generated 128 candidate responses per
query for non-reasoning models and 32 for reasoning models. For the simulations, we used subsets
of these pools (up to § = 64 for non-reasoning and the full distribution for reasoning quantiles).
We report 95% bootstrapped confidence intervals for the accuracies of all models. Our prompts
and answer verification pipelines are adapted from established evaluation frameworks, specifically
OpenCompas EvalScop and the LM Evaluation Harnes

Test-time compute methods. In our experiments, we consider the following three test-time compute
methods, each used to simulate a different test-time compute game G in Section 5}

 Majority voting. For each query, each model generates § = {29, ..., 26} independent
outputs. The final response of the model is taken as the most frequent response across the
0 generations. The prices p() and costs ¢(#) are computed based on the total number of
generated tokens across all 6 outputs, averaged across queries.

* Best-of-n (Chow et al., [2025). For each query, the model generates § = {20,... 26}
independent outputs. The final response of the model is taken as the highest-scored response
according to the scoring model ArmoRM—-L1lama3-8B-v0. 1. The prices p(#) and costs

®https://huggingface.co
"nttps://huggingface.co/datasets/Idavidrein/gpga
$https://huggingface.co/datasets/openai/gsm8k
‘nttps://huggingface.co/datasets/Maxwell-Jia/AIME_2024
Uhttps://github.com/open-compass/opencompass
Uhttps://github.com/modelscope/evalscope
Zhttps://github.com/EleutherAI/lm-evaluation-harness
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¢(#) are computed based on the total number of generated tokens across all § outputs,
averaged across queries.

¢ Chain-of-though (Wei et al.,[2022). Since the Hugging Face API does not allow explicit
control over the level of test-time compute or reasoning used for chain-of-thought for the
models we consider, we adopt the following approach. For each query, we generate 32 inde-
pendent model outputs and then group these outputs into five quantile-based bins according
to the number of reasoning tokens generated. In this process, we discard outputs where the
models do not generate reasoning tokens. More concretely, the first bin contains outputs
whose reasoning-token counts fall within the lowest 20-th percentile, and analogously for
the remaining bins. Then, we compute the accuracy for each bin and average it over queries.

Test-time compute prices and costs. In our experiments in Section [5] we instantiate the test-time
compute games G with each provider serving a different LLM. To determine the per-output token
price for each provider/model, we refer to the Hugging Face list of inference providersE] and, for each
LLM, compute the average token price across the listed providers that offer access to that model. The
resulting prices per million output tokens are as follows: $0.1455, $0.1245, $0.10, and $0.08
for Llama-3-8B-Instruct, Llama-3.1-8B-Instruct, Llama-3.2-1B-Instruct,
and Llama-3.2-3B-Instruct, respectively; $0.10, $0.10, $0.20, $0.065, and $0.1465 for
Qwen-2-0.5B, Qwen-2-1.5B, Qwen—-2-7B, Qwen-2.5-3B, and Qwen-2.5-7B, respec-
tively; and $0.125, $0.10, and $0.175 for the models R1-D—-L1ama—-8B, R1-D—Qwen—1. 5B, and
R1-D-Qwen-7B, respectively. Then, we determine the per-output token generation cost by assum-
ing that the per-token prices are 25% higher than the per-token costs, which simply corresponds to
the per-token margin of providers. Lastly, for each player (provider) ¢ in the game G, each test-time
method with compute level 6, and each dataset, we separately compute the quantities p;(6) (and
correspondingly ¢;(6;) using the margin 25%) by considering the average number of output tokens
across all model outputs in the dataset and multiplying it by the per-token price.

Converting accuracies to user value. To compute the average accuracy of each model (measure as
a percentage) into a quantity comparable to a price (measured in $, we consider that each (average)
percentage point of accuracy is worth {$0.008, $0.02, $0.05}, respectively for GSM8K, GPQA and
AIME. This choice is motivated by assigning a higher monetary value to accuracy the harder the
dataset is; as seen in Appendix [E.T} models typically perform best on GSM8K and worst on AIME,
with GPOA falling in the middle. We have conducted experiments with different prices per accuracy
point and have obtained similar results.

Dynamics of test-time compute games. To simulate the dynamics of a test-time compute game, we
proceed as follows. First, we consider that all providers start with their lowest test-time compute
level, that is, 0} = mingeg 0, Vi € [IN], which corresponds to using a single sample for best-of-n and
majority voting, and generating responses in the first 20-th percentile in terms of reasoning tokens
for chain-of-thought, see Appendix D] Then, at each iteration ¢, we update the providers’ compute
levels from 8¢ to @'*! by randomly selecting a provider i; € [IN] who does not have maximum utility
when the others select 6 ; . We keep 075:;3 = 0", fixed, and take 9?:“1 to be the smallest compute
that is larger than 6} if 6] < argmax, U;, (6;6"; ), or to be the largest compute that is smaller
than 6}, if 6 - argmax, U;,(0;0"; ). If all providers are already maximizing their utilities, the
better-response dynamics have reached a Nash equilibrium. At each time step, we use the values
offered by providers to determine their market share and compute the price of anarchy according to

Eq.[7] see Appendix[E.2]

Bhttps://huggingface.co/docs/inference-providers/index, consulted on December
30, 2025
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E ADDITIONAL EXPERIMENTAL RESULTS

This section contains additional experimental results that complement those discussed in Section[3}
In Appendix [E.I} we summarize the results (accuracy and number of generated tokens) of evaluating
the LLMs served by each provider in the test-time compute games on GSM8K, AIME, and GPQA.
Appendix [E-2]shows additional outcomes of test-time compute games across all datasets and test-time
compute methods.

E.1 MODEL EVALUATION

Here, we report, for each dataset (GSM8K, AIME, and GPQA) and each test-time compute method
(majority voting and best-of-n for non-reasoning models, and chain-of-thought for reasoning models),
the average accuracy (proportion of correct response) of the models as a function of the test-time
compute §. We also report the average number of generated tokens to obtain the response to each
query. See Appendix [D]for more details regarding the generation of model outputs.

E.1.1 MODEL EVALUATION ON GSM8K
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Figure 2: Accuracy of L1ama and Qwen models on GSMS8K using majority voting and best-of-n.

Panels (a) and (b) show the average accuracy of various LLMs from the L1ama and Qwen families
over questions from the GSM8K dataset, where the responses of the models are obtained using
majority voting or best-of-n, respectively. Panel (c) shows, as a function of the number of samples
used to generate the response, the total number of tokens that the models generate to obtain the
response to each question, averaged across questions. We show 95% confidence intervals obtained by
bootstrapping 50 times.
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Figure 3: Accuracy of reasoning models distilled from DeepSeek—-R1 on GSMS8K using chain-

of-thought. Panel (a) shows the average accuracy of various reasoning models from the L1ama
and Qwen families distilled from DeepSeek—-R1 over questions from the GSMS8K dataset. Here,
the reasoning effort is defined by binning the model outputs into quantiles based on the number
of reasoning tokens (see Appendix [D)). Panel (c) shows, as a function of the reasoning effort, the
total number of tokens (including reasoning and non-reasoning tokens) that the models generate as a
response to each question, averaged across questions. We show 95% confidence intervals obtained
by bootstrapping 50 times. Refer to Appendix [D|for further details regarding the evaluation of the

models.
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E.1.2 MODEL EVALUATION ON AIME
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Figure 4: Accuracy of L1ama and Qwen models on AIME using majority voting and best-of-n.

Panels (a) and (b) show the average accuracy of various LLMs from the L1ama and Qwen families
over questions from the AIME dataset, where the responses of the models are obtained using majority
voting or best-of-n, respectively. Panel (c) shows, as a function of the number of samples used to
generate the response, the total number of tokens that the models generate to obtain the response
to each question, averaged across questions. Here, we compute the accuracies for majority voting,
and best-of-n are computed across the same outputs, and hence both majority voting and best-of-n
generate the exact same number of average tokens. We show 95% confidence intervals obtained
by bootstrapping 50 times. Refer to Appendix [D|for further details regarding the evaluation of the
models.
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Figure 5: Accuracy of reasoning models distilled from DeepSeek—R1 on AIME using chain-

of-thought. Panel (a) shows the average accuracy of various reasoning models from the L1ama
and Qwen families distilled from DeepSeek-R1 over questions from the AIME dataset. Here,
the reasoning effort is defined by binning the model outputs into quantiles based on the number
of reasoning tokens (see Appendix [D)). Panel (c) shows, as a function of the reasoning effort, the
total number of tokens (including reasoning and non-reasoning tokens) that the models generate as a
response to each question, averaged across questions. We show 95% confidence intervals obtained
by bootstrapping 50 times. Refer to Appendix [D|for further details regarding the evaluation of the

models.
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E.1.3 MODEL EVALUATION ON GPQA
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Figure 6: Accuracy of L1ama and Qwen models on GPQA using majority voting and best-of-n.

Panels (a) and (b) show the average accuracy of various LLMs from the L1ama and Qwen families
over questions from the GPQA dataset, where the responses of the models are obtained using majority
voting or best-of-n, respectively. Panel (c) shows, as a function of the number of samples used to
generate the response, the total number of tokens that the models generate to obtain the response
to each question, averaged across questions. Here, we compute the accuracies for majority voting,
and best-of-n are computed across the same outputs, and hence both majority voting and best-of-n
generate the exact same number of average tokens. We show 95% confidence intervals obtained
by bootstrapping 50 times. Refer to Appendix [D]for further details regarding the evaluation of the
models.
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Figure 7: Accuracy of reasoning models distilled from DeepSeek—-R1 on GPQA using chain-

of-thought. Panel (a) shows the average accuracy of various reasoning models from the L1ama
and Qwen families distilled from DeepSeek—-R1 over questions from the GPQA dataset. Here,
the reasoning effort is defined by binning the model outputs into quantiles based on the number
of reasoning tokens (see Appendix [D)). Panel (c) shows, as a function of the reasoning effort, the
total number of tokens (including reasoning and non-reasoning tokens) that the models generate as a
response to each question, averaged across questions. We show 95% confidence intervals obtained
by bootstrapping 50 times. Refer to Appendix [D|for further details regarding the evaluation of the

models.
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E.2 DYNAMICS AND EQUILIBRIA OF TEST-TIME COMPUTE GAMES

Here, for each dataset (GSM8K, AIME, and GPQA) and each test-time compute method (majority
voting and best-of-n for non-reasoning models, and chain-of-thought for reasoning models), we
report: (i) the value offered by providers as a function of their test time compute, (ii) the compute
levels and market shares when providers better-respond to each other, as a function of the iteration ¢,
(iii) the evolution of the potential ® (Eq.[6) when providers better-respond, and (iv), the inefficiency
(PoA(G)-1) at equilibrium for each game as a function of user’s rationality 5. We also report the
inefficiency at each time step, which corresponds to maxg W(6)/W(8*) whenever 6° is not an
equilibrium.

E.2.1 TEST-TIME COMPUTE EQUILIBRIA ON GSM8K
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Figure 8: User values offered by providers in a test-time compute game on GSMS8K. The figure
shows the user values V;(0) offered by providers in a test-time compute game G, as a function of
their test-time compute 6. Panel (a) and (b) correspond to games with N = 9 providers serving non-
reasoning models from the L1ama and Qwen families, where providers use, respectively, majority
voting and best-of-n across ¢ samples. Panel (c) corresponds to a game with N = 3 providers serving
reasoning models distilled from DeepSeek—-R1, where 6 represents reasoning effort, defined by
binning the model outputs into quantiles based on the number of reasoning tokens (see Appendix [D).
In both games, providers serve queries () from the GSM8K dataset, we set 5 = 1000 and consider
that each (average) percentage point of accuracy offers a value of $0.008 to the users.
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Figure 9: Dynamics of a test-time compute game using majority-voting. The figure shows, for
different levels of user rationality /3, the better-response dynamics of a test-time compute game
G where N = 9 providers sequentially select a test-time compute level that increases their utility.
The upper panels show the compute levels 6 selected by each provider and the resulting market
inefficiency (PoA(G) — 1), and the lower panels show the market share of each provider. Here, all
providers use majority-voting across § samples as their test-time compute method to serve queries )
from the GSM8K dataset. We consider that providers operate with a margin of 25% between per-token
price and per-token cost, and that each (average) percentage point of accuracy offers a value of $0.008
to the users.
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Figure 10: Potential of a test-time compute game using majority-voting. The figure shows, for
different levels of user rationality 3, the evolution of the potential ® (see Eq. [6) in the test-time

compute games in Figure[Q] where N = 9 providers sequentially select a test-time compute level that
increases their utility.
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Figure 11: Inefficiency of a test-time compute game using majority-voting. The figure shows, as
a function of users’ rationality 3, the inefficiency (PoA(G) — 1) of the test-time compute game in

Figure[9] where N = 9 providers sequentially select a test-time compute level that increases their
utility.
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Figure 12: Better-response dynamics of a test-time compute game using best-of-n. The upper
panels show, for varying levels of user rationality /3, better-response dynamics when providers serving
models from the L1ama and Qwen families use best-of-n to serve queries from the GSMS8K dataset.
The solid colored lines (left y-axis) represent the test-time compute 6 selected by each provider at
each iteration, corresponding to the number of samples used for best-of-n. The dashed black line
(right y-axis) tracks the Market Inefficiency, defined as (PoA — 1) x 100 (see Eq. . The lower
panels show the evolution of the market share at each time step of the better-response dynamics. The
initial compute level 8" is taken as the lowest possible compute. We apply a small vertical jitter to
the strategy lines to distinguish overlapping providers and take a fixed profit margin of 25%.
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Figure 13: Potential of a test-time compute game using best-of-n. The figure shows, for different
levels of user rationality (3, the evolution of the potential ® (see Eq.[6) in the test-time compute games

in Figure [I2] where N = 9 providers sequentially select a test-time compute level that increases their
utility.
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Figure 14: Inefficiency of a test-time compute game using best-of-n. The figure shows, as a
function of users’ rationality /3, the inefficiency (PoA(G) — 1) of the test-time compute game in

Figure[I2] where N = 9 providers sequentially select a test-time compute level that increases their
utility.
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Figure 15: Better-response dynamics of a test-time compute game using CoT. The upper panels

show, for varying levels of user rationality [, better-response dynamics when providers serving
models from the L1ama and Qwen families distilled from DeepSeek—R1 use chain-of-thought to
serve queries from the GSM8K dataset. The solid colored lines (left y-axis) represent the test-time
compute # selected by each provider at each iteration, corresponding to the reasoning effort used. The
dashed black line (right y-axis) tracks the Market Inefficiency, defined as (PoA — 1) x 100 (see Eq. EI)
The lower panels show the evolution of the market share at each time step of the better-response
dynamics. The initial compute level 8" is taken as the lowest possible compute. We apply a small

vertical jitter to the strategy lines to distinguish overlapping providers and take a fixed profit margin
of 25%.
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Figure 16: Potential of a test-time compute game using CoT. The figure shows, for different levels
of user rationality /3, the evolution of the potential @ (see Eq. [f) in the test-time compute games in

Figure[T5|where N = 3 providers sequentially select a test-time compute level that increases their
utility.
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Figure 17: Inefficiency of a test-time compute game using CoT. The figure shows, as a function
of users’ rationality 3, the inefficiency (PoA(G) — 1) of the test-time compute game in Figure
where N = 3 providers sequentially select a test-time compute level that increases their utility.
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E.2.2 TEST-TIME COMPUTE EQUILIBRIA ON AIME
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Figure 18: User values offered by providers in a test-time compute game on AIME. The figure
shows the user values V;(#) offered by providers in a test-time compute game G, as a function of
their test-time compute 6. Panel (a) and (b) correspond to games with N = 9 providers serving non-
reasoning models from the L1ama and Qwen families, where providers use, respectively, majority
voting and best-of-n across # samples. Panel (c) corresponds to a game with N = 3 providers serving
reasoning models distilled from DeepSeek—-R1, where 6 represents reasoning effort, defined by
binning the model outputs into quantiles based on the number of reasoning tokens (see Appendix D).
In both games, providers serve queries () from the ATIME dataset, we set = 1000 and consider that
each (average) percentage point of accuracy offers a value of $0.05 to the users.
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Figure 19: Dynamics of a test-time compute game using majority-voting. The figure shows,
for different levels of user rationality /3, the better-response dynamics of a test-time compute game
G where N = 9 providers sequentially select a test-time compute level that increases their utility.
The upper panels show the compute levels 6 selected by each provider and the resulting market
inefficiency (PoA(G) — 1), and the lower panels show the market share of each provider. Here, all
providers use majority-voting across # samples as their test-time compute method to serve queries @
from the ATME dataset. We consider that providers operate with a margin of 25% between per-token
price and per-token cost, and that each (average) percentage point of accuracy offers a value of $0.008
to the users.
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Figure 20: Potential of a test-time compute game using majority-voting. The figure shows, for
different levels of user rationality 3, the evolution of the potential ® (see Eq. [6) in the test-time

compute games in Figure[T9 where N = 9 providers sequentially select a test-time compute level
that increases their utility.

50

40

w
S
!

Inefficiency (%)

IS}
S
L

10 1

T T T T T
100 101 102 103 10% 10° 106
User rationality, 3

Figure 21: Inefficiency of a test-time compute game using majority-voting. The figure shows, as
a function of users’ rationality 3, the inefficiency (PoA(G) — 1) of the test-time compute game in

Figure[T9] where N = 9 providers sequentially select a test-time compute level that increases their
utility.
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Figure 22: Better-response dynamics of a test-time compute game using best-of-n. The upper
panels show, for varying levels of user rationality (3, better-response dynamics when providers serving
models from the IL.1ama and Qwen families use best-of-n to serve queries from the AIME dataset.
The solid colored lines (left y-axis) represent the test-time compute 6 selected by each provider at
each iteration, corresponding to the number of samples used for best-of-n. The dashed black line
(right y-axis) tracks the Market Inefficiency, defined as (PoA — 1) x 100 (see Eq. EI) The lower
panels show the evolution of the market share at each time step of the better-response dynamics. The
initial compute level 8" is taken as the lowest possible compute. We apply a small vertical jitter to
the strategy lines to distinguish overlapping providers and take a fixed profit margin of 25%.
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Figure 23: Potential of a test-time compute game using best-of-n. The figure shows, for different
levels of user rationality (3, the evolution of the potential ® (see Eq.[6) in the test-time compute games

in Figure 22| where N = 9 providers sequentially select a test-time compute level that increases their
utility.

50
40 1

30 1

Inefficiency (%)

20

10 4

10° 10t 102 103 10* 10° 106
User rationality, 3

Figure 24: Inefficiency of a test-time compute game using best-of-n. The figure shows, as a
function of users’ rationality /3, the inefficiency (PoA(G) — 1) of the test-time compute game in

Figure22] where N = 9 providers sequentially select a test-time compute level that increases their
utility.
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Figure 25: Better-response dynamics of a test-time compute game using CoT. The upper panels

show, for varying levels of user rationality 3, better-response dynamics when providers serving
models from the L1ama and Qwen families distilled from DeepSeek—R1 use chain-of-thought to
serve queries from the AIME dataset. The solid colored lines (left y-axis) represent the test-time
compute  selected by each provider at each iteration, corresponding to the reasoning effort used. The
dashed black line (right y-axis) tracks the Market Inefficiency, defined as (PoA — 1) x 100 (see Eq. .
The lower panels show the evolution of the market share at each time step of the better-response
dynamics. The initial compute level 8! is taken as the lowest possible compute. We apply a small
vertical jitter to the strategy lines to distinguish overlapping providers and take a fixed profit margin
of 25%.
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Figure 26: Potential of a test-time compute game using CoT. The figure shows, for different levels
of user rationality 3, the evolution of the potential ® (see Eq.[6) in the test-time compute games in

Figure[25|where N = 3 providers sequentially select a test-time compute level that increases their
utility.
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Figure 27: Inefficiency of a test-time compute game using CoT. The figure shows, as a function
of users’ rationality 3, the inefficiency (PoA(G) — 1) of the test-time compute game in Figure
where N = 3 providers sequentially select a test-time compute level that increases their utility.
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E.2.3 TEST-TIME COMPUTE EQUILIBRIA ON GPQA
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Figure 28: User values offered by providers in a test-time compute game on GPQA. The figure
shows the user values V;(#) offered by providers in a test-time compute game G, as a function of
their test-time compute 6. Panel (a) and (b) correspond to games with N = 9 providers serving non-
reasoning models from the L1ama and Qwen families, where providers use, respectively, majority
voting and best-of-n across # samples. Panel (c) corresponds to a game with N = 3 providers serving
reasoning models distilled from DeepSeek—-R1, where 0 represents reasoning effort, defined by
binning the model outputs into quantiles based on the number of reasoning tokens (see Appendix D).
In both games, providers serve queries () from the GPQA dataset, we set 5 = 1000 and consider that
each (average) percentage point of accuracy offers a value of $0.02 to the users.
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Figure 29: Dynamics of a test-time compute game using majority-voting. The figure shows,
for different levels of user rationality (3, the better-response dynamics of a test-time compute game
G where N = 9 providers sequentially select a test-time compute level that increases their utility.
The upper panels show the compute levels 6 selected by each provider and the resulting market
inefficiency (PoA(G) — 1), and the lower panels show the market share of each provider. Here, all
providers use majority-voting across § samples as their test-time compute method to serve queries )
from the GPQA dataset. We consider that providers operate with a margin of 25% between per-token
price and per-token cost, and that each (average) percentage point of accuracy offers a value of $0.008
to the users.
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Figure 30: Potential of a test-time compute game using majority-voting. The figure shows, for
different levels of user rationality 3, the evolution of the potential ® (see Eq. [6) in the test-time

compute games in Figure 29| where N = 9 providers sequentially select a test-time compute level
that increases their utility.
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Figure 31: Inefficiency of a test-time compute game using majority-voting. The figure shows, as
a function of users’ rationality (3, the inefficiency (PoA(G) — 1) of the test-time compute game in
Figure[29] where N = 9 providers sequentially select a test-time compute level that increases their

utility.

51



Published at ICLR 2026 Workshop on Al for Mechanism Design and Strategic Decision Making.

== [lama-3-8B === Llama-3.1-8B Llama-3.2-1B === Llama-3.2-3B
m—— (Qwen2-0.5B Qwen2-1.5B Qwen2-7B = (Qwen2.5-3B
= Qwen2.5-7B == Inefficiency (%)
- 35 - 35 - 35
26 = 2() —— 2()
F 30 F 30 F 30
< 95 < 95 < 95 4
< F»s_ o Fr2s_ ¢ F25
] IS X 2 S
2 s 2 5 s A — =
g2 Lo - &2 I 20 5 £ 2'7 oo &
3 g 3 g 35 5
g 93 158 29354 = 158 5 23 o 15 2
i E £ E
z k10 z 10 z - 10
& 22 £ 22 FEE J—— B 22 .
5 [‘ i 5 ]l l 5
T - I
20 204 =] - 20 = ____
0 T T 0 0
0 0

T T T T f T T
0 20 40 20 40 10 20 30
Iteration, ¢ Iteration, ¢ Iteration, ¢

1.0 1.0 1.0
TR
gl
o JOERONY - £ -
'||||| |IIII |
Ll

o
>

o IMITNAIN = -
=

Market share
o
=

Market share

- -

0.0
0 20 40 0 10 20 30
Iteration, t Iteration, ¢ Iteration, ¢
(@) B=2-10" (b) B =10° (©) B =10°

Figure 32: Better-response dynamics of a test-time compute game using best-of-n. The upper

panels show, for varying levels of user rationality /3, better-response dynamics when providers serving
models from the L1ama and Qwen families use best-of-n to serve queries from the GPQA dataset.
The solid colored lines (left y-axis) represent the test-time compute 6 selected by each provider at
each iteration, corresponding to the number of samples used for best-of-n. The dashed black line
(right y-axis) tracks the Market Inefficiency, defined as (PoA — 1) x 100 (see Eq. EI) The lower
panels show the evolution of the market share at each time step of the better-response dynamics. The
initial compute level 8" is taken as the lowest possible compute. We apply a small vertical jitter to
the strategy lines to distinguish overlapping providers and take a fixed profit margin of 25%.
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Figure 33: Potential of a test-time compute game using best-of-n. The figure shows, for different
levels of user rationality (3, the evolution of the potential ® (see Eq.[6) in the test-time compute games
in Figure [32] where N = 9 providers sequentially select a test-time compute level that increases their

utility.
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Figure 34: Inefficiency of a test-time compute game using best-of-n. The figure shows, as a
function of users’ rationality /3, the inefficiency (PoA(G) — 1) of the test-time compute game in
Figure[32] where N = 9 providers sequentially select a test-time compute level that increases their

utility.
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Figure 35: Better-response dynamics of a test-time compute game using CoT. The upper panels

show, for varying levels of user rationality 3, better-response dynamics when providers serving
models from the L1ama and Qwen families distilled from DeepSeek—R1 use chain-of-thought to
serve queries from the GPQA dataset. The solid colored lines (left y-axis) represent the test-time
compute  selected by each provider at each iteration, corresponding to the reasoning effort used. The
dashed black line (right y-axis) tracks the Market Inefficiency, defined as (PoA — 1) x 100 (see Eq. .
The lower panels show the evolution of the market share at each time step of the better-response
dynamics. The initial compute level 8! is taken as the lowest possible compute. We apply a small
vertical jitter to the strategy lines to distinguish overlapping providers and take a fixed profit margin
of 25%.
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Figure 36: Potential of a test-time compute game using CoT. The figure shows, for different levels
of user rationality /3, the evolution of the potential @ (see Eq.[6) in the test-time compute games in
Figure[35|where N = 3 providers sequentially select a test-time compute level that increases their
utility.
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Figure 37: Inefficiency of a test-time compute game using CoT. The figure shows, as a function
of users’ rationality 3, the inefficiency (PoA(G) — 1) of the test-time compute game in Figure
where N = 3 providers sequentially select a test-time compute level that increases their utility.
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E.3 RESULTS FOR THE AUCTION MECHANISM

Here, we compare the equilibrium outcomes of the test-time compute game G with the outcomes of
the auction mechanism G introduced in Section lé__ll

E.3.1 RESULTS FOR THE AUCTION MECHANISM ON GSM8K

Table 2: Comparison of the equilibrium between G and the auction G on GSMS8K using majority
voting. The table shows, for G, the value received by the user (once the auction is conducted), the
price they pay (according to Eq.[), the provider’s utility, the social welfare, and the provider (LLM)
that wins the auction. For G, the table shows the provider’s average utility, the user’s average value
and price, all weighted by their equilibrium market shares, together with the social welfare. All
quantities have units ($ x 1073).

Game G Auction C;
B=2-102 B=10> B=10° Qwen2.5-7B
User value 4.5 5.8 7.1 7.1
Price 1.6 1.2 0.34 0.30
Provider(s’) utility 0.32 0.25 0.07 0.186
Social welfare 4.8 6.0 7.2 7.3

Table 3: Comparison of the equilibrium between G and the auction G on GSM8K using best-of-n.
The table shows, for G, the value received by the user (once the auction is conducted), the price they
pay (according to Eq.[8), the provider’s utility, the social welfare, and the provider (LLM) that wins
the auction. For G, the table shows the provider’s average utility, the user’s average value and price,
all weighted by their equilibrium market shares, together with the social welfare. All quantities have
units ($ x 1073).

Game G Auction §7
B=2-102 B=10> B=10° Llama-3-8B
User value 4.4 5.5 7.1 7.2
Price 1.6 1.2 0.33 0.32
Provider(s’) utility 0.32 0.25 0.07 0.18
Social welfare 4.7 5.8 7.2 73

Table 4: Comparison of the equilibrium between G and the auction G on GSM8K using chain-
of-thought. The table shows, for G, the value received by the user (once the auction is conducted),
the price they pay (according to Eq.[8)), the provider’s utility, the social welfare, and the provider
(LLM) that wins the auction. For G, the table shows the provider’s average utility, the user’s average
value and price, all weighted by their equilibrium market shares, together with the social welfare. All
quantities have units ($ x 1073).

Game G Auction (j
f=2-102 =10 B =10° R1-D-Qwen-7B
User value 6.5 7.1 7.4 7.3
Price 0.16 0.17 0.23 0.30
Provider(s’) utility 0.03 0.04 0.05 0.12
Social welfare 6.5 7.1 7.4 7.4
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E.3.2 RESULTS FOR THE AUCTION MECHANISM ON AIME

Table 5: Comparison of the equilibrium between G and the auction G on GSMS8K using majority
voting. The table shows, for G, the value received by the user (once the auction is conducted), the
price they pay (according to Eq.[8), the provider’s utility, the social welfare, and the provider (LLM)
that wins the auction. For G, the table shows the provider’s average utility, the user’s average value
and price, all weighted by their equilibrium market shares, together with the social welfare. All
quantities have units ($ x 1073).

Game G Auction é
f=2-102 B=10> B=10° Llama-3.2-3B
User value 4.2 7.2 8.0 7.6
Price 3.0 2.0 2.4 2.1
Provider(s’) utility 0.62 0.42 0.48 1.6
Social welfare 4.8 7.6 8.5 9.2

Table 6: Comparison of the equilibrium between G and the auction G on GSMS8K using best-of-n.
The table shows, for G, the value received by the user (once the auction is conducted), the price they
pay (according to Eq.[8), the provider’s utility, the social welfare, and the provider (LLM) that wins
the auction. For G, the table shows the provider’s average utility, the user’s average value and price,

all weighted by their equilibrium market shares, together with the social welfare. All quantities have
units ($ x 1073).

Game G Auction §7
f=2-102 B=10®> B =10° Llama-3.2-8B
User value 3.9 6.5 8.2 7.7
Price 3.0 1.7 1.2 1.3
Provider(s’) utility 0.62 0.35 0.24 0.86
Social welfare 4.5 6.9 8.4 8.5

Table 7: Comparison of the equilibrium between G and the auction G on GSM8K using chain-
of-thought. The table shows, for G, the value received by the user (once the auction is conducted),
the price they pay (according to Eq. [8)), the provider’s utility, the social welfare, and the provider
(LLM) that wins the auction. For G, the table shows the provider’s average utility, the user’s average
value and price, all weighted by their equilibrium market shares, together with the social welfare. All
quantities have units ($ x 1073).

Game G Auction §7
f=2-102 =10 S =10° R1-D-Qwen-7B
User value 47 48 48 45
Price 0.26 0.33 0.34 4.1
Provider(s’) utility 0.05 0.07 0.07 3.9
Social welfare 47 48 49 49
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E.3.3 RESULTS FOR THE AUCTION MECHANISM ON GPQA

Table 8: Comparison of the equilibrium between G and the auction G on GPQA using majority
voting. The table shows, for G, the value received by the user (once the auction is conducted), the
price they pay (according to Eq.[§), the provider’s utility, the social welfare, and the provider (LLM)
that wins the auction. For G, the table shows the provider’s average utility, the user’s average value
and price, all weighted by their equilibrium market shares, together with the social welfare. All
quantities have units ($ x 1073).

Game G Auction 5
f=2-102 B=10> B=10° Llama-3-8B
User value 4.5 6.1 7.1 7.1
Price 2.3 1.2 0.38 0.2
Provider(s’) utility 0.47 0.24 0.08 0.05
Social welfare 4.9 6.3 7.1 7.2

Table 9: Comparison of the equilibrium between G and the auction G on GPQA using best-of-n.
The table shows, for G, the value received by the user (once the auction is conducted), the price they
pay (according to Eq. ), the provider’s utility, the social welfare, and the provider (LLM) that wins
the auction. For G, the table shows the provider’s average utility, the user’s average value and price,
all weighted by their equilibrium market shares, together with the social welfare. All quantities have
units ($ x 1073).

Game G Auction C?
8=2-102 B=10> B=10° Llama-3-8B
User value 4.1 59 6.9 6.8
Price 2.3 1.1 0.37 0.39
Provider(s’) utility 0.47 0.23 0.07 0.2
Social welfare 4.6 6.1 7.0 7.0

Table 10: Comparison of the equilibrium between G and the auction G on GPQA using chain-
of-thought. The table shows, for G, the value received by the user (once the auction is conducted),
the price they pay (according to Eq. [§), the provider’s utility, the social welfare, and the provider
(LLM) that wins the auction. For G, the table shows the provider’s average utility, the user’s average
value and price, all weighted by their equilibrium market shares, together with the social welfare. All
quantities have units ($ x 1073).

Game G Auction Gv
f=2-102 p=10> S =10° R1-D-Qwen-7B
User value 13 15 15 15
Price 0.24 0.24 0.31 0.91
Provider(s’) utility 0.05 0.05 0.06 0.72
Social welfare 14 15 15 16
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