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Abstract

Inverse reinforcement learning (IRL) denotes a powerful family of algorithms for
recovering a reward function justifying the behavior demonstrated by an expert
agent. A well-known limitation of IRL is the ambiguity in the choice of the
reward function, due to the existence of multiple rewards that explain the observed
behavior. This limitation has been recently circumvented by formulating IRL as
the problem of estimating the feasible reward set, i.e., the region of the rewards
compatible with the expert’s behavior. In this paper, we make a step towards closing
the theory gap of IRL in the case of finite-horizon problems with a generative
model. We start by formally introducing the problem of estimating the feasible
reward set, the corresponding PAC requirement, and discussing the properties of
particular classes of rewards. Then, we provide the first minimax lower bound
on the sample complexity for the problem of estimating the feasible reward set of

order Q2 (H ifA (log (%) + S )), being S and A the number of states and actions

respectively, H the horizon, € the desired accuracy, and ¢ the confidence. We
analyze the sample complexity of a uniform sampling strategy (US-IRL), proving
a matching upper bound up to logarithmic factors. Finally, we outline several open
questions in IRL and propose future research directions.

1 Introduction

Inverse reinforcement learning (IRL) aims at efficiently learning a desired behavior by observing
an expert agent and inferring their intent encoded in a reward function (refer to [26 3| 2] for recent
surveys on IRL). This abstract setting, which diverges from standard reinforcement learning [RL, 34],
as the reward function has to be learned, arises in a large variety of real-world tasks. In particular,
in a human-in-the-loop [38]] scenario, when the expert is represented by a human solving a task,
an explicit specification of the reward function representing the human’s goal is often unavailable.
Experience suggests that humans are uncomfortable when asked to describe their intent and, thus,
the underlying reward; while they are much more comfortable providing demonstrations of what is
believed to be the right behavior. Indeed, human behavior is usually the product of many, possibly
conflicting, objectivesm Succeeding in retrieving a representation of the expert’s reward has notable

'In RL, the Sutton’s hypothesis [34]] conjectures that a scalar reward is an adequate notion of goal.
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implications [33} /40, [11} 39} [18]. First, we obtain explicit information for understanding the motiva-
tions behind the expert’s choices (interpretability). Second, the reward can be employed in RL to
train artificial agents, under shifts in the features of the underlying system (transferability).

Since the beginning, the community recognized that the IRL problem is, per se, ill-posed, as multiple
reward functions are compatible with the expert’s behavior [25]. This ambiguity was heterogeneously
addressed by the algorithmic proposals that have followed over the years, which realized in several
selection criteria, including maximum margin [30], maximum entropy [41], minimum Hessian
eigenvalue [22| [23]], and a balance between compatibility and learning efficiency [5]. Some of
these approaches come with theoretical guarantees on the sample complexity, although according to
different performance indices [e.g., 1,135, 27].

A promising line of research that aspires to overcome the ambiguity issue has been recently inves-
tigated in [24}|19]]. These works focus on estimating all the reward functions compatible with the
expert’s demonstrated behavior, namely the feasible rewards. Remarkably, this viewpoint which
focuses on the feasible reward set, rather than on one reward obtained with a specific selection
criterion, as previous works did, circumvents the ambiguity problem, postponing the reward selection
and pointing to the expert’s intent. Although these works provide sample complexity guarantees in
different settings, a rigorous understanding of the inherent complexity of the IRL problem is currently
lacking.

Contributions In this paper, we aim at taking a step toward the theoretical understanding of the IRL
problem. As in [24} [19], we consider the problem of estimating the feasible reward set. We focus on
a generative model setting, where the agent can query the environment and the expert in any state,
and consider finite-horizon decision problems. The contributions of the paper can be summarized as
follows.

* We propose a novel framework to evaluate the accuracy in recovering the feasible reward set, based
on the Hausdorff metric [32]. This tool generalizes existing performance indices. Furthermore,
we show that the feasible reward set enjoys a desirable Lipschitz continuity property w.r.t. the IRL
problem (Section [3).

* We devise a PAC (Probability Approximately Correct) framework for estimating the feasible reward
set, providing the definition of (¢, §)-PAC IRL algorithm. Then, we investigate the relationships
between several performance indices based on the Hausdorff metric (Section d).

* We conceive, based on the provided PAC requirements introduced, a novel sample complexity
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lower bound of order () ( (log (5) + S)) This represents the most significant contribution

and, to the best of our knowledge, it is the first lower bound that values the importance of the
relevant features of the IRL problem. From a technical perspective, the lower bound construction
merges new proof ideas with reworks of existing techniques (Section [5).

* We analyze a uniform sampling exploration strategy (UniformSampling-IRL, US-IRL) showing that,
in the generative model setting, it matches the lower bound up to logarithmic factors (Section [6).

The complete proofs of the results presented in the main paper are reported in Appendix [B] A
conference version of the present paper appeared in ICML 2023 [ZIJEI

2 Preliminaries

In this section, we provide the background that will be employed in the subsequent sections.

Mathematical Background Let a,b e N with a < b, we denote with [a, b] := {a,...,b} and with
[a] := [1,a]. Let X be a set, we denote with A? the set of probability measures over X'. Let ) be a
set, we denote with A§ the set of functions with signature ) — A%, Let (X, d) be a (pre)metric
space, where X isasetandd : X x X — [0, +o0] isa (pre)metricE] Let Y, )’ < X be non-empty
sets, we define the Hausdorff (pre)metric |32] Hq : 2% x 2% [0, +00] between Y and )" induced
by the (pre)metric d as follows:

Hq(Y,Y') == max {sup inf d(y,y’), sup inf d(y,y’)}. (1)
yey y'ey’ y'ey’ vey

“https://proceedings.mlr.press/v202/metel1i23a.html,
3 A premetric d satisfies the axioms: d(z,2’) = 0 and d(z, ) = 0 for all z, 2’ € X. Any metric is clearly a
premetric.
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Markov Decision Processes without Reward A time-inhomogeneous finite-horizon Markov
decision process without reward (MDP\R) is defined as a 4-tuple M = (S, A, p, H) where S is a
finite state space (S = [S|), A is a finite action space (A = |A|), p = (pn)ne[a] is the transition
model where for every stage h € [H]| we have p, € AS, 4, and H € N is the horizon. An MDP\R is
time-homogeneous if, for every stage h € [H — 1], we have p,, = pp+1 a.8.; in such a case, we denote
the transition model with the symbol p only. A time-inhomogeneous reward function is defined as
r = (rn)he[r], Where for every stage h € [H] we have rj, : S x A — [—1, 1]'| A Markov decision
process [MDP, 28] is obtained by pairing an MDP\R M with a reward function r. The agent’s behavior
is modeled with a time-inhomogeneous policy ™ = (71,)ne[z7] Where for every stage h € [H], we
have 7, € AZ. Let f € RS and g € RS*A, we denote with p, f(s,a) = .5 Pr(s']s, a) f(s') and
with 7,9(s) = >4 Tn(als)g(s, a) the expectation operators w.r.t. the transition model and the
policy, respectively.

Value Functions and Optimality Given an MDP\R M, a policy 7, and a reward function r, the Q-

function Q™ (-;7) = (QF (;7)) neprrp induced by r represents the expected sum of rewards collected
starting from (s, a, h) € S x A x [H] and following policy 7 thereafter:

H
Qh(s,a;r) = E Z ri(si, a)|sn = s,an =al,
M) | (5

where E( () denotes the expectation w.r.t. M and 7, i.e., ap ~ 71 (:|sp) and sp 11 ~ pr(-|sn, an)
for every stage h € [h, H]. The Q-function fulfills the Bellman equations [28] for every (s,a, h) €
S x Ax[H]:

( S, a; ) (S a) +phvh+1(s a; T)

Vir(s;r) = mQp(s;r)  and Vi (sir) =0,
where V™ (-;7) = (VJ7(;7))nefmy is the V-function. The advantage function Ajf(s,a;r) =
Q7 (s,a;r) — Vi7(s;r) represents the relative gain of playing action a € A rather than follow-
ing policy 7 in the state-stage pair (s, h). A policy 7* is optimal if it has non-positive advantage
everywhere, i.e., AZ* (s,a;7) < 0forevery (s,a,h) €S x A x [H]. The Q- and V-functions of an
optimal policy are denoted with Q: (s, a; ) and V;*(s; 7).
Inverse Reinforcement Learning An inverse reinforcement learning problem [IRL, [25] is defined
as a pair (M, %), where M is an MDP\R and 7% is an expert’s policy. Informally, solving an
IRL problem consists in finding a reward function (ry,) e[ making ¥ optimal for the MDP\R M

paired with reward function r. Any reward function fulfilling this condition is called feasible and the
set of all such reward functions is called feasible reward set [24,[19], defined as:

Rmrr) ::{(rh)he[[Hﬂ ‘Vhe[[H]] S x Ao [—1,1] A¥(s,a,h)eS x Ax [H]: AT (s,a;7) <o}. )

We will omit the subscript (M, 7£) whenever clear from the context.

Empirical MDP and Empirical Expert’s Policy Let D={(s;,a;,h;,s},a’’)} 1e[¢] be a dataset of
teN tuples, where for every le[t], we have sj~pp, (-|si,a;) and af ~7}7 (-|s;). We introduce the
counts for every (s,a,h)eS x Ax [H]: ni, (s,a,8'):=3_, 1{(s1,a1,h1,8}) = (s,a,h,s")}, n, (s,a):=

DvesNh(s,a,8"), ny(s):=>,c4n}(s,a), and nh (s,a)=3"_, 1{(s;,af’)=(s,a)}. These quan-
tities allow defining the empirical transition model p'= (ﬁZ)he[[ ] and empirical expert’s policy

atP — (WZ’E>h€[[H]] as follows:
UACKLDRRTI’ (s,a) >0 ny " (s,0) if nt 0
P(s/ls,a) = { Gy A0 ap g e Il >0
% otherwise L otherwise

In the time-homogeneous case, we simply merge the samples collected at different stages h € [H].
We denote with (M, 71 the empirical IRL problem, where M! = (S, A, p*, H) the empirical
MDP\R induced by p'. Finally, we denote with Rf := R( Mt 7B the feasible reward set induced

(Mt 7E:). We will omit the superscript ¢, whenever clear from the context and write R.

“For the sake of simplicity and w.l.0.g., we restrict to reward functions bounded by 1 in absolute value.



3 Lipschitz Framework for IRL

In this section, we analyze the regularity properties of the feasible reward set in terms of the Lipschitz
continuity w.r.t. the IRL problem. To make the idea more concrete, suppose that R is the feasible

reward set obtained from the IRL problem (M, 7¥) and that R is obtained with a different IRL

problem (M, 7#%), which we can think to as an empirical version of (M, ), with an estimated
transition model p replacing the true model p. Intuitively, to have any learning guarantee, “similar”

IRL problems (p ~ p and 7 ~ 7F) should lead to “similar” feasible reward sets (R ~ 7%)
To formally define a Lipschitz framework, we need to select a (pre)metric for evaluating dissimilarities

between feasible reward sets and IRL problems. While we defer the presentation of the (pre)metric
for the IRL problems to Section [3.1] where it will emerge naturally, for the feasible reward sets, we

employ the Hausdorff (pre)metric Hq4(R, ’fé) (Equation , induced by a (pre)metric d(r, 7') used to
evaluate the dissimilarity between individual reward functions r € R and 7 € R. With this choice,

two feasible reward sets are “similar” if every reward r € R is “similar” to some reward 7 € R in
terms of the (pre)metric d. In the next sections, we employ as d the metric induced by the L.,-norm

between the reward functions r € R and 7 € R

dG(rv 7/:) = |7’h(87 CL) - ?h(87 a)| ) (4)

max
(s,a,h)eSx Ax[H]

where G stands for “generative”. In Section[3.1} we prove that the Lipschitz continuity is fulfilled
when no restrictions on the reward function are enforced (besides boundedness in [—1,1]). In
Appendix we show that, when further restrictions on the viable rewards are required (e.g.,
state-only reward), such a regularity property no longer holds.

3.1 Lipschitz Continuous Feasible Reward Sets

In order to prove the Lipschitz continuity property, we use the explicit form of the feasible reward
sets introduced in [24]] and extended by [[19] for the finite-horizon case, that we report below.

Lemma 3.1 (Lemma 4 of [19]). A reward function r = (ry,) he[H] S feasible for the IRL problem
(M, ) if and only if there exist two functions (Ap, Vi) he[) where for every h € [H] we have
Ap S x A - Rsg, V3 1 S > R, and Vg1 = 0, such that for every (s,a,h) € S x A x [H] it
holds that:

rh(s,a) =—=An(s,a) 178 a)s)=0y + Va(s) =PrVh+1(s,a).
Furthermore, if |ty (s, a)| < 1, if follows that |V, (s)| < H — h + 1 and Ap(s,a) < H —h + 1.

A form of regularity of the feasible reward set was already studied in Theorem 3.1 of [24] and in
Theorem 5 of [19], providing an error propagation analysis. These results are based on showing the

existence of a particular reward 7 feasible for the IRL problem (M\ , ), whose distance from the

original reward function r € R is bounded by a dissimilarity term between (M, 7%) and (M\ ,7E).
Unfortunately, such a reward 7 is not guaranteed to be bounded in [—1, 1] even when the original

reward r is (and, thus, it might be 7" ¢ R according to Equation In Lemma with a modified
construction, we show the existence of another particular feasible reward 7 bounded in [—1, 1] (and,

thus, 7 € 7%). From this, the Lipschitz continuity of the feasible reward sets follows.
Theorem 3.2 (Lipschitz Continuity). Let R and R be the feasible reward sets of the IRL problems
(M, 7B and (M, 7F), as in Equation @)). Then, it holds that.

209((M, 7), (M, 77))

Hao(R,R) < AL
1+ pG((M,7E), (M, 7E))

®)

SIf not, any arbitrary accurate estimate (p,7#7) of (p, %), may induce feasible sets R and R with finite
non-zero dissimilarity.
SWe discuss other choices of d in Section
"We illustrate in Factan example of this phenomenon.
Srrp s . . . - . . 208 (M, 7 ) (M,7EF))
This implies the standard Lipschitz continuity, by simply bounding T+ O (M) (LAE))

209 (M, ), (M, 7).

<



where p©(-, ) is a (pre)metric between IRL problems, defined as:

PG((MvﬁE)v(MﬁE)Y:(s . h)glsaxﬂx[[Hﬂ(H—h‘*‘l) (‘ﬂ{ﬂ{f(a\s):o} —L(zE(a)s)=0) +|\Ph('|57a)—ﬁh('\sﬂ)”l) :

Some observations are in order. First, the function p® is indeed a (pre)metric since it is non-
negative and takes value 0 when the IRL problems coincide. Second, as supported by intuition,
pY is composed of two terms related to the estimation of the expert’s policy and of the transition
model. While for the transition model, the dissimilarity is formalized by the L;-norm distance
[pn(-|s,a) — Pn(:|s,a)|,, for the policy, the resulting term deserves some comments. Indeed, the
dissimilarity [1 (£ (4s)—0y — L (2 (a|s)=0}| highlights that what matters is whether an action a € A
is played by the expert and not the corresponding probability 7£ (a|s). Indeed, the expert’s policy
plays an action (with any non-zero probability) only if it is an optimal action.

4 PAC Framework for IRL with a Generative Model

In this section, we discuss the PAC (Probably Approximately Correct) requirements for estimating the
feasible reward set with access to a generative model of the environment. We first provide the notion
of a learning algorithm estimating the feasible reward set with a generative model (Section[d.T)). Then,
we formally present the PAC requirement for the Hausdorff (pre)metric 4 (Section[4.2)). Finally,
we discuss the relationships between the PAC requirements with different choices of (pre)metric d

(Section[d-3).

4.1 Learning Algorithms with a Generative Model

A learning algorithm for estimating the feasible reward set is a pair 2 = (u, 7), where g = (144 )ten
is a sampling strategy defined for every time step t € N as y; € A%j_’?x[[Hﬂ with D; = (S x A x
[H] x S x A)* and T is a stopping time w.r.t. a suitably defined filtration. At every step ¢ € N,
the learning algorithm query the environment in a triple (s;, a, h:), selected based on the sampling
strategy fi¢(-|D¢—1), where D;_1 = ((si, ar, by, 8}, aF))iZ] € D;_1 is the dataset of past samples.
Then, the algorithm observes the next state s; ~ py, (-|s¢, a;) and expert’s action af’ ~ 7 (-|s;) and
updates the dataset Dy = D;_1 @ (8¢, as, hy, 55, al). Based on the collected data D, the algorithm
computes tIEa empirical IRL problem (]\//T 7, 7E7), based on Equation (3) and the empirical feasible

reward set R7.

4.2 PAC Requirement

We now introduce a general notion of a PAC requirement for estimating the feasible reward set of an
IRL problem. To this end, we consider the Hausdorff (pre)metric introduced in Section [3|defined in
terms of the reward (pre)metric d(r, 7). We denote with d-IRL the problem of estimating the feasible
reward set under the Hausdorff (pre)metric H 4.
Definition 4.1 (PAC Algorithm for d-IRL). Let e € (0,2) and ¢ € (0,1). An algorithm 2 = (u,T)
is (€,6)-PAC for d-IRL if:
P (Hd(R, R7) < e) >1-94,

(M,7E)2
where P(xq 55y o denotes thAe probability measure induced by executing the algorithm 2 in the
IRL problem (M, 7¥) and R7 is the feasible reward set induced by the empirical IRL problem
(MT™,7E7) estimated with the dataset D.,. The sample complexity is defined as T := |D,|.

In the next section, we show the relationship between PAC requirements defined for notable choices
of d.

4.3 Different Choices of d

So far, we have evaluated the dissimilarity between the feasible reward sets by means of the Hausdorff
induced by dS, i.e., the Lo,-norm of between individual reward functions. In the literature, other
(pre)metrics d have been proposed [e.g., 24} [19].



dg* -IRL Since the recovered reward functions are often used for performing forward RL, an index
of interest is the dissimilarity between optimal Q-functions obtained with the reward » € R and
7 € R in the original MDP\R:

dg* (r,7) = (s,a,h)é%iXAx[[H]] Qi (s,a;7r) — Qr(s,a;7)].

dg*-IRL We are often interested in not just being accurate in estimating the optimal Q-function,

but rather in the performance of an optimal policy 7*, learned with the recovered reward 7 € R,
evaluated under the true reward r € R

dG ”\ — V* : 7v77r* : ;
v (1,7) %*zﬁg(?)(s’h@ﬁﬂ W (s5m) = Vi (s57)

where IT* (7):={m:V(s,a,h)eS x Ax [H]: A% (s,a;7) <0} is the set of optimal policies under the
recovered reward 7.

The following result formalizes the relationships between the presented d-IRL problems.

Theorem 4.1 (Relationships between d-IRL problems). Let us introduce the graphical convention
for c>0:

meaning that any (¢,0)-PAC xz-IRL algorithm is (ce,d)-PAC y-IRL. Then, the following statements
hold:

20

a9 1RL ] dS . -1rL |22 d‘G/*-IRL‘-

TheoremH shows that any (e, §)-PAC guarantee on d°, implies (¢/,8)-PAC guarantees on both dg*

and d$., where ¢ = ©(He) is linear in the horizon H. This justifies why focusing on d°-IRL, as in
the following section where sample complexity lower bounds are derived. The lower bound analysis
for dg* -IRL and ds’/* -IRL is left to future works.

5 Lower Bounds

In this section, we establish sample complexity lower bounds for the dS-IRL problem based on the
PAC requirement of Definition [4.1]in the generative model setting. We start presenting the general
result (Section and, then, we comment on its form and, subsequently, provide a sketch of the
construction of the hard instances for obtaining the lower bound (Section [5.2). For the sake of
presentation, we assume that the expert’s policy 7 is known; the extension to the case of unknown
7% is reported in Appendix

5.1 Main Result

In this section, we report the main result of the lower bound of the sample complexity of learning the
feasible reward set.

Theorem 5.1 (Lower Bound for dS-IRL). Let 2= (i1,7) be an (¢,0)-PAC algorithm for d°-IRL.
Then, there exists an IRL problem (M, m) such that, if e <1/64, §<1/32, S=9, A>2, and H >12,
the expected sample complexity is lower bounded by:

* ifthe transition model p is time-inhomogeneous:

H3S5A 1
B alr120 (757 (s (5) +5) )

* if the transition model p is time-homogeneous:

H2SA 1
E >0 log [ =
<MmE>,mm < €2 (Og(6> +S))’




(a) MDP\R used for the small-§ regime.

(b) MDP\R used for the large-J regime.

Figure 1: The MDP\R employed in the constructions of the lower bounds of Section The expert’s
policy is 7 (s) =ag. —> denotes a transition executed for multiple actions.

where B r ) o denotes the expectation w.r.t. the probability measure P(yq =) -
Some observations are in order. First, the derived lower bound displays a linear dependence on the
number of actions A and dependence on the horizon H raised to a power 2 or 3, which depends
on whether the underlying transition model is time-homogeneous, as common even for forward
RL [e.g., 6L 8]. Second, we identify two different regimes visible inside the parenthesis related to the
dependence on the number of states S and the confidence §. Specifically, for small values of § (i.e.,

0 ~0), the dominating part is log (%) , leading to a sample complexity of order 2 (H if A log (%)) .
Instead, for large § (i.e., § ~ 1/32), the most relevant part is the one corresponding to S, leading to

sample complexity of order {2 (H 36522’4) (both for the time-inhomogeneous case). An analogous

two-regime behavior has been previously observed in the reward-free exploration setting [12} (14} 20].

5.2 Sketch of the Proof

In this section, we provide a sketch of the construction of the lower bounds of Theorem@ The
idea consists in deriving two separate bounds depending on the regime of §, which are based on two
building blocks reported in Figure[I] These instances are used to build lower bounds for a single state
sy and the extension to multiple states and stages follows standard constructions [e.g., 8]

Small-6 regime Figure[Tareports the instances employed in this regime. The expert’s policy is
77 (s) = ag. From state s, all actions bring the system to the absorbing states s, and s_ with equal
probability, except for action a # ag that increases by ¢’ >0 the probability of reaching state s . The
learner, in order to recover a correct feasible reward set, has to identify which is the action behaving
like a4 (among the A available ones) to force action ag to be optimal. Considering ©(A) instances, in
which action a4 changes, an application of Bretagnolle-Huber inequality [1'/, Theorem 14.2] allows

deriving a sample complexity lower bounded by 2 (Ag : log (%))

Large-0 regime Figure [Ib]depicts the instances used in this regime. The expert’s policy is again
72 (s) =aog. The system, instead, is made of S =©O(S) next states reachable with equal probability
by playing action ag. All other actions a; # a alter the probability distribution of the next state.
Specifically, by playing the action a; # ao, the probability of reaching the next state s}, is given by

(1+ e’v,(vj))/g, where v() € {—1,1}5 is a vector such that ZEZI v,&j) =0. By varying v; in a suitable
set, defined by means of novel packing argument based on Hamming coding (Lemma|[D.6), we obtain
O(27) instances each one separated by a finite dissimilarity, depending on ¢’. We obtain the lower

bound by means of an application of the Fano’s inequality [9, Proposition 4] which results in order
0 (((175)710g2)S2AH2)
€2 '

Extension to Multiple States and Stages At the beginning, the system randomly chooses a problem
between Figure [Ta) and Figure Then, it transitions to the state in which the system may randomly



Input: significance € (0, 1), € target accuracy
t<—0, €g«— 400
while ¢; > e do
t—t+SAH
Collect one sample from each (s,a,h)€S x Ax [H]
Update p* according with (3))
Update €t =IMaX(s,a,h)eSx Ax[H] Ci ('Sv a) (reSP- Cltl (S, (l))
end while

Algorithm 1: UniformSampling-IRL (US-IRL) for time-inhomogeneous (resp. time-homogeneous)
transition models.

remain for H < H stages after which it transitions with uniform probability to any of the ©(S)
states. Our approach allows employing a single construction for both the time-inhomogeneous and
time-homogeneous settings, depending on the value of H. Specifically, we select H = O (H)) for the
time-inhomogeneous case and H = O(1) for the time-homogeneous case. In any state s, and stage
hs, the agent can face the problems shown in Figure[I] By varying s, and h, among its possible
HS (resp. S) values, we get the bounds in Theorem 5.1}

Remark 5.1 (Generative vs Forward models). This construction suffices for obtaining a bound
for the generative model, but it can be easily extended to work with the forward model of the
environment (in which the agent interacts via trajectories only) by means of a standard tree-based
construction [[/2} |8)]. In such a case, the resulting PAC guarantee would no longer be expressed via
the Loo-norm distance d° between reward, but worst-case over the visitation distributions induced
by the policies: d*(r,7):=sup, Ep = [|rn(s,a) —7n(s,a)|].

6 Algorithm

In this section, we analyze the sample complexity of a uniform sampling strategy (UniformSampling-
IRL, US-TIRL) for the d°-IRL problem (Algorithm . We start presenting the sample complexity
analysis (Section[6.1)) and, then, we provide a sketch of the proof (Section [6.2).

6.1 Main Result

The US-IRL algorithm was presented in [24} [19] but analyzed for different IRL formulations (see
Section[A). We revise it since it matches our sample complexity lower bounds, provided that more
sophisticated concentration tools w.r.t. those employed in [24, [19]]. For the sake of presentation,
we assume that the expert’s policy 7% is known; the extension to unknown 7% is reported in
Appendix |C| At each iteration, the algorithm collects a sample from every (s,a,h)€S x A x [H]
and, for time-inhomogeneous models, computes the confidence function:

2ﬁ(n’,ﬁl(s,a),§)

Cl(s,a)=2V2(H —h+1) o
n;(s,a

; (6)
where 3(n,d):=log(SAH /6)+ (S —1)log(e(1+n/(S—1))P| The algorithm stops as soon as all
confidence functions fall below the threshold €. The following theorem provides the sample complex-
ity of US-IRL.

Theorem 6.1 (Sample Complexity of US-IRL). Let e>0 and §€(0,1), US-IRL is (e,0)-PAC for
dC-IRL and with probability at least 1 — § it stops after T samples with:

°In the time-homogeneous case, the algorithm merges the samples collected at different he [H] for the
estimation of the transition model and replaces the confidence function with:

QE(nt(s,a),é)

Ch(s,a)=2V2(H—h+1) e

N

where E(n, §):=log(SA/S)+ (S—1)log(e(1+n/(S—1)) and n*(s,a) = Sl nk(s,a).



* if the transition model p is time-inhomogeneous:

3
T< 8H"SA <log <S§H> + (S—I)C’) ,

€2

where C'=1+1log(1+ (64H*)/(e*(S—1)) x (log((SAH)/0) ++/e(S—1+~/5—1))?);

* ifthe transition model p is time-homogeneous:

2 ~
T< SH7SA <10g (S(SA) +(S— 1)0) )

€2

where C'=1+1log(1+ (64H*)/(e*(S —1)) x (log((SA)/8) ++/e(S —1++/S—1))?).
Thus, time-inhomogeneous (resp. time-homogeneous) transition models, US-IRL suffers a sample
complexity bound of order 9] (HzfA (log (%) + S)) (resp. 0] (HifA (log (%) + S) )) matching the
lower bounds of Theorem [5.1] up to logarithmic factors for both regimes of 4.

6.2 Sketch of the Proof

The idea of the proof is to exploit Theorem to reduce the Hausdorff distance to the L;-norm
between the transition model [p}, (-|s,a) — py(-[s,a)|1. It is worth noting this term replaces |(p}, —
pr) V| appearing in previous works [24] [19] that was comfortably bounded using Hoeffding’s
inequality. In our case, the L;-norm is unavoidable due to the Hausdorff distance that implies a
worst-case choice of the reward function and, thus, of V},. This term has to be carefully bounded using
the onger KL-divergence concentration result of [[13] Proposition 1] to get the O(log(1/5) +.5)
rate

7 Conclusions and Open Questions

In this paper, we provided contributions to the understanding of the complexity of the IRL problem.
H?SA
€2

We conceived a lower bound of order (2 ( (log (%) +S )) on the number samples collected

with a generative model in the finite-horizon setting. This result is of relevant interest since it sets, for
the first time, the complexity of the IRL problem, defined as the problem of estimating the feasible
reward set. Furthermore, we showed that a uniform sampling strategy matches the lower bound up to
logarithmic factors. Nevertheless, the IRL problem is far from being closed. In the following, we
outline a road map of open questions, hoping to inspire researchers to work in this appealing area.

Forward Model The most straightforward extension of our findings is moving to the forward model
setting, in which the agent can interact with the environment through trajectories only. As we already
noted, our lower bounds can be comfortably extended to this setting. However, in this case, the PAC
requirement has to be relaxed since controlling the L.,-norm between rewards is no longer a viable
option (e.g., for the possible presence of almost unreachable states). Which distance notion should be
used for this setting? Will the Lipschitz regularity of Section [3]still hold?

Problem-Dependent Analysis Our analysis is worst-case in the class of IRL problems. Would it be
possible to obtain a problem-dependent complexity results? Previous problem-dependent analyses
provided results tightly connected to the properties of the specific reward selection procedure [[24} [19].
Clearly, a currently open question, in all settings in which reward is missing, including reward-free
exploration [12] and IRL, is how to define a problem-dependent quantity in replacement of the
suboptimality gaps.

Reward Selection Our PAC guarantees concern with the complete feasible reward set. However,
algorithmic solutions to IRL implement a specific criterion for selecting a reward (e.g., maximum
entropy, maximum margin). How the PAC guarantee based on the Hausdorff distance relates to
guarantees on a single reward selected with a specific criterion within R?
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Appendix

A Related Works

In this appendix, we discuss the related works about sample complexity analysis, lower bounds for
IRL, sample complexity analysis for specific IRL algorithms, and reward-free exploration.

Sample Complexity for Estimating the Feasible Reward Set The notion of feasible reward set R
was introduced in [25] in an implicit form in the infinite-horizon discounted case as a linear feasibility
problem and, subsequently, adapted to the finite-horizon case in [19]]. Furthermore, in [24}|19] an
explicit form of the reward functions belonging to the feasible region R was provided. In these works,
the problem of estimating the feasible reward set is studied for the first time considering a “reference”

pair of rewards (7,7) € R x R against which to compare the rewards inside the recovered sets, leading
to the (pre)metric:

Hy(R,R,T,¥):=max { inf d(7,7), inf d(r, F)} . (8)
PeR reR
Compared to the Hausdorff (pre)metric (Equation|[I)), in Equation (8) there is no maximization over
the choice of i, 7), leading to a simpler problem{ '|In [24], a uniform sampling approach (similar

to Algorithm 1)) is proved to achieve a sample complexity of order 0 (ui,%) for the index of

Equation (8) with d= dg* in the discounted setting with generative model. For the forward model

case, the AceIRL algorithm [19] suffers a sample complexity of order 0 (%) for the index of

Equation (§) with d= df/*, in the finite-horizon case'“| Unfortunately, the reward recovered by
AceIRL reward function is not guaranteed to be bounded by a predetermined constant (e.g., [—1,1]).
Modified versions of these algorithms allow embedding problem-dependent features under a specific
choice of a reward within the set.

Sample Complexity Lower Bounds in IRL To the best of our knowledge, the only work that
proposes a sample complexity lower bound for IRL is [16]. The authors consider a finite state
and action MDP\R and the IRL algorithm of [25]] for S-strict separable IRL problems (i.e., with
suboptimality gap at least 3) with state-only rewards in the discounted setting. When only two actions
are available (A = 2) and the samples are collected starting in each state with equal probability, by
means of a geometric construction and Fano’s inequality, the authors derive an 2(SlogS) lower
bound on the number of trajectories needed to identify a reward function. Note that this analysis
limits to the identification of a reward function within a finite set, rather than evaluating the accuracy
of recovering the feasible reward set.

Sample Complexity of IRL Algorithms Differently from forward RL, the theoretical understanding
of the IRL problem is largely less established and the sample complexity analysis proposed in the
literature often limit to specific algorithms. In the class of feature expectation approaches, the seminal
work [1]] propose IRL algorithms guaranteed to output an e-optimal policy (made of a mixture of

Markov policies) after 0 (62(%7)2 log (%)) trajectories (ideally of infinite length). The result holds

in a discounted setting (being - the discount factor) under the assumption that the true reward function
r(s) =wT ¢(s) is state-only and linear in some known features ¢ of dimensionality k. In [33], a
game-theoretic approach to IRL, named MWAL, is proposed improving [[1] in terms of computational
complexity and allowing the absence of an expert, preserving similar theoretical guarantees in the
same setting. Modular IRL [36], that integrates supervised learning capabilities in the IRL algorithm,

is guaranteed to produce an e-optimal policy after 9] (% log (%)) trajectories. This class of

algorithms, however, requires, as an inner step, to compute the optimal policy 7 for every candidate
reward function 7. This step (and the corresponding sample complexity) is somehow hidden in
the analysis since they either assume the knowledge of the transition model and apply dynamic

"n this sense, a PAC guarantee according to Deﬁnition implies a PAC guarantee defined w.r.t. (pre)metric
of Equation (g).

12 As discussed in Remark in the forward model case, the dissimilarity is in expectation w.r.t. the worst-case
policy.
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programming [e.g.,136] or the access to a black-box RL algorithm [e.g.,1]]. In the class of maximum
entropy approaches [42], the Maximum Likelihood IRL [41] converges to a stationary solution

with O(e~2) trajectories for non-linear reward parametrization (with bounded gradient and Lipschitz
smooth), when the underlying Markov chain is ergodic. Furthermore, the authors prove that, when
the reward is linear in some features, the recovered solution corresponds to Maximum Entropy
IRL [42]. Concerning the gradient-based approaches, [27] and [29] prove finite-sample convergence
guarantee to the expert’s weight under linear parametrization as a function of the accuracy of the
gradient estimation. Surprisingly, a theoretical analysis of the IRL progenitor algorithm of [25] has
been proposed only recently in [[15]. A S-strict separability setting is enforced in which the rewards
are assumed to lead to a suboptimality gap of at least 5 >0 when playing any non-optimal action.
For finite MDPs, known expert’s policy, under the demanding assumption that each state is reachable
in one step with a minimum probability a > 0, and focusing on state-only reward, the authors prove

~ 252
that the algorithm outputs a [-strict separable feasible reward in at most O (% log (%))
trajectories, where =< .S is the number of possible successor states. Recently, an approach with

theoretical guarantees has been proposed for continuous states [[7].

Reward-Free Exploration Reward-free exploration [RFE, [12} 14} 20] is a setting for pure ex-
ploration in MDPs composed of two phases: exploration and planning. In the exploration phase,
the agent learns an estimated transition model p without any reward feedback. In the planning
phase, the agent is faced with a reward function r and has to output an estimated optimal policy
7*, using p since no further interaction with the environment is admitted. In this sense, RFE shares
this two-phase procedure with our IRL problem, but, instead of the planning phase, we face the
computation of the feasible reward set)'’| In RFE exploration, the sample complexity is computed

against the performance of the learned policy 7* under the reward , i.e., V*(-;r) — V7" (-;7'), whose
lower bound of the sample complexity has order (2 (H 2;9 A (H log (%) +S )) [12} [14]. The best

€

known algorithm, RF-Express, proposed in [20] archives an almost-matching sample complexity of

order (H :;SA (log (§) + S)) . The relevant connection with what we present in this paper is the

fact that the derivation of the lower bounds shares similarity especially in the construction of the
instances. Nevertheless, in the time-inhomogeneous case, we achieve a higher lower bound of order

Q (H ;S 4 (log (%) +S5 )) The connection between IRL and RFE should be investigated in future
works, as also mentioned in [[19]].

B Proofs

In this appendix, we report the proofs we omitted in the main paper.

B.1 Proofs of Section[3

Lemma B.1. Let r be feasible for the IRL problem (M, w¥) bounded in [—1,1] (i.e., reR) and
defined according to Lemma as rn(s,a)=—=An(s,a) 115 (q)s)=0) + Va(s) =PrVh+1(s,a). Let

(M\, 7¥) be an IRL problem and define for every (s,a,h)eS x A x [H]:

en(s;a)=—An(s,a) (]l{‘n'f(a|s):0} - ﬂ{%f(a|s):0})
+((pn—Dn) Vi) (s,a).
Then, the reward function 7 defined according to Lemmaas Pn(s,a)=—An(s, a)Lgz2 (afs)=0) +
Vi () = DnVis1 (s, a) for every (s,a,h) €S x A x [H] with:
~ Ap(s,a ~ Vi(s ~
Auls,)= 2D ) 2B g =0

, Is feasible for the IRL problem (M\ , ) and bounded in

where €:= MAX (s 0,h)es x Ax [H] len(s,a)
[~1,1] (e, FER).

13 As shown in previous works, the computation of the feasible reward set can be formulated with a linear
feasibility problem [25]].
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Proof. Given the reward function rp,(s,a) = = An(s,a)L(zE (ajs)=0} + Va(s) = PrVi+1(s,a), we de-
fine the reward function: '

’Fh(S,a) = 7Ah(sva)n{7?f(a|s)=()} + Vh(s) 7ﬁhvh+1(57a)a

that, thanks to Lemma makes policy 77 optimal. However, it is not guaranteed that e R since it
can take values larger than 1. Thus, we define the reward:

_Ah(saa)]l Vi

Fh(sva)
= (7P (als)=0} T 7 ¢

Trh(s,a)= T+c = T4c

~ Vi
(5) DPh 1+6(saa),

which simply scales 77, and preserves the optimality of 7%. We now prove that 7, (s,a) is bounded in
[—1,1]. To do so, we prove that 7 (s,a) is bounded in [—(1+¢€),(1+€)]:

Ta(s,a)[<|rn(s,a)|+[Th(s,a) —ra(s,a)l
=1+ |=An(s,a)L(zE (a|sy=0y T PnVh+1(s) — <_A}L(S’a’)]1{7rf(a|s):0} +pth+1($)> ‘
=1+]ep(s,a)|<l+e.
O

Theorem 3.2 (Lipschitz Continuity). Let R and R be the feasible reward sets of the IRL problems
(M, 7E) and (M, 7E), as in Equation @)). Then, it holds that.

S 2p%((M,7P), (M, 7P))

Hao(R,R) < —_— (%)
1+ p9((M,7F), (M, 7F))
where p°(-,-) is a (pre)metric between IRL problems, defined as:
(M), (MA) = e h D) ([0~ g =0 | +lpnCls.a) =PaCls,) ).

Proof. Let 7 as defined in the proof of Lemma|B.1| Then, we have:

- o _ Fh(sva)
|Th(5aa) rh(sva)‘_ Th(s7a) 1+e
1
< T1e (Irn(s,a) —Tr(s,a)|+€|rn(s,a)|)
2¢
< .
1+e
By recalling that 12_; is a non-decreasing function of €, we bound it by replacing € with an upper
bound:
€= max len(s,a)l
(s,a,h)eSX Ax[H]
< (S7a7h)£{1§XAXﬂHﬂ(H— h+1) H]l{wf(a|s):o} —L(zE(als)=0y| T [P (|5, a) —ﬁh('|87a)||1]

::pG((Maﬂ-E): (Mv%E))a
where we used Holder’s inequality recalling that |V,41(s)|<H —h and |Ap(s,a)|<H—h+1.
Clearly, pS(M,7F),(M,7F)) is a (pre)metric. O

Fact B.1. There exist two MDP\R M and M with transition models p and D respectively, an
expert’s policy ©% and a reward function ry,(s,a) = —An(s,0) 15 (q)s)=0y + Va(s) —pnVis1(s)
feasible for the IRL problem (M, 7®) bounded in [—1,1] (i.e., r€ R) such that the reward function
Th(s,a)=—An(s,0) 115 (q)s)=0) + Vi(8) = PnVhr1(s,a) is feasible for the IRL problem (M\, )
not bounded in [—1,1].

ldrpps 1 s S : : 208 (M, 7)), (M,7F))
This implies the standard Lipschitz continuity, by simply bounding PO (MAEY, (RLAE)) S

20%((M,77), (M, 7).
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Proof. We consider the MDP\R in Figure 2] with optimal policy and reward function defined for every
he[H] and H =10 as:

i (s1) =ar, 7, (s2) =a,
Th(s1,a1) =7p(s2,a1) =0, 7 (s1,02) =1, 7h(52,a2) =1.
Simple calculations lead to the V-function and advantage function values:
Vi (s1) =0, Vi7" (s2)=H —h+1,
E E E E
AZ (sl,al) =0, AZ (Sl,az) =—1+ (H—h)/lO, A;lr (82,@1) =—1-— (H—h)/lO, AZ (Sg,az) =0.

We consider as alternative transition model p=1—p. After tedious calculations we obtain the
alternative reward function:

7/"\h(817a1):—(H—h), T/‘\h(sl,ag):].— (H—h), 7/’\}1(8270,1):H—h+2, ?h(SQ,ag):H—h-i-]..

It is simple to observe that for some (s,a,h) we have |7}, (s,a)|> 1.

1/10

9/10

ai

9/10

1/10

Figure 2: The MDP\R employed in Fact|B.1

B.2 Proofs of Section 4]

Theorem 4.1 (Relationships between d-IRL problems). Let us introduce the graphical convention
for c>0:

meaning that any (€,0)-PAC z-IRL algorithm is (ce,d)-PAC y-IRL. Then, the following statements
hold:

2H

dC-IRL H d@«-IRL 2H d$.-IRL

Proof. Let 2 be an (¢,6)-PAC dC-IRL algorithm. This means that with probability at least 1 — 4§, we

have that for any IRL problem H 4 (R, 7%7) <. We introduce the following visitation distributions,
defined for every s,s' €S8, h,le[H] with [>h, and a,a’ € A:

n:,a,h,l(sl7al) :/\yw (Sz =5, :a/|5h =5,ah=a) ) n:,h,l(slval) = Z 7Th(‘1|5)77:,a,h,,z(5/7a')-
’ acA

dC®-IRL — dg*-IRL Let us consider the optimal Q-function difference and let 7* an optimal policy
under the reward function r, we have:

~ * * A~
Qn(s,a5m) = Qji(5,:7) < Qfy (s,0;7) = Q- (s,0;7)
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=3 s d) (s )~ (s a)

H

I=h(s',a’)eSx A
a *
< max Th(8,a) —Th (5,0 s, s',a’
(et ey )sz:L<s/ aqze:sw sahilE )
=1
—(H—h+1) H\rh/(&a)—?h/(&a)l

max
(s,a,h")ESX Ax[H

s H(s,a,h/)g}?a;(Ax[[Hﬂ 71 (8,0) —Th (5,0)].

Asa consequence, we have:

Heo , (R,R7) < HHygo(R,R7).

d®-IRL — d‘(i* -IRL Let us consider the value functions and let 7* (resp. 7*) be an optimal policy
under reward function r (resp. 7), we have:

* ok

ViE(sir) = Vi (550) = Vi (s57) = Vi (s;1) £ Vi (;7)
<Vh’r*(s;r)—vh7r (s;?)+Vh7?

H
7!‘* ~
=3 > T (s d) — (s a))

l=h(s",a’)ESxA

<l ~%

D ipalshd) @ a) = (s a)
l=h(s',a’)eSx A

< (S7a7h/)rg}sai<Ax - |rhs (s,a) —Tri(s,a)|

H H
Y )Y Y ahsha)

l=h(s",a’)eSx.A I=h(s",a’)eSx.A

=2(H—h+1 / — Ty
( * )(s,a,h/)g}?a;(Ax[[H]]hh (s,a) =i (s,0)]

<2H |rh(s,a) =T (s,a)].

max
(s,a,h")ESx Ax[H]

Thus, it follows that:
Hao (R,R7)<2HHe(R,R7).
v

dg*-IRL — d?,*-IRL To prove this result, we need to introduce further tools. Specifically, we

introduce the Bellman optimal operator and the Bellman expectation operator, defined for a reward
function , policy 7, (s,h)€S x [H] and function f5:S — R defined for he [H] with fr1=0:

Tinfu(s) =max{ra(s,a) +pnfr+a(s,a)y, Tl fa(s)=mn (ru(s,a) +pnfasa(s.a)).

We recall the fixed-point properties: 777, V;© =V, and T%, Vi* = V}*. Let 7 (resp. 7*) be an optimal
policy under reward r (resp. 7). Let us consider the following derivation:

ViE(sir) = Vil (sir) =T Vi (si) = TEp ViE™ (s37) £ T Vi (s37) £ T Vi (837) £ T2, Vi (57) £ T ViE (37)
=T ) Vi (537) = T Vi (8:7) + T Vit (8,7) — T Vi (s37) + T Vi (557) — T, Vi (s:7)

<0
Tﬁ'*v* ™ ‘ﬁ'*v* oo T%*V* e %*Vﬁ'* .
+T7, Vi (7)) =T, Vi (s57) + 17, Vi (s57) =17, Vi (s57)

< szh(vh*ﬂ('ér) - Vh*Jrl(';?))(S) + 5 (rh —Th)(s)

17



Ak (A A A~ F*
+ 75 (Fh—rn)(8) + Tapn (Vi (57) = Vilga (57)) ()
~ ~ ~ 7k
= (mh =7AR)(@u () = Q5 (7)) (8) + Fapn (Vi (57) = Vilga (57))(9)-
Let us apply the Ly,-norm over the state space and the triangular inequality, we have:
7k ~ A ~ 7k
Vit G = Vi ()| <l =@ 1) = QEGR Ol + [ Fipn Vit (57) = Vil (57) ()

<2| Q3 (+1) = QRGO + Vit (51 = Vil ()|

0

By unfolding the recursion over h, we obtain:
VG =V ()| <2 Y 1QF () = QF GO
I=h

Thus, we have:

Vit (sim) = Vi (sy7) | <2H 1Q} (s,a37) — Q} (5,0 7).

max max
(s,h)eSX[H] (s,a,h)eESx Ax[H]

Since the derivation is carried out for arbitrary 7*, it follows that:

Has, (R,RT)< 2HH 0, (R,R7).

B.3 Proofs of Section

Theorem 5.1 (Lower Bound for dS-IRL). Let 2= (11,7) be an (¢,6)-PAC algorithm for d°-IRL.
Then, there exists an IRL problem (M, 7F) such that, if e<1/64, §<1/32, $>9, A>2, and H>12,
the expected sample complexity is lower bounded by:

* ifthe transition model p is time-inhomogeneous:

H3SA 1
E =0 1 - ;
(M,7B) 20 7] < €2 <Og(5> +S>)

* if the transition model p is time-homogeneous:

H?2SA 1
E ZQ l = bl
(M,wE),m[T] ( €2 ( o8 (5> +S>)

where &\ &) o denotes the expectation w.r.t. the probability measure Py &) o

Proof. We put together the results of Theorem and Theorem by recalling that max{a,b} >

%’Lb, or, equivalently, assuming to observe instances like the ones of Theoremw.p. 1/2 as well as
those of Theorem [B.3]

Theorem B.2. Let A= (u,7) be an (¢,5)-PAC algorithm for d°-IRL. Then, there exists an IRL
problem (M, ") such that, if e<1/2, §<1/16, S=9, A>2, and H >12, the expected sample
complexity is lower bounded by:

* if the transition model p is time-inhomogeneous:

H3S5A 1
E =0 1 -1 );
(M,NE).,QL[T] ( €2 o8 (6))

* ifthe transition model p is time-homogeneous:

H2S5A 1
E =0 1 - .
(M,WE),Q([T] ( €2 g <6>>
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Proof. Step 1: Instances Construction The construction of the hard MDP\R instances follows
similar steps as the ones presented in the constructions of lower bounds for policy learning [J]]
and the hard instances are reported in Figure [3] in a semi-formal way. The state space is given
by S ={Sgtart, Sroot» S—,5+,51,--.,5g} and the action space is given by A={ag,a1,...,a5}. The
transition model is described below and the horizon is H > 3. We introduce the constant H € [H],
whose value will be chosen later. Let us observe, for now, that if H =1, the transition model is
time-homogeneous.

The agent begins in state sy, Where every action has the same effect. Specifically, if the stage h < H,
then there is probability 1/2 to remain in sy, and a probability 1/2 to transition to Sy Instead,
if h > H, the state transitions to S, deterministically. From state s, every action has the same
effect and the state transitions with equal probability 1/S to a state s; with i€ [S]. In all states s;,
apart from a specific one, i.e., state sy, all actions have the same effect, i.e., transitioning to states
s_ and s, with equal probability 1/2. State s, behaves as the other ones if the stage h # h.., where
hy € [H] is a predefined stage. If, instead, h = h., all actions a; # as behave like in the other states,
while for action a.., we have a 1/2+ ¢’ probability of reaching s (and consequently probability
1/2 —¢€ of reaching s_), with € €[0,1/4]. Notice that, having fixed H, the possible values of h, are
{3,...,2+ H}. States s and s_ are absorbing states. The expert’s policy always plays action ag.

Let us consider the base instance M in which there is no state behaving like s,. Additionally, by
varying the triple £:= (54, ax,hs)€{s1,...,5g} x {a1,...,ax} x [3,H +2] =Z, we can construct
the class of instances denoted by M= {M,:£e{0} UZ}.

Sstart

Figure 3: Semi-formal representation of the the hard instances MDP\R used in the proof of Theo-

rem @
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Step 2: Feasible Set Computation Let us consider an instance My €M, we now seek to provide
a lower bound to the Hausdorff distance Hgo (R a1, R M, ). To this end, we focus on the triple
0= (84, a4,hy) and we enforce the convenience of action ag over action a,. For the base MDP\R
Mo, let r0 € R m,, We have:

H H
1 1
Ry (swa0)t5 D) (96)+0(s00) 2, (swan) +5 D) (s +10(s54))
I=hyg+1 I=h+1

= 1"2* (s4,a0) 27’2* (S4,a%),

For the alternative MDP\R My, let r{e R M,» we have:

hyna)tE S (He) )3 rh (ean Y, ((3-¢) i+ (5+¢) i)

I=hy+1 I=hy+1
H

:>rﬁ*(s*,ao)zrﬁ*(s*,a*)—e’ Z (rf(s_)—rf(er)).
l=hg+1

In order to lower bound the Hausdorff distance Hgc (R a4,, R M, ), We proceed as follows:

Hdc(’RMO,RMZ)—maX{ sup  inf dS(r°r%), sup  inf dG(rz,ro)}

TOERMO TZGRMZ T‘ZE'RM[ TOERMO
> sup inf d9(r,r0)
TZERM[ rOeR My
> inf d°(r%,r0),
T‘OERMO
for a specific choice of the reward function ¢ for M, defined as:
¢ ¢ ¢ ¢
ri(s-)=—ri(s4) =173, (55,a4) =1, 73, (54,00) =1 —2¢'(H — hy),
where we enforce €’ <miny, (5 77,01 1/(H — ) =1/(H —3) <1/4 (which is guaranteed for H >
7) to ensure r,‘;* (s«,a0) >—1. Then, for notational convenience, for the MDP\R M, we set
yi=rp, (sx,a0) and =1} (s4,a4):

Hao (Ramo,Ra,)= min  max{|z—1|,|y—1+2€ (H —hy)|} =€ (H — hy).
z,ye[—1,

ye[—1,1]

Y=z
We enforce the following constraint on this quantity:
_ 2¢ 2€
Vhe€[3, H+2]: (H—hy)e >2c=—=¢> max = — ) )
«€l J: ) hyelsH+2] (H—hy) (H—H-2)
Notice that ¢’ <1/4 whenever H > H +10. This latter condition, together with ¢’ <1/(H —3),

implies € < % that is satisfied for e <1/2.

Step 3: Lower bounding Probability Let us consider an (e, d)-correct algorithm 2 that outputs
the estimated feasible set R. Thus, for every 1€Z, we can lower bound the error probability:

0= sup P (Hda (’RM,R) 26)
all M MDP\R and expert policies 7 (M),

2 B (P (R R) )

> P ( (R ,7%)2 )
585 Moy \ e (R ‘

\%

For every 1€Z, let us define the identification function (whose dependence on the estimated feasible
reward set R is omitted to avoid a too heavy notation):

U, :=argminH 4 (RMZ ,7%) .
{02}
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Let y€{0,2}. If ¥, =, then, H 46 (R g, R, ) =0. Otherwise, if ¥, # 5, we have:
Hao ('RM%,RM]) <Hyo (RM%,']/?\,> +H o (ﬁ,RM]) <2H 4 (ﬁ,RM]) R

where the first inequality follows from triangular inequality and the second one from the definition
of identification function ¥,. From Equation (9), we have that H 4 (R My, R MJ) > 2e. Thus, it

follows that H 4a <7€, R M]> > e. This implies the following inclusion of events for j€ {0,1}:
{Hdc (ﬁ,RMJ) 26} o{W,#3}.
Thus, we can proceed by lower bounding the probability:

max P (’Hdc (RMl,ﬁ> 26) >max P (U, #0)
£e{0,0} (Mg,m),2 £e{0,0} (Mg,m),2

1

= U, #£0)+ P v,
2 [(Mo,w)ﬂl( #0) (Ml,n),m( #2)]
1

2| P (w£0)+ P (¥,=0)],
2 |:(M0,TF),91( #0) (Mi,ﬂ),m( )]

where the second inequality follows from the observation that max{a,b} > £ (a + b) and the equality
from observing that ¥,€{0,2}. The intuition behind this derivation is that we lower bound the
probability of making a mistake > e with the probability of failing in identifying the true underlying
problem. We can now apply the Bretagnolle-Huber inequality [17, Theorem 14.2] (also reported in
Theoremfor completeness) with P=P ¢, )2 Q=P(rqy, 7)o, and A= {¥, #0}:

1
P (T,#0)+ P (\Dl=0)>§exp (—DKL (

P, P ))
(Mo,m),2A (M,,m),2A (Mo,m), 20 (M,,7),2A

Step 4: KL-divergence Computation Let MeM, we denote with Py ) o the joint probability
distribution of all events realized by the execution of the algorithm in the MDP\R (the presence of 7
is irrelevant as we assume it known):

-
(M§)7m=t1:[1pt(8t,at,htIHH)pht(SQISt,at).

where p; is the sampling distribution induced by the algorithm 2( and H; ;=
(s1,a1,h1,8),---,84—1,a¢—1,h¢—1,8,_;) is the history. Let 2€Z and denote with p° and p*
the transition models associated with M and M,. Let us now move to the KL-divergence:

I ACITD

Dxi (Pmo,my 2P, ma) = E
(Pirto m) 20 Bat, m).2) Mom) | S ph, (st]se,a)

= E ZDKL (p%t(-lst,at)vpzt('Ist,at))l

(Mg,m),2A =

[ AT 0 )
< (Moﬂj:w),ﬁl _Nh* (S*aa*):l Dy <ph* (‘|5*aa*)aph* <'|S*aa*))

<8 N2 ]E N‘r ; .
(<) (Mo,w),m[ s (5 a*)]

having observed that the transition models differ in 1= (sx,ax, ) and defined Nj_(sx,ax)=
D1 L{(st,ae,hi) = (84, a4, hy)} and the last passage is obtained by Lemmawith D=2 (and
€ =2¢). Putting all together, we have:

log 75 _ (H—H—2)?log ;5

1 T "2 T
02 1 &P (_8(./\/10“::77),‘2[ [Nh* (S*’a*)] (¢) ) - (./\/1(3]?377),2[ [Nh* (8*’a*)] > 8(¢’)2 32¢2

Thus, since we have lower bounded the sample complexity considering the pair of MDPs { M, M, },
we can proceed at summing over (S, ax, hy)€Z to obtain:

E = Y E VP, (500
(Mo,m),A (S*7a*7h*)ez(Mo,w),m *
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- Z 2

(8%,a%,hy)eT 32¢
_ SAH(H—H —2)? oo L
32¢2 545

The number of states is given by S =|S| =5 + 4, the number of actions is given by A=|.A|=A+1.
Let us first consider the time-homogeneous case, i.e., H = 1:
(S—4)(A—1)(H-3)? 1

E > log — .
(Mo o) 2 (7] 32¢2 %815

For § <1/16, S>9, A>2, H > 10, we obtain:

SAH? 1
E >0 log = | .
(Mo,m),2 [l ( €2 o8 5)

For the time-inhomogeneous case, instead, we select H=H /2, to get:

s - A-DH/H-H2-22 1
(Mo,m),2 ¢ Y

For § <1/16,5>9, A>2, H >12, we obtain:

(Mo,m),2A
O

Theorem B.3. Let A= (u,7) be an (¢,5)-PAC algorithm for dC-IRL. Then, there exists an IRL
problem (M, 7F) such that, if e<1/64, §<1/2, S=16, A>2, H>131, the expected sample
complexity is lower bounded by:

* ifthe transition model p is time-inhomogeneous:

1 S2AHS

)

[r]=

E >
(M, B 2 5120 €2

* if the transition model p is time-homogeneous:

1 S2AH?
E [7]>—= .
(M,xB) 2 2560 €2

Proof. Step 1: Instances Construction The construction of the hard MDP\R instances for this sec-
ond bound follows steps similar to those of reward free exploration [12]] and the instances are reported

in Figurein a semi-formal way. The state space is given by S = {Syart, Sroots S1,- - -1 555 515+ - - s’§

and the action space is given by A={ag,a1,...,ax}. We assume S to be divisible by 16. The
transition model is described below and the horizon is H > 3.

The agent begins in state s, Where every action has the same effect. Specifically, if the stage
h<H (He[H], whose value will be chosen later), then there is probability 1/2 to remain in
Sstart and a probability 1/2 to transition to Sy,o. Instead, if h>H, the state transitions to ;oo
deterministically. From state s;o0, €very action has the same effect and the state transitions with equal
probability 1/ to a state s; with i€ [S]. In every state s; and every stage h, action ag allows reaching
states s1,...,s% with equal probability 1 /S. Instead, by playing the other actions a; with j>1 at

stage h, the probability distribution of the next state is given by pp, (s}, |si,a;) = (1+¢€ v,gsi’aj ’h)) /S
where the vector v(%:@i:h) = (y{¥43:1) ,vgi’aj’h)) €V, where V:={{—1,1}5: Zf=1 v;=0} and

¢/ €[0,1/2]. Notice that, having fixed H, the possible values of h are {3,...,2+ H}. States s/,..., s
are absorbing states. The expert’s policy always plays action ag.
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, (s1.aj.h) !
Itev, 7

Figure 4: Semi-formal representation of the the hard instances MDP\R used in the proof of Theo-

rem @

Let us introduce the set Z:={sy,...,s5} x {a1,...,ax} x [3,H +2]. Let v = (v"),ez € V¥ which is
the set of vectors having as components the elements v* determining the probability distribution of
the next state starting from the triple 1€ Z. We denote with M,, the MDP\R induced by v. We can
construct the class of instances denoted by M = { M, :ve V1}. Moreover, we denote with M o
the instance in which we replace the » component of v, i.e., v*, with we )V and Mvﬁ—o the instance in
which we replace the » component of v, i.e., v*, with the zero vector.

Step 2: Feasible Set Computation Thanks to Lemma we know that there exists a subset V< V
of cardinality at least [V|>2°/5 such that for every v,weV with v#w we have Zle |v; —w;| =

S/16. Thus, we consider the set V" < VT, The instances will be defined in terms of a vector ve V™

and we will use v, we ) with v # w to build the alternative instances. Let e Z, the induced instances
are denoted by M . M eM.

2
VW

To lower bound the Hausdorff distance, we focus on the triple ¢ = (s, a4, hy) and we enforce the

convenience of action ag over action a,. For both MDPAR M, . and M . .letr’eRr , and
r*eRnr , ,wehave:
H S H S
1 , 1+€v;
J /
r}{*(s*7a0)+§ Z er(sj)ZT}{*(s*,a*)—i— Z 273 7 (s})
I=hgx+1j=1 I=hg+1j=1
¢ S H
/
:>rh*(s*,ao)>rh*(s*,a*)+§ZUJ Z 7 (s5)
j=1 I=hg+1
H S H S
1 , 1+€w
ji /
i (sea0)+ 5 31 2 Eri (swa)+ Y Y=t (s))
I=hyg+1j=1 I=hg+1j=1
¢ S H
/
:rﬁk(s*,ao)>rﬁ*(s*,a*)+§ij Z 7 (85)- (10)
=1 I=hgx+1



In order to lower bound the Hausdorff distance H 46 (M
Theorem and we set for M. -

i (85) =—vj, 7, (85, 05) =1, 75 (84,00) =1 —€ (H —hy),

Mviw)’ we proceed as in the proof of

o0
Vv

where we enforce €’ <miny, 3 770y 1/(H —hs)=1/(H —3)<1/4 for H>7. We now want to
find the closest reward function " for the instance va—w* recalling that there are at least ?/ 16
components of the vectors v and w that are different. Clearly, we can set 1} (s);) =77 (s;) = —v; for
all je[S] in which v; =w; since this will not increase the Hausdorff distance and will make the
constraint in Equation (T0) less restrictive. For symmetry reasons, we can limit our reasoning to the

case in which v; = —1 and w; =1 for the terms j in which they are different. This way, we have
77 (s}) =1 and the constraint becomes:

1ty (5w 00) 21, (54, 00) = =22 (H —hy)
N 1 S H
+<1— ”’“’)e'(H—h*) DD sy,
S S(H*h*) (1* Ngw) JvjFwjl=hyg+1

v

=z

where N, ., = 2]511 1{v; =wj;}. Notice that ze[—1,1]. Let a = N“TS“, the Hausdorff distance can
be lower bounded by:

H o (M M )Z rn%n1 q max{|a:—1|,|y—(1—€'(H—h*))|,|z—1|}
x,y,26[—1,

yzz—ac (H—hy)+(1—a)e (H—hy)z

> min max {|z—1],|ly— (1—€ (H — hy))|}
z,y€[—1,1]
y=z—oae (H—hy)

LI 7
VU Ve—w

/

1 €
- 5(1—04)6’(H—h>,<)>z?2

where the first inequality derives from considering the aggregate term 2z instead of the individual
rewards ;" (s} ) (observing that in the base instance M, .~ the corresponding z term takes value 1),
the second inequality follows from the fact that to have a Hausdorff distance smaller than 1, we must
take z > 0 at least and, consequently, we ignore the term |z — 1| in the maximum and we take z=0
as the less restrictive case in the constraint involving = and y (being (1 — a)¢/(H — hy) >0), and the
third inequality is obtained by recalling that 1 —a > % for the packing argument.

(H_h*)a

We enforce the following constraint on this quantity:
— ¢ 64e 64e
Vhee€l3, H+2]: —(H —hy)>2e—¢€> max = — .
+<l ﬂ 32( +) hxel3,H+2] H—he H—H—2
Notice that ¢’ <1/2 whenever H > H +130. This latter condition, together with €’ <1/(H —3),

implies € < g;(Tﬁ—EQ) that is satisfied for ¢ < 1/64.

(an

Step 3: Lower bounding Probability Let us consider an (¢, §)-correct algorithm 2/ that outputs the

estimated feasible set 7/15, Thus, consider :€Z and ve )V, we can lower bound the error probability:

0= sup P (Hdc (RM,R) 26)
all M MDP\R and expert policies 7w (M, ), 2

>sup P (Hdc (RMJ%) 26)
MeM (M, )2

> max P (7—[ (R . ,ﬁ))e).
wew M ma T Mo

2 . . . . .
For every 1€Z and veV , let us define the identification function (whose dependence on the estimated
feasible reward set R is omitted to avoid a too heavy notation):

V, »:=argminH (RM s ,ﬁ)

wey
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LetweV. If V,.» =w, then, H 4o (RM .

vy gy

H o (RMUL% ) ’RM«ULw) <Hgo (RMUL% ) ,ﬁ) + Hyo (ﬁ"RMva) <2H o (ﬁ"Rva—w)’

,Rm . )=0. Otherwise, if U, ,, #w, we have:

where the first inequality follows from triangular inequality and the second one from the definition
of identification function ¥, ,,. From Equation (1), we have that His(Ram ., ,Rm ., ) =2e

—¥, 0

Thus, it follows that H 4 (7%,73 M . )=e. This implies the following inclusion of events for we V:

{Hdc (RRm.. )= 6} S (W, ., #w).
Thus, we can proceed by lower bounding the probability:

max P (Hdc (RM \ ,7%) > e) > max P (V)0 #w)
weV Mo m)2A vew weV M o om),2A

1
P U, #w),
|V| 2 M a2 . )
weV
where the second inequality follows from bounding the maximum of probability with the average.
We can now apply the Fano’s inequality (Theorem i with reference probability Po =P, |, )20
Pu=Pam , )2 and A, = {0, » #w}:

1 1 1
— P U, pzw)=l—-—— [ = N'D P , P —log?2
V| = me( o W) log[V] \ V| wZv K ((Mviwm)ﬂl wvio,w),m)

(12)

Step 4: KL-divergence Computation Let M be an instance, we denote with Py ) o the joint
probability distribution of all events realized by the execution of the algorithm in the MDP\R (the
presence of 7 is irrelevant as we assume it known):

(M, Tr) —Hpt sty at, he| Hyy pht(3t|5t7at)
where p; is the sampling distribution induced by the algorithm 2( and H; ;=
(s1,a1,h1,8,...,8t—1,a¢—1,ht—1,8;_1) is the history up to time t—1. Let v€Z and veV
and denote with p?*~0 and p¥~* the transition models associated with M, ogand M . . Letus
now move to the KL-divergence and denoting + = (S4,ax, hy): Thus, we have:

D P, P - E D (” ,a0), 00 (st )
e ((M,,me),m (Muiovﬂ)vm> M, nr),le ke (Phe " (lse,ae) phy (st ar)

< B ol Mia(owan)| D (57 Clsesan) iy Clossan))

N2 T
<AV, }zyﬂ%Q[{Az*<s*7a*>],

having observed that the transition models differ in 2= (s4,ax, hy) and defined N, g (Sy,a%)=
D1 L{(st,ai,hy) =(sx,a4,hy)} and the last passage is obtained by Lemma with D=S.
Plugging into Equation (T2), we obtain:

1 (1-6)log|V|—log2
0> — P U, W) = — E N7 (8g,a4)| > .
[V Z (M, ,71'),91( ' ) V| Z(M . ,ﬂ),m[ h*( * *)] 2(€")?

. . . —T .
Since the derivation is carried out for every 1€ Z and ve )", we can perform the summation over 2
and the average over v:

1 1 T T
;wQ§M§M£MWNM]WmZZ MEACES]

EVI zeI
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———(1—30)log|V|—log?2
> :
SAH 22

Notice that we get a guarantee on a mean under the uniform distribution of the instances of the sample
complexity. Thus, there must exist one v"4e) such that:

———(1—6)log|V|—log2
E [r]> E {NT 52,0 ]>SA
(Mg ] S (M )2 iy (50:0) 2(e')?
Then, we select < 1/2, recall that |V|> 25/5, we get:
——-85/10—-log2 ———(H—H—2)?*(S/10—-1og2)
E >SAH—————=SA
<AAUMMJ>2JT] 2(e")? 8192¢2

The number of states is given by S =|S| =25 + 2, the number of actions is given by A=|A|=A4+1.
Let us first consider the time-homogeneous case, i.e., H=1,for S>16, A>2, H>130, we have:

SQAH2>

€

E m>ﬂ<

(M yhara )2

For the time inhomogeneous case, we select H=H /2, to get, under the same conditions:

SQAH3>

€

NG

(M yhara )2

B.4 Proofs of Section

Theorem 6.1 (Sample Complexity of US-IRL). Let ¢>0 and §€(0,1), US-IRL is (¢,0)-PAC for
dC-IRL and with probability at least 1 — § it stops after T samples with:

* if the transition model p is time-inhomogeneous:

3
T< 8H"5A <log (SAH> + (S—l)C’) ,

€2 o
where C' =1+1og(1+ (64H*)/(e*(S—1)) x (10g((SAH)/5) +Ve(S—1+ m»Q)’

* if the transition model p is time-homogeneous:

2
T< sH QSA <log (SA) +(5— 1)0) )
€

4]
where C'=1+log(1+ (64H*)/(e*(S —1)) x (log((SA)/5) ++/e(S—1++/S—1))?).

Proof. We start with the case in which the transition model is time-inhomogeneous. In this case, we
introduce the following good event:

&= {VteN, V(s,a,h)eS x Ax [H]: DKL(ﬁl("S’a)aPh('|S,a))g W},
h\®»

where pj, is the true transition model and p’, is its estimate via Equation (3) at time ¢. Thanks to
Lemma we have that P #) o(£)>1—4. Thus, under the good event &, we apply Theo-
rem[3.2}

N G E\ (AAft ~Et
Hae(RRT) < 2p7 (M, 7 )»(M/\aﬂ/\ )
1+pG((M77rE)a(Mt77TE’t))

<205 (M, ), (M?,7E1))

~
<2 (s,a,h)é%i)félx[[H]](H —h+1) (‘ﬂ{wf(a\s):o} h ]l{%f’t(a\s)zo} ) + th“s’a) —ph('|8, a)Hl)
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<2 H—-—h+1 s, ot ’
i, (H =Rt 1) [pi(ls,0) =B (ls,0)]y

<22 H—th(”-,,-,): Ct (s,a),
\[(m,h)géixAx[[H]]( + )\/ kL Dy, (+[s,a),pr(¢|s,a) (s,a,h)gaiXAx[[H]] n(s:0)
where we exploited the fact that the expert’s policy is known in the last but one pas-

sage and used Pinsker’s inequality in the last passage. When US-IRL stops we have that
MaX(s q,n)esx.Ax [H] Ch, (5,a) <€ and, consequently, for all (s,a,h)€S x A x [H] we have:

B(n}(s,a),d)

<e.
ni (s,a)

max C(s,a) 2V2(H —h+1)

= max
(s,a,h)ESx Ax[H] (s,a,h)ESX Ax[H]

Thus, the algorithm stops at the smallest ¢ such that:

8(H —h+1)%8(n},(s,a),0)

€2

B 2
_8(H—-h+1)" (log(SAH/8) + (S —1)log(e(1 +nk (s,a)/(S —1))).

€2

= TLZ(S,Q)Z

Thus, by applying Lemma 15 of [[14], we obtain:

n;(s,a)sw (1og<5‘;1H> +(S-1)

€

X <1+log <1+64(€1H(;i1-)1)4 <10g (SéH) —I—\/E(S—l—&-\/S—l)) )))

By recalling that 7=SAHn] (s,a), and bounding H —h + 1< H, we obtain:

SH3SA SAH

x <1+log <1+e4(z§hfl) <log<SA§H)+\/E(Sl+\/ﬁ)>2>>>.

If the transition model is time-homogeneous, we suppress the subscript i and the algorithm
US-IRL will merge together all the samples collected at different stages h. Let us define
nt(s,a) =1 nf (s,a) and n'(s,a,s') =1 ni(s,a,s"). Now the transition model will be esti-
mated straightforwardly as follows:

T<

nt(s,a,s') . :
p(s]s,a) = { ) if n'(s,a)>0

3 otherwise

Let us consider now the following good event:
~ . 5
&= {VteN, V(s,a)eS x A: DgL, (ﬁ(-|8,a)7p(-|3,a))< W} .

Thanks to Lemma we have that P(MJ‘-E))m(g) >1—4. Thus, in such a case, thanks to Theo-
rem[3.2] we have:

R,RT)<2v/2 H—th(”-,7-,): Ct (s,a).
HdG( ) f(s,a,h)gé‘iXAX[[H]]( M )\/ KLAP ( |s a) p( |S a) (s,a,h)géiXAX[H]] h(s a)
The algorithm, therefore, stops as soon as:
o B (nt 5
max Ch(s,a)= max V2(H —h+1) B(n(,0),9)
(s,a,h)ESx Ax [H] (s,a,h)ESx Ax[H] t(s,a)

= 5
= max 2V2H 75(71 (s,a), )<e.
(5,a)eSx A nt(s,a)
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This allows us to compute the maximum value of n” (s, a):

H? A
nT(s7a)<<872 (log (i) +(5—-1)
€

x <1+10g <1+;(5§f1) <10g (S;l) +\@(Sl+\/ﬁ)>2>>>.

Recalling that 7= SAn7 (s,a), we obtain:

8H2SA SA
TS (log (5> +(5-1)

X <1—|—10g <1+£§Ii <1og <S(5A)+\/é(5—1+\/5T1)>2>>>.

Lemma B.4. The following statements hold:

* for B(n,8)=log(SAH/S)+ (S —1)log(e(1+n/(S—1)), we have that P(€) >1—6;

~.

. for E(n, §)=log(SA/8)+(S—1)log(e(1+n/(S—1)), we have that P() >1—§.

Proof. Let us start with the first statement. Similarly to Lemma 10 of [14], we apply first a union
bound and, then, technical Proposition 1 of [13]] (also reported as Lemma for completeness) to
concentrate the KL-divergence:

ny,(s,a)

P(£°) =P (ateN, 3(s,0,h) €S x A [H]: e (54 (1s.0).pi(5,0)) > M)

<) X P ﬂteN:DKL(ﬁz<~|s,a>,ph<.|s,a>)>WM)

i
he[H] (s,a)eS x A ny,(s,a)

5
<2 X gt

he[H] (s,a)eSx.A

The proof of the second statement is analogous having simply observed that the union bound has to
be performed over S x A only. O

B.S5 Non-Lipschitz Continuous Restricted Feasible Reward Sets

In this section, we illustrate three cases restricted feasible reward sets that turn out not to fulfill the
thesis of Theorem[3.2] These examples, representing strict subsets of the feasible reward functions
of Equation (2), are obtained by enforcing common conditions: state-only reward function r(s)
(Example time-homogeneous reward function r(s,a) (Example , and S-margin reward
function (Example [B.3). We present counter-examples in which in front of e-close transition models,
the induced feasible sets are far apart by a constant independent of €. For space reasons, we report
the complete derivation in Appendix ??.

Example B.1 (State-only reward ry,(s)). State-only reward functions have been widely considered in
many IRL approaches [e.g., |25 1} 135} |15]]. We formalize the state-only feasible reward set as follows:

Rare =R {V¥(s,a,a’,h) - (s,a) =rp(s,a’)}.

Consider the MDP\R of Figure with H=2, 7&(so)=7F(so)=a1 with he{l,2}. Set
p1(8+]80,01) =1/2+¢€/4 and p1(s4]s0,a1) =1/2—¢€/4 and, thus, ||p1(-|so,a1) —P1(-|s0,a1)|1 =e€.
Let us set ro(sy)=1 and ro(s_)=—1, which makes 7% optimal under p. We observe that
R is defined by r2(s_)<r2(si). Recalling that the rewards are bounded in [—1,1], we have
Hao (Rstatea Rslate) =1
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1/2
o0}
ay

(b)

Figure 5: The MDP\R employed in the examples of Section —> denotes a transition executed
for multiple actions.

Proof. For the MDP\R M, in order to make 7 (s¢) =a; optimal, we have to enforce:

E7“2(57) =>11(s0) + 17"2(5+) + 17‘2(87)

2+¢
7‘1(80)+TT2(3+)+ 1 B 2

= ro(sy)=ra(s_).

Similarly, to make 7Z (so) =a;, we have for M:

~ 2—€ . 24+¢€.. . 1. 1.
T1(s0) + TT2(8+) + 1 Ta(s—)=T1(s0) + §r2(3+) + 57‘2(5,)
B 7/’\2(8+) g?Q(S,).
Thus, if we set 72(s—) =1 and ro(s; ) = —1, we have:
H g6 (Rtates Ristate) = min max {|1—75(s_)|,| = 1=7a(s4)|} =1,

Pa(s-),72(s4)€[—1,1]
Pa(sy)<P2(s-)

by setting 75(s_) =72(s4) =0. -

Example B.2 (Time-homogeneous reward r(s,a)). Time-homogeneous reward functions have been
employed in several RL [e.g., |6]] and IRL settings [e.g., |19)]. We formalize the time-homogeneous
feasible reward set as follows:

Rhom=R{V(s,a,h, 1) :rp(s,a) =rp(s,a)}.

Consider the MDP\R of Figure |5h|with H =2, ¥ (s0)=7F (s0) =a1 and 7% (s0) =7 (s0) = aa.
For he{1,2}, we set py(so|so,a1)=1/2+¢/4 and py(so|so,a1)=1/2—¢€/4, thus, |pr(-|se,a1)—
Pr(+s0,a1)|l1 =€ We set r(sg,a1)=1, 7(sg,a2)=1—¢/6, and r(s1,a1) =r(s1,a2) =1/2 making
¥ optimal. We can prove that H g6 (Ruom, Riom) = 1/4.

Proof. Consider the MDP\R M and we set 7(sg,a1) =1, 7(sg,a2) =1—¢€/12, and (s1,a) =1/2 for
a€{ai,as}. We immediately observe that 7% is optimal since for h =2, r(sq,a;) =17(so,as) and for
h=1:

2—e€
4 4

< r(sg,a2)+ (i — 1) r(s0,a1) — ir(sl,a) >0

2+¢€ 1 1
r(s0,a2)+ r(s0,a1)+ r(sha)ZT(so,al)—l—§r(80,a1)+§r(31,a)

— 1—%4&—1—%20.

Consider now the alternative MDP\R M\ , we have to enforce the following two conditions:
7(s0,a1) =7(s0,a2), (13)
P50, 2) + 2 F(s0,01) + aF(s1,0) > F(s0,01) + 5 (s0,1) + 57(51,0)
= P(s0az) = (1) Flso,a1) + TF(s1,) 0. (14)

29



The way of enforcing Equation (I3)) that is less constraining for Equation (T4) is setting 7(sg,a1) =
7(s0,a2), to get:

€ . € . N N
—Er(so,a1)+fr(sl,a)20 = 7(s1,a) =7(s0,0a1).

4
This implies:
Hoto (Rnom Rnom) > i 1= 7(sg,a1)], |5 —F(s1,a)| } =5
> min max < |1 —=7(sg,a1)|,|= =7(s1,a)| t =~,
dO\TThoms Tehom [ L | @) A (s0,an)e[—1,1] 0T ! 4
7(s1,a)=7(sg,a1)
by setting 7(sp,a1) =7(s1,a) =1/4. O

Example B.3 (3-margin reward). A S-margin reward enforces a suboptimality gap of at least 5> 0
[251[15]]. We formalize it in the finite-horizon case with a sequence 3= (Bp,)he[r1, possibly different
for every stage:

Rgmar =R {V(s,a,h) : AT (s,a;7)€{0} U (=00, — 4]}

Consider the MDP\R in Flgure@]wnh 7E (s0) =7E (so) = a1 for he {1,2}. We set p1(s4|s0,a1) =
1/2+¢ and p1(s+|so,a1)=1/2—e. We set for MDP\R M the reward function as ri(sg,a)=0
and ry,(s4,a)=—rp(s—,a) =1 for ae{ay,a2} and he[2,H]. In (so,1) the suboptimality gap is
B1=2+2¢(H —1). By selecting H > 1+ 1/e, the feasible set R g.pqr is empty.

Proof. Concerning the MDP\R M, we observe that by setting 71 (sg,a1) =1, 71 (s0,a2) =—1, and
rp(sy,a)=—rp(s—,a)=1 for ae{ai,az} and he[2, H], the policy 7" is optimal. In particular,
in state-stage pair (sg,1) the suboptimality gap is given by 81 =2+2¢(H —1). To enforce the
optimality of 7% =7 in the MDP\R M, we have:

)—A

1 1 1
1(s0,a1) 25 (54,a1) + 57h(s-,a1) >T1(s0, az2) Z* (54,a1) + 57h(s-,a1) + B

< 71(50,01) —T1(80,02) = P1.

Thus, if 31 =2, we have that the feasible set ﬁg_sep is empty. Thus, we select H >1+1/e to have
B =4 O

These examples show that some common restrictions of the feasible reward set are not Lipschitz
continuous w.r.t. the transition model and, more in general, w.r.t. the IRL problem. If the Lipschitz
condition is violated, we argue that recovering the restricted feasible reward set efficiently by
estimating the transition model is not possible. This is because as shown in the examples, arbitrary
close transition models lead to restricted feasible reward sets with a finite non-zero distance. This
suggests that the Lipschitz framework captures a structural property of the problem, being tightly
connected to the possibility of learning the feasible reward set under certain restrictionsE] The
generalization of these examples to more abstract conditions for guaranteeing the Lipschitz continuity
of the restricting feasible reward set is beyond the scope of the paper.

C Unknown Expert’s Policy 7*

In this appendix, we extend the lower bounds and the algorithm for the case in which the expert’s
policy is unknown. Clearly, if the expert’s policy is deterministic, under the generative model
setting, its estimation is trivial as it suffices to query every state and stage (resp. state) exactly once
for time-inhomogeneous (resp. time-homogeneous) policies, leading to E( g 2y o [7]=H .S (resp.
E By 2 [7]=.5). Thus, we consider a more general setting in which the expert’s policy can be
stochastic (still being optimal). Specifically, we consider the following assumption.

15We remark that this phenomenon can be interpreted as a limitation of the formulation of the IRL problem
as recovering the feasible reward set by estimating the transition model and does not imply that, for instance,
state-only rewards are not learnable in general.

30



Assumption C.1. There exists a known constant mmin € (0, 1] such that every action played by the
expert’s policy ¥ is played with at least probability Tyiy:

V(s,a,h)eS x Ax [H] : 7¥ (a|s)€ {0} U [Tmin, 1].

Intuitively, Assumption [C.T|formalizes a form of identifiability for the policy. As already mentioned
in Section |3} what matters for learning the feasible reward set is whether an action is played by the
agent (not the corresponding probability). Assumption [C.T|enforces that every optimal action must
be played with a minimum (known) non-null probability m,;,,. We shall show that if this assumption
is violated, the problem becomes non-learnable.

C.1 Lower Bound

The following result provides a lower bound for learning the feasible reward set according to the PAC
requirement of Definition .| when the expert’s policy is unknown, but the transition model is known.
Clearly, one can combine this result with the ones of Section [5to address the setting in which both
the expert’s policy and the transition model are unknown.

Theorem C.1. Let 2= (u,7) be an (€,8)-PAC algorithm for d°-IRL. Then, there exists an IRL
problem (M, ) where ©¥ fulfills Assumption uch that, ife<1/2, §<1/16, S=7, A>2, and
H >3, the number of samples T is lower bounded in expectation by:

o if the expert’s policy 7 is time-inhomogeneous:

SH 1
E >————1log| - ).
(M,7B),2A 7] 8log ~—= °8 (5)

1—Tmin

s if the expert’s policy ¥ is time-homogeneous:

S 1
E >——1 - ;
(M,7E)2 [l 4log —* & (5)

1—Tmin

Before presenting the proof, let us comment the result. We observe that when Assumption [C.I]is
violated, i.e., mmin — 0, the sample complexity lower bound degenerates to infinity, proving that the
problem becomes non-learnable.

Proof. Step 1: Instances Construction The hard MDP\R instances are depicted in Figure[6]in a
semi-formal way. The state space is given by S = {Ssuart, Sroots S15- - - » 55, Ssink} and the action space is
given by A={ag,a1,...,ax}. The transition model is described below and the horizon is H > 3. We

introduce the constant H € [H], whose value will be chosen later. Let us observe, for now, that if

H =1, the transition model is time-homogeneous.

The agent begins in state sy, Where every action has the same effect. Specifically, if the stage h < H,
then there is probability 1/2 to remain in S, and a probability 1/2 to transition to S,. Instead,
if h> H, the state transitions to Sy deterministically. From state sy, every action has the same
effect and the state transitions with equal probability 1/S to a state s; with i€ [S]. In all states s;,
apart from a specific one, i.e., state s, the expert’s policy plays action ay deterministically, i.e.,
7 (ap|s;) =1 and the state transitions deterministically to sqnx. In state s, the expert’s policy plays
ay as the other ones if the stage h 5 hy, where h, € [H] is a predefined stage. If, instead, h = h.,
the expert’s action plays ag w.p. 1 — i, and a specific action a, W.p. Tmin €[0,1/2]. Then, the
transition is deterministic to state sg k. Notice that, having fixed H, the possible values of h, are
{3,...,2+ H}. State s is an absorbing state.

Let us consider the base instance 7 in which the expert’s policy always plays action a( determin-
istically Additionally, by varying the pair £:= (s4,hs)€{s1,...,55} x [3,H +2] =7, we can
construct the class of instances denoted by M= {r,;:£e {0} U T}.

Step 2: Feasible Set Computation Let us consider an instance 7, € M, we now seek to provide a
lower bound to the Hausdorff distance H ¢ (Rr,,Rr,). To this end, we focus on the pair £ = (s, hy)

'5In this construction, the MDP\R does not change across the instances, but what changes is the expert’s
policy. Thus, we parametrize the instances through the policy rather than the MDP\R.
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h=hy play w.p. 1 —mTmin / h=hy play as W.p. Tmin

play ap w.p. 1 play ap w.p. 1
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Figure 6: Semi-formal representation of the the hard instances MDP\R used in the proof of Theo-

rem @

and we enforce the convenience of both actions ag and a, over the other actions. Since both actions

are played with non-zero probability by the expert’s policy, their value function must be the same.
Let us denote with r‘ € R.,, we must have for all a;¢{ag,ay}:

H H
Tﬁ*(s*ﬂo) + Z r{ (Sqink) >T£* (8x,a5) + Z 7 (Ssink)
I=hg+1 I=hg+1

—> 1, (84,00) 27}, (54,05),

H H
TfL* (5*7a0) + 2 Tf(ssink) :Tf;,* (5*7(1*) + Z Tle(ssink)
l=hy+1 l=hgx+1

— rﬁ* (s4,0a0) =r£*(5*,a*).

Consider now the base instance 7y and denote with 79 ‘R =, Here we have to enforce the convenience
of action ag over all the others, including a.:

H H
P (sx:00)+ D T (sam) =70, (se,a5) 4 D i (snk)
I=hg+1 I=hy+1

= 7}, (5,00) > 13, (5%, 0;),
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H H

Thy (56,00)+ D0 19 (S6n) =70, (5,05) + D 77 (Seink)

I=hy+1 I=hy+1
— 7‘2* (8%,a0) 27“2* (Su, ).

In order to lower bound the Hausdorff distance, we perform a valid assignment of the rewards for the
base instance:

7"2* (8%,0a0) =1, 7“2* (Sx,a4)=—1, T?L*(s*,aj) =—1.

Thus, the Hausdorff distance can be bounded as follows, having renamed, for convenience z =
rﬁ* (Sx,a0) and y =r£* (Sx,0x):
Hao(Rag,Rr,)= min  max{|z—1|,|y+1|}=1.

z,y€[-1,
T=Y

Step 3: Lower bounding Probability Let us consider an (e, d)-correct algorithm 2{ that outputs
the estimated feasible set R. Thus, for every 1€ .7, we can lower bound the error probability:

0= sup IP’ (’Hdc (Rmﬁ) > 1)

all M MDP\R and expert policies 7 (M,m) 2

>su P H RW,R
Z M ( @ >

> P Rey, R) = .
eggf}(M,ﬂz),m(HdG< ¢ ) 2)

For every 1€ 7, let us define the identification function (whose dependence on the estimated feasible
reward set R is omitted to avoid a too heavy notation):

U, :==argminH (Rmﬂi) .
£e{0,2}

Let 9€{0,2}. If ¥, =, then, H 46 (Rry, ; Rx,) =0. Otherwise, if ¥, # 3, we have:
Moo (Rrg,, Ror,) <Hao (sz 7%) +Hyo (ﬁR,r) <2H 0 (7% Rﬂj) ,

where the first inequality follows from triangular inequality and the second one from the definition of
identification function ¥,. From Equation @ we have that H jc (th ,Rﬂ]) >1. Thus, it follows

that H 4o (7%, Rm) > . This implies the following inclusion of events for € {0,1}:

{’Hdc (7%77%”]) > ;} {0, #7}.

Thus, we can proceed by lower bounding the probability:

1
P (’Hdc<7€m,72)>2>>max P (U, £0)

max
£e{0,2} (Mg,m), A £e{0,2} (Mg, m), A

1

> P v, £0)+ P (U,
2[(Mo,n),m( )(M“w),m( 2)]
1

=— P v,#0)+ P v,=0)],
2[(Mo,n),m( #0) (Ml,Tr),Ql( )]

where the second inequality follows from the observation that max{a,b} > 1 (a +b) and the equality
from observing that ¥, € {0,2}. We can now apply the Bretagnolle-Huber inequality [[17, Theorem
14.2] (also reported in Theorem for completeness) with P=P( vy 7.2, Q=P(r1,7),2, and
A={T,#0}:

1
P (V,#0)+ P (\I/Z—O)>exp<—DKL( P , P ))
(Mo,m),2A (M,,m),2A 2 (Mo,m),2 (M, ),
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Step 4: KL-divergence Computation Let MeM, we denote with P( ) o the joint probability
distribution of all events realized by the execution of the algorithm in the MDP\R (the presence of p
is irrelevant as it does not change across the different instances):
T
(ME:;) m—ﬂpt S¢,at,he|[Hy—1)ph, ( 5t|3t7at)77h (at s¢),

where p; is the sampling distribution induced by the algorithm 2 and H; =
(s1,a1,h1,87,a¥ ... st_1,ai_1,h_1,8,_1,ar ;) is the history. Let 2€Z. Let us now move
to the KL-divergence between the instances g and 7, for some ¢ = (s4,hs)€J:

DKL (IP)(M[]’F))QL,IP(M“W) = Mo [Z 7Th, |St ﬂ—hf( |St))]

< B o[V 0] D (8, Clsim, ()

1 r
<log T B [N re)]
having observed that the transition models differ in ¢=(sx,hs) and defined Nj_(s.)=

D=1 L{(st,he) =(sx,hs)} and the last passage is obtained by explicitly computing the KL-
divergence:

Ty (al55) 79 (aols)
DKL(WS*("S*)’”;L |5*> Zﬂh (alss) 10g<(as*) ZW?L*(GMS*)IO&? — =log

acA Thy (ao‘s*)

Putting all together, we have:

1 1
4 P < o8 1 — Tmin (Mo,m),2A b (8*) ) = (Mo, ), 2 hy (S*)

log 75
log —~

1—"Tmin

Thus, summing over (s4,a4)€J, we have:

E [z Y E [N,:*(s*,a*)]

(Mo,m), 21 (sysag)eg MO
_ Z (H—ﬁ—i)%og%{S
(53,08 )T 2
_SH logﬁ
log pr—

The number of states is given by S =|S| =S + 3. Let us first consider the time-homogeneous case,
ie, H=1:

(Mo,m),2 logl
For § <1/16,S>7, A>2, H >2, we obtain:
S 1

E >—1
(Mo,w),mT 4log —= 08

1—Tmin
For the time-inhomogeneous case, instead, we select H=H /2, to get:
— log L
[7_] > (S 3) (H/2) 0g 44
(Mo,m),2A €2 log
For § <1/16, S>7, A>2, H >2, we obtain:

1—Tmin

1
E >———log-.
(Mo,m),2 ] 8log 1 o8 1)
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Input: significance € (0, 1), € target accuracy

t<—0, €g«— 400

while ¢; > e do
t—t+SAH
Collect one sample from each (s,a,h)€S x Ax [H]
Update p* and 7%-* according to (3)

—t >t
Update €; =max(s,q,n)esx.Ax[H] Cr(5,a) (resp. Cp,(s,a))
end while

Algorithm 2: UniformSampling-IRL (US-IRL) for time-inhomogeneous (resp. time-homogeneous)
transition models and expert’s policies.

C.2  Algorithm

In this appendix, we extend US-IRL to the expert’s policy estimation under Assumption|[C.1} The
pseudocode is reported in Algorithm 2] The interaction protocol follows the same principles of
Algorithm [T} with the only difference that the confidence function, now, must account for the policy
estimation, leading to the following function for every (s,a,h)eS x Ax [H]

25 (n},(5,0),6/2)

n (s,a)

—t
C,,,(S, (I,) = Q(H— h+ 1) ]1{nz(S)>max{1’§(nz(s)’5/2)}} —|—\/ (16)
where:
log(2SAHN?/§
E(n,8) = - BEIAIJD),
log(1/(1 —Tmin))
It is worth noting that we have distributed the confidence § equally between the problem estimating

the policy and that of estimating the transition model. The following theorem provides the sample
complexity of US-IRL.

Theorem C.2 (Sample Complexity of US-IRL). Let ¢>0 and 6€(0,1), under Assumption
US-IRL is (¢,6)-PAC for d°-IRL and with probability at least 1 — & it stops after T samples with:

s if the transition model p and the expert’s policy T are time-inhomogeneous:
SH3SA 2SAH — SH 4SAH —
< 1 —1 H 1 —_—
e (e (55 ) -0 ) s o (1 (55) +).
where Cy=1+log(1+ (64H*)/(e*(S—1)) x (log((2SAH)/8)++/e(S—1++/5-1))?) and

Val log(4SAH/§)+2
Ca=4log (10?1/(1—7{?2“)))'

s if the transition model p and the expert’s policy TF are time-homogeneous:

8H?SA 25 A ~ S 4SA ~
T< = <1og (6 ) +(S—1)Cl> +SH+ Tog(1/(1 =) (log <6 ) +C’2> ,

where  Cy=1+log(1+ (64H)/(e(S—1)) x (log((25SA)/8) + e(S—1+VS—1))?) and
62=410g< log(45A/8)+2 )

log(1/(1—Tmin))

17 As for the transition model, one can adapt the confidence function for the case of stationary policy in
straightforward way:

25(nf(s,a>,6/2)> s

~1
Ch(s,a)=2(H—h+1) (11{nfl(s)zmax{l,g(nt(s),5/2)}} + nt(s,a)

where:
5 5. log(25An%/5)
& 0) = A= rmn))

In principle, one can also consider the case of a time-homogeneous transition model and time-inhomogeneous
expert’s policy. We omit it because it adds nothing to the characteristics of the problem and of the algorithms.
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Before moving to the proof, let us observe that the result matches the rate of the lower bound of
Theorem|[C.1] up to logarithmic terms.

Proof. We make use of the notation of the proof of Theorem|[6.1] We start with the case in which
the transition model is time-inhomogeneous. In addition to the good event £ related to the transition
model, we introduce the following one:

Eri= {VteN, V(s,a,h)eS x A x

$)=0 ]lﬂ'f *(als)= 0‘ S ]l{nfb (s);max{l,&(nz (3)75/2)}} } ’
where ¥ is the true expert’s policy and 75! is its estimate via Equation (3) at time ¢. Thanks to
Lemma and Lemma we have that IP’(E N &) =1—4. Thus, under the good event £ N &, we
apply Theorem [3.2|to obtain H 4 (RﬂiT) SMAX(5,q,h)eS x Ax [H] @Z(s, a). A sufficient condition to
make this term <e¢ is to request the following ones:

max Q(H_h+1)1{nfl(s)?max{l,&(n}l(s),éﬂ)}} =0,

(s,a,h)ESX AX[H]
6/2
max 2\/§(H7h+1) M
(s,a,h)eSx Ax [H] ni, (s, a)

For the first one, we first enforce the condition:
nt (5)>£(nt (s),6/2) = log(4SAH (nl,(s))?/0) _ log(45AH/5) 2logn} (s) .
log(1/(1—mmin)) log(1/(1=Tmin)) ~ log(1/(1—mmin))
Using Lemma 15 of [14] and enforcing n, (s) > 1, we obtain:
1 log(4SAH/6)+2
np(s)<1+ g /) + ))

log(1/(1—min)) log(1/(1—Tmin))

Combining this result with that of Theoreml@for what concerns the transition model, we obtain:

3
< 8H"5A (log (2S?H> +(S-1)

€2

(oo e (57) s 15 )

SH log(4SAH/d)+2

+SH+ <10g 4SAH/o +410g< .

loa(1/(1— 7)) \ AT/ (/1 — )

Analogous derivations can be carried out for the case of time-homogenous policy using the good
event:

<1og(4SAH/5) +4log (

gﬂ = {VtGN, V(S, a) eSxA: ’]lﬂ.E(a|S):0 — ]].ﬁ.E,t(als):O| < ]l{nt(S)Zmax{17g(nt(s)76/2)}} } )

where £(n,0) = %. We omit the tedious but straightforward derivation. O

Lemma C.3. Under Assumption|C.1| the following statements hold:

* for&(n,0):= %, we have that P(E;)>1—0;

o for&(n,8):= % we have that P(E;)>1— .

Proof. Let us start with the first statement. We apply first a union bound and, then, Lemma[D.5]to
perform the concentration:

P(‘Sﬁ)_P<3tEN73(5aaah) |s)= ]]' Et ‘<]l{n >max{1£ ,5)}})

=P <EIn€N, 3(5, a, h) eSx Ax E(als)=0 — 1%5,[n](a|s):0‘ > l{n?max{l{(n,&)}})
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<3 3 3

he[H] (s,a)eS x An=0

<% % e

he[H] (s,a)eSx An=1

) )
B SRR R S
he[H] (s,a)eSXAQSAHn 62

Th (als)=0" ]]'?rf’["] (a\s):O‘ < ]l{n>max{1,§(n,6)}}>

wE (als)=0 ~ ]l?rf’[n](a\s):()‘ < ﬂ{n>max{1,g<n,5)}}>

where on the first passage we enforced the condition on the time instants in which the policy estimate

changes (i.e., when (s, h) is visited) and we denoted such an estimate as 7?5’["]. Then, after a union

bound, we apply Lemma|D.5] The proof of the second statement is analogous having simply observed
that the union bound has to be performed over S x A only. O

D Technical Lemmas

Theorem D.1. (Bretagnolle-Huber inequality [l/7| Theorem 14.2]) Let P and Q be probability
measures on the same measurable space (2, F), and let A€ F be an arbitrary event. Then,

P(A) +Q(A°) = *exp( Dk (P,Q)),

where A°=Q\A is the complement of A.

Theorem D.2. (Fano inequality /|9 Proposition 4]) Let Py, Py, ... ,Pys be probability measures on
the same measurable space (0, F), and let Ay, ..., Ay €F be a partition of Q. Then,

M 1 M
1 *Z~_ D](L(Pi P0)+10g2
P; N>1— M &i=1 ’ ,
2 BilA) log M
where A°=QO\A is the complement of A.

Lemma D.3. [[/3| Proposition 1] Let P=(p1,...,pp) be a categorical probability measure on the
support [D]. LetP,, = (D1,...,pp) be the maximum likelihood estimate of P obtained with n>1
independent samples. Then, for every §€(0,1) it holds that:

P(In=1:nDgy (Py,P)>log(1/6) + (D —1)log(e(1+n/(D—1)))) <é.
Lemma D.4. Let e€[0,1/2] and ve{—e,e}P such that ZZD ,vi =0. Consider the two categorical
distributions Q= (%, %,..., 5) and P= (14 2 1400 Then, it holds that:

D (P, Q) < 26 and D (Q,P)<2¢?

Proof. First of all we recall that since Zil v; =0, we have |[{i€ [D]:v;=€}|=|{i€[D]:v;=—¢}| =
D/2. Let us compute the KL-divergence Dy (P,Q):

1+’U1 1+v;
Dy (P,Q) Z log &
i— D
1+e 1—¢
= 2 5 10g(1+6)+4 Z D log(1—c¢)
i€[D]:vi=e i€[D]vj=—e¢
1+e€

1-—
leog(1+e)+—1og( €)

= flog(lfe )+710g(1+e) - §1og(1 —¢)
%,_J

<0

<

~gion (1




where we used the inequality log(1 + ) <2 and exploited that € < % Let us now move to the second
KL-divergence Dy (Q,P):

D 1
Dy (Q,P) = Z e
1 1 1 1

= —log + Z —log

i€[D]:v;=e D 1+e i€[D]:v;=—¢ D 1—e
1

:—Qlog(l—GQ)
1 1 €2 2

<z —1 )= < S <267,
2(1—62 ) 2(1—e2) 3 57

where we used the inequality — log(1 —z) < ﬁ —1 for 0 <z <1 and observed that € < % O

Lemma D.5. Let P=(p;,...,pp) be a categorical probability measure on the support [D]. Let
P, =(p1,...,Pp) be the maximum likelihood estimate of P obtained with n > 1 independent samples.
Then, if p;€{0} U [Pmin, 1] for some pmin€(0,1]. Then, for every i€ [D] individually, for every
d€(0,1), it holds that:

|]1<pio>—]l{ﬁio}}<]1{ { el }}
n=max<{ 1, ———%——

log %)
1=Pmin

Proof. Let i€ [D] such that p; >0 and, thus, ]l{p -0} = 0. By assumption, it must be that p; = pyin .
To make a mistake, we must have that 1 (5, _oy = 1, and, thus, p; = 0. Thus, we compute the probability
that no sample ¢ is observed among the n ones:

Pl () X;#i |= ][] POXG#i)=P(X1#0)" = (1—p;)" < (1—puin)"

jeln] j€[n]

where we exploited the fact that the random variables X; are i.i.d.. If n =0 the latter expression is 1.
If, instead, n > 1, by setting the last expression equal to §, we get:

log (5)
log ( 17;@“ )

The result follows. O

(1—pmin)"<d=n>

Lemma D.6. Let V={ve{-1,1}7: Z 1v;=0}. Then, the £-packing number of V w.rt. the
metric d(v,v") = ijl |vj — v} is lower bounded by 2%.

Proof. Let us denote the packing number with M (¢;V, d) and the covering number with N (¢;V, d).
It is well known that N (¢;V,d) < M (e;V,d) [10]. Thus, a lower bound to the covering number is a
lower bound to the packing number. Let us consider the (pseudo)metric d’(v,v") = Zf:/ f |v; — v} that
considers the first half of the components only. Clearly, we have that d’(v,v") <d(v,v"). Therefore,
any e-cover w.r.t. d(v,v’) is an e-cover w.r.t. d’(v,v’) and, consequently, N(&;V,d") < N(e; V,d).
Since the (pseudo)metric d’ considers only the first half of the components, constructing an e-cover
of V w.rt. d is equivalent to constructing an e-cover of V' w.r.t. d’, where V' ={—1,1}P/2, V'
considers the first half of the components of vectors of V), that can be freely chosen, dlsregardmg
the summation constralnt. 8| Thus, N(€;V,d’) = N(e;V',d’). Notice that d’ is now a proper metric
on V' ={-1 1}D/ 2. Now, we reduce the problem to constructing cover on the Hamming space
H={0,1}P / 2. Indeed, we can always map an (¢/2)-cover for the Hamming space H to an e-cover

"®From an algebraic perspective, V' can be considered the quotient set obtained from V' by means of the
equivalence relation v ~v' <= v; =v; for all j€[D/2].
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for the space V’. Specifically, let ﬂe 5 an (e/2)-cover for the Hamming space, we construct the
P p Yy /

e-cover of V', denoted by 76, by applying the following transformation (7’ 676):

, (=1 ifh;=0 _ = =
= = D/2 h
Uy {1 lfhj:]. VJEH /H7 v €He/27

or, in more convenient way, v’ =2h—1. Let v’ € V':

D/2 D/2
min d'(v',7") mmZh} —v|—2 mln Z|h —hj|<e.
E’ev v'ey 5/2] 1

The covering number of a Hamming space has been lower bounded in [4]] for e€ [D/2] as:
D < (D)2
. 7
logy N(&;H,d") = B —log2k§ ( L )

We take e = D/16, and we use the known bound Y, (") < (<2 ) (31):

D/16

D (Dk/Z) <(8e)P/16,

k=0

From, which, we get:

D D/2 D D D
logy N(e;H,d') > 2*10g22< 16/)221610&(86)?5-
k=0
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