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Abstract. We propose Riemannian Denoising Diffusion Probabilistic Models (RDDPMs) for
learning distributions on submanifolds of Euclidean space that are level sets of functions, including
most of the manifolds relevant to applications. Existing methods for generative modeling on manifolds
rely on substantial geometric information such as geodesic curves or eigenfunctions of the Laplace-
Beltrami operator and, as a result, they are limited to manifolds where such information is available. In
contrast, our method, built on a projection scheme, can be applied to more general manifolds, as it
only requires being able to evaluate the value and the first order derivatives of the function that defines
the submanifold. We provide a theoretical analysis of our method in the continuous-time limit, which
elucidates the connection between our RDDPMs and score-based generative models on manifolds. The
capability of our method is demonstrated on distributions over complex manifolds implicitly represented
as level sets, with applications in statistical mechanics and molecular dynamics.
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1. Introduction

Generative models have achieved remarkable success in learning data distributions
across various fields. Among them, diffusion models stand out for their superior ability
to generate high-quality samples that resemble the data distributions. Two prominent
frameworks are Denoising Diffusion Probabilistic Models (DDPMs; [10]), which minimize
a variational bound in variational inference, and Score-based Generative Models (SGMs;
(30, 31]), which learn the score function [14]. Both frameworks have demonstrated
significant success in learning data distributions in Euclidean spaces.

In many scientific domains, data distributions are constrained to Riemannian man-
ifolds rather than Euclidean spaces. For example, spheres are used in geographical
sciences [23], while SE(3) and SO(3) are considered in studying protein structures [34]
and robotic movements [27]. Other manifolds include SU(3) in lattice quantum chromo-
dynamics [22], triangular meshes in 3D computer graphics [11], and the Poincaré disk
in cell development research [17]. These applications highlight the need for developing
generative models that can handle distributions on manifolds.

Several recent works have extended diffusion-based models to Riemannian manifolds.
The Riemannian Score-based Generative Model (RSGM; [7]) extends SGM to Riemannian
manifolds by incorporating the heat kernel into the denoising score-matching objective.
Since heat kernels on manifolds are generally intractable, RSGM approximates them using
eigenfunction expansion or Varadhan’s approximation. Furthermore, RSGM leverages
the exponential map to enable trajectory sampling on manifolds. The Riemannian
Diffusion Model [13] adopts a variational diffusion model framework on Riemannian
manifolds. It considers submanifolds embedded in an Euclidean space and utilizes a
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variational upper bound on the negative log-likelihood as loss function. Additionally, the
Trivialized Diffusion Model [39] is able to solve generative tasks on Lie groups by utilizing
group property of the underlying manifold. Beyond diffusion-based models, flow-based
generative models [2,3,21,23,25] extend continuous normalizing flows to manifolds. In
particular, the method proposed in [3] accommodates manifolds with relatively general
geometries, provided that their geodesic curves can be efficiently computed.

Despite these advancements, existing methods heavily rely on geometric information
of manifolds, such as geodesics, exponential maps, heat kernels, or metrics. This restricts
their applicability to manifolds where such information is readily available. In view of
these limitations, we aim to develop algorithms that bypass these geometric dependencies,
making them applicable to more general manifolds.

In this work, we introduce Riemannian Denoising Diffusion Probabilistic Models
(RDDPMs), an extension of DDPMs to Riemannian submanifolds. A key ingredient
is the projection scheme used in Monte Carlo methods for sampling under constraints,
which allows us to develop Markov chains on manifolds with explicit transition densities.
To our best knowledge, no successful extension of DDPMs to manifolds has been proposed
prior to this study. The main advantages of our method over existing methods are
summarized below.

e Our method is developed for submanifolds that are level sets of smooth functions
in Euclidean space. This general setting includes most of the often studied
manifolds such as spheres and matrix groups. More importantly, it fits well
with applications where constraints are involved, e.g. applications in statistical
mechanics and molecular dynamics.

e Our method requires neither geodesic curves nor heat kernel, and it only relies
on the computation of the value and the first-order derivatives of the function
that defines the submanifold. This makes our approach applicable to more
general manifolds.

e We present a theoretical analysis for the loss function of our method in the
continuous-time limit, elucidating its connection to the existing methods [7].
This analysis also shows the equivalence between loss functions derived from
variational bound in variational inference and from learning score function.

We successfully apply our method to distributions on manifolds studied in prior
works, as well as new manifolds implicitly defined as level sets, such as the configuration
space of alanine dipeptide with a fixed dihedral angle and the conserved Hamiltonian
surface in phase space, both of which are challenging for existing methods due to their
geometric complexity.

2. Background

2.1. Riemannian submanifolds. We consider the zero level set M={z¢
R™[¢(x) =0} of a smooth function ¢: R™ —R"~4 where 1 <d<n. We assume that M
is non-empty and the matrix V&(z) €R™¥ (=9 ie. the Jacobian of ¢, has full rank
at each € M. Under this assumption, the regular value theorem [1, Corollary 5.9]
implies that M is a d-dimensional submanifold of R™. We further assume that M is
a smooth compact connected manifold without boundary. The Riemannian metric on
M is endowed from the standard Euclidean distance on R". For z € M, we denote by
T, M the tangent space of M at x. The orthogonal projection matrix P(x)€ R"*"
mapping T,R"=R" to T, M is given by P(x)=1,—VE(x) (Vf(x)TVﬂx))flvg(w)T.
Let U, € R"*? he a matrix whose column vectors form an orthonormal basis of T, M
such that U U, =1;. It is straightforward to verify that P(z)=U,U,. The volume
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element over M is denoted by ouq. All probability densities that appear in this
paper refer to relative probability densities with respect to either o4 or the product

of oy over product spaces. For notational simplicity, we also use the shorthand
fp(m(er))dx(er) 1:fM~~~fMp($(1),---,CC(N))dUM(x(l))~~~d0M($(N))-

2.2. Denoising diffusion probabilistic models. Denoising diffusion proba-
bilistic models DDPMs [10,28] employ a forward Markov chain to perturb data into noise
and a reverse Markov chain to incrementally recover data from noise. The models are
trained to minimize a variational bound on the negative log-likelihood. In the following,
we formulate the general steps of DDPMs in the manifold setting.

Assume that the data distribution is go(x)doaq(x). DDPMs are a class of generative
models built on Markov chains. Specifically, states z(1),...,2(") € M are generated by
evolving the data z(°) according to a Markov chain on M, which is called the forward
process. The joint probability density of z(1),..., ™) given z(® is

N-1

g(zBN) |20y = H q(z® | z®)y | (2.1)
k=0

where q(z*+1) \x(k)) is the transition density of the forward process. The generative
process, also called the reverse process, is a Markov chain on M that is learnt to
reproduce the data by reversing the forward process. Its joint probability density is

N-1

po(zON) =p(a™)) T po(a™ |a*D), (2:2)
k=0

where p(z)) is a (fixed) prior density, pg(z*) |£*+1) is the transition density of the
reverse process, and 6 is the parameter to be learnt. The probability density of z(°)
generated by the reverse process is therefore pg(x(o)) = fpg(x(o’N))dx(l’N). The learning
objective is based on the standard variational bound on the negative log-likelihood.
Specifically, using (2.1) and (2.2), and applying Jensen’s inequality, we can derive

Eq, (—logpe(2(?)) =Ky, (— 10g/pe(w(0:N))dm(1:N))

_ po(xN) (1:N) | .(0)y 4..(1:N)
_qu(_bg/q(;z:(lﬁN)|g:(0))q(x |z dx )
pe(x(O:N))
<Bqon ( ~log W)
(k+1)
Z Pe |z )

where E ,Egv) denote the expectation with respect to the data distribution on M, and
the expectation with respect to the joint density q(:c(O’N )) under the forward process,
respectively. In order to derive an explicit training objective, we have to construct
Markov chains on M with explicit transition densities. We discuss how this can be
achieved in the next section.

We conclude this section by reformulating the variational bound (2.3) using relative
entropy (see [29] for a similar formulation of score-based diffusion models). Recall that
the relative entropy, or Kullback-Leibler (KL) divergence, from a probability density Q2
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to another probability density ()1 in the same measure space, where (1 is absolutely
continuous with respect to Qo, is defined as H(Q1|Q2) :=Eq, (1og Q—;) For simplicity,

we also use the same notation for two probability measures. Adding the term E,, (loggo)
to both sides of the inequality (2.3), we see that it is equivalent to the so-called data
processing inequality

H(go|pe) < H(QW™ PSYV), (2.4)

where the upper bound is the relatlve entropy from the path measure IP’( ) of the reverse

process to the path measure (@(N ) of the forward process (the arrow in the notation
indicates that paths of the forward process are viewed backwardly). Therefore, learning
DDPMs using the variational bound (2.3) can be viewed as approximating probability
measures in path space by the cross-entropy method [38].

3. Method

3.1. Projection scheme. We recall a projection scheme from Monte Carlo
sampling methods on manifolds [4,19,20,36], and we show that it allows us to construct
Markov chains on M with tractable transition densities.

Given € M and a tangent vector v € T, M that is drawn from the standard Gaussian
distribution on T, M, we compute the intermediate state 2’ =x +o2b(z) + ov € R", where
o >0 is a positive constant and b:R™ —R" is a smooth function. In general, x’ does
not belong to M. We consider the projection y € M of 2’ onto M along an orthogonal
direction in the space spanned by column vectors of VE&(x). Precisely, the projected
state y is found by (numerically) solving the constraint equation for ¢ € R"~¢

y=x+0%b(z) +ov+VE(z)e, st. E(y)=0€R" <. (3.1)

This projection scheme can be seen as a discretization of a certain stochastic process on
the manifold M, where o corresponds to the step size [4]. The choice of b will affect
the final invariant distribution and the convergence rate to equilibrium of the resulting
Markov chain (see Section 3.5 for further discussion). There are n—d constraints in
(3.1) with the same number of unknown variables. In particular, when ¢ is scalar-valued,
i.e., n—d=1, solving (3.1) amounts to finding a root of a (nonlinear) scalar function.

Algorithm 3 shows the details of solving the linear equations. Let ki, denote the
number of Newton iterations, and C¢ be the computational cost of evaluating V&. The
complexity of solving the linear equations in line 4 of Algorithm 3 is O((n—d)?3). Thus,
the total complexity of Newton’s method is O(kiter(Ce + (n—d)3)). When the step size o
is sufficiently small, Newton’s method typically converges in a few iterations. Therefore,
the computational cost of Newton’s method is primarily determined by the cost of
computing V¢ (i.e., C¢) and the codimension n—d of the manifold.

While for some vectors v multiple solutions to (3.1) may exist in theory, the projected
state, and hence the resulting Markov chain built on a numerical solver, is uniquely
defined as long as the numerical solver finds one solution in a deterministic way. For
example, this is the case when Newton’s method is adopted to solve (3.1) with fixed
initial condition ¢=0. When no solution can be found for some v, we can either resample
the tangent vector v or resample a new path (see Section 3.5 for further dleUbblOD) Let

) be the set of v for which a solution can be found and denote by ez =P(v gé]—" )
ie. the probability that no solution can be found. We denote MSJ” the set of all states
in M that can be reached from z by solving (3.1) with certain ve FL7). Notice that
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') =0 when o0 =0, because in this case ¢=0 is a solution to (3.1) for any v. Therefore,

it is expected that e(a) — 0 as o decreases to zero. That is, when o is small, a solution
to (3.1) can be found with a probability that is close to one.

To derive the transition density of jumping to y from z, we notice that, by applying
the orthogonal projection matrix P(x) to both sides of (3.1) and using the fact that
P(x)VE(x)=0, we have the relation ov=P(x)(y—x—o?b(z)). This indicates that,
given a state z€ M and y € Mé"), there is a unique tangent vector v € ]-';EU) CT,M that
leads to y by solving (3.1). In other words, the mapping from v E]—}EU) to yGMg(f) is a
bijection. Moreover, its inverse is explicitly given by Ggf) :M;”) —>.7-'§;0) CT, M, where

G (i) =Py~ —o?b()). (32)

To simplify the notation, we also write Gg;g)(y) when omitting the dependence on b does
not cause ambiguity. Recall that U,,U, € R"™*4 denote the matrices whose columns form
an orthonormal basis of T, M and T, M, respectively. Using (3.2), we can derive

det(DG?) (y)) =0~ det(U] U,), (3.3)

where the left hand side denotes the determinant of the Jacobian DG;G)(y) Ty M —
T,ToM=R? of the map G at y. See the texts above (4.5) in Section 4 of [20] for
detailed discussions. Since v is a Gaussian variable confined in f;a) (with a normalizing
constant rescaled by (1 — eg«”))’l), applying the change of variables formula for probability
densities, we obtain the probability density of y conditioned on x:

q(y|$):(27r)7%(176;0))*1 7%‘G§”ﬂ)(y)|2|detDG(U)( )|
:(27‘(0'2)—%(1—6;0)) 1 _7‘G(a) () |de t(UTU ), yEng). (3.4)

For ye M \Mgf), the probability density is zero, i.e., ¢(y|x) =0

3.2. Forward process. We construct the forward process in our model as a
Markov chain on M whose transitions are defined by the projection scheme in (3.1).
Specifically, given the current state z(*) € M at step k, where k=0,1,...,N —1, the next
state z(*1) € M is determined by solving the constraint equation (for ce R"~4):

gD = 20 L 52p (20 4 o0 £ VE@EW)e, st E(z*HD)=0eR" 4, (3.5)

where ¢y, >0 and v*) € T,y M is a standard Gaussian variable in T, M. According
0 (2.1) and (3.4), we obtain the transition probability density of the forward process as

X 1 o i 2
g(a "D |2M) = (2702) | det (U1 Uparn) )| (1 — € 7))~ exp <_2 G ) ) 7
(3.6)
where the function G(‘Z,’j)) (z*+1):b) is defined in (3.2).
x

3.3. Reverse process. The reverse process in our model is a Markov chain on
M whose transitions (from z(**+1) to 2(*)) are defined by the constraint equation

28 =g g2 bt D) 4 g2 s D) 4 gy L gD e (o),
st E@®)= (3.7)
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for k=N—-1,N—-2,...,0, where Sr+1>0, o 1) is a standard Gaussian variable in
Tper1y M, and s(k“)’e(x(k*l)) €R"™ depends on the learning parameter §. Combining

x
(2.2) and (3.4), we obtain the transition density of the reverse process as

pe(fﬁ(k) \f(kﬂ))

4
2

2
=(2m 3 41) " (=i ) et ( x<k+l>U<k>>|exp<\Gi?:ﬁ?(x(’” S0 )] )

(3.8)
(Br+1)
z(k+1) g

to (3.7) can be found and Gif’;ﬂ? () s(+1:0 _p) is defined in (3.2).

In the above, € denotes the probability of having **1) with which no solution

3.4. Training objective. The training objective follows directly from the
variational bound (2.3) on the negative log-likelihood, as well as the explicit expressions
of transition densities. Concretely, substituting (3.6) and (3.8) into the last line of (2.3),
we get

Eyo [—logpe ()] < Loss™ () + ¢V | (3.9)
where

2
Loss™) () = 7EQ(N) Z ‘G f,’:f) xB); sk +1).6 b)‘ (3.10)

is our objective for training the parameter 6 in the reverse process (recall that Eg)
denotes the expectation with respect to the forward process), the constant

C(N):—IEQW)[ ‘G(m‘) -+, b)‘ —ﬁ-logp(x(N))}
k=

N-1
Bk 1 o
+dkz_01 o —]EQw)kZOlog ) (3.11)

is independent of 6§, and we have used the inequality log< fe(f,’jill)) 9) < 0 in deriving
(3.9).

5. Algorithmic details. The algorithms for sampling the trajectories of the
forward and reverse processes are summarized in Algorithms 1 and 2, respectively, both
of which involve solving constraint equations, as detailed in Algorithm 3. The training
algorithm is summarized in Algorithm 4. In the following, we discuss several algorithmic
details of our method.

3.5.1. Choice of the Markov chain. The total number of steps N should be
large enough so that the forward Markov chain can approximately reach equilibrium
starting from the data distribution. To simplify algorithm implementation, we may set
Brk+1=0%, a choice that is also supported by our theoretical derivation in the continuous-
time limit (see Theorem 4.1). While larger o, Sk+1 allow the Markov chains to make
larger jumps, their sizes should be chosen properly (depending on the manifold) so
that the solution to the constraint equations (3.5) and (3.7) can be found with high
probability.
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For relatively simple manifolds, we can simply choose b=0 in the forward Markov
chain (3.5). As we will discuss in Section 4, in the continuous-time limit, the Markov
chain with b=0 converges to the Brownian motion on M up to a rescaling of time ((4.1)
with b=0), whose invariant distribution is the uniform distribution on M. Motivated by
this fact, we can choose the prior (see line 2 in Algorithm 2) as the uniform distribution
on M. When M is non-compact or when the convergence of Markov chain to equilibrium
is slow with b=0, we can choose non-zero b such as b=—VV | i.e. the (full space) gradient
of some function V :R™ — R in the ambient space. In this case, we choose the prior as
the invariant distribution of the forward process, and sampling the prior can be done by
simulating a single long trajectory of the forward process.

3.5.2. Method for solving constraint equations. As in Monte Carlo
sampling methods on submanifolds, we employ Newton’s method to solve the constraint
equations (3.5) and (3.7). This method has (local) quadratic convergence and its
implementation is simple. In most cases, a solution with high precision can be found
within a few iteration steps (usually less than 5 steps). When no solution is found, one
can re-generate the state by sampling a new tangent vector or re-generate the entire
trajectory. Our implementation of Newton’s method is summarized in Algorithm 3.

3.5.3. Generation of trajectory data. The optimal parameter 6 is sought by
minimizing the objective (3.10), which requires the trajectory data of the forward process.
Although sampling trajectories to evaluate the loss function may seem computationally
expensive, the computational cost can be alleviated by using a pre-prepared trajectory
dataset that is updated during training with a tunable frequency. In our implementation,
trajectories are initially sampled in a preparatory step, and the model is trained with
mini-batches from this trajectory dataset, which is periodically updated (see line 2 and
lines 10-12 in Algorithm 4).

Algorithm 1 Sampling trajectory of forward process

1: Input: (9 € M, constants oy, function b, and integer N
2: for k=0to N—1do
3. sample 2(®) ~ N(0,1,,) and set v* = P(z*))z(¥)

4 set 2*+2) = 2®) 4 52p(2 ) 4 g0 k)

5 c,ﬂag:newton,solver(x(k),x(kJr%);f). // solve (3.5) by Algorithm 3
6: if flag == true then

7: set z(FD) .= z(k+2) L e (2(R)e

8 else

9 discard the trajectory and re-generate // alternatively, go back to line 3
10:  end if

11: end for

12: Return (2@ (M . z(N))

4. Theoretical results In this section, we study the continuous-time limit of our
proposed method. Let 7'>0 and g:[0,7]—R" be a continuous function. Define h= %

and consider the case where o, = \/Eg(k:h), for k=0,1,...,N —1. Tt is shown in [4] that
the forward process (3.5) converges strongly to the SDE on M

dX:=g?(t)P(X:)b(Xy)dt +g(t)dWM, te0,T], (4.1)
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Algorithm 2 Sampling trajectory of reverse process

1: Input: trained functions (s(’”‘l)"g(33))03161\;,17 constants 3y, function b, and
integer N

2. draw sample (™) from the prior distribution p(z))

3: for k=N —1to 0 do

4: sample 2FTD ~ N(0,1,,) and set oY) = P(x(kF+1))z(k+1)

s set () =g (40 g2 PlaD) (50400 ) (4 4 By pth)

6: c,ﬂag:newton,solver(x(“l),x(kJr%);f) // solve (3.7) by Algorithm 3
7. if flag == true then

8: a®) =gk +3) L Ve (2 kD) e

9: else

10: discard the trajectory and re-generate // alternatively, go back to line 4
11:  end if

12: end for

13: Return (z™) (V=1 2(0))

Algorithm 3 newton_solver(x,2’;¢) // solve {(2/ +VE(x)e) =0 by Newton’s method

. Input: zeM, 2/ €R”, £:R® - R" ¢ maximal steps Ngtep, tolerance tol >0
. Initialization: set c=0€R"¢
: for k=0 to ngtep —1 do
Solve linear equation [V¢ (2’ +V§($)C)TV§(x)]u =—¢(2'+VE(z)c) for ue R4
c<—ctu
if |€(2' +VE(x)c)| <tol then
Return c, true
end if
end for
: Return c, false

© P NPT N

-
=]

where WM is a Brownian motion over M. Denote by p(-,t) the probability density of X;
with respect to o at time t € [0,7]. We have the following result, which characterizes
the loss function in (3.10) as N — —+o0.

THEOREM 4.1. Let T>0 and g:[0,T] = R" be a continuous function. Define h= %
and tp=kh, for k=0,1,...,N—1. Assume that o= Pri1= \/Eg(tk). Also assume
that there is a C function sg:R™ x [0,T] = R" such that s*t1):0(x) = sg(2,tx11) for all
k=0,1,...,N—1 and x € M. For the loss function defined in (3.10), we have

(N ,
: <M gy = (k)
NLHELIOO (Loss (9) 5 ,;) [v™)| )

1 T
“Eo; [ IPC)s0(610) - Taslogp(Xe0) g 00t
0

+/0 (P(Xt)b(Xt) - %VM logp(Xt,t)> Vadlogp(Xe,t) g2 (1) dt} :

where Eq on the right hand side denotes the expectation with respect to the paths of
SDE (4.1) and V q denotes the gradient operator on M.
Based on Theorem 4.1, the variational bound (2.3), and its relative entropy formula-
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Algorithm 4 Training procedure

1: Input: training data (y%);<;<a, functions (s("“‘*l)’a(x))oSkSN,l, constants oy, B >
0, function b:R™ — R", integer NV, batch size B >0, number of total training epochs

Nepoch, integer lg >0, learning rate r > 0.
i

2: generate a path (20 (12 2(N)%) using Algorithm 1, for each z(9)* =y
3: for I =1 to Nepocnh do
4: for j=1to |M/B]| do
5: sample a min-batch Z=(i1,i2,...,ip) from the set of indices {1,2,...,M}
N-1 . 2
6: calculate loss: £(0) = ﬁ >3 Ggﬁfjifii(x(k)”;s(k'*‘l)"g —b)
i€T k=0
7: 6 = optimizer_update(6,£(6),r)

8 end for
9:  // update trajectories every [y epochs
10: if [%l;==0 then

11: re-generate paths (z(0% 217 . 2(N)%) using Algorithm 1, for each 2(°)% =y?
12:  end if
13: end for

14: Return 60

tion in (2.4), we obtain the following corollary, which states that our RDDPMs learn
the score function as N — +o0. It elucidates the connection between our RDDPMs and
Riemannian score-based generative models [7] as N — +o0.

COROLLARY 4.1. Under the same assumptions of Theorem 4.1, we have, for any
parameter 6,

m H(E® e = lg, [ 2 2(0ydt = H(D
tim H(QWBN) = B [ [POX)s0(X0t) ~ T anlogp(X,,0)] ' (1)t = H(Q o),
0

N—+o00
(4.2)

%
where Q denotes the path measure of the time-reversal of SDE (4.1), and Py denotes
the path measure of the SDE

dYy=g*(T —t)P(Y;)(—b(Y3) +s0(Ys, T —t))dt + g(T —t)dWM, te[0,T], (4.3)

starting from Yo = Xr.
The proofs of Theorem 4.1 and Corollary 4.1 are presented in Appendix A.

5. Experiments

We evaluate our method on distributions defined on mesh manifolds, the high-
dimensional special orthogonal group (both with and without a nonlinear transformation),
conserved Hamiltonian surfaces in phase space, and molecular conformations under
constraints. The last three novel datasets have not been studied by existing methods.
Further experimental details and results can be found in Appendix B. In particular,
parameters for each example are summarized in Table B.1 in Appendix B.

5.1. Mesh data on learned manifolds. = Our method can effectively handle
manifolds with general geometries. For demonstration, we examine the Stanford Bunny
[32] and Spot the Cow [6], two manifolds defined by triangle meshes. To create the target
distribution, we follow the approach in [15] and [3], which utilizes the k-th clamped
eigenfunction of the Laplace-Beltrami operator on meshes.
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Similar to [25], we first learn a function &:R® — R, whose zero level set matches the
manifold. We adopt the approach in [9], where £ is represented by a neural network
and is trained such that on mesh data ¢ is close to zero and |V¢| is close to one. Using
this approach, we obtain a function & whose order of magnitude is 102 on mesh data.
Then, we perform a further refinement to the dataset such that all points belong to the
learned manifold M = {z € R3|¢(x) =0} up to a small error 10~°. The maximal distance
between the original data and the refined data is smaller than 0.017.

The function b in the forward Markov chain (3.5) is set to be the zero function, and
the prior distribution p(2)) is a uniform distribution on the meshes (see discussions in
Section 3.5). We perform the training with the learned function &.

In Table 5.1, we present the negative log-likelihood (NLL) on the test set, estimated
via the second line of (2.3). Our method outperforms existing manifold-based methods,
including RFM [3] and LogBM [15]. One possible explanation for this improvement
is that existing methods require computing the premetric on meshes through infinite
series (see Equation (16) in [3]), which introduces bias due to truncation in practice. In
principle, our method is unbiased, as it does not require computing distances on the
manifold. Figure 5.1 visualizes the generated samples, demonstrating good agreement
with the target data distribution.

Stanford Bunny Spot the Cow
k=250 k=100 k=50 k=100
RFM w/ Diff. 1.48+0.01  1.53+0.01  0.95+0.05  1.08=+0.05

RFM w/ Bihar. 1.55+0.01  1.49x0.01  1.08+0.05 1.29+0.05
LogBM w/ Diff. 1.42+0.01  1.41+000 0.9940.03 0.97+0.03
LogBM w/ Bihar. 1.55+0.02 1.454+0.01  1.09+0.06  0.97+0.02

Ours

RDDPM 1.36+0.00 1.31+0.01 0.84+0.00 0.77=+0.00

Table 5.1: Test negative log-likelihood (NLL) on mesh datasets. Lower values indicate
better performance. The table shows the mean and the standard deviation of the NLL
over five independent runs. For RFM and LogBM, with Diff and with Bihar refer to
different weighting functions used in computing the spectral distances (diffusion distance
and biharmonic distance, respectively).

5.2. High-dimensional special orthogonal group. = We apply our method to
the special orthogonal group SO(10), viewed as a 45-dimensional submanifold embedded
in R1%, This manifold can be characterized as (one of the two connected components
of) the zero level set of the map £:R'%° — R5® whose components are defined by the
upper triangular entries of the matrix ST.S— Iy, where S is a 10 x 10 matrix and I,
denotes the identity matrix of size 10.

The dataset is sampled from a multimodal distribution on SO(10) with 5 modes.
As in the previous example, we choose b in the forward Markov chain to be zero and the
prior distribution to be the uniform distribution on the manifold.

To assess the quality of generated data, we consider the statistics tr(S), tr(5?),
tr(S4), and tr(S°), where tr denotes the trace operator of matrices. Figure 5.2 indicates
that our learned model can generate the data distribution accurately. What is more, the
distributions of the forward process at intermediate steps are also faithfully reproduced.
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Bunny (k = 50) Bunny (k = 100) Spot (k = 50) Spot (k = 100)

True

Learned

Fig. 5.1: First row: datasets and true distributions. Second row: generated samples and
distributions from the trained models.

tr(S) tr(S?)

1.0 0.4

0.2
08 0.3
0.6

e )
0.4 02 o 0.1
021 4 N 4 01 fi
0.0 : 0.0 g - 0.0+ 0.0 :
—3-11 3 5 7 9 —6-4-20 2 4 6 8 —8-6-4-20 2 4 6 8

Fig. 5.2: Results for SO(10). Empirical densities of the statistics tr(S),tr(5?),tr(S?*), and
tr(S°) for the forward process (solid line) and the learned reverse process (dashed line)
at different steps k=0,50,200,500, colored in black, red, green, and blue, respectively.

Besides, to better demonstrate that our method can be applied to more general
manifolds, we also consider the manifold »~1(SO(10)), which is a nonlinear trans-
formation of SO(10). Specifically, the manifold is defined as the space of matrices
S=(z;;)1<i,j<10 that satisfy the constraints 2116021 o(zi k)e(xjK)—0;;=0,1<i<;j<10,
where ¢(x) =tan(%z). Consequently, it is also a 45-dimensional submanifold of R%°.
The target distribution is again chosen as a multimodal distribution with five modes.
The function b in the forward Markov chain is defined as b(z)=-VV(x), where
V(z)=3|z—Iol% (||-||r denotes the Frobenius norm). As shown in Figure 5.3, our
method successfully generates data that matches the true data.

5.3. Conserved Hamiltonian surface in phase space. = We consider conserved
Hamiltonian surface in phase space, where the manifold is defined as the space of states
x=(q,p) ER™ x R™ satisfying the constraint &(q,p)=H(q,p) — E =0, where E>0 is

a constant, and the Hamiltonian is defined as H(q,p) = % +U(q) with U(q) =%|q|*+
A q} representing the potential energy of a nonlinear oscillator.

In our experiment, we choose ng =10, E=10, m=0.5, and k=A=2. Since the
uniform distribution on the manifold is difficult to obtain, we define the function b as
b(z)=—VV(z), where V(z)=23""" (¢?+ (p; — 1)?). We assume that each component

q; follows a mixture of two Gaussian distributions. The resulting target distribution has
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tr(S) tr(S?) tr(S4

12 0.5 0.2
0.4

0.8
0.3
) 0.1

0.4 02
0.1

0.0 0.0 0.0

5 6 7 8 9 10 —6-4-20 2 4 6 “10-7 =4 -1 2 5

Fig. 5.3: Results for Transformed-SO(10). Empirical densities of the statistics
tr(9),tr(S?),tr(S*), and tr(S®) for the samples generated by our method (dashed line)
and samples from the target distribution (solid line).

in total 2 modes. Figure 5.4 shows the empirical densities of components ¢, g2, p1,
and ps. The solid and dashed lines compare the distributions of the forward and the
learned reverse processes at different steps k. The overlap of the black lines at k=0
shows that the generated samples match well with the target distribution.

q q2 p1
6 . 10.0
b 10.0
4 75
4 75
: =4
) v 20 5.0
2 & i \ -
A ) 7 3 ' 2.5 bX:
ML AP | T J 2.5
,"9‘9‘“’ A
—0.5 0.0 05 —05 00 0.5 0.5 1.0 15

Fig. 5.4: Results for the conserved Hamiltonian surface. Empirical densities of q1, g2, p1,
and po for the forward process (solid line) and the learned reverse process (dashed line)
at different steps k=0,20,40,150, colored in black, red, green, and blue, respectively.

5.4. Alanine dipeptide. We apply our method to alanine dipeptide, a commonly
studied model system in bio-physics. The configuration of the system can be characterized
by its two dihedral angles ¢ and ¥ (see Figure 5.5a). In this study, we are interested in
the configurations of the 10 non-hydrogen atoms of the system (in R3°) with the fixed
angle ¢ =—T0°.

In the forward process, b is chosen as —VV'| where V' is proportional to the root mean
squared deviation (RMSD) from a pre-selected reference configuration z**!. Consequently,
the prior distribution p(z(N)) is a single-well distribution centered at z"f. Furthermore,
we model s*+1): () in the reverse process using a network that preserves rotational
equivariance and translational invariance. This design, together with our choice of b,
guarantees that the distribution pg (m(o)) generated by our model is invariant under
SE(3) [35]. We refer to Appendix B.4 for further experimental details and to Appendix C
for theoretical support.

We employ three metrics to assess the quality of the generated configurations: the
angle ¢, and two RMSDs (denoted by RMSD; and RMSD») with respect to two pre-
defined reference configurations that are selected from two different wells. Figure 5.5b
illustrates the empirical densities of these three metrics for the configurations generated
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by our model and the configurations in the dataset. The solid and dashed lines show the
agreement between the distributions of the learned reverse process and the distributions
of the forward process at different time steps k. In particular, the overlap between the
lines in black, which correspond to step k=0, demonstrates that the distribution of the
generated samples (dashed) closely matches the data distribution (solid).

1 (degree) RMSD; (nm) RMSD, (nm)

: ‘

. :

0.04 {\ 15 e
12

0.03

0.02

6 6
0.01 3
000 N j\Z\k

150—100 =50 0 50 100 150 ((i.(l 02 04 06 08 10 12 14 (1)0 02 04 06 08 1.0 1.2 14

(a) Alanine dipeptide (b) Results for alanine dipeptide

Fig. 5.5: (a) Illustration of the system. Names and 1-based indices are shown for atoms
that define the dihedral angles. The dihedral angles ¢ and 1 are defined by atoms
whose 1-based indices are 5,7,9,15 and 7,9,15,17, respectively. (b) Empirical densities
of the angle ¥, RMSD;, and RMSD for the forward process (solid line) and the learned
reverse process (dashed line) at steps k=0,10,40,200, colored in black, red, green, blue,
respectively. The 1 values of the two reference points that are used to define RMSD;
and RMSD, are —20° and 150°, respectively (as shown by the two vertical dashed lines
in the left panel).

6. Conclusion We have proposed Riemannian Denoising Diffusion Probabilistic
Models for generative modeling on submanifolds. Our method does not rely on sophisti-
cated geometric objects on manifold and it is applicable to high-dimensional manifolds
with nontrivial geometry. We have provided a theoretical analysis of our method in
the continuous-time limit, which elucidates its connection to Riemannian score-based
generative models. We have demonstrated the strong capability of our method on
manifolds from previous studies, as well as on those with complex geometries that can
not be easily explored by existing methods.
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Appendix A. Proofs of the continuous-time limit.

In this section, we prove Theorem 4.1 and Corollary 4.1 in Section 4. For simplicity
of notation, we denote by 0; the derivative with respect to x; in the ambient space, and
by I the identity matrix of order n. We use subscripts to denote components of a vector
and entries of a matrix. Also recall that the orthogonal projection matrix P(x) &€ R™*"
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is well defined for x € R™ and has the expression

Zasa (VETVE) (@) (x), 1< j<n, (A1)

a,a’=1
where d;; is the Dirac delta function. First, we present the proof of Theorem 4.1.
Proof. (Proof of Theorem 4.1.) Let us write the forward process in (3.5) as

g * D) = 2 (h3) 4 g (20 o(z(kH2)),

where z(+2) = 2®) 4 52p(2#)) + 0,0%) and the dependence of ¢ on z(*32) is made
explicit. Applying Lemma A.1 at the end of this section, we obtain the expansion, for
1<1<n,

xEkH) (A.2)
. +ipij<x(k)) (Ul%bj(x(k)) +0kvj(.k))
j=1
1 n
+2j,z,rzn«;:1((I_P%TP”@T'P”)( )( 3 (@) + ot )( wbi(z (k))+0kvl(k))
1 n n—d [ . ) | l
+ 6]_ ;1; (ai§’7 3}‘3%‘377)(30(@) ($§k+2) fx§k)) (gjl(k+2) 7xl(k)) <x£k+2) 7:8&,@)

+0(|x(k+%),x(k)|3)

n 2 n
:l‘gk)+O'kv,fk)+O’I%ZPZJ($(]€))Z)](1‘( ) % Z I P)zrar/Pr])( ( ))U‘;k)vfﬁ)
Jj=1 3,ryr'=1

+oi R +o(a}), (A.3)

where we have used the identity Zn 1 Pij(z (k)) (k) — (k) (since v*) is a tangent vector),
and Rl( ) is a term that satisfies Yooy P (z (k))R(k) 0, for 1<i<n.
With the expansion above, we compute the loss function in (3.10). Using (A.2), the

relation B41=0r =vhg(kh), and the assumption that sF+1.0(z(k+1)) = 5o (z(F+D) (k4
1)h) eR™, we can derive

k+1 k
6]%+1 ’P(x(k-'rl)) (S(k+1)’9(l‘(k+l)) _ b(l‘(k+1)) + M) 2

Bt
wkz ZP (D) [59,1/(x(k+1),(k+1)h)fbi/(x(kJrl))JrZPi/j(x(k))bj(z(k))
1=1"4=1 j=1
1 & —— 2
+5 > (I=P)irn 0 Pry) (280 ( <>+ i +G,kR( >+O(Gk)}
g,ryr'=1
:Il +IQ+I:3+O(O—]%), (A4)

where the three terms on the last line are defined as

Il —O’kZ

i=1

n

ZP a0 sg i (2D (R 1)R) — by (2B TD) 1> P (20 by (M)

=1 j=1
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n
S (=P8, Pry) (2 ®)oM) <’“>+akR‘k>]

3,rr'=1
Z(ZP (2 +D) (/k))z,

T3 : =20, Z P (xFFD [ i (@FD (k+1)h) = by (z*FTD)+ ) " Py (a®)b, (™))

1
2

i,1'=1 j=1
1 n
+§ Z ((I—P)Z/787/P7])(.T(k))1}j(k) (k)+0' R(k):| (k),
7,rr'=1

respectively. In the following, we derive the expansions of the three terms above. For 7y,
expanding the functions P, sg,b using (A.2), we can derive

Ti=0} > |3 Par(@®) 0,0 (0@ kh) = bir (29 + 37 Py () (M)
i=11i'=1 j=1
IR (), (k) ’
1 Py, AYR()
+2j§71 ((I P)Z/T&/PTJ)(JC )vj Uy }—&—0(1)
—okZ\ZPM o@® k)| +o(e), (A.5)
=1 /=1

where we have used the relations P? =P and P(I — P)=0 satisfied by the orthogonal
projection matrix P to derive the second equality. For T,, using the relation P2 = P and
(A.2), we can compute

Pii’ (l‘(k+1))’0(k)?]§/k)

Py (x(k))vgk)vg,k) + Z Ay Pyir (™)) (zgfﬁl) fxﬁk))vgk)vg/k)

y [ > ol —
7,5’ =1 1,7/, r=1

3 3 P e (e — ) ) o)

i,/ =1r,r'=1

+0(|$(k+1) — (k)|2>

_|_

=jo®)2 4 Z 8, Pyir (z()) (k+1)_$£k))vgk)vglk)

4,4, r=1
Uk: Z Z 02, Py (2 )y (k) o™ 4 o(02). (A.6)
i, =1r,r'=1
Let’s compute the three terms in (A.6). Using the expression of P in (A.1), the fact

that Zg‘:ﬁigau(k))vf’“) =0, and the product rule, it is straightforward to verify that,
for 1<r<n,

n

S 0RO = 37 0 (3 0T TOL A )PP —0
7,5’ =1 7,8’ =1 a,a’=1 (A7)
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Similarly, we can verify that

Z agr’Pu’(x(k))vl(k)v(,k)uﬁk),u({c)

i, rr'=1

—2 Y Z( £ (VETVE L3R o) (@)oo (A)

i rr’'=la,a’=1

Hence, substituting (A.7) and (A.8) into (A.6), we obtain

TPt 3 S (BeTETE R ) )Y to(ad).

it rr'=la,a’=1

(A.9)

For 73, we have

Ty =20, Z pl.i,(m(k))[S& (2 k) — by () +ZP 209 (24
1 n

5 Z I Py 0p Py )(x(k))v§k)v£1f)JrakRE,k)]vgk)

+20% Z Op(Piy (89,50 —b i/))(w(k),kh)vﬁk)vfk)

1,4, r=1

+ 207 Z B, Poyr (z9) Py ()b () p®) ()
Qi =1
“FO']% Z a’r‘-Pii’ (l'(k))((I—P)ZIJ/ aT/PJ/])({E(k)>’l)](k)U,,(,I/€) ’U,,(uk)vz(k)‘ko((fi)

44,4, g =1

=201, Y Pur(@®)sg,00 (z ™ kR0 +207 N 0,(Piar(s0.0 —bir)) (2 k) o v M)

v L
1,8/ =1 1,8, r=1

1208 30 0P (2 Py ()b (2 oM
i,4,r,j=1
n
—‘rO']% Z 8TP7;7;/ (l'(k))((I—P)l/]/ 8T/P]/])(I(k))’l]](k)v7(ic) U,gk)vgk)‘i'O(Uz),
1,4/, 7r,5,m 7' =1

(A.10)

where we have used Taylor expansion with (A.2) and the fact that |sg(z,(k+1)h)—
sg(z,kh)|=0(h)=0(03%) to derive the first equality, and we have used the relations
P’=pP, P(I-P)=0, and > _,_, P (m(k))RZgC) =0 to derive the second equality. We
further simplify the last two terms in the expression above. Notice that, similar to (A.7),
we can verify that

ST 0Pz W) Py (z ™)l =0, 1<j<n. (A.11)

v
3,8, r=1
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For the last term in (A.10), we can derive
j{: 0, Pisr (@) (1= P)irje 0y Pyrj) @) 0l oM oM
/ / 1

T,
n

(0rPyrj» 0y Py ) (x(k))vék)viig) vﬁk)vl(/k)
¥ / / 1

n n—d
- Z Y (VYO0 ) (926 (TETVE, 0y ) | 0

g3’ =1 ~aal mn' =1

() 4y (B) 1, () 4, (k)

. ’Uj Uy

n n—d
- 3 {Z (02,6a(VETVE L2 fn)}(:v“ﬂ)vﬁ’“)vi’f)vi’“)vﬂ“’, (A.12)

i rgr’'=1 ~a,n=1

where the first equation follows by applying the product rule to the identity P(I — P)=0
and using the relation Z P”/v(k)—vg,k), the second equation follows from the
expression (A.1) and the fact that several terms vanish due to the orthogonality
relation Y ., 6i§a(a:(k))v§k):0, and the last equation follows from the fact that

> 5105600y = (VETVE)qryy. Combining (A.10), (A.11), and (A.12), we obtain

Ty =20; Y Pir(x™)sg,0 (2 ® kh)ol™ +202 3" 0, (P (59,00 — b)) (@®) k)o@

v L
1,8/ =1 1,8, r=1

n n—d
+o} Z [ Z (@%fa(VﬁTVE)a;@JQT fn)} (m(k))v](-k)vgf) vﬁk)vg,k)—I—o(U,%).

i’ r,g,r’'=1a,n=1

(A.13)

Substituting (A.5), (A.9), and (A.13) into (A.4), we obtain (after cancellation of terms
in Zy and Z3)

L(k+D) _xuc)) 2

P(x(kﬂ))(s(k+1),a(x(k+1))_b(x(k+1))+

2
5k+1 B]% L
+

=1+ Ty + I3 +o0(0})

=07 |P(®)sg(a®)  kh)|* + |v® * +207 Z 0 (P (89,50 — b)) (z®) kh)v®)p®

i, ,r=1
n
+203, > Pur(2®)s0,0 (™, kh)ol? 1 0(0F). (A.14)
i,i/=1

Now, we consider the terms on the right hand side of the above expression in the limit
N — +o0. Using the fact that the forward process z(*) converges to the SDE (4.1) [4] ,
we have

N—-1 T
2
NLHEOOEQ(M(;)U 2| P(a®)sp(x ™ kh))| ):EQ/O (|P(Xt)59(Xt,t)| )gz(t)dt.

Since v(® is the standard Gaussian random variable in T M confined in fif,f)) (the

set of tangent vectors with which (3.5) has a solution), the set fi‘z,j“)) increases to the
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entire tangent space T,x M as N — +o00, we can show that (by bounded convergence
theorem)

lim Egw) (Uk Z Piir (%)) s ; (a:(k)7kh)v§k)) =0,

N —4o00
i,0'=1

and

i g (07 32 01(Pu(sn.~b) e k)
7,3",r=1

[ [ ( Z 0, (Pur(s0.0 >><Xt,t>PM<Xt>)gQ<t>dt}

—Eq [ /0 ' (div am(P(so —b))(Xt7t)) g2(t)dt] :

where the equality above can be verified using the fact that v(*) :P(x(k))z(k) and z(¥)
converges to a standard Gaussian random variable in R"™ as N — 4o00.
Substituting (A.14) into (3.10) and using the above equations, we can derive

i ™)g)— LN 2
ol (Lo 6) =5 3 o)
T
:]EQ/O |:;‘P(Xt)sa(Xt7t)‘2+d1vM(P(89_b))(Xt,t):|92(t)dt
T
-[1, (1’P(”C>39<$vt>\2+diVM(P<se—b>><w,t>)p(a:,t>dw<x>}92<t>dt

:/OT VM ~|P@)so(a,t)|° = (P(s0— b)) (x,t) - Vaqlogp(z, t)) (2,1) do i (z )]gQ(t)dt

l\')\)—l
o

S
| —

z)sg(x,t) — Vpqlogp(x,t) | p(x,t)dom(z )}gQ(t)dt
T
+f [ /M( 1)~ §Vaalogple.0) Vaalogple.))pto. ) a(w) )
/T P(X,)s9(X;,t) — V adlogp(Xe,1)| g2 (t) dt
0

bOX0) ¥ logp(Xe)) -V aelogp(Xe0)g(0)d

where we have used integration by parts on M, and the expression divaf=
ZZT:l PO, f; for f: M —R"™ (which can be verified using Lemma A.1 in [37]). d
Next, we present the proof of Corollary 4.1.
Proof. (Proof of Corollary 4.1.) Using the assumption fSj11 =0}, the projection
scheme in (3.5) and the relation P(z®))V¢(2(F)) =0, we can simplify the constant C(V)

n (3.11) as

N—-1

o ™)) +Zlog (1-d7)). (A1)

k=0 =

DN | =

cW) = —Equv (logp )+
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Therefore, using the definition of relative entropy (see (2.4)), the loss function in (3.10),
the constant C™Y) in (3.11), and applying Theorem 4.1, we have

lim  H(QW P

N—+oo
N1
:Nl_ig}oo [LOSS(N) 6)+Cc™ +Eqw) ( Z log (1— 627511)79)) +E,, (loggo)
k=0

(k)

N-1
1 1—e¢

— L (N)(p) _ (N) < )2 z(k)

_Nhn+1 Loss'™/(6) —Eqwv | logp(z +2,§,0 ok |+§ log )

TEpt1) g
+Eq, (logqo)
(N1
= lim (LOSS(N)(H) Eqw logp(z - lv (k)\2)+]Eq0(logq0)
N—+oco 2 =0

1 T
i logp((Xo.0) ~logp(Xr.T) + 3 / [P(X0)s0(X1:) — V aclogp(Xest) g2 (1)
0

T
+ / (P(XB(X) ~ 5 Vaalogp(X0,)) - Vou logp<xt,t>92<t>dt] 7 (A.16)

where the third equality follows because the terms containing ' W ,’j)) and €' (kll)  converge

to zero sufficiently fast as N — +o00. Note that the density p(z,t) of SDE (4 1) solves
the Fokker-Planck equation

op
ot

Therefore, we have

@AMp(x,t), zeM, te€[0,T]. (A.17)

(2,t) = —g*(t)divas (P(2)b(z)p(,t)) +
Eq [logp(XmO) - 10gp(X:r,T)}

:/ logp(x,O)p(m,O)daM(x)—/ logp(z,T)p(x,T)doam(z)
M M

:_/OT;lt(/ 1ogp(q;,t)p(m,t)daM(x)) dt
—/OT :/M (logp(z,t)+1) gt (x,t)dom(z )} dt

/OT'

/M (logp(x,t) + 1) (—divM (P(a:)b(x)p(a?,t)) + %AMp(z,t))QQ (t)dUM(I):| dt

/1

=—Eq [/OT (P(Xt)b(Xt) - %VM logp(Xt,t)) “Vm 10gp(Xt7t)92(t)dt] ; (A.18)

| (@00 = 59 setoeo.0) -V aalogp(ot)) ot dosaa) | )

where we have used (A.17) to derive the fourth equality and integration by parts on M
to derive the fifth equality. Combining (A.16) and (A.18), we obtain

1 T
Jim H (@MPM) = EQ[/ |P(X1)s0(Xe,t) =V qlogp( X, 1) g% (¢ dt] (A.19)
— 400 2 0
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%
Finally, note that Q is the path measure of the time-reversal Y; = X7_; of SDE (4.1),
which satisfies [7, Theorem 3.1]

aY, = g*(T 1) (= POYOB(X0) + Varlogp(Ye, T —1) ) dt -+ g(T—)dWM, 1€ (0,71,
(A.20)
and Py is the path measure of SDE (4.3). Applying Girsanov’s theorem [12, Theo-
rem 8.1.2], we obtain

% =exp (/O 9 (T =) (P(Ys)se(Ye, T —1t) =V adlogp(Ys, T~ t)) -dW™

1T )
—5/0 |P(Y2)s0(Ye, T —1) = Vadlogp(Ye, T —t)]| gQ(T—t)dt), (A.21)

where WM is a Brownian motion on M under Q. Therefore, we have

H(Q |Py) =5 (log flg)

T
:E@(%/O |P(Yy)s9(Ye, T —t) =V logp(}/t,T—t)]2g2(T—t)dt)

1 /T
:EQ<§/ |P(Xt)50(Xta ) — Valogp(Xy,t | g dt) (A.22)
0

where the second equality follows from the fact that the stochastic integration in (A.21)

vanishes after taking logarithm and expectation, and the third equality follows by a

change of variable t<+ T —t and the fact that Y; = X7_;. The conclusion is obtained

after combining (A.19) and (A.22). ad
Finally, we present the technical lemma on the projection scheme in (3.1), which

was used in the proof of Theorem 4.1.

LEMMA A.1. Given x€ M and x' € R™, the solution to the problem

y=a'+VE(x)e(z'), cl@’)eR™Y st £(y)=0 (A.23)

has the following two expansions as ¥’ approaches x
d;cy(x Z (VETVE), L (2)0;a(x), 1<j<n, (A.24)
a=1
n—d
e Z veTve); Z (a €20, P,JP/l)( ), 1<jl<n,  (A.25)

ror/=1

for 1<n<n-—d. Moreover, as &’ approaches x, the following expansion of y in (A.23)
holds

Z":[z": (I—-P);P, Ilarlprj)(l‘):|(Z‘;'—.Tj)(l‘;—xl)

J,l=1r,r’'=1

w\»—‘

n
Yi =$i+zpij(l‘)($} )+

n

ey (Zagn frenla) ) @)~ ) ot ) ol ). (20)

Jib,r=1
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where 1 <i<n.
Proof. Differentiating (with respect to z’) the constraint equation

a2 +VE(2)e(2))=0, a=1,...,n—d,

we get

30,60 (¢ + VE()e(a)) (5m+235n 2)0j ¢y (x )):o, 1<j<n. (A.27)

Setting #’ =z in (A.27) (notice that ¢(2’) =0 when 2’ =z) and multiplying both sides
by (VETVE) (), we obtain (A.24). In particular, using (A.1), we have

n—d

5”+Zarg7, Djen(@) =0r5— 3 (0:6,(VETVE)A0560 ) () = Prjlw), 1<rj<n.
n,a=1

(A.28)

Next, we show (A.25). Differentiating (A.27) again, setting 2’ =z and using (A.28), we
get, for I1<a<n—dand 1<j,l<n,

O—Z 02 €a( (6ra+zarfn x)0jcp(x )( 'H_Z@ §n(@)dhcy (@ )>

rr/=1

+Za£a (Zf’én O ()

_ En: (33T,§aijPT,l) (z) +T§ ((V{va)anaflcn) (),
n=1

ror'=1
from which we can solve, for 1<n<n-—d and 1<j,l<n,

n—d n

Prey()=-> 3" ((ngvg) 192 gaprjpr/l)(x)
a=1lrr'=1
n—d n

=3 3 ((VETVE), 20,00, Pry P ) (),

a=1rr'=1

where the second equality follows from the product rule and the identity > ", P,;0,&, =0.
This shows (A.25).
Lastly, we prove the expansion in (A.26). Note that (A.25) and (A.1) implies

n—d n
> (0i&ndhien) (@)= > (I =P)ir P10y Pry) (), 1<ijl<n. (A.29)
n=1 ror/=1

By expanding c¢(z’) at 2’ =z to the third order, noticing that ¢(x)=0, and using (A.28)
and (A.29) for the first and second order derivatives respectively, we can derive

n—d

yi =i+ Z 0i&y(x)cy(2')

n=1
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1 . 2 / /
=z + (2} — ;) Za &z Za e (@) (@) — ;) + 5 > ey (@) (@ — ) (@) — 1)
J,l=1

+1 S (o)) —x»(wé—xz)(m;—xr)} Fo(la! —af?)

7,17‘ 1

_xz—i—ZP” () —25)+ %Z [ Z (I P)irar/PrjPT/l)(:L‘)] () =) (x) — 1)
- (Zafn Ocn(e) ) a5 =) af —) )+l ).
7,l,r=1
which proves (A.26). ]

Appendix B. Details of algorithms and experiments.

B.1. Neural networks and training setup.  As described in Theorem 4.1,
the functions (s*+1:9(x))o<r<n_1 are represented by a single function sg(z,t) with
parameter 0, which is in turn modeled by a multilayer perceptron (MLP). We employ
SiLU as the activation function. We do not require that the output of the neural network
belongs to the tangent space, thanks to the presence of the projection in both the forward
and the reverse processes. Alternative strategies for designing neural networks with
outputs in tangent space are proposed in [7].

Moreover, we define g(t) as g(t) = Ymin + %(’ymax — Ymin), Where Ymax > Ymin > 0. The
parameters in the Markov chain are chosen as oy = fx+1 =V hg(kh), with h= % and
k=0,1,...,N—1.

We train our models using PyTorch, where we employ the Adam optimizer with
fixed learning rate r=5x 10~% and we clip the gradients of the parameters when the
2-norm exceeds 10. We also implement an exponential moving average for the model
weights [24] with a decay rate of 0.999. All experiments are run on a single NVIDIA A40
GPU with 48G memory. In each run, the dataset is divided into training, validation,
and test sets with ratio 80:10:10. Values of all the parameters in our experiments are
summarized in Table B.1.

Datasets Ymin  Ymax IV T l¢ Nepoch B N, N
Bunny, k=50 0.07 0.07 800 &.0 100 2000 2048 256 5
Bunny, k=100 0.07 0.07 500 5.0 100 2000 2048 256 5
Spot, k=50 0.1 0.1 500 5.0 100 2000 2048 256 5
Spot, k=100 0.1 0.1 300 3.0 100 2000 2048 256 5
SO(10) 0.2 2.0 500 1.0 100 2000 512 512 3
Transformed-SO(10) 0.2 1.3 250 2.5 100 1000 512 256 3
Hamiltonian 0.1 1.5 150 1.5 1 4000 512 256 3
Alanine dipeptide 1.0 1.0 200 0.1 100 5000 512 512 5

Table B.1: Parameters in our experiments. Ymin,Ymax,V,1 are the parameters in our
model; l¢, Nepoch, B are the parameters in Algorithm 4; Ny, N; are the numbers of the
hidden nodes per layer and the hidden layers of the neural networks, respectively.



ZICHEN LIU, WEI ZHANG, CHRISTOF SCHUTTE, AND TIEJUN LI 23

B.2. Mesh data on learned manifolds. The function ¢:R3® — R is modeled by
a MLP with 3 hidden layers, each of which has 128 nodes. Different from the activation
function in our model, here we use Softplus activation function, where the parameter
is set to 10. The loss function for learning ¢ is

e(f)zﬁz |«s<x>|+|§,| S (IVE) - 172, (B.1)

z€D yeD’

where A=0.1, D denotes the set of vertices of a high-resolution mesh, and the set D’
contains samples near the manifolds that are obtained by perturbing samples z €D
according to y =1z +ce, with e~N(0, I3) and ¢=0.05. The first term in (B.1) imposes
that £ is close to zero on vertices, whereas the second term serves as a regularization term
and ensures that £ has non-vanishing gradient near the manifold. The neural network is
trained for 200000 steps using Adam optimizer, with batch size 512 and learning rate
104,

With the learned function &, we consider the manifold defined by M = {x € R3|£(z) =
0}. The values of ¢ on the dataset are at the order 1072. To ensure that the data
is on M with high precision, we refine the dataset by solving the following ordinary
differential equation (ODE):

dz
— =—€@)Ve(m), 20, (B.2)
starting from each point in the dataset until the condition |¢(z;)| <1075 is reached
(notice that (B.2) is a gradient flow and lim; ,|&(x:)|=0). This ensures that the
refined points conform to the manifold accurately.

B.3. High-dimensional special orthogonal group. The dataset is constructed
as a mixture of 5 wrapped normal distributions, each of which is the image (under the
exponential map) of a normal distribution in the tangent space of a center S; € SO(10),
1<i<5. To ensure multimodality, we define the centers S; as follows. We initially
cosg sing

P T s
Sln§ COS 3

then construct block diagonal matrices of order 10 by incorporating Ay and the identity
matrix I in various combinations:

define a 2 x 2 matrix Ag:= } , which represents a rotation by % radians. We

Xlidiag{Ao,IQ,IQ,IQ,IQ}, X2:diag{A0,A0,IQ,IQ,I2}, Xgidiag{AQ,Ao,Ao,IQ,IQ},
X4:diag{A0,Ao,A0,A0,I2}, X5:diag{A0,A07A0,A0,A0}. (B3)

The centers S; of the wrapped normal distributions are chosen as S; =Q, X;Q;,
where Q; € SO(10) are randomly drawn from the uniform distribution. According to
(B.3), the statistics 17(S) = (tr(S),tr(S?),tr(5*),tr(S°)) of the centers can be explicitly
computed (using the trace identities tr(AB)=tr(BA) and tr(Q; X;Q;) =tr(X;)) as

77(51):(9,7,7,9), 77(52)2(8,4,4,8), 77(53):(7717177)7
77(54):(6’*2’*2’6)7 77(55):(53753*5:))- (B'4)

To generate data in the dataset, we select a center S; with equal probability, sample
tangent vectors Y from the normal distribution (in the tangent space at S;) with
zero mean and standard deviation 0.05, and then compute their images S under the
exponential map, that is, S= SieSiTY.
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B.4. Alanine dipeptide. To generate the dataset, we initially perform a con-
strained molecular simulation of alanine dipeptide in water for 1ns using the molecular
dynamics package GROMACS [33] with step size 1fs. We apply the harmonic biasing
method in COLVARS module [8], where the collective variable is chosen as the dihedral
angle ¢ and the harmonic potential is centered at ¢ =—70° with the force constant 5.0.
Further simulation details are omitted since they are similar to those in [18]. In total,
10* configurations are obtained by recording every 100 simulation steps. We exclude the
hydrogen atoms and work with the coordinates of the 10 non-hydrogen atoms in the
system (see Figure 5.5a). In a final preparatory step, we apply the refinement technique
in Appendix B.2 (see Eq. (B.2)) to the recorded coordinates, so that the data in the
dataset lives in the manifold M = {z € R*’|¢(z) =—70°} up to a small numerical error
of order 1072,

Since M is unbounded, we adopt a nonzero function b in our model to make sure
that the Markov chain processes stay in bounded region. To this end, we choose a
reference configuration z**f from the dataset and define the potential function

V(m):g|R;(a:—w;)—xref|2, TR, (B.5)

with k=050, where R}, w} are the optimal rotation and the optimal translation that

minimize the RMSD (see Eq. (C.2)). The function b is defined as (the negative gradient
of V in full space)

b:—VV(x):—H(R;(x—w;)—xref), (B.6)

where the second equality follows by differentiating V' in (B.5) and using the first order
optimality equations satisfied by R} and w} (also see [5]).

We also build our model to make sure that the generated distribution is SE(3)-
invariant (i.e. invariant under rotations and translations). For this, we rely on the
theoretical results in [35] and in Appendix C. One can check that V(x) is SE(3)-
invariant and b satisfies property (C.1) in Appendix C, that is, b is equivariant under
rotations and invariant under translations. This guarantees that the prior distribution
p(zM)), which we choose as the invariant distribution of the forward process, is SE(3)-
invariant as well. We still need to make sure that the transition densities of the
reverse Markov chain are SE(3)-invariant. For this purpose, in the reverse process we
set sOHD0(2) = (R2)T fo(R: (z —w?), EEDT) where f5: R x R —R30 is modeled by
a single MLP with parameter 6, and both R} and b} are computed by the Kabsch
algorithm [16]. With this choice, s(*+1):(z) satisfies property (C.1) by Proposition
C.1 in Appendix C, and the transition density of the reverse process is SE(3)-invariant
by Proposition C.2 in Appendix C. Since the prior p(z(N)) is also SE(3)-invariant, we
conclude that the learned distribution pg(2(?)) is SE(3)-invariant [35]. Compared to the
commonly used equivariant networks [26], our network fits our experiment better thanks
to its lower computational cost and reduced memory usage.

B.5. Additional experimental results. This section presents additional
experimental results, focusing on computation time and the non-convergence rate of
trajectories. We first report the simulation time Ty, and training time Tiai,, with
the percentages of the total runtime T, indicated in parentheses in Table B.2. The
trajectory update interval l¢, the number of steps IV, and the cost of solving Newton’s
equation jointly determine the simulation time Ty,. Recall that the total complexity of
Newton’s method is O (kiter(Ce + (n—d)?)), where C¢ denotes the computational cost
of evaluating V&. In our experiments, Ce = O(1) for most datasets, except for meshes
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where neural network evaluation is required. The codimension is typically n—d=1,
except for SO(10), where n—d=>55. When Newton’s method converges, it requires at
most kjtor =3 iterations.

Moreover, as discussed in Section 3.1, (3.1) may not yield solutions for certain
vectors v, leading to the discarding of corresponding trajectories. Table B.3 provides the
failure rate of trajectory generation in our experiments, as well as the maximum number
of iterations required for Newton’s method in cases where it converges.

Datasets Zf Nepoch T51m Ttrain Ttotal Tepoch
Bunny, k=50 100 2000 252(1.8%) 14120 14372 7.06
Bunny, £ =100 100 2000 142(1.6%) 8718 8860 4.36
Spot, k=50 100 2000 113(1 3%) 8751 8864 4.38
Spot, k=100 100 2000 70(1.3%) 5189 5259 2.59
SO(10) 100 2000 2426(11.2%) 19289 21715 9.64
Transformed-SO(10) 100 2000 491(2.2%) 22276 22767 22.28
Hamiltonian 1 4000 1938(79.6%) 496 2434 0.12
Alanine dipeptide 100 5000 159(1.1%) 14299 14458 2.86

Table B.2: Detailed runtime metrics in our experiments. We report Tgim, Ttrain, and
Tiotal as the time for path generation, time for training, and total runtime, respectively,
with the percentages of the total runtime 7T}t shown in parentheses. The parameter
l¢ determines the frequency of trajectory updates. The final column T¢pocn shows the
training time per epoch, calculated as Tirain/Nepoch. All time metrics are reported in
seconds.

Datasets Omax Rfail,fwd Rfail,bwd itermax tol

Bunny, k=50 0.007 1.00% 0.82% 3 le-4
Bunny, £ =100 0.007  0.65% 0.55% 3 le-4
Spot, k=50 0.010 0.15% 0.25% 3 le-4
Spot, k=100 0.010 0.11% 0.10% 3 le-4
SO(10) 0.089 0.00% 0.00% 3 le-6
Transformed-SO(10)  0.13 0.00% 0.00% 3 5e-6
Hamiltonian 0.15 0.00% 0.00% 4 le-5
Alanine dipeptide 0.022 0.01% 0.00% 2 le-5

Table B.3: Failure rate of trajectory generation. Rgail fwa and Riail bwd represent the
percentages of discarded trajectories when sampling the forward and reverse process,
respectively. opmax denotes the maximum value of (oy)o<rp<n—1. itermax denotes the
maximum number of iterations for Newton’s method to converge (i.e. until the error is
less than tol).

Appendix C. Theoretical results on neural networks for molecular systems.
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In this section, we present theoretical results for the neural network architecture we
employed in studying alanine dipeptide.

Assume that the system consists of M atoms, where the coordinates of thee i-th atom
are denoted by x; €R3, for i=1,2,..., M. Let 2 € R3M be the vector consisting of all the
coordinates @1 xs,...,2) € R®. For simplicity, given a rotation matrix R€SO(3) and a
translation vector w € R3, we use the conventional notation Rz +w to denote the vector
in R®M that consists of the transformed coordinates Rxq +w, Rxs+w, ..., Rz +w € R3.
We say that a function f defined in R*M is SE(3)-invariant, if f(Rz+w)= f(z), for all
ReSO(3), weR3, and for all x € R3M . We say that function f:R3M —R3M possesses
property (C.1), if it is both equivariant under rotations and invariant under translations,
ie.

f(Rz+w)=Rf(z), for all R€SO(3),w€R?, and all x € R3*M. (C.1)

Assume that a configuration 2 is chosen as reference. Given z, the optimal rotation

matrix and the optimal translation vector, which minimize the RMSD

1
RMSD (z; 2" = (%\R(x—w) —:cmf\Z) ’ (C.2)
from the reference z**!, are denoted by R} and w, respectively.

Proposition C.1 characterizes functions that are both equivariant under rotations
and invariant under translations. Proposition C.2 guarantees the SE(3)-invariance of
the transition densities of our diffusion model.

ProprosiTiON C.1. The following two claims are equivalent.
e Function s:R3M —R3M possesses property (C.1).
o There is a function f:R3M R3M  such that s(z)=(R:)" f(R:(x—w?)), for
all z e R3M,

Proof. Tt is straightforward to verify that the first claim implies the second claim. In
fact, setting R= R%, w=—R%w}, and using the identity R" R= I3, we obtain from the
first claim that s(z) = (R%)"s(R:(z —w?)). Hence, the second claim holds with f=s.
To show that the second claim also implies the first one, we use the fact that the optimal
rotation Ry, and the optimal translation wg, ,,, which minimize the RMSD of the
state Rz +w from the reference ', are given by Rhprw= R*RT and Whyy o = RWE +w,
respectively. This fact can be directly checked using (C.2). In particular, we have

R}(?erw (RfE +w— w)lkh:+w) = R; ({E - ’LU:) .

Therefore, for the function s defined in the second claim, we can compute, for any
ReSO(3), weR?, and any v € R3M

S(R.’E +w) :(R;\?z+w)Tf(R7%x+w (R(E +w— w}k:im+w))
=R(R;)" f(R;(x—wy))
=Rs(z),

which shows the first claim. O
PROPOSITION C.2. Assume that & is SE(3)-invariant and b possesses property (C.1).
Then, the transition density (3.6) of the forward process is SE(3)-invariant. Further
assume that the function s 19 possesses property (C.1) for0O<k<N—1. Then, the
transition density (3.8) of the reverse process is also SE(3)-invariant.
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N o Rfail,fwd Tsim Ttrain JS NLL

50  2.45e-2  2.86%  19.2(3.2%) 589.3  4.382e-01+3.81e-03 0.77+0.01
100 1.73e-2 1.23%  36.9(2.7%) 1313.1 4.314e-01+2.18¢-03  0.77+0.01
200 1.22e-2  0.34%  54.0(2.0%) 2673.0 4.312e-01+2.66e-03 0.77+0.01
(1.6%)
(1.2%)

300 1.00e-2 0.11%  66.4(1.6%) 4186.2 4.298e-01+2.89¢-03 (.7740.01
400 0.87e-2 0.05% 84.8(1.2% 7297.1 4.300e-01+1.68¢-03 0.78+0.01

Table C.1: Ablation study of the number of steps N on the Spot the Cow dataset
with £=100. Here, o denotes the step size and Rg.j rwd represents the proportion of
failed forward trajectories. Ty, and Tipain are the simulation and training times (see
Table B.2). JS denotes the Jensen-Shannon distance on mesh face histograms between
the ground truth and generated distributions.

N g Rfail,fwd Tsim Ttrain Wl

50  0.26 0% 823.2(81.1%) 191.5  3.152e-01+1.96¢-03
100  0.18 0% 1429.0(85.0%) 253.0  3.117e-01+8.09¢-04
150 0.15 0% 2035.8(84.3%) 378.4  3.098e-01+3.48¢-03
200 0.13 0% 2717.9(84.9%) 482.9  3.093e-01+2.66¢-03

Table C.2: Ablation study of the number of steps N on conserved Hamiltonian surfaces.
W denotes the 1-Wasserstein distance in coordinate space (¢1,92,...,9,) between the
ground truth and generated distributions.

Proof. We consider the transition density (3.6). Recall that U, € R"*¢ is a matrix
whose columns form an orthonormal basis of T, M. Since ¢ is SE(3)-invariant, we
have {(Rx+w)=¢(x), for all rotations R and translation vectors w, which implies that
Rz+we M, if and only if € M. Differentiating the identity {(Rx+w)=¢(x) with
respect to x, we obtain the relation VE(Rx+w)= RV{(x), from which we see that
URz+w can be chosen such that Uryyq, = RU,. For the orthogonal projection matrix P
in (A.1), using the identity RT R= I3, we can compute

P(Re+w) =1, — V&(Re +w) (VE(Re +w) T VE(Rr+w))  VE(Rr+w) |
=1, — RVE(2) (VE(x) T VE(r) " VE@) TR
=RP(z)R".

(ok) _ (ox)

Ra(® 4w — Cok)
(i.e. the probabilities of having no solution are the same). Therefore, for the transition

density (3.6), we can derive, for any R€SO(3) and w € R3,

Moreover, since both b and V¢ satisfy the property (C.1), we also have e

q(Rz*+Y | Rz™) +w)

_4d —1
=(2r0})"E (1= 750 ) 1det(U o0 4 o Unaton 40)]

- |P(Rz®) +b) (R 1) — Rz — 62b(Ra®) +w)) ‘2 )
203

=(2r02) " # (1—¢'%)) 7 [det (U RT RUsm)) |

-exp
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|[RP(z)RT (R +1) — Re® — o2 Rb(zM))|? )

-exp(— 20%

d
2

| P(a®)) (21 — () — 62p(2())) ‘2)

—=(2702)~
( ﬂ-ak) 20’3

(1 — E;T,I:))) -t |det(U;k) Uw(k+1) ) | eXp(—

:q(x(k+1) |.’E(k)) ,

which shows the SE(3)-invariance of the transition density of the forward process. The
invariance of the transition density of the reverse process in (3.8) can be proved using
the same argument, assuming that s*+1):¢ satisfies the relation s*+1-¢( Ry +w)=

Rs(k+1:0(g)., 0

Appendix D. Ablation study.

Table C.1 presents the computational cost and performance analysis for the Spot
the Cow dataset with k=100 under varying N. We observe that, as N increases,
the Newton method’s failure rate decreases, and both trajectory simulation time and
training time increase accordingly. To better assess the generation quality, we compare
the Jensen-Shannon distance between the ground truth and generated distributions, as
the NLL metric fails to reveal meaningful differences. The results indicate that N =250
yields relatively poor performance, while other values of N show comparable results with
marginal differences.

Table C.2 presents the ablation study on conserved Hamiltonian surfaces. The
results demonstrate that as IV increases, the computational cost grows while the accuracy
improves accordingly.

The performance of our method is not highly sensitive to the number of steps N, as
long as N is not too small; the computational cost scales positively correlated with V.
Thus, a viable strategy is to choose N by balancing the Newton method’s failure rate
against computational overhead, while maintaining satisfactory generation quality.
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