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Abstract
The growing scale of deep neural networks, en-
compassing large language models (LLMs) and
vision transformers (ViTs), has made training
from scratch prohibitively expensive and deploy-
ment increasingly costly. These models are often
used as computational monoliths with fixed cost,
hindering adaptive deployment across different
cost budgets. We argue that nested components,
ordered by importance, can be extracted from pre-
trained models and selectively activated within the
available computational budget. To this end, our
proposed FLEXRANK method leverages low-rank
weight decomposition with nested, importance-
based consolidation to extract submodels of in-
creasing capabilities. Our approach enables a

“train-once, deploy-everywhere” paradigm offering
a graceful trade-off between cost and performance
without training from scratch for each budget —
advancing practical deployment of large models.

1. Introduction
Over recent years, the number of parameters and computa-
tional demands of modern networks have grown dramat-
ically. Large Language (Vaswani et al., 2017) and Vi-
sion (Dosovitskiy et al., 2021) Transformer models now
contain billions of parameters and require vast training cor-
pora and compute budgets (Adler et al., 2024; Team et al.,
2025; Grattafiori et al., 2024; Qiu et al., 2025). As these
models continue to scale, training from scratch has become
feasible only for a small number of well-resourced institu-
tions. This has prompted the broader community to reuse
publicly released pre-trained models and develop increas-
ingly sophisticated methods for adapting them to down-
stream tasks (Hu et al., 2022; Liu et al., 2024; Wang et al.,
2024; Li et al., 2024; Tastan et al., 2025).

Most adaptation strategies fall under the umbrella of
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parameter-efficient fine-tuning (PEFT): while these ap-
proaches substantially reduces fine-tuning costs, it leaves
the computational structure of the backbone network un-
changed. Consequently, model size and inference cost
remain fixed, even when downstream applications could
benefit from lighter or more variable configurations. This
mismatch between adaptation flexibility and deployment
rigidity becomes more pronounced when targeting envi-
ronments with diverse hardware capabilities and different
latency or memory budgets (Laskaridis et al., 2024; Wu
et al., 2019; Zheng et al., 2025).

A natural direction for reducing inference cost is to com-
press the model itself. Two families of techniques have be-
come particularly prominent. Quantization (Lin et al., 2024;
Frantar et al., 2023; Xiao et al., 2023) reduces numerical pre-
cision to shrink memory footprint and improve throughput,
but highest-quality results typically rely on quantization-
aware training (QAT) (Liu et al., 2025; Chen et al., 2025;
Ma et al., 2024), which requires modifying the training
pipeline. Sparsity-based approaches (Sun et al., 2024; Fran-
tar & Alistarh, 2023; Kurtić et al., 2023), instead, prune
weights or induce structure via penalties, such as ℓ1 regu-
larization. However, these methods also require retraining
the full model to maintain performance and often depend
on hardware, kernel support, or specific sparsity patterns
to translate sparsity into real speedups (Mishra et al., 2021;
PyTorch Documentation Team, 2025).

While highly effective, especially for memory-bound work-
loads, these approaches more often fail to provide a flexible,
smoothly varying set of model capacities, which are increas-
ingly needed in heterogeneous deployment environments.
This motivates exploring alternative mechanisms for induc-
ing model elasticity.

Most current techniques construct elasticity through mech-
anisms such as joint training of several model sizes via
architectural slicing of a pretrained network (Horváth et al.,
2021; Cai et al., 2019; Devvrit et al., 2024) or dynamic
routing (Cai et al., 2024; 2025). Yet the way these methods
extract submodels frequently limits the quality of the result-
ing efficiency–performance trade-offs. First, many methods
predetermine a small set of submodel sizes, often chosen
uniformly or heuristically, rather than discovering the con-
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Figure 1. FLEXRANK takes as input a base model, which is first decomposed by factorizing each linear layer independently. Next, a
global ordering is obtained via a dynamic programming subroutine that assumes additivity of errors across layers. This global ordering is
then used to extract nested submodels of different sizes, which are stochastically refined through distillation from the base model.

figurations that truly lie on the Pareto frontier. Second, it is
usually assumed that the pretrained model already contains
viable subnetworks. Yet, there are no guarantees that these
subnetworks were ever encouraged to be performant dur-
ing training and often compete for representation capacity.
Further discussion of related works is deferred to Sec. E.

To overcome these limitations, we propose FLEXRANK, a
framework that first learns an importance ordering within
each layer, then identifies how representational components
contribute to the behavior of the full model. This yields a
structured way of shrinking the network: smaller submodels
correspond to truncating less important components0.

Contributions. We make the following contributions:

• We propose FLEXRANK, a rank-based elastic method that
decomposes a pretrained model into nested, importance-
ordered submodels within a single set of weights.

• We show that nested submodel training is key to Pareto-
efficient elasticity, and combine this insight with a
dynamic-programming procedure for selecting near-
optimal rank configurations across budgets.

• We introduce Gauge-Aligned Reparametrization (GAR),
translating rank selection into practical inference savings,
and extensively show that FLEXRANK improves accuracy–
cost trade-offs across DNNs, ViTs, and LLMs.

2. Preliminaries
We first define the notion of an elastic model; then we
introduce the underlying objective of elastic training.

2.1. Elastic Models
Versatile deployment requires models that can adapt to vary-
ing hardware constraints without storing separate param-
eters for every possible configuration. We formalize this
requirement as follows. LetD denote a data distribution and
B a set of computational budgets corresponding to realizable
configurations, i.e., B = {βi}Ni=1. A model is defined as a
tuple (f, θ), where f(d; θ) is a function parameterized by
shared weights θ and d ∼ D denotes the input.

From a single set of shared parameters θ, we derive
a family of model realizations via Tβ(·), an algorithm-

dependent transformation parameterized by the budget
β ∈ (0, 1]. We denote by R(·) and C(·) the performance
and cost operators, respectively, subject to the constraint
Ed∼D [C(f(d; Tβ(θ)))] ≤ β. For example for sparsifica-
tion, B represents sparsity ratios and Tβ(θ) = Mβ ⊙ θ,
where Mβ ∈ {0, 1}d is a binary mask with density propor-
tional to β. For quantization, B defines a set of relative
bit-widths, and Tβ is the corresponding operator.

In this work, we focus on low-rank approximations of
weight matrices. Specifically, each weight matrix {Wi ∈
Rmi×ni} ⊂ θ is factorized as Wi = UiV

⊤
i , with factors

Ui ∈ Rmi×ri and Vi ∈ Rni×ri . The budget parameter
β controls the total number of preserved parameters via a
transformation Tβ that selects, for each layer, a subset of
indices Si ⊆ [ri] = {1, 2, . . . , ri} and retains only the cor-
responding columns of Ui and Vi. The subsets {Si} are
chosen across layers to satisfy a global budget constraint in-
duced by β. We discuss how standard neural network layers
can be parameterized within this framework in Sec. D.4.

More generally, Tβ(·) may be any transformation. Ideally,
we would use the optimal transformation

T ⋆
β (θ) ∈ argminTβ(θ) Ed∼D

[
R
(
f(d; Tβ(θ))

)]
. (1)

However, solving (1) is largely intractable, as it entails a
combinatorial optimization problem, different for each θ.
Consequently, additional assumptions are required to render
the problem tractable. Ultimately, our goal is to find θ⋆ that
is Pareto optimal in the joint space of performance and cost.

Definition 2.1 (Pareto Elastic Model). An elastic model
(f, θ⋆) is optimally elastic if each configuration f(·; T ⋆

β (θ))
lies on the Pareto front P of the objective space (R,−C).
Formally, the model (f, θ⋆) is optimally elastic iff for each
β ∈ B, there exists no θ̃ and T̃β such that:

Ed∼D

[
R
(
f(d; T̃β(θ̃))

)]
> Ed∼D

[
R
(
f(d; T ⋆

β (θ⋆))
)]

.

Optimal elasticity characterizes an ideal weight-sharing
regime in which a single parameter vector θ simultaneously
encodes optimal representations for all budgets. This for-
mulation decouples representation learning—encoded in
the shared parameters θ—from budget-specific realization
governed by the transformation Tβ . Achieving this property
constitutes the central challenge addressed in this work.

2



110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164

FlexRank: Nested Low-Rank Knowledge Decomposition

2.2. Training Elastic Models
The Pareto elastic model is idealized and serves as a con-
ceptual upper bound rather than an attainable objective; in
practice, we therefore turn to a more tractable optimization
formulation that approximates Pareto elasticity, defined as

θ̂⋆ ∈ argminθ
∑

βk∈B αkEd∼D

[
L(f(d; T ⋆

βk
(θ))

]
. (2)

where L(·) is a task-specific loss, and {αk > 0} are co-
efficients prioritizing different budget regimes. Note that
(2) defines an implicit bilevel optimization problem, since
the optimal transformation T ⋆

β itself depends on θ. This
problem is difficult to solve as gradient-based optimization
cannot be directly applied due to the complexity of com-
puting T ⋆

βk
(θ). Consequently, existing approaches typically

either (i) optimize only the full model and then extract sub-
models from frozen parameters, or ii) optimize multiple sub-
models for different budgets and select the best-performing
ones post hoc. As we argue in Sec. 4, both strategies are
suboptimal, motivating the need for a novel approach.

3. FlexRank
We now introduce FLEXRANK, a scalable framework for
low-rank knowledge decomposition that turns a pretrained
model into an elastic family of nested submodels. Since
directly solving the bilevel objective in Sec. 2.2 is intractable
at scale, we assume access to a high-capacity pretrained
model (f, θ) and a small calibration dataset Z . FLEXRANK
uses the pretrained model to identify a fixed set of budget-
specific transformations, after which training only refines
the shared decomposed parameters.

As shown in Fig. 1, FLEXRANK proceeds in three steps.
First, each layer is independently factorized with a data-
aware singular value decomposition. Second, a global im-
portance ordering is obtained by solving an efficient dy-
namic program under an additive layer-error approximation.
Finally, the nested submodels are jointly refined through dis-
tillation from the original model to account for cross-layer
dependencies ignored by the layer-wise decomposition.

3.1. Layer Decomposition
To initialize the shared decomposed parameters θ, we first
perform a layer-wise factorization of the pretrained weights
{Wi}. We seek an initialization that preserves the functional
behavior of the original model and admits a closed-form
solution, which we refer to as DataSVD. Specifically, we
compute low-rank factors Ui and Vi that optimize

minUi,Vi Exi∼Xi

[∥∥(Wi − UiV
⊤
i )xi

∥∥2
2

]
, (3)

where xi denotes the input activations to layer i and Xi is
the corresponding distribution. Eq. (3) can be approximated
by sampling a matrix Xi ∈ Rni×N of activation vectors
collected from a calibration dataset, with N large enough to
capture the data principal directions. The space complexity
is independent of N , scaling as O(n2

i ) (see Sec. C.1).

Solving the objective via SVD crucially induces a natural or-
dering of rank components within each layer, which enables
a tractable global selection of components across layers via
dynamic programming, as described next.
Remark 3.1. While data-aware decompositions have been
considered in prior work (e.g., (Chen et al., 2021)), in our
method it serves only as initialization. Crucially, this alone
is not sufficient to recover good submodels (see Sec. 5).

3.2. Approximating the Pareto Front
Following the notation of Sec. 2.1, for a given budget
βk ∈ B, the transformation operator Tβk

selects a rank
rk,i ≤ ri for each layer i, such that the overall budget
constraint is satisfied. We denote the corresponding con-
figuration vector by mk = {rk,i}Li=1. We further denote
by Tmk

the transformation induced by mk. To obtain an
optimally elastic model, we seek a set of configurations
M := {mk}Kk=1 that solve the following problem

min{mk}K
k=1

∑K
k=1 Ed∼D

[
L
(
f(d; Tmk

(θ0))
)]

, (4)

where θ0 denotes the shared parameters obtained after layer-
wise decomposition. Importantly, we optimize only over the
masks {mk}, not over the parameters themselves. While θ0

is not intended as a final deployable model, we assume it is
sufficient to identify configurations whose relative optimal-
ity is preserved throughout subsequent training.

Nestedness. We further impose a nestedness constraint
mk−1 ⪯ mk in Eq. (4). This constraint is critical for
limiting weight-sharing interference, as inconsistent rank
selections across layers would prevent the shared parameters
θ from converging to a coherent representational hierarchy.
We provide theoretical evidence for this phenomenon in the
simplified setting of a single-layer network in Sec. 4.

Identifying optimalM is a combinatorial challenge. Even
when restricting to K candidate budgets across L layers, the
search space contains KL possible submodels. To make the
problem tractable, we introduce additional structure. Since
the initial decomposition is performed independently per
layer, we implicitly assume that layers are approximately in-
dependent under θ0. Accordingly, we assume that the error
incurred by low-rank approximations does not change the
ranking of the solutions w.r.t. additivity across layers. While
this is a strong assumption, it is standard in the literature
(e.g.., (Hubara et al., 2021; Frantar & Alistarh, 2022)) and
enables an efficient dynamic programming solution with
complexityO(L ·K) (see details in Sec. C.2). Additionally,
in Sec. D.1 we show that this procedure finds the pareto
elastic submodels in a deep learning setting small enough
to be exhaustively explored.

3.3. Elastic Training Objective
Once the set of optimal configurations M⋆ = {m⋆

k}Kk=1

is identified, we fix these mappings for each budget level
βk ∈ B. Thus, for the remainder of the training phase, the

3
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Figure 2. Nested trained submodels are Pareto Elastic: Comparison of the considered submodels training strategies on the synthetic
setting described in Sec. D.2. Blue points visualize all 1023 submodels, the red line represents the best models and the green one the true
Pareto Front. The difference between the red and green lines is the best submodel optimality gap as per Eq. (9), and is zero only for NSL.

operator Tm⋆
k

is fixed independent of the current θ according
to the obtained rank assignments in m⋆

k. We optimize θ by
minimizing the distillation loss (LKD) between the elastic
submodels and the original, non-decomposed pretrained
model f(·; θorig). We define the loss for the k-th budget as

ℓk(θ) = Ed∼D
[
LKD

(
f(d; Tm⋆

k
(θ)), f(d; θorig)

)]
. (5)

Therefore, the final objective becomes

minθ∈Rd

∑K
k=1 αkℓk(θ), s.t.

∑K
k=1 αk = 1, (6)

which can be efficiently solved by standard gradient-based
optimization, where we sample ℓk proportionally to αk.

3.4. Gauge-Aligned Reparametrization (GAR)
We introduce an efficient reparametrization of the factorized
weights which, once a target rank r is fixed at inference,
reduces the cost of matrix–vector multiplication to O((m+
n − r)r), which is strictly less than the O(mn) FLOPs
required for dense multiplication for any r < min(m,n).
The technique consists in exploiting the non-uniqueness
of the (U, V ) factorization, in order to avoid storing and
multiplying a dense (r × r) block. In practice, defining the
“gauge” G = U−1

1:r,:, it follows that

UV ⊤ = (UG)︸ ︷︷ ︸
Ũ∈Rm×r

(G−1V ⊤)︸ ︷︷ ︸
Ṽ ⊤∈Rr×n

, Ũ =
[
Ir︸︷︷︸
r×r

Û︸︷︷︸
(m−r)×r

]⊤
, (7)

where the identity block Ir is neither stored nor multiplied
explicitly. Thus, after rank selection, GAR turns rank prun-
ing into practical inference savings. The gauge is computed
once per layer in O(r3) time, negligible compared to the
SVD. Since GAR applies to any rank-based method, we use
it for all rank baselines in our experiments (see Remark 5.1).

4. The Need for Nestedness
In this section, we discuss how to formulate elastic training
in the rank space to obtain Pareto-optimal submodels. For
linear models we prove: (i) why training only the full model
does not recover optimal submodels; and that (ii) training
all possible submodels leads to degradation of the Pareto
Front. We finally prove the core result our method is based
on: Pareto-optimal submodels are found by training only
“nested” submodels. Proofs are deferred to Sec. B.

4.1. Setup
Consider a linear model represented by a matrix M ∈
Rm×n, parameterized as M = UV ⊤ with U ∈ Rm×k,
V ∈ Rn×k, and k = min(m,n). Let M⋆ be the opti-
mal solution, and assume it has SVD PΣQ⊤ satisfying:
Σ = diag(σ1, . . . , σk), σi > σi+1 > 0 ∀i < k. Let
ΠSr

= diag(sr1, . . . , s
r
k), where sri = 1(i ∈ Sr). Then,

Eq. (2) under low-rank transformation is equivalent to

minU,V,{Sr}k
r=1

1
k

∑k
r=1 ∥UΠSr

V ⊤ −M⋆∥2F . (8)

For r ∈ [k], the best rank r appproximation of M⋆ is equal
to the (unique) truncated SVD Ar =

∑r
i=1 σi piq

⊤
i , where

pi, qi denote the ith columns of P,Q. By the Eckart–Young–
Mirsky theorem, it follows that the Pareto front is the set
{Ar}kr=1. The best submodel optimality gap is then

E(U, V, r) := minSr⊆[k]

∥∥UΠSr
V ⊤ −Ar

∥∥2
F
. (9)

This represents the lower bound on the reconstruction error
of submodels learned by any algorithm. In particular, in the
rest of the section, we assume we have access to the best se-
lection indices Sr, which is always theoretically possible by
exhaustively exploring the whole search space. We also use
for the controlled experiments we present to complement
our theoretical results (details are deferred to Sec. D.2).

4.2. Why Post-Training Selection (PTS) fails
One simple approach to solve Eq. (8) is based on a two-stage
procedure: firstly, the full model is parametrized in the form
(U, V ) and trained from scratch, by only optimizing

minU,V ∥UV ⊤ −M⋆∥2F . (10)

Secondly, the best selection indices Sr are found for all
r ∈ [k]. We call this algorithm Post-Training Selection
(PTS), since it is based on a post-hoc selection of singular
vectors after regular training. PTS provably does not lead to
optimally elastic models, as it is always possible to find a
model that performs better at any reduced parameter budget.

Theorem 4.1. LetM := {(U, V ) : UV ⊤ = M⋆} be the
set of global minimizers of (10). Then, for each r < k, the
setMr := {(U, V ) ∈M : E(U, V, r) = 0} has Lebesgue
measure zero relative toM.

4
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The theorem proves that the chance that any algorithm that
only operates on (10) would find global minimizer of (8) is
zero. Simulations in Fig. 2(a) confirm this phenomenon.

4.3. All-Subspaces Learning degrades the Pareto Front
The main insight from Thm. 4.1 is that training only the full
model is not enough to obtain an optimal solution across
all ranks. Consequently, it is natural to consider training all
possible submodels and then choose the best ones. We call
this All-Subspaces Learning (ASL), where the objective is

minU,V
1

2k−1

∑
S⊆[k]:S ̸=∅

∥∥UΠSV
⊤ −M⋆

∥∥2
F
. (11)

Similar to PTS, this approach also fails.
Theorem 4.2 (ASL has strictly positive submodel gap). Let
(U, V ) be any minimizer of (11), and let λ = 1

k∥UV ⊤∥⋆.
Then for every r ∈ {1, . . . , k}, the following holds

E(U, V, r) ≥ 1
k

(
rλ−∑r

i=1 σi

)2

.

The theorem implies that for a generic matrix M⋆ with
non-identical singular values, the optimality gap is strictly
positive. This is also confirmed with numerical simulations
presented in Fig. 2(b), and stems from a multi-objective
conflict: different submodels corresponding to the same
rank r compete for representational capacity. We provide an
example of this “interference” of objectives in Corollary B.8.

4.4. Nested Learning
To address the prior issues, we propose Nested Subspace
Learning (NSL). The key intuition is to design the training
objective so that the resulting parameters naturally inherit
the prefix structure of the Pareto front, leading to

minU,V
1
k

∑k
r=1 ∥UΠ[r]V

⊤ −M⋆∥2F . (12)

Unlike ASL, NSL optimizes exactly one submodel for each
rank r ∈ [k] and enforces sub-objective compatibility by
construction. Since each sub-objective r targets the r-rank
approximation Ar, the nested structure ensures that the
additional (r+1)-th column only needs to learn the residual
Ar+1 −Ar. Consequently, NSL recovers the Pareto front.

Theorem 4.3 (NSL preserves nested minimizers). Let
(U, V ) a minimizer of (12), then ∀ r ∈ [k] : E(U, V, r) = 0.

Simulations in Fig. 2(c) align with the theory: nested train-
ing successfully recovers the Pareto Front {Ar}kr=1.

5. Experiments
Training. We consider both NLP and CV tasks: for the for-
mer, we employ GPT-2 and three recent models of the Llama
family (3.2-1B, 3.2-3B, and 3.1-8B) (Grattafiori et al., 2024).
The calibration dataset used for FlexRank is FineWebEdu-
10BT (Penedo et al., 2024). For CV, we employ the recent
DINOv3 ViT models (Siméoni et al., 2025), ranging from
the ViT-L/16 up to the ViT-7B/16, and choose image classi-
fication on ImageNet1K as the downstream task. Results are

reported under limited training regimes; expected improve-
ments with additional compute are discussed in Sec. D.6.

Evaluation. For GPT-2, we show results on the evaluation
loss on a held-out split of the proxy dataset, as is common
in the literature (Genzel et al., 2025). For Llama models, we
evaluate the zero-shot accuracy of models on commonsense
datasets commonly used in the literature using the lm-eval-
harness tool (Gao et al., 2024), while for CV tasks, we
evaluate on the validation split of ImageNet1K. Additional
details on training and evaluation are provided in Sec. D.3.

Comparisons. Existing low-rank methods are based on
rank selection over per-layer SVD, either applied directly on
weights or informed on activations (e.g. as in ASVD (Yuan
et al., 2023) and A3 (Wong et al., 2025)). We consider
approaches on this kind by benchmarking both SVD and
DataSVD with our DP search algorithm, thus isolating the
effect of the additional nested submodel training. Other
methods add additional training to compensate for pruning
errors, either on the full weights as in DRONE (Chen et al.,
2021) or on LoRAs as in SVD-LLM (Wang et al., 2025b).
Among those, we compare with ACIP, the current state-of-
the-art approach for low-rank elastic models.
Remark 5.1. For all rank-based approaches, including the
baselines, we apply GAR (Sec. 3.4) after rank selection.
Crucially, this is why the reported inference-time relative
parameter counts remain equal or lower than full model’s.
5.1. Main Results
As it is evident from Figs. 3 and 4, methods solely based
on SVD decomposition exhibit stark decrease already after
cutting 20% of parameters. This relates to the issues of the
post-training selection method in Sec. 4.2: even if in this
case the (U, V ) representation of each layer is the optimal
one given by SVD, the decomposition of the whole model
is not globally optimal. As a consequence, even a perfect
choice of submodels results in a significant drop.

On the other hand, the results for ACIP in Fig. 3 show that
adding shared trainable parameters to recover the compres-
sion error not only does not result in a meaningful improve-
ment, but can be detrimental for recovering the baseline
performance at full budget. Adding shared parameters from
the frozen SVD initialization induces similar training dy-
namics as ASL (Sec. 4.3), since adapters simultaneously
compete for the representational capacity lost during com-
pression. Without adapter training, ACIP becomes a PTS
algorithm and recovers the performance at the full budget.
Additional post-adaptation results are reported in Sec. D.5.

The performance on ViTs in Fig. 4 is even better, as com-
pressing down to 30% of the original model size still results
in performance comparable to the full model. This can prob-
ably be attributed to the size of ImageNet1K being much
reduced compared to FineWebEdu, which allows us to per-
form more epochs within the same computational budget.

5
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Figure 3. FLEXRANK has the most graceful performance degradation across parameter budget (NLP): Average downstream task
accuracy over commonsense downstream datasets from lm-eval-harness
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Figure 4. FLEXRANK has the most graceful performance degradation across parameter budget (CV): classification accuracy on the
evaluation split of ImageNet1K. The performance gap remains within a 5% margin w.r.t. the full model even pruning up to 70%.

5.2. Ablations

Analysis of model profiles. Fig. 5 shows that FLEXRANK
allocates compression non-uniformly across GPT-2 mod-
ules: the DP search preserves higher ranks for important
components, such as the c proj of central attention layers.

Figure 5. FLEXRANK takes into account parameter importance
(GPT-2): Heatmaps of compression ratio of model components
over increasingly smaller submodels (from left to right).

Limits of SVD and need for submodel training. In
Fig. 6(a), DataSVD saturates with only a few hundred acti-
vation samples, with no visible gains beyond 128 samples,
suggesting that increasingly accurate per-layer decomposi-
tions are not the bottleneck. Fig. 6(b) shows that inde-
pendently adapting each decomposed layer is insufficient:
despite correcting local non-linearities, it fails to recover
strong submodels, indicating the need of end-to-end distilla-
tion to consolidate local (per-layer) into global nestedness.
The importance of submodel sampling. As shown in
Fig. 7, training a single full-budget submodel does not yield
elasticity: submodels perform well near their target bud-
get but degrade elsewhere, mirroring the PTS behavior in
Sec. 4.2. In contrast, FLEXRANK matches the best indepen-
dently trained submodels, showing that joint nested training
enables effective parameter sharing without interference.

(a) (b)

Figure 6. Limits of SVD and the need for submodel train-
ing (GPT-2). (a) Superposed green and orange curves show that
DataSVD converges with a few hundred samples. (b) Independent
layer training (green) is ineffective, indicating that end-to-end sub-
model training (orange) is required for global nestedness.

Figure 7. Joint submodel training is essential for elasticity
(GPT-2): independently trained submodels lack nested structure
and degrade across parameter budgets.

6. Conclusion
In this work, we introduced FLEXRANK, a framework
that learns importance-ordered representational components
of a pretrained network to construct nested subnetworks.
With efficient search and refinement, FLEXRANK identi-
fies submodels near the performance-latency Pareto frontier
without training separate models or relying on architec-
tural heuristics. Across architectures, FLEXRANK yields
smoother accuracy degradation under compression and im-
proves efficiency–performance trade-offs, enabling adaptive
deployment across diverse hardware and workloads.
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Siméoni, O., Vo, H. V., Seitzer, M., Baldassarre, F., Oquab,
M., Jose, C., Khalidov, V., Szafraniec, M., Yi, S., Rama-
monjisoa, M., Massa, F., Haziza, D., Wehrstedt, L., Wang,
J., Darcet, T., Moutakanni, T., Sentana, L., Roberts, C.,
Vedaldi, A., Tolan, J., Brandt, J., Couprie, C., Mairal, J.,
Jégou, H., Labatut, P., and Bojanowski, P. Dinov3, 2025.
URL https://arxiv.org/abs/2508.10104.

Sun, M., Liu, Z., Bair, A., and Kolter, J. Z. A simple and
effective pruning approach for large language models.
In The Twelfth International Conference on Learning
Representations, 2024. URL https://openreview
.net/forum?id=PxoFut3dWW.

Tastan, N., Laskaridis, S., Takac, M., Nandakumar, K., and
Horvath, S. Loft: Low-rank adaptation that behaves like
full fine-tuning. arXiv preprint arXiv:2505.21289, 2025.

Team, K., Bai, Y., Bao, Y., Chen, G., Chen, J., Chen,
N., Chen, R., Chen, Y., Chen, Y., Chen, Y., et al.
Kimi k2: Open agentic intelligence. arXiv preprint
arXiv:2507.20534, 2025.

Vaswani, A., Shazeer, N., Parmar, N., Uszkoreit, J., Jones,
L., Gomez, A. N., Kaiser, Ł., and Polosukhin, I. At-
tention is all you need. Advances in neural information
processing systems, 30, 2017.

Wang, H., Agarwal, S., and Papailiopoulos, D. Pufferfish:
Communication-efficient models at no extra cost. Pro-
ceedings of Machine Learning and Systems, 3:365–386,
2021.

Wang, S., Yu, L., and Li, J. Lora-ga: Low-rank adapta-
tion with gradient approximation. Advances in Neural
Information Processing Systems, 37:54905–54931, 2024.

Wang, X., Alam, S., Wan, Z., Shen, H., and Zhang, M. Svd-
llm v2: Optimizing singular value truncation for large
language model compression. In Proceedings of the 2025
Conference of the Nations of the Americas Chapter of
the Association for Computational Linguistics: Human
Language Technologies (Volume 1: Long Papers), pp.
4287–4296, 2025a.

Wang, X., Zheng, Y., Wan, Z., and Zhang, M. SVD-LLM:
Truncation-aware singular value decomposition for large
language model compression. In The Thirteenth Interna-
tional Conference on Learning Representations, 2025b.
URL https://openreview.net/forum?id=
LNYIUouhdt.

Wong, J. T., Zhang, C., Cao, X., Gimenes, P., Constan-
tinides, G. A., Luk, W., and Zhao, Y. A3: an analytical
low-rank approximation framework for attention. arXiv
preprint arXiv:2505.12942, 2025.

Wu, C.-J., Brooks, D., Chen, K., Chen, D., Choudhury, S.,
Dukhan, M., Hazelwood, K., Isaac, E., Jia, Y., Jia, B.,
et al. Machine learning at facebook: Understanding infer-
ence at the edge. In 2019 IEEE international symposium
on high performance computer architecture (HPCA), pp.
331–344. IEEE, 2019.

Xiao, G., Lin, J., Seznec, M., Wu, H., Demouth, J., and Han,
S. Smoothquant: Accurate and efficient post-training
quantization for large language models. In Interna-
tional conference on machine learning, pp. 38087–38099.
PMLR, 2023.

Yu, J. and Huang, T. S. Universally slimmable networks
and improved training techniques. In Proceedings of the
IEEE/CVF international conference on computer vision,
pp. 1803–1811, 2019.

Yu, J., Yang, L., Xu, N., Yang, J., and Huang, T. Slimmable
neural networks. arXiv preprint arXiv:1812.08928, 2018.

Yuan, Z., Shang, Y., Song, Y., Yang, D., Wu, Q., Yan,
Y., and Sun, G. Asvd: Activation-aware singular value
decomposition for compressing large language models.
arXiv preprint arXiv:2312.05821, 2023.

Zheng, Y., Chen, Y., Qian, B., Shi, X., Shu, Y., and Chen,
J. A review on edge large language models: Design,
execution, and applications. ACM Computing Surveys, 57
(8):1–35, 2025.

9

https://arxiv.org/abs/2508.10104
https://openreview.net/forum?id=PxoFut3dWW
https://openreview.net/forum?id=PxoFut3dWW
https://openreview.net/forum?id=LNYIUouhdt
https://openreview.net/forum?id=LNYIUouhdt


495
496
497
498
499
500
501
502
503
504
505
506
507
508
509
510
511
512
513
514
515
516
517
518
519
520
521
522
523
524
525
526
527
528
529
530
531
532
533
534
535
536
537
538
539
540
541
542
543
544
545
546
547
548
549

FlexRank: Nested Low-Rank Knowledge Decomposition

Table 1. Comparison of prior Transformer compression methods from the perspective of nested low-rank decomposition.

Method Decomposition Rank Selection Target Arch. Acc. Compensation Gradient-Free Nestedness Train-once,
deploy-everywhere

Naive SVD Weight SVD Manual Any linear ✗ ✓ ✗ ✗

FWSVD
(Hsu et al., 2022)

Fisher-weighted SVD r = ⌊0.33min(N,M)⌋ Any linear ✗ ✗ ✗ ✗

DRONE
(Chen et al., 2021)

Data-informed SVD Greedy layer-by-layer Any linear 1 epoch retrain ✗ ✗ ✗

ASVD
(Yuan et al., 2023)

Activation-scaled SVD Layer-wise calibration Any linear ✗ ✓ ✗ ✗

SVD-LLM
(Wang et al., 2025b)

Whitened activations informed SVD r = NM
N+M (1−Rw) Any linear LoRA repair ✗ ✗ ✗

SVD-LLM V2
(Wang et al., 2025a)

Double SVD Adaptive Rw Transformer LoRA repair ✗ ✗ ✗

A3

(Wong et al., 2025)
Attention activation informed SVD Uniform Transformer ✗ ✓ ✗ ✗

ACIP
(Genzel et al., 2025)

Weight-SVD + masking Binary mask Any linear LoRA repair ✗ ✗ ✓

FLEXRANK (ours) Online whitened data informed SVD Pareto optimal Any linear Distillation ✗ ✓ ✓

A. Additional Discussion
A.1. Discussion & Limitations

We have presented theoretical and empirical evidence about the representational gains of FLEXRANK and its optimal
behavior. While we have shown real gains compared to baselines, optimality might require additional longer training cycles
over more diverse calibration sets. To this end, it is possible that new optimization algorithms are needed to adaptive learn
each submodel fast and effectively (Jordan et al., 2024). Moreover, we have briefly mentioned input adaptivity that could be
enabled with FLEXRANK, yet we have not covered this as part of our evaluation. We leave these extensions as a future
research directions.

A.2. Relation to Other Flexible Non-Factorized Models

We briefly discuss two recent works, FLEXTRON (Cai et al., 2024) and LLAMAFLEX (Cai et al., 2025), which are relevant
in spirit but orthogonal to the focus of this paper. We do not compare against these methods experimentally, as they do not
address low-rank approximation of weight matrices, which is the central mechanism studied in FLEXRANK. Moreover,
to the best of our knowledge, neither work has released an implementation, and LLAMAFLEX in particular trains on
proprietary data, limiting direct comparison.

Both FLEXTRON and LLAMAFLEX construct elastic Transformer models by varying architectural components, including
the number of Transformer blocks, the hidden dimension size, the intermediate MLP dimension, and the number of attention
heads. In contrast, FLEXRANK operates entirely in the factorized parameter space, producing elastic submodels by truncating
low-rank representations while preserving the original architecture. Extending FLEXRANK to reason over architectural
elasticity would be an interesting direction for future work.

From an optimization perspective, these methods are also closely related to the training paradigms analyzed in Sec. 4. In
particular, LLAMAFLEX can be viewed as an instance of all-submodel learning (ASL), where multiple elastic configurations
are optimized simultaneously without enforcing global nestedness across configurations. Similarly, FLEXTRON resembles a
post-training selection (PTS) approach, in which a large super-network is trained, and submodels are selected afterward via
routing decisions. Our theoretical results suggest that both strategies can lead to suboptimal Pareto fronts in the absence of
fully nested training objectives.

These connections suggest promising future directions. On one hand, it would be interesting to investigate whether enforcing
global nestedness, as proposed in FLEXRANK, could further improve methods such as LLAMAFLEX, which currently enforce
nestedness only at the component level. On the other hand, both FLEXTRON and LLAMAFLEX rely on learned routers
for subnetwork selection, whereas FLEXRANK employs a deterministic dynamic programming procedure. Understanding
how router-based selection compares to, or could be combined with, DP-based Pareto selection is an open and compelling
direction for future work.
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FlexRank: Nested Low-Rank Knowledge Decomposition

B. Proofs
We first recall here the necessary notation. Consider a matrix M⋆ ∈ Rm×n, parameterized as M = UV ⊤ with U ∈ Rm×k,
V ∈ Rn×k, and k = min(m,n). Assume it has singular value decomposition M⋆ = PΣQ⊤ satisfying:

Σ = diag(σ1, . . . , σk), σi > σi+1 > 0 ∀i < k, (13)

where P ∈ Rm×k and Q ∈ Rn×k have orthonormal columns. We call Ar the r-truncation of M⋆.

B.1. Assumptions

Assumption B.1. Let (U0, V0) be a random initialization for (U, V ). Then assume (U0, V0) has a density w.r.t. the Lebesque
measure, i.e., (U0, V0) is a continuous random variable which has a probability density function (PDF).

Assumption B.2. Let Sr ⊆ [k], |Sr| = r the set of r nonzero columns of a matrix and call ΠSr
the diagonal projector onto

coordinates in Sr, i.e. (ΠSr
)jj = 1 iff j ∈ Sr, otherwise (ΠSr

)jj = 0. Then assume gradient descent (GD) converges to a
global minimizer for the problem argminU,V ∥UΠSrV

⊤ −Ar∥2F , ∀r ∈ {1, . . . , k}.

B.2. Auxiliary Lemmas

Lemma B.3 (Objective equivalence without empty mask in ASL). Let L1(·) and L2(·) be defined as:

L1(U, V ) :=
1

2k − 1

∑
S⊆[k]
S ̸=∅

∥UΠSV
⊤ −M⋆∥2F , L2(U, V ) :=

1

2k

∑
S⊆[k]

∥UΠSV
⊤ −M⋆∥2F .

Then L1 and L2 have the same set of minimizers, as the following holds:

L1(U, V ) =
2k

2k − 1
L2(U, V )− 1

2k − 1
∥M⋆∥2F .

Proof. The only additional term inL2 is the empty mask S = ∅, for which UΠSV
⊤ = 0 and ∥UΠSV

⊤−M⋆∥2F = ∥M⋆∥2F .
Rearranging the terms yields the identity.

Lemma B.4 (Rank-dropout objective expansion). Let z = (z1, . . . , zk) have i.i.d. entries zj ∼ Bernoulli(1/2), and let
Πz := diag(z). Write U = [u1, . . . , uk] and V = [v1, . . . , vk]. Then:

Ez

∥∥UΠzV
⊤ −M⋆

∥∥2
F
=

1

4

∥∥UV ⊤ − 2M⋆
∥∥2
F
+

1

4

k∑
j=1

∥uj∥22 ∥vj∥22. (14)

Proof. Let W (z) := UΠzV
⊤. Expanding the square leads to:

∥W (z)−M⋆∥2F = ∥W (z)∥2F + ∥M⋆∥2F − 2⟨W (z),M⋆⟩. (15)

Since E[Πz] =
1
2Ik, we have that:

Ez[W (z)] = 1
2UV ⊤, Ez⟨W (z),M⋆⟩ = 1

2 ⟨UV ⊤,M⋆⟩. (16)

To evaluate the quadratic term, note that W (z) =
∑k

j=1 zj ujv
⊤
j . Therefore,

∥W (z)∥2F =

〈 k∑
i=1

zi uiv
⊤
i ,

k∑
j=1

zj ujv
⊤
j

〉
=

k∑
i=1

k∑
j=1

zizj ⟨uiv
⊤
i , ujv

⊤
j ⟩

=

k∑
i=1

k∑
j=1

zizj tr
(
viu

⊤
i ujv

⊤
j

)
=

k∑
i=1

k∑
j=1

zizj (u
⊤
i uj)(v

⊤
i vj), (17)

11
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FlexRank: Nested Low-Rank Knowledge Decomposition

where we used ⟨A,B⟩ = tr(A⊤B) and the cyclicity of the trace. Using E[z2i ] = 1
2 and E[zizj ] = 1

4 for i ̸= j, we obtain:

Ez∥W (z)∥2F =
1

4
∥UV ⊤∥2F +

1

4

k∑
j=1

∥uj∥22 ∥vj∥22. (18)

Substituting (16) and (18) into (15) yields:

Ez∥W (z)−M⋆∥2F =
1

4
∥UV ⊤∥2F + ∥M⋆∥2F − ⟨UV ⊤,M⋆⟩+ 1

4

k∑
j=1

∥uj∥22 ∥vj∥22

=
1

4
∥UV ⊤ − 2M⋆∥2F +

1

4

k∑
j=1

∥uj∥22 ∥vj∥22

Lemma B.5 (Balanced factorization penalty). Fix W ∈ Rm×n with rank(W ) ≤ k. Define the balanced factorization
penalty

Fk(W ) := min
U∈Rm×k, V ∈Rn×k

UV ⊤=W

k∑
j=1

∥uj∥22 ∥vj∥22, (19)

which measures the minimal columnwise energy required to represent W using k rank-one components. Then:

Fk(W ) =
1

k
∥W∥2⋆. (20)

Moreover, any minimizer (U, V ) satisfies:

∥uj∥2 ∥vj∥2 =
1

k
∥W∥⋆ for all j ∈ [k],

k∑
j=1

∥uj∥2 ∥vj∥2 = ∥W∥⋆. (21)

Proof. Let W =
∑k

j=1 ujv
⊤
j be any feasible factorization and define

aj := ∥uj∥2 ∥vj∥2 = ∥ujv
⊤
j ∥⋆.

By the triangle inequality for the nuclear norm, it holds that:

∥W∥⋆ =
∥∥∥ k∑
j=1

ujv
⊤
j

∥∥∥
⋆
≤

k∑
j=1

aj . (22)

Applying the Cauchy–Schwarz inequality yields:

k∑
j=1

a2j ≥
1

k

( k∑
j=1

aj

)2

≥ 1

k
∥W∥2⋆. (23)

Since
∑

j a
2
j =

∑
j ∥uj∥22 ∥vj∥22, this shows:

Fk(W ) ≥ 1

k
∥W∥2⋆. (24)

To show that the bound is tight, let W = P diag(s1, . . . , sk)Q
⊤ be an SVD of W , padded with zeros if necessary, so that

∥W∥⋆ =
∑k

i=1 si. By the Schur–Horn theorem, there exists an orthogonal matrix R ∈ Rk×k such that the diagonal entries
of R⊤diag(s)R are all equal to:

s̄ :=
1

k

k∑
i=1

si =
1

k
∥W∥⋆.
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FlexRank: Nested Low-Rank Knowledge Decomposition

Intuitively, this rotation redistributes the singular values uniformly across the k columns. Define:

U := P diag(
√
s)R, V := Qdiag(

√
s)R.

Then UV ⊤ = W and, for each j ∈ [k],

∥uj∥22 = (U⊤U)jj = (R⊤diag(s)R)jj = s̄, ∥vj∥22 = s̄.

Consequently:
k∑

j=1

∥uj∥22 ∥vj∥22 = k s̄2 =
1

k
∥W∥2⋆,

which proves Fk(W ) ≤ 1
k ∥W∥2⋆. Finally, equality in (23) requires a1 = · · · = ak, while equality in (22) forces additivity,

i.e.,
∑k

j=1 aj = ∥W∥⋆. Recalling aj = ∥uj∥2∥vj∥2 yields (21).

Lemma B.6 (Spectral form of the minimizer of ASL objective). Let M⋆ = PΣQ⊤ be the singular value decomposition of
M⋆, with Σ = diag(σ1, . . . , σk) and σi ≥ 0. Consider the objective

Φ(W ) =
1

4
∥W − 2M⋆∥2F +

1

4k
∥W∥2⋆. (25)

The function Φ admits a unique global minimizer W ⋆. Moreover, there exists a minimizer whose left and right singular
subspaces coincide with those of M⋆, and such a minimizer can be written as:

W ⋆ = P diag(w1, . . . , wk)Q
⊤, (26)

where the singular values wi ≥ 0 are uniquely determined by:

wi = max(0, 2σi − λ) , i = 1, . . . , k, (27)

with λ satisfying the consistency condition

λ =
1

k

k∑
j=1

wj . (28)

Proof. Expanding the Frobenius norm in (25) yields

Φ(W ) =
1

4
∥W∥2F − ⟨W,M⋆⟩+ 1

4k
∥W∥2⋆ + ∥M⋆∥2F . (29)

The terms ∥W∥2F and ∥W∥⋆ depend only on the singular values of W . Let W = P̃ diag(w) Q̃⊤ be an arbitrary SVD. For
fixed w, the inner product ⟨W,M⋆⟩ is maximized, by the von Neumann trace inequality, when the singular subspaces of W
align with those of M⋆. Since Φ(W ) contains −⟨W,M⋆⟩, for any fixed singular values the objective is minimized when the
singular subspaces of W align with those of M⋆. Restricting to this form yields the reduced problem:

min
w≥0

ϕ(w) :=
1

4

k∑
i=1

(wi − 2σi)
2 +

1

4k

 k∑
j=1

wj

2

. (30)

The function ϕ is strictly convex on Rk and therefore admits a unique minimizer. Introduce Lagrange multipliers µi ≥ 0
associated with the constraints wi ≥ 0. The Lagrangian is:

L(w, µ) = 1

4

k∑
i=1

(wi − 2σi)
2 +

1

4k

 k∑
j=1

wj

2

−
k∑

i=1

µiwi. (31)

Stationarity with respect to wi yields:

1

2
(wi − 2σi) +

1

2k

k∑
j=1

wj − µi = 0. (32)
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FlexRank: Nested Low-Rank Knowledge Decomposition

Defining λ := 1
k

∑k
j=1 wj , and using feasibility wi, µi ≥ 0 together with complementary slackness µiwi = 0, the KKT

conditions are equivalent to:
wi = max(0, 2σi − λ) , i = 1, . . . , k. (33)

Summing (33) over i enforces the consistency condition (28), completing the proof.

Theorem B.7 (Spectral interference and impossibility of perfect recovery). Let M⋆ = PΣQ⊤ have singular values
σ1 > σ2 > · · · > σk > 0, and let W ⋆ be the unique minimizer of Φ(W ) as defined in Lemma B.6. Then W ⋆ = M⋆ if and
only if

σ1 = σ2 = · · · = σk. (34)

Consequently, under the standing assumption σ1 > · · · > σk, every global minimizer (U, V ) of ASL satisfies:

∥UV ⊤ −M⋆∥2F = ∥W ⋆ −M⋆∥2F > 0. (35)

Proof. By Lemma B.6, the objective Φ admits a unique minimizer W ⋆, whose singular subspaces align with those of M⋆,
and whose singular values w1, . . . , wk satisfy

wi = max(0, 2σi − λ) , λ =
1

k

k∑
j=1

wj , i = 1, . . . , k. (36)

Suppose that W ⋆ = M⋆. Then wi = σi for all i, and (36) implies

σi = 2σi − λ, i = 1, . . . , k. (37)

Hence σi = λ for all i, which yields σ1 = · · · = σk. Conversely, if σ1 = · · · = σk, then setting wi = σi satisfies (36). By
uniqueness of the minimizer of Φ, this implies W ⋆ = M⋆.

Under the standing assumption σ1 > · · · > σk, the equality W ⋆ = M⋆ is therefore impossible. Since W ⋆ is unique, it
follows that: ∥W ⋆ −M⋆∥2F > 0, and consequently

∥UV ⊤ −M⋆∥2F = ∥W ⋆ −M⋆∥2F > 0

for every global minimizer (U, V ) of the objective in Eq. (11).

B.3. Proofs of Main Theorems

B.3.1. PROOF OF THM. 4.1: (PTS HAS NONGENERIC RANK REDUCTION)

We establish the theorem by characterizing the algebraic structure of the set of global minimizersM and evaluating the
measure of the subset permitting submodel recovery.

Case 1: Perfect recovery of the full solution (r = k). By Assumption B.2, any global minimizer satisfies the zero-loss
condition UV ⊤ = M⋆. Since the target M⋆ is rank-k, it follows that M⋆ = Ak. Substituting this into the definition of the
submodel gap yields:

E(U, V, k) = ∥UV ⊤ −Ak∥2F = ∥M⋆ −M⋆∥2F = 0. (38)

Case 2: Nongenericity of the optimal solution for r < k. Any global minimizer (U, V ) ∈M can be parameterized via a
gauge transformation R ∈ GL(k) relative to the SVD factors M⋆ = PΣQ⊤:

U = PΣ1/2R, V = QΣ1/2R−⊤. (39)

For a fixed r < k, the condition E(U, V, r) = 0 implies there exists a subset Sr ⊆ [k] with |Sr| = r such that UΠSrV
⊤ =

Ar. Substituting the parameterization from (39), we obtain:

PΣ1/2RΠSr
R−1Σ1/2Q⊤ = PΣ1/2Π[r]Σ

1/2Q⊤

⇐⇒ RΠSr
= Π[r]R. (40)
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FlexRank: Nested Low-Rank Knowledge Decomposition

Let Cπ be the permutation matrix mapping the indices in Sr to the first r integers. The commutation relation (40) forces
RCπ to possess a specific block-diagonal structure:

RCπ =

(
R11 0
0 R22

)
, R11 ∈ GL(r), R22 ∈ GL(k − r). (41)

Let HSr ⊂ GL(k) be the set of matrices satisfying (41). Since GL(k) is an open subset of the vector space Rk2

, we can
evaluate the measure ofHSr

by its codimension:

codim(HSr
) = dim(Rk2

)− dim(HSr
)

= k2 −
(
r2 + (k − r)2

)
= 2r(k − r). (42)

For any 1 ≤ r < k, the codimension is at least 2. As a proper lower-dimensional subset of Rk2

, HSr
has Lebesgue

measure zero. Under Assumption B.1, the gauge R is determined by a random initialization with an absolutely continuous
distribution, which implies P[R ∈ HSr

] = 0 for any specific subset Sr.

To show this holds for all possible submodels, we apply the union bound over the finite collection of all subsets Sr = {S ⊆
[k] : |S| = r}:

P[E(U, V, r) = 0] = P

[ ⋃
S∈Sr

R ∈ HS

]
≤

∑
S∈Sr

P[R ∈ HS ] = 0. (43)

Finally, applying the union bound over all truncation levels r ∈ {1, . . . , k − 1} yields:

P [∃r < k : E(U, V, r) = 0] ≤
k−1∑
r=1

P[E(U, V, r) = 0] = 0. (44)

Thus, for a global minimizer (U, V ) reached via GD, the condition E(U, V, r) > 0 for all r < k holds with probability 1.

B.3.2. PROOF OF THM. 4.2: (ASL HAS STRICTLY POSITIVE SUBMODEL GAP)

Consider the objective in Eq. (11), by Lemma B.3 its optimal solution coincide with the one of the objective function over
all the masks (i.e. including the empty mask). In particular, by Lemmas B.4 and B.5 minimizing the ASL objective is
equivalent to minimize:

Φ(W ) =
1

4
∥W − 2M⋆∥2F +

1

4k
∥W∥2⋆. (45)

Let W ⋆ = Pdiag(w)Q⊤ the SVD decomposition of the optimal solution given by Thm. B.7, where w ∈ Rk are the
eigenvalues and P,Q are orthonormal matrices. Define the dual test matrix G := PQ⊤. By orthonormality of P and Q,

∥G∥F =
√
k, ∥G∥op = 1. (46)

By Lemma B.6, W ⋆ shares singular subspaces with M⋆. Consequently, for the rank-r truncation Ar of M⋆,

⟨G,Ar⟩ =
r∑

i=1

σi, ⟨G,W ⋆⟩ =
k∑

i=1

wi = ∥W ⋆∥⋆. (47)

Let W ⋆ =
∑k

j=1 ujv
⊤
j be any optimal factorization. By Lemma B.6,

∥uj∥2 ∥vj∥2 =
1

k
∥W ⋆∥⋆ = λ, j = 1, . . . , k. (48)

Using duality between operator and nuclear norms together with (46):

⟨G, ujv
⊤
j ⟩ ≤ ∥G∥op∥ujv

⊤
j ∥⋆ = λ. (49)

Since
∑k

j=1⟨G, ujv
⊤
j ⟩ = ⟨G,W ⋆⟩ = kλ, each inequality in (49) must be tight. Therefore:

⟨G,UΠSV
⊤⟩ = rλ (50)
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FlexRank: Nested Low-Rank Knowledge Decomposition

for every subset S ⊂ [k] with |S| = r. By the Cauchy-Schwarz inequality, the Frobenius distance is bounded by its
projection onto the direction of G:

∥UΠSV
⊤ −Ar∥F ≥

|⟨G,UΠSV
⊤ −Ar⟩|

∥G∥F

=
|rλ−∑r

i=1 σi|√
k

. (51)

Squaring yields the stated lower bound on E(U, V, r). To prove that E(U, V, r) > 0 generically, define for each r = 1, . . . , k
the linear functional fr on the spectrum σ = (σ1, . . . , σk) ∈ Rk by

fr(σ) := rλ−
r∑

i=1

σi =

(
r − k

k

) r∑
i=1

σi +
r

k

k∑
i=r+1

σi. (52)

For each r, the zero set:
Zr := {σ ∈ Rk : fr(σ) = 0} (53)

is a proper linear subspace of codimension one. By basic properties of Lebesgue measure, each Zr has measure zero.
Finally, applying the union bound over all submodel sizes r = 1, . . . , k, we obtain:

P

[
k⋃

r=1

Zr

]
≤

k∑
r=1

P[σ ∈ Zr] = 0. (54)

Thus, for any absolutely continuous distribution on Rk, the gap condition E(U, V, r) > 0 holds simultaneously for all
r = 1, . . . , k with probability 1.

Corollary B.8. Training all possible submodels can lead to suboptimal solution Û , V̂ , i.e.:

(Û , V̂ ) /∈M := {(U, V ) ∈ Rm×k × Rn×k : UV ⊤ = M⋆}.

Proof sketch. For ease of exposition, we consider the smaller setup, where A ∈ R2×2. If we train all the models together,
the optimization problem is

min
U,V

1

3

(
∥U{1}V

⊤
{1} −A∥2F + ∥U{2}V

⊤
{2} −A∥2F

+ ∥U{1,2}V
⊤
{1,2} −A∥2F

)
. (55)

If we recover the optimal Pareto front, it has to be the case that U{1}V
⊤
{1} = A1 and U{2}V

⊤
{2} = A2 −A1 (indices could be

flipped). Plugging this back to (55), the final objective value is equal to σ2
2+σ2

1+0, where σ1 ≥ σ2 are eigenvalues of A. On
the other hand, if we have U{1}V

⊤
{1} = U{2}V

⊤
{2} = cA1, then the objective value is equal to 3σ2

2+(2(1−c)2+(1−2c)2)σ2
1 .

If c = 2/3, then the objective is equal to 3σ2
2 + σ2

1/3. Therefore, if σ2
1 > 3σ2

2 , the second solution is better than the first
one, and we do not recover the optimal Pareto front, which concludes the proof.

B.3.3. PROOF OF THM. 4.3: (NSL PRESERVES NESTED MINIMIZERS)

Let (U, V ) ∈MNSL. By the Eckart–Young–Mirsky theorem, for each r ∈ {1, . . . , k}, the r-rank matrix UΠ[r] satisfies the
lower bound ∥UΠ[r]V

⊤−M⋆∥2F ≥ ∥Ar−M⋆∥2F . Since the SVD factors of M⋆ achieve all k lower bounds simultaneously,
any global minimizer (U, V ) must satisfy:

UΠ[r]V
⊤ = Ar for all r ∈ {1, . . . , k}. (56)

We claim that the NSL objective enforces the structural constrains in (56). We proceed by induction.

Base case (r = 1). For r = 1, the condition (56) requires:

UΠ[1]V
⊤ = A1 =⇒ u1v

⊤
1 = σ1p1q

⊤
1 . (57)
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Inductive step. Assume that for some r ∈ {2, . . . , k}, the inductive hypothesis UΠ[r−1]V
⊤ = Ar−1 holds. By the global

optimality condition (56), the r-th submodel must satisfy:

UΠ[r]V
⊤ = Ar. (58)

Recalling the recursive definition of the submodels UΠ[r]V
⊤ = UΠ[r−1]V

⊤+urv
⊤
r , we substitute the inductive hypothesis

into (58):

Ar−1 + urv
⊤
r = Ar

=⇒ urv
⊤
r = Ar −Ar−1

= σrprq
⊤
r (59)

where the final equality follows from the recursive structure of the truncated SVD. Then by induction we have that the
relation in (57) holds for any r. Consequently, it holds that E(U, V, r) = 0 ∀r ∈ {1, . . . , k}, which concludes the proof.

C. Additional Details
C.1. Layer Decomposition

Directly solving (3) for a large sample of activations is memory-prohibitive, as storing Xi scales withO(N ·ni). We instead
utilize an efficient variant based on the second moment of the activations. Observing that ∥AX∥2F = Tr(AXX⊤A⊤), we
rewrite the objective as

∥(Wi − UiV
⊤
i )Xi∥2F = Tr

[
∆θiΣi∆θ⊤i

]
= ∥(θi − UiV

⊤
i )Σ

1/2
i ∥2F (60)

where ∆θi = (θi − UiV
⊤
i ) and Σi = XiX

⊤
i ∈ Rni×ni is the unnormalized covariance matrix. This enables a two-stage

initialization

1. Online Covariance Estimation: We batch-accumulate Σi =
∑

j xi,jx
⊤
i,j by running batches of activations through the

model. Note that the memory complexity is now independent of N and scales as O(n2
i ).

2. Whitened SVD: We compute the symmetric square root Σ1/2
i via eigen-decomposition and perform SVD on the

“whitened” weights θ̃i = θiΣ
1/2
i , yielding θ̃i = PiΛiQ

⊤
i . To recover the factors in the original space, we observe that

θi = (PiΛiQ
⊤
i )Σ

−1/2
i . We then initialize the shared factors by symmetrically absorbing the singular values Λi

Ui ← PiΛ
1/2
i , Vi ← Σ

−1/2
i QiΛ

1/2
i . (61)

This data-aware initialization aligns the rank-reduction process with the most salient directions of the feature space, providing
a superior starting point for elastic training.

C.2. Identifying Pareto Front

To solve Eq. (4) efficiently, we employ a two-step procedure:

1. Layer Probing: We evaluate the model’s sensitivity to rank reduction at each layer independently. For each layer
l ∈ {1, . . . , L} and each budget βk ∈ B̃, we instantiate a model where only the l-th layer is transformed by Tβk

while all
other layers remain at full capacity. We record the resulting performanceRl,k, constructing a sensitivity matrix S ∈ RL×K .

2. Dynamic Programming Exploration: Using the sensitivity matrix S, we solve for the entire set of optimal configu-
rationsM simultaneously by framing the search as a Multi-Choice Knapsack Problem (MCKP). We employ a Dynamic
Programming (DP) algorithm to find the rank assignments across layers that maximize the aggregate performance for each
global threshold βk. While DP provides an exact solution under the assumption that errors are additive across layers—a
simplification of the non-linear dependencies in deep networks—our objective is not absolute optimality during probing, but
rather the identification of configurations that satisfy the ranking consistency. Moreover, this algorithm is suitable for the
problem in Eq. (4) since the nested constraint mk−1 ⪯mk can be enforced during the DP traversal.
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Figure 8. FLEXRANK recovers the true Pareto Front in DNNs: points represent independently trained nested submodels, starting from
(i) a random weights (red) or (ii) from the DataSVD (green) of a pretrained model (yellow star), with best models highlighted with dashed
lines. At convergence, FLEXRANK recovers the (in advance unknown) Pareto front within a single set of shared weights.

Complexity Analysis. Let Ceval denote the maximum cost of a single model evaluation. While a brute-force search requires
O(KL · Ceval), our approach reduces the probing cost to O(L ·K · Ceval). The subsequent DP exploration operates on the
pre-computed matrix S with complexity O(L ·K), making the total cost of identifying the entire Pareto front linear in both
the number of layers and the budget levels.

D. Experimental Setting
D.1. Recovering the True Pareto Front

We empirically validate the central approximation underlying FLEXRANK that nested configurations identified from a
fixed layer-wise optimal initialization are sufficient to recover Pareto-optimal submodels after training. In a setting small
enough to allow complete enumeration of the solution, we actually verify that FLEXRANK recovers the true Pareto front
obtained by independently training all possible submodels. We therefore consider a four-layer network (two CNNs and two
MLPs trained on MNIST, with K = 10 rank levels per layer, yielding KL = 10,000 possible submodels. This allows us to
exhaustively evaluate the attainable Pareto front by independently training all submodels.

Fig. 8 compares three settings: independently trained submodels initialized at random and from DataSVD, and FLEXRANK.
While nestedness and weight sharing impose additional constraints, the submodels learned by FLEXRANK consistently
outperform the best models trained from scratch and converge to the Pareto front of independently trained DataSVD-
initialized models.

D.2. Details on controlled experiments

For the controlled experiment, we consider a simple neural network with two fully connected linear layers without any
activation or bias. We generate data D ∼ N (0, I10) and labels y = M⋆d+ E, d ∈ D, where M⋆ ∈ R10×10 is a randomly
generated matrix whose singular values follow a power law with decay 1.2, and E ∼ N (0, 0.1) is an independent random
noise. If we use ℓ2 as a loss function, the elastic training objective is exactly the same of Eq. (8), with k = 10 being the
hidden dimension of the neural network.

D.3. Datasets and Models

Training. The core component of FLEXRANK is nested submodel training starting from a suitable initialization (e.g. a
SVD of layer’s weights). This training step involves knowledge distillation from the full model, and can be carried out using
any dataset representative enough of the pretraining task. The use of a proxy dataset is in practice a requirement shared with
other methods (Genzel et al., 2025; Cai et al., 2024; 2025). Since data quality has been proven to play an important role in
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language modelling, for NLP experiments we chose the FineWebEdu dataset, in particular the split composed of 10 billion
tokens.

For CV experiments, we adopt the DINOv3 models family and train on ImageNet1K. More in detail, following the protocol
of (Siméoni et al., 2025), we initialize the backbone with the pretrained weights publicly released and only additionally train
the classification head. The resulting architecture is then treated as the input of FLEXRANK, similarly as in the NLP case.

It is important to notice that we do not finetune the backbone weights on the proxy dataset: this is the intended use of
DINOv3 models on downstream tasks from the official paper, as well as their evaluation protocol. While finetuning all
the weights can potentially lead to higher accuracy, we argue that preserving the backbone performance is closer to the
intended use of DINOv3 models. Moreover, the use of a classification head as proxy task for knowledge distillation can be
in principle exchanged with feature matching or other type of losses.

Downstream Task Evaluation. For NLP models, we evaluate the zero-shot performance on commonsense
datasets ARC_Challenge, ARC_Easy, HellaSwag, OpenBookQA, PIQA, Winogrande, using the
lm-eval-harness tool (Gao et al., 2024). Additionally, we evaluate the post-adaptation capabilities of FLEXRANK
submodels by finetuning LoRA adapters separately for each of submodel we evaluate. This practice is simple enough to
show that submodels retain sufficient knowledge from the pretraining task to be easily finetuned, and corresponds to the
common scenario in which PEFT techniques are used. We follow the same experimental protocol of (Meng et al., 2024),
finetuning the adapters on MetaMathQA for math domain and on Code–Feedback for coding tasks. Then, we test the 5-shot
performances respectively on MathQA and GSM8K, zero-shot and on HumanEval and 3-shot on MBPP.

D.4. Implementation Details

Hyperparameters. For all NLP models used in this study, we use a global batch size of 512 and a sequence length of
1024, and train for 10.000 steps, accounting for roughly half of a complete epoch. For the training step of FLEXRANK, we
use AdamW with standard parameters and learning rate η = 1e− 5 with 715 warmup steps and cosine annealing schedule.

For pretraining the classification heads of DINOv3 models, we follow the author suggestions (Siméoni et al., 2025), using
SGD with momentum β = 0.9 and search the learning rate η ∈ {0.01, 0.02, 0.05, 0.1, 0.2, 0.5, 1, 2, 5} and the weight decay
λ ∈ {0, 1e− 5}, with best found values η = 0.5 and λ = 0. For all the DINOv3 models, we use a global batch size of 1024,
and train for 25.000 steps, which correspond to about 20 epochs. For the training step of FLEXRANK, we use AdamW with
standard parameters and learning rate η = 1e− 5 with 715 warmup steps and cosine annealing schedule.

Reparametrizing layers into (U, V ) form. This reparameterization is broadly applicable to the standard layers found in
modern Deep Learning architectures. For linear layers, the shared parameters consist of the low-rank factors θi = {Ui, Vi}
such that the weight matrix is Wi = UiV

⊤
i . For convolutional layers with Cout filters, Cin channels, and spatial dimensions

h× h, we apply the factorization to the reshaped weight matrix Mi ∈ RCout×(Cin·h2). For Multi-Head Attention (MHA)
modules, the implementation of θi follows the underlying architecture of f . If f utilizes a fused query-key-value operator,
θi factorizes the consolidated projection matrix; otherwise, it consists of distinct factor pairs {Uq, Vq}, {Uk, Vk}, {Uv, Vv}.

D.5. Post-Adaptation Performance

FLEXRANK submodels can be further finetuned and employed in downstream applications. We show this for math and
code domains by following the common practice of adding lightweight LoRA adapters on individual submodels (additional
details in Sec. D.3). Tab. 2 shows that, in both domains, the submodels achieve meaningful performance and exhibit graceful
degradation across constrained budgets.

D.6. Practicality of experiments

Since FLEXRANK involves restructuring the whole set of weights to globally impose the nested structure that the SVD
initialization only guarantees locally at each layer, each training step is comparable in cost to full distillation. However, the
convergence is much faster thanks to the initialization from the pretrained model, so the required training is much lighter.
Due to our computational budget, we had to restrict training to 10.000 steps, and kept the global batch size compared to the
one usually adopted during pretraining, which is relatively high w.r.t. the one used for finetuning. Our infrastructure consists
in nodes with 4× NVIDIA A100-64GB GPUs. We leave extensive tuning out of the scope of this work, that mainly aims at
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Table 2. FLEXRANK submodels can be finetuned with LoRA: We show the average accuracy over math and code domains.

Relative
Size

Llama-3.2-1B Llama-3.2-3B

Math Code Math Code

Base 25.69± 0.99 18.33± 2.35 40.56± 1.16 36.78± 2.95

1× 25.03± 0.98 18.63± 2.35 40.49± 1.12 33.76± 2.90
0.8× 20.48± 0.95 9.30± 1.83 32.95± 1.08 22.59± 2.58
0.6× 15.70± 0.73 3.34± 1.14 23.84± 0.96 6.67± 1.58
0.4× 13.58± 0.63 1.22± 0.61 15.54± 0.71 2.03± 0.88

introduce a new, principled technique to train submodels that lie on the Pareto Front.

E. Related Work
.

Model compression. Deep neural networks typically show varying degrees of redundancy in their parametric knowledge.
This overcommitment of representational capacity can manifest both in terms of numerical representation as well as
knowledge superposition. Therefore, various quantization (Lin et al., 2024; Frantar et al., 2023; Xiao et al., 2023; Liu et al.,
2025; Chen et al., 2025; Ma et al., 2024) and pruning techniques (Sun et al., 2024; Frantar & Alistarh, 2023; Kurtić et al.,
2023) have been successfully applied to compress such models. However, these often requires access to the training set
and/or specific hardware and kernel implementations to take advantage of the reduced compute.

Low-rank methods. Another approach is to leverage factorization methods to compress large models, without the need to
alter dimensionality or hardware-awareness. Traditional approaches (Hsu et al., 2022; Wang et al., 2021; Horváth et al.,
2024) have typically inherited a training-aware factorization workflow, which requires exposure to the full training process
and datasets, which may not be tractable to many in the era of LLMs. As such, various techniques have been proposed
for compressing pretrained LLMs (Chen et al., 2021; Wang et al., 2025b; Yuan et al., 2023; Genzel et al., 2025; Wong
et al., 2025) by means of decomposition and truncated reparametrization. Common among various of these methods is the
activation-informed decomposition, with many requiring additional training steps to recover lost accuracy (Chen et al., 2021;
Wang et al., 2025b; Yuan et al., 2023). However, very few (Genzel et al., 2025) offer the ability of multi-model extraction,
and less more so under a nested structure (see Tab. 1 for extended comparison).

Flexible networks. Another family of techniques aims at producing many models from a common backbone (or supernet (Cai
et al., 2019)), which are usually optimized together. The selected/sampled submodels can operate at different depths (Fan
et al., 2020; Raposo et al., 2024), widths (Yu et al., 2018; Devvrit et al., 2024; Horváth et al., 2021; Yu & Huang, 2019)
or sub-architectures (Cai et al., 2019; 2024; 2025; Horváth et al., 2024) and can target inputs of varying difficulty (Cai
et al., 2025), different target devices (Horváth et al., 2021; Lee et al., 2024) or even be used as draft models in speculative
decoding (Elhoushi et al., 2024).

To the best of our knowledge, FLEXRANK is the first work that attempts to design flexible models at scale by operating at
the factorized space. This way, not only can we extract different submodels of varying footprints for downstream adaptation
or efficient deployment, but they can also be deployed for adaptive computation on demand.
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