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Abstract 1 Introduction

Distributionally robust reinforcement learn-
ing (DR-RL) has recently gained significant
attention as a principled approach that ad-
dresses discrepancies between training and
testing environments. To balance robustness,
conservatism, and computational traceability,
the literature has introduced DR-RL mod-
els with SA-rectangular and S-rectangular
adversaries. ~While most existing statisti-
cal analyses focus on SA-rectangular mod-
els, owing to their algorithmic simplicity
and the optimality of deterministic policies,
S-rectangular models more accurately cap-
ture distributional discrepancies in many real-
world applications and often yield more effec-
tive robust randomized policies. In this pa-
per, we study the empirical value iteration
algorithm for divergence-based S-rectangular
DR-RL and establish near-optimal sample
complexity bounds of O(|S||A|(1 — ) *2),
where ¢ is the target accuracy, |S| and |.A| de-
note the cardinalities of the state and action
spaces, and v is the discount factor. To the
best of our knowledge, these are the first sam-
ple complexity results for divergence-based S-
rectangular models that achieve optimal de-
pendence on |S|, |A|, and € simultaneously.
We further validate this theoretical depen-
dence through numerical experiments on a ro-
bust inventory control problem and a theoret-
ical worst-case example, demonstrating the
fast learning performance of our proposed al-
gorithm.

Proceedings of the 29'" International Conference on Arti-
ficial Intelligence and Statistics (AISTATS) 2026, Tangier,
Morocco. PMLR: Volume 300. Copyright 2026 by the au-
thor(s).

Reinforcement learning (RL) Suffon and Barfd (201R)
is a powerful machine learning framework in which
agents learn to make optimal sequential decisions
through continuous interaction with an environment.
While RL has achieved remarkable success across var-
ious domains, its practical deployment faces a signif-
icant challenge: real-world deployment conditions of-
ten differ from the training environment (e.g., simula-
tions), resulting in fragile policies that fail to general-
ize. This mismatch undermines RLs applicability in
real-world settings, where discrepancies between train-
ing and deployment are the norm.

The framework of distributionally robust reinforce-
ment learning (DR-RL) was thus proposed in Zhou
ef all (20214) to address this mismatch and has since
been further developed in a series of works, including
Panaganti and Kalathil (2021); [Yang et all (2022); X
of_all ('2[!'23); Blanchef_ef_all ('20')4); [ ef_all ('2(]')'7);
Wang et all (20233); [Yang et al] (2023); Wang et all
(-’m-)an); Shiand Chi (2(’1'22),

Popular models in distributionally robust reinforce-
ment learning (DR-RL) include those based on SA-
rectangular and S-rectangular uncertainty sets. The
notion of rectangularity, originally introduced in the ro-
bust MDP literature to describe the adversarys tempo-
ral flexibility in selecting distributions ([yengai, 2005),
has since been refined. With the incorporation of vari-
ous information structures and a growing focus on con-
straining adversarial power, rectangularity now serves
to impose structural limitations on uncertainty sets, as
elaborated in Le Talled (2007) and Wiesemann et al

(2013). In particular, SA-rectangularity allows the ad-
versary to choose separate distributions for each state-
action pair, whereas S-rectangularity enforces consis-
tency across actions within a given state, thereby of-
fering a more confined modeling choice.

Existing statistical analyses of DR-RL predominantly
focus on the SA-rectangular setting, primarily due to
its computational tractability. Moreover, it has been
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shown that SA-rectangular models always admit de-
terministic optimal policies. However, as illustrated in
the example below, the S-rectangular formulation can
be more appropriate and less conservative in certain
applications, such as inventory management.

Example 1 (Inventory Model). Consider a classical
inventory control problem where the inventory evolves
according to Syy1 = Sy + Ay — Dy, with {D; : t > 0}
representing the stochastic demand process and A; de-
noting the replenishment decision at time ¢. The re-
ward function is R(St, A¢, St41) = p(Se — Sep1 + Ar) +
bmin(Sty1,0) — hmax(Sty1,0) — cAs, where p is the
sales price, ¢ is the purchase cost, h is the holding cost,
and b is the penalty of backlog. To address the un-
certainty in demand, distributionally robust reinforce-
ment learning (DR-RL) provides a natural framework
for enhancing robustness. In this context, it is rea-
sonable to assume that the adversary can only modify
the distribution of the demand D; independently of
the controllers action A;, leading to an S-rectangular
uncertainty set. By contrast, the SA-rectangular for-
mulation allows the adversary to choose different dis-
tributions for D; based on the controllers action A;for
example, assigning low demand when A; is large and
high demand when A; is smallgranting the adversary
excessive power and resulting in an unrealistic model.

This example highlights how S-rectangularity con-
strains the adversarys power by preventing it from
adapting to the controllers actions, making it a more
practical and less conservative modeling choice in ap-
plications such as inventory management.

While suitable for many applications, the S-
rectangular formulation in DR-RL is more challenging
than its SA-rectangular counterpart, both statistically
and computationally, due to the possibility of random-
ized optimal policies. Computationally, this requires
solving a full min-max problem rather than a simpler
maximization. Fortunately, Ho efall (201X, 2022) pro-
posed an efficient method for performing Bellman up-
dates in this setting. Statistically, the challenge arises
from the fact that the space of randomized policies
is exponentially larger than the space of deterministic
policies typically sufficient under SA-rectangularity.

Another feature of Example 0 is that the reward de-
pends on the current state Sy, the current action Ay,
and the next state S;11. In contrast, the literature typ-
ically considers reward functions of the form R(S;, A;),
which depend only on the current state and action.
The inventory management example highlights the
necessity of adopting a reward function of the form
R(St, As, Si41) to accurately capture the underlying
dynamics.

In this work, we study the problem of learning the opti-

mal value function in a divergence-based S-rectangular
robust MDP, where the uncertainty set is defined as
the sum of divergences across all actions. This formula-
tion is well motivated in practice, as divergence-based
uncertainty sets preserve absolute continuity and are
widely adopted in the literature (Ho et all, P022; [Yang
et-all, 027), where efficient algorithms for computing
the robust value function have been developed.

However, a satisfactory analysis of the minimax sta-
tistical complexity for learning the value function re-
mains missing. To the best of our knowledge, the cur-
rent state-of-the-art upper bound in [Yang et all (2022)
contains a sample complexity dependence on |S| and
|A| in the form of O(|S|?|AJ?), where |S| and |A] are
the cardinalities of the state and action spaces. This
significantly deviates from the known lower bound of
Q(|S]]A|). In addition, we have pointed out that in
many models of practical interest (e.g., Example ),
the reward function depends naturally on the next
state Si11, a structural feature that is often overlooked
in the existing sample complexity literature.

We contribute to the literature by analyzing
divergence-based S-rectangular robust MDPs with re-
ward functions that depend on the current state, cur-
rent action, and next state, i.e., R(S¢, Ay, Siy1). We
establish a sample complexity bound of O(|S|.A|(1 —
v)~4e72), where ¢ is the target accuracy and + is the
discount factor. This bound is optimal in its depen-
dence on |S|, |A|, and ¢, and it holds uniformly over
the entire range of uncertainty sizes p € (0, +00) and
discount factors v € (0,1). To the best of our knowl-
edge, this is the first sample complexity upper bound
for divergence-based S-rectangular models that simul-
taneously achieves optimal dependence on |S], |.A|, and
€.

To place our contribution in the context of the cur-
rent literature, we summarize the currently available
finite-sample upper and lower bounds for S-rectangular
robust MDPs in Table 0.

Table W shows that, for divergence-based S-rectangular
models, our upper bounds improve the dependence
on the problem dimension from the previously known
quadratic-type scaling to a linear |S||.A| dependence,
up to logarithmic and instance-dependent factors.

To achieve the optimal |S||A| dependence, we de-
velop a refined sensitivity analysis that improves upon
the metric entropy bounds derived from the cover-
ing numbers of the randomized policy class II =
{(7(-|8))ses | m(-|s) € A(A)}, where A(A) denotes the
probability simplex over A, as used in [Yang et all
(2022). Moreover, our analyses advance the techniques

continuity requirement, thereby extending the allow-
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Type Ref. Set

Sample complexity for S-rec

Upper Bound

Upper Bound [Yang (z022) X
KL, f O

Upper Bound This paper

A( __1SI21AI?
O3ty )
O ( —ASPLAP(1+p)?
Z(VIrp-1)2(1-)7
S|1-A]
(I=y)%pne?

Lower Bound

Yang et all (2022) x

O _ISIAl : 11
(A min{ 25 1})

Table 1: Comparison of currently available finite-sample upper and lower bounds for S-rectangular robust MDPs.
The currently available lower bound is for the x? ambiguity set from (2022). Our upper bounds
improve the dependence on the state-action dimension for divergence-based ambiguity sets, up to logarithmic

and instance-dependent factors.

able range of the uncertainty radius to R+, beyond
the previously restrictive regime of p = O(pn), while
retaining an O(1) dependence on p as p J 0.

The remainder of this paper is organized as fol-
lows: Section B briefly reviews related work on SA-
rectangular and S-rectangular distributionally robust
reinforcement learning. Section B introduces the frame-
work for learning S-rectangular distributionally robust
Markov Decision Processes. Section B establishes sam-
ple complexity upper bounds for value function esti-
mation. Section B presents numerical experiments to
support our theoretical results.

2 Literature Review

In this section, we briefly survey SA-rectangular
and S-rectangular distributionally robust reinforce-
ment learning.

SA-rectangular DR-RL: The dynamic program-
ming principles for SA-rectangular distributionally ro-
bust Markov decision processes (DR-MDPs) have been
gradually established through a series of works un-
der different information structures (Gonzalez-Trejd
et all, 2002; [yengai], 2005; Nilim and ET(Ghaoui, 2005,
Shapird, 2022; Wang et all, 2024H). Recent advances in
SA-rectangular distributionally robust reinforcement
learning (DR-RL) have explored sample complexity in
various settings. Broadly speaking, model-based ap-
proaches have been studied in Zhou efall (PO2TH);
Panaganti and Kalathil (20211); (2022); Shi
And Chi (2022); Xu_ef-all (2023); Shi_ef_all (2023);
Blanchef et all (2024), while the statistical properties
of model-free algorithms are presented in Liu_ef all
(2022); Wang (P0234,H); (P023).

S-rectangular DR-RL: To extend the flexibility of
robust MDP models, S-rectangularity was introduced
in Xu_and Mannod (2010); Wiesemann et all (2013)
as an overarching theoretical framework to constrain
the adversary while retaining a dynamic programming
equation. Ho efall (2008, 2022) developed an efficient

optimization algorithm to solve the Bellman update
within this framework. Subsequently, Kumar_etall
(2024) improved upon their work by proposing a faster
algorithm for the L, uncertainty sets. On the statisti-
cal side, (2122) provided the first sample
complexity result for S-rectangular DR-RL, achieving
a rate of O(|S|?|A|2(1 — v)~%72), which is subopti-
mal in its dependence on the number of states and ac-
tions. More recently, Clavier et all (2024) established
near-optimal rates for the S-rectangular setting under
general L, norm uncertainty sets. However, their anal-
ysis does not directly extend to divergence-based un-
certainty sets.

3 Learning S-rectangular Robust
Markov Decision Processes

3.1 Classical Markov Decision Processes

We briefly review and establish notation for classi-
cal tabular MDP models. Let A(S),A(A) denote
the probability simplex over the finite state space S
and action space A respectively. An infinite horizon
MDP is defined by the tuple (S, A, R, P,v), where S
and A are the finite state and action spaces, respec-
tively; R: S x A x S — [0,1] is the reward function;
P ={P,4() € A(S) : (s,a) € S x A} is the controlled
transition kernel; and v € (0,1) is the discount factor.
Throughout the paper, given a controlled transition
kernel P, we denote Ps := (Ps,q)qec.a which is seen as
a function Ps : A — A(S).

We define the measurable space (€2, F) to be the canon-
ical space (S x A)N equipped with the o-field gen-
erated by cylinder sets. Define state-action process
(St, At)e>0 by the point evaluation S (w) = s¢, Ay (w) =
a; for all t > 0 and w = (sg, ag, $1,a1,...) € Q.

An agent may optimize over the class of history-
dependent policies, denoted by Ilyp, where each pol-
icy m = (m)¢>0 € pup is a sequence of decision rules.
Each decision rule m; at time t specifies the conditional
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distribution of the action A; given the full history, that
is, a mapping m; : (SXA)! xS — A(A). In the setting
of classical infinite-horizon discounted MDPs; it is well
known that optimal decision-making can be achieved
using stationary, Markov, deterministic policies, de-
noted IIp, where each policy is a mapping 7 : S — A
( Puferman '2!](]9),

However, in the context of S-rectangular DRMDPs,
policies in IIp may fail to attain the optimal perfor-
mance achievable within the broader class ITgp (Wiesed
mann_ef all, 2013). In this setting, it suffices to con-
sider stationary, Markov, randomized policies, which
we denote by II throughout the paper. Each w € II
is a mapping 7 : S = A(A), specifying a conditional
distribution over actions given the current state S,
uniformly for all ¢ > 0. Given this sufficiency, we re-
strict our attention to policies in the class II for the
remainder of the paper.

Given a controlled transition kernel P of a classical
MDP, a policy m € II and an initial distribution
@ € A(S) uniquely defines a probability measure on
(Q,F). We will always assume that p is the uniform
distribution over S. The expectation under this mea-
sure is denoted by E%. The infinite horizon discounted
value V7 is defined as:

VE(s) = Ep | > V' R(St, Ar, Si41)
t=0

S():S

An optimal policy 7* € II achieves the optimal value
Vi(s) == maxren VE(s).

It is well known that the optimal value function is the
unique solution of the following Bellman equation:

Ps.o(s)(R(s,a,s") +yv(s")). (3.1)

Let v* be the unique solution, then any deter-
ministic policy 7* S — A with #n*(s) €
argmaxXqeA ) ycs Ps,a(s')(R(s,a,5") + yv*(s')) will
achieve the optimal value V}(s).

3.2 Robust MDPs and S-Rectangularity

Robust MDPs extend standard MDP models by intro-
ducing an adversary that perturbs the transition dy-
namics within a prescribed uncertainty set P, aiming
to minimize the control value achieved by the deci-
sion maker. This formulation gives rise to a dynamic
zero-sum game between the controller and the adver-
sary. Consequently, the controller must account for
potential model misspecifications represented by the
adversary perturbation, leading to the design of more
robust policies.

The statistical complexity of policy learning in ro-
bust MDPs has been primarily studied under SA-
and S-rectangular uncertainty sets. As discussed
in the previous section, S-rectangularity generalizes
SA-rectangular models and provides a more expres-
sive framework for modeling adversarial perturbations,
constraining the adversary in a structured way while
preserving the dynamic programming principle. From
this point forward, we will be focusing on S-rectangular
robust MDPs.

Definition 1 (Wiesemann ef all (2013), S-rectangu-
larity). The uncertainty set P is S-rectangular if P =
Xeg Ps for some Py C {(va)acaltpa € A(S),Va € A}
for all s € S.

We focus on a special class of S-rectangular adversarial
uncertainty sets, where the controlled transition ker-
nels are perturbations of a nominal kernel P. These
sets are defined via a divergence function f and a ra-
dius parameter p. The computational methods and
statistical complexity associated with this type of un-
certainty structure have been extensively studied in
the literature ([Yang et all, 2022; Ho ef all, DIIIR).

Specifically, given a divergence function f, i.e. f :
Ry — R is convex with f(1) = 0 and f(0) =
lim; ¢ f(t), we consider the S-rectangular uncertainty
set P(f,p) = X cgPs(f.p) under f-divergence and
radius p where

Ps(fa p) = {Ps € A(S)‘Al Ps,a < ﬁs,ay

S P (]fi))) < |A|p}.

s’eS,acA
(3.2)

Here, < denotes absolute continuity; i.e. a probabil-
ity measure p € A(S) is absolutely continuous with
respect to ¢ € A(S), denoted by p < ¢, if g(s) =0
implies p(s) = 0 for any s € S. The dependence of
the uncertainty set on (f, p) is suppressed when there
is no ambiguity.

Given a policy m € Ilgp and uncertainty set P =
P(f,p), the robust value function of 7 is
S() = S‘|

(3.3)
for all s € S. The optimal value, defined as Vj(s) :=
SUD ey, VA (8), is achieved by 7% € II.

oo

™ _ L t
VE(s) = inf EE > 2" R(Sr, A, Se1)

t=0

Definition 2 (DR Bellman Equation). Given S-
rectangular P = X cs Ps the DR Bellman equation
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is the following fixed-point equation for v : § — R

v(s)= sup inf qu(a)[

P s
peA(A) PaEP T2

Z P o(s") (R(s,a,s") +~yv(s')) } )

s'eS

(3.4)

It is well known (Wiesemann et all, PU13) that for P =
P(f,p) the optimal value V3 is the unique solution v*

to (B3).

We note that the value function in (B=3) assumes an
adversary that fixes a controlled transition kernel over
the entire control horizon, a setting commonly referred
to as a static or time-homogeneous adversarial model
RO13; Wang et all,
2024R). This framework can be extended to more gen-
eral Markovian or history-dependent adversarial mod-
els, while still preserving Markov optimality (Wang
DO24E).

(Lyengai, PO05; Wiesemann ef all,

ef_all,

To facilitate our analysis, we define the DR Bellman
operators as follows.

Definition 3 (DR Bellman Operators). Given uncer-
tainty set P = P(f, p) and 7 € II the (population) DR
Bellman operator is defined as

T"(0)(s) = inf, (Z (als) [

acA

> Poals) (R(s,a,8") + w(s/))D
s'eS

(3.5)
for all s € S. The optimal DR Bellman operator is
T*()(s) := maxyen T™(v)(s) where, for each fixed
s € S, the quantity 7*(v)(s) depends only on the state-
wise action distribution 7 (- | s), and the maximum is
attained by some 7*(- | s) € A(A).

3.3 Generative Model and the Empirical
Bellman Estimator

The sample complexity analysis in this paper assumes
the availability of a generative model, a.k.a. a simu-
lator, which allows us to sample independently from
the nominal controlled transition kernel ﬁs,a, for any
(s,a) € S x A. In particular, given sample size n, we
sample 1.i.d. {Sglg, e ,Sé?ﬁ}} from P; , and construct
the empirical transition probability

=g st =)

Then, we define P,, := {P; q,|(s,a) € S x A} as the
empirical nominal controlled transition kernel based

Fs,a n (36)

on n samples. We define the empirical uncertainty set
7)71 (fv p) = XsGSljS?n(f’ P) l’vhere Ps7n(f7 /0) is from
(82) by replacing Pj , with P, . Again, the depen-
dence on (f, p) will be suppressed for simplicity.

The empirical value function VI is defined in (B33)
with P replaced by P,. The empirical DR Bellman
operator T7 is defined as in (83) with P replaced by
Pr. The corresponding optimal empirical DR Bellman
operator is T*(v)(s) := max e T™(v)(s), defined for
each v:S — R.

Equipped with these definitions, we present our strat-
egy to estimate the optimal value and policy of the S-
rectangular robust MDP via the empirical value func-
tion. This is motivated by the fact that V5 = v* where
v* solves (BH).

Definition 4 (Empirical Bellman Estimators). We de-
fine the empirical Bellman estimator v to V5 as the
unique fixed point of T*; i.e. 'i‘*(f;) = 9. More-
over, we define an empirical optimal policy to be any

#* € II that attains the maximum in T*(9), ie.,
T (9)(s) = T*(9)(s) for all s € S.

The remainder of the paper is devoted to theoretical
analysis and numerical validation of the statistical ef-
ficiency of estimating the optimal value V5 = v* using
0, and of estimating the optimal policy using 7*. We
conclude this section by introducing the following im-
portant proposition that provides an upper bound on
the [, estimation error.

Proposition 1. Let T, T be any y-contraction op-
erators, and u*, 4 be the solution of T(u) = u and
Zf’(u) = u respectively. Then, the estimation error is
upper bounded by

T(u*)

1 N
i oo < 7= ||Tu) ~
L—xy

Corollary 1. Let v*,0 be the solution of T*(v) = v
and T*(v) = v, respectively. Then, the estimation er-
ror is upper bounded by

~ * 1 Tk [k SN
o ="l < 7= [T = T (")

‘ oo

Corollary 2. Let V7, Vg be the solution of v =TT (v)

and v = T7(v) respectively.
ror is upper bounded by

Then, the estimation er-

The proof of Proposition 0 is deferred to Appendix Al

sup |VE-VE H sup HT” VE5) T”(Vp)

17
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4 Sample Complexity Bounds for the
Empirical Bellman Estimator

In this section, we establish sample complexity up-
per bounds to achieve an absolute € error in l,, dis-
tance when estimating V5 using 9. We focus on
two specific f-divergence uncertainty models. When
fxu(t) = f(t) = tlogt, the corresponding uncertainty
set Ps(fkr,p) is based on the KullbackLeibler (KL)
divergence, which is widely used in the machine learn-
ing literature. Alternatively, when f = fr as de-
fined in Definition B, the resulting fx-divergence model
captures another well-studied class of uncertainty sets
(Duchi and Namkoong, Z071).

We note that our analysis techniques are applicable to
a broader class of smooth divergence functions f. How-
ever, we focus on these two representative cases for
demonstration purposes. This reflects that achieving
near-tight sample complexity bounds often requires
leveraging specific structural properties of the diver-
gence. In particular, we highlight the desirable feature
that, in the regime where the radius p | 0, our bounds
remain O(1) in p, avoiding the diverging sample com-
plexity upper bounds established in earlier results, as
discussed in (Wang et all, 2024G).

To facilitate our analysis and establish sample com-
plexity results, we define the minimum support prob-
ability as a complexity metric parameter as follows.

Definition 5. Define the minimum support probabil-
ity as

Pa = min min P o(s")

5,6€S5XA 58P, o(s')>0

As noted in the literature, the use of p, as a com-
plexity metric is well justified. In the KL case, the
convergence rate of the estimation error can degrade
arbitrarily, depending on the specific MDP instance,
if there is no lower bound on the minimum support
probability. In particular, the rate can be as slow as
Q(n=1/8) for any B > 2 as the sample size n tends to
infinity (SiCef-all, 2020). Similar negative results hold
in the fi-divergence setting when the parameter k ap-
proaches 1 (Duchi and Namkoong, 2020), highlighting
the necessity of such a complexity measure.

4.1 The Kullback-Leibler Divergence
Uncertainty Set

In this section, we present sample complexity results
under the KL-divergence uncertainty set. Our analy-
sis relies on the following dual representation of the
DR Bellman operator and its empirical version. The
strong duality underlying this representation follows

from the ¢-divergence duality result of Shapird (2017,
Sec. 3.2).

Lemma 1. With P = P(fky, p) where fxr,(t) = tlogt
and p € (0,00), for anyw € Il and s € S, the dual form
of the DR Bellman operator with KL uncertainty set
P is

T (v)(s) = Sup ( = AlAlp

_ %)\logEﬁw [exp <—W)] )

(4.1)
where w(s,a,S) = R(s,a,S) +~yv(S). The KL empir-
ical DR Bellman operator T™ satisfies (B1) with P,
replaced by Pg 4 p.

The proof of Lemma @ is provided in Appendix ETl.
Building on this dual formulation, we next analyze the
statistical error between the empirical and population
DR Bellman operators.

Proposition 2. Under the KL-divergence uncertainty
set with any p € (0,00), for anyv:S = R and n >
12px " log(4|S|2|A| /1), with probability at least 1 — 1,

1T (0) = T ()0 < sup 1T (0) = T ()l

9” +’7v||oo
< — "= ./log (4|5]?|A .
< M g aisPial

The proof of Proposition B is provided in Appendix .
Then, combining Proposition B with Proposition 0,
and the fact that ||R + yv*||,, < 1/(1 —v) under our
assumption that R € [0, 1], we arrive at the following
theorem. The proof is presented in Appendix 4.

Theorem 1. Assume the adversary chooses from a
KL-divergence uncertainty set with p € (0,00). If
the sample size n > 12p,* log(4|S|?|A|/n), then, with
probability at least 1 — 1,

. " 9
[0 — vl < TN log(4[S[?|Al/n).

Moreover, with probability at least 1 —n,

. 1
sup V5 (s)—Vp (s) < 8

rell S A= Ry Vo (4IS[?Al/n)-

Remark 1. Therefore, under the KL-divergence, a
total of O(|S||A|(1 — v)~*pr'e=2) samples from the
simulator suffices to obtain an e-accurate estimate of
v* with 0, or an e-optimal policy with high probability.
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4.2 fr-Divergence Uncertainty Set

Next, we consider a subclass of the Cressie-Read family
of fy-divergence with k € (1,00), as studied in Duchi
and Namkoong (2027).

Definition 6. For k € (1,00), the fi-divergence is
defined by the divergence functions fi(t) := (t* — kt +
k—1)/(k(k—1)). We also define k* = k/(k — 1).

Notably, when k = 2, the fo-divergence is the y2-
divergence, which sees extensive application in the sta-
tistical testing literature. Moreover, when k | 1, the
fr induced divergence converges to KL.

The analysis for fi-divergence uncertainty sets follows
the same strategy to KL-divergence in the previous
subsection. Below we summarise the main results.

Lemma 2. WithP = P(fx,p) and p € (0,00), for any
m €Il and s € S, the dual form of the DR Bellman
operator with fy uncertainty set P is

T™(v)(s) = sup [ Na—
neRMI | fea

1/k*
‘ (Z Ep,., |(n —w(alshu(s,a, s>>’f:}> ]

acA

where ¢ = c(k,p,|A]) = [AM* (k(k—1)p+1)"",
(1)+ = max(-,0) and w(s,a,S) = R(s,a,S) + yv(9).
The fr empirical DR Bellman operator T~ satisfies a
similar equality with ﬁs,a replaced by FSMW

The proof of Lemma B is provided in Appendix B™.
Again, with this dual representation of the DR Bell-
man operators and refined estimation error analysis,
we arrive at the following result.

Proposition 3. Under the fi-divergence uncertainty
set with any p € (0,00), for any v : S — Ry and
n > 12p5 " log(4|S|?|Al/n), w.p. at least 1 — 7,

IT*(v) = T*(v)lloe < sup 1T (0) = T (v)l|o

IR + Voo
< L ">, /log (4|S|2| A .
< LT g CISPLAT )

The proof of Proposition B is provided in Appendix D
This, combined with Proposition 0, implies the fol-
lowing error bound, whose proof is deferred to Ap-
pendix OF.

Theorem 2. Assume the adversary chooses from a
fr-divergence uncertainty set with p € (0,00). If n >
12p:" log(4|S|2| Al /n), then, w.p. at least 1 — 1,

Viog(dISPIAT ).

18 = v"[leo <

9
(1 —7)2v/npn

Moreover, w.p. at least 1 —n,

Sup VB (5) VA (8) € iz e/ IoB CAISPIAT/).

Remark 2. Therefore, under the fj-divergence, an e-
accurate estimate of v* with 0, or an e-optimal policy
with high probability, can be obtained using a total of
O(IS[[A](1 —~)~*pr'e™?) samples.

5 Numerical Experiments

In this section, we present two sets of numerical exam-
ples. In Section B, we revisit the robust inventory
problem from Ho ef all (PUIR), which features uncer-
tain demand, to demonstrate the n='/2 error decay
rate. In Section B2, we consider an example from
Yang et al] (2022) to illustrate the linear dependence
on |S||A|, which matches the lower bound established
in Yang et al] (2022).

5.1 Robust Inventory Control Problems

We investigate the dependency of the estimation error
€ on the sample size n and evaluate our approach on a
classical discrete-time inventory management problem
with stochastic demand and backlog (Ho efall, PITTR).
In each period ¢, an agent decides the order quantity to
maximize cumulative discounted rewards, accounting
for holding costs, backlog penalties, and profits.

Let I denote the maximum inventory level, B the
maximum backlog, and O the maximum order quan-
tity per period. The state space is defined as
S = {-B,---,0,---,I}, the action space is A =
{0,---,0}, where s; € S and a; € A denote the inven-
tory and order item at the beginning of period ¢. De-
mand D; € {0, -, Dimax} is an i.i.d. sequence, with
distribution Pp € A(Dpax + 1).

The MDP dynamics proceed as follows. Due to storage
constraints, the effective order size is Ay = min( Ay, I —

10 95% CI 10 95% CI

= KL, slope = —0.53 - 2, slope =—0.52

10° N 10°

10° - 10° .
10" 10° 10° 10° 10° 10°
n n

(a) Uncertainty sets based on (b2) Uncertainty sets based on
KL-divergence x“-divergence

Figure 1: Estimation error versus sample size n in the
robust inventory control problem.
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S¢). Then, the next state evolves as Sy11 = max(S; +
A, — Dy, —B), ensuring that the backlog does not ex-
ceed B. The actual sales in period ¢ are given by X; =
St — St+1 + 121,5. A one—step reward R(St,At, St+1) =
pXi+bmin(Si41,0) —hmax(S;41,0)— cA, is collected,
where p is the sales price, ¢ is the purchase cost, h is
the holding cost, and b is the penalty of backlog.

For our experiments, we set the parameters as follows:
I1=10,B=50=5p=3,¢c=2 h=02,b=3,
v = 0.9, and use the nominal demand distribution
Pp =10.1,0.2,0.3,0.3,0.1], supported on {0,1,2,3,4}.
For each (s, a), we sample ng samples from the nominal
transition kernels to generate the estimated transition
probability P,, and solve the DR-MDP problem with
uncertainty size p = 1/6 using the algorithm presented
in Ho'ef"all (2022).

Figure [ illustrates the relationship between the sam-
ple size n and the error € between the empirical and
population value functions. As shown in the log-log
plot, the slope is approximately —0.5 for both the KL
and x?2 cases, indicating that the error decreases at a
rate proportional to 1/y/n.

5.2 MDP Instances from the Lower Bound
Construction in [Yang et all (2022)

In this section, we investigate the relationship between
the estimation error and the sizes of the state space
|S] and action space |A]. We adopt the classic MDP
structure introduced in Gheshlaghi Azar et all (20013)
and [Yang et all (2022), which comprises three subsets:
S, V1, and s, as illustrated in Figure D.

Specifically, S denotes the set of all initial states, each
associated with an action set A. When an action a; €
A is taken in state s € S, the system deterministically
transitions (with probability 1) to the corresponding
state y1,s,¢ € V1. From each ¥ 54, the system either
remains in the same state with nominal probability
p, or transitions to the corresponding absorbing state
Y2,s,a € Y2 with nominal probability 1—p. All states in
Y5 are absorbing, meaning that once the system enters
one of these states, it remains there indefinitely via a
self-loop with probability 1. The reward function is
defined such that a reward of 1 is obtained only when
the system is in any state within );; all other states
yield a reward of 0. We solve the DR-MDP problem
with v = 0.9 and uncertainty size p = 0.1.

In our experiments, we first fix |A] = 65 and vary
the number of states from 10 to 1000, with the results
shown in Figure B. We then fix |S| = 65 and vary |A|
over the same range, with the corresponding results
presented in Figure @.

To align with our theoretical results, we normalize the

estimation error by dividing it by log(|S||A|). Fig-
ures B and B display the behavior of this normalized
error as |S| and |.A| vary, respectively. Specifically, for
each (s,a) pair, we use ng samples, resulting in a total
of ng|S|| Al samples. The left subfigures correspond to
the KL-divergence case, while the right subfigures cor-
respond to the y2-divergence case. We observe that
as either |S| or | A| increases, the normalized error is
non-increasing. This is consistent with our theoreti-
cal analysis, which predicts that the sample complex-
ity scales linearly (up to logarithmic factors) with the
product |S]|.Al.

6 Conclusion and Future Work

In this paper, we establish near-optimal sample com-
plexity results for divergence-based S-rectangular ro-
bust MDPs under the discounted reward criterion. To
the best of our knowledge, our results are the first
to achieve optimal dependence on |S|, |A|, and € si-
multaneously. Looking ahead, several promising re-
search directions remain open. A natural extension is
to move beyond the generative model assumption and
develop provable guarantees in more practical settings,
such as model-free reinforcement learning and offline
reinforcement learning. Another important avenue is
to explore richer formulations of uncertainty, for in-
stance, by modeling uncertainty around the underly-
ing noise process in distributionally robust stochastic
control. Finally, it is also interesting to investigate
S-rectangular robust MDPs under the average-reward
criterion.

Acknowledgement

N. Sis research is supported in part by the Early Ca-
reer Scheme [Grant 26210125] from the Hong Kong
Research Grants Council and HKUST Li & Fung Sup-
ply Chain Institute Research Grant 2025.



Zhenghao Li, Shengbo Wang, Nian Si

1 1 1 1 1 1 1
1-p 1-p 1-p 1-p
P p p P

a1

1 a4 a4

Figure 2: MDP instances from the lower bound construction in (022).
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Supplementary Materials

A  Proofs of Value Function Error Bounds

In this section, we prove Proposition 0, Corollary @ and Corollary B. We first show that both the population
and the empirical S-rectangular Bellman operators 7* and T* are ~y-contractions. Furthermore, for given 7, the
Bellman operators 7™ and T™ are also ~-contractions. This is a well-known fact, see for example (Wang_ et all,
P024H). We include a proof to make the paper self-contained.

Lemma 3. Let

Frp(0)(s) = w(als)

acA

Z P o(s") (R(s,a,s") + 7@(3'))1

s'eS
Then,

sup sup | fr p(v1)(s) = fr,p(v2)(s)| < 7llv1 — V2|00
nell PeP

Proof. Fix s. The reward terms cancel in the difference, hence for any (, P),

Frp(00)(s) = Jrp(2)(5)] = | 3 7(als) 3 Puals) (11(5) = 2()|

acA s'eS
<Y wlals) Y Poals) o1 —valeo
acA s'eS

=7 ||’U1 - U2||ooy

where we used nonnegativity and normalization of w(-|s) and P;s.(-) so the weights sum to 1. Taking
SUP, 1 SUPpep does not increase the right-hand side, yielding the claim. O

Lemma 4. T* and T* are v-contraction operators on (S = R, |||lo); e forallvi,ve: S =R,

77 (1) = T (v2) oo < llo1 = v2]lo0,
1T (01) = T*(v2) o0 < Yllo1 — w20

Proof. By definition, we have

[T (v1)(s) = T"(v2)(s)| = [sup T™(v1)(s) — sup 7" (v2)(s)

mell mell

sup jnf fr.p(v1)(s) — sup Jnf fr.p(v2)(5)

Since |supy f —supy g| < supy |f — gl and |infx f —infx g| <supy |f — g, we have
[T (v1)(s) = T (v2)(s)] < sup sup |fr p(v1)(s) = fr,p(v2)(s)| < V[v1 = v2l|co,
well PeP

where the last inequality follows from Lemma B. The above inequality holds for any s € S, which lead to
177 (v1) = T (v2)loo < llv1 = v2loo-

We replace P; with P; ., therefore

T (01)(s) = T*(v2)(5)] < sup Sup | fr,p(v1)(s) = fr.p(v2)(s)] < vlor = valloc.
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which lead to . .
[T*(v1) — T*(v2)[lee < V[lv1 — v2|co-

Lemma 5. 7™ and T™ are y-contraction operators on (S — R, ||||..); i-e. for allvy, vy : S — R,

77 (1) = T (v2)lleo < Yllv1r = v2loo,
[T (01) = T™(v2)llo0 < 7l[v1 = va2lloo-

Proof. By definition, we have
[T (v1)(s) = T (v2)(s) = | jnf frp(v1)(s) — inf frp(v2)(s)

Since |infx f —infx g| < supy |f — g|, we have

I T™(v1)(s) = T™ (v2)(s)| < sup [fr,p(v1)(s) = fr,p(v2)(5)] < sup sup |fz p(v1)(s) = fz.p(v2)(s)] < 7l[vr — vall
PeP well PeP

where the last inequality follows from Lemma B. The above inequality holds for any s € S, which lead to
[T (v1) = T (v2) e < vllv1 = v2|oc-

We replace P, with P; ,,, therefore,

T (01)(s) — T7(v2)(s)] < sup sup |fr,p(v1)(s) = fr.p(v2)(s)] < 9llvr = v2llec.

which lead to R .
[T™(v1) = T™(v2)]loo < 7[Jv1 — valloo-

A.1 Proof of Proposition 0

Proof. The proof of Proposition 0 follows a similar argument to that used for the continuous-case operator in
Wang et all (2024a).

Let up =0 and ug41 = T(uk) 4 and u* is defined as the fixed point of T and T respectively.
Ap1 = U1 —u*
= T(w) = T(u*) +T(u”) = T(u")
= [T + Ap) = ()] + |[T(w) = T(w")]
=H(Ay) +V
Since T is a ~-contraction operator, we have

JE(A) = H(A)ll, = || + A1) = Tl + 82)| <141 = Agllo,

therefore, H is also a ~y-contraction operator. Then we show

k—1

1Ak so < A* oo + DAV loo
§=0

by induction: for k =1,
[A1]loe < [H(A0)[lso + [V]loo
= [H(A¢) = H(0)[loo + [V
<y loe + 1Vl -
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For any k, we have
[Akt1lloe < H(AR) oo + [V ]loo
= [H(Ag) = H(0)[loo + [[V'[loo
SR + 1Vl

k—1

<A [ AUl + DY IVIoo | + 1V
=0
k

=V " oo + DAV oo
j=0

Therefore,
> 1 .
= e = Jim [ Ao < D007 IVl = = ||700) = )|

=0

A.2 Proof of Corollary M

Proof. By Lemma B, both 7* and T* are v-contractions. Applying Proposition I with 7' = 7*, 7' = T* and
u* = v* yields

~ * 1 Tk [k k(%
10— v*lee < ﬁIIT (V") =T ()],

which proves the statement. O

A.3 Proof of Corollary 2

Proof. Fix any m € II. By Lemma B, 7™ and T™ are ~-contractions. Applying Proposition 0 with 7' = T™,
T =T™ and u* = VJ gives

— oo’

1 “
Ve =Vpllo < m||T“(V7§)—T"(V7’§)H

Since the above inequality holds for any 7 € II, taking the supremum over 7 € II on both sides yields

oo’

T i 1 T i T i
sup [V = Vil < 71— itelgHT (VE) =T (V) ||

which proves the claim. O

B Strong Duality for Divergence-Based S-Rectangular Bellman Operators

The proofs for all f-divergence-based uncertainty sets follow a unified framework. We first present Lemma B,
which gives a general dual formulation for any convex f-divergence. For the KL-divergence and the fi-divergence,
we specialise this result by substituting the corresponding conjugate functions f*. The detailed derivations for
the KL-divergence and the fi-divergence are provided in Appendix BT and BZ, respectively.

Lemma 6. For any f-divergence uncertainty set, where f : Ry — R is a convez function and f(1) = 0 and
satisfies f(0) = limyyo f(t), the convex optimization problem

15161% eA7r(a|s)IEpw [R(s,a,S) +vyv(9)]

can be reformulated as:

oo AT Es [ - <77a — n(als) (R(s,0,5) + w(S)))] I o

A
AZ0,neRIAI acA acA

where f*(t) = —infs>q (f(s) — st).
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Proof. We follow the proof of Lemma 8.5 in [Yang et all (2022), however, in our case, R is determined by the next

state. We do a change of variables, let L o(s) = Loals) ppe original optimization problem can be reformulated

Ps,a(s )
as:

inf m(als)Ep,  [Lsa (R(s,a,8) +yv(S))]

L;>0
acA
st. > EBp [f(Lsa)] < |Alp
acA

Ep, a[Ls,a] =1 forallac A

The Lagrange function of primal problem is

L(L,Am) = w(als)Ep,  [Lsa(R(s,a,8) +yv(S))]

acA
+A (Z Ep,  [f(L |A|p> > ( 5, . Lsal - 1)
acA acA

Denoting f*(t) = —infs>o (f(s) — st),

Ak L(LAm)

mf (Z Ep, |:71' als)Ls.q (R(s,a,5) +~vv(S)) + Af(Ls,a) — naLS’a}> — MA|p+ Z Na

acA acA

“AY f B [w(a|8) (R(s,a,S) +yv(S)) = 1a Loa+ f(Ls,a)} —AAlp+ >

Lg,o>0 A
acA acA
:7AZEF&(L |:f* (T’aﬂ-(a|5) (R(iaavs)+7v(s))>:| *)\|A|P+Zna
acA acA

B.1 Proof of Lemma M

Proof. Recall that for the KL-divergence, f(t) = tlogt, whose conjugate function f*(s) = e*~!. Substituting f*
into Lemma B, we obtain the following dual form:

TS S P (L L CULESTL N S S

A>0meRlAl S 2
= sup A Z exp <77a - > Ep {exp (—W(a|s) (R(s,a,S) + 7“5)))}
A>0,nERIAl Pia 3 o
- )\|A|p + Z Na-
acA

We first note that for each action a, the term AE5 a[] is a positive constant with respect to 7., while the term
—AEp_ []exp((na — A)/A) is concave in 7,4, since for any ¢ > 0, the function —cexp(z) is concave. Moreover,

the term ) 1, is affine, and hence concave. As the sum of concave functions is concave, we conclude that (IB)
is concave in 1. Next, we optimize with respect to n by setting the gradient with respect to each n, to zero:

- (na S [exp (—w<a|s> (R(s,a,5) + W(S»ﬂ 1

A A

Solving for 7,, we obtain

A Aoy, [exp <_W<a|s> (Rlo.0,5) + w(s»)] .
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Substituting (B) into (B), we obtain

sup A logEp [exp <_7T(“|5) (B(s,a,9) + 7”(5)))} — M\Alp.

A
A>0meRIAl T

B.2 Proof of Lemma 2

Proof. We first introduce the conjugate function of fj, which will be instrumental for deriving the dual represen-
tation of DR Bellman operator.

Lemma 7 (Duchi and Namkoong (2021), Section 2). Recall that in fi-divergence,

th—kt+k—1

The conjugate function f;i(s) = sup;sq (st — fi(t)) is given by

Fils) = [((k — s+ D 1}

T =

where (z)+ = max(z,0).

Substituting f; into Lemma B, and let w; o(S) := 7(a|s) (R(s,a, S) 4+ yv(S)), we obtain

TR ST L | PR et

A>0,neRMAI - =) a€A
1 a — Ws,a S o
A>0,neRIAI aEA +

Since k — 1 > 0 and A > 0 are constants with respect to the random variable S, we can factor them out of the
expectation and the positive-part operator (-).

(k — 1) A\ 1
= SWp T Z Ep. . [| 7 —wsa(S)+ =1 =AM {p— 7T Z Na

A>0,n€ERIAI acA + acA

Finally, we perform the change of variables, let 77, = 1, + k—il, we obtain

(k =1~
A>0,7€RIAl EART—1

S 55, [0 0D - NAN (04 )+ DA B3

acA acA

Since —A™¢ is concave in A for any « > 0, and A|A] (p + ﬁ) is an affine function of A, it follows that (B=3)
is concave with respect to A. To optimize over A, we take the derivative with respect to A and set it to zero,
which yields:
(k—1)» . k* 1
e S5, [ -] - o ) -
D Y Ep,, |(a—wsa(S)5 | = A 0+ T

acA
Multiply k(k — 1) on both side of the equation, we have
(k—D*

S Y Ep |G —wea(S)Y | = Al (k= 1)p+ 1) = 0
a€A
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Therefore, we obtain

1/k*
X" = (k= DAY k(= 1+ 1) (Z Ep,, [(u - ws,a<s>>if]>

acA
By substituting A* into the equation (B33) , we have

swp =S |1 () v Y

A20mERMT e g acA

1/k*
= sup P A (k(k — 1)p + 1) (Z Ep,, |l - ws,a<5>>’f:}>

fERIAI acA

1/k*
_ %lAll/k (k(k —1)p+1)"/* (Z 7. {(ﬁ“ - ws,a(S))’fD T

acA acA

1/k*
= sup —|AI"* (k(k = 1)p+ 1)/ (Z E,. [<ﬁaws,a<5>>’ﬂ> + D a

HERIAI acA acA

C Proofs of Properties of the Empirical Bellman Operator: KL Case

Our techniques in this section refine that in Wang et all (2024d). To follow the constructions in Wang et all
(20246), we introduce some notations. Consider ps, € A(S) and its empirical version pis 4., constructed from
n ii.d samples from p, . Define the collection of these measures under state s as p, 1= {fts4 : @ € A}. For a
function u : § — R and for each s € S, we define:

Hu”m,us = 1?632‘( HUHL‘X’(MS‘a)v

Jit
dpn(t)

dmg p

d,ua,n(t)

= max
acA

’oo,us Lo (ps,a)

For the supremum over all states, we define

l[ulloc = sup [[ullocp, -
seS

We define a "good event" under which the empirical measure pg, , uniformly approximates the population
measure ps , with relative error bounded by dy across all actions a € A. Formally, this event is given by

S5O}~

e @) = (")
e E 50} |

fhs,an (W) (5") — p1s,a(s)
Ms,a(s/)

Qs () = {w tsup  sup
a€A s g o(s")>0

Further, the good event over all states is defined as

Qs = ﬂ Q60 (1) = q w = sup sup
€S SES a€A,s":pus,q(s")>0

For notation simplicity, we suppress the dependence on the state variable s. Consider a function v : S — R. The
dual function under KL-divergence is given by:

Flhsu,A) = =AAlp = >~ Nog g e~/ | (C.1)
acA

where A > 0 is the dual regularization parameter, and we denote d, := 7(als) for simplicity.
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We define the deviation between empirical and true measures as

Man = Ha,n — Ha,

and their convex interpolation by
fan(t) = tpa + (1 — ) pan-

C.1 Proof of Proposition B2

Proof. Using (C) to express Bellman operator, we obtain

sup [17(v)(s) = T"(v)(s)| = sup

sup f(Psn, R(s,",-) + 70, A) —sup f(Ps, R(s, -, -) 70, )

mell deA(A) |A>0 A>0 (0'2)
< sup |f(PS7n7R<S>'7'>+'YU7)‘)_f(Psz<57'7'>+7vv)‘>|'
A>0,deA(A)

We analyze the sensitivity of the mapping p — f(p,u, A). For any fixed u, p and p,,, define

gn(t,A) = f(p,(t),u,A).

According to mean value theorem, there exists 7 € (0,1) satisfies:

|f(p’nﬂu7/\) - f(p’7u7)‘)| = |gn(07)‘) - gn(la)‘)|
atgn(ta )‘)’

t=1

> :/\4ma7n[€7d“u/ A
—dqu/A
24 e (T

To bound the difference above, we invoke the following lemma.

Lemma 8. For any fized u and 7, p, < p, we have that

dm,,
dpin (1)

ma,n[e_dau/)\]

< 2l H

sup Z)\

A>0 | ea Mayn(t)[eidau//\] ’oo,u

The proof is deferred to Appendix C2. According to lemma B, we have

dm,,

dpin (t)

up | F (s ) = £ty 0, W) < 2o H
A>0

‘oo,y

We decomposed the probability using the event €, s, (1) where the empirical estimates are close to the population
measures:

P < sup ‘f(/"Ln,u, A)if(lu‘vuaA” >t>
A>0,deA(A)
dm,,

dun<7-) Hoo,p,

To control the denominator y, ,(7)(s") appearing in the bound, we use the following lemma, which asserts that
under the good event, the empirical and population measures remain close for all ¢ € [0, 1]:

< P(Qus (1)) + P (2 el H R (u))

Lemma 9. For any s’ with u(s") > 0, the measure pu,(t)(s’) satisfies

(1= o)pu(s') < pn(t)(s) < (14 o)u(s’), vt €[0,1].
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The proof is deferred to Appendix C3. By using lemma B, we have piq»(7)(s") > (1 — do) e (s'), therefore,

n o ’
““”(S),““(S)‘ >60) +P<2|Iu||oosup >t>.
Ha(s) a,s’

,Ua,n(s/) - Uu(sl)

<P (sup (1= 60)pa(s’)

a,s’

n

S =)~ pals)

i=1

<P (sup

a,s’

> 60Ma(sl)>

n

LSS =) — pals)

By using the multiplicative Chernoff bound and Bernstein inequality, we have
2
+ P =5 lullcsup
i=1

L > ¢

as ,ua(sl) )
2npia(s') 2 Aflul|?, 2 ot -

<QZZ< < N >+€Xp<_2((1—50)2nua(8’)+3(1—5o)nua(8’)> ))

acAs’'eS

Since pq(s’) > pa, and both exponential term above is monotonically decreasing over fi,(s’), we have

i £ Aful 2t )
< ) @ |
> 2|A||S‘ (exp ( 3 +exp 2 (]_ — 60)271]3/\ + 3(1 - 50)np/\

Recall from (CH) that

mell A>0,d, €A(A)

P (sup [T7(0)6) - T )9 > ) < P ( sup [ F(Pay R(s,) + 70, 3) = F(Poy Rs, ) +w,A>|)
Replacing p with Ps; and p,, with P;, and choose dg = %, by union bound, we have

(supHTr 7"7(1;)HOO >t>

well

< P <Sup sup |f(R€,naR(5a'a')+’YUa A)ff(R‘iaR(sa'a')+’YUa /\)‘ >t>
s A>0,deA(A)

16||R(s, -, ") + yv||% 4377‘ |t -1
<ol exp (~22) + 215l ( i (RS R T LSS RSy )

Set each term to be less than 7/2, we need

12
nz pjlog (4]SI?|Al/n) (C.3)
8| R +yvllso 2 4R + yvl| oo
> ZhEr T Pllee 2 . .
tz =g = log (41812 Al/n) + N V21og (4|S]2[A[ /) (C.4)

Under (C3), we have
log(4|S|*Al/n) _  [log(4|S|?|Al/n)
npa B npa

By substituting this bound into (C), we have

B[R + 70|l 4R+ vl
3npa VIPA

8 R+ 70]lo 2
< (5 +ave) 2t o GIsPLAT )

< 9||R + 70|00
B VAL N

log (4|S[*[.Al/n) + V21og (4]S[2[Al/n)

log (4/S[?|Al/n)
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Therefore, for when n specifies (C23) and ¢ satisfies

R+ 0o

\/np/\

t> log (4]S[?[Al/n),

we have

P <Sup HT%) —T’T(U)H

> t) <n.
mell

oo

Since |supy f —supy g| < supx |f — g,

(Ts:el%HT* T*(v)”oo>t> :P( N >t)
<P (Sup HT’r T’T(v)HOo >t)

well

sup T7 (v) — sup 7™ (v)
mell mell

IN
3

This implies Proposition Q. O

C.2 Proof of Lemma R

Proof. Observe that multiplying the numerator and denominator by e%ell“llz>wa)/X preserves the value of the
fraction. This is equivalent to rewriting the exponential terms as:

d u/)\}

Mg, n[e”% B
2 e T |

ac A Ha,n

da([[ull Loo (ua) =)/ A

A\ Manle
Z (t)[eda(HUHLOC(ua)_“)/)‘] '

CLEA :U/a,n

Since Mg, n = fha,n — ta, for any constant ¢, we have mq ,[c] = 0, which lead to

mayn[edﬂ(”“HL‘x’(ua)7“)/>‘ —1]
() [eda(\lul\mcma) —u)/A}

:Z)\

CLEA ,U/a,n

For any measure m, y and random variable wy, wsq, the following equation holds:

25 m(s)wi(s)
22 ml(s)wa(s)

= S m(S)U) S wl(S) S)wal S B
—(XMUMQQ(%wJ<gMUQU>

S

w1

’wg]

‘ mw

C|Sewas)| s anls)
Yosm(swals)| s [ pls) | s was)
_ ‘dm wi
A || poo (uy 1l W2 [l oo (1)
Applying this result and |> -] < > ||, we obtain
e/ edalllullzos guay =)/ _ 1 i n
S A < N o P .
a€A Ha,n(t)[e e £ pa) L (pq) dptan(t) L (pa)
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Notice that when x > 0, we have e” — 1 < ze®, then we obtain

da ([l 220 (1a) =% pda (||ull oo gy — ) /A

dm
<y p—— | e
— do(l|ullpoo (ug)—w) /A
= e (lell oo (u) —w)/ Loy 1@ (D) 1o )
dm
= I N PAREAI P P
acA o) || dhta,n (1) L (pa)
dm
<3 2alulle |
by dttan(t) || o)
dm,,
< 2)|u||l oo
as claimed. O
C.3 Proof of Lemma O
N?L(S/)_N

Proof. On the event €, 5,, the empirical measure satisfies sup, s

T(S/)‘ < §p. Hence, for any s’ with
wu(s") >0, we have:

(1= 60)pu(s") < pa(s") < (14 So)pu(s').
Substituting in the above bound on u,(s") into the definition of p.,(¢)(s’) gives
(1= (1 =1)do)u(s') < tu(s") + (1 = t)un(s") < (14 (1 = £)do)u(s).

For all ¢t € [0,1], (1 —t) < 1, therefore, we have

(1= So)a(s') < (D)) < (14 S)p(s').

C.4 Proof of Theorem [

Proof. Substituting ||R 4+ Yv||eo < 1/(1 — ) into the bound from Proposition 2 and applying Proposition 0, we
obtain the stated result.

1

— > T*(’U*) _ T*(U*)

_ OB+ vl
~ (L=9)y/npa

9
= T —)2/mpn

IN

19 = "l

’ oo

log (4/S[?|Al/n)

Vv log (4S[2|Al/n)

with probability 1 — 7.

The preceding step provides a uniform bound on the value-function estimation error. We now turn to the policy
suboptimality gap. We first introduce following lemma.

Lemma 10. Let 7* € II satisfy

Then for every s € S, we have

0 < sup VA(s) — V& (s) < 2sup HV;JT - Vﬁ”oo
mell mell
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According to Corollary B, Lemma [0 and Proposition B, we have

ilég Vi (s) — Vg*(s) < 2:12?[ ||V773T — V7§r||Oo

2 A
< = sup [T (V) - T"(VZ)
— 7 mell
_ 18R+ 0l
~ VnpA(l—7)
18

< -
~ V/npa(l = 7)?

oo

log (4|S[?|-Al/n)

Vlog (4|S[2|Al/n)

C.5 Proof of Lemma @0

Proof. We first show that 7* is optimal for the empirical DR-MDP, namely
VI (s) = su VZ(s), Vs €S.
56 = s Vi (o)
Since - R
T (0)(s) = T*(0)(s) = is), Vs €S,

the vector ¢ is a fixed point of T* . Because T is a y-contraction, this fixed point is unique. By definition,
that unique fixed point is Vg . Hence

7 A
V,’s = .

Now fix any 7 € II. By definition of T*, for every u: S — R and every s € S,
T7(u)(s) < T*(u)(s).
In particular, .
T7(0)(s) < T*(D)(s) = 0(s), Vs e S.
Define the sequence (ug)r>0 by
ug =0, g1 = T (ug), k>0.

Then u1(s) < ug(s) for all s. Since T™ is monotone, whenever u(s) < ug_1(s), we have

Uk41 = Tﬂ(uk)(s) < Tﬂ(ukA)(S) = uy(s), VseS.

Thus, by induction,
ug(s) < 0(s), Vs € S,Vk > 1.

Since T is a ~-contraction, (uy) converges to the unique fixed point of ’i‘“, namely Vg . Letting k — oo yields

VZ(s) <i(s) = Vg (s), Vs e S.
Because 7 € II was arbitrary, »
VZ (s)= iteqr)[ VZ(s), Vs e S.
Finally, for any s € S,

0 < sup VA (s) — V& (s)

well

= sup V5 (s) — sup VI (s) + Vg*(s) —VE (s)
well mell

< ||sup V& — sup V7 vaf* —vE ’

< |[sup Vp buppoo—l—p Pl

mell mell
< 2sup [[V5 - V||,

This completes the proof. O
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D Proofs of Properties of the Empirical Bellman Operator: f-Divergence Case

D.1 Proof of Proposition B

Proof. Let

1/k*
Fpyu,m) = —c(k, p, | A|) (Zua[ ED + ) s

acA acA

where w, = (g — dqu). By definition, we have

P (sup 7)) - T 0] > )

<P sup t].
deA(]A])

We analyze the sensitivity of the mapping g — f(u,u, ). To control the difference between the empirical and
the population objective, we establish the following lemma. The proof is deferred to Appendix [D2.

sup f(l'l’na R(Sa y ) + Y, 77) — Sup f(ua R(87 y ) + v, 77) >
neRrIAl nERIAI

Lemma 11. For any fized w and 7, there exists t € [0,1] such that

dmy,

§2||u||oo,lb du (t)

sup f(lu'naua 77) — Ssup f(H,U, 77)
neRIAl neRIAl

‘oo,u

We decomposed the probability using the event €, 5, (pt) where the empirical estimates are close to the population
measures. By using lemma [, we obtain
> t)

P sup
deA(]A])
>, Qn,ﬁo (H))

< P(Qnsy (1)) + P (2 ol |

sup f(ph,,u,m) — sup f(p,u,m)
nER‘J‘” neRLA‘

dm,,

d,LLn(T) Hoo,u

Again using Lemma B, we have

<P ( sup
acA,s’'eS

By Chernoff Bound and Bernstein Inequality, we obtain

/Jfa,n(sl) - ,U/a(sl)
(1= do)pta(s’)

Ha,n (3/) — :ua(sl)
ta(s")

>t).

> 50) + P <2||u||oo,,u sup
acA,s’'eS

1 n
<P sup  |— Y 1(S; =5") — pa(s)| > Sopta(s
<a€A’S/€S n; ( ) = Ha(s")| > dopta(s’)
2 1 1
+P t|lee  sup = 1(S; =5") — pa(s)| >t
<1_50H H ac€A,s'€S ﬂa(sl) n; ( ) ( )

B3npta(s') B Al 2ulct N
<2 Z Z (e xp < 3 > +exp ( 2 <(1 —60)2nfia(s’) * 3(1— 60)nﬂa(sl)> )) ’

acAs’eS

Since pq(s’) > pa, and both exponential term above is monotonically decreasing over p,(s’), we have

Sanpa t* 4|ull3 2||ulloot -
< e Y
< 2|4]|S] (exp ( 3 ) TP\ T2 L= 60)2nps 301 =60)npn
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Choose 6§y = %, by union bound, we obtain

1)
oo

sup f(PS,na R(Sa Yy ) + Y, 77) — SsSup f(PSa R(57 "y ) + v, 77)
neRrIAl neRrIAl

P <Sup HT”@) T ()

mell

< P |sup sup
sES deEA(A)

)

n 2 (16||R(s, ) + 0|2 4|R(s, ") + y0llact
g2|3|2|,4|exp(_f;)ﬂwgmexp(_z< IR ol A1) ) ).

Set each term to be less than 1/2, by union bound, we need

12
nz -l (41S[*I-Al/n) (D.1)
8[|+ yvloo ) 4R + yv]|oo
> _— 2 . )
t> = log (4|S[*|Al/n) + o V21og (4/S]2[A[/n) (D.2)

Under (Ol), we have
log(4|S|*Al/m) _  [log(4]S|?|Al/n)

npa nPA

By substituting this bound into (I02), we obtain

8I|R 4 70|l o 4R 4 vvll oo
3npa VIPA

50z IR+ 70l 2
(5 +ave) M2 g sAT

< — /1 48121 A .
> T Og( | | | |/77)

Therefore, when n satisfies (Ol) and ¢ satisfies

9” +7UHOO
t> " "= ,/log (4|S]?|A ,
> AR g CISTIAT )

log (4S]?| 4] /n) + V/21og (41S[?[Al/m)

IN

we have

P (sup [T @) - T @) _ > t) <n,

well
Since |supy f —supy g| < supy |f — gl,

P (Sup HT*(U) - T*(U)HOO > t) —Pp (

mell

sup T™(v) — sup 77 (v)
mell mell

1)
oo

<P <sup HT%) - T”(U)HOO > t)

mwell

IN

n.

which implies the statement of the proposition. O

D.2 Proof of Lemma I

Proof. We partition Rl into three subsets, denoted by

Xl{n
XQZ{’I’]

X3 =RMN (X, UXy).

Ne < dgessinfu for all a € A} ,
ta

dg essinfu < n, < M for all a € A} ,
ta
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where
M = maxd,u(s’) + (c(k, p, |A]) — — | AV~ Z da maxu s')
“s acA

For any fixed w, u,, and u, let

g(n,t) = f(p, (), w,n),

V(t) = sup g(n,t).
neXs

First we record the regularity properties of g that will be used to verify the assumptions of the envelope theorem.

Lemma 12. The function g(n,t) has the following properties:

o For every fized t € [0,1], the map n — g(n,t) is continuous on Xa.
o For every fized m € Xo, the map t — g(n,t) is absolutely continuous and differentiable on [0, 1].
o Under Qy, 5,, there exists a finite constant by such that
|0cg(n, )| < by, Vn € Xy, Vt €10,1].
Lemma 13. For any fixzed measure vector pp = (fa)aca, consider the optimization problem
1/k"
S S wm) = sup —c(k,p, |A] (aezAua [we] ) + aezAna,

where wg = (N, — dgu)y. Then:

o this optimization problem admits an optimal solution n*(w);
e any optimal solution belongs to X1 U Xo;

o the optimal solution satisfies

1/k
(Zua[w’;*o = c(k, p, |ADilw]’ V), Vie A (D.3)
ac A
« ifn*(p) € X, then
e
flpu,n* (1) = Z“GA&‘; 1‘; + > na(w) Vie A
piw; acA

The proof of Lemma [2 and Lemma I3 is deferred to Appendix D=3 and Appendix D4, respectively.
When 1 € X, we have

sup f(p,,u,m) — sup f(p,u, n)‘ < sup |f(ty,u,n) — f(p,u,n)|
neXi neXi nexi

(reze) [zl

Otherwise, n € X5. Before proceeding, we introduce the following version of the envelope theorem, which ensures
the differentiability of V(¢) and provides an explicit formula for its derivative. This result allows us to apply the
mean value theorem in the subsequent analysis.
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Lemma 14 (Envelope theorem, Milgrom and Segal (2002), Theorem 2). Denote V as

V(t) = sup f(x,1).
xeX
Suppose that f(x,-) is absolutely continuous for all x € X. Suppose also that there exists an integrable function
b:10,1] = Ry such that |0, f (x,t)] < b(t) for allx € X and almost allt € [0,1]. Then V is absolutely continuous.
Suppose, in addition, that f(x,-) is differentiable for all x € X, and that X*(t) # & almost everywhere on [0, 1].
Then for any selection x*(t) € X*(t),

V() =V(0) +/O O f(x*(s), s)ds.

On the event §,, 5,, by Lemma [2, we have that g(n, -) is absolutely continuous for all n € X5, and there exists
an integrable function by such that |9;g(n,t)| < by for all n € X5 and all ¢ € [0,1]. Then by using Lemma [,
we have,

sup f(H,, 1) — sup f(u,u,n>\=|v%o>—-v«1n
neXs neXs

[ ot .01t

0
< sup |—g(n*(t),)].
< s | St (0.0
Next, we bound for any 7 € [0, 1]
0 " c(k,p,|A .
Doorm.n|_ |- Ep A S [ut]
- k* (EaeA 'u‘la"(T) [wa ]) acA
c(k, p,|A -
-1y (k. p, |A]) . 1/kma,n[wﬂ _
acaA b (Xoeaten(r) [wE])

By using (D3), we have
Y - - Vae A
<1\ 1/k — , .
E (Saeattnn® 5 ) k() [ )]

Therefore, combining the previous displays,

Man [WE]
w;/(k—l)}

acA k* - Na,n(T) {

0" (0),1)

t=1

<3 | eelet]

acA k* ':U'a,n(T) {w;/(k_l)}

For ng > d, essinf,,, u, by mean value theorem, there exists & € (1q — da||u| o (u,)s Ma — dau) satisfies
k™ .
a () Ma,n |:(77a - dau)+ — (T]a - daHu”Loo(Na))ﬁr :|
k. ,ua’n(T) [wé/(kfl)} Na,n(T) [k‘* (na _ dau)i/(k_l)}
w1/ (k=1
M [~ [ o ey (€)1 )

fan(T) [k (1 — daU)i/(k_l)]

Man [WE]

bl
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where (i) follows from the fact that m, ,[c] = 0 for any constant function c. Since & < 1, — dyu, we have

Man [da( = [l e oy B (€)Y V]
Haun () [k* (1 = dgw) V|

wren1/(k—1
Ol 1 PR L (9 H dm,
K (na_dau)i/(kil) L% (p1q) d'u"(T) L2 (pa)
1/(k—1
(1 = ||| o (1)) (0 — dar) "7 H dm,
< (na*dau)i—/(k_l) L ) A (T) || oo ()
dm
= 2l | -
a (1a) dpin (T) Lo ()
Therefore, we have
9 Man [0} ]
9(m*(t),t) = :
ot t=r ; k* + an(T) [w}z/(kﬂ)}
dm
< Z2da||u||L°°(ua) —
=y dpn(T) || L= (1)
dm
:2“”“” " \
d:un(T) o0,

To conclude the lemma, we we observe that n € Xy,

sup f(y’naua'r’) — sup f(ﬂa%n)‘ =0.

nexi nexi
When 1 € Xo,
9 ..
sup f(u/naua T’) — sup f(HaUﬂ?)‘ S sup &9(77 (t)7t)‘
neXs neXs tE[O,l]
dm
< sup 2||ul|so H n ‘
t€[0,1] Il dpn (t) || oo
dm,,
=2||ulloo || ———
ol | ot ‘w

for some 7 € [0, 1], where the existence of 7 follows from the compactness of [0, 1] and the continuity of t — i, (¥)
and norms.

Finally, using | max{C, z} — max{C,y}| < |z — y|, we obtain

dm,,
dpin(T)

sup f(py,,u,n) — sup f(u,um)‘ < 2l|ufoo H ‘
o0, 1

sup  f(p,,u,m) — sup f(u,u,n)‘g
neXs neXs

nexXUX, neX1UXo

D.3 Proof of Lemma M2

Let
D,t) = 3 fan(t) (0 — daw)’’]

acA
For every fixed t € [0,1], since u € L* and n, < M on X, the map

Na (77(1 - dau)-‘r
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is uniformly Lipschitz on (—oo, M]. Hence ®(-,t) is continuous on X5, and therefore g(-,t) is continuous on Xo.

Now fix 7 € Xs. Then
o, t) = 3 (tha [0h ] + (1 = Dt [wl]).

acA

so ®(n,) is affine in t. Moreover, under €, s,, since 1, > dg essinf,,, u, we have pi, [w¥"] > 0, and Lemma 8
yields
Ha.n [w’;} > (1= dp)pa [w’;} >0, Va € A,Vt € [0,1].

Therefore ®(n,t) > 0 for all t € [0,1]. Since 2 — /%" is C" on (0,00), it follows that ¢ — g(n,t) is C* on [0,1],
hence absolutely continuous and differentiable on [0, 1].
Finally we check under €, 5,, when n € X3, 9;9(n, t) has an upper bound. Recall that

EaGA ma7n [wlg* ]

k(e Ham () [wh )

atg(na t) = —C(k,p, |'A|)

Let

W := max (M — d, essinf u> < o0,
acA Ha

by the definition of w,, for every a € A and s,

Wa(s) = (Mg — dau(s))+ < M — dgessinfu < W.
Ha

Applying Lemma 8, we have

)
]

Therefore,

clk,p,|A) S0 Dacatan(t) [wh]
B 1=00 (S, g tan(0) [k ]) "

1/k"
c(k,p,|A|) o *
_ ]/:*I ) 1—060 (Zuw(t) [w{: D

acA
C(kupv |A|) 50
k* 1-—

|0rg(p,t)] <

IN

5 JAME W < 0.
0

|0rg(ps, )] is bounded.

D.4 Proof of Lemma 3

We prove the lemma in several steps.

Step 1: Existence of an optimizer. We choose a closed set

D := {7] e RHAI: Na > dg essinfu} .

Ha
For any n € R4 let 1, = max{n,, d, essinf,,, u}. Since (9, — dqu); = 0 for n, < essinf,, u},
f(u,m) > f(p,u,m).
Therefore

sup f(p,u,m) = sup f(w,u,n).
nG]R‘»A‘ nebD
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Next we prove that f is coercive on D. Let

U, := d, esssup u,
Ha

then we have
(Ha — dau(s)+ > (Ha — Ua)+ vs' €S,

therefore
Ha [(77& - dau)ﬁ.} > (Mg — Ua)ﬁ_ .

Then we have

1k
Fpyu,m) = —c(k, p, |A]) (Zua[ Ta — aU)’fD +

acA acA

1/k*
< —c(k, p, | A] (Z(na - Ua>if> + D

acA acA

Since ||jz||3 > [A]7Y¥ 2|1,

F(ou,m) < —ck, p, [ADIAITYE Y " (00 — Ua) s + >

acA acA
< —clk,p, [ADIAITYE Y (1 = Ua) + Y ma
acA acA
= (1= elhsp, LADLAIYE) 37+ el o, LADIAITS ST U
acA acA

Since p > 0, we have c(k, p,|A|) > |A|'/*, therefore 1 — c(k, p, |A])|A|~*/¥ < 0. Therefore, when ||n| — oo,
f(p,u,m) = —oo. Therefore, f is coercive on D. Since f is continuous on D, there exists n* € D such that

sup f(p,u,m) = bup Fl,u,m) = f(p,u,n®).
neRIAl

Step 2: First-order characterization of an optimal solution. Define
) = Z Ha [(na - dau)i } .
acA

We distinguish two cases.

Case 1: ®(n*) = 0. Since each term in the sum is nonnegative, we have
fa | (0 — dau)® ]:0, Va € A.

Hence
(77; —dgu)+ =0 Ha-a.8.,

which implies
ne < dg essinf u, Va € A.
fa

On the other hand, by Step 1 we already know that n* € D, so

ne > dg essinf u, Va € A.
Ha

Therefore,

ny = dg essinf u, Va € A,
fha
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and hence n* € X;. In this case,
pilw/* V=0,  Vie A,

so (D3) holds trivially.
Case 2: ®(n*) > 0. We first show that
n; > d; essinf u, Vi e A
i
Suppose, to the contrary, that for some i € A,

7] = d; essinf u.
Hi

Then
(i —diu)1 =0 pas.,
and therefore o=
pifw;” D =0,

Since ®(n*) > 0, the function f(w,wu,-) is differentiable at n*, and

“1/k
B .
g (") =1 = ek, p, A <Z palw ) pifw; V) = 1.

acA

Moreover, since n* € D, the direction +e¢; is feasible. Hence, for all sufficiently small ¢t > 0,
fl,u,n® +te) > f(p,u,m®),
which contradicts the optimality of n*. Therefore,
n; > d; es/s}nfu, Vi € A.

In particular, n* € Xo, so n* is an interior point of D.

Since f(p,u,-) is concave in 1, we may now apply the first-order optimality condition at the interior maximizer
7n*, which gives

“1/k
a?y-f(”’“’" ) =1—c(k,p,|Al) <Z falw ) pilw/* V=0,  vie A
v a€A

Equivalently,

1/k
(Zua[wiﬂ) = clk, p, | ADpilw; V), vie A,

acA
which is exactly (ID3).

Step 3: Value of the objective when n*(u) € Xs. When n*(u) € Xs, we have

ui[wil/(k_l)] > 0, Vi e A

Substituting (D33) into the definition of f, we obtain

1/k"
fpsu,m*) = —c(k, p, | A]) (Zua > +>

acA acA

ZaEA/’[’a .
= = 1) +Zna, Vi e A
Ni[ acA
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Step 4: Any optimizer belongs to X; U X5.
We first prove that

n" ¢ X1 = {n‘ﬂal, ag € A,ng, > dg, essinf u,ng, < dg, essinfu}
Hay

Hag

by contradictory.

Suppose n* € X3 1. Then, according to the definition of X3 1, pa, [w(%(kfl)] = 0. According to (IX3),
1/k
(Znl]) -0
acA

which implies
o [w’;} =0 forallae A

Therefore, n* € X;, which contradicts the assumption that n* € X3 ;. Next, we prove that
n* ¢ X3 = {n‘ﬂa € Ang > M}
where

> 4 damaxg u(s)
M — da / ac A .
R el o A — AR

We first bound the first term in f

(n0 = dau(s")) > (e~ mpedau(s'))

taking expectation and sum over a on both side of the inequality

Z Ha [(na - dau)f} > Z (na - m;,ix dau(s')> Ij
acA acA
Therefore,
. 1/k* e 1/k*
A

Then we bound the second term in f
Z Na < Z(na —maxdau(s’)); + Z max dgu(s’).
acA acA ° acA °

According to Hélder’s inequality, we have

1/k*
S — maxdau(s)) . < A (Z(na — max dw(s’))if) :

acA acA

Therefore,

1/k*
> na < JAME (Z(na - mé}“ﬂ(S’))’f) + ) max dyu(s').

acA acA

To sum up, we have

1/k*
flpyu,m) = —c(k, p, | A]) (Z Ha [w’é*D + ) N

acA acA

IN

N\ 1k
_ (c(k,p, |Al) — \_A|1/k) (Z (77a - msz}xdau(s')>k > + Z mse}xdau(s’).

acA + acA
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Note that when p > 0,

(ks p, | AI) = A% = JAM ((k(k = Dp+ DY* 1) >0

Suppose there exists a; such that n,, > M, then
Pty wm) < = (el po VA = LAY) (0, = maxda,u(s)) -+ 3 maxdau(s')

- (C(k% Al) — |A|1/k) (ZaeA d, max, u(S’)) + > maxdgu(s')

c(k, p, |AJ) — [A]*/*
<0

Therefore, 7 can not be the optimal solution when 1 € X3 5. It can be easily check that X5 = X3, U X35, and
overall, we have n* ¢ X3.

D.5 Proof of Theorem 2

Proof. Substituting ||R 4+ Yv||eo < 1/(1 — ) into the bound from Proposition B and applying Proposition 0, we
obtain the stated result.

9 — v*]loo

IN

ﬁ HT*(U*) C T )

9HR 'YUHOO
< ——— = ./log (4|S]2] A
§ W g( | | | ‘/77)

oo

9 p)
< W log (4|S[2|Al/n)

with probability 1 — 7. The preceding step provides a uniform bound on the value-function estimation error. We
now turn to the policy suboptimality gap. According to Corollary B, Lemma [0 and Proposition B, we have

sup VE (s) = VA (s) < 2sup [|[VE = VA |,

< L AR 0 NS s A e

< 1_72161§HT V) =T"(Vz)| _
18||R + ||
———————/log (4|5]%|A

< SRl o (ISTAT

18
< m log (4]S|?[Al/n)
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