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ABSTRACT

Low-Rank Adaptation (LoRA) has significantly advanced parameter-efficient
fine-tuning of large pretrained models. LoRA augments the pre-trained weights of
a model by adding the product of two smaller matrices that together form a low-
rank matrix update. Recent research has shown that scale disparities between these
two matrices often cause unstable training dynamics, leading to suboptimal perfor-
mance. In this paper, we reformulate low-rank adaptation by learning the weights
update as a decomposition of a single low-rank matrix multiplied by its transpose.
This design, called SINGLORA, inherently removes inter-matrix scale conflicts,
ensuring stable optimization, and roughly halves the parameter count. We analyze
SINGLOR Awithin the efficient feature learning framework, showing that it guar-
antees stability by construction while preserving the expressive capacity of LoRA
in the transformer architecture. Extensive experiments on multiple tasks validate
these benefits. In common sense reasoning, fine-tuning LLama 7B on MNLI with
SINGLOR Aachieves 91.3% accuracy — surpassing LoRA (89.1%) and LoRA+
(90.2%) — while using only 60% of their parameter budget. In image genera-
tion, fine-tuning Stable Diffusion with SINGLOR Asignificantly improves image
fidelity on DreamBooth, achieving a DINO similarity score of 0.151, compared to
scores of 0.148 and 0.143 for DoRA and LoRA, respectively.

1 INTRODUCTION

Adapting large pretrained models for specialized tasks has emerged as a central focus in ma-
chine learning research. These efforts aim to take advantage of the strong generalization capabil-
ities of such models while meeting domain-specific requirements. Rapid scaling of model sizes
and datasets has made full fine-tuning computationally prohibitive, driving the development of
parameter-efficient fine-tuning (PEFT) methods to reduce computational costs. Among PEFT ap-
proaches, Low-Rank Adaptation (LoRA) (6) has gained particular popularity due to its simplicity
and effectiveness in various domains. LoRA augments pre-trained weights matrices Wy € R4**
with low-rank updates,

W, + YBA,
T

where B € R*" A € R™* o € R and r < min(d, k) is the rank of A and B.

Recent research (45215 22) has identified scale disparities between matrices A and B as a fundamen-
tal limitation of LoRA. Specifically, the norms of A and B often differ significantly in magnitude
during training, creating imbalanced gradient flows that lead to unstable training dynamics. Such
scale imbalances cause vanishing or exploding gradients and ultimately result in suboptimal perfor-
mance. While recent works have identified this challenge, existing solutions require careful tuning
of different learning rates for A and B (4) or the use of specialized optimizers (21} 22), making
them challenging to adopt in practice.
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In this paper, we introduce SINGLORA, which reformulates the low-rank adaptation paradigm using
a single low-rank matrix A € R™*" that produces the symmetric update,

Wy + ZAAT. (1)
T

This formulation provides key benefits over LoRA and its recent variants. First, it ensures stable
optimization by design, eliminating inter-matrix scale conflicts without requiring extensive hyperpa-
rameter tuning or custom optimizers. Second, it achieves a parameter reduction by roughly halving
the number of learned parameters while demonstrating better performance.

A theoretical analysis of SINGLORAIn the efficient feature learning setting (3; 4) demonstrates
that, unlike LoRA, it guarantees stable feature learning. We then show that the symmetric param-
eterization of SINGLORA, which might initially appear to limit expressiveness, preserves the full
expressive capacity of LoRA in the transformer architecture. Building on this theoretical foundation,
we extend SINGLOR Ato non-square matrices, ensuring its applicability to any neural network and
validate its results through comprehensive experiments across multiple modalities. In comprehen-
sion reasoning, fine-tuning LLaMA (16) on MNLI (18)) with SINGLOR Aoutperforms LoRA and
LoRA+ (91.3% against 89.1% and 90.2% respectively) while using only 60% of their parameter
budget. In image generation, SINGLOR Aincreases the image fidelity of a Stable Diffusion model
finetuned on Dreambooth (14)) by 5.4% compared to DoRA (9), the current state-of-the-art low rank
adapter.

2 RELATED EFFORTS

2.1 LORA AND ITS EXTENSIONS

As large multimodal models continue to scale, an increasing number of parameter-efficient fine-
tuning (PEFT) techniques have been developed to facilitate their adaptation to downstream tasks.
LoRA has emerged as one of the most popular adapter, offering efficient model adaptation across
various domains. It has been studied extensively, resulting in numerous variations. DyLoRA (17)
and AdaLLoRA (23) focus on rank adjustment during training, with adaptive strategies to optimize
rank allocation. LoHA (7)) and LoKR (2), propose architectural extensions and, respectively lever-
age Hadamard and Kronecker products of two rank-r approximations to obtain more expressive
adapters. Delta-LoRA (25) modifies LoRA by updating pre-trained weights using differences in
successive low-rank updates, and LoRA-Drop (24) selects the most impactful LoRA adapters to
reduce computational cost. More recently, Weight-Decomposed Low-Rank Adaptation (DoRA) (9)
sets state-of-the-art performance by decomposing the pre-trained weight matrix into magnitude and
direction components before employing LoRA to update the directional component. Our approach is
complementary to these extensions and can be seamlessly integrated with DoRA and other variants
to further enhance their effectiveness by resolving the underlying optimization instabilities.

2.2 LORA’S STABILITY ISSUE

A recent line of research has identified fundamental limitations in standard optimizers, such as
Stochastic Gradient Descent (SGD) (12)) and Adam (8)), when applied to LORA modules. In training,
the norms of A and B often differ significantly in magnitude, leading to unstable training dynam-
ics. LoRA+ (4) shows that A and B should be optimized with different learning rates to ensure
stable learning dynamics. Building on this theoretical foundation, Zhang et al. (22) have proposed
to use Riemannian gradient descent and conditioning methods to stabilize the optimization process.
Recently, LoRADoneRite (21) identified the multiplicity of possible optimizer updates for a single
low-rank adapter as the source of instability in LoRA’s training. Building on these theoretical in-
sights, we analyze the convergence properties of SINGLOR A. We show that its streamlined low-rank
adaptation paradigm naturally promotes stable training dynamics, without requiring careful learning
rate tuning (4) or modifications to classical optimizers (21)).
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3 SINGLORA

In this section, we formally present the core formulation of SINGLOR A. We then analyze its training
dynamics proving that, unlike LoRA and its recent variants, it guarantees stable feature learning. We
establish formal convergence properties under standard optimizers such as SGD (12), Adam (8) and
AdamW (10). Finally, SINGLOR Ais extended to non-square weight matrices, making it applicable
across diverse neural architectures.

3.1 SINGLORA’S FORMULATION

SINGLOR Areformulates low-rank adaptation by replacing the traditional two-matrix decomposition
with a single learnable matrix. Given a pre-trained model with frozen weight matrix W, € R™*",
SINGLOR Acomputes the adapted weights as,

Wo + ~u(t)AAT, )

where A € R™*" is a low-rank trainable matrix with rank r» < n, « is a scaling factor, and ()
is a scalar function controlling the adaptation rate at optimization step ¢. This formulation provides
two key advantages: (1) it eliminates inter-matrix scale conflicts by construction, ensuring stable
optimization, and (2) it reduces the parameter count by roughly half compared to standard LoRA.

Initialization scheme. To enable effective gradient flow during training, we initialize A with a
Kaiming distribution (5). To preserve the behavior of the pretrained model at initialization, we
require «(0) = 0, ensuring that the model starts from the pretrained weights. In practice, we adopt
a simple ramp function for u(t), namely u(¢) = min (%, 1), where T’ € R controls the adaptation
rate. u provides a smooth transition from the pretrained weights to the adapted model, allowing for
gradual incorporation of task-specific features while maintaining stability during the early training
stages.

Dataset Method RoBERTa GPT-2
Learning rate  Acc. (%) Params Learningrate Acc. (%) Params
QQP LoRA 2e~4 88.5 0.15M 4e~4 87.9 1.78M
LoRA+ (2e74 4e73) 89.1 0.15M  (2e74,4e73) 89.1 1.78M
LoRADoneRite le™3 87.4 0.15M le™3 86.6 1.78M
DoRA 5e~4 89.2 0.16M He~4 89.2 1.78M
Ours le—3 88.9 0.075M le3 88.8 0.89M
QNLI LoRA 4e4 90.9 0.15M - - -
LoRA+ (274, 4e73) 92.1 0.15M - - -
LoRADoneRite le—3 91.2 0.15M - - -
DoRA 5e~4 92.1 0.16M - - -
Ours le™3 92.2 0.075M - - -
MNLI LoRA 4e~4 85.6 0.15M 2e~4 81.3 1.78M
LoRA+ (5e7%,4e3) 86.5 0.15M  (2¢7%,4e73?) 82.0 1.78M
LoRADoneRite le—3 83.7 0.15M le 3 80.6 1.78M
DoRA 5e~4 86.4 0.16M He~4 82.2 1.78M
Ours le3 86.5 0.075M le3 82.5 0.89M
Mean LoRA - 88.3 0.15M - 84.6 1.78M
LoRA+ - 89.2 0.15M - 85.6 1.78M
LoRADoneRite - 87.4 0.16M - 83.6 1.78M
DoRA - 89.2 0.16M - 85.7 1.78M
Ours - 89.2 0.075M - 85.7 0.89M

Table 1: Accuracy of RoBERTa and GPT-2 fine-tuned on GLUE datasets with rank 8 updates.
LoRA+ uses learning rates (p4, up). GPT-2 results on QNLI were not reported in (4).
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3.2 TRANSFORMATION INVARIANCE OF LOW RANK ADAPTERS

In this subsection, we examine the stability properties of SINGLORAin the known infinite-width
configuration (155 195 20; 13), where the network width n tends to the infinite. We investigate the
changes in the model output, denoted A f, between training iterations. A training process exhibit
stable features learning if A f remain bounded and non-vanishing as the network width grows, e.g.
Af = 0,(1). We refer the reader to (4} [3)) for a complete discussion of the theoretical foundations
of the stable feature learning theory.

Observing that pairs of matrices (A, By1) and (As, B2) representing the same adapter, i.e.
A1B; = A Bs, can produce different optimizer updates, Yen ef al. (21) recently introduced the
notion of transformation-invariance for low rank adapters.

Definition 1. Transformation-Invariance Let (A;, By) and (As, B2) be LoRA adapters satisfying
A1 By = Ay Bs. An optimizer is transformation-invariant if its updates (6 Ay, 0B1) and (§ A3, 6 Bs)
satisfy,

(A1 +6A1)(By +0B1) = (Ag + 6A45)(Ba + 0 Bs) 3)

(21) show that the following conditions are sufficient for transformation invariance,

@) §A1B1 = 0A3Bs
(ii) A16B; = A96Bs
(iii) §A16B; = 0A96Bs (4)

To illustrate how the multiplicity in LoRA’s parametrization can yield different gradient descent
updates, we consider two parameterizations (A1, By) and (A3, B2) of a low-rank adapter related by
a scaling factor s € R. Namely,

1
Ay =5 A, B2=g31- ©)

Defining Z = A1 B; = A B and applying the chain rule yields VA; = VZB;, VA = VZBs,
where V P stands for the gradient of the loss £ of the model with respect to the parameter P. We
can thus rewrite, VA; = 1VZB; = 1V A;. Therefore,

5A1B1 =N VAlB1 = —’r]SVAgBl = 82 6A2B2,

making Eq. [3| unsatisfied in the general case. This example reveals why LoRA exhibits unstable
training dynamics when using optimizers that are not transformation-invariant: when the scaling
factor s is much larger than 1, the matrices A and B (and their corresponding updates) operate at
vastly different scales. This scale mismatch creates a fundamental problem: first-order optimizers
using a single learning rate struggle to achieve stable feature learning, as they cannot simultaneously
accommodate both large and small-scale updates effectively. This issue frequently arises during
training since LoRA’s matrices A and B are typically initialized with different scales.

Theorem 1. Any transformation invariant optimizer applying the same update rule for A and B
achieves efficient feature learning. A proof is presented in the appendix.

Recent efforts (21; [22) attempt to address the stability issues of LoRA by building a dedi-
cated scale-invariant optimizer. In contrast, SINGLORAformulation inherently solves those
challenges and SINGLOR Acan be efficiently tuned with standard deep learning optimizers, such as
SGD or Adam (8)), without requiring special modifications or careful hyper-parameters tuning.

Theorem 2. A gradient descent optimizer is transformation-invariant for SINGLORA . A
proof is presented in the appendix.

Theorem 1 and Theorem 2 guarantee the existence of a learning rate yielding stable dynamics when
training SINGLOR Awith first-order optimization methods.
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Figure 1: Synthetic experiment: convergence plot for LoORA and SINGLORA.

3.3 EXTENSION TO NON-SQUARE MATRICES

Our discussion has so far focused on square weight matrices W, € R™*™ which are commonly
used in the attention layers of transformer architecture. We now extend our approach to rectangular
weight matrices Wy € R% ¥4 Without loss of generality, we assume di, < doy.

Considering a low rank matrix A € R%:«*" we define A* € R%*" as a truncation of A consisting
of its first d;, rows. The adapted layer is then computed by Wy + A* AT. Training this adapter with
standard optimizers preserves the stability and transformation-invariance properties demonstrated
for the square case.

Theorem 3. The generalization of SINGLORAto non-square matrix preserves the stability and
transformation-invariance properties demonstrated for the square case. A proof is presented in the
appendix.

4 ON THE EXPRESSIVENESS OF SINGLORAIN TRANSFORMER
ARCHITECTURES

In the previous section, we demonstrated that SINGLOR Aimproves the optimization process and
yields more stable training dynamics. A natural concern that arises with SINGLORA’s symmetric
parameterization is whether it might limit the model’s expressiveness compared to the general low-
rank updates of standard LoRA. To address this, we now turn to investigating its expressive capacity
within the Transformer architecture , which serves as the foundation of most current NLP and vision
models. We analyze how SINGLORA’s symmetric updates affect the key-query interaction in self-
attention layers. For input X € R4, the attention mechanism is computed as

. QK”
Attention(Q, K, V) = softmax V,
Vdy

where Q = XW,, K=XW;, andV = XW,,.
When applying SINGLORA, the weight matrices become,
W, = W)+ A,AT and
Wi =W+ A AT

Examining the key-query interaction QK”', we get
QK" = X[W)W)" + WIA AL
+ AATWIT + A ATALATIXT
The crucial insight that emerges is that although SINGLOR Auses symmetric updates (Aqu and
AkAf), their interaction in the computation of attention is more general. The product of two

symmetric matrices (A,AT)(ArA]) is not necessarily symmetric unless they commute. Since

there is no constraint forcing AqA?; and A, AT to commute, SINGLORAcan learn general (non-
symmetric) transformations of attention patterns despite its symmetric parameterization and does
not fundamentally limit the model’s ability to learn diverse attention patterns.
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Method LoRA LoRA+ DoRA SINGLORA

Accuracy  89.1 90.2 90.6 91.3
# Params  20M 20M 21M 12M

Table 2: Accuracy of Llama tuned on MNLI with SINGLOR Aand baselines with ranks 8.
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Figure 2: Accuracy of Llama-7B fine-tuned on MNLI across different learning rates. The plot
compares the stability of LoRA and SINGLORAunder varying learning rates, demonstrating that
SINGLORA’s accuracy fluctuates by approximately 1%, while LoRA’s performance varies by 4.8%.
These results highlight the robustness of SINGLORA’s optimization dynamics.

Synthetic experiment. To empirically validate this property, we implement LoRA and SIN-
GLORAIn an attention mechanism, where they learn to approximate a target attention pattern
7 € R28%128 ojven input X € R128¥128  Attention scores are computed according to 6. For
SINGLORA, we define W, = W0 + A;A] and Wy, = W + Ay A[, where Wy, W), € R128x128
simulates pretrained weights and A,, Ay € R128%8 the adapter’s matrices (with a rank equals to 8)
of the query and keys projections.

For LoRA, we define W, = W0 + B, A, and Wy, = W + B, Ay, also with W,, W}, € R128x128,
Both approaches are configured to use the exact same number of parameters for a fair comparison.
We optimize both models using an identical AdamW configuration with a learning rate of 10~*
for 7,000 iterations, minimizing the losses | X W, W, XT — 7|3 and | XW, W] XT — Z||} for
SINGLOR Aand LoRA respectively.

To assess the stability and effectiveness of SINGLORA, we performed experiments in 1,000 differ-
ent random initializations of Z and X. Figure [I] presents the average convergence behavior over
these runs. We observe that SINGLOR Aconsistently outperforms LoRA in both convergence speed
and final approximation error: SINGLOR Areaches an error of approximately 10~°, while LoRA
plateaus around 1072,

These results highlight SINGLORA’s ability to preserve expressiveness in attention mechanisms
while significantly improving the optimization dynamics.

5 EXPERIMENTS

We conduct extensive experiments to evaluate SINGLORAin low-rank adaptation for linguistic
and visual tasks. To evaluate SINGLORAIn natural language processing, we consider selected
comprehension and reasoning tasks from the General Language Understanding Evaluation
(GLUE) benchmark (18). We strictly follow the NLP experimental protocol of LoRA+ (4),
the leading approach for addressing LoRA’s training stability issues, which thus serves as a
key benchmark for SINGLORA. We also compare to LoRADoneRite (), a recent paper also
addressed LoRA’s instability. To fairly quantify algorithmic differences rather than hyper-parameter
tuning advantages, we adopt their training/evaluation codebase, model architectures, modified
layers, optimization settings, and training duration. We also compare to DoRA (9), the current
state-of-the-art variant of LoRA. Open source implementations of SINGLORAare available
in the HuggingFace’s PEFT package and in multiple non-official git repositories such as
https://github.com/kyegomez/SingLoRA/tree/main.
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Figure 3: Qualitative comparison of LoRA, DoRA and SINGLOR Aon Dreambooth.

5.1 LANGUAGE MODELS

RoBERTa-base and GPT-2. We first evaluate each approach based on its ability to fine-tune
smaller language models - RoOBERTa-base and GPT-2 - on the MNLI, QQP, and QNLI tasks from
the GLUE benchmark. Following the LoRA+ setup, we set = o = 8. We use u(t) = min(5z, 1)
where ¢ is the training step. Table[I]summarizes the accuracy in these tasks. Accuracies reported for
LoRA and LoRA+ are directly taken from the original paper of LoRA+ (4).

The results show that SINGLOR Aoutperforms LoRA, achieving a 0.9% mean accuracy improve-
ment for RoOBERTa and 1.1% for GPT-2. It also achieves slightly better performance than LoRA+
and DoRA, while using only half the number of trainable parameters of both baselines. Note that
while LoRA and LoRA+ explore multiple learning rates (5 for LoORA and 25 for LoRA+) and report
results using carefully selected learning rates for each dataset and model, SINGLOR Aemploys a
single learning rate across all experiments. This indicates that our method’s stability reduces the
need for extensive hyperparameter tuning, including the exhaustive grid search required for LoRA+.
We further analyze the robustness to learning rate variations in ablation studies.

Llama 7B. To further validate our approach, we fine-tune a large language model (LLM), LLaMA-
7B, on the MNLI task. Table@shows that SINGLOR Aoutperforms LoRA (by more than 2%), LoRA
+ (by more than 1%) and DoRA, while reducing the number of training parameters by 40%. Since
fine-tuning LLMs such as LLLaMA is one of the most common applications of low-rank adapters,
this result underlines the practical advantages of our approach.

5.2 IMAGE GENERATION

To showcase the versatility of SINGLOR Ain architectures and modalities, we evaluated its effec-
tiveness within diffusion models, where LoRA is commonly used to fine-tune models in small-scale
datasets of specific subjects. We consider Stable Diffusion V1.5 (13), a popular image diffusion
model.

Dreambooth. We benchmark approaches on DreamBooth (14), a known dataset with 30 classes
of objects and animals, each containing 4-5 training images and 25 evaluation prompts. Following
standard practice, we train each model for 400 iterations using the template prompt ’a photo of
a sks <class>”, where "sks" is a rare English token. This setup allows the model to learn
new object representations while retaining its general capacities. We finetune the query and key
projections of the attention matrices in the U-Net component of Stable Diffusion. For all methods,
training is conducted for 400 epochs using a learning rate of 10~3. Figure [3| presents a qualitative
comparison between the methods, illustrating how our adaptation approach enhances subject learn-
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Method CLIP Image CLIP Text DINO Similarity # Params
LoRA 0.677 0.319 0.143 0.9M
LoRA+ 0.688 0.315 0.150 0.9M
DoRA 0.687 0.317 0.148 0.9M
SINGLORA 0.690 0.317 0.151 0.9M

Table 3: Performance of Stable diffusion V5 finetuned in Dreambooth with the same number of
parameters. Similarity of the generated image with the originals was measured using CLIP Image
and DINO Similarity. Prompt fidelity is evaluated with CLIP Text.

Method LoRA DoRA SINGLORA
DINO Similarity 0.463  0.471 0.501

Table 4: DINO Similarity of Stable Diffusion v1.5 tuned on a specific face with the reference face.
SINGLORAand baselines uses the same number of trainable parameters.

ing. For instance, note that the shoe in the second row retains its iridescent color, whereas other
methods fail to do so. Quantitatively, Table shows that SINGLOR Aachieves a 5.4% improvement
in the DINO (1)) similarity score compared to DoRA, indicating a better object similarity, while
maintaining prompt fidelity measured by the CLIP (11) Text score.

Human faces. To further analyze the ability of SINGLORAIn visual tasks, we follow (22) and
benchmark the adapters on a dataset that includes 40 human faces. This experiment quantifies the
expressive power of adapters and their ability to learn complex details present in human faces. Sam-
ples of the dataset are available in the appendix. Following standard practice, we train each adapter
for 1500 iterations using the template prompt “a photo of a sks human”, where sks is a
rare English token. Each adapter has the same number of trainable parameters. We finetune the
query and key projections of the attention matrices in the U-Net component of Stable Diffusion. Ta-
ble[d]shows an improvement in the DINO similarity score compared to LoRA and DoRA, indicating
a better similarity to the reference image.

5.3 ABLATION

Stability of SINGLORA. To validate the optimization stability analysis of SINGLORA, we com-
pare its performance against LoRA in a range of learning rates. Specifically, we fine-tune Llama-
7B in MNLI using learning rates ranging from 5 - 107> to 10~%. As shown in [2| the precision
of SINGLORAfluctuates by approximately 1%, whereas LoRA exhibits a larger variation of up to
4.8%. These empirical results validate our theoretical findings, demonstrating that the design of
SINGLOR Ainherently improves learning stability. In practice, this stability translates to simpler
hyperparameter tuning, as our method maintains strong performance without requiring extensive
searches for an optimal learning rate. Together with previous experiments, these findings highlight
that SINGLORAnot only offers a more efficient and accurate parameterization, but also ensures
robust convergence in practical settings.

6 CONCLUSION

We introduced SINGLORA, a novel formulation of low-rank adaptation that learns and employs a
single matrix instead of two. Through theoretical analysis, we demonstrated that the proposed design
inherently eliminates the inter-matrix scale disparities present in LORA and guarantees stable feature
learning without requiring special optimizers or careful hyperparameter tuning. Extensive experi-
ments on language and vision tasks validated these benefits, consistently demonstrating improved
performance with fewer trainable parameters than LoRA and its variants. Since our approach is com-
plementary to various LoRA’s variants, suchs as DoRA (9), a promising directi on is to explore their
integration, harnessing their independent strengths to further enhance efficiency and performance.
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7 APPENDIX

7.1 PROOFS

In this section we demonstrate the theorem introduced in Sections 4 and 5. We rely on the following
sufficient conditions for transformation invariance (see [20]),

(i) 5141 Bl - 6A2 BQ
(i) A10B; = AdB;
(iii) 0A16B1 = 0A26B, (6)

7.1.1 THEOREM 1

Any transformation invariant optimizer applying the same update rule for A and B achieves efficient
feature learning.

Here for completeness we present the proof proposed in [20]. Proof:

Let [[A]| = O(n%), || By] = O(n®), [VZ| = % and = ©(n?), where 7 is the learning rate
and n denotes the network width. Since Z = A1 , by the chaln rule, we have VZ = VZT =
VZB,A] . Given the symmetry of the update rule, the updates satisfy:

[5AL]| = O(n™HetwFlbterd) 6B, || = @(n*H0HuHDaterd),
Assuming the update rule is invariant under scalar reparameterization, we compare two equivalent
decompositions As = n°A; and By = n~°By, giving:

H5A1||||Bl|| = ||5A2||HB2||-

From this, it follows:
za+ (y+1)b+ze+d=x(a+s)+ (y+1)(b—s) + zc+ d,

which simplifies to:
zs—(y+1)s=0 Vs=z=-1.

Hence, we deduce:

I6AL[[By]| = ©(ne+ErDiterd) = g(prtbructd),

Similarly, we find:

| AL ][10By ]| = @ (et rtDEFerd) = @(etttvetd)

Given that these expressions are equal, the update process enables efficient feature learning:
[0AL[|[B1]l = [[A1[l|6B1]| = ©(1),

by selecting a proper learning rate 7 = O(n?), where x = —1 is fixed and d is chosen accordingly.

7.1.2 THEOREM 2

A gradient descent optimizer is transformation-invariant for SINGLORA.
Proof:

We prove that the three sufficient conditions for transformation invariance hold. Proof of (i): As-
sume two parametrizations of a LoRA adapter, A;, A, € R™*" with identical ranks such that
AjA] = AyA]. From the Polar Decomposition Theorem, there exists an orthogonal matrix
Q € R™7 such that A; = A5Q. Therefore, defining X = A; A] and using the chain rule lead to,

SALA] = —nVALA] = 29V ZA A] = -2V ZA,QQ" AJ
= 2V Z Ay Ay = —nVAsA) = 6A5A, . (7
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The first sufficient condition for transformation invariance [6lis therefore satisfied.
Condition (ii) holds by symmetry with the condition (i).
Proof of (iii): 641 §A; = § A3 § As For the gradients with respect to A, the chain rule gives

VaL=VzL- A Va,L=VyL- Ay (8)

where Z = A;A] is the output of the adapted layer. Using the former relation and the Polar
Theorem, there exists a matrix Q € R>*> such that,

VA L=VzLA = (VL A)Q=V4,LQ )

Hence, the update for A becomes

§A; = —nVa L= -nVa,LQ=05AQ. (10)

Now, consider the product of the updates:
6A16A] = (642Q)(642 Q)7 =642 (QQT) 64
= 0A30A,, (11)
since QQ T = I. This completes the proof of (ii).

7.1.3 THEOREM 3

The generalization of SINGLORAto non-square matrix preserves the stability and transformation-
invariance properties demonstrated for the square case.

Proof:
Recall that for a rectangular weight matrix,
WO S RdinXdcm (din < doul)7

a low-rank adapter is defined via a matrix A € R%«X" with its truncation A* € R%*" formed by
the first d;, rows of A.

Suppose that there exist two matrices A1, Ay € R% X" such that their truncations satisfy
ATA] = A3A].

For clarity, divide each A; as

x] .
A1|:Y'Z:|7 1*1727

where X; € R%*" and Y; € R(dou—din)x7

By definition, the equality A} A] = A3AJ implies,

X1 X! = XX,

(12)
XY =X,
Using the polar theorem, X2 and Y5 admit a polar decomposition:
Xo=X
2 1Q (13)
Y, =Y1Q.

Where (Q is a symmetric orthogonal matrix.

Denote the gradient descent updates for A; as,

§x;| .
6Ai:|:§)/i:|, 2—1,2.

12
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By equation equation[I3]we have,

0Ay = [%118} . (14)

We now demonstrate that the three sufficient conditions for transformation invariance hold. Proof
of (i) and (ii): A; A] = Ay 6A, . Using equations equation and equation we get

.
A36A] = X1Q [‘WQ]

0Y1Q
= [X1QQ "6 X{ |X1QQ T 6Y;']
.
0X
= [X16X] [X16Y7] = X, [JY;}

= A15A] (15)
The proof for AXT5A; = A5T 6 A, is symmetric.
Proof of (iii): 64, dA] = §A; §A] . Using equations equationand equation we get

AL 5AT = 5X,Q [ff;;llg} :
= [0X1QQ X [6X1QQ7§Y,']
= [0X16X][6X,6Y,"] =
= 5AT6A] (16)

This completes the proof of iii.

7.2 HARDWARE

All experiments were performed on a single NVIDIA A40 GPU with a memory of 48GB.

Figure 4: Samples from the dataset used in our experiment. The dataset was automatically
generated with a state-of-the-art image generation model trained on faces available in https:
//this-person-does—-not—-exist.com/en.

13



	Introduction
	Related Efforts
	LoRA and its Extensions
	LoRA's Stability Issue

	SingLoRA
	SingLoRA's formulation
	Transformation Invariance of Low Rank Adapters
	Extension to Non-Square Matrices

	On the expressiveness of SingLoRAin Transformer Architectures
	Experiments
	Language Models
	Image Generation
	Ablation

	Conclusion
	Appendix
	Proofs
	Theorem 1
	Theorem 2
	Theorem 3

	Hardware


