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ABSTRACT

Complex-valued neural networks have attracted increasing attention in recent years, while it re-
mains open on the advantages of complex-valued neural networks in comparison with real-valued
networks. This work takes one step on this direction by introducing the complex-reaction network
with fully-connected feed-forward architecture. We prove the universal approximation property for
complex-reaction networks, and show that a class of radial functions can be approximated by a
complex-reaction network using the polynomial number of parameters, whereas real-valued networks
need at least exponential parameters to reach the same approximation level. For empirical risk
minimization, we study the landscape and convergence of complex gradient descents. Our theoretical
result shows that the critical point set of complex-reaction networks is a proper subset of that of
real-valued networks, which may show some insights on finding the optimal solutions more easily for
complex-reaction networks.

© 2022 Elsevier Ltd. All rights reserved.

1. Introduction

Deep neural networks have become a mainstream model of
deep learning (LeCun, Bengio, & Hinton, 2015) during the past
decades, mostly working with real-valued neural networks. For
example, great progresses have been made for real-valued neu-
ral networks in many real applications such as computer vi-
sion (Krizhevsky, Sutskever, & Hinton, 2012), speech recogni-
tion (Graves, Mohamed, & Hinton, 2013; Sutskever, Vinyals, &
Le, 2014), machine translation (Bahdanau, Cho, & Bengio, 2014),
etc. Theoretical studies have also attracted much attention on
the deep understanding of real-valued neural networks, including
universal approximation (Barron, 1994; Funahashi, 1989; Hornik,
1991; Kidger & Lyons, 2020; Leshno, Lin, Pinkus, & Schocken,
1993; Lu, Pu, Wang, Hu, & Wang, 2017; Sun, Chen, Wang, Liu, &
Liu, 2016), optimization dynamics (Allen-Zhu, Li, & Song, 2019;
Dauphin et al., 2014; Du, Lee, Li, Wang, & Zhai, 2019; Poggio,
Banburski, & Liao, 2020), generalization (Hardt, Recht, & Singer,
2016; Zhang, Bengio, Hardt, Recht, & Vinyals, 2017), neural tan-
gent kernel (Arora, Du, Hu, Li, & Wang, 2019; Du, Zhai, Poczos, &
Singh, 2018; Jacot, Gabriel, & Hongler, 2018), etc.

Recent years have also witnessed an increasing interest on
complex-valued neural networks. Hirose and Yoshida (2012) in-
troduced the complex-valued neural networks with amplitude-
phase-type activation function, and showed better generalization
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than real-valued networks in the fitting interpolation of temporal
signals. Tygert et al. (2016) simulated the complex-valued con-
volution operations from the perspective of wavelets. Danihelka,
Wayne, Uria, Kalchbrenner, and Graves (2016) presented faster
learning by adding some complex-valued modules to the re-
current architecture. Some studies showed that complex-valued
neural networks can surpass their real-valued contenders in some
applications, such as vision (Koenderink, van Doorn, & Gegenfurt-
ner, 2021; Oyallon & Mallat, 2015; Virtue, Stella, & Lustig, 2017;
Worrall, Garbin, Turmukhambetov, & Brostow, 2017), NLP (Trouil-
lon, Welbl, Riedel, Gaussier, & Bouchard, 2016), signal process-
ing (Adali, Schreier, & Scharf, 2011; Hirose & Yoshida, 2011,
2012), MRI fingerprinting (Virtue et al., 2017), time series fore-
casting (Burkard, Zimmermann, & Schwarzer, 2021; Wolter & Yao,
2018; Zhang & Zhou, 2021), etc.

From the theoretical perspective, Voigtlaender (2020) took
an important step on the universal approximation of shallow
and deep complex-valued networks, and similar to real-valued
networks, complex-valued neural networks could achieve uni-
versal approximation with exponential depth or width (Arena,
Fortuna, Re, & Xibilia, 1993, 1995; Voigtlaender, 2020). Several re-
searchers made efforts on optimization dynamics, e.g., all critical
points are proven to be saddle points, which are generated from
the hierarchical structure of complex-valued networks (Nitta,
2002, 2013), and Adali et al. (2011) showed that complex-valued
networks have no bad local minima as for fitting low-degree poly-
nomials. Despite promising theoretical progress, the advantages
or killer areas of complex-valued neural networks are not yet
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well understood theoretically compared to the existing network
models.

This work presents theoretical understandings on the ad-
vantages of complex-valued networks in comparison with real-
valued ones. We investigate a practical complex-valued neural
network with fully-connected feed-forward architecture from the
perspectives of approximation and optimization dynamics. The
main theoretical results can be summarized as follows:

e For approximation, we show that the complex-reaction net-
work has universal approximation property in Theorem 1.

e We prove that a kind of radial functions can be approxi-
mated by a complex-reaction network with a polynomial
number of parameters, whereas the real-valued network
cannot arrive at the same approximation level even with
exponential (O(C;(2d 4 1)e“1?9)) parameters for some con-
stant C > 0, where 2d denotes the input dimension. This
conclusion is shown in Theorem 2.

e For optimization dynamics, we consider the empirical risk
minimization based on the standard gradient descent algo-
rithm, and provide a corresponding convergence analysis in
Theorem 3.

e We prove that the critical point set of complex-reaction
networks is a proper subset of that of real-valued net-
works in Theorem 4, which may shed some insights on
finding optimal solutions more easily for complex-reaction
networks.

The rest of this paper is organized as follows. Section 2 in-
troduces the preliminaries and notations. Section 3 presents the
approximation analysis of complex-reaction networks. Section 4
studies the optimization dynamics of complex-reaction networks.
Section 5 discusses with future issues. Section 6 concludes this
work.

2. Preliminaries

We start our work by introducing the Complex-Reaction Net-
work with fully-connected feed-forward architecture. Let z
Z1 + z4 be a complex number wherei = +/—1 and z;, z; € R. We
denote by Z = z; — zj and |z|* = z? + z2. Let [-]g and [-]; denote
the operators on the extraction of real and imaginary parts from
a complex-valued formation, respectively, for examples, [z; +
Zzi]R =21 and [Zl +Zzi][ = 2.

Generally, we consider the real-valued data including instances
and labels, as the works of Hirose and Yoshida (2012), Trabelsi
et al. (2018), Wolter and Yao (2018). For complex-valued for-
mation, we enable the first d feature maps to represent the real
components and the remaining d to record the imaginary ones,
which has been implemented by Trabelsi et al. (2018). Hence,
the basic building block of a complex-reaction network can be
formalized as

1:C! > C, 7z oq(w'2)

where w € C¢ denotes the connection weights and o is a
complex-valued activation function. In this work, we employ the
zReLU function (Trabelsi et al.,, 2018; Zhang & Zhou, 2021) as
activation o,

z,
0,

if 6,€[0,7/21U[m,3m/2],

zRelU(z) =
@ { otherwise.

Thus, for @ € RT, we have the following complex-homogeneity
property
00¢r(2)
0z

oq(z) = z and oy(az) = aoy(z).
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We also employ a pure linear connection as the final layer and
extract the real part as the outputs. Thus, we have established the
Complex-Reaction Network, denoted by fz : C¢ — R.

Notice that a fully-connected complex-reaction network with
one-hidden layer has I(d4+m) complex-valued connection weights,
which is equivalent to 2I(d + m) real-valued connection weights,
where | and m denote the number of neurons in hidden and
output layers, respectively. Notice that we focus on the number
of “real-valued” parameters when one mentions the number
of parameters in complex-reaction networks. Besides, provided
homogeneous activation functions, for a, b € C, we have

Ofcr(a-b) | Olfer(a-b)lr _ dlfer(a- bl
ab |,

d[blr a7 (1)
|:afCR(a : b)] _ ex(a-b)li _  dlfer(a- b)lr
ab |, d[blx a[bly -

Finally, we introduce the some notations. Let [N] = {1, 2, ...,
N} be the set for an integer N > 0. Given a function g(n), we
denote by hi(n) = ©(g(n)) if there exist positive constants cy, ¢,
and ng such that c;g(n) < hy(n) < cg(n) for every n > ng; we
also denote by hy(n) = O(g(n)) if there exist positive constants ¢
and ng such that hy(n) < cg(n) for every n > ny.

For w € C" and W € C™™, we denote by

i=1 i=1 j=1

1/2

def

def
w2 =

1/2
walz) and W]z =

the ‘entry-wise’ vector norm and matrix norm, respectively.

We say that f is a radial function if f(x) = f(x) for ||x]| = ||¥/].
Let ¢2(x) be the density function of some probability measure 1,
which satisfies

f #(x) dx = /
xecR2d

xeB
where 3 is a unit ball. Then, for continuous functions f, g, we have
the following equalities under Fourier transform

1dx =1, (2)

If — gl = If o — &6 llLa0- (3)
and
f;b :f * (2) for the convolution operator * .

3. Approximation

In this section, we first present the universal approximation
for the complex-reaction network, which assures its legitimacy,
and then, show the approximation complexity advantages of
complex-reaction networks over the real-valued ones.

We now present the universal approximation for complex-
reaction networks as follows.

Theorem 1. For zReLU activation function, the complex-reaction
network with one-hidden layer fcg c?! — R is a universal
approximator for any continuous function f : R** — R, where
C=R2.

Theorem 1 shows that complex-reaction networks have the
universal approximation property, similar to that of the real-
valued networks. This theorem can be easily derived from (Voigt-
laender, 2020, Theorem 1.3), where a shallow complex-valued
neural network has the universal approximation property, and we
omit the detailed proof of Theorem 1.

Next, we present the approximation complexity theorem for
complex-reaction networks as follows.

Theorem 2. For zRelU activation function, there exist a probability
measure p and a radial function f : R*¢ — R such that
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(i) for any § > 0, there is a one-hidden-layer complex-reaction
network fr @ C? — R with O((d + 1)(2d)*7®) parameters
such that the followings hold:

By (fer(®) — f(X))? < 8,
(ii) there exists a constant § > 0 such that
Exy (R(®) — f(x))* = 3,

for any one-hidden-layer real-valued network fz : R* — R
with exponential parameter number O(C;(2d+1)e“139). Here,
C; is a constant independent to d.

This theorem shows that a kind of radial functions can be
approximated by one-hidden-layer complex-reaction networks of
polynomial parameters, whereas such functions cannot be ap-
proximated by real-valued networks with exponential (O(C;(2d+
1)e©19)y) parameters.

This proof idea can be summarized as follows. It is observed
that the zReLU function o, comprises the radius (i.e., norm)
and phase (i.e., angle). Thus, there exist some linear connections
(including rotation transformations) such that the combination
of some complex-reaction neurons is invariant to rotations. In
other words, complex-reaction networks can easily and well ap-
proximate some radial functions, see Lemma 2, since the radial
function is invariant to rotations, and is dependent on the input
norm. On the other hand, provided the probability measure n
and corresponding density function ¢, defined as Eq. (2), it is
observed that the composition f¢ is radial as well as some radial
function f. Further, we conjecture that f ¢ is also a radial function
according to Eq. (3) with g = 0. In contrast, the distribution of
the composition fr¢ under Fourier transform, corresponding to a
one-hidden-layer real-valued network fg, is supported on a finite
collection of lines {w/'x}, i.e.,

supp(fd) { x|lx—xly 1.4 € Uspan{w}}

i=1

Notice that the Supp(f;&) is sparse in the Fourier space unless
k is an exponential. Thus, a one-hidden-layer real-valued net-
work within polynomial parameters cannot achieve arbitrarily
approximation for radial functions.

Based on the ideas above, it is sufficient to provide an approxi-
mation guarantee between the complex-reaction network fcg and
target function f, that is,

/(fCR ¢ (x) dx
= (cx — FIIE, (1) = If$ — 8ol < 6-

Motivated from Eldan and Shamir (2016), we consider the radial
function

N
f@) =" eifi(x)

i=1

Ex~u(_fCR(x)

with  fi(x) = 1{||x|| € 2}, (4)

where €; € {—1, 41}, N is a polynomial function of d, and £2;’s are
disjoint intervals of width O(1/N) on values in the range O(V2d).
Next, we formally begin our proof of Theorem 2 with some useful
lemmas.

Lemma 1. Let f : [-R,R] — R be an L-Lipschitz function for
constant R > 0. For any § > 0, C, > 1, and n, < 2C.LR/S, there
exists a real-valued network with one-hidden layer f s.t.

sup |f(x) — fr(¥)| < 6.

xeRr2d
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Specifically, fr : R — R can be given by

nr
=Y aio(fx—b)—a
i=1

for ReLU or general sigmoidal activation o, and real-valued param-
eters a, {ai, Bi, bi}i_;.

Lemma 1 shows that a one-dimensional L-Lipschitz function
can be approximated by real-valued networks of one-hidden
layer with general sigmoidal or ReLU activations. The detailed
proof of Lemma 1 is given in Appendix A.2.

We now present a crucial lemma for complex-valued net-
works from Lemma 1 as follows.

Lemma 2. Let g : [r,R] — R be an L-Lipschitz function forr < R.
Forany 8§ > 0, C > 1, and n, < 2C,dR?L/(+/78), there exists a
complex-reaction network with one-hidden layer fc s.t.

sup |g([Ix]]) — fer(%)] < 6.

xecd

Specifically, feg : C¢ — R can be given by

o]

and complex-valued parameters a,

Mer

fer(%) = |:Z Vi or( w; {x— b;) —

for zRelLU function o

{wi, vi, bi}[,.

Proof. Let f' : C¢ — R be a radial function with f'(x) = |x|. For
any § > 0 and d > 1, we have

sup |f'(x) — |og(wx — b)|| < 8/2. (5)
xeC

We further introduce a new function g’ : R — R as follows.

Za '(s) —a,

where o is the ReLU function and a{,ai € R. For Lipschitz
continuous function /- and from Lemma 1, we have

sup |g(¥s) —g'(s)] < 8/2,

se[rk Rk]

when n' < C'L(R* — r¥)/(Yr8) for some constant C’ > 0 and
integer k > 2. Given complex-reaction network

(6)

Ner

fer(x) = |:Zv10'crw X_b)_ai| s
R

we have

|g'(s) — far(®)| = |g'(s) — f'(x)]
Ner
[Z”i Oer(w x—b)—a] . (D)
i=1 R
where
ney
= v |oa(w]Tx—b)| —d.
i=1
in which {w, b;} and {v}, @’ denote another collection of complex-

valued and real-valued parameters, respectively. The first term of
Eq. (7) can be bounded 8/4 from Lemma 1 for any s € [r¥, R].
The second term is at most §/4 when ng > n., from Eq. (5). This
follows that

1g'(s) — fr(®)| < 8/2. (8)
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Combining with Egs. (6) and (8), we have

lg(lx]) — fer(®)| < [g(/5) — g'(s)] + [g'(s) — fer()] < 6.
where x € R? = C? and s € [r*, R¥]. We finally obtain
N < 2Co (R — r¥)dL/(3/r8),

provided n, < 2dn’ and C' < C,. We complete the proof by
setting k = 2 in the above upper bound. O

Lemma 3. For2d > G, > 0, let f : R* — R is an L-Lipschitz
radial function supported on the set

S=1{x:0 < C2d < ||x|| <2C,v/2d)}.

For any § > O, there exists a complex-reaction network fez of
one-hidden layer with width at most 2C..(C,)*/2L(2d)"/*/8 such that

sup |f(x) — fer(®)| < 6.
xeR2d=cd

Lemma 3 shows that the radial functions can be approxi-
mated by complex-reaction networks with polynomial parame-
ters, which is proved as follows.

Proof. Let r = C,+/2d, R = 2C,+/2d, and d > 1, then we have
r > 1, which satisfies the condition of Lemma 2. Invoke Lemma 2
to construct the complex-reaction networks and define 8’ < §/2d.
Then for any L-Lipschitz radial function f : R* — R supported
on S, we have

sup  |f(x) — fr(X)| < &',
xcR2dx=cd

where the width of the hidden layer is bounded by

zccr(czP/ZdL(2 34 _ 2Ca(G)L
- )

d) (2dy’/4.

This completes the proof. O

N <

Lemma 4. Let f(x) = Zf’z] €ifi(x) be defined by Eq. (4). For
any ¢, € {—1,+1} (i € [N]), there exists a Lipschitz function
g:8 — [—1, +1] such that

3
/ &(®) = f(x))* ¢*(x) dx <
R2d

(G)2v2d
Lemma 4 shows that any non-Lipschitz function f(x) can be
approximated and bounded by a Lipschitz function with density

¢?, which is proved in Appendix A.3.
So far, the part (i) of Theorem 1 can be summarized as follows.

Proposition 1. Let f be the radial function described by Eq. (4). For
G, C3 > 0withd > G, any 8 > 0, and any choice of ¢; € {—1, +1}
(i € [N]), there exists a complex-reaction network fcg of one-hidden
layer with range in [—2, +2] and width at most C3C-(2d)>7>, such
that

V3

< —+43.
T G(2d)1/4 *

IIf (%) _fCR(X)”Lz(p_)

Lemma 5. For positive constants Cy, C;, C3, p, « with 2d > C, and
o > Gy, we define

N

f@) =) efilx) and falx) =y fil(wi, x)),
i=1

i=1

where N > 4Ga32d?, n, < C;e21%, and f; : R — R are measurable
functions with |fi(x)] < C3(1 + |x|”). For any § > 0, there exists a
group of ¢; € {—1, +1} (i € [N]) such that

IIf (%) — fo(®)]| = &/e.
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Lemma 5 shows that some radial function cannot be approx-
imated by real-valued networks with exponential (O(C;e€12%))
neurons, beyond which (ii) of Theorem 1 holds. The detailed proof
can be accessed in Appendix A.4.

Proof of Theorem 2. Let f(x) = Zf\’: 1 €ifi(x) be defined by
Eq. (4) and N > 4C25/2d2. According to Lemma 4, there exists a
Lipschitz function h with range [—1, +1] such that

V3
“h(x) _f(x)“Lz(u) =< W

Based on Lemmas 2 and 3, any Lipschitz radial function supported
on S can be approximated by a complex-reaction network fcg
with one-hidden layer of width at most C3C.(2d)*7>, where C;
is a constant relative to C, and §. This means that,

sup [h(x) — fer(X)| < 8.

xeRr2d
Thus, we have
lh — ferlliyu) < 6.

Hence, the range of f is in [—1 — §,4+1 + 8] € [—2,+2]. In
summary, we have

I1f (%) — fer(®)ll L)

A

If (%) — h(2)ll L) + 1A(X) — fer(@) L)

< B s
G (2d)1/4
This implies that given constants 2d > C, > 0 and C3 > 0,
forany § > 0 and ¢ € {—1,+1} (i € [N]), the target radial
function f can be approximated by a complex-reaction network
fcr of one-hidden layer with range in [—2, +2] and width at most
C3C(2d)>75, that is,

V3
< -
~ Gy(2d)V/4

According to Lemmas 1 and 5, there are some groups of ¢; €
{—1, +1} (i € [N]) such that

Iz = fll,0 = 61,

for any real-valued network f; of one-hidden layer with width at
most C;C.e%19. The real-valued and complex-reaction networks
have the number of parameters:

fer — fllLy() +68 < 8.

Ny = (2d) x ny + n, < C;G(2d + 1)eC1C9,
Nog =2 xd X g 4+ 2 X N < 2C3C4(d + 1)(2d)>7,

where N, and N indicate the parameter numbers of the real-
valued and complex-reaction networks, respectively. This com-
pletes the proof. O

4. Optimization dynamics

This section studies the optimization dynamics of complex-
reaction networks, and focuses on binary classification where
y € {—1, +1} for simplicity. Let {x,, y, ’,:’:1 be a training dataset,
and denote by X {xn}g:]. We employ the zRelU activa-
tion function, and, for convenience, use [f(W; x)]z to denote the
complex-reaction network. We consider minimizing the empiri-
cal exponential loss, as studied in Hirose (2012)

1 N
LW X) = = > - exp (—ynlf(W; 2)lk) 9
n=1

where W = (W', W2, ..., W!) for some integer L > 0.
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4.1. Convergence analysis

This subsection focuses on the convergence of minimizing
Eq. (9) using complex gradient descents. As shown in previous
works (Zhang & Mandic, 2015; Zhang & Zhou, 2021), the complex
gradient descent usually follows the recursive form

OL(W(t); X)
P
where p is the learning rate at the t-th epoch and t € N*.

We now provide the convergence analysis for Eq. (10).

Wit + 1) = Wi(t) — , (10)

Theorem 3. Let W(0) denote the initial point and the gradient
AL(W(t); X)/dW! is an L-Lipschitz function with respect to W'. Then,
provided a real-valued learning rate, i.e, p € R, if p € [0, (2L8)7'],
we have

Lw(t+ 1)) — Lw(t)) <0 and lim

oL(w(t) | _
t—o00 ow -
Provided a complex-valued learning rate, i.e., p € C, if 2L([p]2 +
[p1?) < [plr, we have

Llw(t + 1)) — L(w(t)) <0 and tlim

— 00

‘BL(w(t))‘

Jw

Theorem 3 shows the convergence of complex gradient de-
scents with real-valued and complex-valued learning rates for
minimizing the empirical exponential loss. The proof idea is sim-
ilar to those of Zhang, Liu, Xu, and Zhang (2014).

Proof. Let w denote the i-th column vector of W' for any i and [
and abbreviate L(W(t); X) as L(w(t)). It is observed that

=—— Zyn exp (—yalf

8[f(w(t))
x AR
Jw

8L(w

(w(t))]r)

and L(w(t))>0 (11)

Since exp(-) is a monotonically increasing function, we have

OL(w(t) _ alw(t) _ ol(w(t), _ dLw(t))
dw d[wlg a[wl; dw

Let

Ay = w(t + 1) — w(t)

and

A =w(t+ 1) —w(t) = w(t + 1) — w(t).

Thus, we have

L{w(t + 1)) — L(w(t))
@ 18L(w(t) +04;)

10L(w(t) +0A,)—

A[ + by At

2 Jw 2 Jw
_ laL(w(t))A +1 [AL(w(t) +HA;) 3 8L(w(t)):| A
T2 ow 2| dw dw ‘

1aL( ( )— | 1[0Lw(t) +04)  L(w(t))

3 2 At 2[ i 811) ]At

5 } AL(w (8)+9A) AL(w )H Al
w

< } + 210 || Ac|)?
®) t)) 2

2 ( Lw ())) } HMHpauw(r))
. Jw
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where the equalities (a) and (b) follow from the mean value
theorem and Eq. (10), respectively. Provided p € C, we have

‘aL(w(r» 2

L(w(t + 1)) — Lw(t)) = (~[ple + 28| o)

Once —[plg+2L8]p|?
Further, we have

< 0, then we have L(w(t+1))—L(w(t)) < 0.

L{w(t + 1)) < L(w(t)) +

NECO]E
(=[plr +2L81p) ‘(‘iw

aL(w(t))
ow

t
< L(w(0)) + (—[oclk +2L0101%) )

s=1

‘ 2

< L(w(0)) < oo for t— oo,

According to Eq. (1

t
(Ipcle — 2L601p7)
s=1

which implies that
oL(w(t))

w

1), the following holds

AL 2
w

lim

t—o00

=0.

One can assess the proof of the case that p € R from Zhang et al.
(2014, Theorem 1). This completes the proof. O

4.2. Critical point sets

This subsection concerns the critical point sets of real-valued
and complex-reaction networks by using standard gradient de-
scents. For specification, we here employ the weight normaliza-
tion technique, which is formulated as follows

Wi=y'V, with y eR" and |V} =1,
where le. denotes the i-th row vector of the matrix W' in the I-th
layer. Hence, we can limit the critical points of the optimization
problem in Eq. (9) onto the unit ball.

We now present the main result as follows.

Theorem 4. For the minimization of Eq. (9), we have

GC Sk C S and Scg # Sg,

where G is the optima set of Eq. (9), Sg and Scg denote the critical
point sets of real-valued and complex-reaction networks, respec-
tively.

Theorem 4 shows that the critical point set of complex-reaction
networks is a proper subset of that of real-valued networks,
which may shed some insights on finding optimal solutions more
easily for complex-reaction networks.

This proof idea can be summarized as follows. It forms a
manifold for the parameters space of neural networks. Generally
speaking, the complex manifold £2¢ is a subset of the real mani-
fold 2, since the coordinate transformation of complex manifold
satisfies the holomorphic condition. On the other hand, it is
essential to look for the critical points 6 with dL(#)/060 = 0 when
we solve an empirical minimization optimization using gradient
descents. Therefore, the proof of Theorem 4 can be converted into
the problem of finding the critical points in £2; yet except £2cx.

We construct a transformation to link the real and com-
plex manifolds that correspond to the real-valued and complex-
reaction networks, respectively. Finally, we find the desired points
from the symplectic manifolds, which share certain characteris-
tics with Riemannian geometry and complex geometry and link
two geometric theories in some fields of mathematics.
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Definition 1. Define a linear mapping ¢ : KP*9 — KP*4,

dO;p,0,j)=(...; pbi+0 ;...; (1—=p);...),
i J

where KP*9 is compact in RP*? or CP*9, ® = (04, ...,
peRorC, andi,je [q].

8,) € KPxq,

Lemma 6. For anyi,j € [q], ¢(®
in an 2-dimensional affine space.

) consists of some straight lines

Lemma 6 shows that the linear mapping ¢ leads to an affine
space defined by 6;, which is proved by Appendix B.1.

Definition 2. A mapping is said to be analytic if it is continuous
and expandable in a power series around any points.

Definition 3. Let f be a function expressed by a neural network
with parameter space K. An analytic mapping 7 € ¢'(K) is said
to be an equioutput transformation, if f(7(W); X) = f(W; X) for
VeK.

Lemma 7. For any equioutput transformation T € C'(K), there is
a collection of finite mappings {¢}, such that T is a composition of

¢’s.

Lemma 8. All equioutput transformations, generated from Lemma 7,
constitute a multiplicative group G, which is isomorphic to a direct
product of Weyl groups.

A straightforward combination of Lemmas 7 and 8 shows
that the equioutput transformation is composited of finite linear
mapping ¢, and for any i, j, the equioutput transformations con-
stitute an algebraic group, isomorphic to a direct product of Weyl
groups (Warner, 1983). The detailed proof of Lemma 8 are present
as follows.

Next, we provide two crucial propositions about the dynamical
systems led by complex-reaction and real-valued networks with
gradient descents, respectively.

Proposition 2. For the minimization of Eq. (9) using complex-
reaction networks, we have the following dynamical systems

d)/-l N
5= =L exp (3l (W: )1yl (V: )l
J n=1
dv! N
o ) ex : .
= 1 D (—=Ynlf (W; 2,)IR) Yn 4,
dt N(yj)2 p—

where n is a strictly positive constant relative to yj’, and

[ AL(V; xa)lr
“ ‘( I,
<3[f(V; X))l

— [VIRIF(V; xn)]R>

A\ AL xn)]R> i

] j
a[vil,
Proposition 3. Let fz : R%? — {—1, +1} be a real-valued neural
network with RelLU activation and weight normalization P’ =, q
where ||(%l|| = 1. the gradient descent procedure for mlmmlzmg the
exponential loss coincides with the following dynamical systems

O e CynfalP: 1) Y@ ).
dt Ny N k " f !
dQJ’» n 1
E = N(yjl)z —Yufr(P; X3)) Ynd:,
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where 1) is a strictly positive constant relative to yj’ and

¢} = 0f(Q: %,)/0Q} — Qifa(Q: Xn).

Propositions 2 and 3 hold from Lemmas 9 and 10 as follows.

Lemma 9. For w,v € R™" and S = I, — v' v with w = pv
and |[v|| = 1, we have S = Ly — w' w/||w|3, dv/0w = S/y,
Sw' =Sv" =0,and S* =S.

Lemma 10 (Weight Norms) During the gradient descent procedure,
the change rate of ||y] || (ie., weight norms) is the same for each
layer.

Lemmas 9 and 10 stand up for both complex—reaction and
real-valued networks. Notice that Lemma 10 shows that (y]) =
||W’ |I> grows at a rate independent of the row j and layer I
Thereby, using gradient descent to solve the optimization prob-
lem, there is no difference in the change rate of connection
weights layer by layer. This result also holds for real-valued
networks. The detailed proofs of Lemmas 9 and 10 are presented
by Appendix C.1 and C.2, respectively.

Proof of Proposition 2. We study the minimization optimization
problem of complex-reaction networks as follows.

mm L(W; X) =
Vl yj

Iyl
s.t. Wj_yj\lj,

Zexp( Yalf (W; 2:)1)

n=1
Vil = 1.
Solving this problem by the standard gradient descent, the opti-

mization procedure concerning W' induces the following dynam-
ical system:

aw!

Ly A[f(W; x,
0 = N 2 &P Ynlf (Wi o)) y, JW: X0)le
n=1

dt ow!

Similarly, the dynamical system that corresponds to the gradient
descent procedure with weight normalization is

N

dy! ALF(W; X))k
-V = exp (=yulf (W; %,)[R) yn—————
dt ; ay!
v AIF(W; %,
o Z exp (—yalf(W; xn)]R)an-
Let w; = ([W’]R, —[Wi1,), v = ([Vjle, —[V}];), and S; = 1— v/ v;. It

is observed that if [W]’]R has d elements wj is a 2d- dlmensmnal
row vector. From Lemma 9, one has

Si=1—w/w/|wl} and Sw' =S =0.

Thus, we have

dy}  dwjl| dw;\ " dv; dw;
@ T =vj<dt) and g =1 (m)

So the dynamical systems concerning V' and yj become

N
n
= —— ) ynexp (—yalf (W: x)e) vju]

J n=1

N
j n
- = Y €xp (=yalf (W; x,)1r) ¥,
dt N(y'? nz:; J

where ¥; = (u; — v[f(V; x,)]z) and

u — [ UV Xl OLF(V: %n)lk
A T e,
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Due to vju| = [f(V; X,)]z, we have

dy/ N <

7dtj = 7N Z 1 €XD (—Yulf (W; 2)1R) [f(V; %11k,
dvj _ n _ .

a - le)z ,?:] Y exp (=yalf (W; x;)1r) ‘/’j-

We complete this proof by multiplying the matrix Ic = (Ijxq,
—Igxd)" with the formulas above. O

Based on the aforementioned results, we now present the
crucial lemmas for proving Theorem 4 as follows.

Lemma 11. Let V be the complex-valued parameters of a complex-
reaction network. If V is a critical point of L(V), then we have

(i) OL(T(V))/0V = O for any equioutput transformation T with
p eR;

(ii) 8L(T (

peC.

))/0V # 0 for any equioutput transformation T with

Proof. From Lemma 7, any transformation is composited of ¢'s.
Thus, it suffices to prove that the conclusions above hold upon the
minor equioutput transformation from the basic theorem of alge-
bra. Here, we consider building the following minor equioutput
transformation.

Let ® € CP*7 and A = (ag) € C¥*" denote the connection
weights of adjacent layers in a complex-reaction network, respec-
tively. For any i,j € [q], s € [r], and p, p’ € C, we abbreviate
¢(O; p,i,]j), pb; + 0i, (1 — p)bj, p'asi + 05, and (1 — p')ag as O,
0;, 0;, as;, and a;, respectively. Hence, the output of the original
network

hs(z) = aso (O2)

where «, denotes the s-th row vector of A and z € CP*! is the
input. Compositing the linear mapping ¢ with ®, we have the
output of the transformed network

q
= Zaskacr (0;2)

ki j
,0)0sz) .

+ &sjo'cr ((]
Let ﬂs(z) = hy(z). The equation has at least one solution since
the degree of freedom (i.e., 4) of this equation is greater than the
number of equations (i.e., 2). It implies that for any p, there exists
a linear mapping ¢’ with p’ acts upon the connection weights A,
such that

LO, A) =L, ¢'(A

+ Asiocr ((poj + 01’)TZ)

)) = L(¢(©), ¢'(A)),

where L(®, A) is a short notation of loss function described in
Eq. (9). From Lemma 8, the stacking of ¢ and ¢’ constitutes the
minimum generator of G. Hence, the composition of ¢ and ¢’ is
the desired minor equioutput transformation.

Based on Proposition 2 and aL(®, A)/30y
stands for the original networks

0 (k € [q]), it

1 N
N ZYH exp(—Yulf (W; %,)]r)A(Ok: x,) = 0,

n=1
where
f(O; x,
Al %) = (% — (OIS xn)]R)
R

+ (a[f(@! X))l .

3104, [01i[f (O Xn)]R)i-

86

Neural Networks 151 (2022) 80-93

For the transformed networks, we consider the following cases.
(a) For k # i, j, we have

AL(O, ¢'(A))/30, = AL(O, A)/30; = 0.
(b) For i, we have

2) 141 ¢
(7¢ NZ . ZynL(@ A) g,

where &; denotes the i-th row vector of ¢’(A
8[f(@, Z5, Xy)|g . 00(O2)
a; z

), and

Gi=

dh "oz
Af(O; zs, X)) g = d04(Oz)
a}] o 9z zZ.

Thus, we have
(O, ¢) (=0, if pek;
agpi{;éo, if peC and [p] #£0O.
(c) Similarly, for j, it holds
B, ¢') [=0, if peR,
aaj{#o, if peC and [p]; #0.

Lemma 11 holds as desired when ® = V' (I #L). O

From Lemma 11, it is easy to obtain the following lemma.

Lemma 12. Let Q be the real-valued parameters of a real-valued
neural network. If Q is a critical point of L(Q), then for any equiout-
put transformation 7 with p € R, ¢(7(Q)) are critical points.

Lemma 13.  For any fully-connected feed-forward real-valued
neural network with parameter space $2g, there exists a complex-
reaction network with parameter space $2cgx such that Q2 C
2.

These lemmas above show that, for any real-valued neural
network, we can construct a complex-reaction network such that
(i) both networks have the same depth, and (ii) both networks
have the same number of parameters for each layer. The detailed
proof is given by Appendix B.4.

Proof of Theorem 4. Let Gg and G denote the groups of the
equioutput transformations with real-valued and complex-valued
p (Definition 1), respectively. Let G be the optima set, Sg and
Scr denote the critical point sets of the real-valued and complex-
reaction networks, respectively. It suffices to consider the real-
valued and complex-reaction networks with the same parame-
ters, generated from Lemma 13, and this follows 2 C £25.
From Lemma 6, we divide the 4 x 4 matrices in Eq. (B.1)
and (B.2) into the block formations by 2 x 2, and find that two
block matrices relative to 6; are anti-symmetric for p € C (see
Eq. (B.1)), and thus ¢ is a linear mapping from complex manifold
to complex manifold. For p € R, two block matrices relative to 6;
are diagonal (see Eq. (B.2)), which implies that ¢(6;) is not on the
complex manifold. In other words, the equioutput transformation
with real-valued p projects a critical point on complex manifold
onto the real manifold, specially almost-complex manifold (New-
lander & Nirenberg, 1957; Wells, 1980). The transformed points
are still critical points from Lemma 11(i), whereas any critical
point in complex manifold after any equioutput transformation
with complex-valued p cannot derive new critical points from
Lemma 11(ii). On the other hand, Lemma 12 shows that a critical
point on real manifold after any equioutput transformation still
dwells on the real manifold and derives new critical points.
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In summary, the critical point set of real-valued networks
is closed to the equioutput transformation with real-valued p,
where this property does not hold for that of complex-reaction
networks. Therefore, we have

{QE(GROSCREGROSR:SR

12
G C Sk & Ger o Scr- (12)

From Lemma 8, both groups Gz and G¢ are isomorphic to a
direct product of Weyl groups. Thus, Gy is isomorphic to Gg,
i.e.,, Gg = Ggg. This completes the proof. O

5. Discussions and future issues

Theorems 2 and 4 show the advantages of complex-valued
neural networks in comparisons with real-valued ones from the
perspectives of approximation complexity and optimization dy-
namics, respectively. These conclusions benefit from unitary trans-
formation and anti-symmetric multiplication, perhaps two most
important characteristics of the complex-valued neural networks.
In Theorem 2, we adopt a considerably direct way, i.e., regard
the relevance of the radius and phase to the target function as a
prior (e.g., radial function) that imposes more constraints on the
complex-valued neural network than a real-valued one would,
and thus, the unitary transformation that allows radius scaling
and phase rotation (see Lemma 2) yields an advantageous reduc-
tion of the approximation complexity. This means that merely
doubling the number of real-valued parameters (or neurons) in
each layer does not give the equivalent effect observed in a
complex-valued neural network, which is consistent with the
conclusions in Hirose (2003), Monning and Manandhar (2018).
Alternatively, a complex number z = z; 4 z, can be written into
a matrix form

-1
0 9

21 —Zo\ _ 1 0 0
(2 )=n(o D) +=(0

which yields an anti-symmetric multiplication (Abraham & Mars-
den, 2008) between the partial derivatives and independent vari-
ables, e.g., Eq. (1). Once half of entries is known, the other half
is fixed. Such an adjoint relation not only reduces the complexity
for approximating rotation operations (Joshua, Qian, & Li, 2021;
Wau, Zhang, Jiang, & Zhou, 2021b), but also contributes to escaping
the saddle points using complex-valued gradient descents (see
Theorem 4).

In light of the preceding merits, we feel the complex-valued
neural network has the potential and power of representing the
functions with unitary transformation and searching the opti-
mal solution in some optimizations. There are two main future
directions. One important is to investigate the theoretical advan-
tages of other related networks. The proposed complex-reaction
network is of course a general formulation paradigm of some
practicable complex-valued neural networks, such as the deep
complex networks (Trabelsi et al., 2018), the flexible transmitter
networks (Zhang & Zhou, 2021), etc. Hence, our work provides
solid support for designating the theoretical legitimacy (Trabelsi,
2019) and characterization (Wu et al., 2021b) of such network
models. Besides, it would be interesting to theoretically study
feature space transformation (Zhou, 2021) and width-depth rep-
resentation (Wu, Jing, Du, & Chen, 2021a; Zhang & Fan, 2021)
which might be a key to understand mysteries behind the success
of deep neural networks.

Another important is to develop some practical complex-
valued modules correspondingly. For example, Theorem 2 shows
the power of complex-valued activations on representing radial
or equally rotation-invariant functions. So we conjecture that
adding complex-valued activations may reduce parameter con-
sumption when suffering from data augmentation techniques,
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such as image rotation. Besides, from Theorem 4, it is apparent
that using complex-valued gradients during the whole train-
ing procedure or in stages is conducive to finding the optimal
point (Yeats, Chen, & Li, 2021). In the future, it is intriguing and
reasonable to explore some practical complex-valued modules,
just akin to the gating operation or batch normalization, to reduce
complexity and accelerate calculation in deep neural networks.

6. Conclusions

This work theoretically presents the advantages of complex-
valued neural networks beyond real-valued ones. We investigate
the complex-reaction network with fully-connected feed-forward
architecture from the perspectives of approximation and opti-
mization dynamics, and then provide two main conclusions. First,
we show that a class of radial functions can be approximated
by a complex-reaction network using the polynomial number of
parameters, yet cannot be approximated by real-valued networks
with exponential parameters. Second, we prove that for practical
optimization problems, the critical point set of complex-reaction
networks is a proper subset of that of real-valued networks,
which may shed some insights on finding optimal solutions more
easily for complex-reaction networks. These conclusions not only
provide a complement support for complex-valued neural net-
works, but also exhibit the possibility of developing deep neural
network with complex-valued modules.
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Appendix A. Full proofs for Theorem 2
We provided the detailed proofs for Theorems 2.
A.1. Constructions in Theorem 2

Here, we first review the candidate radial function in Eldan
and Shamir (2016). Define

N

f@) =) afi(x),

i=1
where ¢; € {—1, +1}, N is a polynomial function of d,
1, if Bi=1,
0, if B;=0,

for B;’s are binary indicators, and
i .
Q= [(1 + = ) /24, (1 + %) Cz\/Zd] .

Next, the concerned density function ¢ is the Fourier trans-
form of the indicator of a unit-volume Euclidean ball, that is,

¢2(x)dx:/ 1dw=1.
R2d By

filx) = {

1,...,N.


https://www.nju.edu.cn/en/98/99/c7892a170137/page.psp
https://www.nju.edu.cn/en/98/99/c7892a170137/page.psp
https://www.nju.edu.cn/en/98/99/c7892a170137/page.psp
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Thus, we have

P(x)

Ba = {w\ ol < (/Bld“’>_1}'

The proof of Theorem 1 consists of the following two parts:

(i) of Theorem 1. Let f be the radial function described by
Eq. (4). For C;, C3 > 0 with d > C;, any § > 0, and any choice of
€ € {—1, +1} (i € [N]), there exists a complex-reaction network
fcr of one-hidden layer with range in [—2, +2] and width at most
C3Cr(2d)37°, such that

.3
= Gd)

(ii) of Theorem 1. For positive constants Cq, C3, C3, p, @ with
2d > C; and @ > G, we define

f 1-exp(—27ix'w) do with
By

IIf (%) = fer(®) L, 0 + 3.

N ny

f@) =) efix) and fex) = fi((w;

i=1 i=1

where N > 4Ga32d%, n, < G299 and f; : R — R are
measurable functions with [fi(x)| < C3(1 4+ |x|?). For any § > 0,
there exists a group of €; € {—1, +1} (i € [N]) such that

If(*) — fe(®)Il = &/a.

X)),

A.2. Proof of Lemma 1

From the universal approximation theorems (Cybenko, 1989;
Leshno et al., 1993), the shallow real-valued neural networks with
general sigmoidal and ReLU activation functions have the univer-
sal approximation properties for any continuous functions. Here,
we provide the tight bounds for the degree of approximation.

For general sigmoidal activation, Chen (1993) has proved that
a L-Lipschitz function f can be approximated by real-valued neu-
ral networks of one-hidden layer with § > Lo(f; n; h.

Next, we discuss the ReLU activation. Given 2d = 1, we have
R > §/(2L); Otherwise, Lemma 1 is trivially satisfied once we
force the real-valued network fr = 0. In the case of R > §/(2L),
let ng = [8/(2RL)]. For any L-Lipschitz function f : [-R,R] — R,
we have

18i(B) — (B <4,
where for i € [ng],
&(B +4/(2L)) — &(B — §/(2L))

8i(x) = gi(—R)+ 5L or(x—B) with B =35/L.
Thus, then we have

sup f(x) — gx)| < 8.

where

2(%) = g(—R) + Z gilBi + 6/(2L))8;Lg,-(ﬂf —8/@) g
and

lgi(Bi) — f(B)l =6, for Bi=is/L and i€ [no].

Provided a real-valued neural network of one-hidden layer with
RelU activation

fe) =Y i or(Bx —bi) —a,
i=1
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we employ that

_ &i(Bi+8/(2L)) — &i(Bi — 8/(2L))

3/L pi=

a=—g(-R), is/L,

and

n. <ng=<

2RL’
and thus, Lemma 1 holds as desired. O

A.3. Proof of Lemma 4

Define a branch function

( ) max{l, NDi}, if Bi =1,
ix) = 0 . if B =0,
with
_— .
D; = min{ %Il — (1 + lT) G2, ||1x] - (1 + ﬁ) czm‘} :
Let

N
gx) =) eg(x).
i=1

Since B; = 1 and £2;’s are disjoint intervals, g;(x) is an N-Lipschitz
function. Thus, g is also an N-Lipschitz function. So we have

N 2
/ (g(X) -
Rr2d

Zqﬂ(ﬂ) ¢*(x) dx
N
= [ Y€ @~ w70
R2d i—1

i=1

N
=Y [, (60— 7 6700 dx = 3/ V2,
o1 VR

where the last inequality holds from Eldan and Shamir (2016,
Lemma 22). This completes the proof. O

A.4. Proof of Lemma 5

We first list some useful lemmas or propositions.

Proposition 4. Let fp(x) = Z:.‘:j((w,-, X)), Whereﬁ- :R — Rare
measurable functions satisfying |fi(x)] < C3(1 + |x|”) and p is an
integer satisfying p < C1e21% If fr € Ly, then

k

Supp(frg) < |_J (span{wi} + B) ,
i=1

where B is a unit ball. Furthermore, there exists a pair of functions
(p, q) that satisfies

o p € Supp(frd):
e q is radial and [, q(x)*dx < 1 —§ for some § € [0, 1];

e |Ipll, = liqll, = 1. Then
1—(p,q), > 8/2 — ke ™.
This proposition is proved by Eldan and Shamir (2016).

Proposition 5. Provided ||pll;, = llqll,, = 1, for any real-valued
scalars a, b > 0, we have

b
llap — bqllL, > Ellp —qllL,-
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Proposition 6. According to Eldan and Shamir (2016, Lemma 11),
we have

Ifr@ll, = Wfrlly) = 6/a.

The proofs of Propositions 5, 4, and 6 are shown in Appendix C.
Based on the results above, we define the pair (p, q)

po 19 o= Ji9
IF il el

which satisfy the conditions of Propositions 4 and 5. Thus, we
have

If = frlliog =1 f& — fad lli= Il f& — fad I,
=1 (I fo IlL,) p — (Il fa l11,) @ Il

1 0
S =al,lfed ll, = 5 1P —qll,

20
0
—/max({s/2 — n,e=2, 0}.
20

>

2(1 - <pa q)Lz)

>

Provided n, < C;e?“1¢ and C; = min{§/4, C}, we have

0/8

— >
If — frlliyw) = v

and

Vmax{8/2 — n.e-2 0} > ,/5/4.
This completes the proof. O

Appendix B. Full proofs for Theorem 4

We provided the detailed proofs for Theorem 4.
B.1. Proof of Lemma 6

Fori,jand p € R, let v; = pf; + 6; and v; = (1 — p)#;, then

we have
[vilr [61r [6;1r 0
[vili [6:]; [6;1; 0
wie| =1 0 [T 0 | TO=2 e
[vi]; 0 0 [6;1;
10 o 0 [0,]x (B
o1 0 0 [6:];
—|l o0 0 (1-p) 0 [6;]r
0 0 0 (1-p) [6;1;
For the case p = p1 + pd € C, one has
[vilr 10 £1 —p2 [6:1r
[vili] _| O 1 02 P1 [6:]; (B2)
[vilR] | O 0 (1—p1) 02 [61r )
[v;l; 0 0 —p2 (1-p1) [6;1;

So each linear mapping ¢(®; p, i, j) leads to a straight line in an
2-dimensional affine space. This completes the proof. O

B.2. Proof of Lemma 7

The existence of real-valued equioutput transformations is
proved by Chen, Lu, and Hecht-Nielsen (1993). The proof sketch of
the complex-valued equioutput transformations is similar. There
are three facts that (1) zReLU is even on the complex-valued
domain, that is, zZReLU(—z) = zReLU(z); (2) for | # L and any
i,j, p1, p2, there exists a pair of scalar parameters &; and &; in the
next layer (i.e., (I + 1)-th layer) such that

L(¢2 0 1(O"), &1, &) = L(O', a1, o).
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(3) (@i, &) is led by a composition ¢} o¢), of other linear mappings
for some p1, 5.

Next, we are going to prove facts (2) and (3). Provided the
parameters {6;, 0;, o;, oj} relative to neurons i, j, we have

h(z) = Oliocr(oi—rz) + ajacr(o;—z)

1\"/1 0 0 0\ [lozlk
N 0100 EAFAT
|1 0 010 [0z |

i 0 0 0 1 [a]sz],

where o denotes the element-wise activation, and

[zi]x 1.0 0 0 [[6/x
[z | __ [0 100 [0, x1;
[zlr | ~°F 0010 [0, %1
[zl 0.0 0 1/ \[6x]
Let p1 = p11 + p1d, P2 = p21 + pd, P} = Py + P4, and

Py = P4y + phi. According to Eq. (B.2), one has

h(x) = G (08 + 0)T %) + G0 (1 — p)6] )
T

1 10 (1—p5) P2
_ |1 0 1  —pp (1—py)
.1 0 0 pél _/féz
1 0 0 P P21
10 i —ply lor] Z{1x
o e P Lo 2]
0 0 (1-pf) P12 leg zi1r | °
00 P12 (1—pfy) [OleZj/]I
where
[Zi,/]R 1 0 (1-p21) 022
[zl | _ oo 0 1 —pn (1= p2)
[Z1r | — 7 0 0 P21 — 022
[zj’]l 0 0 022 021
10 11 —p12 [01‘:"]11
% 0 1 P12 011 [0; x1;
0 0 (1—pm) P12 [0JTX]R
0 0 —p2 (1=pn) [0 x1;
Let fl(x) = h(x), we obtain a semi-linear equation with eight

free parameters. This equation has at least one solution, which
completes the proof of facts (2) and (3). Lemma 7 holds as
desired. O

B.3. Proof of Lemma 8

Write the parameter space as ®! x --- x ©! where ©'
denotes the subspace concerning the I-th layer. Let G; denote
the set of linear mapping ¢ upon ®'. According to Lemmas 6
and 7, G; forms a cube symmetry group, that is, isomorphic to
the Weyl group (Warner, 1983; Weyl, 1946). So the equioutput
transformation, i.e., group action upon each hidden layer (except
the case | = L) can be regarded as the direct operation of G; on
the corresponding subspace @' and as indirect but isomorphic
operation led by some sequence {¢}. According to Lemma 7
and the fact that the hidden layers only have symmetry groups
associated with themselves, each hidden layer contributes exactly
one cube symmetry group to the overall group action. In other
words, G; 1-1 corresponds to @'. Thus, group G is isomorphic to

the direct product of these groups
G=Gyx:-xGr, (B.3)

since the actions of the individual groups operating on different
layers commute. Next, we are going to bound the order of G,
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denoted as |G|4. Based on Eq. (B.3), we have

L-1
Gly = [ [1Gils-
=1

Suppose that the [-th layer has n; neurons, then there are n;! dif-
ferent pairs (i, j) in this layer. Further, if the equation L(®', «;, aj) =
Lp(O, p,i,]), &, «;) in the proof of Lemma 7, led by the mini-
mum generator, has finite solution, then from the Weyl group
theory, the order of the group |G|, is bounded by n;!2™. Other-
wise, G is an infinite group. This completes the proof. O

B.4. Proof of Lemma 13

For real-valued neural networks, let p and q denote the neuron
numbers of some adjacent layers. According to Section 2, there
are pq parameters. Consider the following cases. (1) Both p, g are
even, that is, p = 2n and ¢ = 2m. We construct a complex-
reaction network with two layers, where the first and second
layers have 2n and m neurons, respectively. Then the constructed
complex-reaction network has 2(2n)m real-valued parameters.
(2) When p = 2n+ 1 and g = 2m, we can construct a complex-
reaction network with two layers, where the first and second
layers have p and m neurons, respectively. Then the constructed
complex-reaction network has 2pm real-valued parameters. (3)
When p = 2n+ 1 and ¢ = 2m + 1, we can construct a
complex-reaction network as follows: (3a) this network consists
of two layers where the first and second layers have n 4+ 1 and
2m + 1 neurons; (3b) we force imaginary part of the last neuron
of the first layer to be zero. Thus, half of the connection weights
that link this neuron and 2m + 1 neurons of the second layer
are useless. Then the constructed complex-reaction network has
2(n+ 1)(2m + 1) — (2m + 1) real-valued parameters.

Summing up the above, for any fully-connected feed-forward
real-valued neural network, we can construct a complex-reaction
network, which has the same parameter structure with the real-
valued one. According to the differential manifold theory, the
coordinate transformation of the complex manifold needs to sat-
isfy the holomorphic condition. So the complex manifold led by
the parameters of the constructed network is a subset of the real
manifold led by that of the real-valued one, that is,

Qe S 2.

where the superscript | denotes the I-th layer. According to
Lemma 8, we can write the connection weights of each network
as {®©1...©}, where ®' denotes the connection weight matrix
concerning the I-th layer. Thus, the parameter space of each

network is a direct product of the sub-manifolds led by each layer,
that is,

Q=% x - x & and 2p =23 x -+ x 2F.
Finally, we have

g C 5.

This completes the proof. O

B.5. Full proof of Proposition 2
We begin our proof with some useful lemmas.

Lemma 14 (Normalization Matrix). Let w, v € R'™" with w = yv
and ||v|| = 1. Define S = I,,., — v" v, then we have

T 0 S
i Y22 @)sw =sv =0;

1S =hen— ——; a2
(1) T w2 w7

The detailed proof of Lemma 9 is given by Appendix C.1.
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Lemma 15 (Weight Norms). During the gradient descent procedure,
the change rate of ||yj’|| (i.e., weight norms) is the same for each
layer.

Lemma 10 shows that (y/)* = |W}||* grows at a rate inde-
pendent of the row j and layer I. Thereby, using gradient descent
to solve the optimization problem, there is no difference in the
change rate of connection weights layer by layer. This result also
holds for real-valued networks. The detailed proof is presented
by Appendix C.2.

Here, we study the following minimization optimization prob-
lem of complex-reaction networks.

1 N
min LW: X) = > " exp (=ynlf(W: %)]g)

1l
Vj-¥j

I Iyl
s.t. Wj_)/j\lj,

n=1
IVl = 1.
Solving this problem by the standard gradient descent, the opti-

mization procedure concerning W' induces the following dynam-
ical system:

dw' 9L

avwve s [f(W; x,)]r
dt oW ’

1< 9
= N Z exp (—Yalf (W; X2)]r) Yn W

n=1

Based on the Euler’s theorem for homogeneous functions, we
have

a[f(W; X)]
[f(W; X)]R=W$37W£R
_w [av(w; X)le | OLf(W; X)JR;}
— ] I B
oW, oW
and
af (W af(vh
Wl < vl

The formula above implies that the standard gradient descents of
non-normalized and normalized complex-reaction networks are
proportional. Thus, the gradient descent procedure with weight
normalization induces the following dynamical systems

dy! YA ALF(W; %)
rTi Tyl = HX_;@XP (=yalf(W; Xn)]R)YnT7
v AL o AIf(W; Xa)lk
qa - v o ZeXP (=ynlf(W; Xn)]R)J/nT-

n=1
(B.4)
Let w; = ((W!ls, —[W/1)), 3 = ([V{le, —[V!]}), and S = 1— v v;. It
is observed that if [W]’-]R has d elements, w; is a 2d-dimensional
row vector. According to Lemma 9, one has
T

w. Wj
S=1-— -1 and Sw; =S =0.
! ;12 S
J12

Thus, we have

1 T T
dﬁ:dllellzvj dwi\ g du_Si(dw)
dt dt dt dt yj’ dt

So Eq. (B.4) becomes

dyjl 1 N W LT

&N D ynexp (—yalf (W; %,)le) v,
J n=1

dvj n 1

N
= N ;yn exp (—yalf(W: 2)1g) (; — B (V; %a)]) .
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where
u = <3U(V: X)lr  OLF(V; x,,)]R>
v T e,
Due to
OLF(V; ! AIF(V; '
vu| = [V [M} + [V, [M}
[V, au)
= [f(V; x,)Ir,

we have

d]/-l n N

i 2:) ¥ €xp (=yalf (W 20)10) [F(V: o)k,

dv; 1

d7t1 = ():Z)Z ﬁ X_:yn exp (_Yn[f(w, Xn)]R) (uj - v][f(\/, Xn)]R) .

J n=1
(B.5)
Let It = (Igxa, —laxd)" and multiply it by Eq. (B.5). Thus,

we can obtain the gradient descent dynamics concerning the
normalized network

‘%f'l = %N ;‘yn exp (—yulF(W: 2,)Ig) [ (V: %)z,
%‘f = %IC = o )2 v ;Yn exp (—yalf(W: %,)]r) 4;,
where
4= (W — VIILA(V: xn)]R>
n (3[2(‘[",],’1”’ — VILFV; xn)]R)i.

This completes the proof. O

B.6. Proof of Proposition 3

Consider a real-valued neural network fz : R? — {—1,+1}
w1th ReLU activation and weight normalization Pl =Y Qj where
y] € RT and ||QJ|| = 1. Given a training set {xn,yn}n ;1 with

{xn},,:l, we employ standard gradient descents to minimize
the empirical exponential loss.

First, we should introduce some necessary facts. The ReLU
function has the real-valued homomorphism property (Poggio
et al,, 2020), that is, for any x € R and « > 0, the equation holds
or(ax) = ao(x). Thus, we have

_ do(x)
or(x) = Ix X,
which implies
.
Of(P; X) . ,(afR(@ X)>
fi(P;X) = P! and fr@Xx)=q [ =2
( o ) MR iy

The optimization procedure concerning P! is led by the following
dynamical systems

de!
d

aL
apl

1 n
ZeXP(—ynfR(P Xn)) Yo~ fR(P ),
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The gradient descent procedure with weight normalization in-
duces the following dynamical systems

dy! oL a P n
d% =3 = Zexp(—ynfa(l’ X)) Yn—— fR( X )
n=1
av! aL ofr(P; xp) B
T Zexp (=Ynfr(P; xn))ynT

n=1

Similar to the proof of Proposition 2, we use the vectorized
representation, i.e., denote w; = Pj( and v; = q’ Define a matrix

Tw;
w; w;

T
S;:I—vjvjzl— T .
lw; w;]

According to Lemma 9, we have

d)/jl _ d||wj|| _ dU)j T dl)j _ Sj dUJj T )
@ v (E) and i )/7 (I) , respectively.
Thus, Eq. (B.6) becomes
T
%:ilZN:y eXP(—erf(P'X))Q} M
dt y!NH " e Q!
T
afr(Q: X)
= ZJ’n exp (—yufa(P; 1)) Q] ( , ) :
n=1 8Q
dy Z 2fr(Q: X)
—-—= = Yn €Xp (—Ynfr(P; X0)) Sj————
dt ()/ ) 3@

1
= 77’)2 N ZYn exp (—Yafr(P; Xa))
) NS
x (m‘éx Q,f(@xn),

where 7 is a strictly positive constant relative to y which satis-
fies

of (P!)
]
oP;
This completes the proof. O

and

0 Q)
o

P; X) = nf(Q: X =
f(P;X) = nf(Q X) VAT

, respectively.
Appendix C. Complete proofs for useful lemmas

This section completes the proofs of some useful lemmas in
Appendix A.

C.1. Proof of Lemma 9

Let w = (wq,...,wy),» = (v1,..., V). Since w = yv and
lv]| = 1, we have
vl = V(12 4+ -+ ()2 =1 and w; =yv; forany ie[n].
Let
1- (01)2 —V1V2 —VU1ln
. —vv; 1= (0)? —V20p
S=lyn—vv= .
—Vn0y —Upvy 1—(vn)?
On the other hand, we have
(w1 wiw; WiWy
w'w 1 wowy () WaWh
nxn — 7 5 — Inxn T T 5
lwll3 w3 :
Wawy  Wawy (wn)?
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For i, j € [n], one has

1— (w;)? _ D kiwi)?
(wq)? A (wa? Y (e )?
_ Yso? 1 (vi)?
D e N CT S
=1- ()
and
Wiwj . ViVj .
TPt P AT
Thus, we have
N wTw
T

Consider the partial derivative of v with respect to w

dvy /0wy  dvi/0w, vy /0wy
v 8v2/8w1 8v2/8w2 8v2/8wn
ow : : :
dvp /0wy dvy/0w, vy /dwy
Thus, we have
av S
w  y

It is easily to verify that 0 is an eigenvalue of the matrix S and v
is the corresponding eigenvector. So we have

Sw' =Sv' =0.

Let S; denote the i-th row vector of matrix S. Thus, we have

2
Si(S)' = Z(Ux‘vk)z +(1- (Ui)2)2 = Z (vive)* + Z(Uk
k#i k#i k#i
=1-(vw),
and
Si SJ Z(v,v] vi)? (1 —(vy) ) Vjv; + Vi (1 — (vj)z)
k#i,j
=Y ) + vy [ 2) () + ) + (y)
k#i,j ke#i.j
= —Viy;.

Thus, we have S? = S. This completes the proof. O
C.2. Proof of Lemma 10

Observing the change rate of yj’ in Proposition 2, we have

Y% N
d(;z) =2 chJ =2%§exp (—yalf(W; %,)1R) [F(V; )]k
Thus, we have

awj | alwil aw;
de | © owl dr’
and then
1|2 N
% - %; exp (=Yalf (W; x,)1r) [f(W; %51

So the change rate of ||W’||2 is independent of the layer index [
and row index j. Finally, 1t is easily to verify that these results
above also hold for Proposition 3. O
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